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Abstract

As the first step toward the exact WKB analysis for higher-order
Painlevé equations, we study the Stokes geometry of the Noumi-
Yamada system. It is shown that there are intriguing relations, similar
to those for traditional Painlevé equations, between the Stokes geome-
try of the Noumi-Yamada system and that of its underlying Lax pair.

1 Introduction

In a series of papers [KT1], [AKT], [KT2] (cf. [T1] also) we develop the
exact WKB analysis for Painlevé equations with a large parameter. Among
the results obtained in this series of papers the most important one is the
following: There exist intriguing relations between the Stokes geometry of
Painlevé equations and that of the underlying linear equations and, making
full use of these geometric relations, one can prove that each two parameter
solution of the J-th Painlevé equation (P;) (J =L1II, ..., VI) can be locally
transformed to a solution of the first Painlevé equation (P;) near its simple
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turning point. In this paper and series of our forthcoming articles we want to
discuss the generalization of the exact WKB analysis to higher-order Painlevé
equations.

Let us first explain the general formulation of the problem. Although
single differential equations were used as underlying linear equations in [KT1]
etc., we use matrix form of equations here. We thus start with the following
N x N system of (formal) linear ordinary differential equations with a large
parameter 7:

0
ad):nfh/), A=Az, t,u;n) = Zn FAR(x,t,u),

0
ot

(1.1)
= nB, B = B(z,t,u;n) = ankatu)

where x denotes an independent variable, t a deformation parameter, 1) a
vector-valued unknown function, and v = {u;},;c; a tuple of parameters
with the index set J. That is, we consider a system of first-order linear
ordinary differential equations in the z variable (i.e., the first equation of
(1.1)) whose deformation in the ¢ direction is governed also by a system of
first-order differential equations (the second equation of (1.1)) of the same
kind. We now assume that the compatibility condition

0A 0B
(1.2) % e +n(AB — BA) =
of (1.1) is satisfied so that (1.1) may describe an isomonodromic deformation
of its first member (i.e., the equation in the x variable). In particular, what
we are interested in is the case where the compatibility condition (1.2) is
equivalent to (a system of) nonlinear differential equations for the parameters
u = {u;}jecs containing the large parameter n:

(1.3) Fi(t,uj, -+ ,d™u;/dt™;n) =0 (L€ L).

Asis shown in [JMU], all traditional Painlevé equations appear in this context
and hence we call (1.3) a (higher-order) Painlevé equation (or, Painlevé type
equation) and (1.1) its underlying Lax pair. The “exact WKB analysis for
higher-order Painlevé equations” aims at analyzing the (global) behavior of
solutions of a Painlevé type equation (1.3) with the help of the exact WKB
analysis for its underlying Lax pair (1.1).
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In this paper, as the first step of the research in this direction, we study
the Stokes geometry of an example of higher-order Painlevé equations pro-
posed by Noumi and Yamada ([NY1], [NY2]). The Noumi-Yamada systems,
denoted by (NY), (I =2,3,4,...) in what follows, are discovered by Noumi
and Yamada through the study of the symmetry of Painlevé equations and
possess the affine Weyl group symmetry of type Agl). Their explicit form is

given as follows: In the case of type Aéﬁ,{ (i.e., when [ = 2m),

du;
(NY)am d—t] =0 |uj(Uje1 = Ujpz + - — Ujpom) + 0
(=0,1,...,2m) where a; are complex parameters satisfying
(1.4) a+ -+ g =1

and the independent variable ¢ and the unknown functions u; are normalized
so that

(1.5) Ug+ v+ Uy =1

may be satisfied. On the other hand, in the case of type A%H (i.e., when
[=2m+1),
(NY)Z(TZn—l—l

t du; t

§d—tj = 77[“3’( Z Uj—142rUjt2s — Z Uj+2ruj+1+2s) + 5%‘]

1<r<s<m 1<r<s<m

(j =0,1,...,2m + 1) where, instead of (1.4) and (1.5), we assume the fol-
lowing in this case:

(16) C¥0+C¥2+"'+C¥2m:Oél+Oé3+"'+OéQm+1:7771/2,
(1.7) Ug 4+ Ug + v Ugy = Uy F+ U3+ F Uy = /2.

(In both cases we also assume that «; and w; are cyclic with respect to
the index j with the cycle N =1+ 1.) These systems (NY'); describe the
compatibility condition of the following Lax pair of the size Nx N (N = [+1):

0
(18) =AY,
1.9 0 = nB



where

€1 (75} 1
. .
(]_]_0) A:_E EN—2 UN—2 1
x €EN—-1 UN-—1
Uy I EN
and
¢ —1
@ -1
(1.11) B =
gv—1 —1
- an

Here €; are parameters determined by the relations «; = €; — €11 +n 14,0
and €; + -+ ey = 0 (d; denotes Kronecker’s symbol), and ¢; = ¢;(¢) are
functions of ¢ satisfying ¢;j.o —¢; = u; —u;41 and ¢ +-- -+ gy = —t/2. More
explicitly, we take g; as

t
(1.12) q]- = Uj+1 + Uj+3 + -+ Uj+2m,1 — 5
= —5(y =g Uy = ujiom)
in the case of [ = 2m, and as
2 t
(1.13)g; = 7 Z Uj—142rtjt2s ~ 7
1<r<s<m
1
— Z Uj—142rUjt2s — Z Uj—1+2rUj+2s
r=0 or 0<s<r<m 1<r<s<m

in the case of [ = 2m + 1. Note that a large parameter n has been already
introduced into our nonlinear equation (NY); together with its underlying
Lax pair (1.8) and (1.9) so that we may develop the WKB analysis for them.
(If we put n = 1, the original Noumi-Yamada system and its underlying
Lax pair are obtained. We have introduced a large parameter into them
by an appropriate scaling of the variables.) It is well-known that the first
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member (NL), and the second member (NL); of (NY), are equivalent to
the traditional Painlevé equations (Prv) and (Py) respectively. In this sense
the Noumi-Yamada systems can be regarded as higher-order analogue of the
fourth and fifth Painlevé equations.

The purpose of this paper is to show that the relations of the Stokes
geometries similar to those for traditional Painlevé equations also hold for the
Noumi-Yamada system (/NY'); and its underlying Lax pair (1.8) and (1.9).
The same problem for other examples of higher-order Painlevé equations
((P) and (Pyp) hierarchies) will be discussed in [KKNT].

Now the plan of this paper is as follows: We give the precise formulation of
our main theorems (i.e., the relations of the Stokes geometries) in Section 2.
The proof of the main theorems will be done in the subsequent two sections
(Sections 3 and 4). Finally in Section 5 we make concluding remarks on
some open problems of the exact WKB analysis for higher-order Painlevé
equations.

2 Main results

Our equation (NY'); contains the large parameter 1. Using this structure, we
first construct a formal solution of (NY); in the following manner: We substi-
tute the formal power series expansion (in 1) u; = wu;o(t) + 1 tujq(t) +- - -
(0 < j <) of unknown functions into the equation and compare like powers
of . Then we obtain

(2].) V}(UO,OaUI,O;---aul,O) =0 (] :0,,l)
and

o(Vo,---, V1)
2.2 _— U, =F k=1,2,...).
22 Oun, )| F T )

uj=uj,0

Here Uy, denotes *(ugk, u1k, - ., uk), F is an (I + 1)-vector whose entry is a
(recursively determined) differential polynomial of {w; o, uj1, ..., u;k-1}o<j<i,

and V; denotes a polynomial of (uy, ..., u;) defined by
(2.3) Vi=uj(ujpr — tjpo + -+ — Ujpom) +
in the case of [ = 2m and by

t
(24) V= Uj( ORI RITSTIEES Uj+2ruj+1+2s) + 350

1<r<s<m 1<r<s<m



in the case of | = 2m+1 respectively. Thus for each solution (u g, U1 0, - - -, Uro)
of the algebraic equation (2.1) we can obtain a (multi-valued) formal solution

(2:5) Uy = 5(t,m) = Uso(t) + 0 g () + -

_ 0} |
u;=Tj,0(t)

The formal solution u = {#;} is often called a “0O-parameter solution”.

of (NY), outside the set

(2.6) {t € C; 0(Vo,- -+ Vi)/0(ug, -+ ,w)

Remark. The system of algebraic equations (2.1) is expected to be ‘reg-
ular’, that is, (2.1) is expected to have (a finite number of) solutions for a
generically given t. We have confirmed this for [ = 2,3,4,5 by eliminating
variables and computing the resultant of (2.1) explicitly. It is, however, still
an open problem to prove it for any /. In what follows we use the O-parameter
solution @ to define the Stokes geometry of (NY'); and its underlying Lax pair,
assuming the existence of @, i.e., the ‘regularity’ of (2.1).

Here let us recall the definition of the Stokes geometry of a system of
first-order linear ordinary differential equations.

Definition 2.1. (i) For a system of linear differential equations

01 p=nAy, A= A@a) = Ae) £ u A o

we call a zero of the discriminant of the characteristic equation of Ay(z) a
turning point of (2.7). That is, z = ¢ is a turning point if and only if there
exist two eigenvalues A\, (z) and A, (z) of Ay(z) which merge at z = xy. In
particular, a simple (resp. double) zero of the discriminant is called a simple
(resp. double) turning point.

(ii)) We call a (real one-dimensional) curve defined by the following relation
(2.8) a Stokes curve of (2.7):

(2.8) Im CE()\n(ac) — Ay (2))dz =0,

where A\, (z) and A\, () are two eigenvalues of Ay(z) which merge at a turning
point x = x.



We then define the Stokes geometry of the Noumi-Yamada system (NY'); by
using the 0-parameter solution as follows:

Definition 2.2. A turning point (resp. Stokes curve) of (NY'); is, by defini-
tion, a turning point (resp. Stokes curve) of the linearized equation (i.e., the
first variational equation) of (NY'); at a O-parameter solution u = {u,}.

Note that the linearized equation of (NY'); at & can be obtained by setting
u; = u; + Au; in (NY'); and by taking its linear part in {Awu;}. Since the
equation thus obtained is a system of first-order linear differential equations
(in the variable ¢) with the unknown function Au = *(Auy, ..., Aw), its
Stokes geometry is defined by Definition 2.1 (with replacing the variable x
there by t).

Substituting the O-parameter solution (2.5) into the coefficients of the
underlying Lax pair (1.8) and (1.9), we obtain the Lax pair

0

0
(210) Ew =nBy, B= B(x,t; 77) = Bo(aj, t) + nlel(x,t) +oee,

the compatibility condition of which is satisfied as a formal power series of
n~!. On the other hand, let

0
(2.11) aAu =nCAu, C=C(t;n) =Co(t)+n 'Ci(t) + -

be the linearized equation of (NY'); at u. Our problem is now to study the
relations between the Stokes geometry of (2.11) (that is, the Stokes geometry
of the Noumi-Yamada system (NY');) and that of the underlying Lax pair
(2.9) and (2.10) (especially, that of the first equation (2.9) with viewing ¢ as
a deformation parameter).

We first observe the following intriguing relations concerning the top order
part AO, BO and C().

Proposition 2.1. Let Dy, (x,t) and Dp,(x,t) denote the discriminant of
the characteristic equations det(A — Ag(x,t)) = 0 and det(pu — Bo(x,t)) =0
respectively. We also let D(zx,t) denote

(2.12) D)= [ (tn+pm),

1<n<n/<N
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where p, are eigenvalues of By. Then D(x,t) is a polynomial of degree at
most m in x (whose coefficients are analytic functions of t) and the following
relation holds:

(2.13) Dy, (z,t) = 27NNV D(x,4)2Dp, (z,1).

Thus, zeroes of D(xz,t) provide (generically) double turning points of the
system (2.9) and zeroes of Dpg,(z,t) (i.e., turning points of (2.10)) provide
its (generically) simple turning points.

Remark. The discriminant Dp,(x,t) is a polynomial of degree [ = N — 1
in x, and hence there are [ simple turning points. We can also verify that
the degree of D(x,t) is exactly equal to m in the case of [ = 2m.

Proposition 2.2. Letting \,(z,t) and p,(z,t) (1 < n < N) respectively
denote eigenvalues of Ay and By, we find

0 9,
(2.14) a)\n(x,t) = %,un(x,t) (n=1,...,N).

Proposition 2.3. We decompose the characteristic equation of By into the
sum of its odd-degree part and even-degree part (with respect to ji):

(2.15)  det(u— Bo(a,t)) = (n—a0)-- (1 —ano) + (=) 'z
- godd(,ua t) + geven(,ua x, t)

(Here qjo denotes the top order part of q;. Note that goqaa(p,t) does not
depend on x in view of (2.15).) Then the following relation holds between the
characteristic equation of Cy and goga(ft,t):

2N goaa(p, t) (when [ = 2m),

u=v/2

2% (1Goda (i, 1))

(2.16) det(v — Cy(t)) =

(when [ = 2m + 1),
u=v/2

where N = 1+ 1 and goaa(p, t) denotes the monic polynomial of j obtained by
dividing goad (1, t) by the coefficient of its top degree part. (Hence §odd = Godd
holds in the case of | = 2m.)



The proof of Proposition 2.1 and that of Proposition 2.3 are respectively
given in Sections 3 and 4 below, while Proposition 2.2 is proved in [T2] in
a more general context by employing the method of diagonalization for the
Lax pair (2.9) and (2.10).

It follows from Proposition 2.3 that the characteristic equation det(rv —
Co(t)) = 0 of Cy has the form vf(v? t) (when | = 2m) or v2f(v?,t) (when
[ =2m + 1) with some polynomial f of degree m. Therefore there are two
kinds of turning points for the Noumi-Yamada system (NY);: A turning
point where the degree 0 part of f vanishes (“a turning point of the first
kind”), and a turning point where the discriminant of f vanishes (“a turning
point of the second kind”). In what follows we impose the following genericity
condition:

(2.17) At every zero of Dpg,(z,t) just two of the eigenvalues of By(x,t)
merge and the other eigenvalues are mutually distinct.

Note that the assumption (2.17) guarantees that all turning points of By are
simple as d(det(u — By))/0x never vanishes. Then, under the assumption
(2.17), by using the above three propositions we can prove the following main
theorems for each kind of turning points.

Theorem 2.1. Let t =ty be a turning point of the first kind of the Noumi-
Yamada system (NY');. Then the following holds.

(i) At t =ty a double turning point (denoted by x2(t)) of (2.9) (i.e., a zero
of D(z,t) in (2.13)) merges with a simple turning point (denoted by x,(t))
of (2.9) (i.e., a zero of Dp,(x,t) in (2.13)). Furthermore, a pair of the
eigenvalues of Ag(x,t) merging at x = x1(t) also merges at v = x5(t).

(ii) Let At and A\~ be the two eigenvalues of Ao(x,t) merging at © = x1(t)
and x = x(t), and let vT and v~ be the two eigenvalues of Cy(t) satisfying
v(ty) =v (ty) =0 at t =ty and also v~ = —v". Then we find

1 t :L‘Q(t)
(2.18) _/ (v — o)t = / (0 — A ).
2 to :El(t)

In particular, if t lies on a Stokes curve of (NY'), emanating from t = t,,
a double turning point x = x5(t) and a simple turning point x = x1(t) are
connected by a Stokes curve of (2.9).

Theorem 2.2. Lett =ty be a turning point of the second kind of the Noumi-
Yamada system (NY');. Then the following holds.
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(i) At t = to a double turning point (denoted by z1(t)) of (2.9) merges with
another double turning point (denoted by x4(t)) of (2.9). Furthermore, a pair
of the eigenvalues of Ag(x,t) merges both at x = x1(t) and at x = x5(t).

(ii) Let AT and A~ be the two eigenvalues of Ag(x,t) merging at © = x1(t)
and x = x5(t), and let v and v be the eigenvalues of Cy(t) satisfying
Vi (to) = 4 (to) at t =ty together with v, = —v;". Then we find

xz(t)

(2.19) /t:(u,j _ byt = — /t:(”’“_ _u)dt = / (O — A7)da

1(t)

In particular, if t lies on a Stokes curve of (NY'), emanating from t = t,,
two double turning points x = x1(t) and x = x4(t) are connected by a Stokes
curve of (2.9).

Theorems 2.1 and 2.2 describe the relations between the Stokes geometry of
the Noumi-Yamada system (NY'); and that of (the first member (2.9) of) its
underlying Lax pair. The relation described in Theorem 2.1 is completely
the same as that for the traditional Painlevé equations, while the relation in
Theorem 2.2 is new: A turning point of the second kind is a new turning
point peculiar to higher-order nonlinear equations. The proof of theorems
2.1 and 2.2 will be given in Section 3.

3 Proof of the main results

In this section we prove Proposition 2.1, Theorem 2.1 and Theorem 2.2. The
proof of Proposition 2.3 will be done in the subsequent section (Section 4)
as it is lengthy. In Sections 3 and 4, to denote the top order part u;o, g;,,
etc., we use the abbreviated notation u;, g;, ...as there will be no fear of
confusions.

3.1 Proof of Proposition 2.1

Take a generic point (z,t) so that Dp (x,t) never vanishes in a neighborhood
of it, and let u, and ®, be an eigenvalue and a corresponding eigenvector
of By there respectively. In view of the explicit form (1.11) of By, we may
assume ®,, is of the form

(3'1) (I)n :t(la(ql _Mn)a(QI _Mn)(QZ _Mn)a"')'
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Now, since the Lax pair (2.9) and (2.10) in question satisfies the compatibility
condition (1.2), its top order parts Ay and By do commute. This implies that
®,, is simultaneously an eigenvector of Ag, that is, A¢®, = A, P, holds for
some eigenvalue A\, of Ay. In particular, looking at the first entry of the
equation Aq®, = \,®,,, we find

(3.2)

1
An = —;[61 +ur(qr — pn) + (@1 — i) (@2 — pin)]
]' 2
= _;[/’Ln — (1 + @2+ ur) pon + 12 + U1 + €]

1 1

@+ g+ u )2
1 2 1
- _Ek””_f) — 1@t et n) +aetunt+a

Here let us note the following
Lemma 3.1. Let w; denote q; + qj41 +uj. Then w; =0 for any j.

Proof. It follows from the relation ¢; 42 —¢q; = u; —u;41 that w; = w;4; holds.
Hence w; is independent of j and consequently we have

(33) N’Ujj :2((]1+"'+(]N)—|—(UO+"'+’LLN_1) :2(—t/2)+t:0
That is, w; = 0. O

Lemma 3.1 entails

1
(3-4) An = _E(Hi + g2 + u1q1 + €1).

Since Dy, is, by the definition, the square of the difference product of the
eigenvalues of Ay, (3.4) leads to

(35) Daglest) = [ O Aw)?

1<n<n/<N

g NV H (ftn + ,un’)Z H (#n — ,un’)Z

1<n<n/<N 1<n<n/<N
= NN UD(x, )’ Dp, (z,1).

This completes the proof of (2.13).
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It follows from the explicit form (2.15) of det(y — By) that the product
{1 - - - py is a linear polynomial of x and that all the other elementary sym-
metric polynomials of {/;} except the product are independent of z. Since
D(z,t) is a symmetric polynomial of {y;} of degree N(N — 1)/2, we can
conclude that D(x,t) is a polynomial of degree at most m in z. Thus all the
assertions in Proposition 2.1 are proved.

Remark. Using Sylvester’s expression

1 aq [N ay
1 e e ay
(3.6) 1 a -+ ay
N - ay_.
N o an_y

for the resultant between a polynomial p = pu" + ap™ ! +--- + ay and
its derivative p’ = NpN=!' 4+ -+ + ay_, with p = det(u — By), we readily
find that the discriminant Dp,(z,t) is a polynomial of degree [ = N —1 in z.
Furthermore, in the case of [ = 2m (i.e., N = 2m+1), using this observation,
we can also verify that D(z,t) is a polynomial of degree exactly equal to m
in z in the following manner:

We compute the degree (in ) of zVN=1 D (x,t). Since the discriminant
D 4, (2, t) is a symmetric polynomial of the eigenvalues {\,,} of Ay with degree
N(N —1), 2NN=D D, (x,t) has an expression

(3.7) NNV, () anal oAl

where o,, denotes the n-th elementary symmetric polynomial of {z\,} and
the summation runs over a set of the indices satisfying oy + 2a + - -+ +
Nay = N(N —1). Here an explicit computation of det(zA — zAg) tells
us that oy = 09,41 is a polynomial of degree 2 in z, 0, is a polynomial
of degree at most 1 for m +1 < n < 2m, and o, is independent of x for
1 < n < m. This implies that the degree of 2V(=VD, (x,t) is at most
Qi1 + o+ oy + 209,41, but this can be estimated as

1
(38) 5(2m + 1)(Oém+1 + -+ Qg + 20(2m+1)
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1 1
= <m+ 5) Omt1 + -4 (m—i— 5) Qo + (2m+ 1)a2m+1

<ap 44 (M4 Damer + - + 2maoom, + (2m + 1) agmi

= 2m(2m + 1),

where the equality is attained only for a; = --- = a9, = 0, Q91 = 2m.
Hence zV(N=Y Dy, (z,t) is of degree at most 4m and the term of degree 4m
(if it exists) comes only from 3™, . On the other hand, using Sylvester’s
expression again for NV D, (z,t), we can confirm that the term o237,
does really exist in 2NV D, (z,t). Thus the degree of zVNV="Y D, (z,t) is
exactly equal to 4m and this together with (2.13) and the above observation
leads to the conclusion that the degree of D(z,t) is exactly equal to m.

3.2 Proof of Theorems 2.1 and 2.2

We first prove Theorem 2.1.
Let t =ty be a turning point of the first kind. Then, thanks to Proposition
2.3, there exists p(t) satisfying

(3.9) h(p(t),t) =0 and p(t) =0 (ast — tp),

where h(p,t) is a polynomial of p with degree m (I = 2m or [ = 2m + 1)
defined by goaqa (i, t) = ph(p?,t). In what follows we denote /p(t) by wu(t).
Let us first define x5(t) by the equation

(3'10) geVel’l(lLL(t)7x2(t)7t) = 0'

Then we readily find that both u(¢) and —pu(t) become roots of det(u— By) =
0 at x = x,(t), that is, +u(t) are eigenvalues of By there. Hence, by the
definition (2.12), D(z,t) vanishes at x = x5(t). This means that z5(t) is a
double turning point of Ay.

Next, let u*(x,t) be eigenvalues of By satisfying

(3.11) pE(w,t) = £u(t)  at z = zy(t).

It follows from (3.9) that p*(z2(t),t) — 0 as t — tg, and hence z5(t) is also
a turning point of By at ¢t = ty. Then, using the assumption (2.17), we can
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find a simple turning point x = x(t) of By (and hence of Ay as well) so that
it satisfies

(3.12) z1(t) = z2(ty) ast —t
and
(3.13) pt(zt) =p=(z,t) at x=x(1).

Thus the two turning points x;(¢) and x(t) of Ay merge at t = ¢, and, if we
let A\*(x,t) denote the eigenvalues of Ay corresponding to u*(x,t) through
the relation (3.4), the eigenvalues A\*(z,t) of Ay merge both at x;(¢) and at
x5(t). This proves the statement (i) of Theorem 2.1.

We now prove Theorem 2.1, (ii). Proposition 2.3 implies that the two
eigenvalues v*(t) of Cy which tend to 0 as ¢ — ty are given by +24(¢). This
and (3.11) entail that

(3.14) v () — v () = 2(u" (2, t) — p (2, 1))

r=x2(t)

Hence, noting that A*(x, ) merge at z;(t) (j = 1,2) and that u*(z, t) merge
at x1(t), we have

O Rt "0 )
3.15 — AT = AT)dz = / — (AT =X\ ))dzx
dt z1(t) z1(t) at

z2(t) a
= (" = p)dx
/:vl(t) ox
= (" —p")
z=x2(t)
1
= §(l/+—l/_).

Here we used Proposition 2.2 to derive the second equality. Integrating (3.15)
from ty to t, we then obtain (2.18). This completes the proof of Theorem
2.1.

Theorem 2.2 is proved in a way similar to that for Theorem 2.1. Let
t =ty be a turning point of the second kind. Then there exist p;(t) (j =1, 2)
satisfying

(3.16) h(p;(t),t) =0 and pi(t) — p2(t) = 0 (as t — tp).
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Let 11;(t) denote y/p;(t) and define z;(t) by
(317) Jeven (Mj (t)a €T (t)a t) =0.

Then by the same argument as above we find that +;(¢) are eigenvalues of
By at x = x;(t) and that x;(t) is a double turning point of Aj. Furthermore
it follows from (3.16) that x;(¢) and x2(t) merge at t = t.

If we denote puy(ty)(= pa(to)) by 1 and z(ty)(= z2(ty)) by Z, we know
that goqa (11, to) and Geven (14, T, to) can be divided by (u? — 71?)? and (u? — 11?)
respectively. Then at (x,t) = (T, ty) +/1 become eigenvalues of By and they
are simple roots of det(yn — By) = 0 due to the assumption (2.17). Hence
there exist eigenvalues u*(x,t) of By which do not depend on j and satisfy

(3.18) pE(z,t) = £p(t)  at z = x;(t).

Letting A*(z, t) denote the eigenvalues of Aq corresponding to u*(x, t) through
the relation (3.4), we thus find that A (z,¢) merge both at z;(¢) and at z(t).

Finally, Proposition 2.3 again implies that £24,(t) (j = 1,2), denoted by

v (t) in what follows, give the eigenvalues v, and v, of Cy(t) in Theorem

2.2, (ii) and they satisfy the following relations:
(3.19) vy (t) —vi(t) = 2(u"(z2(t),t) — p' (2:1(2),1))
= 2(p7 (22(2), 1) — p7 (21(2), 1))

By an argument similar to that employed in deriving (3.15) we then obtain

d :L‘Q(t)
(3.20) E/ (O — A )da

:El(t)

This completes the proof of Theorem 2.2.
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4 Proof of Proposition 2.3

4.1 In the case of [ =2m

A straightforward computation shows that the top order part Cy of the lin-
earized equation of (NY')y,, at @ is of the form

up + 2qo Up —Ug .. —Uyg
—Uy u +2q1 Uy s Uy
(4.1) Cy = Uy —uy Uy +2q2 - — Uy
Uom —Uom Uom et Uom + 2Q2m

(Here and in what follows every quantity (such as ¢;) with the index j running
over 1 < j < N is supposed to be cyclic with respect to j.) Taking the
relations u; + ¢; + ¢j+1 = 0 (cf. Lemma 3.1) into account, we then find that
(4.2)
1 1 v—2q V+2q
(v —Cy) 1 . _ v —2q
e 1 e VA 2¢m
1 1 v+ 2q vV — 2Qom

Hence we obtain

(4.3)  2det(v—Co) = [](v—2q)+[](v+245)

J J
14 14
= 2 I 0) TS o)
J J
= 2" g.qa(p, t)
u=v/2

This completes the proof of (2.16) in the case of [ = 2m.

4.2 Inthecaseof/=2m+1

Let us define Cyy and 6 respectively by Cy = tCy/2 and 0 = tv/2 so that the
following holds:

(4.4) det(v — Cp) = det(Cp — v) = (%) " det(Go — ).
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We also introduce new symbols p; and r; defined by

(4.5) pj = —tq; = Z Uj—1+2rUjy2s — Z Uj—1+2rUjt2s | »
r=0 or 0<s<r<m 1<r<s<m
ry = Z Uj—14-2rUj+25-
1<r<s<m
Note that the relation
(46) pj + Pj+1 = t’LLj

immediately follows from Lemma 3.1. In the case of | = 2m +1 (ie., N =
[+1 = 2m+2) each entry of the matrix Cy = (M; x)o<ik<2m+1 is then given
in terms of these symbols as follows:

(4.7)
Mi; = ri—Tip,
Major = ugj(ugjpr + gz + o+ U1 — Ugppr — + 00— Ugj_1)
(for j #1),
Myjogr = (1= 0pp15)uoj(ugigo + - - + ugj—2)
— (L= by5)un;(unjpn + - - + uazn),
Mojir00 = (1= 015)ugjer(uorsr + -+ + ugj_1)

— (1 = 0pj41)ugjp1 (ugjqs + - - - + ug_1),
Mojir10i01 = Ugjpr(ugjpo+ -+ 4 Uy — Ugpo — -+ - —ugj)  (for j #1),

(0<i<2m+1,0<7<m,0<1<m).
Now we first transform the matrix Cly — 6 in the following way:

(4.8) T(Cy— )T 1,
where
1
(4.9) T =
1
1 0 1 0 1
0 1 0 1 1
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The matrix (4.8) obtained by this transformation becomes of the form

* *x
MW P
(4.10) kx|
o .- 0 |—-6 0
o .- 0 0 -0

where each entry of the (2m) x (2m) matrix M) is given as follows:
(4.11)

My = 2(=1) uj(ussr + -+ ugmoy)  (for 0 < j < 20— 1),

MZ(ZI)QZ = To — Torp1 — Usg(Ugpgr + -+ F Usme1 — Umgr — - — Ug—1) — O
= —pu + 2uy(Ugmy1 + -+ uy 1) — 0,

M;,lz)z = 2(=1)u;(ugms1 + -+ +uy-1) (for20l+1<j7<2m-—1),

MU = 21 uy(usrs + -+ ugn)  (for 0< j < 20),
Mg(ll}rl,glﬂ = Top1 — Torpe — U1 (Ui + -+ -+ Ugm — Ug — -+ - — Ug) — 0

= —por1 + 2ug1(ug + - 4 ug) — 0,
My = 2(=1) ‘uj(ug+ -+ +uy) (for 20+2 < j < 2m—1)
(0 <1< m—1). Here det(Cy—8) and det MV satisfy the following relation:
(4.12) det(Cy — 0) = 62 det MW,

Next we transform M) by using the following matrices:

t 0 U2m+1 0
(4.13) M@ & L L x

0 . 0 T

1 1
ugr}z-l—l ‘ e ok t/2 ‘ 0
x M) ! !
0 0

1 1
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with & (1 <k < 2m — 1) being given by
(4.14) S0 = _u2_n11+1(u2m+1 + ot ugg),
Soot41 = Ug_,}lﬂ(uo + - uy),

(0 <1< m—1). The equality (4.13) entails
t2
(4.15) det M®) = o det MO,

and a repeated use of the relation (4.6) verifies the following:
(4.16)

MY MY MY MY
—(p1 +p2) —@+p) pr+pe —(i+p2) Pt
M@ — P2 + 3 —(@+p2) p2t+ps —(p2+ps)
—(p3 +p4) —(6 + ps3) D3 + P4
: —(9 +p4)
where
(4-17)M(§,20) = —(0+po) o+ + Pamt1) + (o + p1)(Po + Pomt1),
Mé,?Q)z = (04 po)(Pom+1 + Do+ -+ p2a) — (po + 1) (Po + Pam+1)
(for 1 <1 <m-—1),
M(S,Qz)zﬂ = —(0+po)(po+p1+ -+ par1) + (Po +p1)(Po + P2mt1)

(for 0 <I<m-—1).

We further transform M® into
(4.18)

MO — .- 1 1




At this step we have

(4.19) det M® = det M?),
and the matrix M®) thus obtained becomes
(4.20)
My M) M) e - M),
—(0+p1) —0+ps
@) —(0+p) —0+ps
MY = —(9 + pg) —0 + py
—(0 +pam—1) 0+ pom
with
(4.21) Mé?o) = —(po+p1)(0 — Pamt1),

Méf)}z = (Pemr1+ ()" o) (0 +po) 1<k <2m—1).

Now let M™ be a (2m + 2) x (2m + 2) matrix defined by

—(@+p0) po+m
—(@+p)  —(0—p2)
—(0 +p2) —(0 — ps3)

0 0 —(Pomi1+p2) —(Pomi1—p3) o+ —(0—pamy1)
Then by a straightforward computation we can readily confirm

(4.23) det MW = det M®.

Finally, we transform M® as follows:

(4.24)
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20 1 1
1 1
X ! M@ 1
1
0 —1 0 1 1 1
Then
(4.25) det M® = —20 det M
holds and the matrix M® thus defined becomes
(4.26)
—(0 — po) — (0 + pam+1)
—(0+po) —(0—p1)

M® = —(O+p)  —(0—-p)

—(0+pom)  —(0 — p2mi1)
The determinant of this matrix is readily computed and we obtain

(4.27)  det M©®) = (0 —po) -+ (8 — pamst) — (0 + Do) -+ (0 + Domy1).

After these long computations, combining the seven equalities (4.4), (4.12),

(4.15), (4.19), (4.23), (4.25) and (4.27), and substituting p, = —tg; and
0 =tv/2 = tu, we conclude
(4.28) det(v — Cy)
2N
= = [n =) (= i) = (i a0) -+ (1 + o))
u=v/2
9N+1
=3 [Mgodd(/i, t)]
u=v/2

Since the coefficient of the top degree part of goqq(p,t) is equal to —(q; +
-+-+qy) = t/2 in this case, this leads to

(4.29) det(v — Cp) = 2" 1Goaa (1, )

u=v/2

The proof of Proposition 2.3 is now completed at last.
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5 Remarks and open problems

As we have observed so far, the Stokes geometry of the Noumi-Yamada sys-
tem (NY'); is closely related to the Stokes geometry of its underlying Lax
pair. This relationship between the two Stokes geometries is based on the
three fundamental facts, i.e., Propositions 2.1, 2.2 and 2.3. We are now con-
jecturing that these three facts do hold (with due modifications) for a quite
general Lax pair (1.1). As a matter of fact, similar fundamental facts are con-
firmed for the (FP;) and (Pyp) hierarchies in [KKNT] (where the global aspect
of the Stokes geometry of higher-order Painlevé equations is also discussed)
and, as is discussed in [T2], Proposition 2.2 is proved in a general situation.
(We can also verify Proposition 2.1 in a sufficiently general situation.) How-
ever at the present stage it seems difficult to establish Proposition 2.3, i.e.,
a “bridge” between Painlevé type equations and their underlying Lax pair,
in general. It is one of the relevant problems to prove Proposition 2.3 in a
general situation.

For traditional Painlevé equations the relations between the two Stokes
geometries play a crucially important role in constructing a local reduction
to the first Painlevé equation near a simple turning point. We thus believe
that the relations of the Stokes geometries established in this paper strongly
support the possibility of the exact WKB analysis for the Noumi-Yamada
systems, or more generally for higher-order Painlevé equations. Still, in order
to develop the WKB analysis for such nonlinear equations, there are many
things to discuss. In ending this article, we list up some open problems
related to this subject.

1°) How can one construct the general solutions (of WKB type), i.e., so-
lutions containing sufficiently many free parameters, of higher-order
Painlevé equations?

2°) As is proved in this paper, the configuration of the Stokes geometry of
the Noumi-Yamada system (NY'), near a simple turning point of the
first kind is the same as that of the first Painlevé equation (P;) near
its unique turning point £ = 0. Then, is it possible to construct a local
reduction of (NY); to (P) near a simple turning point of the first kind?

3°) What is the “normal form” for higher-order Painlevé equations near a
turning point of the second kind?
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