Algebra of sectors

KATSUNORI KAWAMURA
Research Institute for Mathematical Sciences
Kyoto University, Kyoto 606-8502, Japan

The set Sect.A of all unitary equivalence classes of unital
*-endomorphisms of a unital C*-algebra A is called the sector
of AA. We show that there is an exotic algebraic structure on
Sect. A when A includes a Cuntz algebra as a C*-subalgebra
with common unit. Next we explain that the set BSpec.A of
all unitary equivalence classes of unital x-representations of A
is a right module of Sect.A. An essential algebraic formulation
of branching laws of representations is given by submodules
of BSpecA. As application, we show that the action of Sect.A
on BSpecA distinguishes elements of Sect.A.

1. Introduction

For a unital x-algebra A, the set Sect.A of all unitary equivalence classes
of unital s-endomorphisms of A is called the sector of A. An element of
SectA is called a sector of A, too. Sectors are studied in fields of quantum
field theory([4, 10, 12, 24]) and subfactors([13, 14, 15, 23]) for formula-
tion of super selection theory and index theory of subalgebras, respectively.
According to each standpoint, their mathematical definitions of sectors are
different in general. A definition of sector which is a set of some equivalence
classes of representations of an observable algebra is interpreted to our defi-
nition through a relation between representations and endomorphisms under
several assumptions. It is well-known that there are operations on Sect.A(or
subsets of Sect.A) which are similar to direct sum and tensor product among
representations of a group. Under these operations and some assumptions,
a commutative algebra which consists of some sectors is called a fusion rule
algebra([10]). We consider that the essential assumption for the existence
of such sum is coming from Borchers property which states the existence of
sufficient isometries in an observable algebra.

Without a special assumption, Sect.A is always a semigroup by compo-
sition of sectors which is not abelian in general. In this paper, we show that
there is a completely symmetric N-ary operation on Sect.A which seems
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“sum” with respect to the product of sectors when there is a unital *-
embedding of the Cuntz algebra Oy into A.

In this paper, Hom(.A, B) is the set of all unital *-homomorphisms from
A to B for each unital *-algebras A and B.

Theorem 1.1. Let Sect.A be the sector semigroup of a unital C*-algebra A.
(i) For A, assume that

(1.1) N >2 st. Hom(Op,A) # 0.
Then there is an N-ary operation p on Sect A such that

P(To(1)s - Tony) = P(T1, -+, ZN), PO (id¥ "t x p) =po (p xidV ),

yp($17"'7xN) :p(yl'l,u-,ny), p(mlv"wa)y:p('l'lya"'?xNy)

for o € Gy and x1,...,xN,y € Sect A where Gy is the group of all
permutations of numbers 1,..., N and id is the identity map on SectA.
(ii) For each N > 3, there is a C*-algebra A which satisfies Hom(Opn, A) #
0 and Hom(On_1, A) = 0.
(iii) If A is a von Neumann algebra, then either of the followings holds:
(a) Hom(Opn, A)#® (YN >2), (b) Hom(Oy, A) =0 (YN > 2).

If we simply denote p by “4”, then we see that

xa(1)+«--+xa(]\1):$1+"'+CUN (VUGGN)a
(x1 4+ +2aN)+TNp1+ -+ Tan—1
=z1+ (24 +anp) FTNp2 + o+ Tav—d

(1.2) =-.=x1+--+aonva+ (v +- -+ Ton-1),

y(r1+ - +an) =yz1 + - + YN,

(x14-+ay)y=z1y+ - + TNy

We see that (1.2) is interpreted as commutativity, associativity of + and
distributive law among + and -. In this way, + can be considered as “N-ary
sum” on SectA and SectA is an algebra with the N-ary sum and ordinary
binary product without inverse operation of this sum. An algebra with such
unusual operation is known as universal algebra([7, 11]). When N = 2,
SectA is an ordinary algebra without inverse operation of the sum. By
Theorem 1.1 (ii), (iii), Sect.4 has a non binary sum only if A is not a von
Neumann algebra.

Furthermore, this algebraic structure of Sect.4 has applications of branch-
ing laws of representations by embeddings and endomorphisms. We intro-
duce a module of Sect.A which is naturally arising from an algebraic formu-
lation of branching laws of representations of .4 by sectors.
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Theorem 1.2. Let BSpecA be the abelian semigroup of all unitary equiv-
alence classes of unital x-representations of a unital C*-algebra A by direct
sum ®. Then there is a right action R of the semigroup Sect. A on BSpecA.
Furthermore if A satisfies (1.1), then (BSpecA, R) is a unital right module
of the algebra Sect. A which satisfies (1.2), that is,

(v@®w)Ry =vR, ®wR,, (vRy)Ry = vRyy,

VR 4oqay = Vg, @+ DURLy
for each x,y,x1,...,zN € Sect A and v, w € BSpecA.

For example, our studies in [20, 21, 22], branching laws of representations
of Oy are smartly explained by SectOy and BSpecOpy. As application of
this action, we can distinguish sectors and inclusions of C*-subalgebras by
comparing their branching laws. We show concrete sectors of Oy which are
defined by polynomials of the canonical generators si,...,sy of Oy and
their conjugates and branching laws of representations of the CAR algebra
which are associated with endomorphisms of Oy in [2].

Theorem 1.3. Define p, p,n € EndOs by

p(s1) = s121 + 5112, p(s1) = s211 + s122, 1(s1) = s221 + S11.2,

p(s2) = s2, p(s2) = s11,1 + S12,2, N(s2) = s21,1 + 5122

where s;j = sis;jsy, for i,5,k =1,2. Denote elements in SectOy which are
associated with p, p,n by [pl, [p], [n], respectively.

(i) p, p,m are not surjective and the following is a set of mutually different

irreducible sectors of Oz: {7 ], nl, (21", o), [o)2 : m > 1}.
(ii) The following equations in SectOy hold:

[llp] = [ + [ad, [p)lp] = [e] + 18], [P1P[p)* =[] + [a] + [n], [P)[e]lp] = [n]

where ¢ is the identity map on O and «, (1, P2 are in EndOy N AutOy
which are defined by the following transpositions, respectively: s1 < so,
§1 <> —S81, S2 <> —82.

(iii) The statistical dimension dyn of p" is 2"/% for n > 1.

By Theorem 1.3, [p] and [p] does not commute, but it seems that they are
conjugate.

In § 2, we define the sector as a homomorphism class space and in-
troduce the algebra of sectors of a unital x-algebra. In § 3, we consider
Theorem 1.2 and its application. In § 4, we introduce sectors of Oy arising
from permutations and their spectrum modules. Branching laws of these
representations of Oy are explained by submodules of these modules. In §
5, we treat sectors of On and their fusion rules more concretely. In § 6, we
consider sectors which are arising from inclusions among Oy and U H Fly.
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2. An algebraic structure on the sector

We show an exotic algebraic structure of Sect.4 under Oy-including con-
dition of a unital x-algebra A. For this aim, we prepare several conditions
about the “size” of A. Next, we introduce an N-ary operation on the ho-
momorphism space.

Let A, B and C be unital *-algebras and we do not assume that any
algebra is equipped with a topology in this section if there is no special
assumption. In this paper, any representation, homomorphism and endo-
morphism of algebras are assumed unital and *-preserving.

2.1. Algebraic embeddings of the Cuntz algebras. We start to con-
sider homomorphisms among the Cuntz algebras and algebras.

Lemma 2.1. Let M, N > 2. Then Hom(Oy;, On) # 0 if and only if there
is a positive integer k such that M = (N — 1)k + 1.

Proof. If M = (N — 1)k + 1, then Hom(Oxs, On) # 0 by (6.1) in § 6.
Assume that ¢ € Hom(Oys, On). By K-theory([5]), ¢ arises a homomor-
phism ¢ from Ky(Oyr) to Ko(On), Ko(On) = Zn—1 and the class [Iy] of
the unit of Oy is a generator of Ko(On). Because ¢([In]) = [In] is a gener-
ator of Zy_1, p(Ko(Onr)) = Ko(On). This shows that there is a surjective
homomorphism from Zj;_1 to Zy_1. In consequence, M —1 > N — 1 and
M — 1 must be divided by N — 1. Hence the statement holds. ([l

By Lemma 2.1, Theorem 1.1 (ii) is proved. In order to define algebraic
operations on sectors, the Cuntz algebra is used as “glue” among sectors.

Definition 2.2. For N > 2, (t1,...,tn) is a system of On-generators in
Aifty,... . tx € A satisfy the following relations:

t;-‘tj:dijI (i,j=1,...,N), tit7 +...+tnty =1.
We denote Hy A the set of all systems of On-generators in A.

If Ais a C*-algebra, then an element in Hy A is in one-to-one correspondence
with that of Hom(Oy, A) by (t;))¥, < ¢(s;) =t; fori =1,..., N. Therefore
HyA # 0 if and only if Hom(Op, A) # 0.

Lemma 2.3. (i) If HvA # 0, then Hy(A® B) # 0 for each B.
(i) If Hom(A,B) # 0 and HyA # 0, then HyB # (.
(iii) If A C B is a unital inclusion such that HyA # 0, then HNB # (.
(iv) If HNA # 0, then Hn_1)1 A # 0 for each k > 1. Specially, if
Hy A # 0, then HyA # (0 for each N > 2.
(v) HN(A® B) # 0 if and only if HNA # 0 and HyB # 0.

Proof. (i) (t1,...,tn) € HyAimplies (11®1,...,tn®1) € Hy(ARB).
(ii) If ¢ € Hom(A,B) and (t1,...,tny) € HyA, then (o(t1),...,¢(tn)) €
HyB.



(iii) Because the inclusion map of A into B is in Hom(.A, B), the statement
holds by (ii).

(iv) By Lemma 2.1 and HyOpn # 0, it holds by (iii).

(v) Assume that (t1,...,tn) € Hy(A®B) and denote [ 4 and I are units of
A and B, respectively. Then (I4t1,...,Iatn) € HyAand (Igty, ..., Ipty) €
HyB. On the other hand, if (vi)fil € HyA and (Uz)fL € HyB, then put
t; =v; +u; € A B. Then we see that (ti)f\il € Hy(A @ B). O

Proposition 2.4. (i) We have the following inclusions among the Cuntz
algebras O, ..., Og:

O3 O, Og Osg
/V
Os A 07/

For2 < N < M < 8, there is no homomorphism from Oy to Oy if
there is no oriented path from Op; to On in this illustration. Specially,
H203 = @, Hg@g % @, H403 = @, HNOQ 7& @ fOT each N Z 2.

(ii) If R is a von Neumann algebra, then HoR # 0 or HyR = 0 for any
N > 2

Proof. (i) By Lemma 2.1, it follows.
(ii) Assume that R is a von Neumann algebra. If R is finite, then HoR = ().
If R is properly infinite, then HoR # (). Assume that R satisfies HyR # ()
for some N > 2 and R = R1 @ Ry is the canonical decomposition such that
Ry is finite or {0}, and Ry is properly infinite or {0}. Then HyR # () only
when R; = {0} by Lemma 2.3 (v). In consequence, if HyR # () for some
N > 2, then R is properly infinite and HoR # (). Therefore the statement
holds. ([

Theorem 1.1 (iii) is proved. In this way, the property of A about HyA is
different in whether A is a von Neumann algebra or not.

Lemma 2.5. Let a be an action of Zn of On by cyclic permutation of the
canonical generators and O]%,N be the fixed point subalgebra of On by a. Then
we have the followings: (i) HoO%2 #0. (i) HyO% =0, H;O% # 0.

Proof. (i) Let p € EndOs by p(s1) = s1525] + 525155, p(s2) = s1s157+
s25255. Then p(Os) C 0222 and the statement holds.
(ii) Because (’)?3 is a subalgebra of O3, the first statement follows by Lemma
2.3 (iii). Let p, € EndOs by

pu(81) = 5123 + 5231 + 5312, pu(s2) = S21,3 + 5321 + 5132,
(2.1)
pu(83) = s11,1 + 22,2 + 5333
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where s;; 1, = s;s;s) for 4,75,k = 1,2,3. Then p,(O3) C (9?3. O
We show that H NO]Z\,N # () for each N > 4 in Example 5.7.

2.2. An N-ary operation on the homomorphism space. For ¢, cpl €
Hom(A, B), let ¢ + ¢ be the sum of two linear maps from A to B. Then
¢+ ¢ ¢ Hom(A, B) because (¢ + ¢ )(I) = 2I # I. Therefore Hom(A, B) is
not closed under such sum. In stead of ¢ + <p/, we define a new operation
on Hom(A, B) and EndA. For a unital x-algebra A, u € A is an isometry if
wu=1.u€ Aisa unitary if u*u = uu* = 1.

Definition 2.6. (i) 1,92 € Hom(A, B) are equivalent if there is a uni-
tary w in B such that upi(a)u™ = pa2(a) for each a € A. In this case,
we denote Y1 ~ ©3.

(ii) ¢ € Hom(A, B) is proper if ¢ is not surjective.

(iit) ¢ € Hom(A, B) is irreducible if o(A) N B = CI where p(A) N B =

{be B:p(a)b=bp(a) a € A}.

Irreducible proper endomorphism is important for the study of endomor-
phisms in comparison with that of automorphisms.

If p1,p2 € Hom(A, B) satisfy @1 ~ g, then ¢; is proper if and only if
@2 18, @1 is irreducible if and only if ¢ is. For ¢1 € Hom(A, B) and ¢y €
Hom(B,C), ¢2 0 ¢1 € Hom(A,C). Specially EndA = Hom(A, A) is a unital
semigroup with respect to composition of endomorphisms. Immediately, we
see the following:

Lemma 2.7. (i) If gol,go/l € Hom(A, B) and @2,(,0/2 € Hom(B,C) satisfy

1~ @1 and gz ~ @y, then a0 1 ~ 5 0 1.
(ii) For ¢y € Hom(A, B), v2 € Hom(B,C), if 2 and p20p1 are irreducible
and @9 s injective, then i is irreducible.

(i) If Adu;op; = @, for i = 1,2, then Ad(ugpa(u1))o(p2091) = Paop).
(i) By assumption, CI = {(¢2 0 01)(A)} NC D {(p20 ¢1)(A)} Np2(B) =
w2(p1(A) NB) D CI. Hence CI = pa(p1(A) NB). Because ¢ is injective,
CI = ¢1(A) N B and ¢, is irreducible. O

For N > 2, let Hom(A,B;N) = {(¢))X, : ¢; € Hom(A,B),i =
1,...,N}. For ® = ()Y, = (¢,)Y, € Hom(A, B; N), we denote ® ~ ¥
if ¢; ~p; foreachi=1,..., N.

Lemma 2.8. Assume that HyB # (). For & = (ti)f\;1 € HyB and ® =
(pi)Y, € Hom(A, B; N), define a linear map < &|® > from A to B by

where Adt; o p; = tipi(-)tF fori=1,...,N. Then the followings hold:
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(i) <¢|® >€ Hom(A,B) for £ € HyB and ® € Hom(A, B; N).
(ii) If ®,¥ € Hom(A, B; N) satisfy ® ~ U, then < |® >~< n|¥ > for
&me HyB.
(iii) For any permutation o € Gy, < &® >~< &P > where P7 =
(@U(l)v SRR QOU(N))
(iv) For (goi)givl_l € Hom(A, B;2N—-1) and 5,77,{/,7]/ € HyB, let ®1 v, Pnon—1,

o2 o) ¢ HyB by

2N—-1

X1 Pnvan—1 = ()N

®1n = (94)
(I)(Q) = (‘paa PN+ -« SOQN—l)’ (I)(g) = (()017 -y PN—1, (pb)u
where @, =< £|P1 N > and pp =< §/|(I)N72N,1 >. Then < 77|<I>(2) >~
7' |G >,

Proof. Assume that & = ()X, n = (u)Y,, ® = (p)Y, and ¥ =
()X, € Hom(A, B; N).
(i) By direct computation, the statement follows.
(ii) Assume that there are unitaries vy,...,vy € B such that Adv; o¢; = ¢;
fori=1,...,N. Let T = wyvit] + - -- + unyvnty. Then AdTo < £|P >=<
v >.
(i) Let &7 ' = (to-1(1)s -+ s to—1(v)) € HNB. Then < {97 >=< 7D >~<
£|® > by (ii).
(iv) Assume that & = (t;))¥,,7 = (u;)Y,. Then

< @@ >= SN Ad(uit;) o j + XN, Adus o oy,

<7 |@® >= SV Aduo g + S Ad(uyt)) o pian—1.
Let T = ujtiul + - 4 uy_ th_ul 4+ unt ul + untous 4 - - - + uyt yuly.
Then AdTo < n|®?) >=< '|®6) >, 0
By Lemma 2.8, we see that < |- > is an N-ary operation on Hom(.A4, B) for
each £ € HyB.

Lemma 2.9. If p =< &|® > for £ € HyB and ® € Hom(A, B; N), then ¢
s not irreducible.

Proof. Assume that & = (u;), and ® = (¢;)Y,. Then U = uju} —
ugul — - - — unuy satisfies Up(z) = ¢(x)U for each x € A. Hence U €
¢ (A)N B and U & CI. Therefore the statement holds. O

2.3. Operations on the sector. For unital x-algebras A and B, define

Sect(A, B) = Hom(A, B)/~ .
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Sect(A, B) is often defined by Hom(.A, B)/InnB where InnB3 is the inner
automorphism group of B. The space Sect(.A, B) of homomorphism classes
is called the sector from A to B. An element of Sect(A, B) is called a sector
from A to B, too. Remark that the symbol Sect(A, B) in [15] and ours are
different in the position of A and B, and the former is a subset of the latter in
general. Specially, we denote Sect.A = Sect (A, A). Denote [p] € Sect(A, B)
by [¢] = {¢ € Hom(A,B) : ¢ ~ @}. [p] is proper if ¢ is. [p] is irreducible
if ¢ is.

If o is an isomorphism from .4; to Az, then a map L, from Sect(B, .A;)
to Sect(B, . Az) which is defined by L, [¢] = [aoyp] is bijective. A map R, from
Sect(Az1, B) to Sect(Az, B) which is defined by [¢]Rs = [¢ © a] is bijective,
too.

For [p1] € Sect(A, B) and [p2] € Sect(B,C),

(2.3) [p2][1] = [w2 0 1] € Sect(A,C)

is well-defined by Lemma 2.7. Furthermore we see that z(yz) = (xy)z for
x € Sect(C,D), y € Sect(B,C) and z € Sect(A,B). (2.3) is called the
sector product. Specially, Sect.A is a unital semigroup with unit [:] where
¢ is the identity map on A. SectA is non abelian in general. The outer
automorphism group OutA = {[a] : @ € AutA} of A is a subgroup of
SectA. If z € Out A N SectA, then z is irreducible. For a unital x-algebra
A, SectA is called the sector semigroup of A.

Lemma 2.10. Assume that B is simple. For y € Sect(A,B) and = €
Sect(B,C), if both x and xy are irreducible, then y is irreducible.

Proof. Assume that x = [ps] and y = [p1]. Because B is simple, any
element in Hom(B,C) is injective. Hence ¢ is injective. By Lemma 2.7 (ii),
@1 is irreducible. Hence the statement holds. O

Under assumption HyA # () for A in Definition 2.2, we can consider
the following “N-ary additive structure” on SectA.

Lemma 2.11. Assume that HyB # (. For [¢1],...,[pN] € Sect(A,B),
define
(2.4) pleals- - lon]) = [< €2 >]

where ® = (p1,...,¢n), &€ € HyB and < -|- > is in (2.2). Then the
followings hold:

(i) p is well-defined as an N-ary operation on Sect(A,B), that is, the
lhs in (2.4) is independent of the choice of both & and representatives

P1,. .5 N

(ii) p is completely symmetric, that is,
P(To(1)s -+ Tony) = P(T1, .., 2N) for each 0 € SN and x1,...,2N €
Sect(A, B).



(iii) po (p x idN"1) = po (id? x p x idV =177 for j=1,...,N — 1 where id
is the identity map on Sect(A, B).

Proof. By Lemma 2.8, (i) and (ii) hold. (iii) is verified by Lemma 2.8
(iv) and similar discussion. O

Definition 2.12. When HyB # 0, p in (2.4) is called the N-ary sector sum
on Sect(A, B). (2.3) and p are called sector operations.

We denote 21 +---+xy = p(x1,...,2N) for z1,...,25 € Sect(A, B). Then
we see that

To) t o+ Tony =21+ + 2N,

T+ tano1+ (@t rayo1) = (P14 aN) Fan e 2an o

for x1,...,29nv_1 € Sect(A,B) and ¢ € Gy. In this way, the notation
z1 + -+ + xn is reasonable as a kind of sum. Because the notation “ + 7
means a binary operation usually, it may give rise to a misunderstanding.
In stead of this weak side, “ + ”(or which is denoted by @)is often used in
convenience([3, 14]).

In consequence, we have the followings:

Proposition 2.13. Assume that HyB # ().

(i) (Sect(A,B),+) becomes an abelian (=completely symmetric)N -ary semi-
group. Specially, (Sect(A,B),+) is an ordinary abelian semigroup
when N = 2.

(ii) If HvB # 0 and ¢ € Hom(B,B'), then a map Ly from Sect(A, B) to
Sect(A, B') which is defined by Lg[p] = [¢ o @] is an N-ary semigroup
homomorphism, that is, Ly(x1 + -+ +an) = Lg(x1) + -+ -+ Ly(xn).

(ili) If ¢ € Hom(Ay, A2), then a map Ry from Sect(Asz, B) to Sect(Ay, B)
which is defined by [¢]|Ry = [¢ o ¢] is an N-ary semigroup homomor-
phism. Specially, if Ay = A, then Sect(Ag, B) and Sect(Ay,B) are

isomorphic as an N-ary semigroup.
Furthermore we can check the followings:

syr+-+yn) = ayi+tayn, (At tyn)z=nz o YNz
for any x € Sect(B,C), y1,...,yn € Sect(A, B) and z € Sect(D, A).

Theorem 2.14. Assume that Hy A # ().

(i) SectA is a unital N-ary algebra with respect to the sector product and
the sector sum.

(i) If A = B, then SectB has an N-ary algebraic structure and SectA =
SectB as an N-ary algebra.



Proof. (i) By Proposition 2.13 and discussion in the above, the state-
ment holds.
(ii) Let a be an isomorphism from A to B. Then HyB # () by Lemma 2.3
(ii). Hence SectB is a unital N-ary algebra with respect to sector operations.
We see that a map F' from Sect.A to SectB defined by F([p]) = [xopoa!]
for [p] € SectA is a unital isomorphism from Sect.A to Sects5. g

When N = 2, we call 2-ary(=binary)algebra by algebra simply.

If we denote Nz = p(z,...,x) for x € Sect(A, B), then we see that
Mz € Sect(A, B) is well-defined for each = € Sect(A,B) and M € Ny =
{(N-=1k+1:%k=0,1,2,...}. Therefore we have a map from Ny x
Sect(A, B) to Sect(A, B). Because Ny itself is a commutative N-ary algebra,
it seems that Sect(A, B) is a “module” of N and Sect.A is an algebra with
“the coefficient ring” Ny.

The following is well-known as an empirical rule in the theory of sub-
factors:

Corollary 2.15. If R is a properly infinite von Neumann algebra, then
SectR is always an algebra.

Proof. By Proposition 2.4 (ii), it holds. O

By Corollary 2.15 and Proposition 2.4 (ii), an exotic algebraic structure of
SectA does not appear when A is a von Neumann algebra. We see that the
difference of operator topology has much effect on the algebraic structure of
the sector.

Definition 2.16. (i) For a unital *-algebra A which satisfies Hy A # 0,
Sect A which is attained with sector operations is called the sector al-
gebra of A.

(ii) S is a sector algebra if S is an N-ary subalgebra of SectA for some
unital *-algebra A which satisfies Hy A # ().

By Grothendieck construction, we can obtain an abelian group from an
abelian semigroup Sect(.A, B) when HoB # (). By Proposition 2.4, we have
a non trivial ternary sum on SectOs. In the same way, we see the non-
triviality of the N-ary sum on SectOp for each N > 2. These systems are
already considered as universal algebras([7, 11]) in only a purely theoretical
framework. We give an exact formulation of our system as a universal
algebra in Appendix A. In this point of view, we see that sector algebras
are essentially new and exotic examples of universal algebra with non binary
sum. The sector is a new kind of number.

When N = 2, it may be that Sect.A should be called the ring of sectors.
According to the terminology of universal algebra, we call Sect.A by the
algebra of sectors in this article. This exotic algebraic structure of Sect.A
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is compatible to both the algebraic structure of fusion rule algebra and
branching laws of representations of C*-algebras. Examples are shown in §

4,85, 8§6.

Proposition 2.17. Assume that HyA; # 0 fori=1,2.

(i) Denote Sect(B, A1) @ Sect(B, As) = Sect(B, A1) x Sect(B, Az) and z &
y = (z,y) € Sect(B, A1) x Sect(B,.Az). Then Sect(B, A1) ® Sect(B, Asz)
1s an N -ary semigroup by an N-ary operation 1 ®y1+---+axnyDyn =
(x1+-+azy) D (Y1 + - +yn)-

(ii) Define a map F' from Sect(B,.A1) @ Sect(B, Az) to Sect(B, A1 ©.As) by

F(lp1] @ [p2]) = [p1 @ 2] ([p1] @ [p2] € Sect(B, A1) @ Sect(B, Az) ),

(01 @ p2)(a) = p1(a) ® p2(a) (a € B).
Then F is an N-ary semigroup isomorphism.

Proof. (i) The N-ary associativity of the operation + on Sect(B, .A;)®
Sect (B, As) follows from that of sector sums of Sect(B,.4;) and Sect(B, .Az),
respectively.
(ii) For (¢1,92) € Hom(B,A;) x Hom(B, A2), we see that ¢; @& @2 €
Hom(B, A1 & Az). Furthermore [p1 @ 2] is uniquely defined for [¢1] & [¢2].
Therefore F' is well-defined on Sect(B, A1) & Sect(B, Az). Finally, we easily
can check that F' is bijective and F'(([¢1]+ -+ [en]) @& (1] +- -+ [¥n]))
= F(lgi] @ [a]) + -+ Fllen] @ [¥n])- 0

In consequence, if HyA; # () for ¢ = 1,...,m, then the following abelian
N-ary semigroup isomorphism holds:

Sect(B, ;%1 Ai) = @2 Sect(B, A;).

Assume that HyA; # 0. If ¢ € Hom(Aj, As), then we have an N-
ary semigroup homomorphism L, from Sect(B, A1) to Sect(B,.42). Even
if ¢ is injective, L, is not injective in general. For example, put A; =
Oy ® Oy Ay = M3(C) @ Oy = My(O2) and a map ¢ from A; to Ay by
(A, B) = diag(A, B) € As. Put o1, 92 € Hom(B, O2) such that ¢1 % ps.
Put o = 01 B o, ¢ = 2 ® ¢ € Hom(B, A;). Then ¢ 4 ¢ in Hom(B, A;).
On the other hand, top ~ 1oy € Hom(B, Az). Therefore L,([¢]) = L.([¢])
but [p] # [¢']. Hence L, is not injective.

2.4. Fusion rules, conjugate sectors and the canonical sector. We
introduce general definitions of fusion rule and conjugate sector, and show
the existence of the canonical sector. Their examples are treated in § 5.

Definition 2.18. When HyB # 0, x € Sect(A, B) is decomposable if there
is x1,...,xN € Sect(A, B) such that x = x1 + -+ xn. If x is not decom-
posable, x is called indecomposable.

11



If z is irreducible, then z is indecomposable by Lemma 2.9. If z is decom-
posable, then x is proper. We do not know whether the indecomposability
implies the irreducibility or not.

Assume that HyC # () for N > 2. For x € Sect(B,C) and y €
Sect(A, B), if there are z1, ..., zny € Sect(A,C) such that the following holds:

Ty =21+ -+ 2N,

then this equation is called the fusion rule of x and y. In § 3, we show that
fusion rules are useful to compute branching laws of representation arising
from z and y. Assume that there is a set S = {x) € SectA : X\ € A} which
satisfies that for each p, v € A, thereisn,, » € {0JU{(N-1)I+1€ N :[ >0}
for each A € A such that

(2.5) Ty, = Z My AT\
AEA

Furthermore if n,, x = n,,, then < § > is a commutative fusion rule
algebra([10]) where < S > is the smallest subset of Sect.A which is closed
under both N-ary sector sum and sector product for S C Sect.A. So-called
fusion rule algebra is a subalgebra of Sect. A with assumption HsA # ().

Definition 2.19. Assume that Hy A # 0 and Hy B # 0 for some N, M > 2.
For x € Sect(A, B), & € Sect(B,.A) is a left(resp.right)conjugate of x if there
are yi,...,yn—1 € Sect A( resp. z1,...,zp—1 € SectBB) such that

e =liAl+n+--+yn_1 (resp. xT=[p|+21+--+2m-1)
where L4 and v are identity maps on A and B, respectively.

About conjugate sector and related topics in quantum field theory and index
theory, see [3, 4, 10, 12, 13, 14, 15].

Assume that HyA # (). < Out A > is the free N-ary algebra generated
by the group Out.A. Specially, when N =2, < Out.A > is the ordinary free
algebra of Out.4A without inverse of sum. From this, if z = [aq] + -+ +
[(N=1)kt1)s @15+ s (v_1)k41 € AutA, then y = [afl] +214+ -+ 2=y
is the left and right conjugate of x for each 21 + -+ + 2(v_1) € SectA and
I > 0. In this way, the conjugate sector in Definition 2.19 is not unique in
general. We show an example of sectors z,y € SectOy which are proper,
irreducible and mutually conjugate but xy # yzr in § 4.

We denote the identity map on A by ¢. If Hy.A # 0, then a sector

ey = [t) + -+ 4 [1] € Sect A
N

is called the N-ary canonical sector of A. For & = (u1,...,uny) € HyA,
let pe(x) = wizu] + - - - + uyzuy for € A. By definition, [p¢] = cn. We
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see that the canonical sector of Oy coincides the sector associated with the
canonical endomorphism. The following trivial fusion rules hold:

(CN)l = N"1en, eyz=zcy = Nz

for each I > 1 and = € SectA.

3. Spectrum modules

3.1. Definition. Let RepA(resp. IrrRepA) be the set of all unital(resp.
irreducible) *-representations of a unital C*-algebra 4. We simply denote
7 for (H,m) € RepA. Let BSpecA (resp. SpecA)be the set of all unitary
equivalence classes of unital(resp. irreducible)x-representations of \A. Then
BSpecA is an abelian semigroup with respect to direct sum:

BSpecA x BSpecA 3 ([n],[7]) — [7] & [7 ] = [r & 7] € BSpec.A.
We call BSpecA the spectrum semigroup of A. For [¢] € Sect(A, B), define
(3.1) (TR, = [T o] ([7] € BSpecB).

We see that 7] R|,) is well-defined in BSpecA and R, is a map from BSpecB
to BSpecA. Furthermore it is possible to show that

(3.2) (V@ w)Ry =vR, ®wR,, (vRy)Ry = vRyy

for v,w € BSpecB, z € Sect(A,B) and y € Sect(C,.A). Hence R, is a
homomorphism between two semigroups. Hence R is a realization of a set
Sect(A, B) in Hom(BSpecB, BSpecA). Specially, R is a unital right action of
a semigroup Sect.A on BSpecA such that Ry, = I. Therefore (BSpecA, R)
is a right module of the sector semigroup Sect.A without inverse of sum.

Definition 3.1. (i) A map R in (3.1) is called the spectrum realization
of Sect(A, B).
(ii) (SectA, R) is called the spectrum module of the sector semigroup Sect.A.
(iii) S is a submodule of (Sect A, R) if S is a subsemigroup of BSpec A which
is closed under the action of SectA.

Assume that HyB # (). Then we can verify that
(33) 'URx1+...+xN = ’URxl D---D UR:EN

for x1,...,xn € Sect(A, B) and v € BSpecB. Hence R is a homomorphism
of the N-ary semigroup Sect(.A, B) to Hom(BSpec5, BSpecA).

Definition 3.2. (i) When HyB # 0, a map R is called the spectrum
homomorphism from Sect(A, B) to Hom(BSpecB, BSpecA).
(i) When HyA # 0, (BSpecA, R) is called the spectrum module of the
N-ary algebra SectA.

13



(iii) When HNA # 0, S is a submodule of (BSpecA, R) if S is a subsemi-
group of BSpec A which is closed under the action of the N-ary algebra
Sect.A.

Theorem 3.3. (i) Assume that B is simple. For x € Sect(A, B), if there
is v € SpecB such that vR, € SpecA, then x is irreducible.
(ii) Assume that A is simple. For x € SectA, if there is v € SpecA such
that vR, = v, then x™ is irreducible for each n > 1.
(iii) For [¢1], [p2] € Sect(A,B), if there is m € RepB such that 7o p1
T o @y, then [p1] # [pa].
(iv) For x € SectA, if there is v € SpecA such that vR, ¢ SpecA, then x
18 proper.
(v) Assume that N > 2 is minimal with respect to HyB # (). For x €
Sect(A, B), if there is v € SpecB such that the totality of irreducible
components of vR, is less than N, then x is indecomposable.

Proof. (i) By assumption, there are irreducible representations (H, )
of B and (H',7') of A such that v = [(H,7)] and vR, = [(H,7')]. Because
both [7] € Sect(B,L(H)) and [7'] € Sect(A,L(H')) are irreducible, and
[7]# = vR, = [r']. Therefore z is irreducible by Lemma 2.10.

(ii) We can assume that m ~ mo p. From this, 7 ~ wo p" for each n > 1. By
(i), [p"] = [p]™ is irreducible for each n > 1.

(iii) We see that if p; ~ @2, then mo 1 ~ 7o 9 for any m € RepB. Hence
the statement holds.

(iv) If ¢ € AutA, then 7o ¢ is irreducible for any irreducible representation
7 of A. Hence the statement holds.

(v) If z is decomposable, then there are x1,...,zn € Sect(A, B) such that
xr =21+ -+ xy. From this, vR, = vR;, @ --- ® vR;,. Therefore the
totality of irreducible components of vR, is greater than equal N. From
this, the statement holds. O

3.2. Branching laws and spectrum modules. For § C BSpecA, let
< S > be the set of all finite direct sums of elements in S, < § >, be the
set of all countably infinite direct sums of elements in § and < § > s be the
set of all direct integrals of elements in §. Then < § >, < 8 >, < § > /
are subsemigroups of BSpecA and < § >C< S >,C< S >

Definition 3.4. Let T be a subsemigroup of the sector semigroup SectA.

(i) (BSpecA, R|1) is called the (right)spectrum module of T .
(ii) V is a T-submodule of BSpecA if V' is a subsemigroup of BSpecA and
VR, CV foreachzeT.

Assume that A C B is a unital inclusion of C*-algebra and denote ¢y this
inclusion map. Then the restriction w|4 of 7 € IrrRepB on A is not irre-
ducible in general. If there are a family {m)} en C IrrRepA and a family
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{ax € {0,1,2,...,R,Ry,...,} : A € A} of multiplicities such that

(3.4) mla~ @a,\ﬂ,\,

A€A
then (3.4) is called the branching law of  which is arising from the restriction
on A. In general, (3.4) is described by direct integral. (3.4) is equivalent to
an equation

(3.5) vR, = @ a\wy

A€A

where z = [19], v = [7] and wy = [m)] for A € A. The branching law of v € §
by x € Sect(A, B) is given by (3.5). In order to classify endomorphisms of
A, we introduced a graph from branching laws of an endomorphism in [21].
This classification is just that of sectors.

On the other hand, when we compute the branching law in (3.5), the
information about © = z1 + --- + &y or x = yz for some other sectors
Z1,...,TN,Y, z is often useful by (3.2) and (3.3). These examples are shown
in§4,85,86.

4. Permutative sectors of Oy and their spectrum modules

Sectors are interested in quantum field theory and subfactor theory. There-
fore Sect.4 is mainly treated when A is a local observable algebra or a factor.
In this purpose, SectOp is often considered to make examples of inclusions
of algebras with non trivial indices. However it seems that the structure of
SectOy itself is not well-known.

In general, there is no uniqueness of irreducible decomposition for
representations of a C*-algebra and the branching law for them make no
sense. We introduce nice classes of representations and endomorphisms of
the Cuntz algebras which satisfy the uniqueness of irreducible decomposi-
tion ([6, 8, 9, 16, 17, 19]). On these representations, we show branching
laws arising from endomorphisms([20, 21, 22]). We explain sectors and
their spectrum modules associated with these representations and endomor-
phisms.

4.1. Permutative representations and endomorphisms. We introduce
several sets of multiindices which consist of numbers 1,..., N for N > 2 in
order to describe invariants of representations of Oy.

Put {1,...,N}° = {0}, {1,..., N} = {(G)r, : s =1,....,N, 1l =
1,...,k}for k>1and {1,...,N}* = {(jn)neN : jn € {1,...,N}, n € N}.
Denote {1,...,N}* = [[1so{l,.. .. N}, {1,... N} = [Tisi {1 ..., N},
{1,...,N}Y*={1,..., N} u{l,...,N}>®. For J € {1,...,N}¥, the length
|J| of J is defined by |.J| = k when J € {1,..., N}*. For Jy, J € {1,...,N}*

and J3 € {1,..., N} J1UJs = (Ji, -« Jks G1s e - 01)s J1UT3 = (1, - v Gy 15 G s - -
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when Ji = (j1,..., k), J2 = (j1,---,5;) and J3 = (j, )nen. Specially, we

define JU {0} = {0} uJ = J for J € {1,...,N}# and (i,J) = (i) U J

for convenience. For J € {1,...,N}* and k > 2, J¥ = JU---UJ. For
k

J= (1, jk) €{1,...,N}¥ and 7 € Z, denote 7(J) = (Jr()s > Jr())-

J e {1,...,N}] is periodic if there are m > 2 and Jy € {1,...,N}}
such that J = JJ*. For Ji,Jo € {1,...,N}j, Ji ~ Jo if there are k > 1
and 7 € Zy such that |Jy| = |Jo| = k and 7(J;) = Jo. For (J,2),(J,7) €
{1,..., NV xUQ), (J,2) ~ (J,z)if J~J and z = 2’ where U(1) = {z €
C:|z| =1}. For Jy = (j1,- -, jk)s J2 = (jgs---5d3) € {1,..., N} k> 1,
Ji =< Jo if S5 (G, — g)N*E> 0. J € {1,..., N} is minimal if J < J for
each J € {1,...,N}j such that J ~ J'. Specially, any element in {1,...,N}
is non periodic and minimal. J € {1,..., N}* is eventually periodic if there
are Jo,J1 € {1,..., N} such that J = Jy U J°. For Jy, Jo € {1,..., N},
Jy ~ Jo if there are J3,Jy € {1,...,N}* and J5 € {1,..., N}* such that
Ji=J3UJs and Jy = J4 U Js.

Put [1,...,N]* ={J € {1,...,N}} : J is minimal and non periodic}.
Then [1,..., N]* is in one-to-one correspondence with the set of all equiva-
lence classes of non periodic elements in {1,..., N};. Put [1,..., N]* the set
of all equivalence classes of non eventually periodic elements in {1,..., N}
and [1,...,N]* =[1,...,N]*U[l,..., N]*.

Put o an action of a unitary group U(N) on Oy defined by ag4(s;) =
Zévzl gjisj fori=1,...,N and g = (gij)f»yj:l € U(N). Specially we denote
Yw = gy When g(w) =w - I CU(N) for w € U(1). For J = (j1,...,Jx) €
{1,...,N}* we denote s; = Sjy 84, and 8 =8} 87

A representation (H,w) of Oy is permutative if there is a complete
orthonormal basis {e, }nen of H which satisfies 7(n,i) € Ax € {1,...,N},
Im € A st 7w(s))en = em. (H,m,Q) is a generalized permutative(=GP)
representation of Oy with cycle by J = (j1,...,5%) € {1,...,N}* k> 1
and a phase z € U(1) if Q € 'H is a cyclic unit vector such that 7(s;)Q = 282
and {m(sj,---s;)Q : 1 = 1,...,k} is an orthonormal family in H. We
denote P(J;z) = (H,n,Q) and P(J) = P(J;1) simply. (H,7,Q) is a GP
representation of On with chain by J € {1,...,N}* if Q € H is a cyclic
unit vector such that {7 (s, )*Q},en is an orthonormal family where J,, =
(J1, -5 Jn) when J = (jm)men. We denote P(J) = (H,m, Q) simply.

Any permutative representation is completely reducible. Any cyclic(resp.
irreducible)permutative representation is equivalent to P(J) for some J €
{1,...,N}#(resp. some J € [1,..., N]* or some non eventually periodic
J € {l,...,N}®). For each J € {1,...,N}#, P(J) exists uniquely up to
unitary equivalences. P(J) is equivalent to a cyclic permutative represen-
tation. For p € EndOy and P(J;z) = (H,n,Q2), we denote P(J;z) 0 p =
(H, 7o p, ).
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Theorem 4.1. (i) For J € {1,...,N}] and z € U(1), P(J;z) is irre-
ducible if and only if J is non periodic. For J € {1,...,N}>, P(J) is
irreducible if and only if J is non eventually periodic.

(ii) ForJy,Ja € {1,...,N}] and z1,z2 € U(1), P(J1;21) ~ P(J2; 22) if and
only if (J1, z1) ~ (Ja, 22) where P(J1;z1) ~ P(Ja; z2) means the unitary
equivalence of two representations which satisfy the condition P(Jy; z1)
and P(J2; z2), respectively. For Jy,Jy € {1,...,N}*®, P(J1) ~ P(J2)
if and only if J1 ~ Ja.

(iii) If J € {1,...,N}*, k> 1 and z € U(1), then P(J;1)o~, = P(J;z¥).
If Je{l,...,N}* and z € U(1), then P(J) oy, = P(J).

(iv) For Je{l,...,N}j, zeU(1) and 1 > 1,

l
(4.1) P(J52) =@ P(J; ¢ 1=

Jj=1

where & = 2™V This decomposition s unique up to unitary equiv-
alences. Specially we have P(J';1) = @é-:l P(J;&7h).

Proof. See Theorem 2.12 in [21]. O

We omit the decomposition of chain in this article(see [19]). In consequence,

we have the following:

Theorem 4.2. (i) A set {P(J;2) : J € {1,...,N};, z € U(1)} of rep-
resentations of Oy is closed with respect to irreducible decomposition,
and the number of components of decomposition is always finite.

(ii) [1,..., N]* is in one-to-one correspondence with the set of all equiva-
lence classes of irreducible permutative representations of Op.

We review endomorphisms of Oy arising from permutations in [20,
21, 22]. Put Gy the set of all bijections on a set {1,..., N} for I > 1 and
SNy =U;»1 6wy For o € Gy, 1 > 1, ¢y € EndOy is defined by

Ve(8i)) =ugs; (1=1,...,N), u, = Z So(J)ST
Je{1,..,N}

1, is called the permutative endomorphism of On by o. Put the following
sets:

(4.2) EN,* = UEN’Z’ EN,l = {% € EndOy : 0 € 6]\/7[} (l > 1).

I>1

If o € Gy, then ¢, is an automorphism of Oy which satisfies 15 (s;) = 54(;)
for i =1,...,N. Specially, ¢;q is the identity map on Oy. If 0 € Gy is
defined by o(i,j5) = (j,i) for i,5 = 1,..., N, then v, is just the canonical
endomorphism of Oyn. If p € Ey; and p e Ey , then po p € Eniira
for each I,I" > 1(see Proposition 3.3 in [21]). Remark that 1, o ¥, #
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Ygon in general. Ey . is a subsemigroup of EndOy. Put Endyq)On =
{p € EndOy : Y2 € U(1) por, = v, 0p}. Forany p € Endy1)On,
plurry € EndU H Fy where we denote UH Fy = O%(l). We see that En . C
EndU(l)ON and ¢0’UHFN € EndUHFYy.

Theorem 4.3. (i) If p is a permutative endomorphism and (H,m) is a
permutative representation of Oy, then (H,m o p) is a permutative
representation, too.

(ii) If (H,m) is P(J) for J € {1,...,N}} and 0 € Gny, | > 1, then
there are 1 < m < N'=1, a family {J;}™, C {1,...,N}} and a family
{(Hi,m)}" of subrepresentations of (H, T o 1y) such that

(4.3) (H,movs) = (Hi,m) @ & (K, ™)
and (H;,m;) is P(J;) fori=1,...,m. Furthermore if |J| =k, k > 1,
then |J;| € {ak:a=1,...,N=1}.

(ili) The rhs in (4.3) is unique up to unitary equivalences.

Proof. See Theorem 3.4 in [21]. O

(4.3) is called the branching law of (H,7) by 1¢,. By uniqueness of P(J)
and Theorem 4.3 (iii), we can simply denote (4.3) as
(1.4) P(J) oty = P(7) @~ @ P(Jy).

For a given J, Ji,...,J,, in (4.4) are computed by a Mealy machine associ-
ated with o in [22].
We define an N-ary operation on Gy ..

Lemma 4.4. (i) Let 0 € Gy, and LU > 1. If there is n € Gy
such that o(J,K) = (n(J),K) for each J € {1,...,N} and K €
{1,.. .,N}l/, then 1, = 1/)77 S ENJ.

(ii) For a family {J(i)}ﬁil C OGNy, put l; € N by o) e Gy, fori =
L,...,Nandl =max{l; : i =1,...,N}. Define 6 € Sy 42 by

6(i,j,J) = (4, (09)'(5,.7))
fori,j€{l,...,N}Y and J € {1,..., N} where (O'(i)), = g1 x jdi—titl
fori =1,...,N. Then we have s =< {|® >€ En 41 where & =
(Vo)X and € = (s;)X, € HyOy.
Proof. (i) follows from direct computation. Let ® = (1/;(0@)/)2.]\; 1
Then we see that ¢z =< £|<I>/ >. From this 5 = Ads; o ¢(U(1)), 4+ 4
Adsy 0P,y = Adsi 0, + -+ + Adsy 0 Y, v =< &|® > by (i). Put

(e = 6 x id=t when I; # [, and (6D)” = 0 when I; = I. Then we
see that s = Ads; o w(a(l))// + -4+ Adsy o 1/1(0(1\,))// € En,+1. Hence the
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statement holds. O

4.2. Permutative sectors and their spectrum modules. Let

(4.5) SEN7* = U SEN,Z, SENJ = {[wg] € SectOpy : 0 € 6]\/,1}.
I>1

Theorem 4.5. (i) SEN . is an N-ary subalgebra of SectOn .
(ii) If &y € SENy, fori =1,...,N, then x1+ --- + an € SEN 41 for
l=max{l;:i=1,...,N}.
(ili) Ifz € SEN; and y € SEyy, then zy € SEN,Z—H'—I'

(iv) Under an identification U H Fx with (’)](\][(1), SEN«|lvary = {lplurry]
p € En .} is a subsemigroup of SectUH F .

Proof. (i) For {[¢,)]}}Y1 C SEn, we see that [t )]+ -+ [t )] =
[< &]® >] = [¢5] € SEn, where £, ® are taken in Lemma 4.4 (ii). Then
SEN « is closed under the sector sum on SectOy. Because Ey , in (4.2) is
closed under product, SEy . is an N-ary subalgebra of SectOy.
(ii) This follows from Lemma 4.4 (ii).
(iii) and (iv) follow from the paragraph before Theorem 4.3. O

We call SEn . the permutative sector algebra of Oy and an element in
SEnN, is called a permutative sector of Oy. Remark that even if [ # l/,
SEn; N SENJ/ # () in general by Lemma 4.4 (i). Since #SEn; < #En,; =
N < 00, an N-ary subalgebra < SEN; > of SEy is finitely generated
and noncommutative. We see that a sector algebra < SEy; > is a nice
example in a study of sector algebras of On. < SEn,1 > is shown in the
Example 4.6. We treat the first non trivial example < SE32 > and sectors
which does not belong into < SEx; > in § 5.3.

Example 4.6. For each N > 2, o, is outer when g € U(N), g # I.
Therefore < {[ay] : g € U(N)} >=< U(N) > where < U(N) > is a free N-
ary algebra generated by U(N). Therefore SectOx has an N-ary subalgebra
< U(N) >. Specially, < Gy >=< SEn,; > is an N-ary subalgebra of
SEN x.

We introduce several subsemigroups of BSpecOp. In this section, we
identify a representation and its unitary equivalence class. Let BP(Oy)
(resp. P(On)) be the set of all unitary equivalence classes of (resp. irre-
ducible) permutative representations of Oy, and BP,(Oy)(resp. BP(On))
the subset of BP(Oy) which consists of all cyclic permutative represen-
tations with a cycle (resp. a chain). Put BP.(On) = {vR, : v €
BP(ON), ANS U(l)}, BP#(ON) = BP*(ON) (| BPOO(ON), PQ*(ON) =
{P(J;z) : J € [1,....,N]*,; z € U(1)}, P.(On) = BP.(On) N P(On),
Poo(ON) = BPOO(ON) N P(ON), PC(ON) = PC’*(ON) U Poo(ON)-
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We see that P(Oy) = {P(J) : J € [1,...,N]#}, Po(Oy) = {P(J) :
Je[l,...,N]*}, P.(On) ={P(J): J €[l,...,N|*} by Theorem 4.1. In

[21], we show the following inclusions of abelian semigroups:

/< PC(ON) >f \
t

BP.(On) = BP(On)
< PC(CJN) >0
< Pc,*(t(QN) >0 < BP,(On) >
k< Pc,*(t(DN) > < BPJ(ON) >
with phase <P, (t(’) N) >
cycles chains

where any inclusion is proper. These inclusions show relations among classes
of representations. For example, < BP,(Oyn) >C< P.+(Ox) > means that
any element in BP,(Oy) can be expressed as a finite direct sum of elements
in P.,(On). Since P ,(Op) is the set of unitary equivalence classes of irre-
ducible representations, this inclusion shows irreducible decomposition of el-
ements in BP,(Oy) with finite multiplicity and finite components. Further-
more the following holds: < BPy(On) >o= BP(On) =< BP(On) >w.
Put BP,(Oy) = {P(J) : J € {1,...,N}r. Y P.,(Ony) = {P(J) o, €
P.. : |J| = 1} where {1,...,N}*  is the set of all minimal elements in

{1,...,N}* for k > 1. Then the following holds by Theorem 4.1 (iv):
< BPy(On) >C P < Pey(On) >

leD(k)

where D(k) is the set of all divisors of k. By Proposition 5.2 in [21], we
have the following:
Proposition 4.7. Let (BSpecOn, R) be the spectrum module of SpecOp .

(i) The followings are SEN «-submodules of (BSpecOn, R|sgy ., ):
< BPx(On) >, < BPx(On) >, BP(On), <F(On) >y,
< BP,(ON) >00; < Pey(ON) >0, < BP(On)>, < P..(On)>.
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(ii) Let @N,* = {z[v.] 1 x € SEN«, 2 € U(1)}. The followings are @N,*-
submodules of(BSpecON,R|§EN ): < BPx(On) >, < BPx(On) >0,
< PC<ON) >f’ < PC’*(ON) >, < Pa*(oN) >00-

(iii) For the following grading

< BP,(On) >= @ < BP,(Op) >,

we have

k>1

Ni-1

< BPk(ON) >R, C @ < BPak(ON) >

when x € SEN;, 1 > 1.

We treat polynomial endomorphisms of Oy and elements in SectOp asso-

ciated with

5.1. SEs5. Recall SEy; in (4.5). SE5 2 includes sufficiently nontrivial ele-

5. Examples of fusion rule and branching law

them.

a=1

ments. By § 4 in [21], we see the following:

Table 5.1.
id, (12), (13), (14), (23), (24), (34),
SE272 = [1/10] € SectOy : 0 = (123), (132), (124), (142), (143), (234),
(1243), (1342), (12)(34)

Yoy Yy (51) Ve (82) property
Yia 51 S9 inn.aut
P12 s12,1 + S11,2 S9 irr.end
¢13 S21,1 + S12,2 | S11,1 + 8222 irr.end
¢14 8221 + S12,2 | S21,1 + S11,2 red.end
)23 s11,1 + 8212 | S12,1 + 8222 | red.end
)24 511,1 + 8222 | 21,1 + 5122 irr.end
)34 S1 §22,1 + 8212 irr.end
Y123 | S12,1 + 8212 | S11,1 + S22 | red.end
Y124 | S12,1 + 8222 | S21,1 + S11,2 | red.end
Y132 | S21,1 + 8112 | S12,1 + 8222 | red.end
Yia2 | S22,1 + 5112 | S21,1 + S12,2 | irr.end
Y143 | S22,1 + 8122 | S11,1 + S21,2 | red.end
Poza | S11,1 + 8212 | S22,1 + S122 | red.end
11243 5121 + 8222 | S11,1 + 21,2 red.end
Y1342 | S21,1 + S11,2 | S22,1 + S122 | red.end
7/1(12)(34) $12,1 + 811,2 | S22,1 + S21,2 | out.aut
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where “inn.aut”, “out.aut”, “irr.end” and “red.end” mean an inner au-
tomorphism, an outer automorphism, a proper irreducible endomorphism

. . . _ .
and a proper reducible endomorphism, respectively, and s;;, = s;5;s}, for
i,7,k=1,2.

Theorem 5.2. In 16 elements in SE22, 2 in 16 are not proper. One of
them is inner and other is outer. In 14 proper sectors in SEs o, there are 5
irreducible sectors. The last 9 non irreducible sectors are sums of two non
proper sectors:

[1a] = [o] + [=a],  [hes] = [t] + [1], [P123] = [1] + [a],
(5.1) [124] = [a] + [aBa], [Y132] = [t] + [B1],  [Y14s] = [o] + [api],
[Vo34] = [t] + [B2],  [raas] = [a] + [a], [V1342] = [t] + [—¢]

where 1 is the identity map on O and o, B1,P2 € AutOs are defined by
transpositions o : s1 <> Sg, 1 1 S < —S1, P2 i Sg < —Sg, —L = 10,
—a=ab, 0:s; — —s; fori=1,2.

Proof. Let & = (s1,59),6 = (277%(s1 — 82),27/%(s1 + 2)) € H205.
Denote ©Y1 +C<P2 =< C‘(@l, QOQ) > fOI' C = §7§ and ©Y1,P2 = L7047617ﬁ2- Then
the following equations hold: 1123 = t+¢ @, Y14 = atya, Y194 = oty afs,
Y132 = t+g B1, Yras = ot afy, Yasa = vty B2, Yrsae = L 0, a3 = t+ey,
1243 = ¢ +¢ . Therefore the statements hold. O

By Theorem 5.2, branching laws of sectors in (5.1) are more easily computed
than direct computations in [20, 21, 22].
Note that 119, 113, V24, V34, Y143 are irreducible and proper.

Proof of Theorem 1.3. We see that p = 112, p = 13 and 1 = 149.

(i) We can verify the following relations: pop = 9123 = a+¢ ¢, pop =
Y132 =L —1—5/ B1 by Theorem 5.2.

(ii) This follows from (i) and Theorem 3.3.

(iii) For p1, p2 € EndO,, denote (p1, p2) be the set of intertwiners between
p1 and po. We see that S = 271/2(s; +55) € (1,pop) and R = sy € (1, 5o p).
Hence p(S*)R = 27Y/2I. By the definition of d,(see [4]), the statistical
dimension of p is v/2. In the same way, we see that dpn = 27/2 for each
n > 1. [l

Remark 5.3. By Theorem 1.3, it seems that [p] is the conjugate sector of
[p] but we do not know exact relation with them. We see that P(1)R,; =
P(11) and P(1)Ry5, = P(1) ® P(2). By Theorem 1.3 and comparison of
branching laws, we see that

[ellp] # [Pllp)-
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The irreducibility of [p]”, n > 3 and the structure of noncommutative sub-
algebra < {[p], [p]} >C SectOs are unknown yet.

Proposition 5.4. (i) [7]> = ([t] + [0])([¢] + [@]). That is, n is self conju-
gate.
(ii) Forn > 2,

AN+ 10)([e] + [o])  when n = 2k,

" =
2 - 45 1m)([¢] + 16]) when n = 2k + 1.

Proof. We denote [p], [n] by p, n simply.
(i) n* = (pap)(pap) = pa(t+Fi)ap = t+a+pdfip = 1+ a+0(t+a) where
we use B1p = p and pp =t + a.
(i) By (i), we see that n* = (1 + 0)2(t + @)? = 2t +6) - 2(t + @) = 4(v +
0)(1 + ) = 41, n?" = (n*)™ = 4" 1n2. Hence the statement holds. O

Corollary 5.5. (i) The following isomorphism of commutative algebra
holds without inverse of sum: < {[p]} > N ={1,2,3,...}.
(ii) < {[n]} > is a commutative 3-dimensional algebra which is isomorphic
to Z>oe1 & Z>pex & Z>pez \ {0} and eq, ez, e3 satisfy the followings:

2
€1 = €2, €162 = €2€] = €3, €1€3 = €361 = dey, egez = ezex = 4deg

where Z>q is the set of non negative integers and
er =1, ex=([]+[a))([]+10]), es=2[n]([]+I[0]).
Problem 5.6. By comparison with N = 2, the case N = 3 is not so easy
because #FE32 = 9!.
(i) Enumerate #SEs3 5.
(ii) Enumerate proper and irreducible elements in SE3 5.

(iii) Is any non irreducible elements in SE3 2 decomposed into the sum of
three elements in non proper elements in SectOg ?

For example, p, in (2.1) is proper and irreducible([20]). We have the fol-
lowing natural questions: Is there a conjugate endomorphism p, of p, 7 If
py exists, then compute fusion rules of p, o p, and p, o p,, and determine
the statistical dimension. If p, exists, then whether is p, € E32 or not 7

5.2. SEn ;. We show applications of fusion rules for branching laws of rep-
resentations of Oy by endomorphisms.

Example 5.7. Assume that N > 3. Define p € EndOy by

p(s1) =M si55 plsw) =20 Sri=1(1)S7i-2(1)8 7 (1)

p(Si) = Zjvzl STj—l(1)87-j+i—2(1)8:j+i,1(1) (Z = 2, .. ,N — 1)
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where 7 € Zy is defined by 7(j) =j+1 (j=1,...,N—1), 7(N)=1.
Then a, o p = p for each 0 € Zy. The following branching law holds for
eachk=1,...,N:

P(k)op=P(1)® P(N —1,N).

Fach branching components is irreducible and the branching number is less
than N. Therefore p is indecomposable by Theorem 3.3. Since p is Zy-
invariant, p is proper. From this, p € Hom(Op, O]ZVN ). Hence H N(’)]ZVN # (.

Example 5.8. We show several formulae of decompositions of sectors and
these are used to compute branching laws:

(i) Let p1 € EndO; by

p1(51) = S112571 + S111879 + 522155, + 5212555,

p1(s2) = s1257 + S21155; + 5222559.

Then [p1] = [¢12] + [t013] where 112, 113 are in Table 5.1.
(ii) Let p2 € EndO3 by

p2(s1) = s11,1 + 8213 + S31,2,  p2(s2) = S12,1 + 5222 + 5323,
(5.2)
p2(s3) = s13,1 + 5232 + 533,3-
Then [pa] = [¢] + [¢] + [#1] where 1 is an automorphism of O3 defined
by transposition s; < —sj.
(iii) Let p3 € EndOy by

p3(8i> = SNSZ'ST + SN_181'S*N + -+ 8181'83 (Z =1,..., N)
Then [ps] = [, 4+ [12,,] where 2 = €20V 16D/ for i — 1., N,
Proof. (i) We see that p1 =< (s1, $2)|(¢12,¢13) >
(ii) We see that ps =< €|(¢,¢, B1) > where € = (51,27 Y% (52 +53),271/%(s9 —
53))-
(111) ut ® = (Y21, .,%y) and € = (ty,...,ty) € HyOn by t; = N~1/2
SV 2VEIEDG-D/Ng; for i =1,..., N. Then p3 =< £|® >. O

By (i), we sce that [P(1)] iy = [P()]Rippyatiry = [PU2)] & [P)]
[p1]? = 2[t] + [a] + [B1] + [tb12] + [13]. Hence p; is self conjugate.
By (ii), we have P(1) o ps ~ P(1)ot® P(1)ot® P(1)o 1 ~ P(1) &
P(1) ® P(1;—1). Hence P(1) 0 py ~ P(1)® P(11) by Theorem 4.1 (iii) and
(iv).
By (iii), the following holds:
(5.3) P(1)ops~P(1---1

).
N
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In order to show this directly, we must prepare a representation (H,7) of
Ox which is P(1) and check the action 7 = 7o p3 on vectors in H. Because
the definition of p3 is long when N is large, the computation of the action
of 7T/(87,) on ‘H needs much computation. By using decomposition of p3, we
have [P(1 )]R[psl = [P]Rp. 11ty = PR, & @ [P Ry, ) =
[P(1;21)]®--®[P(1;2n)] = [P(1---1)] by Theorem 4.1 (iii) and (iv). Hence
we get (5. 3) easier than direct computation.

5.3. Polynomial sectors arising from embeddings. Let A be a unital
x-algebra and M, N > 2. For £ = (v;)X,,n = (w)¥, € HyA and g €
U(M), define

£|g|77 Z gzﬂ}z

4,j=1
Then (&|g|n) is a unitary in A. For n,& € HyOpn and g € U(M), put

O¢gn(si) = (Elgln)-si (i=1,...,N).
Then O¢ 4, € EndOy.

Lemma 5.9. Let ¢ = ()M, n= (v,)M, € HyOy and g € UM). If
(5.4) g€ 6y anduj,v; €{sy:Je{l,...,N};} fori=1,..., M,

then Oc¢ 4, transforms permutative representations of On to those, that is,
if (H,m) is a permutative representation of Oy, then (H,m o0 O¢qy) is a
permutative representation, too.

Proof. By assumption, O¢ g ,(s;) = Z;‘il vty
tation g = o € G)y. For a given permutative representation (H, ) of Oy,
we see that O¢ g, (s;) transforms the canonical basis of H to itself for each
i=1,...,N. Hence the statement holds. O

)Si for some permu-

Put & =< {[O¢gq] : §&,n € HuOn, g € U(M) satisfy (5.4)} >. Lemma
5.9 is interpreted that (BP(Oy), R|s) is a S-module. Examples of £, 7 in
Lemma 5.9 are shown in Lemma 6.1.

Example 5.10. Let &;,§ € H3O2 and g € U(3). Denote t; = O¢, 4.¢,(5:)
fori=1,2.
(i) In [2], we introduced the following examples: Put & = (s151, 5182, $2),
& = (s1, 8282, 8281) and g = I. Then
(5.5) t1 = 8181, to= 818283 + SQST.
We have the following algebraic isomorphism: < {[¢], [O¢, ¢¢,]} >=
N[z] where NJ[z| is a set of all polynomials of a variable z with the

coefficient set N. Furthermore { [O¢, ¢,]" }n>1 is the set of mutually
different, proper irreducible sectors.
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Replace g by . Then we see that

OO =
= o O
O = O

(5.6) t1 = 8181, to= 81828*{ + 8283.

The branching law of ©¢ 4¢, on a permutative representation with
cycle always has infinite branches. Therefore endomorphisms of Os
associated with (5.5) and (5.6) are inequivalent.

(i) Let a,b € R, a®> + b> = 1. When

a b 0
& =& = (s1,5252,5251), g=| b —a 0 |,
0O 0 1

we have

t1 = asy + bsase, to = bs185 — asas28h + S2818].
Specially, when a = 2/(1 + v/5) and b = +/a, this is the example
p = Og g6, in [15], p 21 which satisfies [p]> = [p]+[¢] and [Os, p(O2)] =
(3+/5)/2.

Example 5.11. p € EndOy in § 3, [14] is given as follows: Let G be an
abelian group with #G = N, < -,- >: G x G — U(1) be a non-degenerate
symmetric pairing of G and itself:< g,h >=< h,g > is a character for
each variable and < g,h >= 1 for all h € G implies ¢ = 0, and U is a
representation of G on Op. p € EndOy is given by

p(sn) = N_1/2Uh (Z 3k> Up, Un= Z < h,k > sgsy.

keG keG

Let {Sk, ko }1 koci be the set of the canonical generators of On2 and ¢ =

(Wky ko ks koeG M = (Vky kg )by koe € HN2ON by gy by, = (0 0 @) (Sky ko),
Uk ko = (¢ © B)(Sky ky) Where ¢ € Hom(Op2,0n) and o, € AutOpe
which are defined by

©(Sk.n) = sksh, a(Skp) = N—1/2 Z < k,k/ > Sk/ﬁ, B(Skn) =< h,k > Spp.
K eG
Then we can verify that p = O¢ 1.
Example 5.12. p € EndOs; in § 4, [14] is given by
p(s1) =27 (s1+ 82) +2 Y2353, pls2) = Up(s1)U*,
p(s3) = 272w (s — s9)s% + wsz(s155 — s085)
where U = s15] + s285 — s3s3 € O3 and w is a complex number satisfying

w3 = 1. It is known that [p]? = [p] + [¢] + [a] where a(s1) = s2, a(s2) = 51,
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a(s3) = —s3 and p has the statistical dimension 2. Put g = (¢;;) € U(5) by

2-1 21 w2~Y2 0 0
2-1 -1 @272 0 0
g=| 2712 _o-1/2 0 0 0
0 0 0 w0
0 0 0 0 —w

and £ = (s1, S2, $353, 5351, 5352), 1 = (51, 52U, $353, 5351, 5352) € H503. Then
we see that p = O¢ g .

6. Sectors arising from inclusions of C*-algebras

Inclusions of C*-algebras are studied by their indices and group actions([15]).
We introduce another method to study of inclusions.

Let A C B be an inclusion of unital C*-algebras with the inclusion
map ¢. If /' : A" ¢ B is another inclusion of unital C*-algebras such that
A =~ A and B = B, then we see that the difference between ¢ and ¢ is
arrived at that of elements in Sect(A,B). If z = 1] y = [/'] and there is
v € BSpecB such that vR, # vR,, then x # y. In this way, the classification
of inclusions is checked by comparison of their branching laws. Therefore
the spectrum module of Sect(.A, B) is important to consider inclusions of .4
to B. We treat Sect(On, Oyr) and Sect(UH Fy,Op) in this section.

6.1. Sect(Opr,On). By Lemma 2.1, we see that Sect(Oyr, On) # 0 if and
only if 71 > 1s.t. M = (N—1)l4+1. We review results in [18]. Let s1,...,sy
be the canonical generators of On. Assume that M = (N —1)k+1, k > 2.
Put

( ti= s (i=1,...,N—1),
I=1,...,k—1,
(6'1) t(N—l)H—i = (SN)lsi ( i=1,...,N—1 ) )
L tay = (sn)k.
Then (t1,...,ta) € HyOn. If ug, ..., ups are the canonical generators of

O, then ¢y n(u;) =t for i = 1,..., M defines a unital embedding of Oy
into On. Hence oy, v € HyOn and [par,n] € Sect(Onr, On).

Lemma 6.1. (i) The embedding N of Onr into Oy in (6.1) transforms
permutative representations of On to those of Oy, that is, Rig\ v €
Hom(BP(Op), BP(Oyp)).

(i) If J € {1,...,N}j, then there are 1 < m < oo and {J;}*y C {1,...,M}}
such that P(J)opn N = P(J1)®- - -&P(Jn), that is, R,,, ) € Hom(<
BP.(On) >,< BP,(Oypr) >).
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Proof. We denote ¢y N by ¢ simply. Assume that si,...,sy and
u1,...,uy are canonical generators of Oy and Oy, respectively.
(i) Let (H, 7 ) be a permutative representation of On. Then we can realize
H = I2(A) for some set A. By assumption for each i = 1,..., N and n € A,
there is m € A such that n(s;)e, = €. For i = 1,..., M, p(u;) is a
monomial of s1,...,sy. Hence, for each i = 1,..., M and n € A, there is
m’ € A such that (7 o )(u;)e, = e,,,- Therefore 7 o ¢ is a permutative
representation of Oyy.
(ii) Assume that J € {1,...,N}* &k > 1. By Lemma 2.7 in [21], we can
choose P(J) = (I2(N), 7) such that m(s;)en = en(n—1)4 for anyi =1,..., N
and n > k4 1. Denote 7 = 7 o ¢. Then we see that 7 (u;)e, € W = {e, :
n > k+ 1} for each ¢ = 1,..., M when n > k+ 1. Then 7 has neither
chain nor cycle in V = Lin < W >. Because dimV+ < oo, © has finite
number of cycles in V. In consequence 7 has finite number of cycles in
l2(IN). Because of the completely reducibility of permutative representation,
the statement holds. O

For example, consider a case (M, N) = (3,2). Let ¢1, ¢p2 € Hom(O3, O2)
be defined by

p1(u1) = s1,  d1(u2) = s2s1,  ¢1(u3) = s252,

Pa(ur) = s151,  ¢a(uz) = s152, ¢a(us) = s
By Lemma 6.1 (ii) and the similar discussion, we see that for each J €
{1,2}7, there are 1 < m < oo and Ji, ...,y € {1,2,3}] such that P(J) o
(bz‘ = P(Jl) D --- @P(Jm> for ¢ = 1,2.

Let P(1;z) = (H,m, Q) be a GP representation of Oy. Let m; = 7o ¢;
for i = 1,2. Then m;(u1)Q2 = 2°Q2. From this and some discussion, we see
that P(1;2)o0¢; = P(1;2%) for i = 1,2. Therefore P(1;2)0¢; # P(1;2)0 ¢s.
From this, ¢1 7% ¢2 by Theorem 3.3 (iv). Hence [¢1] # [¢p2].

In the same way, we have concrete polynomial embeddings of the
Cuntz-Krieger algebra O4 into Oy in [18]. Specially, Hom(O4, O3) # 0
for any A. Therefore Sect(O 4, 02) is always a semigroup.

6.2. Sect(UHFy,Op). Under identification UH Fy = O]l\],(l), this canonical
inclusion ¢ : UHFy — Oy is in Hom(UH Fy, Oy). By composing ¢ and
elements in EndOy, we have examples in Hom(U H Fy, Oy). By branching
laws arising from ¢g in [6], elements in Sect(UH F, Op) are distinguished.
We show explicit branching laws of permutative representations of On which
is restricted on UH Fy.

Theorem 6.2. Let (H,m,Q) be P(J) for a non periodic J = (j1,...,jk) €
{1,..., N}k. Then there is the following irreducible decomposition:

(6.2) (H,mlvary) = Vi, mluary) @ ® Vi, mlubary)
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where V; = Vig, Vio = Lin < {n(s;)e; € H:J € {1,...,N}* 1 >0} >
and e; = m(sj, -+ 55, ) fori=1,... k.

Proof. Here we denote 7(s;) by s; simply. We see that s 185,€i € Vio
for j =1,...,k when Iy, Jy € {1,..., N}* satisty |Iy| = |Jo|. Therefore V;
is a UHFn-module. If z € Vj}, then there is J e {1,..., N}* such that
< s*J,:E|ej ># 0. We replace = by Sj,l‘. Then we have a decomposition
x = e; +y where < yle; >= 0. From this, T,,x — e; when n — oo where
T, = s%(s})* for n € N because J is non periodic. Hence e; € UH Fy.
In this way, Vj is an irreducible UH Fyy-module. For z; € V; and z; € V},
we can verify that < s ei|s ne; >= 6, v < ejlej >= s n0;5. Therefore

Vi,..., Vi are mutually orthogonal. Because P(J) is an irreducible permu-
tative representation, {s ey : J € {1,...,N}*} is a complete orthonormal
system of H. If ]J/\ =1lk+j,0<j<k—1,thensys; ;e €Vj There

fore H=Vi & - D V. O

We simply denote (6.2) by
P(j1, - dr)luvary = @ Plio1)s -+ Jo(k)]

o€Zy,

where Pljy1);-- o)) = (Vo) Tlubry)- In consequence, we see that
Ry € Hom(< Py(On) >, <SpecUHFy >). Specially CAR = UHF; =

Og(l) is treated in [1, 2]. About SectUH Fy, see Theorem 4.5 (iv).

Acknowledgement: We would like to thank T. Nozawa for good lectures
of super selection theory.

Appendix A. N-ary semigroups, N-ary algebras and their
modules

A well-known generalization of semigroup, group, algebra and module is a
universal algebra([7, 11]). A universal algebra is a set S together with a
system of N-ary operations for S; here N may vary. In order to explain an
exotic algebraic structure of sector explicitly, we prepare several notions for
universal algebra.

For a set S and N > 2, denote SV the set of all N-tuples of elements
from S. pis an N-ary operation on S if p is a map from SV to S.

Definition A.1. Let N > 2 and S be a non empty set.
(i) An N-ary operation p on S is N-arily associative if p satisfies
P(Y1, *N+1, -+, ¥an-1) = P(T1,Y2, TN+2, - -+, TaN—1) = - = p(T1,- -,

TN-1,YN) for each x1,...,xon_1 € S where y; = p(zi,..., TN1i—1)-
We call “N-arily associative” by “associative” simply.
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(ii) (S,p) is an N-ary semigroup if p is an associative N-ary operation on

S.
(iii) An N-ary semigroup (S,p) is N-arily commutative if p is completely
symmetric, that is, p(Ts1), - - -, To(n)) = P(T1, ..., 7N) for each x1, ...,

zn € S and permutation o € Sy. We call “N-arily commutative” by
“commutative” or abelian simply.

We see that the 2-ary associativity is just the ordinary associativity of a
binary operation and a 2-ary semigroup is an ordinary semigroup. The 2-
ary commutativity is just the ordinary commutativity of a binary operation,
too.

Lemma A.2. If (S,p) is an N-ary semigroup, then S has an associative
(N — 1)k + 1-ary operation for each k > 1.

Proof. When k = 1, it is trivial. Fix k > 2. Define p an (N —
1)k + l-ary operation on S recursively as follows: For zq,... Sy T(N—Dk+1 €
S, put y1 = p(r1,...,2TN), Yir1 = p(yia$(N—1)i+27---ax(N—l)(i—&—l)—&—l) for

i1=1,...,k—1 and p/(xl,...,:v(N_l)kH) = y;,. Then we see that p’ is an
(N — 1)k + 1-arily associative (N — 1)k + 1-ary operation on S. O

Remark that the inverse of Lemma A.2 does not hold in general.
When (S, p) is a commutative N-ary semigroup, we simply denote

1+ +azy=p(T1,...,2N)
for x1,...,xn € S for convenience. We see that
To(1) T+ Tg(N)y =21+ T TN,
(14 +ay) +aNe + o+ Tan1
=21+ (X2 + -+ aNp1) FTN2 o TaN

==zt tavat+ @yt +Tavo1)
forxy,...,xony_1 € Sand o € Gy. Furthermore we denote Nx = p(z, ..., x)
for x € S. We see that if x € S, then (N — 1)k + 1)z in S for each
k > 1. Therefore the N-ary subsemigroup of S generated by x € S is
{z,Nz,(2N — 1)z, (3N — 2)z,...}. We can denote x1 + -+ + ¥(y_1)k41 for
T1y--- 3 T(N=1)k+1 € S.
Definition A.3. (i) (S,p,q) is an N-ary prealgebra if (S, p) is an abelian

N-ary semigroup and (S,q) is a semigroup such that the followings
hold:

q(y,p(an, ce 7mN)) = p(Q(ya $1)7 s ,q(y, xN))?
(A1)

q(p(z1,...,2Nn),y) = plg(z1,y), ..., q(zN,Y))
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for each x1,...,xNn,y € S. In this case, p and q are called the sum
and the product of S, respectively. We call an N-ary prealgebra by an
N-ary algebra simply.

(i) An N-ary algebra (S,p,q) in (i) is unital if there is an element I € S
such that I is a unit of (S,q), that is, q(z,I) = q(I,x) = z for each
xeSs.

(iii) So is a subalgebra of an N-ary algebra (S,p,q) if So is a subset of S
which is closed under both p and q.

(iv) For a subset F' of S, a subalgebra Sy of an N-ary algebra (S,p,q) is
generated by F if Sy is the minimal subalgebra of S which contains F'.
In this case, we denote Sy by < F >.

For an N-ary algebra (S, p, q), we denote p by + and zy = ¢q(x,y) for x,y € S
simply. Then we see that

y@i 4+ +an) =yt +yry, (@1t tan)y=n1y -+ Ny

for each z1,...,zN,y € S. In this way, algebraic operations among the
sum and the product of an N-ary algebra seem quite similar to those of
an ordinary algebra except the following two points: (i) There is no inverse
element in S with respect to the sum. When N = 2, it is sufficient to
consider Grothendiek construction from abelian semigroup. However, it is
no idea to consider the inverse in S when N > 3. (ii) It makes no sense to
consider  + y for z,y € S when N > 3.

Definition A.4. (i) For two N-ary semigroups (S,p) and (S',p), ¢ is a
homomorphism from (S,p) to (S/,p/) if ¢ is a map from S to S’ such
that o(p(z1,...,zn5)) =p (o(x1),. .., gp/(m;y))/for each x1,...,oN € S.
(ii) For two N-ary algebras (S,p,q) and (S ,p,q ), ¢ is a homomorphism
from (S,p,q) to (S',p',q) if ¢ is an N-ary semigroup homomorphism
from (S, p) to (S/,p/) and it is a semigroup homomorphism from (S, q)

to (S',q).

Definition A.5. (i) (V, R) is a right module of an N -ary semigroup (S, p)
if V is an abelian semigroup and there is a map R from V x S to V
such that

R(v+w,x) = R(v,z) + R(w, x),

R(U7p(l‘1a R 7$N)) = R(R( T R(R(Ua ,171), 332), s ,,IN,l), xN)
for each x,x1,...,xny € S and v,w € V.
(ii) (V, R) is a right module of an N-ary algebra (S,p,q) if (V,R) is both
a right module of an N-ary semigroup (S,p) and that of a semigroup

(S, q)-
(iii) A right module (V,R) of a unital N-ary algebra (S,p,q) is unital if
R(v,I) =v for eachv e V.
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(iv) For a right module (V,R) of an N-ary algebra (S,p,q), Vo is a sub-

(1]

2l

module of (V,R) if Vo is a subsemigroup of V and R(v,z) € Vy for
each (v,z) € Vo x S.
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