
THE MODULI STACK OF GIESEKER-SL2-BUNDLES
ON A NODAL CURVE

TAKESHI ABE

1. Introduction

Let {Yt} be a family of smooth curves degenerating to a nodal curve
X0. It is an interesting problem to consider how the moduli spaces
of vector bundles on Yt degenerate. Since the moduli space of vec-
tor bundles on the nodal curve X0 is not compact, we need to find a
good compactification. One way to compactify it is to add torsion-
free sheaves. Another way, which is originally due to Gieseker [G] and
developed by Nagaraj-Seshadri [NS] and Kausz [K2], is to add those
vector bundles on a certain semistalbe model of X0, which let us call
Gieseker vector bundles. In these works they consider moduli spaces
of vector bundles with fixed degree. In this paper we’d like to consider
moduli spaces of vector bundles with fixed determinant.(See [Sun] for
related results.)

This paper is heavily based on the work of Kausz [K1] [K2]. So, let
me here explain his results briefly. In [K1], Kausz introduced a concept
of generalized isomorphisms and showed that a projective variety KGln
that is a compactification of Gln is the fine moduli space of generalized
isomorphisms. Then in [K2] he showed that the normalization of the
moduli space of Gieseker vector bundles on X0 is a KGln-bundle over

the moduli space of vector bundles on the normalization X̃0 of X0. The
purpose of this paper is to show that with the techniques invented by
Kausz we can also clarify the structure of the moduli space of Gieseker
vector bundles of rank 2 with fixed determinant on an irreducible nodal
curve X0.

The contents of the sections are as follows. In section 2 we intro-
duce basic definitions. In section 3 we define θ-determinant general-
ized isomorphisms (only for rank 2 case), and see that the equivalence
classes of θ-determinant generalized isomorphisms form a projective
variety KSL2. In section 4 we define the moduli stack of Gieseker-
SL2-bundles. In section 5 we investigate the local structure of this
stack. In section 6 first using the results in section 5 we see that the
moduli stack of Gieseker-SL2-bundles on X0 is a union of two closed
substacks. Then we describe the structure of each substack. Our main
theorems (Theorem 6.4 and Theorem 6.5) say that one of the two closed
substacks is a KSL2-bundle over the moduli stack of vector bundles
with fixed determinant on the normalization X̃0 of X0, and that the
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other is non-reduced and its induced reduced substack is a PGl2(' P3)-
bundle over the moduli stack of vector bundles with fixed (but different

from the former one) determinant on X̃0.

2. Preliminaries and Notations

In this section, we explain some notions and fix some notations that
are used in this paper. Most of them are cited directly from [K2, §3].

Throughout this paper, B := SpecC[[t]], B0 ↪→ B is the closed point
and Bη is the generic point. π : X → B is a stable curve of genus g ≥ 2
over B such that the generic fiber Xη is smooth, the special fiberX0

is an irreducible curve with only one node Q. We assume that X is

regular and fix a C[[t]]-algebra isomorphism ÔX ,Q ' C[[u, v, t]]/(uv−t).

n : X̃0 → X0 denotes the normalization and put {P1, P2} := n−1(Q).

2.1. Let R := R1∪ · · · ∪Rl (l ≥ 1) be a chain of rational curves, where
Ri ' P1, and Ri ∩ Rj 6= ∅ if and only if |i − j| ≤ 1. Let a, b be closed
points of R1, Rl respectively such that if l = 1 then a 6= b, and if l > 1
then a 6= R1 ∩ R2 and b 6= Rl−1 ∩ Rl. Let Xl be the nodal curve that

is obtained by identifying the pair of points (P1, P2) on X̃0 with (a, b)

on R. We have the natural morphism q : X̃0 t R → Xl. By abuse
of notation, the points q(P1), q(P2) on Xl are also denoted by P1, P2

respectively, and R, Ri, X̃0 also denote their isomorphic image in Xl

by q. By collapsing R to the singular point Q on X0, we have the
morphism k : Xl → X0. Throughout this paper, we fix this Xl and the
morphism k. By convention we let k also denote id : X0 → X0.

Definition 2.2. (i) Let T be a B-scheme and let f : T → B
denote the structure morphism. A modification of X over T is
a commutative diagram

Y X ×B T

T

-

J
J

J
JĴ

¶
¶

¶
¶¶/

pr2pr2◦h

h

such that Y is flat, projective and of finite type over T , and that
for any field K and any morphism SpecK → T if f(SpecK)
is Bη then h × idSpecK : Y ×T SpecK → X ×B SpecK is an
isomorphism, and if f(SpecK) is B0 then for some l ≥ 0 there
is an isomorphism g : Xl × SpecK → Y ×T SpecK satisfying
(h× idSpecK) ◦ g = k × idSpecK .

(ii) Let T be a B0-scheme. A modification of X0 over T is a mod-
ification of X over T , where T is regarded as a B-scheme by
B0 ↪→ B.
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(iii) If K is a field and SpecK → B0 is a morphism and Y
h−→

X0 × SpecK is a modification of X0 over SpecK, then l that
appears in (i) is called the length of the modification.

Definition 2.3. Let K be a field over C.

(i) h := k × id : Xl × SpecK → X0 × SpecK is a modification
of length l ≥ 0 of X0 over SpecK. A vector bundle E on
Xl × SpecK is said to be admissible if either (a) or (b) below
holds;
(a) l = 0
(b) l ≥ 1 and E|Ri

is isomorphic to ORi
(1)m ⊗OrankE−m

Ri
with

0 < m ≤ rankE for 1 ≤ i ≤ l and H0(R, (E|R)(−P1 −
P2)) = 0.

(ii) Let h : Y → X0 × SpecK be a modification of X0 over SpecK
and let g : Xl × SpecK → Y be as in (i) of Definittion 2.2. A
vector bundle E on Y is said to be admissible if g∗E is admis-
sible.

(iii) Let f : T → B be a morphism and let h : Y → X ×B T be a
modification of X over T . A vector bundle E on Y is said to be
admissible if for any SpecK → T , where K is a field, such that
f(SpecK) = B0, the pullback of E to Y×T SpecK is admissible.

3. KSL2

Definition 3.1. Let S be a scheme. If we are given 2-bundles V1 and
V2 on S, and an isomorphism θ :

∧2 V1 →
∧2 V2, then a θ-determinant

generalized isomorphism from V1 to V2 is the following data.

(i) 2-bundles Ui (i = 1, 2) on S;
(ii) bf-morphisms of rank one (cf. [K1, Definition 5.1])

gi := (Mi, µi,Ui

g]
i−→ Vi,Mi ⊗ Ui

g[
i←− Vi),

(i = 1, 2) from Ui to Vi;
(iii) an isomorphism υ : M1 →M2 such that υ(µ1) = µ2;
(iv) an isomorphism ξ : U1 → U2,

where we require them to satisfy the conditions (a) and (b) below.

(a) For ∀s ∈ S, we have

ξ[s]
(
Kerg]

1[s]
)
∩Kerg]

2[s] = {o},
where ?[s] means the restriction of ? to the fiber over s.

(b) The diagram

(3.1)

M1 ⊗
∧2 U1

υ⊗∧2ξ−−−−→ M2 ⊗
∧2 U2

∧−2g1

x
x∧−2g2

∧2 V1 −−−→
θ

∧2 V2
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commutes. (See [K1, Proposition 6.1] for the definition of ∧−2gi.)

Definition 3.2. Keep the notation in Definition 3.1. Let Φ(l) :=(
U (l)

i , g
(l)
i ,M(l)

1
υ(l)−−→M(l)

2 ,U (l)
1

ξ(l)−−→ U (l)
2

)
(l = 1, 2) be a θ-determinant

generalized isomorphism from V1 to V2, where g
(l)
i := (M(l)

i , µ
(l)
i ,U (l)

i

g
](l)
i−−→

V(l)
i ,M(l)

i ⊗ U (l)
i

g
[(l)
i←−− V (l)

i ). An equivalence from Φ(1) to Φ(2) consists

of isomorphisms M(1)
j ' M(2)

j and U (1)
j ' U (2)

j (j = 1, 2) that are

compatible with υ(l), ξ(l) and g
(l)
i .

Definition 3.3. Keep the notation in Definition 3.1. KSL2(V1,V2)
is the functor from the category of S-schemes to the category of sets

that associates to an S-scheme T
φ−→ S the set of equivalence classes of

φ∗(θ)-determinant generalized isomorphisms from φ∗V1 to φ∗V2.

Then, as in [K1], we have

Proposition 3.4. The functor KSL2(V1,V2) is representable by a pro-
jective S-scheme KSL2(V1,V2).

4. Gieseker SL2-bundles

In the rest of this paper, we fix a line bundle P on X , of degree d on
the fibers over B. Put P0 := P|X0 .

Definition 4.1. Let S be a B-scheme. A Gieseker-SL2-bundle with
determinat P on X over S, or a Gieseker-SL2-bundle on (X ;P) over
S, is a triple (h : Y → X ×B S, E , δ : det E → (pr1 ◦ h)∗P), where
h : Y → X ×B S is a modification, E is an admissible 2-bundle on Y
of degree d on the fibers over S, and δ is a morphism of OY-modules
such that its restriction to every fiber of Y/S is nonzero.

GSL2B(X /B;P) denotes the B-groupoid that associates to an affine
B-scheme S the groupoid consisting of all the Gieseker-SL2-bundles on
(X ;P) over S. GSL2B(X0/B0;P0), or simply GSL2B(X0;P0), donotes
the B0-groupoid that is the restriction of GSL2B(X/B;P) to the cat-
egory of affine B0-schemes.

Proposition 4.2. GSL2B(X /B;P) and GSL2B(X0/B0;P0) are alge-
braic stacks.

Remark 4.3. Let {ϕλµ : Tµ → Tλ}λ≺µ be a projective system of affine

B0-schemes and let T
ϕλ−→ Tλ be a projective limit. By [EGAIV, §8 and

(11.2.6)], we know that G := GSL2B(X0;P0) satisfies the conditions
(i) and (ii) below;

(i) For any object x ∈ G(T ), there exist λ and an object xλ ∈ G(Tλ)
such that ϕ∗λ(xλ) ' x;

(ii) Take λ0 and xλ0 , yλ0 ∈ G(Tλ0). Then the map

lim−→HomG(Tµ)(ϕ
∗
λ0µxλ0 , ϕ

∗
λ0µyλ0) → HomG(T )(ϕ

∗
λ0

xλ0 , ϕ
∗
λ0

yλ0)
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is bijective.

By this fact, in many proofs we can assume that T is of finite type over
B0.

5. Local Structure

In this section, we investigate the local structure of the algebraic
stack of Gieseker-SL2-bundles.

Let K be a field extension of C. Let (Y
h−→ X0×B0 SpecK, E , det E δ−→

(pr1 ◦ h)∗P0) be a Gieseker-SL2-bundle over SpecK.

Lemma 5.1. There are three possibilities:

(Type 0) Y is a modification of lengh 0, i.e. h is an isomorphism.
(Type 1) Y is a modification of lengh 1, moreover if R is P1 of Y colapsing

to the singular point of X0 ×B0 SpecK, then deg E|R = 2.
(Type 2) Y is a modification of lengh 2, moreover if Ri (i = 1, 2) is

P1 of Y colapsing to the singular point of X0 ×B0 SpecK, then
deg E|Ri

= 1 for i = 1and 2.

Proof. We have only to exclude the possibility that Y is a modifi-
cation of lengh 1 and deg E|R = 1. Suppose that we had such a
Gieseker-SL2-bundle. Then δ|R is zero since deg E|R = 1 > deg(pr1 ◦
h)∗P0|R = 0. Hence δ| eX0×B0

SpecK factors as det E| eX0×B0
SpecK → (pr1 ◦

h)∗P0| eX0×B0
SpecK(−P1−P2) ↪→ (pr1◦h)∗P0| eX0×B0

SpecK . Since deg E| eX0×B0
SpecK =

deg E−1 > deg(pr1◦h)∗P0| eX0×B0
SpecK(−P1−P2), we have δ| eX0×B0

SpecK =

0, which implies δ = 0. This contradicts the definition of a Gieseker-
SL2-bundle. ¤

Notation 5.2. Let h : Y → X0 × SpecK be a modification of length
l ≥ 0 and let g : Xl × SpecK → Y be as in (i) of Definition 2.2. Recall
from the paragraph 2.1 that if l ≥ 1 then we have P1, P2 on Xl. From
now on, for l ≥ 1 the points g(P1), g(P2) on Y are also denoted by
P1, P2. If l = 2, then the point g(R1 ∩ R2) on Y is denoted by P0.
Moreover if l = 0, then the point g(Q) on Y is denoted by P0. The
reason why we use this notation will be clear in Proposition 6.1.

In order to investigate the local structure of GSL2B(X /B;P), we
introduce several deformation functors. Let A be the category of
artinian local C[[t]]-algebra with residue field C. Throughout this

section, we fix an object E0 := (Y
h0−→ X0, E0, det E0

δ0−→ h∗0P0) of
GSL2B(X/B;P)(B0). Put L0 := (det E0)

∨ ⊗ h∗0P0, and let σ0 be
the global section of L0 corresponding to δ0. Let L0 denote the triple

(Y
h0−→ X0, L0, σ0).
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Definition 5.3. Three funtors G,F and M from A to the category of
sets are defined as follows. For A ∈ A,

G(A) :=




E := (Y h−→ X ×B SpecA, E , det E δ−→ (pr1 ◦ h)∗P)
∈ GSL2B(X /B;P)(SpecA)

with isomorphism E×SpecA B0
α−→ E0.





/
∼G,

F(A) :=





L := (Y h−→ X ×B SpecA,L, σ)
with isomorphism

L×SpecA B0
β−→ L0

∣∣∣∣∣∣∣∣∣∣

Y h−→ X ×B SpecA is
a modification of X /B
over SpecA.
L is a line bundle on Y .
σ is a global section of L.





/
∼F ,

M(A) :=





Y h−→ X ×B SpecA
with isomorphism

(Y h−→ X ×B SpecA)×SpecA B0
γ−→ (Y

h0−→ X0)

∣∣∣∣∣∣
Y h−→ X ×B SpecA is
a modification of X /B
over SpecA.





/
∼M,

where the equivalence relations ∼G, ∼F and ∼M are as below.

• (E, α) ∼ (E′, α′) if and only if there is an isomorphism E a−→ E′
such that α = α′ ◦ (a×SpecA B0).

• (L, σ) ∼ (L′, σ′) if and only if there is an isomorphism L b−→ L′
such that β = β′ ◦ (b×SpecA B0).

• (Y h−→ X ×B SpecA, γ) ∼ (Y ′ h′−→ X ×B SpecA, γ′) if and only if

there is an isomorphism (Y h−→ X ×B SpecA)
c−→ (Y ′ h′−→ X ×B

SpecA) such that γ = γ′ ◦ (c×SpecA B0).

Lemma 5.4. G, F and M satisfy the Schlessinger’s condition (i.e.
(H1) (H2) and (H3) in Theorem2.11 of [Sch]). Therefore they have a
hull.

Proof. We omit the proof. ¤
We have the natural morphism Φ : F → M of functors. Using the

notation in Definition5.3, by associating (Y h−→ X ×B SpecA, (det E)∨⊗
(pr1◦h)∗P , σ) ∈ F(A) to (E, α) ∈ G(A) (where σ is the one determined
by δ), we have the natural morphism Ψ : G → F .

Lemma 5.5. Ψ : G → F is smooth.

Proof. Left to the reader. ¤
Let Â be the category of complete noetherian local C[[t]]-algebras A

such that A/mn is in A for all n ∈ N. For R ∈ Â, we set hR(A) :=
Hom(R, A) to define a functor hR on A.

Theorem 5.6. Let hR → F be a hull of F .

(0) If E0 is of Type 0, then we have an isomorphism
R ' C[[t]] of C[[t]]-algebras.
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(1) If E0 is of Type 1, then we have an isomorphism
R ' C[[t, t1, u]]/(t− t21) of C[[t]]-algebras.

(2) If E0 is of Type 2, then we have an isomorphism
R ' C[[t, t0, t1, u]]/(t− t0t

2
1) of C[[t]]-algebras.

Corollary 5.7. The algebraic B-stack GSL2B(X /B;P) is regular.

Proof. This follows from Lemma 5.5 and Theorem 5.6. ¤

The rest of this section is devoted to the proof of Theorem 5.6.

Proof of (0) of Theorem 5.6. It suffices to prove that for any A ∈ A
F(A) is a set consisting of one element. Since E0 is of Type 0, we

may assume that L0 = (X0
id−→ X0,OX0 , 1). For A ∈ A, L := (X ×B

SpecA
id−→ X ×B SpecA,OX×BSpecA, 1) with the canonical isomorphism

L×SpecAB0
β−→ L0 gives an element of F(A). Take an element (L′, β′) of

F(A), where L′ = (Y h′−→ X×BSpecA,L, σ) and β′ : L′×SpecAB0
∼−→ L0.

Let us prove that (L, β) ∼F (L′, β′). Since h′ is an isomorphism and σ
is a nowhere-vanishing section of L, we may assume that L′ = (X ×B

SpecA
id−→ X ×B SpecA,OX×BSpecA, 1). Then β′ must be the canonical

isomorphism. Thus (L, β) ∼F (L′, β′). ¤

We shall give a proof of only (2) of Theorem 5.6 because (1) of
Theorem 5.6 is proved similarly. In the rest of the proof of Theorem
5.6, we assume that E0 is of Type 2. Put W := SpecC[[t0, t1, t2]] and
let f : W → B be given by f ∗(t) = t0t1t2. By [G, §4], there exists a

modification Y h−→ X ×B W of X/B over W that gives a hull of M.

Since Y
h0−→ X0 is a modification of length 2, Y0 is a union of X̃0 and a

chain R1 ∪R2 of P1 with {Pi} = X̃0 ∩Ri and {P0} := R1 ∩R2.(Recall
the notation 5.2.) Moreover we can find an isomorphism

(♠) ÔY,Pi
' C[[t0, t1, t2, xi, yi]]/(xiyi − ti),

of C[[t0, t1, t2]]-algebra (0 ≤ i ≤ 2). We fix (♠) and injective morphisms
(5.1)
C[[t0, t1, t2, xi, yi]]/(xiyi − ti) ↪→ C[[t0, t1, t2]]((xi))⊕ C[[t0, t1, t2]]((yi)),

given by xi 7→ (xi, ti/yi) and ti 7→ (ti/xi, yi).
If A is an artinian local C[[t0, t1, t2]]-algebra with residue field C,

the pull-back of the versal deformation by SpecA → W gives an in-

finitesimal deformation YA
hA−→ X ×B SpecA of Y

h0−→ X0. Let j
(i)
A

be the natural morphism j
(i)
A : SpecÔYA,Pi

→ YA (i = 1, 2). Put
UA := YA \ {P1, P2}. The base change of (5.1) gives rise to the isomor-
phism

(♣A) H0
(
SpecÔYA,Pi

\ {Pi},O
)
' A((xi))⊕ A((yi)).
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Since by definition L0 = (det E0)
∨ ⊗ h∗0P0, we have deg L0| eX0

= 2 and
deg L0|Ri

= −1 (i = 1, 2). The nonzero section σ0 vanishes on R1 ∪R2,

and gives an isomorphism O eX0

∼−→ (L0| eX0
)(−P1 − P2). Therefore L0 is

obtained by gluing at P1 and P2 the two line bundlesO eX0
(P1+P2) on X̃0

and OR1∪R2(−P1−P2) on R1∪R2. By this, we have the trivializations

ϕ
(i)
C : j∗CL0

∼−→ ÔY0,Pi
(i = 1, 2) and ψC : L0|U ∼−→ OUC such that on

SpecÔY0,Pi
\{Pi} ψC◦ϕ(i)−1

C is given by (aixi,
1
yi

)-multiplication for some

nonzero complex number ai, where C is considered as a C[[t0, t1, t2]]-
algebra by C ' C[[t0, t1, t2]]/(t0t1t2). By replacing the isomorphisms
(♠) if necessary, we may assume that a1 = a2 = 1. Moreover replacing

ϕ
(i)
C and ψC if necessary, we may assume that ϕ

(i)
C (j∗Cσ0) = yi and

(5.2) ψC(σ0|UC) =

{
1 on X̃0 \ {P1, P2}
0 on R1 ∪R2 \ {P1, P2}.

Put R := C[[t1, t2, t3, v]]/(t1(1+v)− t2) and let m be its maximal ideal.
For ∀k > 0, let LR/mk be a line bundle on YR/mk (the pull-back by

SpecR/mk → W of the versal deformation) that has the trivializations

ϕ
(i)

R/mk : j
(i)∗
R/mkLR/mk

∼−→ ÔY
R/mk ,Pi

and ψR/mk : LR/mk |U
R/mk

∼−→ ÔU
R/mk

such that ψR/mk ◦ϕ(1)−1

R/mk on SpecÔY
R/mk

\{P1} is given by (x1(1+v), 1
y1

)-

multiplication and ψR/mk ◦ ϕ
(2)−1

R/mk on SpecÔY
R/mk

\ {P2} is given by

(x2,
1
y2

)-multiplication. Let σR/mk be the global section of LR/mk such

that ϕ
(i)

R/mk(j
(i)∗
R/mkσR/mk) = yi and

(5.3) ψR/mk(σR/mk |U
R/mk

) =

{
1 on X̃0 \ {P1, P2}
t1(1 + v) = t2 on R1 ∪R2 \ {P1, P2},

(note that, as a topological space, UR/mk is a disjoint union of X̃0 \
{P1, P2} and R1 ∪R2 \ {P1, P2}). These data give us the formal object
(L∞, σ∞), where L∞ is a line bundle on Y×W SpfR, and thus an element

ξ̂ = (ξk) ∈ lim←−F(R/mk), in other words, a morphism of functors Υ :

hR → F .
The following proposition completes the proof of Theorem 5.6 (2).

Proposition 5.8. Υ : hR → F is a hull of F .

Proof. We will apply Propositon 7.1. Lemma 5.4 implies (a). Since

M(C[[t]]/(t2)) = φ and we have a morphism of functors F Φ−→M, (b)
also holds. R satisfies (i). Let us see that (ii) holds. Let ϕ be the
natural morphism

(5.4) HomlocC[[t]]−alg(R,C[ε]) → HomlocC[[t]]−alg(C[[t0, t1, t2]],C[ε]),
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where ε2 = 0 and C[ε] is considered as a C[[t]]-algebra by t 7→ 0. We
have the commutative diagram

(5.5)

HomlocC[[t]]−alg(R,C[ε]) −−−→ F(C[ε])

ϕ

y
yΦ

HomlocC[[t]]−alg(C[[t0, t1, t2]],C[ε]) −−−→ M(C[ε]).

If C[[v]] is the quotient of R in which ti’s are mapped to zero, we have
the natural isomorphism Kerϕ ' HomlocC[[t]]−alg(C[[v]],C[ε]). Consider

the category K whose objects are triples (L, σ, β : L|X2

∼−→ L0), where
L is a line bundle on X2 ×SpecC SpecC[ε], σ is a global section of L
and β is an isomorphism with β(σ|X2) = σ0, and whose morphisms

from (L, σ, β : L|X2

∼−→ L0) to (L′, σ′, β′ : L′|X2

∼−→ L0), are pairs

(f : X2 × SpecC[ε] → X2 × SpecC[ε],L τ−→ f ∗L′), where f is C[ε]-
isomorphism with f |X2 = idX2 and (h0× idSpecC[ε]) ◦ f = h0× idSpecC[ε],
and τ is an isomorphism with τ(σ) = f ∗σ′. Then KerΦ is isomorphic
to the set of isomorphism classes of the category K.

Claim 5.8.1. Kerϕ → KerΦ is bijective.

Proof of Claim 5.8.1. In the proof we will use Čech cohomologies in-
volving formal neighborhoods. See Proposition 7.3 for the justification
of this calculation.

Surjectivity: Take an object (L, σ, β : L|X2

∼−→ L0) of the categry
K. Since we have the trivial extension of L0 over X2 × SpecC[ε], the
equivalence classes of extensions of L0 over X2×SpecC[ε] are classified

by H1(X2,OX2). Let H1(X2,OX2)
H1

σ−→ H1(X2, L0) be the morphism
induced by the global section σ0. For a ∈ H1(X2,OX2), let La be the
corresponding extension of L0. Then H1

σ(a) is the obstruction for the
existence of a lifting of σ0 to La. Hence L corresponds to a coho-

mology class in KerH1
σ. Note that H1

σ factors as H1(X2,OX2)
H

1(1)
σ−−−→

H1(X̃0,O eX0
)

H
1(2)
σ−−−→ H1(X2, L0) and that H

1(2)
σ is injective because of the

long exact sequence of cohomologies of the exact sequence 0 → O eX0
→

L0 → OR1∪R2(−P1 − P2) → 0. Thus KerH1
σ = KerH

1(1)
σ . The exact

sequence 0 → OR1∪R2(−P1 − P2) → OX2 → O eX0
→ 0 gives rise to the

exact sequence 0 → H1(R1 ∪ R2,OR1∪R2(−P1 − P2)) → H1(OX2) →
H1(O eX0

) → 0. Therefore

(5.6) KerH1
σ ' H1(R1 ∪R2,OR1∪R2(−P1 − P2)).

For a ∈ C, let ga : SpecC[ε] → SpecC[[v]](↪→ SpecR) be the morphism
given by g#

a (v) = a · ε. Then, by the construction of L∞, (1X2 ×
ga)

∗L∞ corresponds to the cohomology class [((a, 0), (0, 0))] ∈ H1(OX2),
where (a, 0) ∈ C((x1)) ⊕ C((y1)) and (0, 0) ∈ C((x2)) ⊕ C((y2)). By
the isomorphism (5.6), this class corresponds to [(a, 0)] ∈ H1(R1 ∪
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R2,OR1∪R2(−P1 − P2)), where a ∈ C((x1)) and 0 ∈ C((x2)). It is
straightforward to chech that we have the isomorphism C ' H1(R1 ∪
R2,OR1∪R2(−P1−P2)) by associating to a ∈ C the class [(a, 0)]. Hence

for some a ∈ C, we have an isomorphism τ : L ∼−→ (1X2 × ga)
∗L∞

such that τ |X2 = β. We have τ(σ) = (1 + b · ε) · (1X2 × ga)
∗(σ∞) for

some b ∈ C. Replacing τ by (1− b · ε) · τ , we prove the surjectivity of
Kerϕ → KerΦ.

Injectivity: First we recall the following general fact.

Fact. Let Z be a C-scheme. Then H0(TZ) classifies C[ε]-automorphism
of Z × SpecC[ε] that is identity over SpecC. Moreover, let U = {Ui}
be an affine open covering of Z and M0 a line bundle on Z defined
by a cocycle {ξij} ∈ Z1(U ,O×

Z ). Let f be a C[ε]-automorphism of
Z × SpecC[ε] determined by a derivation ∂ ∈ H0(TZ). If a line bundle
M on Z×SpecC[ε] is an extension of M0 determined by µ ∈ H1(Z,OZ)
and if µ′ ∈ H1(Z,OZ) is the cohomology class corresponding to f ∗M,
then the cohomology class µ′ − µ ∈ H1(Z,OZ) is given by the cocycle
{∂ξij/ξij}.

Let us apply this fact to our situation. Let f be a C[ε]-automorphism
of X2 × SpecC[ε] with (h0 × idSpecC[ε]) ◦ f = h × idSpecC[ε]. Around
Pi, the derivation ∂ corresponding to f is written as ∂ (A(xi, yi)) =
ηixi

∂
∂xi

A(xi, 0) for some ηi ∈ C[[xi]] with ηi(0) = 1. Hence ∂(xi, 1/yi)/(xi, 1/yi) =

(ηi, 0) ∈ C((xi)) ⊕ C((yi)). Now the cohomology class of H1(X2,OX2)
represented by the Čech cocycle ((η1, 0), (η2, 0)) is zero because we have
[((η1, 0), (η2, 0))] = [((0,−η1(0)), (0,−η2(0)))] in H1(X2,OX2), and the
latter is zero since η1(0) = η2(0) = 1. This implies f ∗(1X2 × ga)

∗L∞ '
(1X2 × ga)

∗L∞. Hence Kerϕ → KerΦ is injective. This completes the
proof of Claim 5.8.1. ¤
Claim 5.8.2. Imϕ → ImΦ is bijective.

proof of Claim 5.8.2. We have only to prove the surjectivity of Imϕ →
ImΦ. Let g : SpecC[ε] → W = SpecC[[t0, t1, t2]] be the morphism given
by g#(tj) = aj · ε (aj ∈ C). Assume that the pull-back Y ×W SpecC[ε]
by g of the versal family Y/W is in ImΦ. This means that there is a
line bundle L with a section σ on Y ×W SpecC[ε] that is an extension
of the line bundle L0 and its global section σ0 on Y ×W SpecC ' X2.
At Pi ∈ Y ×W SpecC[ε], we have the isomorphism

ÔY×W SpecC[ε],Pi
' C[ε][[xi, yi]]/(xiyi − aiεi)

induced by (♠). Let L′ be the extension of L0 to Y ×W SpecC[ε] given
by the Čech cocycle {(xi, 1/yi)}i=1,2, where (xi, 1/yi) ∈ C[ε]((xi)) ⊕
C[ε]((yi)) ' H0(SpecÔY×W SpecC[ε],Pi

− {Pi},O). Let o(L) and o(L′) ∈
H1(X2, L0) be the obstructions for the existence of a lifting of σ0 of L0

to L and L′ respectively. It is easy to see that o(L) − o(L′) = σ0 · ξ,
where ξ is an element of H1(X2, L0) corresponding to the difference of
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L and L′. By assumption we have o(L) = 0. As in the proof of Claim
5.8.1, we have the exact sequence
(5.7)

H1(X2,OX2)
H1

σ−→ H1(X2, L0)
restr.−−−→ H1(R1 ∪R2,O(−P1 − P2)) → 0.

By a concrete calculation, we find that o(L′)|R1∪R2 is represented by
the Čech cocycle (a1, a2), where ai ∈ C is considered as an element

of H0(SpecÔRi,Pi
− {Pi},O(−Pi)). It is easy to see an isomorphism

H1(R1 ∪R2,O(−P1−P2)|R1∪R2) ' C is given by associating a1− a2 to
the cohomology class [(a1, a2)]. o(L′)|R1∪R2 = 0 implies a1 = a2. This
completes the proof of Claim 5.8.2. ¤

By the two claims above, we complete the proof of Proposition 5.8.
¤

Now for the fixed E0 := (Y0
h0−→ X0, E0, det E0

δ0−→ h∗0P0), assume

that Y0
h0−→ X0 is of type 1 or 2. For A ∈ A and L = (Y h−→

X ×B SpecA,L, σ) ∈ F(A), let Zi be the closed subscheme of Y whose
support is {Pi} and whose defining ideal is the first Fitting ideal of
ΩY/SpecA at Pi. Then (pr2 ◦h)|Zi

: Zi → SpecA is a closed immersion,
and it is an isomorphism if and only if the infinitesimal deformation
of the node Pi is a trivial deformation. Moreover, as a corollary of the
proof of Theorem 5.6, we have

Corollary 5.9. (pr2 ◦h)|Zi
: Zi → SpecA (i = 1, 2) define the same

closed subscheme of SpecA.

We here prepare one proposition that is used in the next section.

Proposition 5.10. For A ∈ A, let

(5.8)

Y
g−−−→ Y

h0

y
yh

X0 −−−→ X ×B SpecAy
y

B0 = SpecC −−−→ SpecA

be an object of M(A). Let ι0 : X̃0 → Y denote the unique morphism
satisfying h0 ◦ ι0 = n. Assume that (pr2 ◦h)|Zi

: Zi → SpecA (i = 1, 2)
are isomorphisms, or equivalently that the infinitesimal deformations of
the nodes Pi are trivial. Then there exists a unique closed immersion

ι : X̃0 ×SpecC SpecA → Y such that ι| eX0
= g ◦ ι0 and that the closed

subscheme of Y determined by ι|{Pi}×SpecA : {Pi} × SpecA → Y is Zi

for i = 1, 2.
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Proof. Fix two distinct points a1, a2 on P1. The section (a1, idSpecC[[u]]) :
SpecC[[u]] → P1 × SpecC[[u]] of pr2 : P1 × SpecC[[u]] → SpecC[[u]] is
denoted by αi. Let β : G → P1×SpecC[[u]] be the blowing-up at (a1, 0).

Let si : SpecC[[u]] → G be the section of G
pr2 ◦β−−−→ SpecC[[u]] with β ◦

si = αi. The section (Pi, id) : SpecC[[u]] → X̃0 × SpecC[[u]] is denoted

by s′i (i = 1, 2). Let q : P1 → X0 be the composite P1 pr−→ SpecC →
{Q} ⊂ X0. (Recall that Q is the unique node of X0.) Put m :=
(q× idSpecC[[u]])◦β. If Y∗ denotes the flat family over SpecC[[u]] that is

constructed from X̃0×SpecC[[u]] and G by gluing the sections si and s′i
(i = 1, 2), we have a morphism h : Y∗ → X0 × SpecC[[u]] because m ◦
si = (n×1)◦s′i. Regard C[[u]] as a C[[t]]-algebra by C[[t]]/(t) ↪→ C[[u]].
Applying Proposition 7.1, it is easily seen that h : Y∗ → X0×SpecC[[u]]
is a versal family of the deformation of the modification h0 : Y → X0

with the singularities P1, P2 non-deformed. This implies the existence

of ι : X̃0×SpecA → Y in the proposition. The uniqueness follows since

infinitesimal automorphism of X̃0 with {Pi} fixed are trivial because

the 2-pointed curve (X̃0; P1, P2) is stable. ¤

6. Global Structure

Proposition 6.1. Let T be a B0-scheme. Let (h : Y → X0×B0 T, E , δ :
∧2E → (pr1 ◦ h)∗P0) be a Gieseker-SL2-bundle on (X0,P0) over T .
Then there are closed subsets Πi (i = 0, 1, 2) of Y such that Πi ×T

SpecC(t) = {Pi} for every t ∈ T . (Here recall the notation 5.2.)

Proof. We may assume that T is reduced irreducible and of finite type
over B0. We may also assume that T is normal. For 0 ≤ l ≤ 2, Tl is
defined to be the subset of T that consists of all points t ∈ T such that
h ×T id : Y ×T SpecC(t) → X0 ×B0 SpecC(t) is of length l. It is easy
to see that

⋃
l≤m Tl is open in T . Let η be the generic point of T . We

have an isomorphism

(6.1) Y ×T SpecC(η) ' Xl ×B0 SpecC(η)

over X0 ×B0 SpecC(η) for some 0 ≤ l ≤ 2. Let σi : SpecC(η) →
Y ×T SpecC(η) be the morphism that maps η to Pi, and put Πi :=

σi(η) ⊂ Y , which is given the reduced scheme structure, where i = 0
if l = 0, i ∈ {1, 2} if l = 1, and i ∈ {0, 1, 2} if l = 2. Since the
isomorphism (6.1) extends over a nonempty open subset U ⊂ T , we
have Πi ×T SpecC(t) = {Pi} for ∀t ∈ U . If Z is the closed subscheme
of Y defined by the first Fitting ideal of ΩY/T , then Πi ⊂ Z. By
this, we know that Πi → T is a finite birational morphism, hence an
isomorphism because of the assumption that T is normal.

Claim 6.1.1. Πi ∩ Πj = ∅ for i 6= j.

Proof of Claim 6.1.1. Suppose that Πi ∩ Πj 6= ∅ for i 6= j. Take a C-
valued point t0 ∈ T such that Πi ×T SpecC(t0) ∩ Πj ×T SpecC(t0) 6=
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∅. Then we can find a morphism V := SpecC[[v]]
α−→ T such that

α(the closed point of V ) = t0 and α(the generic point of V ) ∈ U . The
base-changes of Πi and Πj give us two sections σi, σj : V → Y ×T V
such that σi(the closed point of V ) = σj(the closed point of V ) and
σi(the generic point of V ) = {Pi} and σj(the generic point of V ) =
{Pj}. Taking into account the fact that both σi and σj factor through
Z×T V ↪→ Y×T V , we know σi and σj coincide on the closed subscheme
SpecC[[v]]/(vN) ⊂ V for ∀N > 0. Then we have σi(V ) = σj(V ). This
is a contradiction. ¤
Claim 6.1.2. If Πi ×T SpecC(t) = {Pm} for m = 1 or 2 and t ∈ T ,
then i = m.

Proof of Claim 6.1.2. If this holds, it holds for some C-valued point
t0 ∈ T . Take V := SpecC[[v]]

α−→ T as in the proof of Claim 6.1.1. Let

(YV
hV−→ X0 × V, EV ,∧2EV

δV−→ (pr1 ◦ hV )∗P0) be the pull-back by α of
the given Gieseker-SL2-bundle over T . Put ZV := Z ×T V and ΠiV :=
Πi×T V . Put VN := SpecC[[v]]/(vN+1)(↪→ V ). ZV is a disjoint union of

the closed subschemes Z(i)
V such that for ∀N > 0 the support of Z(k)

VN
(:=

ZV ×V VN) is {Pk}, where k ∈ {1, 2} if the length of the modification
YV ×V V0 is 1, and k ∈ {0, 1, 2} if the length is 2. Since ΠiV → V

is an isomorphism, we have ΠiVN

∼−→ Z(m)
iVN

∼−→ VN for ∀N > 0, hence

ΠiV = Z(m)
V . By this, we know that the deformation of the singularity

of YV ×V VN at Pm is trivial. By Corollary 5.9, the deformation of the
singularity of YV ×V VN at P3−m is also trivial. Then by Proposition
5.10 and algebraization (cf. (5.1.8) of [EGAIII]), we have the closed

the closed immersion g : X̃0×V ↪→ YV with hV ◦g = n× idV such that

g({Pj}× V ) = Z(j)
V (j = 1, 2). Therefore Z(m)

V ×V SpecC((v)) = {Pm}.
Since ΠiV = Z(m)

V , ΠiV ×V SpecC((v)) = {Pm}. This implies i = m
since α(the generic point of V ) ∈ U . ¤

With these claims prepared, we will prove the proposition.

Case (i). T = T2: In this case, the above claims imply that Π0, Π1, Π2

have the desired property.

Case (ii). T0 = ∅ and T1 6= ∅: In this case we have Π1, Π2. Using the
above claims plus a similar argument as in the proof of Claim 6.1.2,
one can check that Πj ×T SpecC(t) = {Pj} for ∀t ∈ T , j = 1, 2. On
Y×T T2, by Case(i) we have the desired Π0 ⊂ Y×T T2. These Π0, Π1, Π2

are what we want.

Case (iii). T0 6= ∅: We have Π0. By Claim 6.1.2, we have Π0 ×T

SpecC(t) = {P0} for ∀t ∈ T . Therefore T1 = ∅. On Y ×T T2, by
Case(i) we have Π1, Π2 ⊂ Y ×T T2 having the desired property. These
Π0, Π1, Π2 are what we want.

This is the end of the proof of Proposition 6.1. ¤
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6.2. By this proposition, given a Gieseker SL2-bundle (h : Y → X0×B0

T, E ,∧2E δ−→ (pr1 ◦ h)∗P0) on (X0,P0) over T , the locus of Y where the
morphism pr2 ◦ h is not smooth is the disjoint union of three closed
subsets Π0, Π1, Π2. Instead of reduced scheme structure, let us now
endow each Πi with the scheme structure defined by the first Fitting
ideal of ΩY/T .

Then (pr2 ◦ h)|Πi
: Πi → T is a closed immersion. Let Ii(⊂ OT ) be

its defining ideal. By Corollary 5.9, we have I1 = I2. Moreover, by the
description of the versal family, we have I0I1I2(= I0I2

1 = I0I2
2 ) = 0.

Using these ideals, we shall define closed substacks of GSL2B(X0;P0).

Definition 6.3. We define closed substacks GSL2B(X0;P0)
(0),

GSL2B(X0;P0)
(1) and GSL2B(X0;P0)

(1)
red of GSL2B(X0;P0) as fol-

lows. For an affine B0-scheme T , an object (h : Y → X0×B0T, E ,∧2E δ−→
(pr1 ◦ h)∗P0) of GSL2B(X0;P0)(T ) is in GSL2B(X0;P0)

(0)(T ) [resp.

GSL2B(X0;P0)
(1)(T ) or GSL2B(X0;P0)

(1)
red(T )] if and only if I0 = 0

[resp. I2
1 = 0 or I1 = 0].

Put P̃0 := n∗P0. Let SU2(X̃0, P̃0) be the moduli stack of 2-bundles

on X̃0 with determinant P̃0. More precisely, for an affine B0-scheme T ,

objects of the groupoid SU2(X̃0, P̃0)(T ) are 2-bundles F on X̃0 ×B0 T

together with an isomorphism ∧2F → pr∗1P̃0. Put σi := (Pi, id) :

SU2(X̃0, P̃0) → X̃0 × SU2(X̃0, P̃0), i = 1, 2. On X̃0 × SU2(X̃0, P̃0),
we have the universal 2-bundle Funiv together with the isomorphism

∧2Funiv → pr∗1P̃0. Note that we have the canonical isomorphism

σ∗1pr
∗
1P̃0 ' σ∗2pr

∗
1P̃0 and thus the canonical isomorphism θ : ∧2σ∗1Funiv

∼−→
∧2σ∗2Funiv. This allows us to consider the stack KSL2(σ

∗
1Funiv, σ

∗
2Funiv).

Theorem 6.4. We have an isomorphism of B0-stacks

(6.2) GSL2B(X0;P0)
(0) ' KSL2(σ

∗
1Funiv, σ

∗
2Funiv).

Next consider the moduli stack SU2(X̃0, P̃0 ⊗O eX0
(−P1 + P2)). On

X̃0 × SU2(X̃0, P̃0 ⊗ O eX0
(−P1 + P2)), we have the universal 2-bundle

Wuniv together with the isomorphism ∧2Wuniv ' pr∗1(P̃0⊗OwtXz(−P1+

P2)). Put τi := (Pi, id) : SU2(X̃0, P̃0 ⊗ O eX0
(−P1 + P2)) → X̃0 ×

SU2(X̃0, P̃0 ⊗O eX0
(−P1 + P2)).

Theorem 6.5. We have an isomorphism of B0-stacks

(6.3) GSL2B(X0;P0)
(1)
red ' PGl(τ ∗1Wuniv, τ

∗
2Wuniv).

(See §8 and §9 of [K1] for the definition of PGl.)

The rest of this section is devoted to the proof of the above two
theorems.
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Definition 6.6. Let
Ỹ X̃0 ×B0 T-h̃

T

S
S

S
S

S
Sw

s1, s2

¶
¶

¶
¶

¶
¶/

P1 × id,
P2 × id

pr2
pr2 ◦ h̃

be a modification of the two pointed curve (X̃0; P1, P2) over T (cf.
Definition 4.4 of [K2]). It is said to be bi-simple if and only if for any
t : SpecC(t) → T either (i) or (ii) below holds.

(i) Ỹ ×T SpecC(t)
h̃×t−−→ X̃0 ×B0 SpecC(t) is an isomorphism.

(ii) Both (h̃× t)−1(P1) and (h̃× t)−1(P2) are isomorphic to P1
C(t).

Definition 6.7. The B0-groupoid GSL2BD(X̃0, P1, P2; P̃0)
(0) of Gieseker-

SL2-bundle data is defined as follows.
For an affine B0-scheme T , an object of GSL2BD(X̃0, P1, P2; P̃0)

(0)(T )
is the following collection of data.

(i) A bi-simple modification (Ỹ , s1, s2, h̃) of (X̃0, P1, P2) over T ,

Ỹ X̃0 ×B0 T-h̃

T

S
S

S
S

S
Sw

s1, s2

¶
¶

¶
¶

¶
¶/

P1 × id,
P2 × id

pr2
pr2 ◦ h̃

(ii) A 2-bundle Ẽ on Ỹ ,

(iii) An isomorphism ξ : s∗1Ẽ ∼−→ s∗2Ẽ ,

(iv) An isomorphism η : O(−s1 − s2) ⊗ (pr1 ◦ h̃)∗O(P1 + P2)
∼−→

(∧2Ẽ)∨ ⊗ (pr1 ◦ h̃)∗P̃0.

Furthermore, we require that they satisfy the following condition.

(a) The pair (Ẽ , ξ : s∗1Ẽ ∼−→ s∗2Ẽ) is admissible for (Ỹ , s1s2, h̃) in the
sense of Definition 4.5 of [K2].

(b) The diagram (♥)

s∗1
(
O(−s1−s2)⊗(pr1◦h̃)∗O(P1+P2)

)

s∗2
(
O(−s1−s2)⊗(pr1◦h̃)∗O(P1+P2)

)

s∗1(∧2Ẽ)∨⊗s∗1(pr1◦h̃)∗P̃0-s∗1(η)

s∗2(∧2Ẽ)∨⊗s∗2(pr1◦h̃)∗P̃0
-s∗2(η)

O
6

?

s∗1(µ)

s∗2(µ)
?

(∧ξ)∨⊗(canonical)

commutes, where µ is the section ofO(−s1−s2)⊗(pr1◦h̃)∗O(P1+
P2) such that its image by the canonical injection O(−s1−s2)⊗
(pr1◦ h̃)∗O(P1+P2) ↪→ (pr1◦ h̃)∗O(P1+P2) is the pull-back by

pr1 ◦ h̃ of the canonical section of O eX0
(P1 + P2).
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Morphisms of the groupoid GSL2BD(X̃0, P1, P2; P̃0)
(0)(T ) are defined

obviously.

Lemma 6.8. Let (Ỹ , s1, s2, h̃) be a bi-simple modification of the 2-

pointed curve (X̃0, P1, P2) over an affine B0-scheme T . Let L be a line

bundle on Ỹ and λ a section of L such that λ| eY×T SpecC(t) 6= 0 for ∀t ∈ T .

Put M := O(−s1−s2)⊗(pr1◦h̃)∗O(P1+P2) and µ the canonical section
defined in Definition 6.3(b). Assume that L| eY×T SpecC(t) 'M| eY×T SpecC(t)

for ∀t ∈ T . Then there is a unique isomorphism L ' M in which λ
and µ corrspond.

Proof. We may assume that T is of finite type over B0. We have that
OT

∼−→ (pr2◦h̃)∗O eY (cf. Lemma3.9 of [K2]). If we have two isomorphism

αi : L → M (i = 1, 2) with αi(λ) = µ, then α2 ◦ α−1
1 is (pr2 ◦ h̃)∗(a)-

multiplication for some a ∈ OT . We have the commutative diagram

(6.4)

OT = (pr2 ◦ h̃)∗O eY (pr2◦h̃)∗(µ)−−−−−−→ (pr2 ◦ h̃)∗M∥∥∥
y×a

(pr2 ◦ h̃)∗O eY (pr2◦h̃)∗(µ)−−−−−−→ (pr2 ◦ h̃)∗M.

Since dim H0(M| eY×T SpecC(t)) = 1 and µ| eY×T SpecC(t)) 6= 0 for ∀t ∈ T ,

(pr2 ◦ h̃)∗(µ) is an isomorphism by base-change theorem. So a = 1,
which proves the uniqueness. By the uniqueness it suffices to prove
the lemma locally on T . Moreover it suffices to prove that, for any
closed point t ∈ T , there is a Zariski open neighborhood U ⊂ T such
that L|(pr2◦h̃)−1(U) ' M|(pr2◦h̃)−1(U). In fact, if so, we can adjust the

isomorphism so that λ and µ correspond because (pr2 ◦ h̃)∗(λ) : OT →
(pr2 ◦ h̃)∗L and (pr2 ◦ h̃)∗(µ) : OT → (pr2 ◦ h̃)∗M are isomorphisms.

Claim 6.8.1. If T = SpecA, where (A, m) is an artinian local C-algebra

with C ∼−→ A/m, then the lemma holds.

Proof of Claim 6.8.1. We prove the claim by induction on l = dimCA.
If l = 1, by assumption the calim is true. If l > 1, let I ⊂ A be an ideal

of length one and put T ′ := SpecA/I and Ỹ ′ := Ỹ ×T T ′. By induction
we have L| eY ′ 'M| eY ′ in which λ| eY ′ and µ| eY ′ correpond. L and M are

two extensions over Ỹ of the line bunle L| eY ′(' M| eY ′) on Ỹ ′. Their

difference is expressed by an element e ∈ H1(Ỹ ×T SpecA/m,O). Since

the sections λ| eY ′ and µ| eY′ extend over Ỹ ′, we have e · (µ| eY×T SpecA/m = 0

in H1(Ỹ ×T SpecA/m,M| eY×T SpecA/m). Since H1(Ỹ ×T SpecA/m,O)
µ−→

H1(Ỹ ×T SpecA/m,M| eY×T SpecA/m) is bijective, we have e = 0, by which
we have L 'M. Adjusting this so that λ and µ correspond, we prove
the claim. ¤
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Take a closed point t ∈ T . Since (pr2 ◦ h̃)∗HomO eY (L,M) ⊗OT

ÔT,t
∼−→ lim←−HomO eY×T SpecO/mn

(L ⊗OT
OT /mn,M ⊗OT

OT /mn), by the

above claim we can find ϕ ∈ (pr2 ◦ h̃)∗HomO eY (L,M) ⊗OT
ÔT,t such

that ϕ ⊗OT
OT,t/m : L| eY×T SpecOT,t/m → M| eY×T SpecOT,t/m is an isomor-

phism. Extending ϕ over some Zariski open neighborhood of t, we
complete the proof of the lemma. ¤

Proposition 6.9. We have an isomorphism of B0-groupoids

GSL2B(X0;P0)
(0) ∼−→ GSL2BD(X̃0, P1, P2; P̃0)

(0).

Proof. It suffices to establish the isomorphism over the full subcategory
of affine schemes of finite type over B0.

Construction ofΦ:GSL2B(X0;P0)
(0)→GSL2BD(X̃0, P1, P2; P̃0)

(0).

Let T be an affine scheme of finite over B0 and let (Y h−→ X0 ×
T, E ,∧2E δ−→ (pr1 ◦ h)∗P0) be an object of GSL2B(X0;P0)

(0)(T ). Let
Π0 ⊂ Y be as in the paragraph 6.2. In our situation Π0 is a section over

T . Let Ỹ g−→ Y be the blowing-up along Π0. It is easily checked that

Ỹ is flat over T and that there is a unique morphism h̃ : Ỹ → X̃0 × T
satisfying (n× idT ) ◦ h̃ = h ◦ g.

(6.5)

Ỹ h̃−−−→ X̃0 × T

g

y
yn×id

Y h−−−→ X0 × T

g−1(Π0) consists of the disjoint two sections s1 and s2 over T such that

h̃ ◦ si = (Pi, idT ). Then (h̃ : Ỹ → X̃0 × T, s1, s2) is a bi-simple modi-

fication of (X̃0, P1, P2) over T . Put Ẽ := g∗E . Let ξ be the composite

of natural isomorphisms s∗1Ẽ ' s∗1g
∗E ' Π∗

0E ' s∗2g
∗E ' s∗2Ẽ . We have

g∗(δ) : ∧2Ẽ ' g∗ ∧2 E → g∗(pr1 ◦ h)∗P0 ' (pr1 ◦ h̃)∗P̃0, which induces a

morphism λ : O eY → (∧2Ẽ)∨ ⊗ (pr1 ◦ h̃)∗P̃0. By Lemma 6.8, there is a

unique isomorphism η : M := O(−s1 − s2)⊗ (pr1 ◦ h̃)∗O(P1 + P2)
∼−→

(∧2Ẽ)∨ ⊗ (pr1 ◦ h̃)∗P̃0 such that λ corresponds to the canonical sec-
tion µ of M. Since λ is a pull-back of the morphism on Y , the dia-
gram (♥) in Definition 6.7 commutes. These data define an object of

GSL2BD(X̃0, P1, P2; P̃0)
(0)(T ).

Construction ofΨ:GSL2BD(X̃0, P1, P2; P̃0)
(0)→GSL2B(X0;P0)

(0).

Given an object ((Ỹ h̃−→ X̃0×T, s1, s2), Ẽ , s∗1Ẽ
ξ−→ s∗2Ẽ , η : O(−s1−s2)⊗

(pr1◦h̃)∗O(P1+P2)
∼−→ (∧2Ẽ)∨⊗(pr1◦h̃)∗P̃0) of GSL2BD(X̃0, P1, P2; P̃0)

(0)(T ),

let g : Ỹ → Y be a cokernel of T
s1−→−→
s2

Ỹ . There is a unique T -morphism

h : Y → X0 × T with h ◦ g = (n × idT ) ◦ h̃. Put Π0 := g ◦ si and
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E := Ker(g∗Ẽ s#
2 −ξ◦s#

1−−−−−→ s∗2Ẽ). The commutativity of the diagram (♥) in
Definition 6.7 induces a morphism O → (∧2E)∨ ⊗ (pr1 ◦ h)∗P0, which
gives δ : ∧2E → (pr1 ◦ h)∗P0.

We can see that the construction Φ and Ψ commute with isomor-
phisms and base changes and that they are inverses to each other. ¤
Proposition 6.10. We have an isomorphism of B0-groupoids

GSL2BD(X̃0, P1, P2; P̃0)
(0) ' KSL(σ∗1Funiv, σ

∗
2Funiv).

Lemma 6.11. Let S be a locally noetherian scheme, and let π : C → S
be a proper, flat morphism with connected geometric fibers of dimension
one, and let s : S → C be a section over S such that s(S) is in the
smooth locus of π. Let (C ′, f, π′, s′) be a simple modification of (C, π, s)
(cf. Definition 5.1 of [K2]). Let n ≥ 1 and 1 ≤ d ≤ n, and let E ′ be a
rank n vector bundle on C ′ that is admissible of degree d for (C ′, f, π, s′)
(cf. Definition 7.1 of [K2]). Put N := (f ∗OC(s))(−s′), N := s′∗N and

F := (f∗E ′(−s′))(s). Let g : s′∗E ′
⊗Nx−→ s∗F be the bf-morphism of rank

n−d constructed in §7 of [K2]. Then there exists a unique isomorphism

ρ : ∧nE ′ ∼−→ f ∗(∧nF)⊗N−d such that s′∗(ρ) = ∧ng (See §6 of [K2] for
the definition of ∧ng).

Proof. By Lemma 7.6 of [K2], for ∀x ∈ C there exists an open neigh-
borhood U of x and an isomorphims α : E ′|f−1(U) → (N−1)⊕d⊕O⊕n−d

f−1(U).

Let β be the composite of isomorphims

F|U = f∗(E ′⊗N )|U → O⊕d⊕(f∗(N )|U)⊕n−d (1⊕d,f∗(ν)⊕n−d)←−−−−−−−−− O⊕d
U ⊕O⊕n−d

U ,

where ν is the canonical section ofN . We define ρ|f−1(U) : ∧nE ′|f−1(U) →
f ∗(∧nF)⊗N−d|f−1(U) by (∧nα) ◦ (f ∗(∧nβ)⊗ idN−d)−1. One can check
that ρ|f−1(U) is independent of the choice of α. Therefore we have glob-

ally an isomorphism ρ : ∧nE ′ ∼−→ f ∗(∧nF)⊗N−d. s′∗(ρ) = ∧ng follows
from Lemma 7.5 of [K2]. The uniqueness follows from the isomorphism

π′∗(OC′) ∼−→ s′∗OC′ . ¤
Proof of Proposition 6.10. Construction of

GSL2BD(X̃0, P1, P2; P̃0)
(0)→KSL2(σ

∗
1Funiv, σ

∗
2Funiv).

Let T be an affine B0-scheme. As in the proof of Proposition 6.9,

we may assume that T is of finite type over B0. Let ((Ỹ h̃−→ X̃0 ×
T, s1, s2), Ẽ , s∗1Ẽ

ξ−→ s∗2Ẽ , η : M := O(−s1−s2)⊗(pr1◦ h̃)∗O(P1 +P2)
∼−→

(∧2Ẽ)∨ ⊗ (pr1 ◦ h̃)∗P̃0) be an object of GSL2BD(X̃0, P1, P2; P̃0)
(0)(T ).

Let µ be the canonical section of M. Put F := h̃∗(Ẽ ⊗M), Mi := s∗iM
and µi := s∗i (µ). Then by §7 of [K2], we have bf-morphisms of rank

one αi : s∗i Ẽ
⊗Mix−→ (Pi, idT )∗F . Taking ξ into account, we have diagram

(♦),
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(P1, idT )∗F (P2, idT )∗F

s∗1Ẽ s∗2Ẽ-ξ

? ?

α1 α2

⊗M1 ⊗M2

q
By Lemma 6.11, we have the natural isomorphism ∧2F ' h̃∗(∧2Ẽ⊗M).

Combining this with h̃∗(η), we have the isomorphism ζ : ∧2F ∼−→ pr∗1P̃0

such that (Pi, idT )∗(ζ) is the composite

∧2(Pi, id)∗F ∧−2αi−−−→ (∧2s∗i Ẽ)⊗M1

s∗i (η⊗id∧2 eE)−−−−−−−→ s∗i (pr1 ◦ h̃)∗P̃0 = (Pi, idT )∗pr∗1P̃0.

There is a unique isomorphism v : M1 → M2 such that the composite

(P1, idT )∗pr∗1P̃0
(P1,idT )∗(ζ)−1

−−−−−−−−→ (P1, idT )∗ ∧2 F
∧−2α1−−−→ ∧2s∗1Ẽ ⊗M1

∧2ξ⊗v−−−→ ∧2s∗2Ẽ ⊗M2

(∧−2α2)−1

−−−−−−→ ∧2(P2, idT )∗F
(P2,idT )∗(ζ)−−−−−−−→ (P2, idT )∗pr∗1P̃0

is the canonical morphism. Moreover by the diagram (♥), we have

v(µ1) = µ2. The admissibility of the pair (Ẽ , ξ) implies that ∩2
i=1Ker(s∗iEi →

(Pi, idT )∗F) = {o}. Therefore these data give an object of KSL2(σ
∗
1Funiv, σ

∗
2Funiv)(T ).

Construction of KSL2(σ
∗
1Funiv, σ

∗
2Funiv)→GSL2BD(X̃0, P1, P2; P̃0)

(0)

Take an object of KSL2(σ
∗
1Funiv, σ

∗
2Funiv)(T ), that is, the following

data.

• a 2-bundle F on X̃0 × T ;

• an isomorphism ζ : ∧2F ∼−→ pr∗1P̃0;
• two line bundles M1,M2 on T and their sections µ1, µ2;
• an isomorphism v : M1

∼−→ M2 satisfying v(µ1) = µ2;
• two line bundles E1, E2 on T ;
• an isomorphism ξ : E1

∼−→ E2;

• two bf-morphisms αi : Ei

⊗M1x−→ (Pi, idT )∗F , i = 1, 2,

such that
(6.6)
ξ (Ker(E1[t] → (P1, idT )∗F [t])) ∩Ker(E2[t] → (P2, idT )∗F [t]) = {o},
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and the diagram

(6.7)

∧2E1 ⊗M1
∧2ξ⊗v−−−−→ ∧2E2 ⊗M2

∧2α1

x
x∧2α2

∧2(P1, idT )∗F ∧2(P2, idT )∗F
(P1,idT )∗(ζ)

y
y(P2,idT )∗(ζ)

(P1, idT )∗pr∗1P̃0
canonical isom.−−−−−−−−→ (P2, idT )∗pr∗1P̃0

commutes. Making use of the bf-morphisms α1 and α2, we obtain a

bi-simple modification (h̃ : Ỹ → X̃0 × T, s1, s2)

Ỹ X̃0 ×B0 T-h̃

T

S
S

S
S

S
Sw

s1, s2

¶
¶

¶
¶

¶
¶/

P1 × id,
P2 × id

pr2
pr2 ◦ h̃

plus isomorphisms εi : s∗iM ∼−→ Mi with εi(µ) = µi by §5 of [K2], where

M := O(−s1−s2)⊗(pr1 ◦ h̃)∗O(P1 +P2) and µ is the canonical section

of M. By Construction 7.1 in [K2], there exists a 2-bundle Ẽ on Ỹ
together with isomorphisms h̃∗(Ẽ ⊗M) ' F and s∗i Ẽ ' Ei such that

they give rise to the bf-morphisms αi. Ẽ and the isomorphisms are
unique up to unique isomorphism by Lemma 7.7 of [K2]. By Lemma

6.11, we have a unique isomorphism β : M ∼−→ (∧2Ẽ)∨ ⊗ ∧2h̃∗F such

that s∗i (β)⊗ 1∧2 eE = 1M⊗ (∧2αi). Put η := (1(∧2 eE)∨⊗ h̃∗(ζ))◦β : M ∼−→
(∧2Ẽ)∨⊗(pr1◦h̃)∗P̃0. ξ : E1

∼−→ E2 induces the isomorphism s∗1Ẽ ∼−→ s∗2Ẽ ,

which, by abuse of notation, we denote also by ξ. Then by (6.6), (Ẽ , ξ)
is admissible for the above bi-simple modification. The diagram (6.7)
implies the commutativity of the diagram (♥) in Definition 6.7. Thus

these data give an object of GSL2BD(X̃0, P1, P2; P̃0)
(0)(T ).

One can check that the above constructions commute with isomor-
phisms and base-changes and that they are inverses to each other. ¤

Sketch of proof of Theorem 6.5. The proof is analogous to that of The-

orem 6.4. Here we shall just give Φ : GSL2B(X0;P0)
(1)
red → PGl(τ ∗1Wuniv, τ

∗
2Wuniv)

and leave the construction of its inverse to the reader.
Let T be an affine scheme of finite type over B0. Take an object

(h : Y → X0 × T, E , δ : ∧2E → h∗P0) of GSL2B(X0;P0)
(1)
red(T ). By

the definition of GSL2B(X0;P0)
(1)
red, (pr2 ◦ h)|Π1 : Π1 → T is an iso-

morphism, where Πi is the one described in the paragraph 6.2. Let

g : Ỹ → Y be the blowing-up along Π1. Let h̃ : Ỹ → X̃0 × T be such

that (n× idT ) ◦ h̃ = h ◦ g. g−1(Π1) consists of two sections of Ỹ → T ,

and let s̃ be one of them such that h̃ ◦ s̃ = (P2, idT ). Put Ẽ := g∗E .
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Then by Proposition 8.6 of [K2], we have a family of nodal curves

Z π′−→ T over T with a section s′ and a T -morphism f2 : Ỹ → Z and

f1 : Z → X̃0×T such that f2 is a simple modification of (Z, π′, s′) and

that f1 is a simple modification of (X̃0×T, pr2, (P2, idT )) and that Ẽ is
admissible of degree one for (Z, π′, s′) (See Definition 7.1 of [K2]). Then

Constructions 9.1 and 9.2 of [K2] give a 2-bundle F on X̃0×T and bf-

morphisms g1 : (P1, idT )∗F
⊗(L13λ1)

x−→ F1 and g0 : F1

⊗(L03λ0)
x−→ (P2, idT )∗F .

Since (pr2 ◦ h)|Π2 : Π2 → T is also an isomorphism by Corollary
5.9, we have λ0 = 0. Moreover, if we let M be the line bundle

(pr1 ◦ f1 ◦ f2)
∗O eX0

(P1 + P2) ⊗ f ∗2OZ(−s′) ⊗ O eY((P1, idT )(T )) on Ỹ
and µ be its canonical global section, and λ be the global section of
(∧2E)∨⊗h∗P0 induced by δ, then just as Lemma 6.8 we have the unique
isomorphism

(6.8) (∧2Ẽ)∨ ⊗ h̃∗P̃0 'M
in which g#(λ) and µ correspond. The isomorphism (6.8) and Lemma

6.11 give the isomorphism ∧2F ' pr∗1(P̃0 ⊗O(−P1 + P2)). These data
determine an object of PGl(τ ∗1Wuniv, τ

∗
2Wuniv)(T ). ¤

7. Appendix

In this appendix, we gather several propositions that are used in this
paper.

Proposition 7.1. Let k be a field. Let Λ be a complete noetherian local

k-algebra with maximal ideal µ such that k
∼−→ Λ/µ. Let A [resp. Â]

be the category of artinian local Λ-algebra [resp. complete noetherian
local Λ-algebra] having residue field k. Let F be a functor from A to
the category of sets. Assume that

(a) F has a hull,
(b) for any ideal J of Λ with µ ⊃ J ⊃ µ2 and dimk µ/J = 1, we

have F (Λ/J) = φ.

Assume that we are given S ∈ Â and hS(:= Hom(S,−))
u−→ F such

that

(i) as a k-algebra, S is a ring of formal power series over k,
(ii) hS((Λ/µ)[ε]) ' F ((Λ/µ)[ε]), where (Λ/µ)[ε] is the Λ/µ-algebra

with ε2 = 0.

Then hS
u−→ F is a hull.

Proof. By (a) we can find a hull hR
v−→ F , where R ∈ Â. Then we have

a morphism ϕ : R → A in Â such that v ◦ hϕ = u, where hϕ : hS → hR

is the morphism induced by ϕ. Let m, n be the maximal ideals of R

and S, respectively. By (ii), the morphism m/µR + m2 ϕ̄−→ n/µS +
n2 induced by ϕ is an isomorphism. By (b) Homloc Λ−alg(R, Λ/J) =
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Homloc Λ−alg(S, Λ/J) = φ, for any ideal J of Λ as in (b). This implies
that µR ⊂ m2 and µS ⊂ n2. Therefore ϕ induces the isomorphism ϕ̄ :
m/m2 → n/n2. By (i), there exists a local k-algebra homomorphism θ :
S → R such that the induced morphism θ̄ : n/n2 → m/m2 is ϕ̄−1. Then
θ is surjective and ϕ ◦ θ is bijective. Hence ϕ is an isomorphism. ¤

Lemma 7.2. Let R be a commutative ring with identity. Let f ∈ R

and let R̂ be the (f)-adic completion of R. Then for any R-module M ,
the complex

(7.1) M
α−→ (M ⊗R R̂)⊕Mf

β−→ M ⊗R R̂f

is exact, where α(m) := (m ⊗ 1,m) and β((m ⊗ a, m′
fN )) := m ⊗ a −

m′⊗ 1
fN . Moreover either if M is f -regular, or if R̂ is flat over R, then

α is injective.

Proof. Put T := Ker(M → Mf ), Mf/M := Coker(M → Mf ) and
M := M/T . Then we have the natural morphism Mf/M ' M f/M .

Since M is f -regular, by Lemme 3(a) in [BL], we have TorR
1 (R̂, M f/M) =

0. Hence we have the exact sequence

(7.2) 0 → (M/T )⊗R R̂ → Mf ⊗R R̂ → (Mf/M)⊗R R̂ → 0.

Consider the commutative diagram
(7.3)
0 −−−→ T −−−→ M −−−→ Mf −−−→ Mf/M −−−→ 0

ϕ

y
y

y
yψ

T ⊗R R̂
θ−−−→ M ⊗R R̂ −−−→ Mf ⊗R R̂ −−−→ (Mf/M)⊗R R̂ −−−→ 0,

in which both top and bottom rows are exact. By Lemme 1 in [BL],
ϕ and ψ are bijective. This and diagram chasing prove the first part

of the lemma. If M is f -regular or if R̂ is R-flat, then θ in the above
diagram is injective. This implies the latter part of the lemma. ¤

Proposition 7.3. Let k be a field. Let X be a scheme of finite type
over k and of pure dimension one. Let Pi (1 ≤ i ≤ N) be closed
points of X such that U := X − {P1, . . . , PN} is affine. Let mPi

and

m̂Pi
denote the maximal ideal of OX,Pi

and ÔX,Pi
respectively. Put

Qi := H0(SpecOX,Pi
−{mPi

},O) and Q̂i := H0(SpecÔX,Pi
−{m̂Pi

},O).
For a quasi-coherent sheaf F on X, we have natural morphisms ρi :

H0(U,F) → FPi
⊗OPi

Q̂i and γi : FPi
⊗OPi

ÔPi
→ FPi

⊗OPi
Q̂Pi

. We

define the complex C•(F) of k-vector spaces as follows. C0(F) :=

H0(U,F) ⊕ ⊕N
i=1(FPi

⊗OPi
ÔPi

) and C1(F) := ⊕N
i=1(FPi

⊗OPi
Q̂i) and

Cm(F) = 0 for m 6= 0, 1. d0 : C0(F) → C1(F) maps (sU , (si)
N
i=1) ∈

C0(F) to (ρi(sU)− γi(si))
N
i=1 and dm = 0 for m 6= 0. Then
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(1) If 0 → F ′ → F → F ′′ → 0 is an exact sequence of quasi-
coherent sheaves, we have a long exact sequence of cohomologies
Hm(C•(−)).

(2) For a quasi-coherent sheaf F , we have an isomorphism Hm(X,F) →
Hm(C•(F)) that is functorial in F and compatible with long ex-
act sequences.

Proof. (1) follows easily from the flatness of ÔPi
and Qi over OPi

. We
have the natural morphism H0(X,F) → H0(C•(F)). Let fi ∈ mPi

be
such that OX,Pi

/(fi) is artinian. Then we have the isomorphisms Qi '
(OX,Pi

)fi
and Q̂i ' (ÔX,Pi

)fi
. Then applying Lemma 7.2, we know

that H0(X,F) → H0(C•(F)) is bijective. To establish an isomorphism
H1(X,F) → H1(C•(F)), it suffices to prove H1(C•(F)) = 0 if F is a
flasque quasi-coherent sheaf. Suppose F is flasque. Then FPi

→ F⊗OPi

Qi are surjective, hence so are γi (1 ≤ i ≤ N). Hence H1(C•(F)) =
0. ¤
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