THE MODULI STACK OF GIESEKER-SL,-BUNDLES
ON A NODAL CURVE

TAKESHI ABE

1. INTRODUCTION

Let {Y;} be a family of smooth curves degenerating to a nodal curve
Xp. It is an interesting problem to consider how the moduli spaces
of vector bundles on Y; degenerate. Since the moduli space of vec-
tor bundles on the nodal curve Xg is not compact, we need to find a
good compactification. One way to compactify it is to add torsion-
free sheaves. Another way, which is originally due to Gieseker [G] and
developed by Nagaraj-Seshadri [NS] and Kausz [K2], is to add those
vector bundles on a certain semistalbe model of X, which let us call
Gieseker vector bundles. In these works they consider moduli spaces
of vector bundles with fixed degree. In this paper we’d like to consider
moduli spaces of vector bundles with fixed determinant.(See [Sun] for
related results.)

This paper is heavily based on the work of Kausz [K1] [K2]. So, let
me here explain his results briefly. In [K1], Kausz introduced a concept
of generalized isomorphisms and showed that a projective variety K Gl,
that is a compactification of G, is the fine moduli space of generalized
isomorphisms. Then in [K2] he showed that the normalization of the
moduli space of Gieseker vector bundles on Xy is a KGl,-bundle over
the moduli space of vector bundles on the normalization X of X,. The
purpose of this paper is to show that with the techniques invented by
Kausz we can also clarify the structure of the moduli space of Gieseker
vector bundles of rank 2 with fixed determinant on an irreducible nodal
curve Xj.

The contents of the sections are as follows. In section 2 we intro-
duce basic definitions. In section 3 we define #-determinant general-
ized isomorphisms (only for rank 2 case), and see that the equivalence
classes of f-determinant generalized isomorphisms form a projective
variety K SLs. In section 4 we define the moduli stack of Gieseker-
SLo-bundles. In section 5 we investigate the local structure of this
stack. In section 6 first using the results in section 5 we see that the
moduli stack of Gieseker-SLo-bundles on X is a union of two closed
substacks. Then we describe the structure of each substack. Our main
theorems (Theorem 6.4 and Theorem 6.5) say that one of the two closed
substacks is a K.SLo-bundle over the moduli stack of vector bundles

with fixed determinant on the normalization )?0 of Xy, and that the
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other is non-reduced and its induced reduced substack is a PGly(~ P?)-
bundle over the moduli stack of vector bundles with fixed (but different

from the former one) determinant on Xo.

2. PRELIMINARIES AND NOTATIONS

In this section, we explain some notions and fix some notations that
are used in this paper. Most of them are cited directly from [K2, §3].

Throughout this paper, B := SpecC[[t]], By — B is the closed point
and B, is the generic point. 7 : X — B is a stable curve of genus g > 2
over B such that the generic fiber X, is smooth, the special fiber.X
is an irreducible curve with only one node Q We assume that X is
regular and fix a C[[¢]]-algebra isomorphism Oy o ~ C[[u, v, t]]/(uv—1).
n: Xy — X denotes the normalization and put {P;, P,} := n~1(Q).

2.1. Let R:= RyU---UR,; (I > 1) be a chain of rational curves, where
R; ~P' and R, N R; # 0 if and only if | — j| < 1. Let a,b be closed
points of Ry, R; respectively such that if [ = 1 then a # b, and if [ > 1
then a # Ri N Ry and b # R;_1 N R;. Let X; be the nodal curve that

is obtained by identifying the pair of points (P, P,) on X, with (a, b)

on R. We have the natural morphism ¢ : Xo U R — X;. By abuse
of notation, the points ¢(P;),q(FP2) on X; are also denoted by P;, P,

respectively, and R, R;, Xy also denote their isomorphic image in X;
by ¢q. By collapsing R to the singular point ) on X;, we have the
morphism £ : X; — X,. Throughout this paper, we fix this X; and the
morphism k. By convention we let k£ also denote id : Xy — Xj.

Definition 2.2. (i) Let T" be a B-scheme and let f : T — B
denote the structure morphism. A modification of X over T is
a commutative diagram

h
Y XxpT
praox pra
T

such that Y is flat, projective and of finite type over T, and that
for any field K and any morphism SpecK — T if f(SpecK)
is B, then h X idgpecx @ Y X7 SpecK — X xp SpecK is an
isomorphism, and if f(SpecK) is By then for some [ > 0 there
is an isomorphism g : X; X SpecK — )Y Xp SpecK satisfying
(h X idSpecK) o0g= k x idSpecK'

(ii) Let T be a Byp-scheme. A modification of X, over T is a mod-
ification of X over T, where T is regarded as a B-scheme by
BD — B.
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(iii) If K is a field and SpecK — By is a morphism and Y L,
Xo x SpecK is a modification of X, over SpecK, then [ that
appears in (i) is called the length of the modification.

Definition 2.3. Let K be a field over C.

(i) h :== k xid : X; x SpecK — Xy x SpecK is a modification
of length I > 0 of Xy over SpecK. A vector bundle F on
X; x SpecK is said to be admissible if either (a) or (b) below
holds;

(a) [ =0

(b) I > 1 and E|g, is isomorphic to Og,(1)™ ® (’)EnkE_m with
0 < m < rankFE for 1 < i <[ and HY(R, (E|g)(—P; —
P)) = 0.

(ii) Let h: Y — Xy x SpecK be a modification of X, over SpecK
and let g : X; x SpecK — Y be as in (i) of Definittion 2.2. A
vector bundle E on Y is said to be admissible if ¢*F is admis-
sible.

(iii) Let f : T — B be a morphism and let h : ) — X x5 T be a
modification of X over T. A vector bundle £ on Y is said to be
admissible if for any SpecK — 7', where K is a field, such that
f(SpecK) = By, the pullback of £ to Y X7 SpecK is admissible.

3. KSL,

Definition 3.1. Let S be a scheme. If we are given 2-bundles V; and
V5 on S, and an isomorphism 6 : /\2 V) — /\2 Vs, then a f-determinant
generalized isomorphism from V; to V, is the following data.

(i) 2-bundles U; (i =1,2) on S;
(ii) bf-morphisms of rank one (cf. [K1, Definition 5.1])
: :
gi = (M, i, Us 5 Vi, My @ Uy &2 V),

(1 =1,2) from U; to V;;
(ili) an isomorphism v : My — My such that v(py) = po;
(iv) an isomorphism & : Uy — Us,
where we require them to satisfy the conditions (a) and (b) below.
(a) For Vs € S, we have

¢ls) (Kergi[s]) N Kergi[s] = {o}.

where ?[s] means the restriction of ? to the fiber over s.

(b) The diagram
Mo Nt 2255 My o AU

(3.1) A—Qgﬂ ngg
/\2 Vl T) /\2 VQ
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commutes. (See [K1, Proposition 6.1] for the definition of A™2g;.)
Definition 3.2. Keep the notation in Definition 3.1. Let ®® :=

NO! W .
(u(l) g(l) Mgl) o, Mé’),ul(” &, Z/lz(l)) (I = 1,2) be a #-determinant

o . O ._ o ,,m g
generalized isomorphism from V) to V,, where g; 7 := (M,"7, p; ", U, ——

! ! n &Y L
VO MY ou® Z— vy An equivalence from & to ®@ consists
of isomorphisms ./\/l§1) ~ M§-2) and L[;l) ~ MJ@) (7 = 1,2) that are
compatible with v®, ¢® and gz@.

Definition 3.3. Keep the notation in Definition 3.1. KSLy(Vi, Vs)
is the functor from the category of S-schemes to the category of sets
that associates to an S-scheme T' % S the set of equivalence classes of
¢*(0)-determinant generalized isomorphisms from ¢*V; to ¢*Vs.

Then, as in [K1], we have

Proposition 3.4. The functor KSLy(V1, Vs) is representable by a pro-
jective S-scheme KSLy(Vyi,Vs).

4. GIESEKER SLs-BUNDLES

In the rest of this paper, we fix a line bundle P on X, of degree d on
the fibers over B. Put Py := P|x,.

Definition 4.1. Let S be a B-scheme. A Gieseker-S Lo-bundle with
determinat P on X over S, or a Gieseker-SLo-bundle on (X;P) over
S, is a triple (h : ¥ — X x5 S,E,6 : detE — (prq o h)*P), where
h:Y — X xp S is a modification, £ is an admissible 2-bundle on Y
of degree d on the fibers over S, and ¢ is a morphism of Oy-modules
such that its restriction to every fiber of J)/S is nonzero.

GSLyB(X/B;P) denotes the B-groupoid that associates to an affine
B-scheme S the groupoid consisting of all the Gieseker-S Lo-bundles on
(X;P)over S. GSLyB(Xo/By; Py), or simply GiS Ly B(Xo; Py), donotes
the Bo-groupoid that is the restriction of GSLyB(X/B;P) to the cat-
egory of affine By-schemes.
Proposition 4.2. GSLyB(X/B;P) and GSLyB(Xo/Bo; Po) are alge-
braic stacks.
Remark 4.3. Let {¢,, : T, — Th}r<, be a projective system of affine
By-schemes and let T £ T be a projective limit. By [EGAIV, §8 and
(11.2.6)], we know that G := GSLyB(X; Po) satisfies the conditions
(i) and (ii) below;

(i) For any object z € G(T'), there exist A and an object z € G(T))
such that ¢} (z)) ~ z;
(ii) Take Ag and xy,,yx, € G(T),). Then the map

@Homg(n)(@iwxxm @iouym) - Homg(T)(Spiox/\m wioym)
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is bijective.

By this fact, in many proofs we can assume that 7T is of finite type over
By.

5. LOCAL STRUCTURE

In this section, we investigate the local structure of the algebraic
stack of Gieseker-S Lo-bundles.

Let K be a field extension of C. Let (Y LR Xo Xp,SpecK, E,det £ LR
(pr1 o h)*Py) be a Gieseker-S Lo-bundle over SpeckK.

Lemma 5.1. There are three possibilities:

(Type 0) Y is a modification of lengh 0, i.e. h is an isomorphism.

(Type 1) Y is a modification of lengh 1, moreover if R is P! of Y colapsing
to the singular point of Xo X g, SpecK, then deg&E|r = 2.

(Type 2) Y is a modification of lengh 2, moreover if R; (i = 1,2) is
P! of Y colapsing to the singular point of X, X g, SpecK , then
degE|r, =1 fori=land 2.

Proof. We have only to exclude the possibility that Y is a modifi-
cation of lengh 1 and deg&|g = 1. Suppose that we had such a
Gieseker-S Lo-bundle. Then d|g is zero since degE|r = 1 > deg(pr; o
h)*Po|r = 0. Hence 6|)?oxBOSpecK factors as det 5|)?0xBospecK — (pryo
h>*7>0|)~(oXBOSpecK(_P1_P2) - (prloh)*PO‘)?oXBOSpecK' Since deggl)?oXBOSpecK =
degE—1 > deg(prloh)*PobzoXBOSpecK(—Pl—Pg), we have 5‘X0XBOSpeCK =

0, which implies 6 = 0. This contradicts the definition of a Gieseker-
S Lo-bundle. O

Notation 5.2. Let h : Y — X x SpecK be a modification of length
[ >0andlet g: X; x SpecK — Y be as in (i) of Definition 2.2. Recall
from the paragraph 2.1 that if [ > 1 then we have P;, P, on X;. From
now on, for [ > 1 the points g(P;),g(FP2) on Y are also denoted by
Py, P,. If [ = 2, then the point g(R; N Ry) on Y is denoted by P.
Moreover if [ = 0, then the point ¢g(Q) on Y is denoted by Fy. The
reason why we use this notation will be clear in Proposition 6.1.

In order to investigate the local structure of GSLyB(X/B;P), we
introduce several deformation functors. Let A be the category of
artinian local C[[t]]-algebra with residue field C. Throughout this
section, we fix an object Ey := (V o, Xy, Ey, det Ey Do, h§Py) of
GSLyB(X/B;P)(By). Put Ly := (det Ey)Y ® h§Py, and let oy be
the global section of Ly corresponding to dy. Let Ly denote the triple
(Y o, Xo, Lo, 09).
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Definition 5.3. Three funtors G,F and M from A to the category of
sets are defined as follows. For A € A,

G(A) :={ € GSLyB(X/B;P)(SpecA)

E:= (Y X x g SpecA, €, det & LR (prioh)*P) /
~G,
with isomorphism E Xgpeca By N

lexBSpecA is

L= (Y - X xp SpecA, £,0) | a modification of X/B
F(A) := < with isomorphism over SpecA. / ~,
L Xspeca Bo 8, Lo L is a line bundle on Y.

o is a global section of L.

Y2 X xp SpecA . .
with isomorphism Y= fﬁx B Specfl IS/
h a modification of X' /B ~ M,
(Y — X xp SpecA) Xspeca Bo
Ty o, 5 ) P over SpecA.
0

where the equivalence relations ~g, ~x and ~, are as below.

M(A) =

o (E,a) ~ (E', o) if and only if there is an isomorphism E % E’
such that a = o/ o (@ Xgpeca Bo).

o (L,o) ~ (', 0') if and only if there is an isomorphism L LN ¥
such that 5 = 3" o (b Xgpeca Bo).

o (Y X x g SpecA,y) ~ (V' Mox X g SpecA, ') if and only if
there is an isomorphism (Y 25 X x5 SpecA) = (I 25 X x5

SpecA) such that v =" o (¢ Xgpeca Bo)-

Lemma 5.4. G, F and M satisfy the Schlessinger’s condition (i.e.
(Hy) (H2) and (Hs) in Theorem?2.11 of [Sch]). Therefore they have a
hull.

Proof. We omit the proof. O

We have the natural morphism ¢ : 7 — M of functors. Using the

notation in Definition5.3, by associating (Y Ly X x 5 SpecA, (det &)Y @
(prioh)*P,o) € F(A) to (E,a) € G(A) (where o is the one determined
by 0), we have the natural morphism ¥ : G — F.

Lemma 5.5. ¥V : G — F is smooth.
Proof. Left to the reader. O

Let A be the category of complete noetherian local C|[[t]]-algebras A

such that A/m" is in A for all n € N. For R € A, we set hg(A) :=
Hom(R, A) to define a functor hp on A.

Theorem 5.6. Let hr — F be a hull of F.

(0) If Eq is of Type 0, then we have an isomorphism
R ~ CI[t]] of C[[t]]-algebras.
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(1) If Eg is of Type 1, then we have an isomorphism
R ~ C[[t, t1,u]]/(t — t?) of C|[[t]]-algebras.
(2) IfEq is of Type 2, then we have an isomorphism
R ~ C[[t, to, t1,u]]/(t — tot?) of C[[t]]-algebras.
Corollary 5.7. The algebraic B-stack GSLyB(X /B;P) is reqular.
Proof. This follows from Lemma 5.5 and Theorem 5.6. U
The rest of this section is devoted to the proof of Theorem 5.6.

Proof of (0) of Theorem 5.6. It suffices to prove that for any A € A
F(A) is a set consisting of one element. Since Eq is of Type 0, we

may assume that Ly = (X, A, Xo0,0x,,1). For Ae A L := (X xp
SpecA Yy X g SpecA, Oxx yspeca, 1) with the canonical isomorphism
L X speca Bo 2L gives an element of F(A). Take an element (L', 3’) of
F(A), where L' = (Y 25 X x sSpecA, £,0) and 3’ : L X gpees Bo = L.

Let us prove that (L, 3) ~x (L', 3). Since A’ is an isomorphism and o
is a nowhere-vanishing section of £, we may assume that L' = (X xp

SpecA iy X g SpecA, Oxx sspecas 1). Then §' must be the canonical
isomorphism. Thus (L, 3) ~# (I, ). O

We shall give a proof of only (2) of Theorem 5.6 because (1) of
Theorem 5.6 is proved similarly. In the rest of the proof of Theorem
5.6, we assume that Eg is of Type 2. Put W := SpecCl[ty, t1, t2]] and
let f: W — B be given by f*(t) = totito. By [G, §4], there exists a
modification ) ooy xp W of X/B over W that gives a hull of M.

Since Y % Xy is a modification gfvlength 2, Yy is a union of )N(O and a
chain R1 U R2 of Pl with {H} = Xo N Rz and {P(]} = R1 N RQ.(RGC&H
the notation 5.2.) Moreover we can find an isomorphism

(Q) 63}7131' = C[[toat17t27xiayi]]/('riyi _tl)7
of C[[to, t1, t2]]-algebra (0 < i < 2). We fix (#) and injective morphisms
(5.1)

Cllto, t1, ta, zi, yill /(wiyi — ti) — Cl[to, t1, ta]] (1)) & Cl[to, t1, t2]] ((v:)),

given by z; — (z;,t;/y;) and t; — (t;/xi, yi).

If A is an artinian local C|[[t,t,ts]]-algebra with residue field C,
the pull-back of the versal deformation by SpecA — W gives an in-
finitesimal deformation Y4 ha, X xp SpecA of Y o, Xpy. Let jg)
be the natural morphism jg) ; Specé\ympi — YVa (i = 1,2). Put
Ua :=Ya\{P1, P»}. The base change of (5.1) gives rise to the isomor-
phism

(%2) B (SpecOy, p \ {P},0) = A((@) ® A((y:)).
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Since by definition Ly = (det Fy)Y ® h§Py, we have deg Ly %, = 2 and
deg Lo|r, = —1 (i = 1,2). The nonzero section oy vanishes on Ry U Ry,
and gives an isomorphism Og = (Lo|g,)(—P1 — P2). Therefore Ly is
obtained by gluing at P, and P the two line bundles Og_ (Pi+P;) on )?0
and Ogr,ur,(—P1 — P2) on Ry U Ry. By this, we have the trivializations
(,Og) D jeLy & @yovpi (i = 1,2) and ¢¢ : Loly — Oy, such that on
Sp@C@yO’pi \{P;} w@owg)fl is given by (a;x;, i)—multiplication for some
nonzero complex number a;, where C is considered as a C[[to, 1, t2]]-
algebra by C ~ C[[to, t1,t2]]/(tot1t2). By replacing the isomorphisms
() if necessary, we may assume that a; = as = 1. Moreover replacing
go((ci) and ¢ if necessary, we may assume that cp((ci) (j&oo) = y; and

1 on Xo\{Py, P}

(5.2) Ye(oolve) = {0 on Ry URy\ {P, P}.

Put R := C[[ty, t2, t3,v]]/(t1(1+v) —t2) and let m be its maximal ideal.
For Vk > 0, let Lg/u+ be a line bundle on Vg s (the pull-back by
SpecR/m* — W of the versal deformation) that has the trivializations
SOE;)/mk : jg};kﬁR/mk :) OJ}R/mk’P’i and wR/mk : ER/mk|UR/mk 1) OUR/mk
such that g/ ogpg%l);i on SpecOyR/m,c \{P }Ais given by (z1(1+4v), i)—
multiplication and g /s © @S);i on SpecOyR/mk \ {P} is given by
(2, i)—multiplication. Let op/mr be the global section of Lp/x such

that ng)/mk (jg;;kUR/m’“) =y; and
1 OD)A(:()\{Pl,PQ}

5.3 -
(5.3) wR/mk(UR/mk|UR/mk) {tl(l +v) =ty on Ry URy\{P, P},

(note that, as a topological space, Up s is a disjoint union of )?0 \
{Py, P,} and Ry U Ry \ {P1, P»}). These data give us the formal object
(Lo, 000), where L, is a line bundle on Y X Spf R, and thus an element
= (&) € liLn}"(R/mk), in other words, a morphism of functors T :
hR — F.

The following proposition completes the proof of Theorem 5.6 (2).

Proposition 5.8. T : hg — F is a hull of F.

Proof. We will apply Propositon 7.1. Lemma 5.4 implies (a). Since

M(CI[t]]/(t?)) = ¢ and we have a morphism of functors F = M, (b)
also holds. R satisfies (i). Let us see that (ii) holds. Let ¢ be the
natural morphism

(5.4)  Homyoccyg—aig (R, Cle]) — Homyoe e —atg (Cl[to, 11, t2]], Cle]),
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where €2 = 0 and Cle] is considered as a C[[t]]-algebra by t — 0. We
have the commutative diagram

HomZOC@[[ﬂ]_alg(R, (C[G]) — f(C[E])

(5.5) sal l(p

Homloc@[[t”_alg((C[[to, tl, tg]], C[E]) E— M(C[E])

If C[[v]] is the quotient of R in which ¢;’s are mapped to zero, we have
the natural isomorphism Kery ~ Homyo.cfg)—atg(C[[v]], Cle]). Consider

the category K whose objects are triples (£,0, : L|x, — L), where
L is a line bundle on X5 Xgpecc SpecCle], o is a global section of £
and (3 is an isomorphism with ((o|x,) = 09, and whose morphisms
from (L,0,8 : L|x, = Lo) to (L,0",0" : L'|x, = Lg), are pairs
(f : X x SpecCle] — X5 x SpecCle], L = f*L'), where f is Cle]-
isomorphism with f|x, = idx, and (ho X idspeccye]) © f = ho X idgpeccyd;
and 7 is an isomorphism with 7(c) = f*¢’. Then Ker® is isomorphic
to the set of isomorphism classes of the category K.

Claim 5.8.1. Kerp — Ker® is bijective.

Proof of Claim 5.8.1. In the proof we will use Cech cohomologies in-
volving formal neighborhoods. See Proposition 7.3 for the justification
of this calculation.

Surjectivity: Take an object (£,0,8 : L|x, — Lg) of the categry
IC. Since we have the trivial extension of Ly over Xy x SpecCle], the
equivalence classes of extensions of Ly over Xy x SpecCe] are classified

1

by H'(Xs, Ox,). Let H'(Xs, Ox,) —% H'(Xa, Ly) be the morphism
induced by the global section oy. For a € H' (X3, Ox,), let £L* be the
corresponding extension of Ly. Then H.(a) is the obstruction for the
existence of a lifting of o9 to £* Hence L corresponds to a coho-

1(1)
mology class in KerfIL. Note that H! factors as H(X,, Ox,) —=—

- 1(2)

H' (X, 0%,) RN H'(X5, Ly) and that HA? is injective because of the
long exact sequence of cohomologies of the exact sequence 0 — Oz —
Lo — Onyur,(—P1 — P») — 0. Thus KerH! = KerHX". The exact
sequence 0 — Og,ur, (=P — P,) — Ox, — Ox, — 0 gives rise to the
exact sequence 0 — H'(R; U Ry, Og,ur,(—P1 — P)) — H'(Ox,) —
H'(O%,) — 0. Therefore

(56) KGI"H; ~ H1<R1 U RQ, OR1UR2(_P1 — P2)>

For a € C, let g, : SpecC[e] — SpecC[[v]](< SpecR) be the morphism
given by ¢g#(v) = a-e. Then, by the construction of L., (l1x, X
ga)* Lo corresponds to the cohomology class [((a, 0), (0,0))] € HY(Ox,),
where (a,0) € C((21)) ® C((y1)) and (0,0) € C((z2)) ® C((y2)). By
the isomorphism (5.6), this class corresponds to [(a,0)] € H'(R; U
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Ry, Or,ur,(—P1 — Py)), where a € C((z1)) and 0 € C((z2)). It is
straightforward to chech that we have the isomorphism C ~ H'(R; U
Ry, Or,ur,(—P1 — P,)) by associating to a € C the class [(a,0)]. Hence
for some a € C, we have an isomorphism 7 : £ = (lx, X ga)* Lo
such that 7|x, = . We have 7(0) = (1 +b-€) - (1x, X ¢ga)*(0) for
some b € C. Replacing 7 by (1 —b-€) - 7, we prove the surjectivity of
Keryp — Ker®.
Injectivity: First we recall the following general fact.

Fact. Let Z be a C-scheme. Then H°(T) classifies C|e]-automorphism
of Z x SpecCle] that is identity over SpecC. Moreover, let U = {U;}
be an affine open covering of Z and M, a line bundle on Z defined
by a cocycle {&;} € Z'(U,0%). Let f be a Cle]-automorphism of
Z x SpecCle| determined by a derivation 9 € H°(Ty). If a line bundle
M on Z x SpecC|e] is an extension of My determined by u € H(Z, Oy)
and if 4/ € HY(Z, 0y) is the cohomology class corresponding to f*M,
then the cohomology class y' — u € HY(Z,Oy) is given by the cocycle
{06/}

Let us apply this fact to our situation. Let f be a C[e]-automorphism
of X5 x SpecCle] with (ho X idgpecci) © f = h X idgpecclg. Around
P, the derivation 0 corresponding to f is written as 0 (A(z;,v;)) =
mxia%iA(xi, 0) for some n; € C[[z;]] with n;(0) = 1. Hence 0(x;, 1/v;)/(xi, 1/y;) =
(7:,0) € C((z;)) ® C((y;)). Now the cohomology class of H' (X, Ox,)
represented by the Cech cocycle (11, 0), (172, 0)) is zero because we have
[((7717 0)7 (7727 0))] = [((07 _771(0))7 (07 _772(0))” in HI(X27 OXQ)’ and the
latter is zero since 7,(0) = 72(0) = 1. This implies f*(1x, X ga) Loo =~
(1x, X ga)"Loo. Hence Kerp — Ker® is injective. This completes the
proof of Claim 5.8.1. O

Claim 5.8.2. Imyp — Im® is bijective.

proof of Claim 5.8.2. We have only to prove the surjectivity of Imp —
Im®. Let g : SpecCle] — W = SpecC|[to, t1, t2]] be the morphism given
by g%(t;) = a; - € (a; € C). Assume that the pull-back Y Xy SpecCle]
by ¢ of the versal family /W is in Im®. This means that there is a
line bundle £ with a section o on ) Xy SpecCle] that is an extension
of the line bundle L and its global section o¢ on Y xy SpecC ~ Xos.
At P, € Y Xy SpecCle], we have the isomorphism

Oyxywspeccid,p, = Cle][[zi, yil] / (vsys — aie;)
induced by (#). Let L' be the extension of Ly to Y xy SpecCle] given
by the Cech cocycle {(z;,1/y;)}i=12, where (z;,1/y;) € Cle]((z;)) &
Cle]((y:)) =~ H(SpecOyyxyyspeccia,ps — { P}, O). Let o(L) and o(L') €
H'(X5, L) be the obstructions for the existence of a lifting of oy of L
to £ and L’ respectively. It is easy to see that o(L) — o(L') = oy - &,
where ¢ is an element of H' (X5, Ly) corresponding to the difference of
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L and £'. By assumption we have o(£) = 0. As in the proof of Claim
5.8.1, we have the exact sequence
(5.7)

1
H' (X, Ox,) % HY (X, L) "5 HY(R, U Ry, O(— Py — P)) — 0.

By a concrete calculation, we find that o(L')|r,ur, is represented by
the Cech cocycle (ay,as), where a; € C is considered as an element
of HO(SpeC@thi —{P},O(—=PF;)). It is easy to see an isomorphism
H'(RyU Ry, O(— P, — P)|r,ur,) =~ C is given by associating a; — ay to
the cohomology class [(a1,az2)]. o(L')|r,ur, = 0 implies a; = ay. This
completes the proof of Claim 5.8.2. O

By the two claims above, we complete the proof of Proposition 5.8.
O

Now for the fixed By := (Yj o, X, Ey, det E, %, hiPy), assume
that Yy ﬁ0—>Xoisoftype101r2. For A € A and L = (yi
X xpSpecA, L,0) € F(A), let Z; be the closed subscheme of ) whose
support is {FP;} and whose defining ideal is the first Fitting ideal of
Qy/speca at P;. Then (pryoh)|z, : Z; — SpecA is a closed immersion,
and it is an isomorphism if and only if the infinitesimal deformation
of the node P, is a trivial deformation. Moreover, as a corollary of the
proof of Theorem 5.6, we have

Corollary 5.9. (pryoh)|z, : Z; — SpecA (i = 1,2) define the same
closed subscheme of SpecA.

We here prepare one proposition that is used in the next section.

Proposition 5.10. For A € A, let

N !
(5.8) X, —— X xp SpecA

| l

By = SpecC —— SpecA

be an object of M(A). Let 1y : Xo — Y denote the unique morphism
satisfying ho o 1o = n. Assume that (praoh)|z, : Z; — SpecA (i = 1,2)
are isomorphisms, or equivalently that the infinitesimal deformations of
the nodes P; are trivial. Then there exists a unique closed immersion
L+ Xo Xgpecc SpecA — Y such that L|)?O = g o1y and that the closed
subscheme of Y determined by t|ipyxspeca : {F;} X SpecA — Y is Z;
fori=1,2.
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Proof. Fix two distinct points a;, az on P'. The section (a1, idspeccyu]) :
SpecCl[u]] — P! x SpecC|[u]] of pry : P! x SpecC[[u]] — SpecC|[[u]] is
denoted by o;. Let 3 : G — P! xSpecC|[u]] be the blowing-up at (a1, 0).
Let s; : SpecCl[u]] — G be the section of G praof, SpecC|[u]] with o
si = a;. The section (P, id) : SpecC[[u]] — Xy x SpecC][[u]] is denoted
by s, (i = 1,2). Let ¢ : P! — X, be the composite P! 5 SpecC —
{Q} C Xo. (Recall that @ is the unique node of X,.) Put m :=
(g X idspeccypy) © B- If Y* denotes the flat family over SpecC|[u]] that is
constructed from X x SpecC[[u]] and G by gluing the sections s; and
(1 =1,2), we have a morphism h : Y* — Xy x SpecC|[u]] because m o
s; = (nx1)os.. Regard C[[u]] as a C[[t]]-algebra by C[[t]]/(t) — C[[u]].
Applying Proposition 7.1, it is easily seen that h : Y* — Xy xSpecC|[u]]
is a versal family of the deformation of the modification hgy : ¥ — X
with the singularities Py, P» non-deformed. This implies the existence
of t : XoxSpecA — Y in the proposition. The uniqueness follows since
infinitesimal automorphism of X, with {P;} fixed are trivial because
the 2-pointed curve ()N(O; Py, P,) is stable. O

6. GLOBAL STRUCTURE

Proposition 6.1. Let T be a By-scheme. Let (h:)Y — Xoxp,T,E,9 :
N2E — (prio h)*Py) be a Gieseker-SLy-bundle on (Xo, Py) over T.
Then there are closed subsets 11; (i = 0,1,2) of YV such that 11; xp
SpecC(t) = {P;} for everyt € T. (Here recall the notation 5.2.)

Proof. We may assume that 7" is reduced irreducible and of finite type
over By. We may also assume that T is normal. For 0 <[ < 2, T; is
defined to be the subset of T that consists of all points ¢ € T" such that
h xpid : Y xp SpecC(t) — Xy X g, SpecC(t) is of length [. It is easy
to see that |J,.,, 7; is open in T'. Let ) be the generic point of 7. We
have an isomorphism

(6.1) Y x1 SpecC(n) ~ X; x g, SpecC(n)

over Xy xpg, SpecC(n) for some 0 < [ < 2. Let o; : SpecC(n) —
Y x7 SpecC(n) be the morphism that maps n to P;, and put II; :=
oi(n) C Y, which is given the reduced scheme structure, where i = 0
if { =0,i€ {1,2Vifl =1, and i € {0,1,2} if [ = 2. Since the
isomorphism (6.1) extends over a nonempty open subset U C T, we
have II; x7 SpecC(t) = {P;} for Vt € U. If Z is the closed subscheme
of Y defined by the first Fitting ideal of €y, then II; C Z. By
this, we know that II; — T is a finite birational morphism, hence an
isomorphism because of the assumption that 7' is normal.

Claim 6.1.1. II; N II; = () for ¢ # j.

Proof of Claim 6.1.1. Suppose that II; N II; # 0 for ¢ # j. Take a C-
valued point ¢y € T such that II; xp SpecC(ty) N IL; X7 SpecC(ty) #
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. Then we can find a morphism V := SpecC|[[v]] = T such that
a(the closed point of V') =ty and a(the generic point of V') € U. The
base-changes of II; and II; give us two sections 0;,0; : V — Y xp V
such that o;(the closed point of V) = o;(the closed point of V') and
o;(the generic point of V) = {P;} and o;(the generic point of V') =
{P;}. Taking into account the fact that both o; and o; factor through
ZxrpV — YxrV, we know o; and o; coincide on the closed subscheme
SpecC[[v]]/(vY) € V for VN > 0. Then we have o;(V) = o;(V). This

is a contradiction. O

Claim 6.1.2. If II; X7 SpecC(t) = {P,,} form =1lor2 and t € T,
then ¢ = m.

Proof of Claim 6.1.2. 1f this holds, it holds for some C-valued point
to € T. Take V := SpecC[[v]] & T as in the proof of Claim 6.1.1. Let
(%% by, Xo x V,Ev, N2Ey v, (pr1 o hy)*Py) be the pull-back by « of
the given Gieseker-SLo-bundle over T'. Put Zy := Z x¢ V and Il :=
II; x7 V. Put Vi := SpecC[[v]]/(vN ) (— V). Zy is a disjoint union of
the closed subschemes Z‘(,l) such that for VN > 0 the support of Z‘(,ljv) (:=
2y xy Vy) is { P}, where k € {1,2} if the length of the modification
Vv xy Vois 1, and k € {0,1,2} if the length is 2. Since II;;y — V
is an isomorphism, we have I, — Zi((/']? = Vy for VN > 0, hence
I,y = Z‘(/m). By this, we know that the deformation of the singularity
of Yy xy Vi at P, is trivial. By Corollary 5.9, the deformation of the
singularity of Yy xy Vi at Ps_,, is also trivial. Then by Proposition
5.10 and algebraization (cf. (5.1.8) of [EGAIII]), we have the closed
the closed immersion g : )?0 XV < Yy with hy og = n xidy such that
g{P;} xV) = Z‘(,j) (7 = 1,2). Therefore Z‘(,m) Xy SpecC((v)) = { P}
Since I,y = Z‘(/m), Iy xy SpecC((v)) = {P,,}. This implies ¢ = m
since a(the generic point of V') € U. d

With these claims prepared, we will prove the proposition.
Case (i). T = Ty: In this case, the above claims imply that IIy, IT;, IT,
have the desired property.
Case (ii). To = 0 and Ty # 0: In this case we have II;,II. Using the
above claims plus a similar argument as in the proof of Claim 6.1.2,
one can check that II; x7 SpecC(t) = {P;} for Vt € T, j = 1,2. On
Y x 1Ty, by Case(i) we have the desired Iy C YV x1T,. These Iy, [Ty, Iy
are what we want.
Case (iil). Ty # 0: We have II,. By Claim 6.1.2, we have Iy X
SpecC(t) = {Py} for YVt € T. Therefore T} = (). On Y x¢ Ty, by
Case(i) we have IIy, Iy C Y x7 Ty having the desired property. These
Iy, I1;, II, are what we want.

This is the end of the proof of Proposition 6.1. U
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6.2. By this proposition, given a Gieseker S Ls-bundle (h : Y — Xy X p,

T,&,N2E 2 (prioh)*Py) on (Xo, Py) over T, the locus of ) where the
morphism pry o h is not smooth is the disjoint union of three closed
subsets Ilg, I1;,II;. Instead of reduced scheme structure, let us now
endow each II; with the scheme structure defined by the first Fitting
ideal of 2y /7.

Then (prg o h)|m, : Il; — T is a closed immersion. Let Z;(C Or) be
its defining ideal. By Corollary 5.9, we have Z; = Z,. Moreover, by the
description of the versal family, we have ZoZ,Z5(= ZoZ? = IyZ3) = 0.
Using these ideals, we shall define closed substacks of GSLyB(Xo; Po).

Definition 6.3. We define closed substacks GSLyB(Xo; 770)(0),
GSLyB(Xo;Po)® and GSLyB(Xo: Po)) of GSLyB(Xo: Py) as fol-

lows. For an affine By-scheme T, an object (h : Y — Xoxp,T,E, N\2E 2
(pr1 0 h)*Py) of GSLyB(Xo;Po)(T) is in (;SL2 (Xo; Po)O(T) [resp.
GSLyB(Xo; Po)V(T) or GSLyB(Xo; Po)(T)] if and only if Ty = 0
[resp. Z¢ = 0 or Z; = 0.

Put Py := n*Py. Let SZ/IQ(X(), 790) be the moduli stack of 2-bundles
on XO with determinant 730 More pre(nsely, for an affine By-scheme T,
objects of the groupoid SUs(Xo, Po)(T)) are 2-bundles F on Xo x g, T
together with an isomorphism NF — priP,. Put o; = (P,id) :
SUQ(XO,PO) — X() X SZ/{Q(XO,PO) 1= 1 2. On j\(/o X SUQ()N(o,ﬁ()),
we have the universal 2-bundle F,,;, together with the isomorphism
N2 Fmin — prfﬁo. Note that we have the canonical isomorphism
afprfﬁo ~ a’zkprfﬁo and thus the canonical isomorphism 6 : /\20f Fomiv —>
/\205‘ Funiv- This allows us to consider the stack K S Ly (0] Funiv, 05 Funiv)-

Theorem 6.4. We have an isomorphism of By-stacks
(62) GSLQB(X(], 7)0)(0) >~ KSLQ(O'TFunimU; univ)-

Next consider the moduli stack SUs(Xo, Py @ Og, (=P + P)). On
Xo X SU(Xo, Py @ Ok, (=P + P,)), we have the universal 2-bundle

Wniv together with the 1somorphlsm A Woniv = pri (770®Owt xa( —Pi+
Pg)) Put T — ( Z,ld) SZ/{Q(X(),PO X O ( Pl + Pz)) e XO X
SU3(Xo, Po ® Og (= P1 + P)).

Theorem 6.5. We have an isomorphism of By-stacks
(63) GSL2 (X07P0)red ~ PGZ( Wunwa 7_2 Wunw)
(See §8 and §9 of [K1] for the definition of PGI.)

The rest of this section is devoted to the proof of the above two
theorems.
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Definition 6.6. Let

Xo Xy I’

prgoh
P1 ><1d
51,52 P2 x id

be a modification of the two pomted curve XO,PI,P2 over T' (cf.
Definition 4.4 of [K2]). It is said to be bi-simple if and only if for any
t : SpecC(t) — T either (i) or (ii) below holds.

(i) Y xr SpecC(t ) fixt, X, X B, SpecC(t) is an isomorphism.
(ii) Both (h x t)"*(P;) and (h x t)~'(P,) are isomorphic to Py

Definition 6.7. The By-groupoid GSLyBD(Xy, Py, Py; Po)© of Gieseker-
S Ly-bundle data is defined as follows. B B

For an affine By-scheme T', an object of G.S Ly BD (X, Py, Py; Po)O(T)
is the following collection of data.

(i) A bi-simple modlﬁcatlon y 31,52,h ) of ( XO,Pth over T,

Xo X gy I’

pra oh
P1 X ld
31, 32 PQ X id

(ii) A 2-bundle € on Y, N N

(iii) An isomorphism £ : s1€ = s5E, )

(iv) An isomorphism 7 : O(=s1 — s2) ® (pr1 0 h)*O(P1 + P,) =
(/\25>v & (pT’l (¢] h)*P()

Furthermore, we require that they satisfy the following condition.

(a) The pair (€€ : s1€ = s3€) is admissible for (), 5155, h) in the
sense of Definition 4.5 of [K2].

(b) The diagram (©)

51 (0(=s1=52) @ (prioh) O(P+ o)) 10 s3(22) st (proh) P

@ (AE)Y ®(canonical)

55 (O(—Sl—52)®(p7“10f~l)*0(P1+P2) 524(77)' 5§(A~2§)v®5§(prlof~l)*ﬁo
commiutes, where 1 is the section of O(=s1—s2)®(prioh)*O(P+
P;) such that its image by the canonical injection O(—s1—52) ®
(prio h)*O(Py+Py) — (prio h)*O(P,+P,) is the pull-back by
prio h of the canonical section of @ )?O(Pl + P).
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Morphisms of the groupoid GSLQBD()A(:O, Py, Py ﬁo)(o) (T) are defined
obviously.

Lemma 6.8. Let (?, sl,sg,ﬁ) be a bi-simple modification of the 2-
pointed curve (Xo, Pi, Py) over an affine By-scheme T. Let L be a line
bundle on'Y and \ a section of L such that )\|y><TSpecC #0 forvteT.
Put M := O(—s1—55) @ (prioh)*O(P,+ Py) and p the canomcal section
defined in Definition 6.3(b). Assume that LI, speccm M|yszpec<C(t)
for ¥t € T. Then there is a unique isomorphism L ~ M in which A
and p corrspond.

Proof. We may assume that T is of finite type over By. We have that
Op = (pryoh).Os (cf. Lemma3.9 of [K2]). If we have two isomorphism

o L — M (i =1,2) with a;(\) = p, then oy 0 a7t is (pry o h)*(a)-
multiplication for some a € Or. We have the commutative diagram

Or = (pryo h), O3 Loroh). ), (pry o h).M
(6.4) ’ lxa

(pra 0 h).O5 (pry o h) M.
Since dimH* (M5, speecy) = 1 a0d p]5, speccy) # 0 for vt € T,

(pry o h), (1) is an isomorphism by base-change theorem. So a = 1,
which proves the uniqueness. By the uniqueness it suffices to prove
the lemma locally on 7. Moreover it suffices to prove that, for any
closed point ¢ € T, there is a Zariski open neighborhood U C T such
that L|,,on)-111) = Mlprpoiy-10y- 10 fact, if so, we can adjust the

(prooh)« (1)

isomorphism so that A and i correspond because (prz o h).(\) : Op —
(pry o h),.L and (pry o h).(p) : O — (pra o h),M are isomorphisms.

Claim 6.8.1. If T" = SpecA, where (A, m) is an artinian local C-algebra
with C = A/m, then the lemma holds.

Proof of Claim 6.8.1. We prove the claim by induction on [ = dim¢ A.
If I =1, by assumption the calim is true. If [ > 1, let I C A be an ideal
of length one and put 7" := SpecA/I and )’ := Y x+T". By induction
we have L|5, ~ /\/l|y, in which A[5 and pl correpond. £ and M are
two extensions over Y of the line bunle £|y,( M|3) on Y'. Their
difference is expressed by an element e € H' () x 7 SpecA/m, O). Since
the sections Al5 and pu[5; extend over V', we have e - (K5 x pspecam =0
in HY(Y xr SpecA/m, M5, 1 specajm)- Since HY(Y x 1 SpecA/m, 0) &
H' (Y xrSpecA/m, M|5, g cca/m) 18 bijective, we have e = 0, by which

we have £ ~ M. Adjusting this so that A and p correspond, we prove
the claim. O
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Take a closed point t € T. Since (pry o ﬁ)*Homoj(ﬁ,M) Roy,
OTt = hmHomON (ﬁ Ko OT/m”,./\/l Ko OT/‘(TI”), by the

Y xSpecO/m™
above claim we can find ¢ € (pry o h),Homo, (£, M) ®o, O, such
that ¢ ®o, Or/m : ‘C|§><TSpec(’)T7t/m — M|$szpecOT,t/m is an isomor-
phism. Extending ¢ over some Zariski open neighborhood of ¢, we
complete the proof of the lemma. O

Proposition 6.9. We have an isomorphism of By-groupoids
GSLyB(Xo;Po)® = GSLyBD(Xy, Py, Pa; Py)©.

Proof. Tt suffices to establish the isomorphism over the full subcategory
of affine schemes of finite type over B. N N
Construction of ®: G'SLyB(Xy; Po)® — GSLyBD(Xy, Pr, Py; Py) .

Let T be an affine scheme of finite over By and let () LA Xy X

T,E,N2E S (pr1 o h)*Py) be an object of G'SLyB(Xo;Po)?(T). Let
Iy C Y be as in the paragraph 6.2. In our situation Il is a section over
T. Let Y % Y be the blowing-up along Ily. It is easily checked that
y is flat over T and that there is a unique morphism h y — XO x T
satisfying (n x idy)oh = hog.

j}VL)X()XT

(6.5) gl lnxid
Yy s XyxT

g 1(TIy) consists of the disjoint two sections s; and sy over T such that
hos; = (P;,idr). Then (i~z LY — )?0 x T, s1,82) is a bi-simple modi-
fication of ()?0, Py, P,) over T. Put £ = g*E. Let & be the composite
of natural isomorphisms s*{g: s19°€ > IGE ~ s39"E ~ 335 We have
g5 (8) : A2E ~ g* A2E — g*(prioh)* Py ~ (prio h)* Py, which induces a
morphism A : Oy — (A A2E)Y @ (pry o h)*Py. By Lemma 6.8, there is a
unique 1somorphlsm M= 0(=s1 —$2) ® (pr1 o h)*O(P, + P) =
(A2E)Y @ (pri o h)*Py such that A corresponds to the canonical sec-

tion p of M. Since A is a pull-back of the morphism on Y, the dia-
gram (©) in Definition 6.7 commutes. These data define an object of

GSLyBD(Xo, Py, Po; Po)O(T). _
Construction of\IJ.GSLQBD(Xo, Py, Py; Py)Y) — GS Ly B(Xo; Po)

Given an object ((yi)?oxT S1,52), g, slg—> SsEm O(=s1—52)®
(prioh)*O(P+Py) = (A2E)V® (prloh) Po) of GSLyBD(Xo, Pr, Pa; Py)©

let g : ;)7 — Y be a cokernel of T’ = y. There is a unique 7-morphism
52
h:Y — XoxT with hog = (nxidr)oh. Put Il := gos; and

(D),
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o F ot~
& = Ker(g.€ b, s5€). The commutativity of the diagram (Q) in
Definition 6.7 induces a morphism O — (A2€)Y ® (pry o h)*Py, which
gives ¢ : A’ — (pry o h)*Py.
We can see that the construction ® and ¥ commute with isomor-
phisms and base changes and that they are inverses to each other. [

Proposition 6.10. We have an isomorphism of By-groupoids
GSLyBD(Xo, Py, Pa; Po)© v~ KSL(0" Funiv: 04 Funiv)-

Lemma 6.11. Let S be a locally noetherian scheme, and let m:C — S
be a proper, flat morphism with connected geometric fibers of dimension
one, and let s : S — C be a section over S such that s(S) is in the
smooth locus of w. Let (C', f, 7', s") be a simple modification of (C,m,s)
(cf. Definition 5.1 of [K2]). Letn > 1 and 1 < d < n, and let £ be a
rank n vector bundle on C' that is admissible of degree d for (C', f,m,s")

(cf. Definition 7.1 of [K2]). Put N := (f*Oc(s))(=5'), N := "N and
&N

= (f.€'(=5))(s). Let g:s*E =5 s*F be the bf-morphism of rank
n—d constructed in §7 of [K2]. Then there ezists a unique isomorphism
p: AE S fHAMF) @ N™% such that s™(p) = A"g (See §6 of [K2] for
the definition of N"g).

Proof. By Lemma 7.6 of [K2], for Vo € C there exists an open neigh—
borhood U of # and an isomorphims a : &'| -1y — (N~ )@d@O@ -
Let 3 be the composite of isomorphims

bd v Pn—d
Flo = f(E@N)|y — 0@ (f.(N)]y)er—t LD pedgoen—d

where v is the canonical section of N'. We define p|s-1¢ry : A"E'| -1y —
FHANF) QN p=11r) by (A"a) o (f*(A"3) @idp—-a)~t. One can check
that p| ;-1 is independent of the choice of a. Therefore we have glob-
ally an isomorphism p : A"E" = f*(A"F) @ N~4. s*(p) = A"g follows
from Lemma 7.5 of [K2]. The uniqueness follows from the isomorphism

W/(Oc/) = S/*OC/. ]

Proof of Proposition ¢.10. Construction of
GSLZBD(XO7 P17 Pg, 7)0)(0) éKSLQ(Ulfunwa *fumv)
Let T be an affine By-scheme. As in the proof of Proposition 6.9,

we may assume that T is of finite type over By. Let ((j)v LR X X
T, 51, 53), g, slg—> s5E,m: M= O(— 31—52)®(p7"10h) O(P1+P2)
(A2E)Y @ (pry o h)*P,) be an object of GSLZBD(XO, P, PQ,PO) (T).

Let p1 be the canonical section of M. Put F := h,(EQ@ M), M; := s M
and p; := s;(p). Then by §7 of [K2], we have bf—morphlsms of rank
QOM;

one q; : sfg 2 (B, idy)*F. Taking ¢ into account, we have diagram

(),
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3’{5 3 335

®M1( /§®M2

(Pl,ldT) F (PQ,ldT) F.
By Lemma 6.11, we have the natural isomorphism A2F ~ h, (/\25 ®/\/l)

Combining this with %, (1)), we have the isomorphism ¢ : A2F =5 priP,
such that (P;,id7)*({) is the composite

aq (8%

A2(Pid)* F 222 (A255E) @ M,

57 (n®id 25
SO 1 (pry 0 BBy = (P i) priPo,

There is a unique isomorphism v : M; — M5 such that the composite

(Py,idg ) priPy L O (p a0y A2 F

N

Ao 28 0

2 ~
(/\_2(12)_1

D), NPy idy)

Py idr)* -
M (PQ,ldT) p?”lpo

is the canonical morphism. Moreover by the diagram (©), we have
v(p11) = pz. The admissibility of the pair (€, £) implies that NZ,Ker(s:& —
(P;,idr)*F) = {o}. Therefore these data give an object of K'.SLy(05 Funivs 04 Funiv) ().
Construction of K'SLy(07 Funiv, 05 Funin) — GSLaBD (X, Pi, Py; Py)©
Take an object of K.SLy(05 Funiv, 03 Funiv)(T), that is, the following
data.

a 2-bundle F on )?0 x T N

an isomorphism ¢ : A2F = priPo;

two line bundles My, My on T and their sections 1, po;
an isomorphism v : M; = M, satisfying v(p1) = pi2;
two line bundles Ey, F on T

an isomorphism ¢ : By = Fy;
QM1
e two bf-morphisms «; : B; —> (P, idp)*F,i=1,2

=

such that
(6.6)
¢ (Ker(Ei[t] — (Pr,idr)*Ft])) NKer(Ey[t] — (P2, idr)* F[t]) = {o},
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and the diagram

N E, @ M, ANeoy, N2Ey @ M,
AQalT T/\Zag
(6.7) NX(Py,idr)* F N2(Py,idr)* F
(Pl,idﬂ*(ol J(Pg,idT)*(o

canonical isom.
Il

(Pl, idT>*p7"*ﬁ0 (P27 idT)*pT*ﬁ()
commutes. Making use of the bf-morphisms oq and s, we obtain a
bi-simple modification h )/ — XO x T, s1,$2)

Xo Xp, T
pra o h
P1 X ld
51,52 P2 x id
plus isomorphisms ¢; : s M — M, Wlth e;(p) = p; by 85 of [K2|, where

M = O(—s1—52)® (pr1 oh)*O(P; 4 P,) and w is the canonical section
of M. By Construction 7.1 in [K2], there exists a 2-bundle Eon)
together with isomorphisms A, (5 ® M) ~ F and s} £ ~ E; such that
they give rise to the bf-morphisms «;. & and the isomorphisms are
unique up to unique isomorphism by Lemma 7.7 of [K2]. By Lemma
6.11, we have a unique isomorphism 3 : M = (A28)Y ® A2R*F such
that s7(8) ®1,.5 = m ® (A’ey). Put i := (Lr2gyv @h*(()of: M =
(N2E)Y @ (prioh)*Py. € : By = E, induces the isomorphism st€ = s3E,
which, by abuse of notation, we denote also by . Then by (6.6), (g ,€)

is admissible for the above bi-simple modification. The diagram (6.7)
implies the commutativity of the diagram (©) in Definition 6.7. Thus
these data give an object of GSLyBD(Xo, Py, Py: Po)O(T).

One can check that the above constructions commute with isomor-
phisms and base-changes and that they are inverses to each other. [J

Sketch of proof of Theorem 6.5. The proof is analogous to that of The-
orem 6.4. Here we shall just give ® : G'S Ly B(Xo; Po)md
and leave the construction of its inverse to the reader.

Let T be an affine scheme of finite type over By. Take an object
(h:Y — XoxT,E,8 : N2 — h*Py) of GSLyB(Xo: Po)\(T). By
the definition of GSLQB(XO;PO)ﬁ)d, (pro o h)|m, : II; — T is an iso-
morphism, where II; is the one described in the paragraph 6.2. Let
g: 37 — ) be the blowing-up along II;. Let h j} — )Afo x T be such
that (n x idy) o h = hog. g~ '(II;) consists of two sections of Y — T,
and let § be one of them such that h o § = (Py,idy). Put € = ¢g*€.

- PGl(Tl* UNIV 9 7—2* um’v)
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Then by Proposition 8.6 of [K2|, we have a family of nodal curves

Z -, T over T with a section s’ and a T-morphism f5 : 37 — Z and
fi: Z2— X, x T such that f2 is a simple modification of (Z, 7', s’) and
that f; is a simple modification of (5(0 x T, pro, (P3,id7)) and that £ is
admissible of degree one for (Z, 7', s") (See Definition 7.1 of [K2]). Then

Constructions 9.1 and 9.2 of [K2] give a 2-bundle F on Xy x T" and bf-
®(L13A1) ®(Lo3>Xo)
morphisms ¢, : (P, id7)*F 55 Fiand go: F1 = (Py,idp)*F.
Since (prg o h)|n, : o — T is also an isomorphism by Corollary
5.9, we have Ao = 0. Moreover, if we let M be the line bundle
(prio fio [2) Ox (P + P2) ® f;0z(=5) ® O5((P1,1dr)(T)) on Y
and p be its canonical global section, and A be the global section of
(A2E)Y @Rh*Py induced by §, then just as Lemma 6.8 we have the unique

isomorphism
(6.8) (N2E)Y @ h*Py ~ M
in which g#()\) and p correspond. The isomorphism (6.8) and Lemma

6.11 give the isomorphism A2F ~ pri(Py @ O(—P; + P)). These data
determine an object of PGIU(Ti Wanivs T3 Waniv) (T). O

7. APPENDIX

In this appendix, we gather several propositions that are used in this
paper.
Proposition 7.1. Let k be a field. Let A be a complete noetherian local
k-algebra with maximal ideal i such that k = A/u. Let A [resp. A]
be the category of artinian local A-algebra [resp. complete noetherian
local A-algebra] having residue field k. Let F be a functor from A to
the category of sets. Assume that

(a) F has a hull,

(b) for any ideal J of A with u > J D p? and dimy p/J = 1, we

have F(A/J) = ¢.

Assume that we are given S € A and hg(:= Hom(S,—)) > F such
that

(i) as a k-algebra, S is a ring of formal power series over k,

(ii) hst(;EAéﬂ_)[g]) ~ F((A/p)le]), where (A/p)le] is the AJu-algebra

Then hg — F is a hull.

Proof. By (a) we can find a hull hy 2 F, where R € A. Then we have
a morphism ¢ : R — A in A such that vo h, = u, where hy, : hg — hpg
is the morphism induced by . Let m, n be the maximal ideals of R
and S, respectively. By (ii), the morphism m/uR + m?> % n/uS +
n? induced by ¢ is an isomorphism. By (b) Homyjpep_ay(R,A/J) =
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Homype A—aiy(S, A/ J) = ¢, for any ideal J of A as in (b). This implies
that pR C m? and S C n?. Therefore ¢ induces the isomorphism ¢ :
m/m? — n/n% By (i), there exists a local k-algebra homomorphism @ :
S — R such that the induced morphism 6 : n/n? — m/m?is ¢~!. Then
0 is surjective and ¢ o 0 is bijective. Hence ¢ is an isomorphism. [

Lemma 7.2. Let R be a commutative ring with identity. Let f € R
and let R be the (f)-adic completion of R. Then for any R-module M,
the complex

(7.1) M (Mo R)e M, 5 Moy R,

is exact, where a(m) := (m ® 1,m) and f((m ® a, f%)) =m®a-—
m' ® fLN Moreover either if M is f-regular, or szAi is flat over R, then
« 18 1njective.

Proof. Put T := Ker(M — My), My/M := Coker(M — M;y) and
M := M/T. Then we have the natural morphism M;/M ~ M;/M.

Since M is f-regular, by Lemme 3(a) in [BL], we have Torf(R, M;/M) =

0. Hence we have the exact sequence
(7.2) 0— (M/T)®r R— My @ R — (M;/M)®r R — 0.

Consider the commutative diagram
(7.3)
O— T — M — M — M/ M

g l ! !

—>O

ToprR —2> M®y R —— M;®p R —— (M;/M)®r R —— 0,

in which both top and bottom rows are exact. By Lemme 1 in [BL],
¢ and v are bijective. This and diagram chasing prove the first part
of the lemma. If M is f-regular or if R is R-flat, then € in the above
diagram is injective. This implies the latter part of the lemma. U

Proposition 7.3. Let k be a field. Let X be a scheme of finite type
over k and of pure dimension one. Let P, (1 < i < N) be closed
points of X such that U := X — {Py,..., Py} is affine. Let mp, and
mp, denote the mazimal ideal of Ox p, and (/D\X’Pi respectively. Put
Q; = H°(SpecOx.p, — {mp,}, 0) and Q; := H(SpecOx p, — {fip,}, O).
For a quasi-coherent sheaf F on X, we hcwe natural morphzsms pz :
HY(U, F) — Fp, ®op, Ql and v; : Fp, ®op, Op — Fp, Qop, Qp
define the complex Ce (F) of k-vector spaces as follows. C’O(}") =
H(U, F) @ &L, (Fp, Qop, Op) and CY(F) = &N (Fp, Rop, Q,) and
C™(F) =0 form # 0,1. d° : C°F) — CHF) maps (sy, (s;)X,) €
COUF) to (pi(sy) — vi(s:)X, and d™ =0 for m # 0. Then
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() If0 - F — F — F" — 0 is an exact sequence of quasi-
coherent sheaves, we have a long exact sequence of cohomologies
H™(C*(—)).

(2) For a quasi-coherent sheaf F, we have an isomorphism H™ (X, F) —
H™(C*(F)) that is functorial in F and compatible with long ex-
act sequences.

Proof. (1) follows easily from the flatness of 6]31. and @; over Op,. We
have the natural morphism H°(X, F) — H(C*(F)). Let f; € mp, be
such that Ox p,/(fi) is artinian. Then we have the isomorphisms @; ~
(Ox.p,)s, and @, ~ (6X7pi)fi. Then applying Lemma 7.2, we know
that H°(X, F) — H°(C*(F)) is bijective. To establish an isomorphism
HY(X,F) — HY(C*(F)), it suffices to prove H'(C*(F)) =0 if F is a
flasque quasi-coherent sheaf. Suppose F is flasque. Then Fp, — FQo,,
Q; are surjective, hence so are v; (1 < ¢ < N). Hence H'(C*(F)) =
0. U
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