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Abstract

A characterization is given to the distance between subtrees of a tree
defined as the shortest path length between subtrees. This is a general-
ization of the four-point condition for tree metrics. For this, we use the
theory of the tight span and obtain an extension of the famous result by
A. Dress that a metric is a tree metric if and only if its tight span is a
tree.

1 Introduction

Recently, mathematical treatments of phylogenetics have come to be increas-
ingly important; see [2],[11]. The central problem in phylogenetics is recon-
structing phylogenetic trees from given experimental data, e.g., DNA sequences.
If the data is given as a distance matrix expressing dissimilarity between species,
the problem is to search for a tree metric that “fits” the given distance matrix.

For a finite set X and a distance d : X x X — R with d(z,z) = 0 and
d(z,y) = d(y,z) > 0 for z,y € X, d is said to be a metric if it satisfies the
triangle inequality, and a tree metric if there exists some weighted tree such
that d can be expressed by the path metric between vertices of the tree. One of
the most fundamental theorems in phylogenetics is the characterization of tree
metrics.

Theorem 1.1 ([14][12][3][4]). A metric d is a tree metric if and only if it
satisfies the four-point condition

Vl‘)y? Z7w E X7 |{"I:7y7z7w}| = 47
d(z,y) + d(z,w) < max{d(z, z) + d(y,w), d(z, w) + d(y,2)}. (1.1)

In this paper, we generalize this characterization for the distance between
subtrees of a tree. We define the distance on subtrees of a tree by the shortest
path length between subtrees (see Figure 1).

Our main result is as follows:
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Figure 1: Shortest path lengths between six subtrees of a tree

Theorem 1.2. A distance d can be expressed as the distance between subtrees
of some tree if and only if it satisfies

Vl"y’Z’weX, |{"I:7y7z7w}|:47
d(z,y) +d(z,w) <
d(z,z) +d(y,w), d(z,w) +d(y,z), d(z,y), d(z,w),
d(z,y) +d(y,2) +d(z,z) d(z,y) +d(y,w) +d(w,)
max 2 ? 2 ? (12)
d(z,z) + d(z,w) + d(w,z) d(y,z) + d(z,w) + d(w,y)
2 ’ 2

If d satisfies the triangle inequality, then it can be verified that (1.2) coincides
the four-point condition (1.1) (see Remark 2.5). Hence (1.2) is a generalization
of the four-point condition.

For the proof of Theorem 1.2, we use the theory of tight span, which was
discovered independently by J. R. Isbell [10], A. Dress [6] and M. Chrobak and
L.L. Larmore [5] and developed by A. Dress and coworkers [8]. Whereas tight
span has so far been considered essentially for a metric, we need to consider the
tight span for a distance that may violate the triangle inequality.

This paper is organized as follows. In Section 2, we prepare definitions and
notation, and present a more general version of Theorem 1.2. In Section 3, we
give the proof of the theorems.

2 Definitions, Notation and Results

2.1 Distances and partial splits

Let X be a finite set. A function d : X x X — R is said to be a distance on X if
d satisfies d(z,x) = 0 and d(z,y) = d(y,z) > 0 for z,y € X. A distance d is said
to be a metric if, in addition, d satisfies d(z,y) < d(z,z)+d(y, z) for z,y, z € X.
For A,B C X with ANB = and A, B # ), an unordered pair {4, B} is called
a partial split on X. If a partial split {A, B} satisfies AU B = X, then {4, B}
is called a split on X. For a partial split {4, B} on X, we define a partial split



distance Cra,By : X X X = R by

1 fx€eA yeBorye A, z€B

C{A,B}(w,y) = { 0 otherwise. @1

Note that (;4 B} is not a metric if AU B # X and is a metric, called a split
metric, if AUB = X. A pair of partial splits {4, B} and {C, D} on X is said
to be compatible if it satisfies one of the following four conditions:

ACCand BD D,

ACDand BDC,

ADCand BC D,

ADDand BCC.

NN NN
T = W N

(2.2)
(2.3)
(2.4)
(2.5)

A collection of partial splits S is said to be compatible if any pair of partial
splits in S is compatible. Note that if S consists of splits, then compatibility in
our sense coincides with compatibility of splits in the standard definition; see

(3], 2], [11].

2.2 Graphs

For a weighted graph G = (V, E,w) with a vertex set V', an edge set E, and a
positive weight w : E — R representing edge lengths, Dg : V x V' — R denotes
the path metric on G defined by the shortest length of a path. We also denote
vertices of G by V(G) and edges of G by E(G).

2.3 Tight span of distances

Next we introduce tight span and related concepts. For a distance d : X x X —
R, a polyhedron P(X,d) C R¥ associated with d is defined as

P(X,d) = {f € RY | f(z) + f(y) > d(z.y) (z,y € X)}. (2.6)

The tight span T'(X,d) is defined to be the union of bounded faces of P(X,d),
or equivalently,

T(X,d)={f e R |Vz € X, f(z) = max{d(z,y) — f(y)}}- (2.7)

The dimension of T'(X, d) is defined to be the maximum dimension of bounded
faces of P(X,d). As indicated by [6, Remark 5.4, p.370], dimT'(X,d) can be
characterized as follows, whether d is a metric or not.

Theorem 2.1 ([6]). For a distance d : X x X — R and a positive interger n,
the following two conditions are equivalent.

(a) dimT'(X,d) > n.

(b) There exists 2n set {x1,T_1,%2,T_2,...,Zn,T_n} C X such that
D dwi, i) > Y dwi, wem) (2.8)
i€l iel

holds for any permutation o of I = {£1,+2,...,£tn} not satisfying o (i) =
—i foralli € 1.



In the appendix, we give a simple proof of Theorem 2.1 based on the standard
arguments in linear programming.
Let ¢t4 : X — 27(X4) be defined as

t'(z) =T(X,d)n{f e RY | f(z) =0} (z € X), (2.9)
which is also the union of the bounded faces of

{f eRY | f(y) + f(2) > d(y,2) (y,2 € X), f(z) =0}, (2.10)

Note that both T'(X,d) and t?(x) are contractible.

We define a weighted graph G(d) by the 1-skeleton of T'(X, d) endowed with
Il ||oo norm of RX. For z € X, let g?(x) be defined by the graph corresponding
the 1-skeleton of t¢(z), which is a connected subgraph of G(d).

The following shows that in the case that d is a metric, t?(z) is a single point
of T'(X,d) that coincides with the canonical map X — T'(X,d).

Lemma 2.2. If d is a metric, then we have t*(z) = {h,} for * € X, where
h. € RX is defined as

he(y) = d(z,y) (y € X).

Proof. Let f € t%(x). Then we have f(z) > d(z,z) for z € X since f(z
Fory € X, by f € T(X,d), there exists w € X such that f(y)+ f(w) = d(y,w
By the triangle inequality, we have d(y, z) + d(w,z) < f(y) + f(w) = d(y, w)
d(z,y) + d(z,w). Hence we obtain f(y) = d(z,y). O
2.4 Results

We present a more general version of Theorem 1.2 below, which is also an
extension of (a finite dimensional version of) the result of A. Dress [6] that a
metric is a tree metric if and only if its tight span is a tree.

Theorem 2.3. For a distance d : X x X — R, the following conditions are
equivalent.

(a) There exist some weighted tree T and a family of its subtrees T, (v € X)
such that

d(z,y) = min{Dr(u,v) |u € V(T,),v € V(T,))} (z,y€ X). (2.12)

(b) There exist some compatible collection of partial splits S on X and a
positive weight a : S — R such that

d=>" as(s. (2.13)

(c
(d
(

) G(d) is a tree.
)

e) dm7T(X,d) =
)

T(X,d) is a tree.

(f) d satisfies the condition (1.2).



The essential part of the proof of Theorem 2.3 relies on the following, which
is an extension of the fact that finite metric space (X,d) can be isometrically
embedded into (T'(X,d),|| - ||c) and realized by the 1-skeleton of T'(X, d) [6].

Theorem 2.4. For a distance d : X x X — R, the following holds.
(1) d(z,y) = inf{[|f — gllec | f € t*(2),9 € t'(y)} (z,y € X).
(2) d(w,y) = min{Dega)(u,v) | u € V(g(2)),v € V(g?(y))} (a,y € X).

Remark 2.5. We show that the condition (1.2) reduces to the four-point con-
dition (1.2) for a metric d. From the triangle inequality, we have

dlw,y) < 3{d(w,2) +d(z0)} + 3w w) +dwg)} (@219)
This implies that d(z,y) < max{d(z, z) + d(y,w),d(z,w) + d(z,y)}. Similarly,
{d(e,y) +d(y, 2) + ()12 < (o, 0) +dw, )+, )+, 0)} /2 (215
implies
(o) + d(y, 2) + d(z, )} /2 < max{d(z, ) + dly,w), d(z,w) +d(y, )},

Remark 2.6. Every 3-point distance can be expressed as Theorem 2.3 (a).
Let d : {1,2,3} x {1,2,3} — R be a distance on {1,2,3}. If d is a metric,
then it is well known that d is a tree metric. Suppose that d does not satisfy
the triangle inequality, say d(1,2) > d(1,3) + d(2, 3). Consider a weighted tree
T = ({i,j,k, 1}, {ig, jk, kl}, w) with edge length w;; = d(1,3), wjr = d(1,2) —
d(1,3)—d(2,3) and wy; = d(2,3), and a family of its subtrees {T1 = ({i},0),T> =
({7, k},{jk}), T5 = ({I},0)}. Then they satisfy (2.12).

Remark 2.7. The split decomposition, due to Bandelt and Dress [1], has been
extended in [9] for distances using partial split distances. A distance between
subtrees of a tree, considered in this paper, is one of the examples of totally split
decomposable distances in the sense of [9].

3 Proofs

In the following, let X be a finite set and d : X x X — R be a distance on X.
For a set S, we denote by xs the characteristic vector of S defined as: xs(z) =1
if # € S and 0 otherwise. In particular we write simply X, instead of x,} for
a singleton {z}.

3.1 Preliminaries

For f € P(X,d), we define an undirected graph K(f) = (X, E(f)) by

vy € B(f) &5 f(2) + f(y) = d(z,y) (,y € X), (3.1)

where for z,y € X, xy denotes an unordered pair, which means that xy and yx
are not distinguished from each other. Note that E(f) may contain loop edges,



like zz for € X. Let F(f) be the face of P(X,d) that contains f in its relative
interior, which is also the set of solutions to the linear inequalities

{ p(z) +ply) = d(z,y) (zy € E(f)),
p(z) +py) > d(z,y) (zvy & E(f)).

By the same argument in the case that d is a metric [7], it is easy to observe
that

(3.2)

feT(X,d & F(f)is bounded (3.3)
< K(f) does not have isolated vertices (3.4)
& Ve X, f@) =ma{f) —dwy)k ()

For a connected graph (X, E), we observe

[ 1X]—=1 if (X, E) is bipartite,
rank{x. + xy | vy € E} = { X if (X, E) is nonbipartite, (36)
where loops are regarded as odd cycles. Therefore, if f € T(f), we have
dimF(f) = |X|—rank{x.+xy |2y € E(f)} (3.7

= the number of bipartite components of K (f). (3.8)
In particular, we have

F(f)isanedge < K(f) has only one bipartite component, (3.9)
F(f)isavertex < K(f) is nonbipartite. (3.10)

The dimension of T'(X,d) is given by

dimT(X,d) = ; %1(3,;( d){the number of bipartite components of K (f)}. (3.11)
ET(X,

3.2 Proof of Theorem 2.4

Let D1,D> : X x X — R be defined as

D (z,y) inf{||f — glloo | f € t(x),9 €t (y)} (2,y € X),
Dy(z,y) = min{Dg(qg)(u,v) |ueV(g'(x)),v e V(g"®)} (z,y€ X).

Lemma 3.1. d(z,y) < Di(z,y) < Da(x,y) holds for z,y € X.

Proof. For any f € t%(x), g € t%(y), we have

f(z) =0, f(y) > d(z,y), g(z) > d(z,y), g(y) = 0. (3.12)

Hence we have ||f — g|loc > d(z,y). We may identify the graph G(d) and
the 1-skeleton of T'(X,d). Let (fo,f1,...,fm) be a path of G(d) with f, €
V(g¥(z)) and f, € V(g%(y)). Hence the length of the path (fo, fi,..., fm) is

Yito' lfi = fertlloo 2 11 fo = finlloo > Di(a,y)- .



In the following, we construct the path in G(d) from V(g¢(z)) to V(g%(y))
with its path length d(z,y). That implies Theorem 2.4.

First, we take a vertex of t?(z). Let X = {z; = 2,22 = y,Z3,...,Tm }.
Then, by a simple inductive argument, f € RX defined as
fl@) = 0,
fle) = max(0, max (dom) ~ f@) (=2....,m)

is a vertex of t(y). In particular, we have zz, 2y € E(f), f(y) = d(z,y), and
f(@) =0,

Next we try to move f toward ¢t¢(y) through edges of T'(X,d). If yy € E(f),
then we have f € t%(y) and Dy(x,y) = Di(z,y) = 0 = d(z,y). Hence we

suppose yy & E(f), ie., f(y) > 0.
Let S, C X be a stable set of K(f) constructed according to the following

process, where for SC X, I'(S) = {z € X\ S |Fw e S, zw € E(f)}:
(S0) Sy = {y}-
(S1) If there is no loopless vertex in I'(S, UL'(Sy)), then output S, and stop.
(S2) Take a loopless vertex z € I'(S, UL'(S,)).
(S3) Sy < Sy U{z} and go to (S1).

By this construction, we see that the graph

Gs, = (S, UT(Sy),{zw | z € Sy,w € T(S,)}) (3.13)

is a connected bipartite graph. Furthermore, let €9 > 0 be defined as

[ min (FG) + f) — d(z )2
o =i £+ f(w) — d(z,w) (19

min
2€Sy,wgSyU'(Sy)
and for € > 0, let f¢ € RX be defined as

fe=f+elxres,) — xs,)- (3.15)
Then it is easily seen that
(1) f< € T(X,d) for 0 < e < e,
(2) K(f°) has one bipartite component Gg, for 0 < € < ¢, and
(3) K(f€) is nonbipartite.

Hence the move f — f is on the edge of T(X,d), f¢ is a vertex of T'(X,d),
and we have

1F°¢ = flloo = £ (2) = f(x) = f(y) = F°(y) = 0. (3.16)

Put f; = f° and repeat this process for f;. Then we have the path (f =
fos f1, f2,.-.) of G(d). By (3.16), we have fo(y) > fi(y) > ---. After finitely
many steps, we have f;(y) = 0, fi(z) = d(z,y), and f; € t?(y). Therefore the
path length of (f = fo, f1, fa,-., i = 9) Is g lfirr = filloo = f(y) —9(y) =
g9(x) — f(z) = d(z,y).



3.3 Proof of Theorem 2.3
We prove Theorem 2.3 by showing the following:

(@) < (o) <« (d)
3 3 (3.17)
) = () & (o)

(¢) < (d) is obvious. (a) < (c) follows from Theorem 2.4. (d) & (e) follows from
the contractibility of T'(X,d). (f) < (e) follows from Theorem 2.1. Therefore,
we need to prove (a) = (b) and (b) = (f).

(a) = (b). Deletion of each edge e of T separates T into two trees T and
TB. From this, we have a disjoint pair {4, B} defined as

A, = {x € X |T, is a subtree of TA}, (3.18)
B, = {x€ X |T, is asubtree of TP}. (3.19)

For two edges e, f € E(T), we may assume that T is a subtree of TJ{‘ and TfB
is a subtree of T2. This implies the compatibility of {4., B.} and {Ay, Bs}.
Hence we define the compatible collection of partial splits S on X and its positive
weight o : § = R by

S = {{4.,B.}|e€ E(T), {Ac, B.} is a partial split}, (3.20)
aga..B,y = thelength of edge e . (3.21)

Let d' =} g.5as(s. Weshowd =d'. Let e € E(T) be an edge with {A., B.} €
S. For z € A, and y € B, any path between T, and T, must contain e. This
implies d > d'. Next we show d < d'. For z,y € X, if T,, and T, have a common
vertex, i.e., d(z,y) = 0, then there is no edge in T that separates T, and Ty,.
Hence we have d(z,y) = d'(z,y) = 0. Suppose that d > 0. Let e € E(T) be an
edge of the shortest path between T, and T),. Neither T} or T}, contains the edge
e. Since both T, and T, are trees, it must bex € A., y € Beory € A., x € B..
Hence we have {A., B.} € S. This implies d < d'.

(b) = (f)- It is sufficient to show this in the case that d is a distance on
4-point set. For this, we classify maximal compatible families of partial splits
on 4-point set {1, 2, 3,4}. All partial splits on {1,2,3,4} are listed below, where
we denote a partial split {{1,2}, {3}} simply by 12|3:

S1):

S2): 1234, 13|24, 23|14,

S3):

S4): 1(23, 2(13, 3|12, 124, 2|14, 4|12, 1|34, 3|14, 4|13, 2|34, 3|24, 4/23.

1)234, 2|134, 3|124, 4/123,

(
(
( 112, 113, 1[4, 2{3, 2[4, 3[4,

(

The next proposition shows that maximal compatible families of partial splits
on {1,2,3,4} are classified into six types. We illustrates this six types and their
tree representations in Figure 2, where the line corresponding to a partial split
{4, B} separates points of A and B and meets points of {1,2,3,4} \ AU B.
Two families of partial splits S; and S; on X are said to be isomorphic if

there exsits some bijection o : X — X such that S» = {{0(4),0(B)} | {4,B} €
Si}.
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Type2 Type3d
1 3 1 3
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Figure 2: All types of maximal compatible families of {1,2,3,4} and their tree
representations

Proposition 3.2. Any mazimal compatible family of partial split on {1,2,3,4}
is isomorphic to one of the following:

Type 1: {1|234,2|134, 12|34, 3|124, 4|123},
Type 2: {1]234,2|134, 12|34, 12|4, 4/123},
Type 3: {1]234,1|34,12|34, 12|4, 4123},
Type 4: {1|234,1|34, 1|4, 13|4, 4123},

Type 5: {1]234,1|34, 1|4, 12|4, 4123},

Type 6: {1]23,2|13, 3|12, 1]234, 2134, 3|124}.

Proof. For afamily of partial splits S’, the incompatibility graph of S' is defined
to be a graph whose vertex set is &’ and edge set is

{ST| Se€& and T € §' are not compatible}. (3.22)

Then §'g C S’ is compatible if and only if S’y is a stable set of the incompati-
bility graph of S’.

Let S be a maximal compatible family of partial splits on {1,2,3,4}. Sup-
pose that S has a partial split of (S2), say 12|34. The set of all partial splits
compatible to 12|34 is given by

Sy = {12]34,1]234,2|134, 3[124, 4/1123, 1|34, 2|14, 12/4, 12/3}. (3.23)



2134 1|234 3| 124 4|12 1] 24 2| 14 2|14 2113

3| 124
) ° ° ° 1| 234@ °
12|34 11234 | 1|2 2| 134 1] 23
2| 134

1|34 2|134 4]123 3|12 1] 23 2|13 3114 3|12
(a) (b) (c)

Figure 3: Incompatibility graphs

Then the incompatibility graph of S; is (a) of Figure 3. From maximal stable
sets of this graph, we see that S is of Type 1, Type 2, or Type 3.

Suppose that S has a partial split of (S3), say 1|2. The set of all partial
splits compatible to 1|2 is given by

Sy = {1]2,1]234,2|134, 1|24, 123, 2|34, 2|13}. (3.24)

Then the incompatibility graph of Ss is (b) of Figure 3. From maximal stable
sets of this graph, we see that S is of Type 4 or Type 5.

Suppose that S has no partial splits of (S2) and (S3). If S consists of partial
splits of (S1), S is not maximal compatible. Suppose that S has a partial split
of (54), say 1]23. The set of all partial splits of (S1) and (S4) compatible to
1]23 is given by

Sy = {1)23,2|13, 3|12, 1|234, 2134, 3|124, 2|14, 3|14} (3.25)

Then the incompatibility graph of Ss is (c) of Figure 3. Hence all maximal
stable sets of this graph are

(1) {1]23,2|13,3|12, 1|234,2|134, 3124},
(2) {1]23,2|14, 1|234,2|134}, and
(3) {1]23,3|14, 1|234, 3[124}.

Neither (2) nor (3) is maximal compatible. Hence S must be (1) and is of Type
6.
O

Finally, we can easily confirm the condition (1.2) for each type in Proposi-
tion 3.2.
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A Appendix

Proof of Theorem 2.1

Our proof is based on the fundamental duality principle in the theory of linear
programming; see [13] for example for linear programming.
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Lemma A.1. Let A= (a; as ... a) be an n X m matriz with n-dimensional
column vectors {a; | i = 1,2,...,m} C R". Forb e R", consider the polyhedron

Q={ueR™| Au=b,u > 0}. (A.1)

Then u € Q 1is a vertex of Q if and only if vectors {a; | u; > 0} are linearly
independent.

Let Ex denote the set of unordered pairs defined as
Ex={zy|rze X,ye X}. (A.2)
The following is an easy consequence of the previous lemma.

Lemma A.2. Let Q(X) be a polyhedron defined as

QX)={AeR" | > (xo +xy) ey = 2xx,Aay > 0 (zy € Ex)}. (A3)
ry€Ex

Then X € Q(X) is a vertex of Q(X) if and only if there exists some edge cover
E of (X, Ex) consisting of (vertex) disjoint matching and odd cycles such that

2 if zy is an edge of matching of E,
Azy =< 1 if zy is an edge of some odd cycle of E, (zy € Ex). (A.4)
0 otherwise,

Considering the facts that a permutation of X can be decomposed as disjoint
cyclic permutations, that a cyclic permutation can be regarded as a cycle of
graph (X, Ex) and that an even cycle is the union two edge-disjoint matchings,
the optimal value of linear program

max. Y Agdz,y) st e Q(X) (A.5)
zy€Ex
is given by
max{ Z d(z,o(zx)) | o is a permutation of X }. (A.6)
reX

Lemma A.3. The following holds, where d¥ : Y xY — R denotes the restric-
tion of d to Y.

(1) dimT(Y,d¥) < dimT(X,d) for Y C X.

(2) IfdimT(X,d) > n, there ezists Y C X with |Y| = 2n such that diim T(Y,d¥) =
n.

Proof. For f € R¥ and Y C X, let f¥ : Y — R denote the restriction of f to
Y.

(1). It is sufficient to show the case Y = X \ {z} for some z € X. Suppose
that dim7T(Y,d¥) = n. Then there exists f € T(Y,dY) such that a graph
(Y, E(fY)) has n bipartite components (4; U By, Ey), ..., (A, U By, E,) with
A;NBi=0and E; C {zy |z € Aj,y € B;} fori =1,...,n. Let f' € R¥ be
defined as

f’(.’lf) — { max{O,maxyey(d(z,y) - f(y))} if z = Z, (A?)

f(z) otherwise.

11



Then some edges connecting z appear in (X, E(f')) and we have ' € T'(X,d).
If (X, E(f')) has no edges connecting {z} and 4; UB; U---U A, U By, then
(X, E(f")) also has n bipartite components.

We suppose that there exists y € A with zy € E(f'). Let S and S’ be stable
sets of (X, E(f")) defined as S = A;UAsU---UA, and S’ = Ay UByU---UB,,.
Let g € R¥ be defined as

g=f"+elxres) —xs) +€(xres) — xs) (A.8)

for sufficiently small €,¢' > 0. Then we have g € T'(X,d). Furthermore all edges
in (X, E(f')) connecting {z} and X \ Ay vanish in (X, E(g)). This implies that
(X, E(g)) has n bipartite components.

(2). Since dimT(X,d) > n, there exists f € T(X,d) such that (X, E(f))
has n bipartite components. Take n edges from each bipartite component, say
{z1y1, 222, ..., Tpyn} and put Y = {z1,22,...,Zpn,¥1,...,Yn}. Then it is easy
to check that fY isin T(Y,dY) and (Y, E(fY)) has n bipartite components. [

Hence, it is sufficient to show the following.
Theorem A.4. Suppose |X| = 2n. The following conditions are equivalent.
(a) dimT'(X,d) = n.

(b) There exists some perfect matching M of (X, Ex) such that \* = 2xp €
RPx s the unique optimal solution to linear program (A.5).

Proof. (a) = (b). There exists f* € P(X,d) such that K(f*) has n bipartite
components. Hence E(f*) must be a perfect matching of (X, Ex). Consider
the dual program of (A.5):

min. Y f(z) st. fe€P(X,d). (A.9)

zeX

Then A\* = xp(s+) and f* satisfies the (strict) complementary slackness condi-
tion
Aoy > 06 f5 (@) + f*(y) =d(z,y) (zy € Ex). (A.10)

Hence A\* and f* are optimal solutions to (A.5) and (A.9), respectively. Con-
versely, any optimal solution A of (A.5) satisfies

Aay =0 (zy € E(f")). (A.11)

Since {x» + Xy | zy € E(f*)} is linearly independent, we have A = A\*. Hence
A* is the unique optimal solution of linear program (A.5).

(b) = (a). By the strict complementary slackness theorem, there exist opti-
mal solutions A and f* of (A.5) and (A.9) such that

Aey >0 f*@) + f*(y) =d(,y) (ay € Ex). (A.12)

By the condition (b), we have A = A\*. Hence it must be that E(f*) = M. This
implies dim T'(X, d) = n. O
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