Extensions of representations of the CAR algebra to the Cuntz algebra O_2 —the Fock and the infinite wedge—

Katsunori Kawamura Research Institute for Mathematical Sciences Kyoto University, Kyoto 606-8502, Japan

Fermions are expressed by polynomials of canonical generators of the Cuntz algebra O_2 and they generate the U(1)-fixed point subalgebra A ≡ O^{U (1)}_2 of O_2 by the canonical gauge action. We extend the Fock and the infinite wedge representations of A to permutative representations of O_2. By these extensions, the boson-fermion correspondence is rewritten by canonical generators of O_2.

1. Introduction

Let A_0 be the Clifford algebra generated by fermions a_n, a^∗_n, n ∈ N ≡ {1, 2, 3, . . .} which satisfy the canonical anticommutation relations(=CAR):

(1.1) a_na^∗_m + a^∗_ma_n = δ_{n,m}I, a^∗_na^∗_m + a^∗_ma^∗_n = a_na_m + a_ma_n = 0

for n, m ∈ N. A_0 always has unique C^∗-norm ‖ · ‖ and the completion A ≡ A_0 with respect to ‖ · ‖ is called the CAR algebra in theory of operator algebras([6]). In [1, 2, 3, 4], we construct several polynomial embeddings of A into the Cuntz algebras O_N . For example, if s_1, s_2 are canonical generators of O_2, that is, they satisfy

(1.2) s^∗_i s_j = δ_{ij} I (i, j = 1, 2), s_1s^∗_1 + s_2s^∗_2 = I,

then

(1.3) a_1 ≡ s_1s^∗_2, a_n ≡ ∑ J∈{1,2}^{n−1} (−1)^{n2(J)}s_J s_1s^∗_2s^∗_J (n ≥ 2)

satisfy (1.1) where n_2(J) ≡ ∑_k l=1(j_l −1) and s_J = s_{j1} · · · s_{jk} , s_J ∗ = s^∗_{jk} · · · s^∗_{j1} for J = (j_1, . . . , j_k), and C^∗< {a_n ∈ O_2 : n ∈ N} > coincides with a fixedpoint subalgebra O^{U(1)}_2 of O_2 by the canonical gauge action. Put a linear map ζ on O_2 by

(1.4) ζ(x) ≡ s_1xs^∗_1 − s_2xs^∗_2 (x ∈ O_2).

e-mail:kawamura@kurims.kyoto-u.ac.jp.

Then a_n = ζ(a_{n−1}) for each n ≥ 2. In this sense, {a_n}_{n∈N} in (1.3) is called the recursive fermion system(=RFS) in O_2.

In this paper, we extend the Fock and the infinite wedge representations([12, 13]) of A to permutative representations of O_2 under identification of A as O^{U(1)}_2 ⊂ O_2 by (1.3). At first, we give our main theorem for abstract formulations of representations of A.

Theorem 1.1. (i) Let (H_F , π_F ) be the Fock representation of A, that is, (H_F , π_F ) is a cyclic representation with a cyclic vector Ω ∈ H_F such that π_F (a_n)Ω = 0 (^∀n ∈ N).

Then (H_F , π_F ) is extended to an irreducible representation (H_F , π̃_F ) of O_2 defined by

π̃_F (s_1) ≡ L, π̃_F (s_2) ≡ π(a^∗_1) · L

where L is the one-sided shift operator on H_F defined by

LΩ ≡ Ω, Lπ_F (a^∗_{n1} · · · a^∗_{nk} )Ω ≡ π_F (a^∗_{n1+1} · · · a^∗_{nk+1})Ω

for each n_1, . . . , n_k ∈ N and k ∈ N.

(ii) Let (Λ^∞2 V, π_{∞,+}) be the infinite wedge representation of A, that is, (Λ^∞2 V, π_{∞,+}) is a cyclic representation with a cyclic vector |vac>_+ ∈ Λ^∞2 V such that

ψ_{−k}|vac>_+ = ψ^∗_k|vac>_+ = 0 (^∀k ∈ Z +^1_2 , k > 0)

where

(1.5) ψ_k ≡ π_{∞,+}(a_{2k+1}), ψ_{−k} ≡ π_{∞,+}(a_{2k}) (k ∈ Z +^1_2 , k > 0)

and Z +^1_2 ≡ {n + 1/2 : n ∈ Z}. Then (Λ^∞2 V, π_{∞,+}) is extended to an irreducible representation (Λ^∞2 V ⊕ Λ^∞2 V^∗, Π) of O_2 which satisfies

Π(s_1s_2)|vac>_+ = |vac>_+.

Both representations (H, π̃_F ) and (Λ^∞2 V ⊕ Λ^∞2 V^∗, Π) of O_2 in Theorem 1.1 are permutative representations([5, 8, 9]) and they are not equivalent each other. Well-known Fock and infinite wedge representations are just realizations of those in Theorem 1.1. The extension for a concrete infinite wedge is given in § 4.

On the other hand, the boson-fermion correspondence on the infinite wedge representation is given by

(1.6) α_n = ∑ k∈Z+^1_2 ψ_{k−n}ψ^∗_k (n ∈ Z \ {0}).

{a_n}_{n∈Z} satisfies α_{−n} = α^∗_n, α_nα_m − α_mα_n = n · δ_{n,−m}I. By identifying s_i and Π(s_i) in Theorem 1.1 (ii) and combining (1.3) and (1.5), we have

ψ_k = ∑ J∈{1,2}^{2k} (−1)^{n2(J)}s_J s_1s^∗_2s^∗_J

ψ_{−k} = ∑ J∈{1,2}^{2k−1} (−1)^{n2 (J)}s_J s_1s^∗_2s^∗_J

(k ∈ Z +^1_2 , k > 0).

From these and (1.6), we have a direct expression of bosons by canonical generators of O_2 as follows:

(1.7) α_n = ∑ l∈N ρ^{2l−2}(X_n) + B_n (n ≥ 1)

where

(1.8) X_n ≡ ρ(s_1s^∗_2ζ^{2n}(s_2s^∗_1)) + ζ^{2n}(s_1s^∗_2)s_2s^∗_1 (n ≥ 1),

(1.9) B_1 ≡ −s_1s_2s^∗_1s^∗_2, B_n ≡ ρ(B^∗_{n−1}) − s_1ζ^{2n−2}(s_2s^∗_1)s^∗_2 (n ≥ 2),

ζ is in (1.4) and ρ is the canonical endomorphism of O_2, that is, ρ(x) ≡ s_1xs^∗_1 + s_2xs^∗_2 for x ∈ O_2. Furthermore α^∗_n|vac>_+ = B^∗_n|vac>_+ for each n ≥ 1. In § 2, we review representations of A and O_2 and the RFS. In § 3, we introduce a branching function system on the space of Maya diagrams and review the infinite wedge space and its dual space. In § 4, we show extensions of the Fock and the infinite wedge representations to O_2. A relation between a branching law of a permutative representation of O_2 and the extension of the infinite wedge is concretely illustrated.

2. The recursive fermion system and permutative representations of O_2

Both O_2 and the CAR algebra CAR ≡ C^∗< {a_n : n ∈ N} > (= A in § 1) are simple, infinite dimensional, noncommutative C^∗-algebras([6, 7]). Remark that a^∗_n ∈ CAR for each n ∈ N by definition of C^∗-algebra. Unital ∗-homomorphisms (specially, unital ∗-representations) from these algebras to other algebras are always faithful. Algebras which are generated by generators s_1, s_2 in (1.2) and a_n, n ∈ N in (1.1) are unique up to ∗- isomorphisms, respectively. Therefore their representations are determined by only operators on a Hilbert space, which satisfy relations of their generators without ambiguity. In this paper, a representation and an embedding always mean a unital ∗-representation and a unital ∗-embedding, respectively.

2.1. Representations of CAR and the RFS. We review representations of CAR in theory of operator algebras in [6].

Definition 2.1. Let (H, π) be a representation of CAR.

(i) (H, π) is the (abstract)Fock representation of CAR if there is a cyclic unit vector Ω ∈ H such that π(a_n)Ω = 0 for each n ∈ N. Ω is called the vacuum of (H, π). We denote (H, π) by H_{F ock} simply.

(ii) (H, π) is P [12] if there is a cyclic unit vector Ω ∈ H such that π(a_{2n−1})Ω = π(a^∗_{2n})Ω = 0 (^∀n ∈ N).

(iii) (H, π) is P [21] if there is a cyclic unit vector Ω ∈ H such that π(a^∗_{2n−1})Ω = π(a_{2n})Ω = 0 (^∀n ∈ N).

For consistency with after statements, any Ω in the above is normalized. H_{F ock}, P [12], P [21] appear in [5] as components of irreducible decomposition of permutative representation of O_2, which are called “atom”. This fact is explained in Proposition 2.6.

Proposition 2.2. All of H_{F ock}, P [12], P [21] are unique up to unitary equivalences and irreducible. Any two of H_{F ock}, P [12], P [21] are not unitarily equivalent.

Proof. See (5.18) in [2], and [5]. In Appendix A, their inequivalences are shown. □

By Proposition 2.2, symbols H_{F ock}, P [12] and P [21] make sense as equivalence classes of representations. Since fermions are often treated as operators on a concrete Hilbert space, any representation which is different with the Fock representation in only permutation of creations and annihilations and their phase factors, are called the Fock representation, too in such situation. In this paper, we do not call such representation by the Fock representation.

We review a concrete example: Put H ≡ l_2(N) and the completely antisymmetric Fock space F_−(H) ≡ CΩ ⊕ ⨁_∞ k=1 H^{∧k}, H^{∧k} ≡ P^{(k)}_− H^{⊗k} where P^{(k)}_− is the antisymmetrizer on H^{⊗k} defined by P^{(k)}_− (v_1 ⊗ · · · ⊗ v_k) ≡ ( √ k!)^{−1/2} ∑ σ∈S_k sgn(σ)·v^{σ(1)} ⊗· · ·⊗v^{σ(k)} for k ≥ 1. We denote v^1∧· · ·∧v^k = P^{(k)}_− (v_1 ⊗ · · · ⊗ v_k). We see v_{σ(1)} ∧ · · · ∧ v_{σ(k)} = sign(σ)(v_1 ⊗ · · · ⊗ v_k) for each σ ∈ S_k. For f ∈ H, define A^∗(f)Ω ≡ f, A^∗(f)v ≡ f ∧ v for f ∈ H, v ∈ H^{∧n}, n ≥ 1. A(f) is defined by the adjoint operator of A^∗(f) on F_−(H). We see that A(f)Ω = 0 for each f ∈ H. Then A(f)A^∗(g) + A^∗(g)A(f) =< f|g > I for each f, g ∈ H. For the canonical basis {e_n}_{n∈N} of H = l_2(N), put π_F (a_n) ≡ A(e_n) for n ∈ N. Then (F_−(H), π_F ) is a representation of CAR. (F_−(H), π_F ) is the (concrete)Fock representation.

Let s_1, s_2 be canonical generators of O_2. Define an embedding

(2.1) φ_S : CAR → O_2; φ_S (a_n) ≡ ζ^{n−1}(s_1s^∗_2) (n ≥ 1) where ζ is in (1.4). For example, φ_S (a_1) = s_1s^∗_2, φ_S (a_2) = s_1s_1s^∗_2s^∗_1 − s_2s_1s^∗_2s^∗_2. We call φ_S by the standard embedding of CAR into O_2. C^∗ < {φ_S (a_n)}_{n∈N} >= O^{U(1)}_2 = {x ∈ O_2 :^∀z ∈ U(1), γ_z(x) = x} ∼= UHF_2 where γ is the canonical U(1)-action of O_2, γ_z(s_i) ≡ zs_i for z ∈ U(1) ≡ {z ∈ C : |z| = 1} and i = 1, 2. By identifying a_n and φ_S (a_n), a_n’s coincide with those in (1.3) and we have the following intertwining relations:

Lemma 2.3. For n ≥ 1,

s_1a_n = a_{n+1}s_1, s_1a^∗_n = a^∗_{n+1}s_1, s_2a_n = −a_{n+1}s_2, s_2a^∗_n = −a^∗_{n+1}s_2,

s^∗_1a_{n+1} = a_ns^∗_1, s^∗_1a^∗_{n+1} = a^∗_ns^∗_1, s^∗_2a_{n+1} = −a_ns^∗_2, s^∗_2a^∗_{n+1} = −a^∗_ns^∗_2.

2.2. Permutative representations of O_2 and their branching laws. Permutative representations of the Cuntz algebras are well-studied([5, 8, 9]). We introduce two permutative representations of O_2 according to [10].

Definition 2.4. A representation (H, π) of O_2 is P (1)(resp. P (12)) if there is a cyclic unit vector Ω ∈ H such that π(s_1)Ω = Ω(resp. π(s_1s_2)Ω = Ω). We call Ω by the GP vector of (H, π).

Both P (1) and P (12) exist uniquely up to unitary equivalences, and they are irreducible and not unitarily equivalent each other.

Assume that (H, π) is P (12) of O_2 with the GP vector Ω and α is an automorphism of O_2 defined by α(s_1) ≡ s_2, α(s_2) ≡ s_1. Define an operator U on H by

(2.2) UΩ ≡ π(s_2)Ω, Uπ(s_J )Ω ≡ π(α(s_J )s_2)Ω (J ∈ {1, 2}^k , k ≥ 1).

Then U is a unitary which satisfies U^2 = I and AdU ∘ π = π ∘ α. In consequence, (H, π, U) is a covariant representation of a C^∗-dynamical system (O_2, α, Z_2).

Example 2.5. (i) Define a representation (l_2(N), π_S ) of O_2 by

π_S(s_1)e_n ≡ e_{2n−1}, π_S(s_2)e_n ≡ e_{2n} (n ∈ N).

Then (l_2(N), π_S ) is P (1). We call (l_2(N), π_S ) by the standard representation of O_2.

(ii) Define a representation (l_2(N), π_{12}) of O_2 by

π_{12}(s_1)e_{2n−1} ≡ e_{4n−1}, π_{12}(s_1)e_{2n} ≡ e_{4n−3}, π_{12}(s_2)e_n ≡ e_{2n} (n ∈ N).

The action of s_1, s_2 on the canonical basis of l_2(N) is illustrated as follows:

e_3 e_4 e_7 e_8 e_6 e_5

π_{12}(s_2) π_{12}(s_1) π_{12}(s_1) π_{12}(s_2) π_{12}(s_2) π_{12}(s_1)

e_1 e_2 π_{12}(s_2)

π_{12}(s_1) This system looks like the Fock representation with two vacuums e_1 and e_2. This diagram appears in § 3 and § 4 again. (l_2(N), π_{12}) is P (12). Remark that π_{12}(s_1s_2)e_1 = e_1 is expressed as a cycle in the above. For this type example, see [11].

By φ_S in (2.1), we identify CAR and a subalgebra φ_S (CAR) = O^{U(1)}_2 ⊂ O_2. For a representation (H, π) of O_2, we have the restriction (H, π|_{CAR}) of (H, π) on CAR. Proposition 2.6. ([2]) The following branching laws hold: P (1)|_{CAR} = H_{F ock}, P (12)|_{CAR} = P [12] ⊕ P [21].

Specially, all of these are irreducible decompositions.

We consider the branching of P (12) on CAR more.

Lemma 2.7. Let (H, π) be P (12) of O_2 with the GP vector Ω_1 ≡ Ω and put Ω_2 ≡ π(s_2)Ω_1. Then we have the followings:

π(a_{2k−1})Ω_1 = 0, π(a_{2k})Ω_1 = (−1)^{k−1}π(s_{(12)}k−1 s_1s_1)Ω_1, π(a^∗_{2k−1})Ω_1 = (−1)^{k−1}π(s_{(12)}k−1 s_2s_2)Ω_1, π(a^∗_{2k})Ω_1 = 0, π(a_{2k−1})Ω_2 = (−1)^{k−1}π(s_{(21)}k−1 s_1)Ω_1, π(a_{2k})Ω_2 = 0, π(a^∗_{2k−1})Ω_2 = 0, π(a^∗_{2k})Ω_2 = (−1)^kπ(s_2s_{(12)}k−1 s_2s_2)Ω_1 for each k ∈ N.

Proof. By π(ζ(x)s_2)Ω_1 = −π(s_2x)Ω_1 for any x ∈ O_2, statements hold. □

Let V_{12} ≡ π(CAR)Ω_1, V_{21} ≡ π(CAR)Ω_2. Then H = V_{12} ⊕ V_{21} and we see that V_{12} V_{21} vacuum Ω_1 Ω_2 creation a^∗_{2k−1}, a_{2k} a_{2k−1}, a^∗_{2k} annihilation a_{2k−1}, a^∗_{2k} a^∗_{2k−1}, a_{2k} where k ∈ N. Specially,

(2.3) π(a_1)Ω_2 = π(s_1)Ω_1, π(a_2)Ω_1 = π(s_1s_1)Ω_1,

π(a^∗_1)Ω_1 = π(s_2)Ω_2, π(a^∗_2)Ω_2 = −π(s_2s_2)Ω_2.

If α is the Z_2-action on O_2 and a_n is the RFS in O_2, then α(a_n) = (−1)^{n−1}a^∗_n. Hence U in (2.2) satisfies

UΩ_1 = Ω_2, UΩ_2 = Ω_1, Uπ(a_K a^∗_L)Ω_1 = (−1)^{|K|1+|L|1} π(a^∗_K a_L)Ω_2 where a_K ≡ a_{k1} · · · a_{kn} , |K|_1 ≡ ∑_n i=1(k_i − 1) for K = {k_1, . . . , k_n} ⊂ N.

Hence UV_{12} = V_{21}.

Example 2.8. (i) In Example 2.5 (i), π_S ∘ φ_S is H_{F ock} with the vacuum e_1. See [1] for more detail.

(ii) In Example 2.5 (ii), we consider π_{12} ∘ φ_S . Then (l_2(2N − 1), π_{12} ∘ φ_S ) is P [12] and (l_2(2N), π_{12} ∘ φ_S ) is P [21]. If we identify a_n and (π_{12} ∘ φ_S )(a_n), then a_{2n−1}e_1 = a^∗_{2n}e_1 = a_{2n}e_2 = a^∗_{2n−1}e_2 = 0, a_{2n}e_1 = (−1)^{n−1}e_4n−1_{·6+1}, a^∗_{2n−1}e_1 = (−1)^{n−1}e_4n−1_{·3+1}, a_{2n−1}e_2 = (−1)^{n−1}e_4n−1_{·3+2}, a^∗_{2n}e_2 = (−1)^ne_4n−1_{·6+2} for each n ∈ N. These statements are shown by using (π_{12}(s_1s_2))^me_n = e_4m_{(n−1)+1} for each m, n ∈ N. Specially, when n_2 > n_1,

a_{2n1} a_{2n2} e_1 = (−1)^{n2−1}e_{3·(2}2n_2 −1_{+2}2n_1 −1_{)+1}.

3. A branching function system on the infinite wedge

We review a representation of the fermion algebra which is called the infinite wedge space([12, 13]) according to notation in [13]. In order to extend this representation to O_2, we introduce the dual infinite wedge space at once and a branching function system on them.

3.1. Maya diagram. Denote Z +^1_2 ≡ {n +^1_2 : n ∈ Z}. Put Z_{+/2} ≡ {n + 1/2 : n ∈ Z, n ≥ 0}, Z_{−/2} ≡ {n − 1/2 : n ∈ Z, n ≤ 0}. For a subset S ⊂ Z +^1_2 , define Δ_±(S) ⊂ Z +^1_2 by (3.1) Δ_±(S) ≡ (S \ Z_{∓/2}) ∪ (Z_{∓/2} \ S). Remark the sign of both sides.

Definition 3.1. An element in M_± ≡ {S ⊂ Z +^1_2 : #Δ_±(S) < ∞} is called a Maya diagram. Specially, Z_{∓/2} ∈ M_± is called the vacuum in M_±.

We see that M_+ ∩ M_− = ∅ and M_± = {−S : S ∈ M_∓} where −S ≡ {−k : k ∈ S}. There are maxS for any S ∈ M_+ and minS for any S ∈ M_−, and #S = ∞ for any S ∈ M_±. Therefore we can always parameterize as follows: S = {t_i : i ∈ N} such that t_i > t_{i+1} for i ≥ 1 when S ∈ M_+, and S = {t_i : i ∈ N} such that t_i < t_{i+1} for i ≥ 1 when S ∈ M_−.

We illustrate S ∈ M_± by a two-sided infinite sequence consisting of symbols ∘ and • along the lattice Z +^1_2 as follows: For S ∈ M_±, put ∘ at k ∈ Z +^1_2 when k ∈ S, and put • at k ∈ Z +^1_2 when k ∉ S. For example, if {−5/2, −1/2, 3/2, 7/2} ⊂ S and {−7/2, −3/2, 1/2, 5/2} ∩ S = ∅, then · · · −7/2 −5/2 −3/2 −1/2 1/2 3/2 5/2 7/2 · · · · · · • ∘ • ∘ • ∘ • ∘ · · · By this illustration, M_± are the following sets: M_+ = {· · · ∘ ∘ ∗ ∗ ∗ ∗ ∗ ∗ • • · · · }, M_− = {· · · • • ∗ ∗ ∗ ∗ ∗ ∗ ∘ ∘ · · · } where ∗ ∗ ∗ ∗ ∗∗ is taken any finite sequence consisting of ∘ and •. Specially, vacuum Z_{−/2} ∈ M_+ · · · ∘ ∘ ∘ ∘ • • • • · · · dual vacuum Z_{+/2} ∈ M_− · · · • • • • ∘ ∘ ∘ ∘ · · ·

3.2. A branching function system on the space of Maya diagrams. Put the space of all Maya diagrams M ≡ M_+ ∪ M_−. We give a branching function system on M. Put S_± ≡ S ∩ Z_{±/2}, S_{+1} ≡ {k + 1 : k ∈ S} and S_{±,+1} ≡ (S_±)_{+1}. For S ∈ M, define

(3.2) g_1(S) ≡ −(S_{+,+1} ∪ S_− ∪ {1/2}), g_2(S) ≡ −(S_{+,+1} ∪ S_−).

Then g = {g_1, g_2} is a branching function system on M, that is, g_1 and g_2 are injective maps on M, g_1(M) ∩ g_2(M) = ∅ and g_1(M) ∪ g_2(M) = M. Furthermore g_1(M) = {S ∈ M : −1/2 ∈ S}, g_2(M) = {S ∈ M : −1/2 ∉ S}, g^{−1}_1 (S) = −{(S_− \ {−1/2})_{+1} ∪ S_+}, g^{−1}_2 (S) = −(S_{−,+1} ∪ S_+).

If θ(S) ≡ Z +^1_2 \ S, then θ^2 = id, θ(M_±) = M_∓, θ(Z_{±/2}) = Z_{∓/2} and g_2 = θ ∘ g_1 ∘ θ.

Lemma 3.2. Denote S_{±n} ≡ {k ± n : k ∈ S}, S_{±,+n} ≡ (S_±)_{+n}. Then the followings hold:

(i) (g_1 ∘ g_2)^n(S) = S_{−,−n} ∪ S_{+,+n} ∪ {−1/2, . . . , −(n − 1) − 1/2} for n ∈ N. (ii) (g_1 ∘ g_2)^{−n}(S) = (S_{−,+n})_− ∪ S_{+,−n} for n ∈ N.

(iii) Put h_n(S) ≡ (g^{n−1}_{12} ∘ g_1 ∘ g^{−1}_2 ∘ (g^{n−1}_{12} )^{−1})(S) and k_n(S) ≡ (g^{n−1}_{12} ∘ g_1 ∘ g_1 ∘ (g^{−1}_{12} )^n)(S) for n ∈ N. Then h_n(S) = S ∪ {−(n − 1) − 1/2}, k_n(S) = S ∪ {n − 1 + 1/2} (n ∈ N). We illustrate g by Maya diagrams:

S g_1(S) g_2(S) Z_{−/2} Z_{+/2} ∪ {−1/2} Z_{+/2} Z_{+/2} Z_{−/2} Z_{−/2} \ {−1/2} Z_{+/2} ∪ {−1/2} Z_{−/2} ∪ {1/2} (Z_{−/2} \ {−1/2}) ∪ {1/2} Z_{−/2} \ {−1/2} (Z_{+/2} \ {1/2}) ∪ {−1/2} Z_{+/2} \ {1/2} . . . . . .

Z_{+/2} ∪ {−1/2} Z_{−/2} \ {−1/2}

Z_{−/2} ∪ {1/2} Z_{+/2} \ {1/2} (Z_{−/2} \ {−1/2}) ∪ {1/2} (Z_{+/2} \ {1/2}) ∪ {−1/2}

g_2 g_1 g_1 g_2 g_2 g_1

g_2

g_1

Z_{−/2} Z_{+/2} ∘ (k ∈ S) • (k ∉ S) 3.3. The infinite wedge representation of CAR and its dual. We introduce the infinite wedge space by a Hilbert space of Maya diagrams. For a set Λ, l_2(Λ) is a complex Hilbert space with a complete orthonormal basis {e_λ}_{λ∈Λ} and dim l_2(Λ) = #Λ.

Definition 3.3. For M_± in Definition 3.3,

Λ^{∞2} V^# ≡ l_2(M), Λ^{∞2} V ≡ l_2(M_+), Λ^{∞2} V^∗ ≡ l_2(M_−) are called the bi-infinite wedge space, the infinite wedge space and the dual infinite wedge space, respectively.

We see that Λ^∞2 V^# = Λ^∞2 V ⊕ Λ^∞2 V^∗. By definition, Λ^∞2 V^#, Λ^∞2 V and Λ^∞2 V^∗ have canonical basis {e_S : S ∈ M}, {e_S : S ∈ M_+} and {e_S : S ∈ M_−}, respectively. Usually, the symbol Λ^∞2 V means a subspace of l_2(M_+) consisting of finite linear combinations of {e_S : S ∈ M_+}([12, 13]). We denote |vac>_± ≡ e_{Z∓/2} . Since there are maxS for any S ∈ M_+ and minS for any S ∈ M_−, and #S = ∞ for any S ∈ M_±, we can denote

t_1 ∧ t_2 ∧ · · · = e_S when S = {t_i :^∀i ∈ N, t_i > t_{i+1}} ∈ M_+, t_1 ∧ t_2 ∧ · · · = e_S when S = {t_i :^∀i ∈ N, t_i < t_{i+1}} ∈ M_−.

Then we see that

|vac>_+ = (−^1_2 ) ∧ (−^3_2 ) ∧ (−^5_2 ) ∧ · · · , |vac>_− =^1_2 ∧^3_2 ∧^5_2 ∧ · · · . For a permutation σ ∈ S_k k ≥ 2, define t_{σ(1)} ∧ · · · · · · ∧ t_{σ(k)} ∧ t_{k+1} ∧ · · · ≡ sgn(σ) · t_1 ∧ · · · ∧ t_k ∧ t_{k+1} ∧ · · · . By these definitions, “∧” seems the exterior product of infinite vectors.

Define a family {ψ_k}_{k∈Z+} 1_2 of operators on Λ^∞2 V^# by

ψ_ke_S ≡ (−1)^{dS (k)} · e_{S∪{k}} (k ∉ S), 0 (otherwise) (S ∈ M) where d_S (k) ≡ min{#{x ∈ S : x > k}, #{x ∈ S : x < k}}. We simply denote ψ_ke_S = (−1)^{dS (k)} · χ_Sc (k) · e_{S∪{k}} where χ_Sc is the characteristic function on S^c ≡ (Z +^1_2 ) \ S. We can easily check that the definition of ψ_k coincides with the following ordinary definition:

ψ_kv = k ∧ v (v ∈ Λ^{∞2} V^#, k ∈ Z +^1_2 ).

Lemma 3.4. (i) The adjoint ψ^∗_k of ψ_k is given by ψ^∗_ke_S = (−1)^{dS\{k}(k)} · χ_S(k) · e_{S\{k}} (k ∈ Z +^1_2 , S ∈ M). (ii) ψ_kψ^∗_ke_S = χ_S(k) · e_S for k ∈ Z +^1_2 and S ∈ M.

(iii) ψ_kψ^∗_l +ψ^∗_l ψ_k = δ_{kl}I for k, l ∈ Z +^1_2 and other anticommutators vanish.

We see that ψ_{−k}|vac>_+ = ψ^∗_k|vac>_+ = 0, ψ_k|vac>_+ = k ∧ |vac>_+, ψ^∗_{−k}|vac>_+ = (−1)^{k− 12} · e_{Z−/2\{−k}} for k ∈ Z +^1_2 , k > 0. In the same way, we see that Λ^∞2 V Λ^∞2 V^∗ vacuum |vac>_+ |vac>_− creation ψ^∗_{−k}, ψ_k ψ_{−k}, ψ^∗_k annihilation ψ_{−k}, ψ^∗_k ψ^∗_{−k}, ψ_k where k ∈ Z +^1_2 , k > 0.

Definition 3.5. A representation (Λ^∞2 V^#, π_∞) of CAR defined by (3.3) π_∞(a_{2n−1}) ≡ ψ_{−n+1/2}, π_∞(a_{2n}) ≡ ψ_{n−1/2} (n ∈ N) is called the bi-infinite wedge representation of CAR. On the other hand, (3.4) ψ_k = π_∞(a_{2k+1}), ψ_{−k} = π_∞(a_{2k}) (k ∈ Z +^1_2 , k > 0). Proposition 3.6. (i) The following irreducible decomposition of representations of CAR holds: Λ^{∞2} V^# = Λ^{∞2} V ⊕ Λ^{∞2} V^∗.

(ii) If we denote π_{∞,+} ≡ π_∞|_Λ ∞_{2 V} , π_{∞,−} ≡ π_∞|_Λ ∞_{2 V ∗} , then (Λ^∞2 V, π_{∞,+}) is P [12] and (Λ^∞2 V^∗, π_{∞,−}) is P [21].

(Λ^∞2 V, π_{∞,+}) and (Λ^∞2 V^∗, π_{∞,−}) are called the infinite wedge representation and the dual-infinite wedge representation of CAR, respectively.

4. Standard extensions of representations of CAR In order to show extension theorems, we prepare a notion, “standard extension” of a representation of CAR to O_2 as follows:

Definition 4.1. Let φ_S be the standard embedding of CAR into O_2 in (2.1). For a representation (H, π) of CAR, (H̃, π̃) is the standard extension of (H, π) to O_2 if H is a closed subspace of H̃ such that (4.1) (π̃ ∘ φ_S )|_H = π. 4.1. Standard extension of the Fock representation. Theorem 4.2. Let (H, π) be the Fock representation of CAR with the vacuum Ω in Definition 2.1. Put two operators π̃(s_1), π̃(s_2) on H by π̃(s_1)Ω ≡ Ω, π̃(s_1)π(a^∗_{n1} · · · a^∗_{nk} )Ω ≡ π(a^∗_{n1+1} · · · a^∗_{nk+1})Ω, π̃(s_2)Ω ≡ π(a^∗_1)Ω, π̃(s_2)π(a^∗_{n1} · · · a^∗_{nk} )Ω ≡ π(a^∗_1a^∗_{n1+1} · · · a^∗_{nk+1})Ω for n_1 < n_2 < · · · < n_k, n_j ∈ N, j = 1, . . . , k, k ≥ 1. Then the followings hold:

(i) (H, π̃) is a representation of O_2. (ii) π̃ ∘ φ_S = π.

(iii) (H, π̃) is P (1) with the GP vector Ω.

This proof is given by direct computation and Lemma 2.3. For more detail, see § 3.3 in [1]. Clearly, (H̃ ≡ H, π̃) in Theorem 4.2 is the standard extension of the Fock representation. Theorem 1.1 (i) about an operator L follows from Theorem 4.2 as another expression of this extension.

4.2. Standard extension of the infinite wedge. For g = {g_1, g_2} in (3.2), define a representation (Λ^∞2 V^#, Π) of O_2 by

Π(s_1)e_S ≡ (−1)^{d+(S)}e_{g1(S)}, Π(s_2)e_S ≡ (−1)^{d+(S)}e_{g2(S)} (S ∈ M_+), Π(s_1)e_S ≡ (−1)^{d′− (S)}e_{g1(S)}, Π(s_2)e_S ≡ (−1)^{d−(S)}e_{g2(S)} (S ∈ M_−) where d_+(S) ≡ #(S ∩ Z_{+/2}) + #(Z_{−/2} \ S) and d^′_−(S) ≡ #(Z_{+/2} \ S), d_−(S) ≡ #(Z_{+/2} \ S) + #(S ∩ Z_{−/2}).

Lemma 4.3. When K = {k_1, . . . , k_n} and L = {l_1, . . . , l_m} ⊂ Z_{+/2} satisfy k_1 > · · · > k_n and l_1 < · · · < l_m,

Π(s_1)|vac>_+ = ψ_{−1/2}|vac>_− = e_{Z+/2∪{−1/2}} Π(s_2)|vac>_+ = |vac>_−, Π(s_1)|vac>_− = |vac>_+, Π(s_2)|vac>_− = ψ^∗_{−1/2}|vac>_+ = e_{Z−/2\{−1/2}}. Π(s_1)e_{Z−/2∪K\(−L)} = (−1)^{n+m}e_{Z+/2∪(−K}∗_{+1)\L}, Π(s_2)e_{Z−/2∪K\(−L)} = (−1)^{n+m}e_{Z+/2∪(−K+1)\L}, Π(s_1)e_{Z+/2∪(−K)\L} = (−1)^me_{Z−/2∪K\(−L+1)}, Π(s_2)e_{Z+/2∪(−K)\L} = (−1)^{m+n}e_{Z−/2∪K\(−L}∗_{+1)} where K_{+1} ≡ {k + 1 : k ∈ K} and K^∗_{+1} ≡ K_{+1} ∪ {1/2}. Proposition 4.4. (i) (Λ^∞2 V^#, Π) is P (12).

(ii) If π_∞, π_{∞,±} are in Proposition 3.6, then Π ∘ φ_S = π_∞. Specially, (Λ^{∞2} V, π_{∞,+}) = (Λ^{∞2} V, (Π ∘ φ_S )|_Λ ∞_{2 V} ) ∼ P [12], (Λ^{∞2} V^∗, π_{∞,−}) = (Λ^{∞2} V^∗, (Π ∘ φ_S )|_Λ ∞_{2 V ∗} ) ∼ P [21].

Proof. (i) By Lemma 4.3, Π(s_1s_2)|vac>_+ = |vac>_+. By definition of g_1, g_2, (Λ^∞2 V^#, Π) is P (12).

(ii) Identify φ_S (a_n) and a_n for each n ∈ N. By Lemma 3.2 and Lemma 4.3, we can check the followings:

Π(a_{2n−1})|vac>_+ = Π(a_{2n})|vac>_− = Π(a^∗_{2n})|vac>_+ = Π(a_{2n−1})^∗|vac>_− = 0, Π(a_{2n})|vac>_+ = ψ_{n−1/2}|vac>_+, Π(a_{2n−1})|vac>_− = ψ_{−n+1/2}|vac>_−, Π(a^∗_{2n−1})|vac>_+ = ψ^∗_{−n+1/2}|vac>_+, Π(a^∗_{2n})|vac>_− = ψ^∗_{n−1/2}|vac>_− for each n ∈ N. By Lemma 4.3, Π(a_n) = π_∞(a_n) for each n ∈ N. □ The branching law Π|_{CAR} = π_{∞,+} ⊕ π_{∞,−} is illustrated by Maya diagrams as follows:

|vac>_+ |vac>_−

s_1 s_2 s_1 s_2 s_1 s_2 s_1 s_2

|vac>_+

ψ_{1/2} ψ_{1/2}ψ^∗_{−1/2}

ψ^∗_{−1/2} |vac>_−

ψ^∗_{1/2} ψ_{−1/2}ψ^∗_{1/2}

ψ_{−1/2}

||

⨁

We try to interpret this branching law from a physical standpoint. Before the symmetry breaking of O_2 to CAR, the vacuum and the dual vacuum are coupled as a cycle: |vac>_+^{s2}→ |vac>_−^{s1}→ |vac>_+. After the symmetry breaking, they are decomposed into two independent vacua of fermions. A Z_2-symmetry between Λ^∞2 V and Λ^∞2 V^∗ are just a unitary U in (2.2) on Λ^∞2 V^# which satisfies Us_1U^∗ = s_2.

4.3. Boson-fermion correspondence described by O_2. By using the standard extension of the infinite wedge, we consider correspondence among boson, fermion and generators of the Cuntz algebra O_2. Under identification of Π(s_i) and s_i for i = 1, 2 in Proposition 4.4, we have the followings:

ψ_k = ζ^{2k}(s_1s^∗_2), ψ_{−k} = ζ^{2k−1}(s_1s^∗_2) (k ∈ Z +^1_2 , k > 0) where ζ is in (1.4). From this, we have the following recurrence formulae:

Proposition 4.5.

ψ 1_2 = ζ(s_1s^∗_2), ψ_− 1_2 = s_1s^∗_2,

ψ_{k+1} = ζ^2(ψ_k), ψ_{−k−1} = ζ^2(ψ_{−k}) (k ∈ Z +^1_2 , k > 0).

Intertwining relations are given as follows: s_iψ_k = (−1)^{i−1}ψ_{−(k+1)}s_i, s_iψ_{−k} = (−1)^{i−1}ψ_ks_i,

s_iψ^∗_k = (−1)^{i−1}ψ^∗_{−(k+1)}s_i, s_iψ^∗_{−k} = (−1)^{i−1}ψ^∗_ks_i for i = 1, 2 and k ∈ Z +^1_2 , k > 0.

Proof of (1.7). If n ≥ 0, then we can decompose α_n = A_n + B_n + C_n where A_n ≡ ∑ k∈Z+^1_2 , k>n ψk−nψ ∗ k, B_n ≡ ∑ k∈Z+^1_2 , n>k>0 ψk−nψ ∗ k and C_n ≡ ∑ k∈Z+^1_2 , k<0 ψk−nψ ∗ k. By Proposition 4.5, A_n + C_n = ∑ l∈N ρ^{2n−2}(X_n), X_n ≡ ψ_{1/2}ψ^∗_{n+1/2} + ψ_{−n−1/2}ψ^∗_{−1/2}

where we use ζ(x)ζ(y) = ρ(xy) for each x, y ∈ O_2. This implies (1.8). Furthermore we have B_1 = −s_1s_2s^∗_1s^∗_2,

B_{2k} = − ∑ 1≤l≤k ρ^{2(l−1)}{ρ(s_2ζ^{4(k−l)}(s_1s^∗_2)s^∗_1) + s_1ζ^{4(k−l)+2}(s_2s^∗_1)s^∗_2},

B_{2k+1} = −ρ^{2k}(s_1s_2s^∗_1s^∗_2) − ∑ 1≤l≤k ρ^{2(l−1)}{ρ(s_2ζ^{4(k−l)+2}(s_1s^∗_2)s^∗_1) + s_1ζ^{4(k−l)+4}(s_2s^∗_1)s^∗_2}

for each k ∈ N. Hence the recurrence formula (1.9) of B_n is obtained. □ Remark that α_n is an unbounded operator on a Hilbert space Λ^∞2 V and above equations make sense on a dense domain in Λ^∞2 V .

In the same way, the energy defined by H ≡ ∑ k∈Z+^1_2

k : ψ_kψ^∗_k : = ∑ k∈Z+^1_2 :k>0 k(ψ_kψ^∗_k + ψ^∗_{−k}ψ_{−k})

is rewritten as follows: H = ∑ l∈N (l − 1/2)ρ^{2l−2}(s_1s_1s^∗_1s^∗_1 + s_2s_1s^∗_1s^∗_2 + s_2s^∗_2).

Acknowledgement: We would like to thank Yukiko Konishi and Rei Inoue for good advice.

Appendix A. Inequivalences among H_{F ock}, P [12], P [21] Assume that H_{F ock} and P [12] are equivalent. Then there is a cyclic representation (H, π) of CAR with two cyclic vectors Ω and Ω^′ such that π(a_n)Ω = 0 and π(a_{2n−1})Ω^′ = π(a^∗_{2n})Ω^′ = 0 for each n ∈ N. We identify π(a_n) and a_n for each n ∈ N. We see that H has a complete orthonormal basis {a^∗_F Ω : F ∈ F(N)} where F(N) is the set of all finite subsets of N and a^∗_∅ ≡ I, a^∗_F ≡ a^∗_{n1} · · · a^∗_{nk} when F = {n_1, . . . , n_k} and n_1 < · · · < n_k. Hence we can denote Ω^′ = ∑ F c_F a^∗_F Ω for suitable c_F ∈ C. Then there are n_0 ∈ N and F_0 ∈ F(N) such that 2n_0 ∉ F_0 and c_{F0} ≠ 0. This implies (A.1) a_{2n0} a^∗_{F0} Ω = 0. We see that (A.2) < a_na^∗_F Ω|a_na^∗_F ′ Ω >= δ_{F,F} ′ · χ_F (n) · χ_F ′ (n) for each (n, F ) ∈ N × F(N). By assumption of Ω^′ and anticommutation relations of a_n’s, (A.3) ‖a_{2n}Ω^′ ‖ = ‖Ω^′ ‖ (^∀n ∈ N). By (A.1), (A.2) and (A.3),

‖Ω^′ ‖^2 = ‖a_{2n0} Ω^′ ‖^2 = ‖ ∑ F c_F a_{2n0} a^∗_F Ω‖^2 ≤ ∑ F ≠F_0 |c_F |^2 < ‖Ω^′ ‖^2.

This is contradiction. Hence H_{F ock} and P [12] are not equivalent. In the same way, inequivalences among H_{F ock}, P [21], P [12] are shown. □

References

[1] M.Abe and K.Kawamura, Recursive Fermion System in Cuntz Algebra. I — Embeddings of Fermion Algebra into Cuntz Algebra—, Comm. Math. Phys. 228,85- 101 (2002).

[2] M.Abe and K.Kawamura, Recursive Fermion System in Cuntz Algebra. II — Endomorphism, Automorphism and Branching of Representation—, preprint RIMS- 1362 (2002).

[3] M.Abe and K.Kawamura, Nonlinear Transformation Group of CAR Fermion Algebra, Lett.Math.Phys. 60:101-107, 2002.

[4] M.Abe and K.Kawamura, Pseudo Cuntz Algebra and Recursive FP Ghost System in String Theory, Int. J. Mod. Phys. A18, No. 4 (2003) 607-625.

[5] O.Bratteli and P.E.T.Jorgensen, Iterated function Systems and Permutation Representations of the Cuntz algebra, Memories Amer. Math. Soc. No.663 (1999).

[6] O.Bratteli and D.W.Robinson, Operator algebras and Quantum Statistical Mechanics II, Springer, New York, (1981).

[7] J.Cuntz, Simple C^∗-algebras generated by isometries, Comm. Math. Phys. 57, 173-185 (1977).

[8] K.R.Davidson and D.R.Pitts, The algebraic structure of non-commutative analytic Toeplitz algebras, Math.Ann. 311, 275-303 (1998).

[9] K.R.Davidson and D.R.Pitts, Invariant subspaces and hyper-reflexivity for free semigroup algebras, Proc. London Math. Soc. (3) 78 (1999) 401-430.

[10] K.Kawamura, Generalized permutative representations of the Cuntz algebras. I — Generalization of cycle type—, preprint RIMS-1380 (2002).

[11] K.Kawamura, Three representations of the Cuntz algebra O2 by a pair of operators arising from a Z2-graded dynamical system, preprint RIMS-1415 (2003).

[12] T.Miwa, M.Jimbo and E.Date, Solitons: Differential Equations, Symmetries and Infinite Dimensional Algebras, Cambridge Univ. Press(2000).

[13] A.Okounkov, Infinite wedge and random partitions, airXiv:math.RT/9907127.