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Abstract

We study some aspects of noncommutative differential geometry on a finite
Weyl group in the sense of S. Woronowicz, K. Bresser et al., and S. Majid. For
any finite Weyl group W we consider the subalgebra generated by flat connections
in the left-invariant exterior differential algebra of W.

For root systems of type A and D we describe a set of relations between the
flat connections, which conjecturally is a complete set.

Introduction

The study of higher order differential structures on Hopf algebras was initiated by S. L.
Woronowicz [6], and further developed by K. Bresser et al.[1] and S. Majid [5] for algebras
of functions on finite groups. In particular, S. Majid has introduced and studied flat
connections on the symmetric group Sy. In our paper, we study the algebra generated
by flat connections in a sense of Majid on a finite Weyl group. This is an interesting
problem which is not treated in [5].

We consider the differential structure with respect to the set of reflections. Since the
complete set of the defining relations of the left-invariant exterior differential algebra has
not yet been determined in general, we will work on its quadratic version Ag,,q for the
root system of type A or D, and on its quartic version Ay, for the root system of type
B. Our main result describes a set of relations among flat connections on Weyl groups
of type A and D. Conjecturally, these relations are complete set of relations among flat
connections in Ag,.q. We expect some connections of our construction with Schubert
calculus on flag varieties [4].

1 Woronowicz exterior algebra

Woronowicz exterior algebra was introduced in [6] for the study of higher order differen-
tial structure on the quantum groups. In the category of modules over a commutative
algebra, the exterior products of a module are constructed by using the canonical action
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of the symmetric groups on the tensor products. In general, such a construction does
not work in the category of bimodules over a noncommutative algebra because of lack of
canonical action of the symmetric groups on the tensor products. However, in the cat-
egory of bimodules over a Hopt algebra, one can obtain a natural generalization of the
exterior product. In this paper, all (Hopf) algebras are over a field K of characteristic
zero. Let H be a Hopf algebra.

Definition 1.1 A bimodule M over H is called a left (resp. right) covariant bimolude if
M has a left (resp. right) H-comodule structure compatible with the bimodule structure.
A bimodule M is called a bicovariant bimodule if M has left and right covariant bimodule
structures and the left coaction and the right coaction commute.

Definition 1.2 Let M be a bicovariant bimodule over a Hopf algebra H. An element
x € M is called left (resp. right) invariant if @ is mapped to 1 @ x (resp. x @ 1) by the
comodule action of H.

Lemma 1.1 There exists a unique braiding V: M @y M — M @g M such that ¥(w @

n) =n @ w for left invariant w and right invariant n.

The homomorphism ¥ induces a homomorphism W, : M®#" — M®E" 1 <4 < n, which
acts as W on i-th and (i+1)-st components and acts identically on the other components.
Take an element w € 5, and its reduced decomposition w = s, ---s;,, $; = (4,7 + 1).
Then we can associate a homomorphism W(w) : M@#" — M®#" to the element w by
defining ¥(w) = ¥, --- ¥, . Since W,’s satisfy the braid relations, the homomorphism
U(w) is independent of the choice of reduced decomposition of w. Now we define the
antisymmetrizer A, on M®#" by the formula

A, =) sgn(w)¥(w).

wWESy

Definition 1.3 Woronowicz exterior algebra A\ M is a quotient of the tensor algebra of
M over H by the kernel of the antisymmetrizer, i.ec.

/\M =Ty M/ @Ker(An).

2 Differential structure on the Weyl group

2.1 Differential structure on a finite group

First of all, let us remind some fundamental facts on noncommutative differential struc-
tures on the finite group following [1] and [5].

Definition 2.1 Let A be a K-algebra. The first order differential structure of A is a
pair of A-bimodule QY and a K-linear map d : A — QY such that the map d satisfies the
Leibniz rule d(ab) = (da)b+ a(db), for a,b € A, and the image of d generates QY as a
left A-module.



Definition 2.2 Let H be a Hopf algebra. The first order differential structure (d : H —
Q) is said to be bicovariant if N} has a structure of a bicovariant bimodule and the
map d is a bicomodule homomorphism.

As a consequence of the construction in Section 1, we have the Woronowicz exterior
algebra of a bicovariant differential structure Q4 of a Hopf algebra H.

Definition 2.3 The Woronowicz exterior differential algebra ., for the bicovariant dif-
ferential structure of a Hopf algebra H is a Woronowicz exterior algebra of Q;, i.e.

Dy := AQY. The left invariant subalgebra of §Y., is denoted by A,,.

Let GG be a finite group and H an algebra of functions on G taking values on K. Now we
consider the differential structure on the Hopf algebra H = K (). The set of the delta
functions {6, | ¢ € G’} can be taken as a linear basis of H.

Now we construct a canonical differential structure of the algebra H. Take a subset C
of G which does not contain the identity element. Let Do = {(x,y) € GxG |27 'y € C}.
Define Q'(G) as a K-linear space generated by the set {8, @ é,|(z,y) € D¢}, and

= Y (f) - F@)s o6, for feH
(z,y)€Dc
Then (d : H — Q'(@)) is a first order differential structure on H. All left covariant
differential structures on H are of this form, and Q'(&) is bicovariant if and only if
the set C is stable under the adjoint action of G. Hence, simple bicovariant differential
structures on H are classified by nontrivial conjugacy classes of .
For an element @ € G, let e, =37 0,déy,. Then the left invariant subalgebra A, is
a K-linear subspace spanned by ¢,, a € C.

2.2 Differential structure on the Weyl group

Now we assume the group W to be a Weyl group. Denote by A the set roots, and A, the
set of positive roots. As we have seen in the previous subsection, bicovariant differential
structures on H = K(W) are corresponding to adjoint invariant subsets of W. We take
C = C,eji the set of reflections as the simplest adjoint invariant subset of W.

Remark 2.1 For a simply-laced root system, the set C forms a conjugacy class. How-
ever, for a nonsimply-laced system the set C splits into a disjoint union of two conjugacy
classes: C = C; U, where C; (resp. Cy) is the set of reflections with respect to the long
(resp. short) roots. We can see that

Aw(Br; Cs) Z A (Crs C) = Ay((A)™0),
Aw(GQ;Cl) = Aw(G27cs) = Aw(A27C)

This fact shows that the simple differential structure corresponding to C; or Cy is not
appropriate to investigate the differential structure for nonsimply-laced root systems.
For that reason, we consider the differential structure obtained from the set C, which is
not simple differential structure for nonsimply-laced root system. The algebra A, (X,C)
will be denoted simply by A, (X).



We define a quadratic version of the left-invariant differential algebra follwing [5]:
Aguad := Tre A ker(1 — ).

Conjecture 2.1 For simply-laced root systems, A = A ,qq. For the root system of type
A this conjecture was stated by S. Majid [5].

Remark 2.2 For nonsimply-laced root systems, A,,.q is not isomorphic to A,,.

Example 2.1 The algebra Aju.q(B,) is generated by ey, o] and e, where (47), (17)
and (7) are reflections. The defining quadratic relations are:

2 _ 2 2
6(“ —ef—e(i)—(),

ij) (<7)

C(if)E(kD) —I—e(kl)e(ij) = e(mem—l— eme(m = emem—l- emem = 0, for {Z,j} N {k, l} = @,
ci)eG) T eHen) = ey T e = Cnem T emee) = eapem T ewey, itk #4,
€(ij) €(k) T EGm E) T ek i) = 0,

R Eid) + (i) €GR) + CONCam — 0,
cijei) + ey T ewmeny T egen = -

The algebra A,,.q4(D,) is a quotient of Ayy.q(B.,).
Remark 2.3 The algebra Agyq.q(B,) is not isomorphic to A,(B,). For example, the
relations
CTHEDEENER) T EMEEHCHERT) T iR e T emeineme) = 0,
i) e eaNe) T ewmeunem e =0
hold in A, (B,), but they do not in Ayuua(B,). We denote by Aguer(B,) the quotient
algebra of A,,.q4(B,) by the ideal generated by the quartic relations above.

Example 2.2 The algebra Aj,qq(Bs2) is infinite dimensional. It has the Hilbert polyno-
mial
1+ 4t 4 8% + 1267 + 161 4+ 208° + 2445 + 2847 + 3265 + -+ = (1 +1)*(1 — )72
In the algebra A, (Bs), the quartic relations
Capemenen) +emeanemeng T eanemeagen T emeayemeaz =0
and
€(12)€(1)€(12)€(1) T €(1)€(12)€(1) €(12) = 0

hold. The algebra A,.-(B2) obtained by adding the quartic relations above to A yqq(Bs2)
is finite dimensional and has the Hilbert polynomial

(1+ 1)1+ %)%

In particular, A,,(B;) is finite dimensional. The anticommutative quotient of the algebra
Aguad(B2) has the Hilbert polynomial

144t 458 + 267 = (1 4+ 1)%(1 + 21).

Conjecture 2.2 The relations in Example 2.1 and Remark 2.3 are the complete set of
relations for Ay (B,), i.e. Ap(Brn) = Aguar(By).



3 U(1l)-gauge theory

The algebra A,, has a structure of a differential graded algebra over K. Denote by H*(W)
the cohomology group of the differential graded algebra A,. Let 0 = 3", cce,. If W is
nonsimply-laced, we define 0y = 3~ ¢, €, and 0, = 3~ ¢ €4-

Proposition 3.1 For simply-laced root system, H' (W) = K - 0. For nonsimply-laced
root system, H'(W)=K -6, & K - 0,.

Proof  Since db, = Y- .ce(64c — 64)€. and e, - 6, = by, - €., we have

de, = Z do,do,, = be, + €,0.

geEWwW

We can show that if n = 3", cc na€q 1s a closed 1-form, then n, = n, must be satisfied
when a and b are conjugate each other. W
Let Q}; be a bicovariant differential structure of a Hopf algebra H.

Definition 3.1 For a I-form n € Qj, the covariant curvature is defined by
Fn) = dy+n A
If F(n) =0, n is called a flat U(1)-connection.

As we have seen in Remark 2.1, the simple differential structures of nonsimply-laced
Weyl groups are reduced to the ones of simply-laced Weyl groups. Hence, we restrict our
considerations to the case of simply-laced root system X = (A, W). Fix the set of simple
roots ¥ C A. Let w, be a fundamental dominant dominant weight corresponding to a
simple root a € X. Denote by (v4), Schmidt’s orthogonalization of (w,),. We define the

1-forms 0 for a € ¥ by
(955 = Z <1/a,’yv>esv,

v€AL(a)

where A, («) is the set of the roots v satisfying the condition (v,,~) > 0.

Proposition 3.2 For the classical root systems the 1-forms 0, = 0% satisfy the relations
of anticommutativity 0,05 + 050, = 0 and flatness relations F(—0,) = 0.

Proof  This can be shown by direct computations. (See Section 5.) W

Remark 3.1 The 1-forms 6, can be considered as an analogue of the Dunkl elements
introduced in [2] and [4].

Example 3.1 Here we give an example in the exceptional root system of type (5. Let
« be the short simple root and 3 the long one. Then the set of positive roots is

AL ={a; =a,ay =3a+ f,a3 =3a+20,a4 =20+ a5 = a+ B,a¢ = [}.
Let s; be the reflection with respect to a; and e; := e;,. Then the relations

2
e; =0, ejeq + eqe1 = €365 + €563 = €366 + €63 = 0,
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e1€3 + eges + €5€; = ezey + e5e3 + eres =0,
€g€q + €466 + €5€y = €€y + g€y + €366 = 0,
€1€3 + €2€3 + €3€4 + €465 + €566 + €g€1 = 0,
€z€1 + €363 + €4€3 + €564 + €565 + €166 = 0

hold in A, (Gs2). The first cohomology group is
HI(W(GQ)) = K- (61 + €3 + 65) + K- (62 + €4 + 66).

Moreover, the 1-forms 1 = —(2e1 + ez + e+ €5+ €5) and 02 = —(e2 + €3 + 2e4 + €5 + €6)
define flat connections which satisfy the anticommutativity nyn, + 1917 = 0.

4 Hopf algebra structure

We introduce a Hopf algebra structure on K (W) @x Ayuaa(W). We consider K(W) @
Ayuaa(W) as a twisted group algebra defined by the commutation relations
€5 W = (—1)l(w)w e

5 Sy 9

where s, is a reflection with respect to a root v and w € W. The coproduct A, the
antipode S and the counit ¢ are given by the formulas:

Ales,) =€, @145, 0¢, Alw)=w@uw,
Sles,) = =5y €5, S(w) = w™,
e(es,) =0, e(w) = 1.

The adjoint representation of the Hopf algebra gives an action of A ,.q(W) on itself. The
element e, acts as a twisted derivation

Dy(x) = e, v — (—1)degwsw(:1;)esw,
for a homogeneous element © € A, ,,q(W). The twisted derivation D, satisfies the twisted
Leibniz rule

D, (zy) = Dy(x)y + (_1)degx5w(x)Dw(y)-

Remark 4.1 The Hopf algebra considered above coincides with the one obtained as a
twisted group algebra over the quadratic lift of the bracket algebra BE(W,S) defined in
[4]. (If the root system is simply-laced, the bracket algebra itself is a quadratic algebra.)
In particular, it coincides with the fibered Hopf algebra introduced in [3] for the root
system of type A.



5 Subalgebra generated by flat connections

In this section, we discuss on the structure of the subalgebra generated by the flat con-
nections 8, which are introduced in Section 3. We will treat only classical root systems.
Since we use only quadratic relations, we work on the quadratic algebra A,,q. For sim-
plicity, the symbols (i7), (ij) and (i) are used instead of €(ij)> €5 and e(;) respectively.
The U(1)-connections 055, ..., 0% € Ayuaa(X) (X = A,_1, By, D,,) are defined as follows:

An1 ZZ]

08" = >"((i7) + (1)) + 2(4).

=1
We can easily check that the elements —#6; define flat connections and satisfy the anti-
commutativity 8;0; + 0,0, = 0. For example,

By nBn BrngBn _

k; Zi( Z] <1 ]k <2—|—(lk)<1(lj)<2—|—(Zk)<1(jk)<2—|—(jk)<1(lj)<2—|—(Z])C1(Zk)<2—|—(jk)<1(lk)<2)

#2 35 S ((0)+ ()Y + G760 + (08)) =0
where (1) = (i5) and (i5)~ = (z7). Since Y; 07" = 2057 the flatness —dfP" +(0P)2 = 0

follows from the anticommutativity.

Lemma 5.1 (Cyclic relations in A ,.q(A,—1))

For any distinct 1 < aq,...,a; < n,
k .
S (=DM arai)(a1ai) - - (arax)(aras) - - (ara;) = 0.
=2

Proof  These relations are obtained by applying the composition of twisted derivations
D D - Dyyay to the relation (a1a2)* =0. W

ap—1aptag_sap_1 7"

Example 5.1 Let aq,aq, a3, a4 be distinct, then
[} k =3 (alag)(alag)(alag) — (G1G3)(G1G2)(G1G3) =0

o k=14

(a1a2)(aras)(aras)(araz) + (a1as)(aras)(araz)(aras) + (araa)(ar1az)(aras)(aras) = 0



Lemma 5.2 For any distinct 1 < aq,...,a541 < n,

(H(alaj))(alag)(alakﬂ) + (—1 G1Gk+1 (1:[ ara;) ) (ayaz)

‘|‘(1:[2(Cl16lj))(6l2ak—|—1) + (—1)k+1(a2ak+1)(a1ak+1)(1:[3(@1%))(@1@2) —0.

Proof By using the equalities (ajajy1)(agagyy) + (a2a551)(a1a2) + (ayaz)(ayapq1) = 0,
(agapyr)(arapsy) + (arapyr)(ayag) + (ayaz)(agagyr) = 0 and anticommutativity relations,
we obtain

(I(@a)(@az)(arar) + (1L (@a)(@anm) = = ([T(aa) (@) (@)
— —(—1)k_2(a1a2 Jagag iy (1:[ aa;) ) (ayaz)
= (=¥ (ayapqq (1:[ ara;) ) (ayay) 4 (—1)*(agapy1)(araggr) (H (a1a;) ) (ayaz).

=3

This completes the proof. W

Corollary 5.1 For any m € Z>q,
(B gy (g =,

Proof The sum ¥, #?™ is a sum of products of cycles, and the number of odd cycles is

even. All even cycles give zero contribution, see Lemma 5.1. According to Lemma 5.2

we can kill all even products of odd cycles. W

Lemma 5.3
N )

Lemma 5.4 For any integer k between 1 and n, we have

M= Y (0 I oGk,

=10k o EePer(1eBen) i=1,i#k

where the sum runs over all permutations o of the set (1,--- e -n) and l(o) denotes
the length of permutation o.

Proof of Lemmas 5.3 and 5.4  The proof is by induction on n. We will prove the
equations in Lemmas 5.3 and 5.4 for A,,_; under the assumption that Lemma 5.3 holds

for A,,_,. The equation 0{4"_2 e fof = 0 means that we have in A ,4(A,—1)

Y (L) (n—1,7,04) =0,

1 geeey tn—1



where 21,...,1,_; run over the letters satisfying ¢;, # [ and 1 < 2y,...,0,_y < n —
1. Let M; be the sum of the products H?:L#k(j,i]‘) such that none of the letters i;
equal k, and M; be the sum of the products such that at least one letter 2; equals
k. Then, H?:L#k (9}4"_1 = M; 4+ M,. The assumption of the induction shows M; =
0. We can express [[7_; ;4.(0(j), k) as a sum of terms of form =£(1,b1)---(n,b,) by
applying substitution (a;b)(a;110) — —(a;410)(a;a:41) — (a;410;)(a;b) repeatedly when a
term - - - (a;0)(a;410) - - - with a; > a;4, appears. This procedure yields the equality

> (=D T (o) k) = Mo

gepeM1“%2;%n) J=1,5#k

Now we have the equality in Lemma 5.4. Multiply both hand side by (9,;4"_1. Then we
have

n

(D)oot = S S (=)D T (e(), b

crEPeT(l,~~~jc\,~~~,n) I#k i=15#k

Here, we can show that the right hand side is equal to zero from the cyclic relations in
Lemma 5.1. W

Lemma 5.5

m m k—1
> (=0 T (k) TIG. k) = 0.
k=1 j=k+1 7=1
Proof By induction, one can show
m—1 m—1 m
D (TL (@j00)) = (=1)" (@) (TT (aja)) + T (a041)
Jj=1 j=1 j=1

by using the identity

- _
. _ n 2
(ajam) = (— a]am (araz) — (araz)(aran,) a]am
e L

Then, the desired identity is obtained by applying D
(alaz)(alag) —|— (Clzag)(alaz) —|— (Cllag)(agag) = 0. .

-+ Dyyq, to the identity

Am—1am

Example 5.2 Let aq, a9, as, a4 be distinct, then

e m =23 (araz)(aras) + (azas)(araz) + (aras)(azas) = 0.

(araz)(aras)(aras)—(azas)(azaq)(araz)+(asaq)(aras)(azas)—(araq)(azaq)(asaqs) = 0.



Theorem 5.1 The connections 0{4"_1, oo, 0471 satisfy the following relations:
A _
(072, (0 =0, 1<k<n,
where ¢, is the k-th elementary symmetric polynomial. Moreover,

Ap_
0; 1'__(9;;171—1 =0,

Z(_l)ﬂ-lg{‘n—l A g =,

7
=1

Proof Indeed, the first series of equalities follow from Corollary 5.1. The second equality
has been proved in Lemma 5.3. The last relation follows from Lemmas 5.4 and 5.5. W

Let us remark that
n 2
a0 = (St
=1

Proposition 5.1 The elements Egj) = ey + €5 € Ayuad(Dy) generate a subalgebra

isomorphic to Agei(An—1), where we have the natural identification (9}4"_1 = (9?", 1 <
J < n.

Proof We can check the identities

2
By =0
EiyEgy + EgnEay =0, for {4,510 {k 1} =10,

EapEgry + LGy Egiy + EwiyEij) = 0.

Y

Hence, we can define an algebra homomorphism ¢ : Agyaa(An—1) = Aguaa(Dy) by mapping
c(ijy to E(;). We also have an algebra homomorphism 7 : Aguad(Drn) — Aguad(An-1)

obtained by putting iy = 0- Since 7 o ¢ = id, the elements F(;;, generate a subalgebra

isomorphic to Ayuua(A,—1). W
Corollary 5.2

Moreover,

10



Conjecture 5.1 (1) Let X denote either A, or D,. Relations
(07 )., (07)) =0, 1<k<n

o -0 =0

S (—1)*ex 0K X~

7 n
=1

together with the anticommutativity relations (95((9;( + (9;((9;( = 0, form the complete list
of relations among 605, ..., 02 in the quadratic algebra A ,.q4(X).

(2) For X = B,, the relations
((07)% - (07)) =0, 1<k<n

and the anticommutativity relations form the complete list of relations among §7~ ..., 05~

in the algebra A, (B,).

We can check that the above relations are valid in the algebra A, (B,) for n < 3.

Remark 5.1 Let us consider the flag variety F'l, of type A,,_1 and the tautological flag
on it:
0=FRCFHCFC---CF, =0f.

The cohomology ring H*(F,, K) is isomorphic to the algebra

Ko, . ..xn]/(a(x),. .. en(2)),

where x; = ¢;(F;/F;_1). The algebra generated by the flat connections (9;»4"_1 can be
considered as a super-analogue of the cohomology ring of the flag variety, and our result
shows that both algebras have some common relations in even degrees.
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