Irreducible representations of crossed products of the Cuntz algebras and isotropy subgroups of the unitary group

Katsunori Kawamura Research Institute for Mathematical Sciences Kyoto University, Kyoto 606-8502, Japan

For an element x of the Cuntz algebra O_N , define the isotropy subgroup G_x ≡ {g ∈ U(N) : α_g (x) = x} of the unitary group U(N) with respect to the canonical action α of U(N) on O_N . We have irreducible representations of the crossed product O_N ⋊G_x by extending irreducible generalized permutative representations of O_N and irreducible representation of G_x. ¿From this, the Peter-Weyl theorem for G_x is extended to the regular representation of O_N ⋊G_x.

1. Main theorem

By comparing the theory of Lie groups, representation theory of operator algebras are not well developed. The most different point among them is the uniqueness of irreducible decomposition of representation. In general, representations of C^∗-algebras do not have unique decomposition(up to unitary equivalence) into sums or integrals of irreducibles. However, the permutative representations of the Cuntz algebra O_N do ([1, 3, 4]). We generalized the permutative representations in [5, 6, 7, 8] by keeping the uniqueness of decomposition. For a C^∗-dynamical system (A, G, α), representations of the C^∗-crossed product A⋊G are written in [9]. However their irreducible representations are not well-known. In this paper, we show concrete irreducible representations of O_N ⋊G by using generalized permutative(=GP) representations of O_N and unitary representations of a compact group G and classify them when G is a closed subgroup of the isotropy subgroup of the unitary group U(N) with respect to the canonical action α of U(N) on O_N . In order to introduce representations of O_N ⋊G, we start to review GP representations of O_N with cycle.

Let S(C^N ) ≡ {w ∈ C^N : ‖w‖ = 1}, S(C^N )^{⊗k} ≡ {w^{(1)} ⊗ · · · ⊗ w^{(k)} : w^{(i)} ∈ S(C^N ), i = 1, . . . , k} for k ≥ 1 and S(C^N )^{⊗∗} ≡ ⋃ k≥1 S(C^N )^{⊗k}. Let s_1, . . . , s_N be canonical generators of O_N . For w = (w_i)^N_{i=1} ∈ C^N , define s(w) ≡ w_1s_1 + · · · + w_N s_N . For w = w^{(1)} ⊗ · · · ⊗ w^{(k)} ∈ S(C^N )^{⊗k}, a

e-mail:kawamura@kurims.kyoto-u.ac.jp.

representation (H, π) of O_N is GP (w) if there is a cyclic vector Ω ∈ H such that π(s(w))Ω = Ω where s(w) ≡ s(w^{(1)}) · · · s(w^{(k)}). We call Ω by the GP vector of (H, π). We call GP (w) by the GP representation of O_N by w. w ∈ S(C^N )^{⊗k} is non periodic if there is no y ∈ S(C^N )^{⊗l} such that w equals to the tensor power y^{⊗l} of y for some l ≥ 2. If w ∈ S(C^N )^{⊗k} is non periodic, then GP (w) exists uniquely up to unitary equivalence. GP (w) is irreducible if w is non periodic. If both w ∈ S(C^N )^{⊗k} and y ∈ S(C^N )^{⊗k′} are non periodic, then GP (w) ∼ GP (y) if and only if k^′ = k and w = y^{(p(1))} ⊗ · · · ⊗ y^{(p(k))} for some p ∈ Z_k where ∼ means unitary equivalence. Any cyclic permutative representation with a cycle is a GP representation.

Let α be the canonical action of U(N) on O_N . For w ∈ S(C^N )^{⊗∗}, let U_w(N) ≡ {g ∈ U(N) : α_g(s(w)) = s(w)}. Then U_w(N) is a closed subgroup of U(N). For example, U_w(N) ∼= U(N − 1) for any w ∈ S(C^N ). For a closed subgroup G of U_w(N), we define O_N ⋊G by the C^∗-crossed product associated with a C^∗-dynamical system (O_N , G, α).

Definition 1.1. For w ∈ S(C^N )^{⊗∗} and a unitary representation (V, V ) of G, a representation (H, π) of O_N ⋊G is GP (w)⋊(V, V ) if there is a subspace V^′ ⊂ H which is cyclic for (H, π) such that (V^′ , π|_G) is unitarily equivalent to (V, V ) and π(s(w))v = v for each v ∈ V^′ . We call V^′ by the GP subspace of (H, π).

Theorem 1.2. For a non periodic element w ∈ S(C^N )^{⊗∗} and a closed subgroup G of U_w(N), the following holds:

(i) GP (w)⋊(V, V ) exists uniquely up to unitary equivalence. (ii) GP (w)⋊(V ⊕ V^′ , V ⊕ V^′ ) ∼ (GP (w)⋊(V, V )) ⊕ (GP (w)⋊(V^′ , V^′ )). (iii) GP (w)⋊(V, V ) ∼ GP (w)⋊(V^′ , V^′) if and only if (V, V ) ∼ (V^′ , V^′ ). (iv) GP (w)⋊(V, V ) is irreducible if and only if (V, V ) is irreducible. (v) Identify O_N with the subalgebra of O_N ⋊G by the natural embedding of O_N into O_N ⋊G. Then the following branching law holds: (GP (w)⋊(V, V ))|_{ON} ∼ (GP (w))^{⊕dimV} . For a representation (H, π) of a C^∗-algebra A and a C^∗-dynamical system (A, G, α) with a locally compact group G, the regular representation (L_2(G, H), π̃⋊λ) of A⋊G by (H, π) is the representation which is induced by the following covariant representation (L_2(G, H), π̃, λ) as follows(§ 7.7, [9]): (π̃(a)ϕ)(g) ≡ π(α_{g−1}(a))ϕ(g), (λ_hϕ)(g) ≡ ϕ(h^{−1}g) (a ∈ A, g, h ∈ G). For a non periodic element w ∈ S(C^N )^{⊗∗} and a closed subgroup G of U_w(N), let (H, π) be GP (w) of O_N . By the Peter-Weyl theorem for G and Theorem

1.2, the following irreducible decomposition holds: (L_2(G, H), π̃⋊λ) ∼ ⨁ γ∈Ĝ {GP (w)⋊γ}^{⊕dγ}

where Ĝ is the unitary dual of G and d_γ is the dimension of the representation of G associated with γ.

In §2, we prove the main theorem(Theorem 1.2). In §3, we show the state of O_N ⋊G associated with GP (w)⋊(V, V ). In §4, we show example.

2. Proof of the main theorem

In this paper, any representation and embedding are unital and ∗-preserving. We assume that any group G is locally compact and any representation of G means a(possibly infinite dimensional)unitary representation in this section. For a representation (K, π) of a C^∗-algebra A, a subspace V ⊂ K is cyclic for (K, π) if π(A)V = K. For a C^∗-dynamical system (A, G, α), let Rep(A⋊G) and Rep_u(G) be the set of all representations of A⋊G and the set of all (possibly infinite dimensional)unitary representations of G, respectively. For a covariant representation (H, π, U) of (A, G, α) and (V, V ) ∈ Rep_u(G), define a new covariant representation (H⊗V, π̃, U ⊗V ) of (A, G, α) as follows: (2.1) π̃(x) ≡ π(x) ⊗ I, (U ⊗ V )_g ≡ U_g ⊗ V_g (x ∈ A, g ∈ G). For (H, π) ∈ Rep(A⋊G), we have a covariant representation (H, π|_A, π|_G) of (A, G, α). Definition 2.1. For a representation (H, π) of A⋊G and a unitary representation (V, V ) of G, a new representation (H, π)⋊(V, V ) of A⋊G is defined by the representation which is induced by a covariant representation (H ⊗ V, ~π|_A, (π|_G) ⊗ V ) of (A, G, α). This induces the following map: Rep(A⋊G) × Rep_u(G) ∋ ((H, π), (V, V )) → (H, π)⋊(V, V ) ∈ Rep(A⋊G). Define R(G) ≡ Rep_u(G)/∼ and R(A⋊G) ≡ Rep(A⋊G)/∼ where ∼ means unitary equivalence. Then we can verify that the following map is welldefined: R(A⋊G) × R(G) ∋ ([(H, π)], [(V, V )]) → [(H, π)⋊(V, V )] ∈ R(A⋊G). We denote [(H, π)]⋊[(V, V )] ≡ [(H, π)⋊(V, V )]. Both R(G) and R(A⋊G) have a sum by the direct sum of representations. The tensor product on R(G) is associative and distributive with respect to direct sum. For x ∈ R(G), define (2.2) R_x : R(A⋊G) → R(A⋊G); ξR_x ≡ ξ⋊x.

We see that ξR_1 = ξ, (ξ ⊕ η)R_x = ξR_x ⊕ ηR_x, (ξR_x)R_y = ξR_{xy}, ξR_{x⊕y} = ξR_x ⊕ ξR_y for x, y ∈ R(G) and ξ, η ∈ R(A⋊G) where 1 is the trivial representation of G. ¿From this, the following holds:

Proposition 2.2. For a C^∗-dynamical system (A, G, α), R(A⋊G) is a right R(G)-module by R in (2.2).

For N ≥ 2, let O_N be the Cuntz algebra([2]), that is, it is a C^∗-algebra which is universally generated by generators s_1, . . . , s_N satisfying s^∗_i s_j = δ_{ij} I for i, j = 1, . . . , N and s_1s^∗_1 + · · · + s_N s^∗_N = I. For a non periodic element w = w^{(1)} ⊗· · ·⊗w^{(k)} ∈ S(C^N )^{⊗k}, define w[l] ≡ w^{(l)} ⊗· · · ⊗w^{(k)} for 1 ≤ l ≤ k and choose an orthonormal set {y^{(l,m)}}^N_{m=1} ⊂ C^N such that y^{(l,1)} ≡ w^{(l)} for each l = 1, . . . , k. Let {1, . . . , N}^∗ ≡ ∐ k≥0{1, . . . , N}^k, {1, . . . , N}^∗_1 ≡ ∐ k≥1{1, . . . , N}^k, {1, . . . , N}^0 ≡ ∅, {1, . . . , N}^k ≡ {(j_1, . . . , j_k) : j_1, . . . , j_k ∈ {1, . . . , N}}. Define a subset Λ(w) of S(C^N )^{⊗∗} by

(2.3) Λ(w) ≡ Λ_1(w) ⊔ Λ_2(w) ⊔ Λ_3(w),

Λ_1(w) ≡ {w[l] : l = 1, . . . , k}, Λ_2(w) ≡ ∐_k l=1 Λ_{2,l}(w), Λ_{2,1}(w) ≡ {y^{(k,m)} ⊗ w : m = 2, . . . , N}, Λ_{2,l}(w) ≡ {y^{(l−1,m)} ⊗ w[l] : m = 2, . . . , N} for 2 ≤ l ≤ k, Λ_3(w) ≡ {ε_J ⊗x : x ∈ Λ_2(w), J ∈ {1, . . . , N}^∗_1} where ε_J = ε_{j1} ⊗· · ·⊗ε_{jk} for J = (j_1, . . . , j_k) and {ε_j }^N_{j=1} is the standard basis of C^N . If (H, π) is GP (w) of O_N with the GP vector Ω, then {π(s(x))Ω : x ∈ Λ(w)} is a complete orthonormal basis of H.

Lemma 2.3. For a non periodic element w ∈ S(C^N )^{⊗k} and a closed subgroup G of U_w(N), let (K, π) be GP (w) with the GP vector Ω. Let Λ(w) be in (2.3). For g ∈ G, define an operator Y_g on K by Y_gπ(s(x))Ω ≡ π(α_g(s(x)))Ω (x ∈ Λ(w)). Then Y is a unitary action of G on K and (K, π, Y ) is a covariant representation of a C^∗-dynamical system (O_N , G, α).

Proof. For each g ∈ G, Y_g is well-defined because G ⊂ U_w(N). We show that K_{x,y} ≡< Y_gπ(s(x))Ω|Y_gπ(s(y))Ω >= δ_{x,y} for each x, y ∈ Λ(w). Because π(s(w))Ω = Ω and α_g(s(w)) = s(w),

(2.4) π_g(s(w^{⊗L}))Ω = Ω (∀L ≥ 0)

where π_g ≡ π ∘ α_g. By (2.4), K_{x,y} =< Ω|π_g({s(x)}^∗s(y ⊗ w^{⊗L}))Ω > for each L ≥ 0. Assume that x = x^{(1)} ⊗ · · · ⊗ x^{(a)} and y = y^{(1)} ⊗ · · · ⊗ y^{(b)} for a, b ≥ 0. If a = b + Lk + j, L ≥ 0 and 0 < j < k, then K_{x,y} = c· < Ω|π_g(s(w[j + 1]))Ω > where c ≡< x|y ⊗ w^{⊗L} ⊗ w^{(1)} ⊗ · · · ⊗ w^{(j)} >. By (2.4), < Ω|π_g(s(w[j + 1]))Ω >= d· < Ω|π_g(s(w[j + 1]))Ω > where d ≡< w|w[j]⊗w^{(1)} ⊗· · · ⊗w^{(j)} >. Because w is non periodic, |d| < 1. This implies that K_{x,y} = 0. Assume that a = b + Lk. Because < π(s(x))Ω|π(s(y))Ω >= δ_{x,y}, we see that < x|y ⊗ w^{⊗L} >= δ_{x,y}. On the other hand, K_{x,y} =< x|y ⊗ w^{⊗L} >. In consequence, K_{x,y} = δ_{x,y} for each x, y ∈ Λ(w). Therefore Y_g is an isometry for each g ∈ G. Because Y^{−1}_g = Y_g−1 and Y_gY_h = Y_{gh} for each g, h ∈ G, Y is a unitary action of G on K. By definition of Y_g, we see that Y_gπ(s_J )Ω = π(α_g(s_J ))Ω for each J ∈ {1, . . . , N}^∗. ¿From this, we can verify that AdY_g ∘ π = π ∘ α_g for each g ∈ G. Hence the statement holds. □ Let φ be the natural embedding of O_N into O_N ⋊G. When (K, π) is GP (w) of O_N , there is a representation (K, π̃) such that π̃ ∘ φ = π by Lemma 2.3. If (K^′ , π^′ ) is GP (w) of O_N , then (K^′ , π̃^′ ) ∼ (K, π̃) by construction. We denote (K, π̃) by GP (w)⋊1. By Definition 2.1, we have (GP (w)⋊1)⋊(V, V ) for (V, V ) ∈ Rep_u(G).

Lemma 2.4. For a non periodic element w ∈ S(C^N )^{⊗∗}, let G be a closed subgroup of U_w(N) and (K, π) be GP (w) with the GP vector Ω. Then GP (w)⋊(V, V ) ∼ (GP (w)⋊1)⋊(V, V ) for each (V, V ) ∈ Rep_u(G).

Proof. Let (H, Π) be GP (w)⋊(V, V ) and V^′ ⊂ H such that (V^′ , Π|_G) ∼ (V, V ). We construct a unitary from H to K ⊗ V. By definition, there is a unitary u from V^′ to V such that Adu(π(g)) = V_g for each g ∈ G. Choose an orthonormal basis {e_n}_{n∈Ξ} of V^′ . Define an operator T on H by T Π(s(x))e_n ≡ π(s(x))Ω^′ ⊗ ue_n for x ∈ Λ(w) and n ∈ Ξ. Then we see that < T Π(s(x))e_n|T Π(s(y))e_m >= δ_{x,y}δ_{n,m} for x, y ∈ Λ(w) and n, m ∈ Ξ. Hence T is an isometry. Because {π(s(x))Ω^′ ⊗ ue_n : x ∈ Λ(x), n ∈ Ξ} is a complete orthonormal basis of K ⊗ V, T is a unitary. Further we see that T Π(s_i) = (π(s_i) ⊗ I)T and T Π(g) = (π(g) ⊗ V_g)T for each i = 1, . . . , N and g ∈ G. Therefore T gives the unitary equivalence between GP (w)⋊(V, V ) and (GP (w)⋊1)⋊(V, V ). □ For a non periodic element w ∈ S(C^N )^{⊗k}, let (K, π) be GP (w) of O_N with the GP vector Ω. If v ∈ K satisfies < v|Ω >= 0, then we can verify that lim_{n→∞}(π(s(w))^∗)^nv = 0.

Proof of Theorem 1.2. (i) By Lemma 2.4, the statement holds. (ii) and (iii) hold by (i) and Proposition 2.2.

(iv) Assume that (V, V ) is irreducible. Let (H, π) be GP (w)⋊(V, V ) with the GP subspace V^′ . For v ∈ H, v ≠ 0, it is sufficient to show that V^′ ⊂ π(O_N ⋊G)v. By the proof of Lemma 2.4, v is written by ∑ (x,n)∈Λ×Ξ ax,nπ(s(x))en for a_{x,n} ∈ C. When a_{x,n} ≠ 0, put v^′ ≡ a^{−1}_{x,n} · (π(s(x)))^∗v. Then we can denote v^′ = e_n + y for y ∈ H, < y|e_n >= 0. Then v^′ ≡ lim_{n→∞}(π(s(w))^∗)^nv = ∑_M l=1 c_le_n ∈ V^′ and c_n = 1. Because (V, V ) is irreducible, Lin < π(G)v^′ >=

V^′ . Therefore V^′ ⊂ Lin < π(G)·π(O_N )v >⊂ π(O_N ⋊G)v. Hence GP (w)⋊(V, V ) is irreducible. If (V, V ) is not irreducible, then GP (w)⋊(V, V ) is not irreducible by (ii). Therefore the statement holds. □

For w, w^′ ∈ S(C^N )^{⊗∗}, w ∼ w^′ if there is p ∈ Z_k such that w^′ = w^{(p(1))} ⊗ · · · ⊗ w^{(p(k))} where w = w^{(1)} ⊗ · · · ⊗ w^{(k)}. When w, w^′ ∈ S(C^N )^{⊗∗} are non periodic, GP (w) ∼ GP (w^′ ) if and only if w ∼ w^′ .

Proposition 2.5. For non periodic elements w, w^′ ∈ S(C^N )^{⊗∗}, assume that G is a closed subgroup of U_w(N)∩U_w′ (N). If w ≁ w^′ , then GP (w)⋊(V, V ) ≁ GP (w^′ )⋊(V^′ , V^′ ) for any representations (V, V ) and (V^′ , V^′ ) of G.

Proof. We see the following branching laws: (GP (w)⋊(V, V ))|_{ON} = (GP (w))^{⊕dimV} , (GP (w^′ )⋊(V^′ , V^′ ))|_{ON} = (GP (w^′ ))^{⊕dimV ′} . Because w ≁ w^′ , GP (w)⋊(V, V ) ≁ GP (w^′ )⋊(V^′ , V^′ ). □

3. State associated with GP (w)⋊(V, V )

Operator algebraists prefer state than representation. We realize GP (w)⋊(V, V ) as the GNS representation of a state of O_N ⋊G. We denote generators of O_N ⋊G by s_i, λ_g for i = 1, . . . , N and g ∈ G.

Proposition 3.1. Assume that w = w^{(1)} ⊗ · · · ⊗ w^{(k)} ∈ S(C^N )^{⊗k} with k ≥ 1 is non periodic and G is a closed subgroup of U_w(N). For a finite dimensional unitary representation (V, V ) of G with dimV = M and an orthonormal basis {e_n}^M_{n=1} of V, let V_g = ((V_g)_{ij} )^M_{i,j=1} be the matrix representation of V_g for g ∈ G with respect to {e_n}^M_{n=1}. define a state ρ of O_N ⋊G by ρ(s_J s^∗_K λ_g) = (V_g)_{11} · w_J · w_K (|J| ≡ |K| mod k), 0 (otherwise) for g ∈ G and J, K ∈ {1, . . . , N}^∗ where w_J ≡ ∏_k l=1 w^{(σl−1 (1))}

j_l for J =

(j_1, . . . , j_k). Then the following holds:

(i) ρ is pure if and only if (V, V ) is irreducible.

(ii) If (V, V ) is irreducible, then the GNS representation of O_N ⋊G by ρ is equivalent to GP (w)⋊(V, V ).

Proof. Let (H, π) be GP (w)⋊(V, V ) with the GP subspace V^′ ⊂ H. Then there is a unitary u from V to V^′ such that Adu ∘ (π|_G) = V . Define Ω ≡ ue_1 and a state ρ^′ of O_N ⋊G by ρ^′ (s_J s^∗_K λ_g) ≡< Ω|π(s_J s^∗_K )λ_gΩ > for g ∈ G and J, K ∈ {1, . . . , N}^∗. Then we can verify that ρ^′ = ρ. Therefore the statements hold by Theorem 1.2. □

4. Example

Let {ε_j }^N_{j=1} be the standard basis of C^N and d_γ be the dimension of the representation associated with γ ∈ Ĝ for a group G in this section.

4.1. Examples of Theorem 1.2.

Example 4.1. Let (l_2(N), π) be a representation of O_N defined by π(s_i)e_n ≡ e_{N(n−1)+i} for n ∈ N and i = 1, . . . , N. (l_2(N), π) is an irreducible permutative representation. Define an action β of U(N − 1) on O_N by β_g(s_1) ≡ s_1 and β_g(t_i) ≡ ∑_{N−1} j=1 g_{ji}t_j for g = (g_{ij} ) ∈ U(N − 1) where t_i ≡ s_{i+1} for i = 1, . . . , N − 1. Then (l_2(N), π) is GP (ε_1) of O_N and G ≡ U_{ε1} (N) = {1} × U(N − 1) ∼= U(N − 1). For the regular representation (L_2(U(N − 1), l_2(N)), Π) of O_N ⋊_βU(N − 1) induced by (l_2(N), π) of O_N , the following irreducible decomposition holds:

(L_2(U(N − 1), l_2(N)), Π) = ⨁ γ∈ ^ U(N−1) (GP (ε_1)⋊γ)^{⊕dγ} . When N = 2, the action β of U(1) on O_2 is given by β_c(s_1) = s_1, β(s_2) = cs_2 for c ∈ U(1). For O_2⋊_βU(1), the following irreducible decomposition holds:

(L_2(U(1), l_2(N)), Π) = ⨁ n∈Z GP (ε_1)⋊χ_n where χ_n(c) ≡ c^n for c ∈ U(1). Especially this decomposition is multiplicity free.

Example 4.2. Let S_N → U(N) be the natural embedding of the symmetric group S_N by the permutation of {ε_j }^N_{j=1} and w ≡ c · (ε_1 + · · · + ε_N )/ √ N ∈ S(C^N ) for c ∈ U(1). Since p(w) = w for each p ∈ S_N , S_N ⊂ U_w(N). Let (H, π) be GP (w). Then we have the irreducible decomposition of the regular representation of O_N ⋊S_N as follows: L_2(S_N , H)(∼= H^{⊕N!}) = ⨁ γ∈ ŜN (GP (w)⋊γ)^{⊕dγ} .

4.2. Other cases. The following are not examples of Theorem 1.2. Example 4.3. For N ≡ {1, 2, 3, . . .} and N ≥ 2, let σ(i) ≡ i + 1 for i = 1, . . . , N − 1 and σ(N) ≡ 1. Define operators T and P on l_2(N) by T e_n ≡ e_{Nn}, P e_{N(n−1)+i} ≡ e_{N(n−1)+σ(i)} (n ∈ N, i = 1, . . . , N). Define a representation (l_2(N), π) of O_N by (4.1) π(s_i) ≡ P^iT P^{−i} (i = 1, . . . , N).

Then (l_2(N), π) is GP (ε_1 ⊗ · · · ⊗ ε_N ) of O_N . Define β ∈ AutO_N by β(s_i) ≡ s_{σ(i)} for i = 1, . . . , N. Then AdP ∘ π = π ∘ β. ¿From this, (l_2(N), π, P ) is a covariant representation of a C^∗-dynamical system (O_N , Z_N , β). This induces a representation (l_2(N), π̃) of O_N ⋊Z_N naturally. Because (l_2(N), π) is irreducible, (l_2(N), π̃) is irreducible.

Example 4.4. Let O_N ⋊U(1) be the C^∗-crossed product by the gauge action on O_N and (H, π) be a representation of O_N ⋊U(1). If there are w ∈ S(C^N )^{⊗∗} and Ω ∈ H such that π(s(w))Ω = Ω, then we can show that Ω = 0. ¿From this, there is no permutative representation of cycle type for O_N ⋊U(1).

4.3. Permutative representation of O_N ⋊(T^{N−1}⋊Z_N ). For N ≥ 2, let transformations τ on T^{N−1} ≡ {(z_1, . . . , z_{N−1}) : ∀i, z_i ∈ C, |z_i| = 1} and κ on Z^{N−1} as follows: when N = 2, τ(z) ≡ z̄, κ(n) ≡ 1 − n and when N ≥ 3,

(4.2) { τ(z_1, . . . , z_{N−1}) ≡ (z_2, . . . , z_{N−1}, z_1 · · · z_{N−1}), κ(n_1, . . . , n_{N−1}) ≡ (n_2 − n_1 + 1, n_3 − n_1, . . . , n_{N−1} − n_1, −n_1).

τ and κ induce actions of the cyclic group Z_N ≡ {σ^{i−1} : i = 1, . . . , N} where σ is a cyclic permutation on {1, . . . , N} defined by σ(i) ≡ i + 1 for i = 1, . . . , N − 1 and σ(N) ≡ 1. For n = (n_1, . . . , n_{N−1}) ∈ Z^{N−1} and z = (z_1, . . . , z_{N−1}) ∈ T^{N−1}, define z^n ≡ z^{n1}_1 · · · z^{nN−1}_{N−1} . The action κ is free. Define [n] ≡ {κ^{i−1}(n) : i = 1, . . . , N} and G ≡ T^{N−1}⋊Z_N by τ. We denote an element in G by (z, σ^j ). We identify both T^{N−1} and Z_N as subgroups of G. G is realized as a subgroup G^′ ≡< {diag(z_1, . . . , z_{N−1}, z_1 · · · z_{N−1}), P } > of U(N) where P ∈ U(N) is defined by P ε_i ≡ ε_{σ(i)} for i = 1, . . . , N. We identify G and G^′ . We denote the action of G on O_N by α. Define the crossed product O_N ⋊G for the C^∗-dynamical system (O_N , G, α).

Definition 4.5. For n ∈ Z^{N−1}, a representation (H, π) of O_N ⋊G is P (1 · · · N|n) if there is a cyclic vector Ω ∈ H such that

π(s_1 · · · s_N )Ω = Ω, T_zΩ = z^nΩ (∀z ∈ T^{N−1})

where T_z ≡ π((z, id)) for z ∈ T^{N−1}. Ω is called the GP vector of (H, π).

A representation (K, π) of O_N is P (1 · · · N) if there is a cyclic unit vector Ω such that π(s_1 · · · s_N )Ω = Ω. (l_2(N), π) in Example 4.3 is P (1 · · · N).

Theorem 4.6. (i) For each n ∈ Z^{N−1}, P (1 · · · N|n) is unique up to unitary equivalence.

(ii) For each n ∈ Z^{N−1}, P (1 · · · N|n) is irreducible.

(iii) For n, m ∈ Z^{N−1}, P (1 · · · N|n) ∼ P (1 · · · N|m) if and only if [n] = [m]. (iv) Let (K, π) be P (1 · · · N) of O_N and (L_2(G, K), Π) be the regular representation of O_N ⋊G induced by (K, π). Then there is an orthonormal family {v_n ∈ L_2(G, K) : n ∈ Z^{N−1}} such that v_n is the GP vector of P (1 · · · N|n) of O_N ⋊G and the following irreducible decomposition with respect to the action of O_N ⋊G holds:

(4.3) L_2(G, K) = ⨁ n∈Z^{N−1} W_n, W_n ≡ Π(O_N ⋊G)v_n. The multiplicity of each component in the decomposition in (4.3) is N. (4.3) implies that the existence of P (1 · · · N|n) for each n ∈ Z^{N−1}.

We show the case N = 2 in Theorem 4.6. Let τ be an action of Z_2 on U(1) ≡ {z ∈ C : |z| = 1} by z → z̄. κ(n) = 1 − n. G = U(1)⋊Z_2

is realized as a subgroup {( z 0 0 z̄ ) , ( 0 z z̄ 0 ) : z ∈ U(1) } of U(2). Let

(K, π) be P (12) of O_2 with the GP vector Ω and (L_2(G, K), Π) be the regular representation of O_2⋊G induced by (K, π). Define Ω_{n,+}(z, σ^j ) ≡ δ_{0,j} · z^{−n}Ω, Ω_{n,−}(z, σ^j ) ≡ δ_{1,j} · z^{−n}Ω for z ∈ U(1) and j = 0, 1. Then V_{n,±} ≡ Π(O_2)Ω_{n,±} is P (12) of O_2, L_2(G, K) = ⨁ n∈Z(V_{n,+} ⊕ V_{n,−}). Therefore W_n = V_{n,+} ⊕ V_{1−n,−}.

L_2(G, K) = ⨁ n∈Z (V_{n,+} ⊕ V_{n,−}) = ⨁ n∈Z W_n ∼ ⨁ n∈N (P (12|n))^{⊕2}

since W_n ∼ W_{1−n} and W_n is P (12|n).

Acknowledgement: We would like to thank Takeshi Nozawa for nice his idea.

Appendix A. Proof of Theorem 4.6

Let (H, π) be a representation of O_N . If Ω, Ω^′ ∈ H satisfy < Ω|Ω^′ >= 0, π(s_1 · · · s_N )Ω = Ω and π(s_1 · · · s_N )Ω^′ = Ω^′ , then π(O_N )Ω and π(O_N )Ω^′ are orthogonal.

Lemma A.1. Let τ, κ and G be in (4.2) and (H, π) be P (1 · · · N|n) for n ∈ Z^{N−1} with the GP vector Ω. Define P ≡ π(1, σ), R ≡ π(s_1)P and Ω_i ≡ R^{i−1}Ω for i = 1, . . . , N where 1 ≡ (1, . . . , 1) ∈ T^{N−1}. Then the following holds:

(i) T_zΩ_i = z^{κi−1(n)}Ω_i and π(s_1 · · · s_N )Ω_i = Ω_i for i = 1, . . . , N. (ii) H = V_1 ⊕ · · · ⊕ V_N where V_i ≡ π(O_N )Ω_i for i = 1, . . . , N. (iii) {π(s(x))R^{i−1}Ω : x ∈ Λ, i = 1, . . . , N} is a complete orthonormal basis of H where Λ ≡ Λ(ε_1 ⊗ · · · ⊗ ε_N ) in (2.3).

Proof. (i) We see that T_zR = z_1RT_τ −1_{(z)} for z = (z_1, . . . , z_{N−1}) ∈ T^{N−1}. By this and the induction with respect to i = 1, . . . , N, the statement holds.

(ii) By (i), {Ω_i}^N_{i=1} is an orthogonal family of vectors in H. ¿From this and the eigenequation of Ω_i, {V_i}^N_{i=1} is an orthogonal family of subspaces of H. Because T_zV_i ⊂ V_i and P V_i ⊂ π(s^∗_1)V_{σ(i)} ⊂ V_{σ(i)} for i = 1, . . . , N, H = π(A)Ω ⊂ V_1 ⊕ · · · ⊕ V_N ⊂ H. Hence the statement holds. (iii) By construction, (V_i, π|_{Vi} ) is P (1 · · · N) of O_N with the GP vector Ω_i. Hence {π(s(x))Ω_i : x ∈ Λ} is a complete orthonormal basis of V_i. By (ii), the statement holds. □

Proof of Theorem 4.6. Let A ≡ O_N ⋊G and R be in Lemma A.1. (i) By Lemma A.1 (iii), the existence of the canonical basis implies the uniqueness.

(ii) Let v ∈ H, v ≠ 0. Because Ω is a cyclic vector for (H, π), it is sufficient to show that Ω ∈ π(A)v. Define e_{J,i} ≡ π(s_J )R^{i−1}Ω for J ∈ Λ and i = 1, . . . , N. Then v = ∑ J,i a_{J,i}e_{J,i}. Choose J, i such that a_{J,i} ≠ 0. Then < Ω|(π(s_J )R^{i−1})^∗v >≠ 0. We can assume that v = Ω+y for y ∈ H, < Ω|y >= 0. Then v^′ ≡ lim_{n→∞}(π(s_1 · · · s_N )^∗)^nv = Ω + ∑_N j=2 c_j Ω_j ∈ π(O_N )v for some c_j ∈ C for j = 2, . . . , N. ¿From this, Ω = ∫ T^{N−1} z̄ nT_zv^′ dμ(z) ∈ π(A)v. Hence the statement holds.

(iii) Assume that P (1 · · · N|n) ∼ P (1 · · · N|m). By Lemma A.1, P (1 · · · N|n) and P (1 · · · N|m) have vectors Ω_1, . . . , Ω_N and Ω^′_1, . . . , Ω^′_N which satisfy the statement, respectively. By the description above Lemma A.1, the vector in the statement is unique up to scalar multiple. By checking the eigenvalues by T_z, the statement holds. (iv) Because L_2(G, K) = ⨁_N i=1(K ⊗ L_2(T^{N−1} · σ^{i−1})), {π(s_J )Ω ⊗ f_{n,i} : J ∈ Λ, i = 1, . . . , N, n ∈ Z^{N−1}} is a complete orthonormal basis of L_2(G, K) where f_{n,i}(z, σ^j ) ≡ z^{−n} · δ_{j,1−i}. Define {ϕ_{n,i} : n ∈ Z^{N−1}, i = 1, . . . , N} ⊂ L_2(G, K) by ϕ_{n,i}(z, σ^j ) ≡ δ_{j,1−i} · z^{−n}π(s_i · · · s_N )Ω. Then Rϕ_{n,i} = ϕ_{κ(n),σ}−1_{(i)} and Π(s_1 · · · s_N )ϕ_{n,i} = ϕ_{n,i} where R ≡ Π(s_1)P . ¿From this, L_2(G, K) = ⨁ n∈Z^{N−1} ⨁_N i=1 V_{n,i} where V_{n,i} ≡ Π(O_N )ϕ_{n,i}. Define W_n ≡ Π(A)ϕ_{n,1}. We see that ⨁_N i=1 V_κi−1_{(n),σ}1−i_{(1)} ⊂ W_n. Because T_zV_{n,i} ⊂ V_{n,i} and P V_{n,i} ⊂ Π(s_1)^∗V_{κ(n),σ}−1_{(i)} ⊂ V_{κ(n),σ}−1_{(i)}, W_n ⊂ ⨁_N i=1 V_κi−1_{(n),σ}1−i_{(1)}. In consequence, W_n = ⨁_N i=1 V_κi−1_{(n),σ}1−i_{(1)}. By these, the decomposition holds. v_n is obtained by normalizing ϕ_{n,1}. By definition, (W_n, Π|_{Wn} ) is P (1 · · · N|n) of A. Hence each component is irreducible. □

References

[1] O.Bratteli and P.E.T.Jorgensen, Iterated function Systems and Permutation Representations of the Cuntz algebra, Memories Amer. Math. Soc. No.663 (1999).

[2] J.Cuntz, Simple C^∗-algebras generated by isometries, Comm. Math. Phys. 57, 173-185 (1977).

[3] K.R.Davidson and D.R.Pitts, The algebraic structure of non-commutative analytic Toeplitz algebras, Math.Ann. 311, 275-303 (1998).

[4] K.R.Davidson and D.R.Pitts, Invariant subspaces and hyper-reflexivity for free semigroup algebras, Proc. London Math. Soc. (3) 78 (1999) 401-430.

[5] K.Kawamura, Generalized permutative representations of the Cuntz algebras. I — Generalization of cycle type—, preprint RIMS-1380 (2002).

[6] K.Kawamura, Generalized permutative representations of the Cuntz algebras. II — Irreducible decomposition of periodic cycle—, preprint RIMS-1388 (2002).

[7] K. Kawamura, Generalized permutative representations of the Cuntz algebras. IV — Gauge transformation of representation—, preprint RIMS-1425 (2003).

[8] K. Kawamura, Irreducible representations of the Cuntz algebras arising from polynomial embeddings, preprint RIMS-1479 (2004).

[9] G. K. Pedersen, C^∗-Algebras and their Automorphism Groups, Academic Press Incorporated (1979).