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ABSTRACT. In this paper, we develop the theory of “cuspidalizations” of the étale
fundamental group of a proper hyperbolic curve over a finite or nonarchimedean local
field. The ultimate goal of this theory is the group-theoretic reconstruction of the
étale fundamental group of an arbitrary open subscheme of the curve from the étale
fundamental group of the full proper curve. We then apply this theory to show that
a certain absolute p-adic version of the Grothendieck Conjecture holds for hyperbolic
curves “of Belyi type”. This includes, in particular, affine hyperbolic curves over a
nonarchimedean local field which are defined over a number field and isogenous to
a hyperbolic curve of genus zero. Also, we apply this theory to prove the analogue
for proper hyperbolic curves over finite fields of the version of the Grothendieck
Conjecture that was shown in [Tama).

§0. Notations and Conventions
§1. Cuspidalizations
§2. Points and Functions

§3. Characterization of Green’s Trivializations over Finite Fields

Introduction

Let X be a proper hyperbolic curve over a field k which is either finite or
nonarchimedean local; let U C X be an open subscheme of X. Write Ilx for the
étale fundamental group of X. In this paper, we study the extent to which the étale
fundamental group of U may be group-theoretically reconstructed from Ilx.

In §1, we show that the abelian portion of the extension of IIx determined
by the étale fundamental group of U may be group-theoretically reconstructed from
IIx [cf. Theorem 1.16, (iii)], and, moreover, that this construction has certain
remarkable rigidity properties [cf. Propositions 1.15, (i); 2.6, (i)].

In §2, we show that this abelian portion of the extension is sufficient to recon-
struct [in essence] the multiplicative group of the function field of X [cf. Theorem
2.5, (ii)]. In the case of nonarchimedean local fields, this already implies various
interesting consequences in the context of the absolute anabelian geometry studied
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in [Mzk5], [Mzk6], [Mzk8|. In particular, it implies that the absolute p-adic ver-
sion of the Grothendieck Conjecture [i.e., an absolute version of [a certain portion
of] the relative result that appears as the main result of [Mzk4]] holds for hyper-
bolic curves “of Belyi type” [cf. Definition 2.9; Corollary 2.12]. This includes, in
particular, hyperbolic curves “of strictly Belyi type”, i.e., affine hyperbolic curves
over a nonarchimedean local field which are defined over a number field and isoge-
nous to a hyperbolic curve of genus zero. In particular, we obtain a new countable
class of “absolute curves” [in the terminology of [Mzk6]], whose absoluteness is, in
certain respects, reminiscent of the absoluteness of the canonical curves of p-adic
Teichmdiller theory discussed in [Mzk6] [cf. Remark 2.13.1], but [in contrast to the
class of canonical curves| appears [at least from the point of view of certain circum-
stantial evidence| unlikely to be Zariski dense in most moduli spaces [cf. Remark
2.13.2].

Finally, in §3, we apply the theory of the weight filtration [cf., e.g., [Kane],
[Mtm]] to develop various “higher order generalizations” of the theory of §1, 2.
In particular, we obtain various “higher order generalizations” of the “remarkable
rigidity” referred to above [cf. Corollaries 3.8, 3.9, especially Corollary 3.9, (iii)],
which we apply to show that, relative to the notation introduced above, the ge-
ometrically pro-l portion [where [ is a prime number invertible in k] of the étale
fundamental group of U may be recovered from Ilx, at least when U is obtained
from X by removing a single k-rational point [cf. Theorem 3.10]. This, along with
the theory of §2, allows one to verify the analogue for proper hyperbolic curves over
finite fields of the version of the Grothendieck Conjecture that was shown in [Tamal]
[cf. Theorem 3.12].
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Section 0: Notations and Conventions

Numbers:

We shall denote by 7 the profinite completion of the additive group of rational
integers Z. If p is a prime number, then Z, denotes the ring of p-adic integers;
Q, denotes its quotient field. We shall refer to as a p-adic local field (respectively,
nonarchimedean local field) any finite field extension of Q, (respectively, a p-adic
local field, for some p). A number field is defined to be a finite extension of the field
of rational numbers. If ¥ is a set of prime numbers, then we shall refer to a positive
integer each of whose prime factors belongs to X as a X-integer. We shall refer to a
finite étale covering of schemes whose degree is a Y-integer as a X-covering. Also,
we shall write Primes for the set of all prime numbers.

Topological Groups:

Let G be a Hausdorff topological group, and H C G a closed subgroup. Let us
write

Gab

for the abelianization of G [i.e., the quotient of G by the topological subgroup of G
generated by the commutators of G]. Let us write

Za(H) ¥ {geG|g-h=h-g, VheH)}

for the centralizer of H in G;

def _
Ne¢(H)={9€G|g-H -g'=H}

for the normalizer of H in G; and

Ca(H) L {9 e G| (g~H~g_1)mH has finite index in H, g- H - g~ '}

for the commensurator of H in G. Note that: (i) Zg(H), Ng(H) and Cg(H) are
subgroups of G (ii) we have inclusions

H, Zg(H) C Ng(H) C Cq(H)

and (iii) H is normal in Ng(H). If H = Ng(H) (respectively, H = C(H)), then
we shall say that H is normally terminal (respectively, commensurably terminal) in
G. Note that Zg(H), Ng(H) are always closed in G, while Cq(H) is not necessarily
closed in G.

If G1, G2 are Hausdorff topological groups, then an outer homomorphism
G1 — G4 is defined to be an equivalence class of continuous homomorphisms
G1 — G4, where two such homomorphisms are considered equivalent if they differ
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by composition with an inner automorphism of G3. The group of outer automor-
phisms of G [i.e., bijective bicontinuous outer homomorphisms G — G| will be
denoted Out(G). If G is center-free, then there is a natural exact sequence:

1— G — Aut(G) — Out(G) — 1

[where the homomorphism G — Aut(G) is defined by letting G act on G by conju-
gation).

If G is a profinite group such that, for every open subgroup H C G, we have
Zq(H) = {1}, then we shall say that G is slim. One verifies immediately that G
is slim if and only if every open subgroup of G is center-free [cf. [Mzk5], Remark
0.1.3].

If G is a profinite group and X is set of prime numbers, then we shall say that
G is a pro-X group if the order of every finite quotient group of G is a X-integer. If
Y = {1} is of cardinality one, then we shall refer to a pro-X group as a pro-l group.

Curves:

Suppose that g > 0 is an integer. Then if S is a scheme, a family of curves of
genus g
X -5

is defined to be a smooth, proper, geometrically connected morphism of schemes
X — S whose geometric fibers are curves of genus g.

Suppose that g,r > 0 are integers such that 2g — 2 +r > 0. We shall denote
the moduli stack of r-pointed stable curves of genus g (where we assume the points
to be unordered) by M, , [cf. [DM], [Knud] for an exposition of the theory of such
curves; strictly speaking, [Knud] treats the finite étale covering of Mgﬂﬁ determined
by ordering the marked points]. The open substack M, C M, of smooth curves
will be referred to as the moduli stack of smooth r-pointed stable curves of genus g

or, alternatively, as the moduli stack of hyperbolic curves of type (g,r).

A family of hyperbolic curves of type (g,r)
X -5

is defined to be a morphism which factors X — Y — § as the composite of an
open immersion X — Y onto the complement Y\ D of a relative divisor D C Y
which is finite étale over S of relative degree r, and a family ¥ — S of curves of
genus g. One checks easily that, if S is normal, then the pair (Y, D) is unique up
to canonical isomorphism. (Indeed, when S is the spectrum of a field, this fact is
well-known from the elementary theory of algebraic curves. Next, we consider an
arbitrary connected normal S on which a prime [ is invertible (which, by Zariski
localization, we may assume without loss of generality). Denote by S’ — S the finite
étale covering parametrizing orderings of the marked points and trivializations of
the l-torsion points of the Jacobian of Y. Note that S’ — S is independent of
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the choice of (Y, D), since (by the normality of S), S’ may be constructed as the
normalization of S in the function field of S’ (which is independent of the choice
of (Y, D) since the restriction of (Y, D) to the generic point of S has already been
shown to be unique). Thus, the uniqueness of (Y, D) follows by considering the
classifying morphism (associated to (Y, D)) from S’ to the finite étale covering of
(Mgﬂn)z[l;] parametrizing orderings of the marked points and trivializations of the
[-torsion points of the Jacobian [since this covering is well-known to be a scheme, for
[ sufficiently large|.) We shall refer to Y (respectively, D; D) as the compactification
(respectively, divisor of cusps; divisor of marked points) of X. A family of hyperbolic
curves X — S is defined to be a morphism X — S such that the restriction of this
morphism to each connected component of S is a family of hyperbolic curves of type
(g,r) for some integers (g,7) as above. A family of hyperbolic curves X — S of
type (0,3) will be referred to as a tripod.

If X is a hyperbolic curve over a field K with compactification X C X, then
we shall write

Xcl, XcH—
)

for the sets of closed points of X and X, respectively.

If Xk (respectively, Y1) is a hyperbolic curve over a field K (respectively, L),
then we shall say that X is isogenous to Y if there exists a hyperbolic curve Zy,
over a field M together with finite étale morphisms Zyy — X, Zpyr — Y.

If X is a generically scheme-like algebraic stack [i.e., an algebraic stack which
admits a “scheme-theoretically” dense open that is isomorphic to a scheme] over a
field K of characteristic zero that admits a [surjective] finite étale [or, equivalently,
finite étale Galois| covering Y — X, where Y is a hyperbolic curve over a finite
extension of K, then we shall refer to X as a hyperbolic orbicurve over K. [Although
this definition differs from the definition of a “hyperbolic orbicurve” given in [Mzk6],
Definition 2.2, (ii), it follows immediately from a theorem of Bundgaard-Nielsen-Fox
[cf., e.g., [Namba], Theorem 1.2.15, p. 29| that these two definitions are equivalent.]
If X — Y is a dominant morphism of hyperbolic orbicurves, then we shall refer to
X — Y as a partial coarsification morphism if the morphism induced by X — Y
on associated coarse spaces [cf., e.g., [FC], Chapter I, §4.10] is an isomorphism.

Let X be a hyperbolic orbicurve over an algebraically closed field of character-
istic zero; denote its étale fundamental group by Ax. We shall refer to the order of
the [manifestly finite!] decomposition group of a closed point x of X as the order
of x. We shall refer to the [manifestly finite!] least common multiple of the orders
of the closed points of X as the order of X. Thus, it follows immediately from the
definitions that X is a hyperbolic curve if and only if the order of X is equal to 1.
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Section 1: Cuspidalizations

Let X be a proper hyperbolic curve over a field k which is either finite or
nonarchimedean local. Write
dy,

for the cohomological dimension of k. Thus, if k is finite (respectively, nonar-
chimedean local), then d,, = 1 (respectively, d;, = 2 [cf., e.g., [NSW], Chapter 7,
Theorem 7.1.8, (i)]). If k is finite (respectively, nonarchimedean local), we shall
denote the characteristic of k (respectively, of the residue field of k) by p and the
number p (respectively, 1) by p'. Also, we shall write

Primes' def Primes\ (Primes (w{pJr 13

[where PBrimes is the set of all prime numbers [cf. §0]; the intersection is taken in
the “ambient set” Z|.

Let X be a set of prime numbers that contains at least one prime number that
is wnvertible in k. Write

»EUNE b St ES\EN D

[where the intersections are taken in the “ambient set” Z]. Denote by Z' the maa-
imal pro-Y' quotient of Z and by Z' the maximal pro-XT quotient of Z.

If k is an algebraic closure of k, then we shall denote the result of base-changing
objects over k to k by means of a subscript “4”. Any choice of a basepoint of X
determines an algebraic closure k of k, and hence an ezract sequence

I - m(Xyp) = m(X) = Gp — 1

where G, % Gal(k/k); m1(X), m(X5) are the étale fundamental groups of X,

Xz, respectively. Write Ax for the mazimal pro-X quotient of w1 (X3) and IIx def

71 (X)/Ker(m (X3) - Ax). Thus, we have an exact sequence:

1—-Ax —1lIx -G —1

Similarly, if we write X x X 1 X x X, then we obtain [by considering the mazimal
pro-Y quotient of m1((X x X))| an exact sequence

1= Axxx = lxxx — G — 1

where Il x » x (respectively, Ax x x) may be identified with I1x x ¢, IIx (respectively,
Ax x Ax). Let Iz C IIxxx be an open subgroup that surjects onto Gj. Write

Z — X x X for the corresponding covering; Az &t Ker(Ilz — Gy).
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Proposition 1.1. (Group-theoreticity of Etale Cohomology) Let Zt - A
be a finite quotient, and N a finite A-module equipped with a continuous Ax-
(respectively, llx-; Az-; llz-) action. Then for i € Z, the natural homomorphism

H'(Ax,N)— H! (Xg, N) (respectively, H'(Ilx,N) — H (X,N);
Hi(Az,N) — Hét<ZE7N); Hi(Ilz,N) — H}(Z,N))

1$ an isomorphism.

Proof. In light of the Leray spectral sequence for the surjections Ilx — GY,
II; — Im(Ilz) C Ilx [i.e., where “Im(—)” denotes the image via the natural
homomorphism associated to one of the projections Z — X x X — X], it suffices
to verify the asserted isomorphism in the case of Ax. If Y — Xz is a connected finite
étale Galois 3-covering, then the associated Leray spectral sequence has “Fs-term”
given by the cohomology of Gal(Y/X) with coefficients in the étale cohomology of
Y and abuts to the étale cohomology of X7. By allowing Y to vary, one then verifies
immediately that it suffices to verify that every étale cohomology class of Y [with
coefficients in N| vanishes upon pull-back to some [connected] finite étale 3-covering
Y’ — Y. Moreover, by passing to an appropriate Y, one reduces immediately to
the case where N = A, equipped with the trivial I[Ix-action. Then the vanishing
assertion in question is a tautology for “H'”; for “H?”, it suffices to take Y’ — Y
so that the degree of Y’ — Y annihilates A [cf., e.g., the discussion at the bottom
of [FK], p. 136]. O

Set:

My ' Homg, (H*(Ax, 21).27); - My 2 Homg, (B Gy, M5, M)

Thus, My, Mx are free Z -modules of rank one; Mx is isomorphic as a Gx-module
to Z(1) [where the “(1)” denotes a “Tate twist” — i.e., Gj acts on Z'(1) via the
cyclotomic character]; My, is isomorphic as a Gi-module to Al (d;, —1). [Indeed, this
follows from Proposition 1.1; Poincaré duality [cf., e.g., [FK], Chapter II, Theorem
1.13]; the fact, in the finite field case, that G = Z [together with an easy compu-

tation of the group cohomology of Z|; the well-known theory of the cohomology of
nonarchimedean local fields [cf., e.g., [NSW], Chapter 7, Theorem 7.2.6].]

Remark 1.2.0. Note that for any open subgroup Ilx, C IIx [which we think of as
corresponding to a finite étale covering X’ — X], we obtain a natural isomorphism

MX = MX/

~

by applying the functor Hosz(—,ZT) to the induced morphism on group coho-

mology H2(Ax,Z") — H2(Ax/,Z1) [where Axs % Ker(Ilx: — Gy)] and dividing
by [Ax : Axs]. [One verifies easily that this does indeed yield an isomorphism
— cf., e.g., the discussion at the bottom of [FK], p. 136.] Moreover, relative to
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the tautological isomorphisms H2(Ax, Mx) = Z1, H*(Ax/, Mx:) = Z, the iso-
morphism Mx = My just constructed induces [via the restriction morphism on
group cohomology| the morphism Zt — 7t given by multiplication by [Ax : Ax/].
Similarly, if &’ is the base field of X', then we obtain a natural isomorphism

My = My

by applying the natural isomorphism Mx = My just constructed and the dual of
the natural pull-back morphism on group cohomology and then dividing by [k’ : k]
[cf., e.g., [NSW], Chapter 7, Corollary 7.1.4].

Proposition 1.2. (Top Cohomology Modules)
(i) There are natural isomorphisms:
H (G, M) 2 7T, H2(Ax,Mx) 27t H42(Ilx, Mx ® M) = 7t
HY(Ayz, ME?) =71, HBH4(, MP? @ My) =2 Z1

(ii) There is a unique isomorphism Mx = ZT(l) such that the image of
1 € Z' maps via the composite of the isomorphism ZT = H?*(Ax,Mx) of (i)
with the isomorphism H?(Ax, Mx) = HQ(AX,ZT(l)) induced by the isomorphism
Myx = zT(l) in question to the [first] Chern class of a line bundle of degree 1 on
XE.

Proof. Assertion (i) follows from the definitions; the Leray spectral sequence for
the surjections IIx — G, IlIz — Im(Ilz) C IIx [i.e., where “Im(—)” denotes the
image via the natural homomorphism associated to one of the projections Z —
X x X — X]. Assertion (ii) is immediate from the definitions. O

Proposition 1.3.  (Duality) Fori € Z, let 7' — A be a finite quotient, and
N a finite A-module.

(i) Suppose that N is equipped with a continuous Gy-action. Then the pairing

H(Gy,N) x H3%~(Gy, Homa (N, M), ® A)) — A

determined by the cup product in group cohomology and the natural isomorphisms
of Proposition 1.2, (i), determines an isomorphism as follows:

H(Gy, N) = Homa(H% (G, Homa (N, M, @ A)), A)

(7i) Suppose that N is equipped with a continuous I x - (respectively, Ax-; llz-;
Az-) action. Then the pairing
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Hi(Mx,N) x H&+2=4(Ix, Homa (N, Mx @ My ® A)) — A
(respectively, H'(Ax, N) x H*~(Ax,Homa(N,Mx ® A)) — A;
Hi(z,N) x H%+44(I5, Homa (N, M$* @ My @ A)) — A;
H'(Az,N) x H*""(Az,Homa(N,M$* @ A)) — A)

determined by the cup product in group cohomology and the natural isomorphisms
of Proposition 1.2, (i), determines an isomorphism as follows:

H(lx,N) = Homu(H%274(Ix, Homa (N, Mx @ My, ®@ A)), A)
(respectively, H'(Ax, N) = Homa (H?* *(Ax,Homa(N, Mx ® A)),A);
Hi Tz, N) = Homu (H% 41z, Homa (N, M$* @ My ® A)), A);
H'(Az,N) = Homa(H* " (Az,Homa (N, M$?* ® A)),A))

Proof. Assertion (i) follows immediately from the fact that Gy, = Z [together with
an easy computation of the group cohomology of i] in the finite field case; [NSW],
Chapter 7, Theorem 7.2.6, in the nonarchimedean local field case. Assertion (ii)
then follows from assertion (i); the Leray spectral sequences associated to IIx —»
Gy, Iz — Im(Ilz) C IIx [i.e., where “Im(—)” denotes the image via the natural
homomorphism associated to one of the projections Z — X x X — X]; Proposition
1.1; Poincaré duality [cf., e.g., [FK], Chapter II, Theorem 1.13]. O

Proposition 1.4. (Automorphisms of Cyclotomic Extensions)
(i) We have: H°(Gy, H*(Ax, Mx)) = 0.

(ii) There are natural isomorphisms

H'(Ilx, Mx) = HY(Gg, Mx) = (k%)"

HY(Ilz, Mx) = HY(Gp, Mx) = (k)"

— where the first isomorphisms in each line are induced by the surjections llx —»
G, llz — Gg; the second isomorphisms in each line are induced by the isomor-
phism of Proposition 1.2, (ii), and the Kummer exact sequence; (kx)/\ is the max-
imal pro-Xf-quotient of k*.

Proof.  Assertion (i) follows immediately from the “Riemann hypothesis for abelian
varieties over finite fields” [cf., e.g., [Mumf], p. 206] in the finite field case; [Mzk§],
Lemma 4.6, in the nonarchimedean local field case. The first isomorphisms of
assertion (ii) follow immediately from assertion (i) and the Leray spectral sequences
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associated to Ilx — Gy, Iz — Gg; the second isomorphisms follow immediately
from consideration of the Kummer exact sequence for Spec(k). O

Definition 1.5.

(i) Let H be a profinite group equipped with a homomorphism H — IIx. Then
we shall refer to the kernel Iy of H — Ilx as the cuspidal subgroup of H [relative
to H — Ilx]. We shall say that H is cuspidally abelian (respectively, cuspidally
pro-3* [where ¥* is a set of prime numbers]) [relative to H — Ilx] if Iy is abelian
(respectively, a pro-X* group). If H is cuspidally abelian, then observe that H/Iy
acts naturally [by conjugation] on Iy; we shall say that H is cuspidally central
[relative to H — Ilx] if this action of H/Iy on Iy is trivial. Also, we shall use
similar terminology to the terminology just introduced for H — Ilx when Ilx is
replaced by Ax, Hxxx, Axxx-

(ii) Let H be a profinite group; Hy C H a closed subgroup. Then we shall
refer to as an Hjp-inner automorphism of H an inner automorphism induced by
conjugation by an element of H,. If H' is also a profinite group, then we shall
refer to as an Hi-outer homomorphism H' — H an equivalence class of homo-
morphisms H' — H, where two such homomorphisms are considered equivalent if
they differ by composition by an Hj-inner automorphism. If H is equipped with

a homomorphism H — Gy [cf., e.g., the various groups introduced above], and

H Ker(H — G}), then we shall refer to an H;-inner automorphism (respec-

tively, Hi-outer homomorphism) as a geometrically inner automorphism (respec-
tively, geometrically outer homomorphism). If H is equipped with a structure of
extension of some other profinite group Hy by a finite product H; of copies of Mx,
or, more generally, a projective limit H; of such finite products, then we shall refer
to an Hj-inner automorphism (respectively, Hi-outer homomorphism) as a cyclo-
tomically inner automorphism (respectively, cyclotomically outer homomorphism).
If H is equipped with a homomorphism to IIx, Ax, xxx, or Axxx [cf. the
situation of (i)], and H; is the kernel of this homomorphism, then we shall refer to
an Hi-inner automorphism (respectively, Hi-outer homomorphism) as a cuspidally
inner automorphism (respectively, cuspidally outer homomorphism).

Next, let
IIx: CIIx

be an open normal subgroup, corresponding to a finite étale Galois covering X' — X.

Set

def
Iz = Ux/xx - lIx Cllxxx

[where we regard IIx as a subgroup of IIxxx via the diagonal map]; write Z’ —
X x X for the covering determined by I1z,. Thus, it is a tautology that the diagonal
morphism ¢ : X — X x X lifts to a morphism

VX — 7
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which induces the inclusion IIx < IIz on fundamental groups. If 7 — X x X is
a connected finite étale covering arising from an open subgroup of Il x x x, write:

Uxxx (X x X)\u(X); Uz € Uxxx) X(xxx) Z

Denote by Ay, the mazimal cuspidally [i.e., relative to the natural map to
m1((X x X)7)] pro-ET quotient of the maximal pro-X quotient of the tame funda-
mental group of (Uxxx); [Where “tame” is with respect to the divisor «(X) C
X x X] and by Ily,,, the quotient m(Uxxx)/Ker(m (Uxxx)z) = Avuxxx);
write IIy7, C Iy,  for the open subgroup corresponding to the finite étale cover-
ing UZ — UXXX-

Proposition 1.6. (Characteristic Class of the Diagonal)
(i) The pull-back morphism arising from the natural inclusion
IIx — Iz (Cllxxx =1x xg, lx)

composed with the natural isomorphism of Proposition 1.2, (i), determines a homo-
morphism

HE+2 (Mg, Mx ® My) — HS 2 (Iy, Mx ® M) = Z°
hence [by Proposition 1.3, (ii)] a class
Nyt € H? (g, Mx)

which is equal to the étale cohomology class associated to J/(X) C Z’, or, alterna-
tively, the [first] Chern class of the line bundle Oz (V/(X)).

(ii) Denote by

LX

diag [Zl] — 7'

the complement of the zero section in the geometric line bundle fi.e., Gy,-torsor/
determined by Oz (V' (X)), by A]Lg (7] the mazimal cuspidally pro-XT quotient of
iag

the mazimal pro-Y quotient of the tame fundamental group of (]Lgiag [Z'])z [where

“tame” is with respect to the divisor determined by the complement of the Gy,-

torsor Ly, [Z'] in the naturally associated P -bundle], and by HL; (7] the quotient
iag

1 (Liag[2']) /Ker(m (L3, [Z2'])7) — A]Lﬁiag[z’])' Then [in light of the isomorphism

of Proposition 1.2, (ii)] we have a natural exact sequence

1 — Mx — Il x [Z,]—>HZ/—>1
diag

, . : di
whose associated extension class is equal to the class 1% *®.

(iii) The global section of Oz (V' (X)) over Z' determined by the natural inclu-
sion Oz — Oz (/' (X)) defines a morphism

UZ/ - ]L’;iag [Zl]
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over Z' which induces a surjective homomorphism of groups over Iz :

HUZ’ - H]Lx

diag [Z/]

Proof. Assertion (i) follows immediately from Propositions 1.1, 1.2, 1.3, together
with well-known facts concerning Chern classes and associated cycles in étale co-
homology [cf., e.g., [FK]|, Chapter II, Definition 1.2, Proposition 2.2]. Assertion
(ii) follows from Proposition 1.1; [Mzk7|, Definition 4.2, Lemmas 4.4, 4.5. Asser-
tion (iii) follows from [Mzk8], Lemma 4.2, by considering fibers over one of the
two natural projections Iz — Ixxx — Ilx. [Here, we note that although in
[Mzk7], §4; [Mzk8], the base field is assumed to be of characteristic zero, one ver-
ifies immediately that the same arguments as those applied in loc. cit. yield the
corresponding results in the finite field case — so long as we restrict the coefficients
of the cohomology modules in question to modules over ZT] O

Definition 1.7.

(i) We shall refer to a covering Z’ — X x X as in the above discussion as the
diagonal covering associated to the covering X' — X. We shall refer to an extension
of profinite groups

1> Mx -D -1y —1

whose associated extension class is the class n%i,ag of Proposition 1.6, (i), as a fun-
damental extension [of IIz/]. In the following (ii) — (iv), we shall assume that

1—- Mx — D —Ilxxx — 1is a fundamental extension.

(ii) Let =,y € X(k); write D,, D, C Ilx for the associated decomposition
groups [which are well-defined up to conjugation by an element of A x — cf. Remark
1.7.1 below]. Now set:

def def
Dac - D‘DxXGkHX; Dx,y = D‘DxXGkDy

Thus, D, (respectively, D, ,) is an extension of IIx (respectively, Gi) by Mx.
Similarly, if D =37, m;-x;, £ =3_; n;-y; are divisors on X supported on points
that are rational over k, then set:

def
Dp=> mi-Duy; Dpr= Y mi-nj Day,
i

]

[where the sums are to be understood as sums of extensions of IIx or Gy by Mx

— i.e., the sums are induced by the additive structure of Mx]. Also, we shall write

¢ df —Dlny [where we regard Ilx as a subgroup of IIxx x via the diagonal map].

[Thus, C is an extension of IIx by Mx whose extension class is the Chern class of
the canonical bundle of X ]
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(iii) Let S € X (k) be a finite subset. Then we shall write

Dg ¥ IT 2.
reS

[where the product is to be understood as the fiber product over IIx]. Thus, Dg
is an extension of Il x by a product of copies of Mx indexed by elements of S. We
shall refer to Dg as an S-cuspidalization [of Ilx at S]. Observe that if T' C X (k)
is a finite subset such that S C T, then we obtain a natural projection morphism
DT — DS-

(iv) We shall refer to a homomorphism
Huxx =D

over llxxx as a fundamental section if, for some isomorphism of D with II; x
diag
that induces the identity on Ilx « x, Mx, the resulting composite homomorphism

Oug, x — H]Lﬁiag is the homomorphism of Proposition 1.6, (iii).

Remark 1.7.1. Relative to the situation in Definition 1.7, (ii), conjugation by
elements § € Ax induces isomorphisms between the different possible choices of
“D,”, all of which lie over the isomorphism between any of these choices and Gy
induced by the projection Ilx — Gj. Moreover, by lifting (4,1) € Axxx C Hxxx
to an element dp € D, and conjugating by dp, we obtain natural isomorphisms
between the various resulting “D,’s” which induce the identity on the quotient
group D, — Ilx, as well as on the subgroup Mx C D,. Note that this last
property [i.e., of inducing the identity on IIx, Mx] holds precisely because we are
working with § € Ax C Ilx, as opposed to an arbitrary “6 € Ilx”.

Remark 1.7.2. By Proposition 1.4, (ii), if £ is any profinite group extension of
IIx (respectively, Gi; an open subgroup IIz C Ilxxx that surjects onto Gj) by
Mx, then the group of cyclotomically outer automorphisms of the extension & [i.e.,
that induce the identity on IIx (respectively, Gy; IIz) and Mx] may be naturally
identified with (kx)/\. In particular, in the context of Definition 1.7, (iv), any two
fundamental sections of D differ, up to composition with a cyclotomically inner
automorphism of D, by a “(k* )/\—multiple”.

Proposition 1.8. (Basic Properties of Cuspidalizations) Let

1—-Mx -D —1lxyx — 1

be a fundamental extension; ¢ : Il , — D o fundamental section; S C
X (k) a finite subset. Then:

(i) The profinite groups Axxx, Ax, as well as any profinite group extension
of Uxxx or Ilx by a [possibly empty] finite product of copies of Mx is slim [cf.
§0/. In particular, the profinite group Dg is slim.
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(ii) For x € X(k), write Uy def X\{z}. Denote by Ay, the mazimal cuspidally

[i.e., relative to the natural map to 71 ((Uy)g)] pro-S1 quotient of the mazimal pro-X
quotient of the tame fundamental group of (Uy )y [where “tame” is with respect to the
complement of U, in X ] and by Ily, the quotient m (Uy)/Ker(m1((Usz)z) = Auv, ).
Then the inverse image via either of the natural projections lly,. . — Ilx of
the decomposition group D, C llx s naturally isomorphic to 1y, . In particular,
Avyyx: Huy, x are slim.

(iii) For S C X (k) a finite subset, write:

Us € [ U
reS

[where the product is to be understood as the fiber product over X]. Denote by
Ay, the mazimal cuspidally [i.e., relative to the natural map to 71 ((Us)z)] pro-X1
quotient of the mazimal pro-X quotient of the tame fundamental group of (Us)z
[where “tame” is with respect to the complement of Us in X/, and by Iy, the
quotient w1 (Us)/Ker(mi((Us)z) — Aug). Then Ayg, Iyy are slim. Forming
the product of the specializations of ¢ to the various D, g, lIx C Illxxx yields
homomorphisms
Iyg — H Iy, — Ds
xesS

[where the product is to be understood as the fiber product over Ilx . Moreover, the

composite morphism Iy, — Dg is surjective; the resulting quotient of Ayg def

Ker(Ilyy, — Gy) is the maximal cuspidally central quotient of Ay, [relative
to the surjection Ayg — Ax].

(iv) The quotient of Ay, o Ker(Ilyy , « — Gi) determined by ¢ : Uy o —

D is the maximal cuspidally central quotient of Ay, . [relative to the sur-
jection Ayy ., « = Axxx]/.

Proof. Assertion (i) follows immediately from the slimness of IIx, Ax [cf., e.g.,
[Mzk5], Theorem 1.1.1, (ii); the proofs of [Mzk5], Lemmas 1.3.1, 1.3.10], together
with the fact that G acts on Mx via the cyclotomic character. Next, we consider
assertion (ii). The portion of assertion (ii) concerning IT;, follows immediately from
the well-known “base change theorem for smooth base change” in étale cohomology
[cf., e.g., [FK], Chapter I, Theorem 7.3, for the abelian version of this result]. The
slimness assertion then follows from assertion (i) [applied to IIx]| and the slimness
of Ay, [cf. the proofs of [Mzk5|, Lemmas 1.3.1, 1.3.10]. As for assertion (iii),
the slimness of Ay, Iy, follows via the arguments given in the proofs of [Mzk5],
Lemmas 1.3.1, 1.3.10. The existence of homomorphisms IIy;, — ers Iy, — Dg
as asserted is immediate from the definitions, assertion (ii). For z € S, write

D, [Us] C Iy

for the decomposition group of x; I,[Us| C D,[Ug] for the inertia subgroup. Now
it is immediate from the definitions that I, [Ug] maps isomorphically onto the copy
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Mx in Dg corresponding to the point x. This implies the desired surjectivity.
Since, moreover, it is immediate from the definitions that the cuspidal subgroup
of any cuspidally central quotient of Ay, is generated by the image of the I, [Us],
as x ranges over the elements of S, the final assertion concerning the mazrimal
cuspidally central quotient of Ay follows immediately. Assertion (iv) follows by a
similar argument to the argument applied to the final portion of assertion (iii). O

Next, let Z' — X x X (respectively, Z" — X x X; Z* — X x X) be the
diagonal covering associated to a covering X’ — X (respectively, X"/ — X; X* —
X) arising from an open subgroup of Ilx; denote by ¢/ : X — Z’ (respectively,
o X — 72V 0f 0 X — Z%) the tautological lifting of the diagonal embedding
t: X — X x X and by k' (respectively, k”; k*) the extension of k determined by
X' (respectively, X”’; X*). Assume, moreover, that the covering X" — X factors
as follows:

X// N X/ N X* N X
Thus, we obtain a factorization Z” — 7' — Z* — X x X. Let

1> My =D STz — 1

be a fundamental extension of Iz .

Write
1— MX — ’Dl)/(//XX// — HX//><X// —1

for the pull-back of the extension D" via the inclusion IIx»yx» C IIz.. Now
if we think of IIxxx or IIx/yxx~ as only being defined up to Ax» x {1}-inner
automorphisms, then it makes sense, for § € Ax/Ax» to speak of the pull-back of
the extension D%, . via 0 x 1:

1— MX - (5 X 1)*D//”XX” — HX”XX“ — 1

In particular, we may form the fiber product over Il x» . x:

def *
SX///X* (D//)X’/XX// - H (5 X 1) ’Dl)é//)(X“

6€AX*/Ax//

Thus, Sx»/x+(D")xxx» is an extension of IIx~xx~ by a product of copies of
Mx indexed by Ax«/Axn; Sxv/x+«(D")xnxx» admits a tautological Axn x {1}-
outer [more precisely, a (Ax» x {1}) X1, Sx7/x+(D")x1x xn-outer] action by
the finite group Ax«/Ax» = (Ax«/Ax») x {1}. Moreover, the natural outer
action of Gal(X”/X) = Gal((X” X X”)/ZH) = Hx/HX// on HX”XX” [arising
from the diagonal embedding Ilx < IIz~] clearly lifts to an outer action of
Gal(X"/X) on Sxu,x+(D")x»xxn, which is compatible, relative to the natural ac-
tion of Gal(X"'/X) on Ax+/Ax~ by conjugation, with the Ax~ x {1}-outer action
of Ax-/Ax» on Sxn/x+(D")xnxx». Thus, in summary, the natural isomorphism

{(AX* JAxn) % {1}} x Gal(X"/X) = Gal(X" x X"')/Z*)
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determines a homomorphism Gal((X" x X")/Z*) — Out(Sx»/x-(D")xnxx) via
which we may pull-back the extension “1 — (=) — Aut(—) — Out(—) — 17 [cf.
§0; Proposition 1.8, (i)] for Sx» /x«(D")xxx» to obtain an extension

1 — H MX — SX“/X* (D//) — HZ* — 1
Axs /Ay

in which Iz« is only determined up to Ax~» x {1}-inner automorphisms. Note,
moreover, that every cyclotomically outer automorphism of the extension D/ —
i.c., an element of (k*)" [cf. Remark 1.7.2] — induces a cyclotomically outer
automorphism of Sx» ,x-(D"). In particular, we have a natural cyclotomically outer

action of (k*)" on Sxuyx+(D").

Next, let us push-forward the extension Sx /x«(D") just constructed via the

natural surjection
I M- I Mx
Axx/Axn Axx /Ay

[which induces the identity morphism Mx — Mx between the various factors of
the domain and codomain], so as to obtain an extension Trx ./ x.x«(D") as follows:

1 — H MX — TrX”/X’:X* (D//) — HZ* — 1
Axs /Ay

[in which IIz~ is only determined up to Ax~ x {1}-inner automorphisms].

Proposition 1.9. (Symmetrizations and Traces) In the notation of the
discusston above:

(i) The extension Trxy x,.x/(D") of llz: by Mx is a fundamental exten-
sion of I1z/.

(ii) There is a natural commutative diagram:

1 e H MX e SX“/X(D”) — HXXX — 1
Ax/Axn

l l Ji
1 — H MX e SX//X<TI'X///X/:X/(ID”)) — HXXX — 1

Ax /Ay

[which is well-defined up to Ax, x {1}-inner automorphisms — cf. Remark 1.9.1
below].

(1ii) Relative to the commutative diagram of (ii), the natural cyclotomically
outer action of (k)" on Sxn/x(D") lies over the composite of the map ()" =
(k)" given by raising to the [Ay, : Ax~]-power with the natural cyclotomically
outer action of (k*)" on Sxr/x(Trxm/x.x/(D")). In particular, if N is a positive
integer that divides [Ax/ : Axn], then the natural cyclotomically outer action of
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an element of (k*)" on Sxn/x(D") lies over the cyclotomically outer action of an
element of {(kX)A}N on Sxr/x(Trxn x.x(D")).

Proof. To verify assertion (i), observe that it is immediate from the definitions
that

L/(X) X 71 (X// X X//) g X// X X//
is equal to the Ax:/Axn-orbit of (X)X z (X" x X") C X" x X”. Now assertion
(i) follows by translating this observation into the language of étale cohomology

classes associated to subvarieties; assertions (ii), (iii) follow formally from assertion
(i) and the definitions of the various objects involved. ()

Remark 1.9.1. Relative to the commutative diagram of Proposition 1.9, (ii),
note that, although Sx./x(Trx»/x/.x/(D")) is, by definition, only well-defined up
to Ax: x {1}-inner automorphisms, the push-forward of Sx.,x (D") by

H My — H My
Ax/Axn Ax /Ay

is well-defined up to Ax» x {1}-inner automorphisms. That is to say, the push-
forward extension implicit in this commutative diagram furnishes a canonically
more rigid version of the extension Sx/,x (Trx»,x.x/(D")).

Definition 1.10.

(i) We shall refer to the extension Sx/x«(D") [of IIz+] constructed from
the fundamental extension D" as the [X"'/X*-[symmetrization of D, or, alter-
natively, as a symmetrized fundamental extension. We shall refer to the extension
Trxn/xr.x+(D") [of IIz+] constructed from the fundamental extension D as the
[X" /X" X*-Jtrace of D', or, alternatively, as a trace-symmetrized fundamental
extension.

(ii) If D’ is a fundamental extension of I1z/, then we shall refer to as a morphism
of trace type any morphism

SX///X('D”) — SX//X(D')
obtained by composing the morphism
Sxn/x(D") = Sxr/x(Trxm x.x(D"))
of Proposition 1.9, (ii), with a morphism
Sx//x (Trxm)xr.x/(D")) — Sxr/x (D)

arising [by the functoriality of the construction of “Sx-,x (—)”] from an isomorphism
of [fundamental] extensions Try,x,.x/(D"”) = D' of IlIz» by Mx [which induces
the identity on Iz, Mx].
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(iii) We shall refer to as a pro-symmetrized fundamental extension any com-
patible system [indexed by the natural numbers]

B R PR | D'V

of morphisms of trace type [up to inner automorphisms of the appropriate type| be-
tween symmetrized fundamental extensions, where S; is the X; / X-symmetrization
of a fundamental extension of Ilz,; Z; is the diagonal covering associated to an
open normal subgroup Ilx, C Ilx; the intersection of the Iy, is trivial. In this
situation, we shall refer to the inverse limit profinite group

def ;.

Soo lim

as the limit of the pro-symmetrized fundamental extension {S;}; any profinite group
S arising in this fashion will be referred to as a pro-fundamental extension [of

xxx/

(iv) Let S C X (k) be a finite subset; S’ an X’/ X-symmetrization of a funda-
mental extension D’ of IIz,. Then we shall write

; def /
SS - H SDxXGkHX

zeS

[where the product is to be understood as the fiber product over IIx]. Thus, Sg
is an extension of Ilx by a product of copies of Mx. Similarly, given a projective
system {S;} as in (iii), we obtain a projective system {(S;)s}, with inverse limit:

(SOO)S

We shall refer to (So)s as an S-pro-cuspidalization [of Ilx at S]. Observe that if
T C X(k) is a finite subset such that S C T', then we obtain a natural projection
morphism (Seo )7 — (Soc)s-

Remark 1.10.1. Let D be as in Definition 1.7, (iii); S, {Si}, Se as in Definition
1.10, (iii), (iv). Then observe that it follows from Proposition 1.8, (i), that D, &',
S;, and Su are slim. In particular, if S C X is any finite set of closed points of
X, then we may form the objects

Dg; S5 (Si)s; (Seo)s

by passing to a Galois covering Xj, — X [i.e., the result of base-changing X to
some finite Galois extension kg of k] such that the closed points of X}, that lie
over points of S are rational over kg; forming the various objects in question over
Xig [cf. Definition 1.7, (iii); Definition 1.10, (iv)]; and, finally, “descending to X”
via the outer action of Gal(Xj,/X) = Gal(ks/k) on the various objects in question
[cf. the exact sequence “1 — (=) — Aut(—) — Out(—) — 1”7 of §0; the slimness
mentioned above]. Thus, in the remainder of this paper, we shall often speak of
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the various objects defined in Definition 1.7, (iii); Definition 1.10, (iv), even when
the points of the finite set S are not necessarily rational over k.

Before proceeding, we note the following:

Lemma 1.11. (Conjugacy Estimate) Let H C Ax be a normal open
subgroup; a € Ax /H an element not equal to the identity; N a X' -integer [cf. §0).
Then there exists a normal open subgroup H' C Ax contained in H such that for
any normal open subgroup H'' C Ax contained in H' and any o’ € Ax/H" that
lifts a, the cardinality of the H-conjugacy class Conj(a”, H") C Ax/H" of a’" in
Ax/H" is divisible by N.

Proof. 1In the notation of the statement of Lemma 1.11, denote by Z(a”, H"”) C H
the subgroup of elements § € H such that 6 -a” -6~ = @ in Ax/H"”. Then it
is immediate that if o’ is the image of ¢’ in Ax/H’, then Z(a"”,H") C Z(d', H'),
so the cardinality of Conj(a”, H") = H/Z(a"',H") is divisible by the cardinality
of Conj(a’,H") = H/Z(d', H"). Thus, it suffices to find a normal open subgroup
H' C H such that for any o’ € H' that lifts a, the cardinality of Conj(a’, H') is
divisible by N.

To this end, let us consider, for some prime number [ € X7, the mazimal pro-l
quotient H[l] of the abelianization H* of H. Note that Ax/H acts by conjugation
on H2P H[I]. Now I claim that there exists a [nonzero] h; € H[l] such that a(h;) ¢
Zy - hy. Indeed, if this claim were false, then it would follow that a acts on H[l] by
multiplication by a single element \ € Z;. Moreover, by considering the portion of
H{[l] arising from the abelianization of Ay, it follows that A = 1, i.e., that a acts
trivially on H[l]. But since a induces a nontrivial automorphism of the covering of
X7z determined by H, it follows that a induces a nontrivial automorphism of the
l-power torsion points of the Jacobian of X7 [since these points are Zariski dense
in this Jacobian] — a contradiction. This completes the proof of the claim.

Now let 7 € H be an element that lifts the various h; obtained above for the
[finite collection of] primes [ that divide N; let ax € Ax be an element that lifts
a. Then observe that for some integer power M of N that is independent of the
choice of ax, the image of 5" -ax -j ™™ ay' in H* ® (Z/MZ) is nonzero, for n € Z
with nonzero image in z/N WA Thus, if we take H' equal to the inverse image
of M - H* in A X, we obtain that the intersection of the subgroup jz C H with
Z(d' H") [Where a' € Ax/H lifts a] does not contain j", for n € Z with nonzero
image in Z/N - Z. But this implies that the intersection (j2) () Z(a’, H') C jNZ,
hence that [H : Z(a’, H')] is divisible by N, as desired. O

Next, we consider the following fundamental extensions of Iz, 1z :

def def
2” = H [Z”] 2/ = TI'X///X/:X/<ID//)

dlag
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[cf. Proposition 1.6, (ii)]. Note that in this situation, it follows immediately from

the definitions that we obtain a natural isomorphism D’ = II; « (2> Which we shall
diag

use in the following discussion to identify D', HL; 2 Thus, we have fundamental
iag

sections:
/! /
HUZ,, — D" HUZ, — D

[cf. Proposition 1.6, (iii)]. In particular, by pulling back from Z” to X" x X" we
obtain a surjection:
HUX// x X" - 2// " X"

Now if we apply the natural outer (Ax/Axr) x {1}-action on Ily,,, ., to this
surjection, it follows from the definition of “Sy.,x(D")” that we obtain a natural
homomorphism

12
HUX“xX“ - SX”/X(Q )X“XX“

which is easily verified [cf. Proposition 1.8, (ii), (iii)] to be surjective. Since, more-
over, the construction of this surjective homomorphism is manifestly compatible
with the outer actions of Gal(X”/X) on both sides, we thus obtain a natural sur-
jection:

Muyyx = Sxnyx (D)

Now let us denote by
Dx C HUXxX

the decomposition group of the subvariety «(X) C X x X. [Thus, Dx is well-defined
up to conjugation; here, we assume that we have chosen a conjugate that maps to
the image of the diagonal embedding IIx < Ilxxx via the natural surjection
My, x = xxx.] Observe that we have a natural exact sequence

l1—Ix —-Dx —1IIx —1

[where Ix — i.e., the inertia subgroup of Dx — is defined so as to make the
sequence exact|, together with a natural isomorphism Ix = Mx. Also, we shall

. def def . . .
write Dx = Dx vy, ,; Dx» = Dx vy, .- Since the construction just

carried out for double primed objects may also be carried out for single primed
objects, we thus obtain the following:

Proposition 1.12. (Symmetrized Fundamental Sections) In the notation
of the discussion above:
(i) There is a natural commutative diagram:
Dx C Huc,x — Sxr/x(D")
o | |
Dx C MHuyc,x — Sxyx(D)

[where the vertical arrow on the right is the morphism in the diagram of Proposition

1.9, (ii)].
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(ii) Denote by means of a subscript X" the result of pulling back extensions of
Oxxx, Hzr, Uxrxxr toUx [via the diagonal inclusion]. Then the projection [cf.
the fiber product defining Sx»/x(D")] to the factor labeled “Nxn/Axn” detemines
a natural surjection

¢" :Sxm/x(D")xn = Dxn

whose restriction to Dx [i.e., relative to the arrows in the first line of the com-
mutative diagram of (i)] defines an isomorphism Dx» = Dy.. Moreover, the
cuspidal subgroup of D x» maps isomorphically onto the factor of Mx inSx.,x (D'
labeled “Axn»/Ax»”. In particular, if we denote by

Sxn x (D"

the quotient of Sxn,x (D) by this factor of Mx, then (" determines a surjection

L Sxnx (Vo — T

whose restriction to the quotient Dx» — Il xn is equal to the identity I1x e
[up to geometric inner automorphisms]. Thus, we have a natural commutative
diagram [well-defined up to geometric inner automorphisms]

12

DX” — SX///X (2//))(// C—) _l)/(,,

! | l

CII
HX” — SX///X(QI)Z?// i> HX//

i which the two horizontal composites are isomorphisms; the vertical arrows are
surjections; the left-hand square is cartesian.

(1ii) If we carry out the construction of (ii) for the single primed objects, then
the commutative diagram of (i) induces a natural commutative diagram [well-
defined up to geometric inner automorphisms/:

CII
HX// — SX“/X(QH);?// i} HX//

! | l

CI
HX’ — SX’/X(QI)Z?/ i> HX’

Moreover, there is a natural outer action of Gal(X" /X)) (respectively, Gal(X'/X))
on the first (respectively, second) line of this diagram; these outer actions are com-
patible with one another.

(iv) When considered up to cyclotomically inner automorphisms, the sections
of C;é form a torsor over the following group:

I1 ((K"))"

(Ax/Ax)\(Axn/Axn)
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[Here, the “\” denotes the set-theoretic complement.] The Gal(X" /X )-equivariant
sections of ¢/ form a torsor over the Gal(X" /X )-invariant subgroup of this group.
Similar statements hold for the single primed objects.

(v) The double and single primed torsors of equivariant sections of (iv) are
related, via the right-hand square of the diagram of (iii), by a homomorphism

TS ST | RS

(Ax/Axm)\(Axm/Axim) (Ax/Ax)\(Axs/Axr)

[where the superscripts denote the result of taking invariants with respect to the
action of the superscripted group| with the following property:

An element £ of the domain maps to an element of the codomain whose
component in the factor labeled o' € Ax/Ax/ is a product of elements of

(K'Y of the form Nk;///k/()\”)”“.

Here, '’ € (Ax/Ax)\(Ax//Axn») maps to d' in Ax/Ax:; X' € (")) is the
component of £ in the factor labeled a”; k., is an intermediate field extension
between k' and k" such that X' € ((k..)*)"; Nt i (kL)) = ()

is the norm map; n” is the cardinality of the A x/-conjugacy class of a' in

(Ax/Axr). In particular, by Lemma 1.11 [where we take “H” to be Ax,, “H"”
to be Axn], for a given Ax, if, for a given positive integer N, Axn is “sufficiently
small”, then an arbitrary Gal(X"/X)-equivariant section of (/; lies over the
canonical section of C;é given in (iii), up to the cyclotomically outer action of
some N-th power of an element of the single primed version of the group exhibited
in the display of (iv).

Proof. All of these assertions follow immediately from the definitions [and, in the
case of assertion (iv), Proposition 1.4, (ii)]. O

Definition 1.13. Let D' be a fundamental extension of Ilz; {S;} a pro-
symmetrized fundamental extension, with limit So [cf. Definition 1.10, (iii)].

(i) We shall refer to as a symmetrized fundamental section a homomorphism
ux,x = Sx/x(D')

obtained by composing the surjection Iy, — Sx//x (D') of Proposition 1.12,
(i), with the isomorphism Sx/,x (D) = Sx/,x(P’') induced by an isomorphism
D' = D' of fundamental extensions of I/ by Mx [which induces the identity on
Iz, Mx]. We shall refer to an inclusion

Dx — Sx//x(D')
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obtained by restricting a symmetrized fundamental section to Dx C Iy, [cf.
Proposition 1.12, (i)] as a fundamental inclusion.

(ii) We shall refer to a compatible system of symmetrized fundamental sections
My, x — Si as a pro-symmetrized fundamental section and to the resulting limit
homomorphism Iy, , — So as a pro-fundamental section. Similarly, we have a
notion of “pro-fundamental inclusions”.

Remark 1.13.1. Thus, by the above discussion, if we take the “S;” to be the

symmetrizations of the HL; (7] @ in Proposition 1.6, (ii), then we obtain natural
iag

pro-fundamental sections and pro-fundamental inclusions [cf. Proposition 1.12, (i),

(i), (iii)].

Proposition 1.14. (Maximal Cuspidally Abelian Quotients) Let {S;}
be a pro-symmetrized fundamental extension, with limit S, [cf. Definition
1.10, (iii)] and pro-fundamental section Ily, , — So [cf. Definition 1.13,
(i4)]; S C X a finite set of closed points [cf. Remark 1.10.1]. Then:

1) The pro-fundamental section Il — Soo determines a surjection
XXX

My, — (Sxo)s

[cf. Proposition 1.8, (iii)]. The resulting quotient of Ay (respectively, ., ) is the
maximal cuspidally abelian quotient of Ay, (respectively, 11y, ).

(1) The quotient of Ay, x (respectively, iy ) induced by the pro-funda-
mental section Iy, — So is the maximal cuspidally abelian quotient
[which we shall denote by] Auy, x — A‘{jf{‘bxx (respectively, Iy, o — H(I:J_ibxx
of Auy, x (respectively, . ).

Proof. 1Indeed, this follows as in the proof of Proposition 1.8, (iii), (iv), by observ-
ing that the cuspidal subgroup of the maximal cuspidally abelian quotient of Ay
(respectively, Ay, ) is naturally isomorphic to the inverse limit of the cuspidal
subgroups of the maximal cuspidally central quotients of the Ay xa, Axs (C Ayy)
(respectively, Ay, ..) [as Axs € Ax ranges over the open normal subgroups of

Ax]. O

Proposition 1.15. (Automorphisms and Commensurators) Let {S;} be a
pro-symmetrized fundamental extension, with limit S [cf. Definition 1.10,
(11i)] and pro-fundamental inclusion Dx — S [cf. Definition 1.13, (ii)].
Then:

(i) Any automorphism « of the profinite group I  which

Uxxx

(a) is compatible with the natural surjection H((:J_ibx — I x«x and induces

the identity on Ilxxx;

X
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(b) preserves the image of Mx = Ix C Dx wia the natural inclusion Dx —
c-ab
Uxxx

1s cuspidally inner.

(ii) x (respectively, Ax ) is commensurably terminal /[cf. §0/ in Ilxxx
(respectively, Axxx ).

... . . . ) ~ TTc-ab
(i) Dx is commensurably terminal in S;, Soo = IIF3 .

Proof. First, we verify assertion (i). By Proposition 1.14, (ii), we have a natural
isomorphism H(I:J_ibxx 5 S, 50 we may think of o as an automorphism of S,.. In
light of (a); Proposition 1.8, (iii), it follows that « is compatible with the natural
surjections Soo — S;. Write «; for the automorphism of S; induced by a. By (a),
(b), it follows that «; is an automorphism of the extension S; of Il x « x by a product
of copies of Mx which induces the identity on both IIx « x and the product of copies
of Mx [cf. the definition by a certain fiber product of the symmetrized fundamental
extension S;]. [Here, we note that the fact that a; induces the identity on each copy
of Mx follows by considering the non-torsion [cf. Propositions 1.2, (ii); 1.6, (i), (ii)]
extension class determined by that copy of Mx [which is preserved by «;!], together
with the fact that «; induces the identity on the second cohomology groups of open
subgroups of Ax,x with coefficients in Mx.] Thus, up to cyclotomically inner
automorphisms, «; arises from a collection of elements of (kz-x)/\, where k; is some
finite Galois extension of k [cf. Proposition 1.4, (ii)], one corresponding to each
copy of Mx. Moreover, since these copies of Mx are permuted by the action of
IIx « x by conjugation, it follows that [up to cyclotomically inner automorphisms]
«; arises from a single element of (kz-x)/\, which in fact belongs to (k*)" (C (kz-x)/\)
[as one sees by considering the conjugation action via the “Gy portion” of ITx x x].
On the other hand, since the «; form a compatible system of automorphisms of the
Si, it follows from Proposition 1.9, (iii), that this element of (kx)/\ must be equal
to 1, as desired.

Next, to verify assertion (ii), let us observe that it suffices to show that Ax is
commensurably terminal in A x x x. But this follows immediately from the fact that
Ax is slim [cf. Proposition 1.8, (i)]. Finally, we consider assertion (iii). Clearly,
it suffices to show that Dx is commensurably terminal in S;. By assertion (ii),
to verify this commensurable terminality, it suffices to show that the [manifestly
abelian| cuspidal subgroup H; C S; [i.e., relative to the natural surjection S; —
IIx « x| satisfies the following property: Every h € H; such that h’ — h € Dy,
for all 4 in some open subgroup J of Dx, satisfies h € Dx. But this property
follows immediately [cf. the definition by a certain fiber product of the symmetrized
fundamental extension S;] from the fact that, for J sufficiently small, the J-module
H,;/(Dx () H;) is isomorphic to a direct product of a finite number of copies of Mx.

O

The following result is the main result of the present §1:
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Theorem 1.16.  (Reconstruction of Maximal Cuspidally Abelian Quo-
tients) Let X, Y be hyperbolic curves over a finite or nonarchimedean local
field; denote the base fields of X, Y by kx, ky, respectively. Let ¥x (respectively,
Yy ) be a set of prime numbers that contains at least one prime number that is
invertible in kx (respectively, ky ); write Ax (respectively, Ay ) for the maximal
cuspidally pro-ER— (respectively, pro-E{; ) quotient of the maximal pro-Yx
(respectively, pro-Yy ) quotient of the tame fundamental group of X3 (re-
spectively, Y ) [where “tame” is with respect to the complement of X5 (respec-
tively, Y5 ) in its canonical compactification], and lx (respectively, Iy ) for the
corresponding quotient of the étale fundamental group of X (respectively, Y ). Let

(63N HX :> HY
be an isomorphism of profinite groups. Then:

(i) We have Sx = Sy, Sk = S write S ¥ 5y = 5y, F € 2l = xi.
Moreover, kx is a finite field if and only if ky is; X is of type (g,r) [where g, > 0
are integers such that 2g—2+r > 0] if and only if Y is of type (g,7). Finally, if kx,
ky are nonarchimedean local, then their residue characteristics coincide.

(ii) v is compatible with the natural quotients Ilx — Gy, Iy — Gy, .
(iii) Assume that X, Y are proper. Denote by Iy, — G Ty, o —

Uxxx’

H‘gj‘jbxy the maximal cuspidally abelian quotients [cf. Proposition 1.14, (ii);

the discussion preceding Proposition 1.6]. Then there is a commutative diagram,
[well-defined up to cuspidally inner automorphisms/:

c-ab acb Hc—ab
Uxxx Uy xy

Ixwx axg My «y
Here, the horizontal arrows are isomorphisms which are compatible with the
natural inclusions Dx — H‘;J‘j‘fxx, Dy — H‘g]‘ibxy [¢f. Proposition 1.12, (i)]; the
vertical arrows are the natural surjections. Finally, the correspondence

o — ac—ab

is functorial [up to cuspidally inner automorphisms] with respect to «.

Proof. First, we consider assertions (i), (ii). Note that kx is finite if and only if, for
every open subgroup H C Iy, the quotient of the abelianization H*" by the closure
of the torsion subgroup of H?" is topologically cyclic [cf. [Tama], Proposition 3.3,
(ii)]; a similar statement holds for ky, IIy. In the finite field case, assertion (ii) also
follows from [Tama|, Proposition 3.3, (ii); the portion of assertion (i) concerning
Y x, Xy follows from assertion (ii). The fact that EE( = E{, then follows from the
following observation: FEither the function

¥ 31— dimg, (Ax)* ® Q)
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is constant — in which case ER— = Y — or this function attains a minimum at a
unique element of ¥, which is equal to the residue characteristic of kx [cf. [Tama],
Proposition 3.1]; a similar statement holds for Y. Now by considering the respective
outer actions of Gi,, Gk, on the mazximal pro-l quotients of Ax, Ay, for some
I € X7, we obtain that X is of type (g,r) if and only if Y is of type (g, r), by [Mzk9],
Corollary 2.7, (i). This completes the proof of assertions (i), (ii) in the finite field
case.

Next, let us assume that kx, ky are nonarchimedean local. Then the portion of
assertion (i) concerning ¥ x, ¥y follows by considering the cohomological dimension
of Ilx, Iy — cf., e.g., Proposition 1.3, (ii) [in the proper case]. As for assertion
(ii), if the cardinality of ¥ is > 2, then assertion (ii) follows from the evident pro-3
analogue of [Mzk5], Lemma 1.3.8; if the cardinality of ¥ is 1, then assertion (ii)
follows from Lemma 1.17 below. Now the portion of assertion (i) concerning the
residue characteristics of kx, ky follows from assertion (ii) and [Mzk5], Proposition
1.2.1, (i); the fact that X is of type (g,r) if and only if Y is of type (g,r) follows
from [Mzk9], Corollary 2.7, (i). [Here, we note that the hypothesis of “weak [-
graphic fullness” [which must be satisfied in order to apply [Mzk9], Corollary 2.7,
(i)] follows immediately from the “Riemann hypothesis for abelian varieties over
finite fields” — cf., e.g., [Mumf], p. 206 — if ¥ contains a prime [ that differs from
the the residue characteristic p of kx, ky, and follows from the well-known fact
that the p-adic Galois modules Ax ® Q,, Ay ® Q, are [successive extensions of]
Hodge-Tate modules, with weights contained in the set {0,1} — cf., e.g., [Tate] —
if ¥ = {p}.] This completes the proof of assertions (i), (ii) in the nonarchimedean
local field case.

Finally, we consider assertion (iii). It follows from the definitions that « induces
an isomorphism Mx — My . If, moreover, Z% — X, Z{, — Y are diagonal
coverings corresponding to [connected] finite étale coverings X’ — X, Y’ — Y that
arise from open subgroups of IIx, Iy that correspond via «, then « induces an
isomorphism of group cohomology modules

H?(Iy  Mx) = H?*(Ilz , My)

that preserves the extension classes associated to fundamental extensions of lz ,
Iz, [cf. Proposition 1.6, (i)]. In particular, if D’ (respectively, £) is a fundamental
extension of Uz (respectively, HZQ,), then a induces an isomorphism

e

which is compatible with the morphisms Mx — My, II 7% S0 z;, already induced
by «, and, moreover, uniquely determined, up to cyclotomically inner automor-
phisms, and the action of (k)x()/\ (respectively, (kSX,)A) [cf. Proposition 1.4, (ii)]. On
the other hand, by allowing X', Y’ to vary, taking symmetrizations of the fundamen-
tal extensions involved [which may be constructed entirely group-theoretically!], and
making use of the vertical morphism in the center of the diagram of Proposition
1.9, (ii) [again an object which may be constructed entirely group-theoreticallyl],
it follows from Proposition 1.9, (iii), that the indeterminacy of the isomorphism
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D' = & arising from the action of (k)x()/\, (kSX,)A “converges to the identity inde-
terminacy” [i.e., by taking D' = &’ to arise as just described from an isomorphism
of fundamental extensions D" = £” associated to [connected] finite étale coverings
X" — X', Y" — Y’ [that arise from open subgroups of IIx, IIy that correspond
via «], where the open subgroups Ilx~» C Ilx/, IIy~» C Ily: are sufficiently small.
Thus, in light of the manifest functoriality of the vertical morphism in the center
of the diagram of Proposition 1.9, (ii) [the detailed explication of which, in terms
of various commutative diagrams, is a routine task which we leave to the readerl!],
we obtain an isomorphism
(S} {1}

of pro-symmetrized fundamental extensions [cf. Definition 1.10, (iii)] of IIxxx,
[Ty «y, respectively, which arises from « and is completely determined up to cyclo-
tomically inner automorphisms. Here, we pause to note that although in the con-
struction of the symmetrization of a fundamental extension D’ (respectively, £'),
one must, a priori, contend with a certain indeterminacy with respect to Ax, x {1}-
(respectively, Ay, x {1}-)inner automorphisms [cf., e.g., Proposition 1.9, (ii)], in
fact, by allowing X', Y’ to vary, this indeterminacy also “converges to the identity
indeterminacy” [cf. Remark 1.9.1].

Thus, in summary, « induces an isomorphism [well-defined up to cyclotomically
[or, alternatively, cuspidally] inner automorphisms|

Soo = Too

of pro-fundamental extensions of Il x x x, Iy «y, respectively. Moreover, by apply-
ing the fact that the left-hand square of the commutative diagram of Proposition
1.12, (ii), is cartesian, together with the fact that the “canonical section” of “C;é”
that appears in Proposition 1.12, (iii), is completely determined [cf. Proposition
1.12, (v); Lemma 1.11] by the condition that it lie under an arbitrary “equivariant
section” [cf. Proposition 1.12, (iv)] of the “C/,” associated to coverings “X" — X7
arising from arbitrarily small open subgroups I1x» C Ilx, it follows that the isomor-
phism S, = 7o just obtained is compatible with the pro-fundamental inclusions
Dx — S, Dy — 7. In particular, by Proposition 1.14, (ii) [cf. also Proposition
1.12, (i)], we conclude that o induces an isomorphism [well-defined up to cuspidally
inner automorphisms]
(Soo o ) Hc—ab -~ Hc—ab ( o Too)

Uxxx Uy xy

which is compatible with the natural inclusions Dx — H‘{jj‘fxx, Dy — H‘{jibxy.
Finally, the functoriality of this isomorphism follows from the naturality of its

construction. ()

Remark 1.16.1. It follows immediately from the naturality of the constructions
used in the proof of Theorem 1.16, (iii), that when “a” arises from an isomorphism
of schemes X = Y, the resulting a®?" of Theorem 1.16, (iii), coincides with the
morphism induced on fundamental groups by the resulting isomorphism of schemes
Uxxx — Uyxy.
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Lemma 1.17. (Normal Subgroups of the Absolute Galois Group of
a Nonarchimedean Local Field) Let k be a nonarchimedean local field of
residue characteristic p; write Gy, for the absolute Galois group of k. Also, let
us write I C Gy, for the inertia subgroup of Gy and W C I for the wild inertia
subgroup. [Here, we recall that W is the unique Sylow pro-p subgroup of I.] Let
H C Gy be a closed subgroup that satisfies [at least] one of the following four
conditions:

(a) H is a finite group.
(b) H commutes with W.

(¢) H is a pro-prime-to-p group [i.e., the order of every finite quotient
group of H is prime to p/ that is normal in Gj.

(d) H is a topologically finitely generated pro-p group that is normal

Then H = {1}.

Proof. Indeed, suppose that H satisfies condition (a). Then the fact that H = {1}
follows from [NSW], Corollary 12.1.3, Theorem 12.1.7. Now suppose that H satisfies
condition (b). Then by the well-known functorial isomorphism [arising from local
class field theory] between the additive group underlying a finite field extension
of k that corresponds to an open subgroup J C Gy and the tensor product with
Q, of the image of W (\J in the abelianization J2, it follows immediately that
the conjugation action of H on W is nontrivial, whenever H is nontrivial. Thus
we conclude again that H = {1}. Next, suppose that H satisfies condition (c).
Then since H, W are both normal in Gy, it follows [by considering commutators
of elements of H with elements of W] that arbitrary elements of H commute with
arbitrary elements of W. In particular, H satisfies condition (b), so we conclude
yet again that H = {1}.

Finally, we assume that H is nontrivial and satisfies condition (d). Write
G — G for the mazximal pro-p quotient of G. By replacing k by a suitable finite
extension of k, and applying the fact that H is infinite [since we have already shown
that H does not satisfy condition (a)], we may assume without loss of generality
that G is a free pro-p group |[cf., e.g., [NSW], Theorem 7.5.8, (i)] such that the
natural map
Hab ® Fp N Gab ® Fp

is injective, but not surjective. Then it follows immediately from the well-known
theory of free pro-p groups that there exists a set of free topological generators
&1, .., &, of G [where n = dimy, (G* ®@F,)] such that for some integer 1 < m < n,
&1, ... ,&m lie in and topologically generate the image Im(H) C G of H in G. On the
other hand, since Im(H) is normal in G, it follows from the well-known structure

of free pro-p groups that we obtain a contradiction. This completes the proof of
Lemma 1.17. O
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Remark 1.17.1. The author would like to thank A. Tamagawa for informing
him of the content of Lemma 1.17.

Definition 1.18. In the situation of Theorem 1.16, (i), (ii):

(i) If, for every finite étale covering X’ — X of X arising from an open subgroup
Iy, C Iy, it holds that the map from (X')°'* to conjugacy classes of closed
subgroups of Iy, given by assigning to a closed point its associated decomposition
group is injective, then we shall say that X is X-separated.

(ii) If the map induced by a on closed subgroups of IIx, IIy induces a bijection
between the decomposition groups of the points of X¢*, Yt then we shall say
that « is quasi-point-theoretic. If « is quasi-point-theoretic, and, moreover, X, Y
are X-separated — in which case « induces bijections

Xcl ~ Ycl. XcH— -~ YcH—
— then we shall say that « is point-theoretic.

(iii) Suppose further that we are in the finite field case. Then we shall say
that « is Frobenius-preserving if the isomorphism Gy, — Gy, induced by a [cf.

Theorem 1.16, (ii)] maps the Frobenius element of Gy, to the Frobenius element
of G ky -

Remark 1.18.1. In the finite field case, when ©f = Primes’, the Frobenius
element of G, may be characterized as in [Tama|, Proposition 3.4, (i), (ii); a
similar statement holds for the Frobenius element of Gy, . [Moreover, in the proper
case, the Frobenius element of GGy, may be characterized as the element of Gy,
that acts on Mx via multiplication by the cardinality of kx, i.e., the cardinality of
H'(Ghy, Mx) plus 1.] Thus, when ©f = Primes’, any a as in Theorem 1.16, (i),
(ii), is automatically Frobenius-preserving.

Remark 1.18.2. Note that in the finite field case, any Frobenius-preserving iso-
morphism « as in Theorem 1.16, (i), (ii), is quasi-point-theoretic [cf. the arguments
of [Tama], Corollary 2.10, Proposition 3.8].

Remark 1.18.3. Note that in the finite field case, if a as in Theorem 1.16, (i),
(ii), is Frobenius-preserving, then the characteristics of kx, ky coincide. Indeed,
this follows immediately from Theorem 1.16, (i), (ii); [Tamal, Proposition 3.4, (i),

(ii).

Now we return to the notation of the discussion preceding Theorem 1.16. Ob-
serve that the automorphism

T7: XXX —-XxX
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given by switching the two factors induces an outer automorphism of Il . . More-
over, by choosing the basepoints used to form the various fundamental groups in-
volved in an appropriate fashion, it follows that there exists an automorphism

1L : HUXxX - HUXxX

among those automorphisms induced by 7 [i.e., all of which are related to one
another by composition with an inner automorphism| which induces the automor-
phism on IIxxx = IlIx Xg, lIx given by switching the two factors; preserves the
subgroup Dx C Iy, ; and preserves and induces the identity automorphism on
the subgroup Ix C Dx (C Iy, ). Note that by the slimness of Proposition 1.8,
(i), together with the well-known commensurable terminality of Dx C Iy, . in
Hyy .« [cf., e.g., [the proof of] [Mzk5], Lemma 1.3.12], it follows that these three
conditions [are more than sufficient to] determine I1;, up to composition with an
inner automorphism arising from Ix.

Proposition 1.19. (Switching the Two Factors) The automorphism

c-ab , 7yc-ab c-ab
HT 'HUXxX —>HUX><X

induced by 11, is the unique automorphism of the profinite group H‘{jf;'ix, up to
composition with a cyclotomically inner automorphism, that satisfies the following
two conditions: (a) it preserves the quotient H(I:J_ibxx — Il x« x and induces on this
quotient the automorphism on llxxx = Ilx xXg, lIx given by switching the two

factors; (b) it preserves the image of Ix C Dx — H‘{J‘ibxx.

Proof. This follows immediately from Propositions 1.15, (i). O
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Section 2: Points and Functions

We maintain the notation of §1 [i.e., the discussion preceding Theorem 1.16].
If z € X, then we shall denote by

DachX

the decomposition group of x [well-defined up to conjugation by an element of Ax].
If x € X(k), then D, determines a section s, : Gy — IIx [which is well-defined as
a geometrically outer homomorphism)].

Next, let S C X be a finite set. If n is a i-integer [cf. §0], then the Kummer
exact sequence
1—-py, — Gy -Gy — 1

[where Gy, — Gy, is the n-th power map; p,, is defined so as to make the sequence
exact] on the étale site of X determines a homomorphism Pic(X) — H?(Ax, )
[where Pic(X) is the Picard group of X|. Now there is a unique isomorphism

Hn :> Mx/’n~MX

such that the homomorphism Pic(X) — H?(Ax, py,) sends line bundles of degree
1 to the element determined by 1 € Z/nZ via the composite of the induced iso-
morphism H?(Ax, pn) = H?*(Ax, Mx /n- Mx) with the tautological isomorphism
H?(Ax,Mx /n-Mx) = Z/nZ [cf. Proposition 1.2, (i)]. In the following discussion,
we shall identify p,, with Mx /n - Mx via this isomorphism.

If we consider the Kummer exact sequence on the étale site of Us C X [and
pass to the inverse limit with respect to n], then we obtain a natural homomorphism

F(Usvogs) - Hl(HUvaX)

[where we note that here, it suffices to consider the group cohomology of Iy, [i.e.,
as opposed to the étale cohomology of Ug], since the extraction of n-th roots of
an element of F(US,C’)gs) yields finite étale coverings of Ug that correspond to
open subgroups of Ily¢] which is injective [since the abelian group I'(Us, Oy, ) is
clearly finitely generated and free of pf-torsion, hence injects into its prime-to-pt
completion] whenever X = Primes'. In particular, by allowing S to vary we obtain
a natural homomorphism

K% —lim H' (g, Mx)
S

[where Kx is the function field of X; the direct limit is over all finite subsets S of

X! which is injective whenever BT = Primes.

Proposition 2.1. (Kummer Classes of Functions) If S C X is a finite
subset, write
Aug — AGE® — AFE"
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for the maximal cuspidally abelian and maximal cuspidally central quo-
tients, respectively, and
Ty, —» T2 - TIge

for the corresponding quotients of Uy,. If x € X, then let us write
D, [Us] C Iy

for the decomposition group of = in Iy, [which is well-defined up to conjugation
by elements of Ay, ] and I,[Us] C D,[Us| for the inertia subgroup. [Thus, when

x € S, we obtain [cf. Proposition 1.6, (ii), (iii)] a natural isomorphism of Mx with

LL[Us] € D,[Us| N Av,.J

(i) The natural surjections induce isomorphisms as follows:
H' (I, Mx) & H'(IIG2P, Mx) = H'(Ilyg, Mx)
In particular, we obtain natural homomorphisms as follows:
I'(Us,Op,) — H'(TI5™, Mx) = HY (11§, Mx ) = H'(y,, Mx)
K3 —>li?rr>1 H'(IIGe, Mx ) = h?m HY(IIGaP, Mx) = h?n; H'(Tly,, Mx)
These natural homomorphisms are injective whenever L1 = ‘,]3timesT.

(ii) Suppose that S C X(k) is a finite subset. Then restricting cohomology
classes of Iy to the various I;[Us], for x € S, yields a natural exact sequence

1— (kx)/\ — Hl(HUS,MX) — <@ ZT)
xesS

[where we identify Homs, (I.[Us], Mx) with ZT] Moreover, the image [via the
natural homomorphism given in (i)] of T(Us, Oy ) in H' (Iys, Mx) is equal to the
inverse image in H'(Ilyg, Mx) of the submodule of

(D 2)<(D?)

determined by the principal divisors [with support in S]. A similar statement
holds when 1y, ” is replaced by “H‘{jg‘b 7or Gt

(iir) If f € T(Us, OF), write
KGO € HY(IIGS™, Mx);  &5°P € HY (LGP, Mx); Ky € H'(Iy,, Mx)

for the associated Kummer classes. If v € X°\S, then D.[Us] maps, via the
natural surjection Ilyg — Gy, isomorphically onto the open subgroup Gy € G
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[where k(x) is the residue field of X at x]. Moreover, the images of the pulled back
classes

5(}_cn|Dx[Us] — /f(}_ab|Dx[Us] — /if|Dx[US] c H1<D$[US],MX) = Hl(Gk(m)7MX)
= (k(a))"

in (k(z)*)" are equal to the image in (k(z))" of the value of f at x.

Proof.  Assertion (i) follows immediately from the definitions. The exact sequence
of assertion (ii) follows immediately from Proposition 1.4, (ii). The characterization
of the image of I'(Us, Oy, ) is immediate from the definitions and the exact sequence
of assertion (ii). Assertion (iii) follows immediately from the definitions and the
functoriality of the Kummer class. O

Remark 2.1.1.  If, in the situation of Proposition 2.1, (iii), we think of the
extension of IIf;c" of Ilx as being given by the extension Dg [cf. Proposition 1.8,
(iii)], where D is a fundamental extension of Ilx « x that appears as a quotient of
Iy, . [hence is “rigid” with respect to the action of (k*)" — cf. Proposition 1.9,
(iii); the proof of Theorem 1.16, (iii)], then it follows that the image of D,[Us]| in
II5S" may be thought of as the image of D,[Us] in Dg. If, moreover, we assume,
for simplicity, that x € X (k), S C X(k), then this image of D,[Us] in Dg amounts
to a section of Dg — Ilx — Gy lying over the section s, of [Ix — Gj. Since
Dg is defined as a certain fiber product, this section is equivalent to a collection of
sections [regarded as cyclotomically outer homomorphisms]

Yy,o i Gk — Dya

[where y ranges over the points of S]. [Here, we note that it is immediate from the
definitions that, as the notation suggests, v, . depends only on z, y — i.e., that
Vy.z 18 independent of the choice of S.] That is to say, from this point of view,
Proposition 2.1, (iii), may be regarded as stating that:

The image in (k*)" = (k(z)*)" of the value of a function € T'(Us, Us)
at x € X (k) may be computed from its Kummer class, as soon as one
knows the sections 7y » : Gy — Dy o, for y € S.

Also, before proceeding, we note that an arbitrary section of D, , — G, differs [as
a cyclotomically outer homomorphism| from =, , by the action of an element of
HY(Gy, Mx) = (k). Thus, the datum of “y, ,” may be regarded as a trivializa-
tion of a certain (k*)" -torsor.

Remark 2.1.2. The finite field portion of Proposition 2.1 may be regarded as the
evident finite field analogue of [a certain portion of| the theory of [Mzk8]|, §4. Also,
we observe that the approach of “reconstructing the function field of the curve via
Kummer theory, as opposed to class field theory [as was done in [Tama], [Uchi]”
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has the advantage of being applicable to nonarchimedean local fields, as well as to
finite fields.

Definition 2.2. For x,y € X(k), we shall refer to the section [regarded as a
cyclotomically outer homomorphism]|

Yy,o i Gk — Dya

as the Green’s trivialization of D at (y,z). If D is a divisor on X supported in the
subset of k-rational points X (k) € X, then multiplication of the various Green’s
trivializations for the points in the support of D determines a section [regarded as
a cyclotomically outer homomorphism]

YDx: Gk = Dpa

which we shall refer to as the Green’s trivialization of D at (D,x). [Note that the
definition of vyp , generalizes immediately to the case where the divisor D, but not
necessarily the points in its support, is rational over k — cf. Remark 1.10.1.]

Remark 2.2.1. The terminology of Definition 2.2, is intended to suggest the
similarity between the 7, , of the present discussion and the “Green’s functions”
that occur in the theory of bipermissible metrics — cf., e.g., [MB], §4.11.4.

Remark 2.2.2. Note that the Green’s trivializations are symmetric with respect
to the involution of D induced by the automorphism II1¢2" of Proposition 1.19.
Indeed, relative to the natural projections

HUXXX - H([:J_iix - D

the Green’s trivialization at (y,z) is simply the section of D — Gy arising [by
composition] from the section of Iy, — G} determined by the decomposition
group of the point (z,y) € Uxxx (k). Thus, the asserted symmetry of the Green’s
trivializations follows from the fact that ISP is compatible with II,, together with
the evident fact that [by “transport of structure”] II; maps the decomposition
group of (z,y) € Ux xx (k) isomorphically onto the decomposition group of (y,z) €
Ux xx (k).

If d € Z, denote by J¢ the subscheme of the Picard scheme of X that parame-

trizes line bundles of degree d; write J def jo. Thus, J? is a torsor over J. Note
that there is a natural morphism X — J! [given by assigning to a point of X the
line bundle of degree 1 determined by the point]. Thus, the basepoint of X [already
chosen in §1] determines a basepoint of J!. At the level of “geometrically pro-%”

étale fundamental groups, this morphism induces a surjective homomorphism

HX—>'>HJ1
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whose kernel is the kernel of the maximal abelian quotient Ax —» A*}}’. In partic-
ular, for z € X (k), the section s, determines a section ¢, : G — Il 1. Note that
applying the “change of structure group” given by the “multiplication by d map”
on J to the J-torsor J! yields the J-torsor J¢. [Indeed, this follows by considering
the group structure of the Picard scheme.] Thus, we obtain a morphism J! — J¢
whose induced morphism on fundamental groups

HJI —>HJd

determines an isomorphism of I ja with the push-forward of the extension II ;1 [i.e.,
of Gk by Ay =2 A3] via the homomorphism A% — A% given by multiplication
by d. When d > 1, the group structure on the Picard scheme also determines a
morphism

H HJI —>HJd

[where the product is a fiber product over Gy, of d factors of II ;1] which determines
an isomorphism of Il ;o with the push-forward of the extension constituted by the
fiber product via the homomorphism []J A% — A3 [i.e., from a product of d
copies of A% to A given by adding up the d components]. Moreover, one verifies
immediately that when d > 1, these two constructions of “Ilja” from II;: yield
groups that are naturally isomorphic.

Thus, by applying the various homomorphisms induced on fundamental groups
by the group structure of the Picard scheme, it follows that if D is any divisor of
degree d on X whose support lies in the set of k-rational points X (k) € X, then
D determines a section

tp : G, — 1 ja

which may be constructed entirely group-theoretically. In particular, if D is of degree
0, then the section tp : Gy — Il; may be compared with the identity section of I1;
to obtain a cohomology class:

np € H' (Gr, AY)
Now we have the following well-known result:
Proposition 2.3. (Points and Galois Sections) Suppose that ¥ = Primes.
Then, in the notation of the above discussion:
(i) The divisor D is principal if and only if np = 0.
(i) The map x +— D, from X to conjugacy classes of closed subgroups of Ix

1s injective, i.e., X is Primes-separated.

Proof. First, we consider assertion (i). By well-known general nonsense [cf., e.g.,
[Naka], Claim (2.2); [NTs|, Lemma (4.14); [Mzk4], the Remark preceding Definition
6.2], there is a natural isomorphism

H (k, AR) = J(k)" (2 J (k)
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[where the “A” denotes the profinite completion] which maps np to the element of
J(k) determined by D. [Here, we recall that this natural isomorphism arises by
considering the long exact sequence obtained by applying the functors H*(Gj, —)
to the short exact sequence of G-modules

1— J(K)n) — J(k) — J(k) — 1

— where n is a positive integer; the morphism J (k) — J(k) is the “multiplication

by n map”; J(k)[n] is defined so as to make the sequence exact.] Thus, assertion
(i) follows immediately.

To prove assertion (ii), it suffices [by possibly base-changing to a finite exten-
sion of k] to verify that two points x1,ze € X (k) that induce A x-conjugate sections
Sz, , Sz, are necessarily equal [cf. also [Tamal, Corollary 2.10]. But this follows for-
mally from assertion (i), by considering the divisor z; — z2 [and the well-known
fact that the natural morphism X — J! considered above is an embedding]. O

Remark 2.3.1. From the point of view of Definition 1.7, (ii), the reader may feel
tempted to expect that [still under the assumption that ¥ = Primes| D is principal
if and only if the extension Dp of IIx [by Mx] is trivial [i.e., determines the zero
class in H?(Ilx, Mx)]. When k is nonarchimedean local, it is not difficult to verify,
using Proposition 2.3, (i), that this is indeed the case. On the other hand, when k
is finite, although this condition for principality is easily verified to be necessary,
it is not, however, sufficient, since it only involves the “prime-to-p’ portion” of the
point of J(k) determined by D.

Definition 2.4. In the situation of Theorem 1.16, (iii), suppose that « is point-
theoretic. Let S C X! be a [not necessarily finite] subset that corresponds via the
bijection X! = Y*°! induced by [the point-theoreticity of] a to a subset T C Y.

(i) Write D (respectively, £) for the fundamental extension of IIxx x (respec-
tively, IIy xy) that arises as the quotient of H‘{jfé‘ix (respectively, I1H* ) by the

Uy xy

kernel of the mazimal cuspidally central quotient A‘[}‘f{‘bxx - AGE (respectively,

A‘{J‘jbxy — Agt ) [ef. Proposition 1.8, (iv)]. Thus, a®?P induces an isomorphism:

a®": D5 E

We shall say that « is (S,T)-locally Green-compatible if, for every pair of points
(x1,22) € X(kx) x X(kx) corresponding via the bijection induced by « to a pair
of points (y1,y2) € Y(ky) X Y(ky), such that zo € S, y2 € T, the isomorphism

~

D$175€2 - 51/1 Y2

[obtained by restricting a®"| is compatible with the Green’s trivializations. We
shall say that « is (S, T)-locally degree zero (respectively, (S, T)-locally principally)
Green-compatible if, for every x € X(kx)[()S and every divisor of degree zero
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(respectively, principal divisor) D supported in X (kx) C X corresponding via the
bijection induced by « to a pair (y, F) of Y [so y € Y (ky) () T], the isomorphism

DD,m :> EE,y
is compatible with the Green’s trivializations.

(ii) We shall say that « is totally (S, T)-locally Green-compatible (respectively,
totally (S, T)-locally degree zero Green-compatible; totally (S,T)-locally principally
Green-compatible) if, for all pairs of connected finite étale coverings X' — X
Y’ — Y that arise from open subgroups of Ilx, Iy that correspond via «, the
isomorphism

HX/ :> HY/

induced by « is (S’,T")-locally Green-compatible (respectively, (S’,T")-locally de-
gree zero Green-compatible; (S’,T")-locally principally Green-compatible), where
S"C (X, T C (Y are the inverse images in X', Y’ of S, T, respectively.

(iii) With respect to the terminology introduced in (i), (i), when S = X<,
T =Y*, then we shall replace the phrase “(S,T)-locally” by the phrase “globally”.

Remark 2.4.1. In the situation of Definition 2.4, if X’ — X, Y’ — Y are con-
nected finite étale coverings that arise from open subgroups of Il x, Iy that corre-
spond via a; D = £ is the isomorphism of fundamental extensions of Il x x x, Iy xy
that arises from the isomorphism o of Theorem 1.16, (iii); and the points 1, x2
(respectively, y1, y2) are Ax- (respectively, Ay-) conjugate, then it follows imme-

diately from the compatibility of a®*P with the natural inclusions Dx — H‘{J‘j‘fxx,
Dy — Mg [ef. Theorem 1.16, (iii)] that the isomorphism Dy, oz, — &y, y, is

automatically compatible with the Green’s trivializations. [Indeed, this follows from
the easily verified fact that the Green’s trivializations in this case are, in essence,
specializations of the “canonical sections of ¢ ;é ” of Proposition 1.12.] Unfortunately,
however, the author is unable, at the time of writing, to see how to generalize the
argument applied in the proof of Theorem 1.16, (iii), involving Lemma 1.11; Propo-
sition 1.12,; (v), so as to cover the case where the points x1, xo (respectively, yi,
y2) fail to be Ax- (respectively, Ay-) conjugate. Indeed, this sort of generaliza-
tion appears to require the group-theoretic reconstructibility of some collection of
isomorphisms of extensions of G, Gr, by Mx, My, respectively,

thxz - D$17$3; 5y17y2 - 5y17y3

that are compatible both with o and with the respective Green’s trivializations, for
all collections of points 1, z2, x5 € X (k) (respectively, y1,y2,ys € Y (k)) such that
xa, x3 (respectively, ya, y3) are Ax- (respectively, Ay-) conjugate.

Remark 2.4.2. It is immediate that (5, 7T)-local Green-compatibility (respec-
tively, (S, T)-local degree zero Green-compatibility) implies (.5, T')-local degree zero
Green-compatibility (respectively, (S, 7T")-local principal Green-compatibility), and
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that total (S,T)-local Green-compatibility (respectively, total (S,T')-local degree
zero Green-compatibility) implies total (S, T')-local degree zero Green-compatibility
(respectively, total (S, T")-local principal Green-compatibility).

Theorem 2.5. (Reconstruction of Functions) In the situation of Theorem
1.16, (iii), suppose further that « is point-theoretic. Then:

(i) Let S C Xd, T C Y be finite subsets that correspond wvia the bijection
X 5 v induced by a. Then a, o induce isomorphisms [well-defined up to
cuspidally inner automorphisms/

c-ab ™~ c-ab
HUS — HVT

[where Vi def Y\T'] lying over a,, which are functorial with respect to a and S, T,
as well as with respect to passing to connected finite étale coverings of X, YV
[that do not necesarily arise from open subgroups of Ilx, Ty !].

(ii) Suppose that ¥ = Primes. Then the bijection X! = Y induced by o in-
duces a bijection between the groups of principal divisors on X, Y. This bijection,
together with the isomorphisms of (i), induces a compatible isomorphism

K- (k%) 5 K- (k)"

between the push-forwards of the multiplicative groups associated to the function

fields of X, Y, relative to the homomorphisms ky — (k)x()/\, ky — (kSX,)A

Proof. Assertion (i) follows immediately from the definitions; Theorem 1.16, (iii).
[Here, we note that the functoriality asserted in assertion (i), which is somewhat
stronger than the functoriality asserted in Theorem 1.16, (iii), follows from the
definitions, together with the naturality of the constructions applied in the proof
of Theorem 1.16, (iii) — cf., e.g., the diagram of Proposition 1.9, (ii).] Assertion
(ii) follows immediately from assertion (i); Proposition 2.3, (i); Proposition 2.1, (i),

(ii). O

Remark 2.5.1. In fact, later in §3, we shall construct, in the finite field case, the
cructal isomorphism H‘fjg‘b = H%};}b of Theorem 2.5, (i), via a different technique,
without applying Theorem 1.16, (iii). Thus, from this point of view, Theorem 1.16,
(iii), is not logically necessary for the proof of the main results of the present paper
in the finite field case. Nevertheless, we chose to include the proof of Theorem 1.16,
(iii), via Propositions 1.9, 1.12 in the present paper for the following reasons: First
of all, unlike the techniques of §3, the techniques of §1 apply to situations [e.g.,
the case of nonarchimedean local fields!] where the weight filtration [cf. §3] does
not admit a Galois-invariant splitting. Indeed, the techniques of §1, essentially only
require that the Galois cohomology of the base field admit a natural duality pairing.
Secondly, even in the finite field case, in light of the importance of this isomorphism
H‘fj‘g‘b = H%}j}b in the theory of the present paper, it is of interest to see that
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this isomorphism may be constructed via two fundamentally different approaches.
Thirdly, although the approach of §3 is better suited to the reconstruction of the
Green’s trivializations, it has the drawback that it depends fundamentally on the
choice of a “basepoint” x, € X (k) [cf. the theory of §3, especially the proof of
Theorem 3.10]. Thus, it is of interest to know that this isomorphism may be
constructed [i.e., via the techniques of §1] “cohomologically” [cf. Proposition 1.6,
()] without making such a choice.

Remark 2.5.2. In the case of nonarchimedean local fields, it is natural to ask,
in the style of [Mzk8], §4, whether or not various “canonical integral structures” on
the extensions D, , [where z,y € X (k)] of G by Mx are preserved by arbitrary
isomorphisms of arithmetic fundamental groups. When = # y, such a canonical
integral structure is determined by the Green’s trivialization; when x = y, such a
canonical integral structure is determined by the integral structure [in the usual
sense of scheme theory] on the canonical sheaf of the stable model of the curve
[when the curve has stable reduction] — cf. [Mzk8], §4.

Before proceeding, we note the following “analogue for H‘fjg‘b ” of Proposition
1.15, (i):

Proposition 2.6. (Automorphisms and Commensurators) Let H‘fjg‘b be as

in. Theorem 2.5, (i). For x € S, write D,[Us] — IIG2" for the natural inclusion.
Then:

i) Any automorphism « of the profinite group IIS*P which
Us

(a) is compatible with the natural surjection H‘fjg‘b — Ilx and induces the
tdentity on Ilx;

(b) for each x € S, preserves the image of Mx = I,[Us] C D,[Us]| via the
natural inclusion D, [Us] — IIg*"

1s cuspidally inner.

(ii) Suppose that X is Y-separated. Then for x € S, D, is commensurably
terminal in Ilx.

(1ii) Suppose that X is Y-separated. Then the image of D,[Ug] — H‘fjg‘b is
commensurably terminal in H‘{J‘g‘b.

Proof. First, we observe that assertion (ii) follows formally from the definition of a
“decomposition group” and “Y-separated”. Thus, assertion (i) (respectively, (iii))
follows by an argument which is entirely similar to the argument that was used to
prove assertion (i) (respectively, (iii)) of Proposition 1.15. O
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Remark 2.6.1. In the situation of Definition 2.4, suppose that S, T are finite,
and that « arises from an isomorphism

Hyg = v,
which is point-theoretic [or, equivalently, quasi-point-theoretic] — a condition that is
automatically satisfied in the finite field case whenever « is Frobenius-preserving |[cf.
Remark 1.18.2]. Then observe that, [in light of our point-theoreticity assumption]
it follows from Proposition 2.6,(i), that the resulting induced isomorphism

c-ab ™~ c-ab
HUS — HVT

coincides [up to cuspidally inner automorphisms] with the isomorphism of Theorem
2.5, (i). Thus, in light of Remark 2.2.2, it follows formally from the definitions that
a is totally (S, T)-locally Green-compatible.

Corollary 2.7. (Point-theoretic Totally Locally Principally Green-
compatible Isomorphisms) In the situation of Theorem 1.16, (iii), assume fur-
ther that « is point-theoretic and totally (S,T)-locally principally Green-
compatible, for some nonempty subsets S C X, T C Y which correspond via
the bijection X' = Y induced by o, and that ¥ = Primes. Then o arises from a
uniquely determined commutative diagram of schemes

~

X = v
X 5 Y

i which the horizontal arrows are isomorphisms; the vertical arrows are the pro-
finite étale coverings determined by the profinite groups Il x, Iy .

Proof. Corollary 2.7 follows immediately from the definitions; Theorem 2.5, (ii);
Proposition 2.1, (iii); Remark 2.1.1; and [Tamal, Lemma 4.7. Here, we note that,
in the present situation, the isomorphism

A~ A
Kx-(kx) = Ky - (k)

of Theorem 2.5, (ii), necessarily induces an isomorphism Ky = Ky [cf. the as-
sumption that 2T = %timeﬂ]. Indeed, this is immediate in the finite field case. In
the nonarchimedean local field case, it follows via the arguments applied in the proof
of [Mzk8], Theorem 4.10: That is to say, we assume for simplicity that S C X (kx);
then if f € K%, and x € S is a point that does not lie in the divisor of zeroes and
poles of f, then let us observe that the subset

fok¥C k)"
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may be characterized as the subset of elements whose values [cf. Proposition 2.1,
(iii)] at = liein k3 C (k)x()/\ Note that since, for a given z; € S, there clearly exist
f € Kx [at least after possibly passing to an appropriate connected finite étale
covering of X] that have a zero or pole at z; but not at some other x € S, this
observation allows us to recover the canonical discrete structure [cf. [Mzk8], Defi-
nition 4.1, (iii); the proof of [Mzk8|, Theorem 4.10] on the decomposition groups in
H‘fjg‘? [where S; C X is an arbitrary finite subset containing S, which corresponds,
say, to a subset T) C Y that contains T] at arbitrary points [i.e., arbitrary “z;”]
of S. Thus, by applying this canonical discrete structure [as in the proof of [Mzk§],
Theorem 4.10], we may recover the subset

fok¥C k)"

for arbitrary f € Kx [i.e., even f that have a zero or pole at every point of S| as
the subset of elements for which the restriction to each point x of S either lies in

kx C (k)x()/\ or [when the element in question has a zero or pole at x] is compatible
with the canonical /(Eliscrete structure at z. Since this characterization of the subset
f-kx C f-(kx) is manifestly compatible [in light of the Green-compatibility
assumption on «] with the isomorphisms H‘fjg‘? 5 H%;;}F induced by «, we thus
conclude that the isomorphism

A~ A

K% - (k%) = Ky - (ky)

of Theoref\n 2.5, (ii), maps the subset Ky C K - (k)x()/\ onto the subset Ky C
Ky - (ky), as desired. O

Remark 2.7.1. Suppose, in the situation of Corollary 2.7, that S = X, T = Y.
Then unlike the situation discussed in [Tama], one has the freedom to evaluate
functions at arbitrary points of the entire sets X', Y, as opposed to just certain
restricted subsets S C X, T C Y*°. Thus, instead of applying [Tama], Lemma
4.7, one may instead apply the somewhat easier argument implicit in [Uchi|, §3,
Lemmas 8-11 [which is used to treat the function field case].

Thus, in light of Remark 2.6.1, Corollary 2.7 implies the following result, in
the affine case:

Corollary 2.8. (Point-theoretic Isomorphisms in the Affine Case) Let U,
V' be affine hyperbolic curves over a finite or nonarchimedean local field.
Suppose that X = Primes. Then any point-theoretic isomorphism

ﬁ : HU :> HV
arises from a uniquely determined commutative diagram of schemes

~
—

T — D
< — <2

IR:
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i which the horizontal arrows are isomorphisms; the vertical arrows are the pro-
finite étale coverings determined by the profinite groups I, 1y .

Remark 2.8.1. In light of the results of [Tama] [cf. Remarks 1.18.1, 1.18.2],
Corollary 2.8 is only truly of interest in the case of nonarchimedean local fields.

Definition 2.9. Suppose that k is a nonarchimedean local field.

(i) A [necessarily affine] hyperbolic curve U over k will be said to be of strictly
Belyi type if it is defined over a number field and isogenous [cf. §0] to a hyperbolic
curve of genus zero.

(ii) A [necessarily affine] hyperbolic curve U over k will be said to be of Belyi
type if it is defined over a number field, and, moreover, for some positive integer m,
there exists a finite sequence

U:Ul’\”‘)UQ’\")...’V‘) m—l“")Um

of hyperbolic orbicurves [cf. §0] U; such that Uy, is a tripod [cf. §0], and, moreover,
for each j =1,... ,m — 1, Uj4; is related to U; in one of the following ways:

(a) there exists a finite étale morphism Uj1 — Uj [ie., “Ujy1 is a finite
étale covering of U;”];

(b) there exists a finite étale morphism U; — Ujy; [i.e., “Ujt1 is a finite
étale quotient of U;”|;

(c) there exists an open immersion U; — Ujy; [i.e., in the terminology of
[Mzk8], “Uj+1 is a [hyperbolic] partial compactification of U;”];

(d) there exists a partial coarsification morphism [cf. §0] U; — Ujy; [i-e.,
“Ujt1 is a partial coarsification of U;”].

(iii) A [necessarily affine] hyperbolic curve U over k will be said to be of quasi-
Belyu type if it is defined over a number field and admits a connected finite étale
covering V' — U such that V admits a [not necessarily finite or étale!] dominant
morphism V' — W to a tripod W.

Remark 2.9.1. It is immediate that every hyperbolic curve of strictly Belyi type
is also of Belyi type [as the terminology suggests]. Moreover, one verifies easily by
“induction on m” [where “m” is as in Definition 2.9, (ii)] that every hyperbolic
curve of Belyi type is also of quasi-Belyi type [as the terminology suggests]. It is
not difficult to see that there exist [multiply] punctured elliptic curves that are of
Belyi type, but not of strictly Belyi type [cf. Remark 2.13.2 below]. On the other
hand, it is not clear to the author at the time of writing whether or not there exist
hyperbolic curves of quasi-Belyi type that are not of Belyi type.
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Remark 2.9.2. Hyperbolic curves of strictly Belyi type are precisely the sort of
curves considered in [Mzk8], Corollaries 2.8, 3.2.

Remark 2.9.3. The author would like to thank A. Tamagawa for useful discus-
sions concerning Definition 2.9, (ii), especially Definition 2.9, (ii), (d).

Proposition 2.10. (Decomposition Groups of Curves of Quasi-Belyi
Type) Let U (respectively, V') be a hyperbolic curve over a nonarchimedean
local field. Denote the base field of U (respectively, V') by ky (respectively, kv ), the
étale fundamental group of U (respectively, V') by Iy (respectively, 11y ) [i.e., “we
take 3 = Primes”]. Let

ﬁ : HU :> HV

be an isomorphism of profinite groups. Then:

(i) If U is of quasi-Belyi type, then the closed points of “DLoc-type” [in the
sense of [Mzk8], Definition 2.4] are py-adically dense [where py is the residue
characteristic of ky | in U(ky).

(i1) If U is of quasi-Belyi type, then 3 maps every decomposition group of a
closed point of U isomorphically onto a decomposition group of a closed point of V.

(iii) If both U, V are of quasi-Belyi type, then (3 is point-theoretic.

() If U is of Belyi type, then so is V.

Proof. The proof of assertion (i) is similar to the proof of [Mzk8|, Corollary 2.8:
That is to say, in the terminology of loc. cit., it follows formally from the fact that
U is of quasi-Belyi type that the “algebraic” closed points [i.e., closed points defined
over a number field] of U are of “DLoc-type” [cf. the proof of [Mzk8|, Corollary
2.8]: Indeed, it suffices to consider the following commutative diagram of hyperbolic
curves, whose existence follows from the assumption that U is of quasi-Belyi type:

vV — W — U — U

Lo

uvu «— V — W

Here, the “hooked arrow <—” is an open immersion; all of the “non-hooked arrows”
except for V.— W, V! — W' are finite étale morphisms; V.— W, V' — W' are
dominant; the finite étale morphism U’ — U is obtained by a base-change to a
finite extension of the base field ky; and W is a tripod [so W' — W is a “Belyi
map”]. Note that the composite arrow V' — W’ — U’ — U may be thought of
as an arrow in the category DLocyg,, (U) of [Mzk8], §2. Observe, moreover, that the
arrow W’ < U’ may be chosen to have arbitrarily designated algebraic closed points
in the complement of its image. Thus, we conclude that this diagram exhibits the
[arbitrarily designated] algebraic closed points in the complement of the image of
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W' — U’ — U as points of DLoc-type, as desired. This completes the proof of
assertion (i).

In light of assertion (i) [applied to the various connected finite étale coverings of
U], the proof of assertion (ii) is entirely similar to the proof of [Mzk8], Corollary 3.2:
That is to say, by [Mzk8], Corollary 2.5, it follows that 5 maps decomposition groups
of DLoc-type of U to decomposition groups of DLoc-type of V. Thus, assertion (ii)
follows by applying [Mzk8|, Lemma 3.1 [where the density statement of assertion (i)
concerning points of DLoc-type allows one to replace the “algebraicity” condition of
[Mzk8], Lemma 3.1, (iii), by the condition that the points in question be of DLoc-
type]. Finally, assertion (iii) follows formally from assertion (ii) [and Proposition
2.3, (ii)].

Finally, we consider assertion (iv). First, I claim that by applying the iso-
morphism § [and thinking of hyperbolic orbicurves as being represented by their
associated étale fundamental groups|, one may transform the sequence

U:Ul’\”‘)UQ’\")...’V‘) m—l“")Um
of Definition 2.9, (ii), into a sequence
V:V1M->V2W...W m_lem

that also satisfies the conditions of Definition 2.9, (ii), in such a way that we also
obtain compatible isomorphisms 3; : Ily, = Iy, [where j = 1,... ,m; 81 = f].
Indeed, we reason by induction on m. If [for j = 1,... ,m — 1] Uj;4; is related to
U; as in (a) [of Definition 2.9, (ii)], then it is immediate [by thinking in terms of
open subgroups of Iy, IIy;] that one may construct [from V| a Vj; related to
V; as in (a). If Uj4q is related to U; as in (b) (respectively, (c)), then it follows
from [Mzk6], Theorem 2.4 (respectively, [Mzk8], Theorem 1.3, (iii) [cf. also [Mzk§],
Theorem 2.3]), that one may construct [from V;] a Vjy; related to V; as in (b)
(respectively, (c)). If Uj11 is related to U; as in (d), then Ily,, , is obtained from
Iy, by forming the quotient of II7; by the closed normal subgroup of Ily;; generated
by some finite collection of elements of Ay, that belong to the decomposition groups
of points of U; in Ay,. Thus, by Lemma 2.11, (v), below, we conclude that the
quotient ITy, — Ily,,, determines a quotient IIy, — Ily,  , that corresponds to a
partial coarsification V; — Vji1, as desired. Finally, if Uy, is a tripod, the existence
of the isomorphism Ily;,, — Ily, implies that V,, is also a tripod [cf. [Mzk5], Lemma
1.3.9]. This completes the proof of the claim.

Thus, to complete the proof of assertion (iv), it suffices to verify that V is
defined over a number field. But observe that since U is defined over a number
field, there exists a diagram of hyperbolic curves [i.e., in essence, a “Belyi map”]

Up «— U, — U — U

where the “hooked arrow —” is an open immersion; the “non-hooked arrows”
are finite étale morphisms; and the finite étale morphism U’ — U is obtained by
a base-change to a finite extension of the base field k. Now the isomorphisms
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Oy, = Iy, , Uy = Iy allow us to transform [cf. [Mzk8], Theorem 2.3 and its
proof] this diagram into a similar diagram

Vi «— VI — VI — V

whose existence [since V,, is also a tripod!] shows that V' is also defined over a
number field, as desired. This completes the proof of assertion (iv). O

Remark 2.10.1. Note that the essential reason that the author is unable to prove
the stronger statement of Proposition 2.10, (iv), in the quasi-Belyi case is that, in
the notation of the proof of Proposition 2.10, (i), it is unclear how to construct [at
the level of arithmetic fundamental groups| the dominant morphism V-— W from
V. That is to say, unlike the situation involving the operations of Definition 2.9,
(ii), (a), (b), (c), (d), it is by no means clear how to construct, via purely group-
theoretic operations, the quotient of an arithmetic fundamental group arising from
an arbitrary dominant morphism.

Lemma 2.11. (Finite Subgroups of Fundamental Groups of Hy-
perbolic Orbicurves) Let W be a hyperbolic orbicurve over an algebraically
closed field of characteristic zero; Xy a nonempty set of prime numbers. Denote
the maximal pro-Xw quotient of the étale fundamental group of W by Ay . Let
A C Aw (respectively, B C Ay ) be the decomposition group [well-defined up
to conjugation in Aw ] of a closed point wa (respectively, wg) of W; suppose that
wa # wp. Then:

(i) A, B are cyclic.

(i) AN\ B = {1}. In particular, if A # {1}, then A is normally terminal in
A .

(iii) The order of every finite cyclic subgroup C' C Ay divides the order
of W [ef. §0).

(iv) Every finite subgroup C C Ay is contained in a unique decomposi-
tion group of a closed point of .

(v) The decomposition groups of closed points of W may be characterized as
the maximal finite subgroups of Ayy.

Proof.  Assertion (i) follows immediately from the well-known [and easily verified]
fact that the absolute Galois group of a complete discrete valuation field with
algebraically closed residue field of characteristic zero is cyclic.

Next, we consider assertion (ii). Let C' C A() B be a subgroup of prime
order | € Yyw. Now consider a normal open subgroup H C Ay such that the
covering Wy — W determined by H is a hyperbolic curve. Note that this implies
that ANVH = B(\H = C(\H = {1}. Write Wg — W¢ — W for the covering
determined by the open subgroup C' - H C Ay. Observe that there exist closed
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points w'y, wlz of We that lift wa, wp, respectively, and whose decomposition
groups [well-defined up to conjugation in C' - H] are equal to C. Note that since
Wy is a hyperbolic curve, and C' is of prime order [, it follows that the order of
every closed point of Wy is equal to either 1 or [. Now if W¢ is affine, then let v
be a cusp of We. If We is proper and admits > 3 points of order [, then let v be a
point of W of order [ such that v # w4, ws. Note that if W is proper and admits
< 2 points of order [, then it follows from the hyperbolicity assumption that the
coarsification of W¢ is a proper smooth curve of genus > 1; thus, by replacing H by
an appropriate open subgroup of H, one verifies immediately that one may assume
without loss of generality that either W¢ is affine or W admits > 3 points of order
[. Now observe that W¢ admits a finite étale cyclic covering W/, — W of degree [
which is étale over the compactification of the coarsification of W, except over the
points in the compactification of the coarsification of W¢ corresponding to v, w',
over which W/, is totally ramified. In particular, it follows that any point of W,
lying over w'y (respectively, w'g) is of order [ (respectively, 1), thus contradicting
the observation that the decomposition groups |[well-defined up to conjugation in
C - H| of w'y, w'y are equal to C. This completes the proof that A( B = {1}. By
applying this fact to arbitrary finite étale coverings of W, it follows formally [cf.
Proposition 2.6, (ii)] that A is normally terminal in Ay, whenever A # {1}.

Next, we consider assertion (iii). Denote the order of W by n. Now if C C Ay
is a nontrivial finite cyclic subgroup, then C' maps injectively to the inverse limit
of the abelianizations H®P of the open subgroups H C Ay of Ay that contain C.
Thus, there exists such an H such that the natural map C' — H?P is injective. On
the other hand, if we denote by Wy — W the covering determined by H, then it is
clear that the order of Wy divides n, hence that H?P is the extension of a torsion-
free profinite abelian group by a finite abelian group annihilated by n. Thus, we
conclude from the injection C' — H? that the order of C divides n, as desired.
This completes the proof of assertion (iii).

Next, we consider assertion (iv). First, let us observe that uniqueness follows
formally from assertion (ii). Next, let us verify assertion (iv) under the further
assumption that C' is solvable. By induction on the order of C', we may assume
that [at least] one of the following conditions is satisfied: (a) C' is an extension of
a group of prime order by a nontrivial subgroup C; C C which is contained in the
decomposition group A; (b) C' is of prime order [ € Yy . If (a) is satisfied, then by
replacing W by a finite étale covering of W determined by a suitable open subgroup
containing C', we may assume that (Cq; C) A C C. Thus, if A # C, then A = C is
normal in C. But this implies, by the normal terminality portion of assertion (ii),
that A = C, a contradiction. If (b) is satisfied, then we argue as follows: Observe
that by assertion (iii), every open subgroup H C Ay that contains C' determines
a finite étale covering Wy — W such that the order of Wy s divisible by . Write

Stackl(WH)
for the set of closed points of Wy whose order is divisible by . Now observe that

since the order of Wy is divisible by the prime number [, it follows that Stack; (W)
is nonempty. Since the set Stack;(Wpg) is finite and nonempty, we thus conclude
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that, if we allow H to vary [among open subgroups H C Ay that contain C], then
the inverse limit

liLn Stackl(WH)

H
is nonempty. But, unraveling the definitions, this means precisely that C' contains
the decomposition group D associated to some compatible system of points of the
sets Stack; (W ). Since D is of order divisible by I, we thus conclude that D = C,
as desired. This completes the proof of assertion (iv) for C' solvable. On the other
hand, a well-known theorem from the theory of finite groups asserts that a finite
group in which every Sylow subgroup is cyclic is solvable [cf. [Scott], p. 356].
Thus, in light of assertion (i), we conclude that assertion (iv) for C' solvable implies
assertion (iv) for C' arbitrary.

Finally, we observe that assertion (v) follows formally from assertions (ii), (iv).

O

Remark 2.11.1. The author would like to thank A. Tamagawa for informing him
of Lemma 2.11 and, in particular, of the theorem on finite groups that was applied
in the proof of Lemma 2.11, (iv).

We are now ready to state the following “absolute p-adic version of the Grothen-
dieck Conjecture” for hyperbolic curves of Belyi or quasi-Belyi type:

Corollary 2.12. (Curves of Belyi or Quasi-Belyi Type) Let U (respectively,
V') be a hyperbolic curve over a nonarchimedean local field. Denote the base field
of U (respectively, V') by ku (respectively, kv ), the étale fundamental group of U
(respectively, V') by Uy (respectively, 11y ) [i.e., “we take 3 = Primes”]. Suppose
further that at least one of the following conditions holds:

(a) both U and V are of quasi-Belyi type;

(b) either U or V' [but not necessarily both!] is of Belyi type.
Then any isomorphism of profinite groups
ﬁ : HU :> HV

arises from a uniquely determined commutative diagram of schemes

u = Vv
Lo
u = v

i which the horizontal arrows are isomorphisms; the vertical arrows are the pro-
finite étale coverings determined by the profinite groups I, 1y .
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Proof. In light of Proposition 2.10, (iii), (iv) [cf. also Remark 2.9.1], Corollary
2.12 follows formally from Corollary 2.8. ()

Remark 2.12.1. Note that in the proof of Proposition 2.10, Corollary 2.12, it
is necessary, in the quasi-Belyi case, to apply the full “Hom version” of [Mzk4],
Theorem A. This differs from the situation of [Mzk8], Corollaries 2.8, 3.2 — i.e.,
where one only treats hyperbolic curves of strictly Belyi type — or, indeed, of the
portion of Proposition 2.10, Corollary 2.12, that concerns curves of Belyi type,
in which the “isomorphism version” of [Mzk4], Theorem A, suffices [cf. [Mzk§],
Remark 2.8.1].

Thus, in the terminology of [Mzk6], Definition 3.7, the portion of Corollary 2.12
concerning hyperbolic curves of Belyi type admits the following formal consequence:

Corollary 2.13. (Absoluteness of Curves of Belyi Type) Every hyperbolic
curve of Belyi type over a nonarchimedean local field is absolute.

Remark 2.13.1. It is interesting to note that the essential property that underlies
the absoluteness of Corollary 2.13 is the existence of a Belyi map [since the curve
is defined over a number field], which, in the context of the theory of [Mzk§],
62, may be regarded as a sort of endomorphism of the curve. From this point of
view, Corollary 2.13 is reminiscent of [Mzk6], Corollary 3.8, which states that the
“canonical curves” of p-adic Teichmiiller theory are absolute. Indeed, from the
point of view of the theory of [Mzk2], this canonicality may be regarded as the
existence of a sort of “Frobenius endomorphism” of the curve. It is also interesting
to note that both of these results assert that every member of some countable
collection of nonarchimedean hyperbolic curves is absolute. This suggests that the
property of being absolute is a somewhat unusual property, i.e., a property not
satisfied by “most” nonarchimedean hyperbolic curves [cf., e.g., the Introduction
to [Mzk5]].

Remark 2.13.2. In the context of Remark 2.13.1, it is interesting to note that,
unlike the canonical curves discussed in [Mzk6], §3, the set of points determined
by the hyperbolic curves of strictly Belyi type fails, for all pairs (g,r) such that
2g—2+1r >3, g>1,to be Zariski dense in the moduli stack of hyperbolic curves
of type (g,7). Indeed, this follows immediately from [Mzk1], Theorem B. On the
other hand, it is not clear to the author at the time of writing whether or not the set
of points determined by the hyperbolic curves of Belyi (respectively, quasi-Belyi)
type is Zariski dense in the moduli stack of hyperbolic curves of type (g, ) [when,
say, 29 — 2+ r > 3, g > 2]. Note, however, that when g = 0, 1, [one verifies easily
that] every hyperbolic curve of type (g,r) that is defined over a number field is
automatically of Belyi type.

Remark 2.13.3. Recall [in the context of Remark 2.13.1] that in [Mzk6], Remark
3.6.3, the point of view is advanced that the absoluteness of canonical curves should
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be regarded as the analogue for hyperbolic curves of the fact that Serre-Tate canon-
ical liftings of abelian varieties are defined over number fields. Thus, from this point
of view, curves of Belyi type and canonical curves have in common not only the
property that they admit some sort of nontrivial endomorphism, but also that this
endomorphism appears to be related [indeed, in the Belyi case, is literally related)
to some sort of “generalized version” of the property of being defined over a number
field. Put another way, this state of affairs suggests that:

Perhaps the property of absoluteness is related to some sort of
natural p-adic generalization of the property of being “defined
over a number field”.

Indeed, this state of affairs further suggests that:

Perhaps the property of absoluteness is equivalent to some sort
of natural p-adic generalization for hyperbolic curves of the con-
dition on an abelian variety that the abelian variety be “defined
over a number field” and admit sufficiently many complex multi-
plications.

In particular, this state of affairs suggests that perhaps a natural way to look for
more examples of absolute p-adic hyperbolic curves is to look for other situations in
which p-adic hyperbolic curves admit, in some sort of generalized sense, endomor-
phisms that are reminiscent of endomorphisms of abelian varieties that allow one
to show that the object on which the endomorphism acts is defined over a number

field.
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Section 3: Characterization of Green’s Trivializations over Finite Fields

In this §, we apply the theory of the weight filtration [cf. [Kane|, [Mtm]] to
show, in the finite field case, that, under quite general conditions [cf. Corollary

3.11 below], an isomorphism “a” as in Theorem 1.16, (iii), is always totally globally
Green-compatible.

In the following discussion, we maintain the notation of §2, and assume further
throughout the present §3 that we are in the finite field case.

Definition 3.1. Let [ be a prime number; G, H, A topologically finitely generated
pro-l groups; ¢ : H — A a [continuous| homomorphism. Suppose further that A is
abelian, and that G is an [-adic Lie group.

(i) We shall refer to as the ¢-central filtration on H the filtration defined as
follows:

H(1) ¥ H
def
H(2) & Ker(g)
H(m) et <the subgroup topologically generated by the commutators
[H (a), H(b)], where a +b = m), Vom>3

Thus, in words, this filtration on H is the “fastest decreasing central filtration among
those central filtrations whose top quotient factors through ¢”. We shall say that
H is ¢-nilpotent it H(m) = {1} for sufficiently large ¢. If H is ¢-nilpotent when ¢
is taken to be the natural surjection H — H?P to its abelianization H?P, then we
shall say that H is nilpotent. In the following, for a,b,n € Z such that 1 < a <b,
n > 1, we shall write

H(a/b) € H(a)/H(b)

and def

Gr(H)(n) € @ H(m/m+1) C Gr(H) £ Gr(H)(1)
m>n
Gr(H)(a/b) = Gr(H)(a)/Gr(H)(b)
and append a subscript QQ; to these objects to denote the result of tensoring over Z;
with Q;. Thus, Gr(H), Grg,(H) are graded Lie algebras over Z;, Q, respectively;
Gr(H)(n) € Gr(H) is a [Lie algebra-theoretic| ideal. Also, if Z > a > 1, then we
shall write:

H(a/oo) & ln H(a/%)

[where b ranges over the integers > a + 1].

(ii) We shall denote by Lie(G) the Lie algebra over Q; determined by G. If
G is nilpotent, then Lie(G) is a nilpotent Lie algebra over Q;, hence determines
a connected, unipotent linear algebraic group Lin(G), which we shall refer to as
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the linear algebraic group associated to G. In this situation, there is a natural
[continuous] homomorphism [with open image]

G — Lin(G)(Qy)

[from G to the [-adic Lie group determined by the Q;-valued points of Lin(G)]
which is determined by the condition that it induce the identity morphism on the
associated Lie algebras. In the situation of (i), if Z > a > 1, then we shall write:

Lie(H (a/o0)) (EfliTmLie(H(a/b)); Lin(H (a/c0)) d:efliTmLin(H(a/b))

[where b ranges over the integers > a + 1; we recall that it is well-known [or easily
verified] that each H(a/b) is an l-adic Lie group].

Now let us fiz a prime number [ € 7. For S C X (k) a finite subset, let us
denote by
Aug — AV Ax - AY

the maximal pro-l quotients and by

My, — 10 Ix — 10§

the quotients of Iy, IIx by the kernels of Ay, — Agi, Ax —» Ag?. Also, for
x € X, let us write

l l
DOWs| 0y 1V Us] € Ayl
for the images of D;[Us], I;|Us]|, respectively, in Hg)s
Note that we have a natural surjection:

AD, = AY = (A

The cup product on the group cohomology of Ag? determines an isomorphism [cf.
Proposition 1.3, (ii)]
Hom((AY)™, My)) = ()™

[where we write M )(é) L x ® 7], hence a natural Gy-equivariant injection
M)((l) N /\2 (Agp)ab

whose image we denote by Ic(fl)p.

Definition 3.2. We shall refer to the central filtration

{AY) (m)}
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on Ag)s with respect to the natural surjection Ag)s —» (Agp)ab as the weight filtra-
tion on Ag)s [cf., e.g., [Mtm], §3, p. 200].

Proposition 3.3. (Free Lie Algebras) Let R be a commutative ring with
unity; V a finitely generated free R-module. Write Lier(V') for the free Lie
algebra over R associated to V; for Z 3> b > 1, denote by L£ie% (V) C Lieg(V)
the R-submodule generated by the “alternants of degree b” [cf. [Bour], Chapter II,
§2.0/. Also, we shall denote by Ur(V') the enveloping algebra of Lier(V'). [Thus,
we have a natural inclusion Lieg(V') — Ur(V).] Then:

(i) Each £i¢% (V) is a finitely generated free R-module. Moreover, there is
a natural isomorphism V. = Liep (V).

(ii) Let v € V be a nonzero element such that the quotient module V/R -
v is free. Then the centralizer of v in Ur(V) is equal to the R-submodule of
Ur(V) generated by the nonnegative powers of v. In particular, if R is a field of
characteristic zero, then the centralizer of v in Lier(V) is equal to R - v.

(1ii) Suppose that the rank of V over R is > 2. Then the Lie algebra Lieg(V') is
center-free. In particular, the adjoint representation of Lier (V) is faithful.

(iv) Let R’ be an R-algebra which is finitely generated and free as an R-
module. Let ¢ : R' — R be a surjection of R-algebras; suppose thatV =V' Qg 4 R,
for some finitely generated free R'-module V' [so we obtain a natural surjection
V! — V' compatible with ¢]. Then the natural surjection V' — V induces a sur-
jection of R-modules Sie% (V') — Lie% (V) that factors as a composite of natural
surjections as follows:

Lieh (V') = Lieh, (V') — Lieh (V)

Here, the first arrow of this factorization is the arrow naturally induced by observ-
ing that every Lie algebra over R’ naturally determines a Lie algebra over R; the
second arrow of this factorization is the arrow functorially induced by the natural ¢-
compatible surjection V' — V. Finally, this second arrow induces an isomorphism
Lieh, (V) @ g R = Lieh(V).

Proof. Assertion (i) follows immediately from [Bour|, Chapter II, §2.11, Theorem
1, Corollary. Assertion (ii) follows from the well-known structure of the enveloping
algebra Ug(V') [i.e., the natural isomorphism of Ugr(V') with the free associative
algebra determined by V over R; the fact that when R is a field of characteristic
zero, the image of Lier (V') in Ur(V') may be identified with the set of primitive ele-
ments — cf. [Bour], Chapter II, §3, Theorem 1, Corollaries 1,2], by considering the
effect on “words” of forming the commutator with v — cf. the argument of [Mtm],
Proposition 3.1 [which is given only in the case where R is a field of characteristic
zero, but does not, in fact, make use of this assumption on R in an essential way].
Assertion (iii) follows immediately from assertion (ii) [by allowing the element “v”
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of assertion (ii) to range over the elements of an R-basis of V]. Assertion (iv) fol-
lows formally from the wuniversal property of a free Lie algebra, together with the
well-known functoriality of a free Lie algebra with respect to tensor products [cf.
[Bour|, Chapter II, §2.5, Proposition 3]. O

Proposition 3.4. (Freeness and Centralizers of Inertia) Let x € S. Write

S, & S\{x}; r for the cardinality of S, g for the genus of X. For x’ € S, let (, be

a generator of Ii,) [Us]. By abuse of notation, we shall also denote by (. the image
of Cor in AY) (2/3). Then:

(i) Gr(Ag)S) is a free Lie algebra over Z; [hence, in particular, is torsion-free
as a Zi-module] which is freely generated by 2g elements

A1y yag, Brsen By € AY (1/2)

together with the (€ Agi(2/3), for ' € S,. Alternatively, for an appropriate
choice of the elements (., Gr(AgL) is the quotient of the free Lie algebra generated
by ai,...,aq,01,...,0y, together with the (5 € Agi(2/3), for ' € S, by the

single relation:
Z Cw’+z anaﬁn -

z'eS

At a more intrinsic level, this relation is a generator of the image of the natural
Gr-equivariant morphism

MY < (@ 10Ws]) @ 1,

z'esS

[determined by the various natural isomorphisms M(l) I(Z)[US], M)((l) = Ic(fl)p]/,

whose codomain maps to Gr(Agj)S) wia the natural Gi-equivariant morphism

(B 10Wwsl) o 19, — AL (2/3)

z'es

[determined by the natural inclusions IS,) [Ug] — Ag2(2/3) and the bracket opera-
. Dia I
tion A2 (AY)™ — AL (2/3)].
(it) Let & be any of the elements ai,... ,0q,01,...,8y; Cu, where ' € Sy,

of (i). Then the centralizer in GrQl(Ag)S) of [the image of] € [in GrQl(AgL)/ is
equal to Qq - &. In particular, the Lie algebra GrQl(AgL) s center-free.

(1ii) Let & be as in (ii). Then for m > 1, the centralizer in Agi(l/m +2) of
the image o m m + 18 contained in the subgroup o m +
h f] € fin A (1 2 d in the sub fAY (1 2
generated by [the image of] & and Agé(m/m +2).
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(iv) Let S« C S be a subset of S. Write
Newy C Gr(A())

for the sub-Lie algebra over Z; generated by the image of the restriction

(@ 1ws)) e (D 1/ws]) - Ag.e/3)

T/ €S, /€S

to the direct summands indexed by elements of S, of the morphism of (i), and
Newy (a) < Gr(AY))(a) N Newy; Newy (a/b) = New§ (a)/New§ (b) for a,b €
Z such that 1 < a <b. Then, in the notation of (1), Newgz 1s a free Lie algebra

over 7, generated by the elements (i, for 2’ € Si.. Moreover, the [“new” and
“co-new” | Z;-modules

Newy(a/b);  Cnwy(a/b) < Gr(AY) )(a/b)/New) (a/b)

are free. In the following discussion, we shall write Newtor’(l)( /b) = LN gz (a/b)®

Q/Z.

Proof. Assertion (i) (respectively, (ii)) is, in essence, the content of [Kane|, Propo-
sition 1 (respectively, Proposition 3.3, (ii), (iii)). Assertion (iii) follows formally
from assertion (ii). Finally, we consider assertion (iv). By Proposition 3.3, (iii), it
follows that any free Lie algebra over [F; with > 2 generators is center-free. Thus,
let M be the module determined by any faithful representation [e.g., when the car-
dinality of S, is > 2, the adjoint representation| of the free Lie algebra F over
F; in the formal generators (,/, where 2’ € S.. Now observe that we obtain an
action of Gr]Fl(A(l)) on M’ ¥ M @ M as follows: We let ag,...0g; B2,...0q; Ca,

where 2/ € Sy def S\ S, act by multiplication by 0 on M’. We let ay, 81 act on

M' = M @& M via the matrices

0 Z Cac’ 0 0
' €S ;
(O 0 ) (—1 O)

respectively. Finally, we let (,/, where 2’ € S,, act on M’ via the following matrix:

Car 0

0 —Cuw
Thus, [by assertion (i)] M’ determines a representation of Gr]Fl(A(l)) whose re-
striction to the image of New() ®z, F; in Gr]Fl(A( )) determines [via the natural
surjection F —» NeW(S) ®z,F1] a faithful representation of F. Thus, we conclude that

()

the natural surjection 7 — Newg ®z, IF; is an isomorphism, and that NGW( ) - ®z, I

injects into Grp, (Agi) Assertion (iv) now follows formally. O
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Remark 3.4.1. The author wishes to thank A. Tamagawa for pointing out to
him the content of Proposition 3.4, (i).

Next, let us fir an z, € S, as well as a choice of decomposition group
D, [Us] C Iy

[i.e., among the various Ily,-conjugates of this subgroup] associated to x.. [Thus,
D, [Us] determines a specific subgroup [i.e., not just a conjugacy class of subgroups|

Dg(gl*) [Us] C Hgi] Recall that the natural exact sequence
1— IPUs] - DP[Us] — G — 1

splits. [Indeed, extracting l-power roots of any local uniformizer of X at x, deter-
mines such a splitting — cf., e.g., the discussion at the beginning of [Mzk8§], §4.] In
the following discussion, we shall fiz a splitting

Gr — DY [Us]

of this exact sequence. Thus, this splitting determines a natural action of Gy [by
conjugation] on Ag)s, hence also on

Lin{? (a/b) % Lin(AY (a/0))(@0);  Liel! (a/b) € Lie(AY (a/b))

!
Grg, (AF))(a/b)
[where a,b € Z; 1 < a < b]. Write

F, e Gy

for the Frobenius element of Gi. In the following, we shall denote the cardinality
of k by qy.
Proposition 3.5. (Galois Invariant Splitting) Let a,b € Z, 1 < a < b.

(i) The eigenvalues of the action of Fy, on Lieg)s (a/a+1) are algebraic num-

bers all of whose complex absolute values are equal to qZ/Q.

(ii) There is a unique Gy-equivariant isomorphism of Lie algebras

Lief;) (a/b) = Gro, (A{)))(a/b)

which induces the identity isomorphism Lieg?g (c/c+1) 5 GI‘QZ<A32)(C/C+ 1), for
all c € Z such that a < c<b-—1.
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(1ii) The isomorphism of (ii) together with the natural inclusions IS)[US] —
Ag)s for x € S [which are well-defined up to Agl—conjugation] determine a G-
equivariant morphism

(P 1OWws] @ @) @ Lielf) (1/2) — Liel) (1/o0)
z€S

which exhibits, in a Gy-equivariant fashion, Lieg)s (1/00) as the quotient of the
completion [with respect to the filtration topology] of the free Lie algebra generated
by the finite dimensional Q;-vector space

<@ IOUs] ® @l) ® Lieg)s(l/Q)

zeS

[equipped with a natural grading, hence also a filtration, by taking the IS) [Us]®
Qq to be of weight 2, Lieg)s(l/Q) to be of weight 1], by the single relation deter-
mined by the image of the morphism

MY @@ < (P 19Uslo Q) o (f, Q)
z€S

of Proposition 3.4, (i), tensored with Q.

(iv) For each g € Ling)s(l/oo), there exists a unique h € Ling)s(l/oo) such
that
Fy, oInng = Inny, o Fj, o Inny,—1

[where “Inn” denotes the inner automorphism of Lingl(l/oo) defined by conjuga-

tion by the subscripted element]. Moreover, when g lies in the image of IS} ® Q
[which is stabilized by the action of Fi/, h also lies in the image of IS} ® Q.

Proof.  Assertion (i) follows immediately from the “Riemann hypothesis for abelian
varieties over finite fields” — cf., e.g., [Mumf], p. 206. Assertion (ii) (respec-
tively, (iii); (iv)) follows formally from assertion (i) (respectively, and Proposition
3.4, (i); and successive approximation of h with respect to the natural filtration

Lin{) (a/o0) C Liny (1/00)). O

Next, let
S, CS

be a subset such that z,. € Si; So et S\S«. In the following, we shall regard

Lingl(a/ b) as being equipped with its natural [-adic topology. Thus, G}, acts con-
tinuously on Ling?g (a/b), Lieg)s (a/b), and we have natural Gi-equivariant surjec-

tions:
Ling)s(a/b) — Ling?go (a/b); Lieg?g (a/b) — Lieglo (a/b)
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Let us write

. (1 . (1
Llngj)S/USO (a/b); Llegf?s/Uso (a/b)

for the kernels of these surjections. In the following, to simplify the notation, we
shall often omit the superscript (1) from the objects “Lin(l)”, “Lie(l)”, “New(l)”,
“New'™()” introduced above and write:

Lingg(a/b); Lieyg(a/b); Linyg, (a/b); Lieys,(a/b)
Lingg v, (a/b);  Lieyg vy, (a/b);  Newg (a/b); New s (a/b)

Also, we shall write:

def

def . .
Newg* (a/b) = NeWS* (a/b) & Q; A%: = Lans(l/OO) XLiHUSO(l/OO) AUSO

Note that, for Z > b > 1, we have a natural Gg-equivariant inclusion
LinUs/USO (b + 1/00) = LinUS/USO (b + 1/00) X {1} {1} — Lingy (1/00) XLinUso (1/00) AUSO
= AG®

whose image forms a normal subgroup of A%i:; write

Lie LieSb
AUS —» AUS

for the quotient of Ag‘; by this normal subgroup. Also, we have a natural G-
equivariant [composite] inclusion

Newg (b+1/b+2) — Liey, v, (b+1/b+2) = Ling, ju, (b+1/b+2) — A=+

. Lie<b+1 .
whose image forms a normal subgroup of AUIS— 1. write

Lie<b+1 Lie<b+
AUS —» AUS

for the quotient of Ag{:gbﬂ by this normal subgroup. Thus, we have natural Gy,-
equivariant homomorphisms of topological groups:

Lie Lie<b+ Lie<b
AUS - AUS - AUS - AUS - AUSO

[the last three of which are easily verified to be surjective]. Moreover, forming the
semi-direct product with Gy, [via the natural actions of G| yields topological groups
and homomorphisms as follows:

Lie Lie<b+ Lie<d
Iy, — HUS —» HUS —» HUS —» HUSO
Also, we note that we have natural exact sequences:
: Lie
1 — Lingg v, (1/00) = Aps — Ayg, — 1

1 — Linggug, (1/00) — e — My, — 1
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Definition 3.6.

(i) We shall refer to Af'® (respectively, TIH; Agfﬁb; Hgisgb; AE;SH; Hgisgb)
as the [l-adic] Lie-ification (respectively, Lie-ification; Lie-ification, truncated to
order b; Lie-ification, truncated to order b; Lie-ification, truncated to order b+; Lie-
ification, truncated to order b+) of Ay, (respectively, Iy, ; Avg; Hug; Avg; Hug)
[over Ay, (respectively, Uy, ; Auvg,; Hus,; Avs,; Hus, )]-

(ii) Observe that it follows immediately from the definitions that, for Z 5 b > 1,
we have natural exact sequences

1 — New3 (b+1/b+2) — AFe=MT o Apestt

1 — New$ (b+1/b+2) — I =0T — Ipjestt 1

on which Hg{:gbﬂ acts naturally by conjugation. [Here, we note in passing that it
is immediate from the definitions that the submodule

Newg (b+1/b+2) C New§ (b+1/b+2)
is contained in the image of Ay,.] In particular, we obtain a natural inclusion:
Newg (b+1/b+2) — A=ttt (C IIpest*t)

We shall refer to the quotients of Abisesbﬂ, Hg{:gbﬂ by the image of this natural
inclusion as the toral Lie-ifications A;}’;Sbﬂ, H;}’;Sbﬂ of Ayg, Hyg [over Ayg,,

[Ir7, ]. Thus, we have natural exact sequences
0
1— Newtscf(b +1/b+2) — Aga;SIH—l — AE;SH —1

1 — New (b +1/b+2) — M=t — o=t 1
on which Hg{:gbﬂ acts naturally by conjugation.

(iii) Suppose that Uy, — Usg, is a connected finite étale covering that arises
0
from an open subgroup HUé, C My, ; write X’ — X for the normalization of X in
0
’Sé. Then we shall say that the [ramified] covering X’ — X is (S, Sy, ¥)-admissible

if every closed point of X’ that lies over a point of S is rational over the base field

k' of X', and, moreover, HUé/ is a characteristic subgroup of ly, .
0

Remark 3.6.1. Note that it follows immediately from the definition of Hg‘: [cf.
also Proposition 3.5, (iii)] that we obtain a natural subgroup

Die < <I§l3 [Us] @ @) x G, C TIys

which contains the image of the decomposition group D, [Us] C Ily, via the
natural homomorphism Il — Hg‘: Let us write, for Z 3 b > 1, DYiesbt C Hglsgb
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: Lie ;. pylie<b. jLie d¢f pLie Lie. 7Lie<b def plLie<b Lie<b
for the image of D¢ in II;7="; I = Dy (MApS; 12" = DA (A~
[Also, we shall use similar notation when “b” is replaced by “b+”.]

Proposition 3.7. (Center-freeness of Lie-ification) Ag‘: is center-free.

Proof.  Since Ay, is center-free [cf. Proposition 1.8, (iii)], and the natural
morphism Ag‘: — Ay, s surjective, it suffices to verify that the centralizer in
Lingg(1/00) of the image of Ap® is trivial. But the image of Ap'® in Ling (1/00)
contains the image of Ay, in Lingy,(1/00). In particular, it follows that the cen-
tralizer in question lies in the center of Liny,(1/00). Thus, Proposition 3.7 follows
from Propositions 3.4, (ii) [or, alternatively, (iii)]. O

Remark 3.7.1. Observe that changing the choice of splitting
G — D [Us]

affects the image of the element F} € G via the composite of the inclusion Gy, —
IT7, with the morphisms

Lie, Lie<b, Lie<b+
Uy — g yg — HUS ;o Hug — HUS

by conjugation by an element h € I j;ji which, up to a denominator dividing ¢ — 1,
lies in the image of I, [Us] C Ay, — cf. Proposition 3.5, (iv); Proposition 3.7. In
particular, it follows that changing the choice of splittings G — Dg(cl*) [Us] affects
the Galois invariant splittings of Proposition 3.5, (ii), by conjugation by h. Put
another way, if we identify the “Lingy(1/00)”, “Linyg, (1/00)” portions of Ay [cf.
the definition of Ag‘:] with the [completions of the] corresponding graded objects
“Grg,(—)(1/00)” via the Galois invariant splittings of Proposition 3.5, (ii), then it
follows that: Changing the choice of splitting Gy, — Dg(cl*) [Us] affects the images of
the morphisms

Lie. Lie<b, Lie<b+
HUS — HUS’ HUS — HUS 5 HUS — HUS

[where 7. b > 1] by conjugation by h.

In light of Proposition 3.7, we may apply the exact sequence “1 — (=) —
Aut(—) — Out(—) — 1”7 [cf. §0] to construct the following topological group:

def ;. i

APE = 1%1 Aut(Agée/) X out(atis ) Gal(Xg/X)
’ S/

[where X’ — X ranges over the (S5, Sy, X)-admissible coverings of X; Uy C X' is

the open subscheme determined by the complement of the set S’ of closed points

of X’ that lie over points of S]. Note that G acts naturally on A%ISE; thus, we may

form the semi-direct product of A%ISE with G to obtain a topological group HgISE



60 SHINICHI MOCHIZUKI

Next, let us observe that, for Z > b > 1, the various quotients Agi,e —»
S/

tor<b+1 Lie<b+ Lie<b . . . LIE
AU,/ —» AU,/ —» AU,/ determine quotients of topological groups Ag " —

S S S
< < < < < <
ATORSb+1 _ ALIE<b+ _ ALIE<b pLIE _ pTOR<b+1 _ [LIE<b+ _ pLIE<b
Us =u Us - Us Us Us Us
Thus, we obtain natural homomorphisms of topological groups:

Ay

LIE TOR<b+1 LIE<b+ LIE<b
HUS - HUS - HUS - HUS - HUS - HUSO

LIE TOR<b+1 LIE<b+ LIE<b
. — AUS —» AUS —» AUS —» AUS —» AUSO

We shall denote by

Y Y Y

<b+ LIE<b+ . <b+ LIE<b+ <b LIE<b. <b LIE<b
Ag," € Ay, g " < g Ag, € Ap, 7, € I,

the respective images of Ay, Iy, via these natural homomorphisms. Thus, one

. < < . S

may think of A(—J;’, H[—Jg as being a sort of “canonical integral structure” on the
i . . . LIE<b 17LIE<

“inverse limit truncated Lie-ifications” A, —b, 1 =3

Here, we note in passing, relative to the theory of §1, 2, that [it is immediate
from the definitions that] when S = S, [so Us, = X], the quotient Iy, — HISJ? is
the mazimal cuspidally abelian quotient of Iy, [cf. Proposition 1.14, (i)].

Next, let us observe that in the inverse limit used to define AgISE, HgISE, the
various “I j;jE”, “DI;ie” [cf. Remark 3.6.1] form a compatible system, hence give rise
to subgroups

LIE LIE LIE, LIE<b LIE<b LIE<b
Ia:* ng* gHUS ’ Ix* gDoc* gHUS

together with natural exact sequences and isomorphisms [when b > 2]
1— IgffE — DEE — G —1
1— IQEESI’ — DgESb — G —1

TP 2 [Psh > 1[Us] @ Q

[and similarly when “b” is replaced by “b+7]. Also, the images of the subgroups
I,.[Us], Ds,|Us] of Iy, determine subgroups

<b <b <b
137 € Dy C 1l
[and similarly when “b” is replaced by “b+"].
In the following, let us write [cf. Proposition 3.4, (iv)]

Cnwg, (a/b) % Cow( (a/b);  Cnwl (a/b) € Cnwl (a/b) © Q

[where a,b € Z, 1 < a < b.
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Before proceeding, let us observe that [it is immediate from the definitions
that] the natural surjections

LIE<1+ LIE<1 . LIE<1+ LIE<1
AUS —» AUS —» AUSO, II — 11 — Iy

US US So

are isomorphisms. On the other hand, for b > 2, we have the following result:

Proposition 3.8. (Plus Liftings of Canonical Integral Structures) For
Z>b>2:

: . < <b o< < . .
(1) The natural surjections A[—J;H' — A(—]g, H[—Jl:' — H[—Jls) are isomorphisms.

(ii) Any two liftings of the natural inclusion Hzgjg — HgISESb to inclusions
HISJ;’ — HEISESH differ by conjugation in HgISESH by a unique element of the
kernel of HbISESH —» HgISESb.

(1ii) Any two liftings of the natural inclusion Hzgjg — HgISESb to inclusions

<b LIE<b . . . ..
15" < IS whose images contain D= in fact coincide.
Us Us T

Proof.  First, we consider assertion (i). It follows immediately from the definitions
that the kernel in question

Ker(A[Sjg+ —» AISJ;)) = Ker(l‘[gg+ —» Hgg)
is given by the inverse limit

lim Cnwg, (b+1/b+2)
X/

[where X’ — X ranges over the (S, Sy, X)-admissible coverings of X; S, (respec-
tively, S”) is the set of closed points of X’ that lie over points of S, (respectively,
S)]. On the other hand, it follows from the definition of “Cnwg, (b + 1/b + 2)”

that Cnwg, (b + 1/b + 2) is generated by certain successive brackets of the var-
ious generators of the Lie algebra Gr(Agg ) [cf. Proposition 3.4, (i)] with the
S/

property that at least one of the generators appearing in the successive bracket is

[in the notation of Proposition 3.4, (i)] either one of the [analogue for X’ of the]

def
“at,...,aq,01,...,8," or one of the “(;”, where 2’ € S} = S’\S,. Moreover,

since, by taking HUg,, C HUé/ to be sufficiently small, one may arrange that the
0

0

image of A?}?, in A?Jb, be contained in an arbitrarily small open subgroup of A?}? ,
sy sy s

it thus follows that the above inverse limit vanishes. This completes the proof of

assertion (i).

Next, let us observe that to prove assertion (ii), it suffices — in light of the
natural isomorphism

Ker(I "< — mpP<hy & l%n Cnwg, (b+1/b+2)
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[where X', S. are as above] — to show that
H(II5, Cow, (b+1/b+2)) = 0

for i = 0,1, each S/ as above. Since the action of Azgjg on Cnw, (b+ 1/b 4+ 2)
clearly factors through a finite quotient of AISJZS’ — Ayy, , it thus suffices to observe

[by considering the Leray spectral sequence associated to the surjection HZSJ;) — G
that the action of Fj on ang, (b+1/b+2) is “of weight b+1 > 3”, while the action

of Fj on (Ag? )2 is “of weight < 27 [cf. Proposition 3.5, (i)]. This completes the
S/

proof of assertion (ii).

Finally, we consider assertion (iii). First, let us observe that any two liftings of

. . <b LIE<b , . . <b LIE<b .
the natural inclusion II5. < II =" to inclusions 115" < II7="" whose images
US US US US

~

contain DSb* = D=P [since b > 2] in fact coincide on D=0 C Hzgjg. Thus, by
assertion (ii), it suffices to verify that the submodule of Fj-invariants of

LIE<b+ LIE<b
Ker(HUS —» HUS )

is zero. But in light of the natural isomorphism

Ker(I; < - mpP<hy & 1;%1 Cnwg, (b+1/b+2)

[where S’ is as above|, this follows from Proposition 3.5, (i). This completes the
proof of assertion (iii). O

Next, for Z 5 b > 1, let us denote by

<bt+ TOR<b+1. <bt+ TOR<b+1
AUS g AUS ’ HUS g HUS

the respective images of Ay, Ily, via the natural homomorphisms considered
above and by
I§b++ C D§b++ C H[Sjb++
* * S

the images of the subgroups I, [Us], D,,[Us] of lly,. Observe that it follows from

the definition of AggRng’ HggRng that the natural surjections A52++ —»

A52+, H(SJ;’++ s HISJ;H' are, in fact, isomorphisms. Thus, by Proposition 3.8, (i),

we obtain a commutative diagram of natural homomorphisms

< < ~ < ~ <
[Shtt N s+t ~ s+ b

Us Us Us - [_JS

! | | |

LIE<b+1 TOR<b+1 LIE< LIE<
[ME<b+1 [ TOR<b+ _,  qMESH+_ [LIE<D
Us Us Us Us

[where the vertical arrows are the natural inclusions; all of the horizontal arrows are
surjections; the second two upper horizontal arrows are isomorphisms|. Moreover,
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it follows immediately from the definitions that the first square in this commuta-

tive diagram is cartesian. That is to say, the subgroup H<b+1 - HLIESH1 may be

LIE<b+1 TOR<b+1
thought of as the inverse image via the natural surjection H b+ s HUSR—’H'

LIE<b
H - *

of the image of a certain [ifting of the natural inclusion H(_Js cf. Propo-

sition 3.8, (i)] to an inclusion H— < HggRQ’H

Let us write:
<b <b
115 [ W] = K (H —» HUSO)

[Sjg++[new] = Ker(HISJISH'+ —» HUSO)

for the “new-cuspidal” subgroup of HISJIS’.

Proposition 3.9. (Extensions of Canonical Integral Structures)

(i) Let b def 1 Then any two liftings of the natural inclusion H HLIESH

TOR<b+1 whose restrictions to the cuspidal subgroup H [csp]

TOR<b—|—1

to inclusions H — II;

1 Ke (H—g —» HX) of HU coincide differ by conjugation in II;

TOR<b—|—1 LIE<b+
;¢ R |

by an

element of the kernel of

(ii) Let Z > b > 2; suppose that S, is of cardinality one. Then any two

cpy . . < < . . < <
liftings of the natural inclusion H—b — HLIE—b+ to inclusions H—g — HggR—bH

TOR<b—|—1

whose 1mages contain I<b++ dzﬁer by conjugation in II; by an element

TOR<b+1 LIE<b+
of the kernel of II;;: — I, .

(7ii) Suppose that S, is of cardinality one. Let 3 be an automorphism of the

profinite group HSH1 that satisfies the following two conditions: (a) B preserves

and induces the zdentzty on the quotient H-IH'1 Us’ (b) B preserves the subgroup

I;f’“ - Hfjl:'l. If b = 1, then we also assume that (B induces the identity on

the cuspidal subgroup HSbH[ ] L Ke (H<IS’+1 — Ilx) of HISJ;)H. Then (3 is a

< <
Ker(Il; b+1 — HUb)-lnner automorphism.

(iv) Suppose that S is of cardinality one. Let 3 be an inner automorphism

of the group HTORSH1 arising from an element of Ker(HTORSIH'1 HLIESIH—)'

Suppose that for each v € H<2++ - HggRng, G preserves the Il new|-

conjugacy class of subgroups of HggRng defined by vy - D;f’*’* v~Y. Then f3 is
the identity automorphism.

b—|—+[

(v) Write
Hy

S

<oo def . <b
~ Mo = i o

for the the quotient of 11y, defined by the inverse limit of the Hgb. Then Iy —

H— (respectively, the resulting quotient Ayy —» AU ) is the maXImal “new-
cuspldally pro-l quotient of Iy, (respectively, Ay, ).
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Proof.  First, we consider assertions (i), (ii). Observe that, for Z > b > 1, the
difference of any two liftings of the natural inclusion Hgg — HgISESH to inclusions

HISJZS’ — HggRng determines a compatible collection of cohomology classes

s € HII5 , News! (b +1/b+ 2))

[where X’ — X ranges over the (S, Sy, X)-admissible coverings of X; S, (respec-
tively, S”) is the set of closed points of X’ that lie over points of S, (respectively,
S)].

Next, let us observe that by Proposition 3.5, (i), the zeroth cohomology module
HO(II5], New! (b + 1/b+ 2))

is finite. This finiteness implies that any [not necessarily compatible!] system of
sections of a compatible system of torsors over H O(Hf]b, Newtor(b+ 1/b+2)) always
admits a compatible cofinal subsystem. In light of the natural isomorphism

Ker(IT; 2N =1 — IP="*) 5 lim New§"(b+ 1/b+2))

X/

[where X', S, are as described above|, we thus conclude that in order to show

that the two inclusions 15" Do HTOR<”+1
TOR<b+1 LIE<b+
Ker(Il;; — TIp7, )

differ by conjugation by an element of

, it sufﬁces to show that the ng: = 0.

Note that H [neW] acts trivially on Newtor(b +1/b+2)). Now I claim that:

If b > 2 (respectively, b = 1), then each ns: arises from a unique class
[which, by abuse of notation, we shall also denote by ns] in

H* My, , Newtor(b +1/b+2)) (respectively, H* (Ix, (Newtor(b +1/b+ 2))HUS [CSP]))

[where Ty [csp] def Ker(Iy,, — Ilx)/.

Indeed, if b = 1, this claim is immediate [cf. the statement of assertion (i)], so
assume that b > 2, and that we are in the situation of assertion (ii). Now ob-
serve that, in light of our assumption that S, is of cardinality one, it follows that
Hzgjb [new| (respectively, H5b++[new]) is topologically generated by the HISJ;)— (respec-

tively, <b++—) conjugates of I g’ (respectively, I §*b++). Note, moreover, that it is
immediate from the definitions that every element of Ker(l’[ggRSlH'1 —» HgISESH)

commutes with I <b++). In particular, it follows that the images of IT5; [new] via

TOR<b+1
the two m(:lusmnsH <—>H OR b+

under consideration necessarily comczde But
this implies that each ng’ arises from a unique class in H' (Ily Newtor(b+ 1/b+2)),

thus completing the proof of the claim.

Next, [returning to the general situation involving both assertions (i) and (ii)]
let
X// N X/



ABSOLUTE ANABELIAN CUSPIDALIZATIONS 65

be a morphism of (.5, Sy, 3)-admissible coverings of X. Write UY,, C X’ for the open
subscheme determined by the complement of the set S of closed points of X" that
lie over points of S. Note that since the cohomology group H 1(HUS ,Newtor(b +
1/b+ 2)) is unaffected by replacing X’ by the result of base-changing X’ to some
finite extension of the base field of X', we may assume without loss of generality
[from the point of viewing of showing that ngs = 0] that X" — X’ induces an
isomorphism between the base fields of X", X’. Also, let us assume that the
open subgroup AUg,, - AUé/ arises from some open subgroup H' C A?JZ/ that is
0 0

0

preserved by the action of Ilyg . Thus, it follows that the covering X" — X' is
abelian. Set:
R € 7; R'<7[Cal(X"/X")]

Thus, R” is a commutative ring with unity whose underlying R’-module is finite
and free; moreover, R” admits a natural Iy, -action [induced by the conjugation
action of Gal(X/X’) on Gal(X"/X")].

Next, let us observe that S, S admit natural yg, -actions with respect to
which we have natural isomorphisms of lyg -modules [cf. Proposition 3.4, (i), (iv)]

Newsg, (1/2) = R[S @ M{; Newg,(1/2) = R[S @ MY
which determine natural isomorphisms of lyg -modules as follows:
Newg, (b+1/b+2) = gl (R'[S1] @ MY)
Newg, (b+ 1/b+2) & gl (R'[SY) @ M)

In the following, we shall identify the domains and codomains of these isomorphisms
via these isomorphisms.

Next, let us observe that the R'-module R’[S”] admits a natural R"-module
structure that is compatible with the Iy, -action on R”, R'[S]. Note, more-
over, that R'[S!] is a free R"-module, and that the natural augmentation R"” — R’
[given by mapping all of the elements of Gal(X”/X”) to 1] induces a natural isomor-

phism R'[S!|®@prs R' — R’ [ka] Also, we observe that any choice of representatives
in S? of the Ay, /AU// = Gal(X"/X')-orbits of S! [where we note that the

set of such orbits may be naturally identified with S’] determines an R"'-basis of
R'[S”], hence [by considering “Hall bases” — cf., e.g., [Bour], Chapter II, §2.11] an
R -basis of Liel (R'[S”]). In particular, it follows that the Gal(X”/X’)-module
LiebH(R'[SY]) is an “induced” Gal(X" /X')-module [in the terminology of the co-
homology theory of finite groups]. Consideration of such bases also shows that
we obtain natural, Iy, -equivariant isomorphisms [which are independent of the
choices of representatives/basesl]

R/[S:k] ~ R/[S;/]Gal(X///X/); Sielg,—l(R/[S;]) ~ Sielg,—,l(R/[S;/])Gal(X“/X/)

[where the superscript “Gal(X”/X’)” denotes the submodule of Gal(X" /X")-inva-
riants]. Relative to these natural isomorphisms, the restrictions of the natural
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surjections R'[S7] — R'[S.], Ciett(R/[SY]) — Liel ' (R'[S’]) to the respective
submodules of Gal(X”/X’)-invariants thus induce the endomorphisms of R'[S}],
i’ (R'[S']) given by multiplication by the order of Gal(X" /X").

R *

In light of the above observations [together with Propositions 3.3, (iv); 3.4,
(iv)], we conclude the following:

(A) The natural surjection of Iy, -modules
Newy (b+1/b+2) - Newg' (b+1/b+2)
admits a factorization
Newgi(b+1/b+2) - Newg (b +1/b+2) @r R" — Newg' (b4 1/b+ 2)

which is compatible with the natural action of Iy, on Newfgcif(b + 1/b + 2),
Newtor(b +1/b + 2) and with a certain “unnatural action” of Iy on NeWtor(b +
1/b 4+ 2) @ps R"” whose restriction to AU/ is equal to the tensor product of the

trivial action of Ay, —on Newtor(b + 1/b + 2) with the action of Ay, on R"

0
given by multiplication, relative to the ring structure of R”, via the natural map
Ayr, — Gal(X"/X") — R". Nevertheless, this “unnatural action” of Iy, on

Newtor(b +1/b+2) ®pr R" is compatible with the natural R"”-module structure of
Newtor(b +1/b+2) ®gr: R”, relative to the natural action of Il on R".

(B) The induced morphism on Ay -invariants
S

JANSY A
NewlSi(b+1/b+2) % — Newir(b+1/b+2) % = New'r(b+1/b+2)

of the natural surjection of (A) factors, in a Ilyg, -equivariant fashion, through the
morphism
Newg" (b +1/b+2) — Newg (b +1/b+2)

given by multiplication by the order of Gal(X"/X").

/ def

Now let us take H A Aab C A?Jb, , where n is some “sufficiently large”

positive integer, to be chosen below. Write:

def ;-1 def

HX/ — H (AUé/,M)((Z)), H H1<AU//
0

//7

M) S H Ay, , M [Gal(X" /X))

0

Now if we compute the cohomology of Ilyg via the Leray spectral sequence as-
sociated to the surjection Ilyg — Tlyg / Ay, , then (A) implies that the natural
0

morphism

H'(Ay,, ,Newgy (b+1/b+2)) — H' (AU/ ,New (b+1/b+ 2))
0



ABSOLUTE ANABELIAN CUSPIDALIZATIONS 67

[which maps the image of g to the image of ng/!] factors through a direct sum of
copies of the [result of tensoring with Q/Z| the “trace map”

TI‘H . HX“ — HX’

— i.e., the map induced by the morphism of coefficients M)((l) [Gal(X"/X")] — M)((l)
that maps each element of Gal(X"/X’) to 1.

Now I claim that the image of Try lies in I" - Hx/. Indeed, if So = 0 [so
Us, = X, U. ;=X '], then this trace map Try is well-known to be dual [via Poincaré
duality — cf., e.g., [FK], pp. 135-136] to the pull-back morphism; we thus conclude
that, relative to the natural isomorphisms Hx» — A%}D,, ® Z;, Hx — A%}’, ® 2y
[arising from Poincaré duality — cf., e.g., Proposition 1.3, (ii)], the trace map
corresponds to the natural morphism

HX// — AX// — aXb/ - HX/

induced by the inclusion Ax» C Ax/, — hence factors through the endomorphism
of Hx: given by multiplication by [", as claimed. If, on the other hand, Sy is
not empty, then observe that [since the order of Gal(X"/X’) is a power of [] the

construction of the morphism Try only involves the maximal pro-l quotient A(Z)

of AUé,, which is a free pro-l group on finitely many generators &1, ... ,&m.- For
0
j=1,...,m, write (Z; =) E; C Ag? for the subgroup topologically generated
S/

0
by ;. Since restriction to the cohomology of the =; determines an isomorphism

of Hx: with the product of the H!(Z;, M)((l)), and the composite of Tryy with the
restriction morphism to Z; clearly factors through the “trace map”

Tr, : HY(2;, MP[Gal(X" /X)) — H' (2, M)

i.e., the map induced by the morphism of coefficients M)((l) [Gal(X"/X")] — M)((l)
that maps each element of Gal(X"”/X’) to 1], it follows that to complete the proof
of the claim, it suffices to verify that the image of Tr; lies in [ - Hl(Ej,M)((l)).
But in light of the simple structure of E; = Z;, this is an easy computation. This

completes the proof of the claim.

In light of the claim just verified, we thus conclude that Try factors through the
endomorphism of Hx given by multiplication by ™. In particular, in the situation
of assertion (ii), since the submodule of Ily, -invariants of H 1(AU/ Newtor(b +

0
1/b+2)) is finite [cf. our assumption that b > 2; Proposition 3.5, (i)], we conclude
that the image of ng~ in Hl(AU/ Newtscif(b +1/b + 2)) [which is Il -invariant]
maps to an ["-multiple of an HUS -invariant in Hl(AU/ Newtor(b + 1/b + 2)),

which will be zero if we take n to be “sufficiently large”, hence that the i image of
ngs in Hl(AU/ Newtor(b +1/b+2)) is zero.
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On the other hand, in the situation of assertion (i) [so b = 1] by replac-
Ay [esp]
ing “H'(Ay,,—)" by “H'(Ax, (~) "st )” [where AU/ [esp] & Ker(AU, def
(0]

Ax/)] and taking H = oot

. A?Jb, + Im(AU/ [esp]) C AUb, , a similar argument
0
shows that image of g/ in H 1(AU/ Newtor(b +1/b+ 2)) is zero in the situation
0
of assertion (i), as well.

Now I claim that the image of ng~ in

H* (AU/ ,Newg)' (b+1/b+2) ©r R")

[obtained by applying the surjection
Newg (b+1/b+2)) - Newg, (b+ 1/b+2) @r R”
of (A)] is zero. Indeed, by applying the conclusion of the above discussion concern-

ing X' to X", we obtain first of all that the image of ng. in H* (AUg,, , New'o) (b +
0

1/b+42)) is zero, hence that the image in question in the claim arises from a class
in the following cohomology module:

A 1"
H' (Gal(X"'/X'),(New's? (b + 1/b+2) @ R") )

= H'(Gal(X"/X"),New§ (b+1/b+2) @ R") =0

[where the last cohomology module vanishes since Newtor(b +1/b+2)®p R is an
induced Gal(X"'/X")-module]. This completes the proof of the claim.

Thus, in summary, we conclude that the image of ng» in H' (Ily,, ,Newtor(b +
1/b+2) ®p R") [obtained by applying the surjection of (A)] arises from a unique
class in

Ay
H' (g, /AU/ (Newg ' (b+1/b+2)@r R") %0)

= H'(Iyg, /AU/ ,Newg' (b+1/b+2))

which maps to the unique class in

H'(Iy,, /Auy, ,New'sr (b+1/b + 2))

that gives rise to ng via multiplication by the order of Gal(X"/X') [cf. (B)]. In

particular, by taking n to be “sufficiently large” [cf. Proposition 3.5, (i); the fact

that b+1 > 2 > 0; the finiteness of Ay, /AUé/ |, we may conclude that ng: =0, as
0

desired. That is to say:

This completes the proof that the two inclusions HISJ;) — HggRng differ

by conjugation by an element of Ker(HggRSIH'1 —» HgISESH).
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In particular, the proof of assertions (i), (ii) is complete.

Next, we consider assertion (iii). First, let us observe that when b = 1, assertion
(iii) follows immediately from [the argument of| Proposition 2.6, (i); Proposition
3.5, (i) [cf. Remark 3.9.1 below]|. Thus, in the remainder of the proof of assertion
(iii), we assume that b > 2. Note that since the elements of Ker(l’[zsj?'1 — HISJIS))
manifestly commute with the elements of I=°%1, it follows from conditions (a), (b),
the fact that b > 2, and the assumption that S, is of cardinality one that ¢ induces
the identity on Hggﬂ[new] [cf. the proof of assertion (ii) above]. Thus, to complete

the proof of assertion (iii), it suffices to show that the compatible system of classes

As: € H'(Tlyg, , Newg, (b+1/b+2))

determined by [ [cf. Proposition 3.8, (i)] vanishes. Note that since (Ag)so)ab is of
“weight <27, and Newg, (b+1/b+2) is of “weight b+ 1 > 3” [cf. Proposition 3.5,
()], it follows immediately from the Leray spectral sequence for Iy — Gy that
we have a natural injection

H' (T, ,Newe (b4 1/b+2)) < HY(Gy, (Newq, (b+ 1/b + 2))Vso
So S, 5.

[where the superscript “Ay, 7 denotes the Ayg -invariants] and that the module

H'(Gk, (Newg, (b+ 1/b + 2))AU50) is finite. Thus, to show that the Ag: = 0, it
suffices to show that the inverse limit

lim (Newg, (b+1/b+2))*"so
X/

[where X', S, are as described in the proof of assertions (i), (ii)] is zero. But this
follows from observation (B) of the proof of assertions (i), (ii). This completes the
proof of assertion (iii).

Next, we consider assertion (iv). First, I claim that 5 preserves and induces the

identity on each subgroup - D=0+ .4~ [where v € H52++ - HggRSbH]. Indeed,

this follows immediately by projecting via [ ORsbHL  THUESEY 1ohich induces an
y y J g US US

isomorphism H(§12++ = HISJ;H]. Thus, the element of Ker(HggRgH'l —» HgISESH)
that gives rise to 0 centralizes each subgroup ~ - D§*b++ -~1. Put another way, we

TOR<b+1 LIE<b+
HUS —» HUS )

may think of the element of Ker( that gives rise to 3 as a

compatible system of elements
Kgr € Newfgir(b +1/b+2)

such that each g is fized by every Ilyg -conjugate of the Frobenius element de-
termined by F}, [which, by abuse of notation, we shall also denote by Fj] in Iy, .
Thus, to complete the proof of assertion (iv), it suffices to show that such a com-
patible system of elements {kg/} is necessarily zero.

Note that instead of thinking of s as being held fixed by every Iy -conjugate
of Fy, we may [equivalently] think of kg as being held fixed by Fj and by all
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“Frobenius commutators” in Ayg, [i.e., elements of Ay that may be written as the
commutator of F, with an element of Ay, |. Note, moreover, that by Proposition
3.5, (i), it follows that the Frobenius commutators topologically generate an open

subgroup of (Agio)ab. Let us refer to an open subgroup

i C (AEQ )ab

0

that is stabilized by Iy, as Frobenius-admissible if it arises as the inverse image
via the natural morphism (Ag?/ )2 — (Agio)ab of the image H C (Agio)ab of

0
H' in (Agé 2> and, moreover, satisfies the condition that the image of (Ag? )ab
0 s’
0

in (Ag)so )2P lies in the submodule of (A(l) )2> generated by H and the Frobenius
commutators. Note that by taking the open subgroups HUé/ C Iys, [i.e., that
0

index the system {kg }] to be sufficiently small, we may assume that each HU;,
0

satisfies the condition that (Ag? )2 contains Frobenius-admissible open subgroups
0

H C (Ag?/ )2 which are of arbitrarily large index in (Ag?/ )b,

0 0

Now let us apply the observation (B) made in the proof of assertions (i), (ii), to
a covering X" — X' that arises from a Frobenius-admissible H' C (A(Q/ )*. Note
that it follows from the definitions of “Frobenius-admissible” that AU/ 1s0 contained
in the subgroup of Ay, generated by AU// and the Frobenius commutators. On
the other hand,

Ksr € Newfgczf(b +1/b+2)

is manifestly fixed by AU// . Since, as observed above, kg~ is also fixed by the
Frobenius commutators of Ayg,, we thus conclude that kg is AU/ -invariant.
Since, on the other hand, kg~ is also fixed by F}, and the submodule ofONeWtor(b+

1/b+ 2) consisting of elements fixed by F}, is clearly finite [cf. Proposition 3.5, (i)],
we thus conclude from observation (B) that, for H' C (Ag?/ )P of sufficiently large
0

indez in (Ag? )2, kg maps to zero in NeWtor(b + 1/b+ 2). But this implies that
50
ks = 0, thus completing the proof of assertion (iv).

Finally, we consider assertion (v). It is immediate from the definitions that the
quotients Iy, — HISJSO, Ayg — AISJSO are new-cuspidally pro-l. That these quo-
tients are the maximal new-cuspidally pro-l quotients follows from the construction
of H— and the easily verified fact that each Al )/ injects into Lin(A; AD (1/00))( 1)

O

Remark 3.9.1. Proposition 3.9, (iii), may be regarded as a “higher order, pro-l,
possibly affine analogue” of Proposition 2.6, (i).
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We are now ready to prove the main technical result of the present §3:

Theorem 3.10. (Reconstruction of Once-Punctured Maximal New-
cuspidally Pro-l Extensions) Let X, Y be proper hyperbolic curves over a
finite field; denote the base fields of X, Y by kx, ky, respectively. Suppose further
that we have been given finite subsets

SQX(]C)(); TgY(ky)

as well as subsets S, = {z.} C S, Tx = {y.} C T of cardinality one; write

So = 5\S., Us = X\S, Us, = X\So, To = T\T., Vo = Y\T, Vg, € Y\Th.

Let ¥ be a set of prime numbers that contains at least one prime number that
is invertible in kx, ky; thus, ¥ determines various quotients Iy, Ilyg , v,
Iy, [ef. Proposition 1.8, (iii)] of the étale fundamental groups of Us, Vr,
respectively. Let

(673 HUSO :> HVTO

be a Frobenius-preserving [hence also quasi-point-theoretic — cf. Remark
1.18.2] isomorphism of profinite groups that maps the decomposition group of x.
in Ilyg, [which is well-defined up to conjugation] to the decomposition group of y.
in Iy, [which is well-defined up to conjugation]. Then for each prime l € ¥ such
that | # p, there exists a commutative diagram

<oo Qoo <oo
US VT
a
Hys, — yy,

— in which Ty —» HISJSO, Iy, —» H%;O are the maximal new-cuspidally pro-I
quotients [cf. Proposition 3.9, (v)]; the vertical arrows are the natural morphisms;
Qo 15 an isomorphism, well-defined up to composition with a new-cuspidally inner
automorphism, that is compatible, relative to the natural surjections

<oo <2 c-ab,l, <oo <2 c-ab,l
T HUS —» HUS ; HVT —» HVT —» HVT

: - -ab,l  TTc- -ab, , .
— where we write 12> — TI527, 11520 — TIGE™" for the respective maximal

cuspidally pro-l quotients — with the isomorphism H‘fjg‘b = H%};}b of Theorem
2.5, (i).

Proof. In the following argument, let us identify the “Liny, (1/00)”, “Linx (1/00)”
portions of Ag‘: with the [completions, relative to the natural filtration topology, of
the| corresponding graded objects “Grg,(—)(1/00)” via the Galois invariant split-
tings of Proposition 3.5, (ii), and similarly for V. Then, in light of our assump-
tion that « is Frobenius-preserving [hence also quasi-point-theoretic — cf. Remark
1.18.2], it follows immediately from the naturality of our constructions [cf., espe-
cially, Proposition 3.5, (iii)] that « induces, for each Z > b > 1, an isomorphism

aLIESb . HLIESIJ -~ HLIESb
Us Vr
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that is compatible, with respect to the natural projections II;; IE<b — Ilx, HLIE<b

Iy, with a. Moreover, it follows from the construction of “H{{?q’” that this

isomorphism maps DYESt C HLIESb bijectively onto D™=t C HLIESb, and that

DLIE<b

the resulting isomorphism DLIE<b = induces an isomorphism

<b ~ <b
Da?* — ng*

which is compatible [again by construction!] with the respective Frobenius elements
“F3” on either side.

Now I claim that the isomorphism a*F<? maps HISJ;) bijectively onto H%, thus

inducing a compatible inverse system [parametrized by b] of isomorphisms

<b ~ <
<L s

that are compatible, with respect to the natural projections H(SJI; — Ilx, H% —»

IIy, with . Note that since these isomorphisms were constructed via the explicit
presentation of Proposition 3.5, (iii), it follows from Proposition 3.9, (iii), that, when
b > 2, these isomorphisms will be compatible, relative to the natural surjections

(SJ;) — H<2 I ab! H<b H‘% —» H%};‘b’l, with the isomorphism II§2> = TI2P
of Theorem 2.5, ( ) Thus to complete the proof of Theorem 3.10, it suffices to
verify the above claim.

To verify this claim, we apply induction on b. The case b = 1 is vacuous. Thus,
we assume that b > 1, and that the claim has been verified for “b” that are < the
b under consideration. Now observe that by Propositions 3.8, (iii); 3.9, (i), (ii), it
follows that the isomorphism

LIE<b+1 ~ LIE<b+1
[[E<b+1 ~ [LIE<b+
US VT

maps =" bijectively onto a Ker(ITHESPHE o IEESNT) conjugate of 115,
Us J y Vr Vr J g

[Here, we note that when b = 1, the fact that the hypotheses of Proposition 3. 9 ( ),

are satisfied follows immediately from the fact that the isomorphism o™®<2? was

constructed via the explicit presentation of Proposition 3.5, (iii).] In particular, by
conjugating by an appropriate element v € Ker(l_[%,ITESH1 —» H%/ITESH), we obtain

an isomorphism

<b—|—1

C1rsh+1l <b+1
ﬁb+1 . HUS — HVT

that is compatible with o=" and, moreover, [since v commutes with Iibﬂ] maps

Ig’“ bijectively onto Ii’”’l. Also, we observe in passing that by Propositions 3.5,

(1); 3.9, (iii), it follows that the choice of 7 is unique, modulo Ker( %H — H§g+).

H‘"l;ORgb+1
T

Note that conjugation by ~y on also determines an isomorphism

TOR . TOR<b—|—1 ~ TOR<b—|—1
BEOR - 1) g

which may be constructed directly from [y, via appropriate “Lie-ification” and
“push-forward” operations whose detailed explication is a routine task which we
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leave to the reader. Also, we observe that since 3,41 is compatible with a=?, and

< ~ < < ~ <

the natural projections determine isomorphisms Il b++ Soast osttt st [cf.
Us>» Vr Vr

TOR

Proposition 3.8, (i); the discussion preceding Proposltlon 3.9], it follows that 3;.5

maps the subgroup D=0+ C H(SJ’;++ C HggRSbH

Db+ C H§b++ C HTORSb—Fl.
Ysx VT VT

bijectively onto the subgroup

Next, let us observe that all of the constructions executed so far depend on the
choice of subgroups D, [Us| C Iy, D, [Vr] C Ily, among the various conjugates
of these subgroups. Now we would like to consider what happens when we make
a different choice for these subgroups, i.e., by conjugating D,, [Ug| (respectively,
D, [Vr]) by an element (,, € Iy, (respectively, Cy. € Ily,), where we assume
that the images of (;., (,. in Hgb HV are compatible with respect to a=. By
transport of structure, the various obJects obtained for these alternative choices may
be computed by conjugating by (.., (., respectively. Note that conjugating by (.,

LIE<b+1 ;. . . . LIE<b+1 ~ {LIE<b+1
n IO =T differs [relative to the isomorphism o“1E<0+1 : I] AR |
US US VT

obtained above] from conjugating by (,. on HLIE<(’+1

element (5 € Ker(l_[%,ITEqH'1 H{J/ITE%). Nevertheless, computing with the data for
the alternative choices yields an isomorphism

by conjugation by some

alt . <b+1 ~ r<btl
Bpyq = 10 — HVT

that is stall compatible with o=’ [by our assumption that the images of (., (.

< .
in H[—Jb, HV are compatible with respect to a=]. Since, moreover, (5 commutes

with ¢, - I<b+1 Gy 1, it follows that ﬁgfl maps (g, ~I§*b+1 - ¢t bijectively onto

Cy. - I=PTE - (L, hence that B2 maps ISP bijectively onto I50T!. Thus, by

Proposmon 3.9, (111), it follows that ﬁgfl differs from By11 by composition with a

Ker(l‘[<b+1 s H%)—mner automorphism. [Here, we note that when b = 1, the fact
that the hypotheses of Proposition 3.9, (iii), are satisfied follows immediately from
the fact that the isomorphism a™P=2 was constructed via the explicit presentation
of Proposition 3.5, (iii).]

On the other hand, by construction [relative to the alternative choices!] it
follows that ﬁgfl induces [via appropriate “Lie-ification” and “push-forward” op-
erations| an isomorphism

alt, TOR TOR<b—|—1 ~ 17TOR<b+1
ﬁb—kl H - HVT

which maps the subgroup (., - D=0+ . (1 C HggRng bijectively onto the sub-
group (., ~Dz§*b++ Gt C H‘T/&(?RSI’H. Thus, since 3 3F, ﬁ;ﬂflTOR differ, as observed
above, by conjugation by an element of Ker( %H —» H;b) we conclude that, for

<b++ TOR<b+1 <b++ TOR<b+1
each 7., € Uy "7 C ;- y My, € Uy "0 C 1L that correspond via

<t BLOR maps the subgroup of HggRng defined by 7., - D=+ . 1 to the

subgroup of H‘T/SRSI)H defined by n,, - Ds"** . 1. But by Proposition 3.9, (iv)

[and the uniqueness of v, modulo Ker(l’[‘%ﬁ*’1 —» Héﬁ*’), that was observed above],

LIE<b+1 LIE<b+
<HVT — Iy, )

this implies that the element v € Ker in fact belongs to
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Ker( %H —» H%*’). That is to say, we may conclude that the original isomor-

phism
< ~ <
QLIE<b+1 . [LIESb+1 ~ HLIE<b+1
Us Vr

maps Hgg“ bijectively onto H%H. This completes the proof of the claim.

Finally, we note that the indeterminacy, referred to in the statement of The-
orem 3.10, of the isomorphism a, up to composition with a new-cuspidally inner
automorphism arises precisely from the indeterminacy of the choice of the subgroups
D, [Us] C Iy, D, [Vr] C Ily, with respect to new-cuspidally inner automor-
phisms of Iy, Ily,., respectively. O

Remark 3.10.1. The argument of the proof of Theorem 3.10 involving Proposi-
tion 3.9, (i), (ii), (iii), (iv), may be regarded as a sort of “higher order analogue”
of the argument applied in the proof of Theorem 1.16, (iii), involving Lemma 1.11;
Proposition 1.12, (v).

Remark 3.10.2. It seems reasonable to expect that, when, say, ¥ = {l}, the
techniques applied in the proof of Theorem 3.10, together with the theory of [Mtm],
should allow one to reconstruct the [geometrically pro-X] étale fundamental groups
of the various configuration spaces [i.e., finite products of copies of X over kx,
with the various diagonals removed] “group-theoretically” from Ilx [under, say, an
appropriate hypothesis of “Frobenius-preservation” as in Theorem 3.10]. This topic,
however, lies beyond the scope of the present paper.

Remark 3.10.3. When ¥ = {[}, it is tempting to try to generalize Theorem
3.10 to the case where S, C S, T, C T are subsets of arbitrary finite cardinality,
by applying Theorem 3.10 [as stated above] recursively. Although such a recursive
argument is formally possible, it appears, however, to lead to complications [whose
resolution or, indeed, detailed explication is beyond the scope of the present paper!]
when X fails to be X-separated. Nevertheless, this approach appears, to the author,
to be an interesting direction for further research.

Remark 3.10.4. One essential portion of the proof of Theorem 3.10 is the Galois
invariant splitting of Proposition 3.5, (ii). Although it does not appear likely that
such a splitting exists in the case of a nonarchimedean local base field [cf., e.g., the
theory of [Mzk4]], it would be interesting to investigate the extent to which a result
such as Theorem 3.10 may be generalized to the nonarchimedean local case, perhaps
by making use of some sort of splitting such as the Hodge-Tate decomposition, or
a splitting that arises via crystalline methods. In the context of absolute anabelian
geometry over nonarchimedean local fields, however, such p-adic Hodge-theoretic
splittings might not be available, since the isomorphism class of the Galois module
“C,” is not preserved by arbitrary automorphisms of the absolute Galois group of
a nonarchimedean local field [cf. the theory of [Mzk3]].

The development of the theory underlying Theorem 3.10 was motivated by the
following tmportant consequence:
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Corollary 3.11. (Total Global Green-compatibility) In the situation of
Theorem 1.16, (iii) [in the finite field case], suppose further that X1 = Primes',
and that X, Y are Y-separated [which implies that « is Frobenius-preserving
and point-theoretic — c¢f. Remarks 1.18.1, 1.18.2]. Then the isomorphism « is
totally globally Green-compatible.

Proof. Indeed, we may apply Theorem 3.10 to the isomorphism « of Theorem
1.16, (iii), and arbitrary choices of sets of cardinality one S = {x.}, T = {y«} [so
Us, = X, Vi, = Y] that correspond via a. Then let us observe that the quotient
Iy — HISJSO satisfies the following property:

If Iy, — @ is a finite quotient of I1y7, such that for some quotient @ — @’
whose kernel has order a power of [, IIyy, — Q' factors through Iy, —
(SJSO, then Iy, — Q also factors through Iy, — HISJSO

A similar statement holds for the quotient Ily,. — H%;O In light of this observation,

together with our assumption that X7 = ‘,]3tin‘LesJr [which implies that « is Frobenius-
preserving|, it follows that the reasoning of [Tamal, Corollary 2.10, Proposition 3.8,
may be applied to the isomorphism
<oco ~ <oo
aso s — 1]

of Theorem 3.10 to conclude that the isomorphism ., maps the set of decompo-
sition subgroups of the domain bijectively onto the set of decomposition subgroups
of the codomain.

On the other hand, sorting through the definitions, the datum of the lifting of
a decomposition group of IIx, ITy corresponding to a point that does not belong
to S, T to a [noncuspidal] decomposition group of the domain or codomain of
Qoo determines, by projection to H?}:‘b’l, H%};b’l, the l-adic portion of the Green’s
trivialization associated to this point and the unique point of S or T'. Since [ is an
arbitrary element of X7 = %timesT, and the points ., y. are arbitrary points that
correspond via «, this shows that « is globally Green-compatible. That « is totally
globally Green-compatible follows by applying this argument to the isomorphism
induced by a between open subgroups of IIx, IIy. O

Theorem 3.12. (The Grothendieck Conjecture for Proper Hyperbolic
Curves over Finite Fields) Let X, Y be proper hyperbolic curves over a
finite field; denote the base fields of X, Y by kx, ky, respectively. Write I1x, Iy
for the étale fundamental groups of X, Y, respectively. Let

Oé:H)(lHY

be an isomorphism of profinite groups. Then « arises from a uniquely deter-
mined commutative diagram of schemes

l

~
—

<o =<

~
—
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i which the horizontal arrows are isomorphisms; the vertical arrows are the pro-
finite étale universal coverings determined by the profinite groups Ilx, Ily .

Proof. Theorem 3.12 follows formally from Corollaries 2.7, 3.11; Remarks 1.18.1,
1.18.2. O
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