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For a transformation F' on a measure space (X, i), we show
that the Perron-Frobenius operator of F' can be written by a
representation (L2(X, ), ) of the Cuntz-Krieger algebra O 4
associated with F when F' satisfies some assumption. Espe-
cially, when O, is the Cuntz algebra On and (L2(X, p), )
in the above is some irreducible representation of Op, then
there is an F-invariant measure on X which is absolutely con-
tinuous with respect to p.

1. Introduction

Invariant measures (especially, Haar measures) play an important role in the
representation theory of Lie groups and harmonic analysis. On the other
hand, invariant measures of non invertible transformations are studied in
[4, 5, 6] by the Perron-Frobenius operators of dynamical systems. By using
the Perron-Frobenius operators, the characterization of a given dynamical
system and the construction of invariant measure are obtained. We show
their roles in representation theory of operator algebras in this paper.

Let L,(X, p) be the set of all complex-valued measurable functions ¢
on a measure space (X, p) satisfying ||¢[|z, < oo and let L,(X,u;R) be
the subset of all real-valued functions in L,(X,u) for p = 1,2,00. For a
nonsingular transformation F' on X (that is, u(F~1(A4)) = 0 if u(A) = 0
for A C X), Pr is the Perron-Frobenius operator (or the Frobenius-Perron
operator, the transfer operator) of F' if Pp is the operator on L;(X, 1) which
satisfies

(L1) / (Prth) () dpu(r) = / B(e)du(z) (Vb € L(X, 1))
A F-1(4)

for each measurable subset A of X ([5]). By (1.1), Prt is uniquely deter-
mined as an element in L (X, u) for each w 6 L1( ). For Y e Li(X, p)

and 0 € Loo(X, 1), we obtain [ 6(F(x))( (x) = fX x)(Pp)(x) du(z).
(From this, Pp is a bounded linear operator on Li(X,p) and |Prllr, <
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|||z, for each ¢ € L1(X, pu; R). Further, a positive function p € Li(X, u)
satisfies Ppp = p if and only if p is the density of an F-invariant measure,
that is, the following holds for any ¥ € Lq1(X, p):

(12 [ o E@@ o) = [ vla)ota) duta).

In order to describe both the Perron-Frobenius operators and represen-
tations of the Cuntz-Krieger algebras simultaneously, we introduce branch-
ing function systems on a measure space (X,p). A family f = {fi}V, of
maps on X is a semibranching function system if there is a finite family
{D;}¥ | of measurable subsets of X such that f; is a measurable map from
D; to R; = fi(Di), p(X \RiU---URN) =0, u(Ri N Rj) =0 when ¢ # j
and there is the Radon-Nikodym derivative ®y, of po f; with respect to p
and ®;, > 0 almost everywhere in D; for i« = 1,...,N. A map I on X
is called the coding map of a semibranching function system f = {f;}Y, if
Fof;=1idp, fori=1,...,N.

For a semibranching function system f = {f;}V, with the coding map
F, define a family {S(f;)}}, of operators on Lo(X, 1) by

(13)  (S(f)9)(x) = xr,(2) - {@r(x)}'/? - $(F(2)) (¢ € La(X, )

where x g, is the characteristic function of R;. Then S(f;) is a partial isom-
etry with the initial space Lo(D;, ) and the final space Lao(R;,u), and
S(fi)S(fj) = S(fio fj) when D; C R;. For N > 2, let A be an N x N
matrix which consists of elements 0 or 1 and any column and row are not
0. A semibranching function system f = {f;}X, is an A-branching function
system if pu(D; \ Uj ., =1 R;) =0 for each i =1,...,N. For an A-branching

function system f = {fz =11

(1.4) m(si) =S(fi) (i=1,...,N),
defines a representation (La(X, u), 7s) of the Cuntz-Krieger algebra O4.

Theorem 1.1. For an A-branching function system f = {fi}N., with the
coding map F, the following holds:

(Prop) (@) = {(mp(s1)VE) (@)} + -+ + { (s (sh) V) (2)}
for any positive function ¢ € L1(X, u) where \/(x) = \/¥(z).

Theorem 1.2. Assume that F' is the coding map of an A-branching function
system f = {fi}N., on a measure space (X, ) and b; = . is constant for
i=1,...,N and u(X) < oco. Then the following holds:

(i) Deﬁne a subspace V. = Lin < {XR,,...,XBy} > of L2(X,pn). Then
PrV C V where R; is the image of f;.
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(ii) For a diagonal matriz B = diag(bi,...,bn) € My(R), the following
identity of matrices holds:

Pply = BA

where Prly is the matriz representation over the basis XRr,, .-, XRy
of V and the rhs is the product of matrices.

In Theorem 1.2 (ii), the eigenvalues of the Perron-Frobenius operator asso-
ciated with F' depend on not only A but also B. In this sense, eigenvalues
of the Perron-Frobenius operator have the information of a representation
of the Cuntz-Krieger algebra.

It is important problem to construct the invariant measure for a given
dynamical system. For example, Lasota-York theorem shows a construction
of invariant measure by using the Perron-Frobenius operator of a dynamical
system ([4]). We show the condition of existence of invariant measure from
the viewpoint of representation theory of the Cuntz algebra.

f = {fi}Y, is a branching function system if f = {f;}}¥, is an A-
branching function system for a matrix A = (a;;), a;; = 1 for each 4,j =
1,...,N. In this case, (La(X, 1), 7f) is a representation of the Cuntz algebra
On. For z = ()}, € SNt ={y e RV : |ly| = 1}, (H, ) is GP(z) of Oy
if there is a unit cyclic vector 2 € H such that

(1.5) m(z181+ -+ 2nsn)Q = Q.

We call 2 by the GP vectorof (H, ). In this case, thereis g € O(N) C U(N)
such that (7oag)(s1)Q2 = Q where « is the canonical action of U(N) on Oy.
This implies that (H, 7o ay) is an irreducible permutative representation of
On ([1]). Hence GP(z) of O exists uniquely up to unitary equivalence and
it is irreducible. Further we see that GP(z) ~ GP(y) if and only if z = y
where ~ means the unitary equivalence.

Theorem 1.3. Let F be the coding map of a branching function system f
on a measure space (X, p). If there is z € SN=1 such that (L2(X, p), 7¢)
is GP(z) with the GP vector Q € Lao(X, ;1;R), then there is a probabilistic
F-invariant measure v on X which is absolutely continuous with respect to
w and it is given as follows:

dv(z) = {Qx)}du(z) (z € X).
In §2, we show the main theorems. It is explained that (1.5) implies
the eigenequation of the Perron-Frobenius operator. In §3, we show concrete
examples.

2. Proofs of the main theorems

For N > 2, let M ({0, 1}) be the set of all N x N matrices such that each ele-
ment is 0 or 1 and any row and column is not 0. For A = (a;;) € My ({0,1}),
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Oy is the Cuntz-Krieger algebra by A if O4 is a C*-algebra which is univer-
sally generated by generators s, ..., sy and they satisfy s7s; = Zjvzl ijs;s;

fori=1,...,N and 3.V s;s¥ = I ([3]). Especially, when a;; = 1 for each
i,j=1,...,N, O4 is the Cuntz algebra Oy ([2]). In this paper, any repre-
sentation is unital and *-preserving.

Proof of Theorem 1.1. By (1.3), the adjoint operator S(f;)* of S(f;) on
Lo(X, p) is as follows:

(21)  (S() 9)(x) = xp,(2) {25, (2)}2 - $(fi(2)) (¢ € La(X, ).

For the coding map F of a semibranching function system f = {fi},, we
have

(2.2) (Pry)(z ZXD )@ (@) - 9(filz) (¥ € Li(X, p)).

By (2.1) and (2.2), we have
(2.3) (Pro)(z) = {(S(f)" V) (@)} + -+ {(S(fn) V) (@)}

for any positive function ¥ € L1(X,u). By (1.4) and (2.3), the statement
holds. O

Proof of Theorem 1.2. Define v; = xp, fori=1,...,N.
(i) We see that xp; = 34 asvy- By (2.1), (S(fi)* )( ) = Vbixp, (x)(fi(x)).

JFrom this, S(fi)*v; = S, b_1/2c§£ v for i = , N where (i) =
dijbia;,. Hence S(f;)*V C V. By (2.2), the following holds
(2.4) Pr=b2S(f1)" + - + by S(fx)".

Therefore the statement is proved. '
(ii) By the proof of (i), we see that S(f;)*|v = (b;l/zcgz)) as a matrix with
respect to v1,...,vy. From (2.4), the statement holds. O

Corollary 2.1. Let X be a bounded closed interval of R and A € My ({0,1}).
Assume that f = {f;}}X, is an A-branching function system on X and
b; = ®y, is constant for each i = 1,...,N. Then the eigenvalue of BA be-
comes that of the Perron-Frobenius operator of the coding map F of f where
B = diag(by,...,bn).

Proof of Theorem 1.3. Assume that Q € La(X,p;R) satisfies m¢(2151 +
<+ zysN)Q = Q. Define p(z) = (Q(z))? for x € X. Then p € Ly (X, u).
By Theorem 1.1 and m¢(s;)*Q2 = mp(s;)* 7Tf(2181 + -+ 2nsn) = 2, we

have (Prp)(z) = 3, {(n(s)*Q)(2)}* = zzzl{zz (#)}? = p(x). Hence
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Prp = p. This implies the statement. ]

Corollary 2.2. Let X be a measurable subset of R. Assume that a piecewise
Cl-class map F on X is the coding map of a branching function system
{fi}}¥, on the measure space (X,dz) where dx is the Lebesque measure. If
¢o € Lo(X,dx; R) satisfies

(2.5) VIF (@) ¢o (F(z)) = VNeo(z) (ae.z €X),
then du(z) = {¢o(x)}2dz is an invariant measure on X with respect to F.

Proof. By (1.3) and (1.4), we see that (m¢(s1 + - + sn)o)(x) =
VIF (z)|¢(F (x)) for each ¢ € La(X,dx). ;From this and (2.5), 7y (N~/2s1+
oo+ N"Y255)dg = ¢o. By Theorem 1.3 for z = (N~V2,... N-1/?) ¢
SN=1 the statement holds. O

In §6.5 of [5], it is explained that intertwiners among dynamical systems
bring new invariant measures from known ones. We show its unitary version
as follows:

Proposition 2.3. Let F' be the coding map of a branching function system
f={fi}¥, on a measure space (X, p). Assume that (Lo(X, ), 7) is GP(2)
for z € SN with the GP vector Q € Lo(X, u;R). If ¢ is a measure space
isomorphism from (X,p) to other (Y,v) and G = (o F o (™Y, then p =
(S(¢)2)? is the density of a probabilistic G-invariant measure on Y which
is absolutely continuous with respect to v where S(C) is a unitary operator

from La(X, p) to La(Y,v) defined by (S(C)¢)(y) = {®c1(y)}/2¢(C (y)).

Proof. Define a branching function system g = {gi}i]\il by g; = (o fio
¢~!. Then G is the coding map of g. We see that S({)ms(-)S(0)* = m,(-),
Tg(z181 + - 4+ 2nsn)Q = Q for Q= S(0)Q € Ly(Y,v;R). Hence
(L2(Y,v),my) is GP(z) with the GP vector Q. By Theorem 1.3, we have
the statement. O

3. Examples
Example 3.1. Let 0 <a < 1 and X =[0,1].

(i) Define a map F on X by F(z) = x/a on R; = [0,a] and F(z) =
—(x—1)/(1 —a) on Ry = [a,1].
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Then F' is the coding map of a branching function system f = {f1, fa}
defined by f; = (F|g,) " fori = 1,2. Then (7/(s1)¢)(x) = a~/2xr, (z)d(z/a),
(my(s2)9)(x) = (1—a)"'/2xp, (2)¢(—(z—1)/(1~a)) for ¢ € Ly(X, dz).

(Pry)(z) = aplax) + (1 —a)p(=(1 —a)r +1) (¥ € L1(X, dx)).

The Lebesgue measure dx is the probabilistic invariant measure of X
with respect to F.

(i) Define fi(z) = v/azx and fa(z) = /(1 —a)z?+a on X. The cod-
ing map F of f = {fi1,f2} is given by F(x) = z/\/a on [0,/a],
F(x) = /(22 —a)/(1 — a) on [/a,1]. Then a function Q(z) = v2z
on [0,1] satisfies m¢(y/as1 + 1 — as2)Q2 = Q. Hence the probabilistic

F-invariant measure on X is 2zdzx.

(Lo(X, dz), m¢) in both (i) and (ii) is GP(v/a, V1 — a) of Oz. Both invariant

measures are independent in the parameter a.

Example 3.2. For a,b € R, a # 0, define

F(z)=(z—b)?/a+b-2a
on X = [—2|a|+b,2|a|+b]. Define a branching function system f = {f1, fo}
on X by f; = (F|g,)"},i=1,2for Ry = [~2|a| +b,b] and Ry = [b,2|a| + b].
Then 77(s1 + $2)Q = Q for Qz) = 77 /2{4a® — (v — b)?} /4. Hence

1
4a? — (z — b)?

1

T)=—

plz) = —

is the density of a probabilistic invariant measure on X with respect to F.

When a = —1/4 and b = 1/2, we have

Fla) = 4z(l—2), plz) = %ﬁ

This was first obtained by Ulman and von Neumann ([8]).
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Define Ry = [0,a|, R2 = [a,1], D1 = [0,1], D2 = [0,a]. Then F is the
1 1
10
X =1[0,1]: fi: D;i = Ry, fi(x) = ax for x € [0,1] and fa(z) = (1—a)z/a+a
for z € [0,a]. Define v1 = Xjo,q]; V2 = X[q,1], V = Lin < {v1,v2} >. Then
the matrix representation of Pr with respect to vy, vy is given as follows:

= (2 0.

Hence its eigenvalue are a—1 and 1. Their normalized eigenvectors are given
as follows:

coding map of the following A = -branching function system on

— [1—a _ a Wy — 1 ( ta )
1= a X[O,a] 1 _ax[a,1}7 2 \/m X[U,a] X[a,l] .

Especially ws is the density of the invariant measure on [0, 1] with respect
to F.

Example 3.4. We show applications of Proposition 2.3. The following
(X, F,p) is a transformation F on X C R and a probabilistic invariant
measure g on X:

(i) For be R\ [-1,0], X = [0,1],

2%/ (b =) =2 (v € Dy),
F(z) = o2 (14 )
1+3b{(1+3b)z+b(b—1)_1} (v € Dy),
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where D; =[0,b/(2b+ 1)) and Dy = [b/(2b+ 1), 1]. Then

_b(b+1)
du(x) = @t b)2dcc (x €10,1]).
(i) For 0< k<1, X = [-1,1],
272 1 dx
F(z) = 2= xz)z_l' Then du(z) = V4 NS D)

where K is the positive constant defined by

dz
/ \/ 1-— xQ — k2x?)

(iii) For an integer N > 2, X = [0, 1] and

()E(Nf—[Nf}) , we have du(x) =

where [-] is the greatest integer less than equal x.
(iv) For a real number ¢ > 1, X =[1,a] and

F(z) = a/2* (z€[l,Va)), F(z)=2/a (z€[Va,a)),
we have du(x) = adz/x.
(v) For X =R\ (-1,1) and F(z) = 2/(2 — |z|) — 1, du(z) = 2&

272"

dzx
2z

Example 3.5. Let F' be a map defined by the following graph:

LI N7
TIWAN.
VCR Y SRR
111 0 1/3 2/3 1
Define A= | 0 1 1 |, B =diag(1/3,1/2,1), Ry = [0,1/3], R2 =
1 00

[1/3,2/3], Rs = [2/3,1], D1 = [0,1], Dy = [1/3,1], D3 = [0,1/3]. The
A-branching function system f = {f1, fo, f3}, fi : D; — R;, i = 1,2,3,
with the coding map F is given by fi(z) = x/3, fa(z) = —(x —1)/2 +
1/3, fs(x) = —z+1. ;From this and Theorem 1.2 (ii), Pr|w = BA where
W = Lin< {XRy, XRys XRs} >. We see that 0,—1/6,1 are eigenvalues of
Pr|w. Hence they are eigenvalues of Pr.

Example 3.6. For A € My({0,1}) and an A-branching function sys-
tem f = {fi}), on a measure space (X, 1), p(X) < oo, assume that
b; = ®y, is constant for each i = ,N. Then b = rl/(Z] 1 GijT5)



where r; = p(R;). When A = , we have B = (b1, bg,b3) =

— = O
_ o
—_

diag( o L L ) For 0 < a < b < 1, consider the case F on

ro+r3’ r1+r3’ ri+ra+r3

X =[0,1] Whic;_{ graph is given as follows:

___
o

b - b ot

___
o

____
=

—_

0 1 0 a b

F' is the coding map of an A-branching function system given as follows:
fi : D; _>RZ'7 1= 172737

filz)= % (x—a) (x€ D),

—_

_1EZ$al’+b’ (l‘ € Rl)v

fao(z) =

1321(1 (QZ‘ - 1) ta (33 € R3)7

fg(l') = (1 - b)‘/E—i_b (JT € [07 1])7

where R; = [0,a], R = [a,b], R3 = [b,1], D1 = [a,1], D2 = [0,a] U (b, 1],
D3 =[0,1]. {From these, we have B = diag (a/(1 —a), (b—a)/(1 = b+ a), 1 —b).

Example 3.7. Let F(z) = 2® — 3z on X = [-2,2]. Then %\/ff? is a

probabilistic invariant measure with respect to £'. For a branching function
system f = {f1, f2, f3} defined by fi = (Fl_o_1))7", fo = (Fl=1,1) 7
f3 = (F|[1,2])_17 (LQ[_272]77Tf) is GP(3_1/273_1/273_1/2) of 03-

Example 3.8. Let X be the closed bounded region in R? which is clipped
by 4-curves Ly = {(—2%,2) : v € [-1,1]}, Ly = {(z,-1) : x € [-1,1]},

Ly={(2—-2%2):2c[-1,1]}, Ly = {(x,1) : © € [-1,1]}. Define a map F
on X by

F(z,y) = (2x2+4xy272y274x+1, 2y271) ((z,y) € X).

Then F(X) = X. There are the following four subregions Ry, ..., R4 of X:
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| | I | | |
| -1 I___ o

where the new center curve in the right figure is {(1 — 2%,z) : 2 € [-1,1]}.
Then X = Ry U---U Ry and F|p, is a bijection from R; to X for each
i=1,...,4. Then

1 dxdy

A=y +y?)2 -z —1?)

is a probabilistic invariant measure on X with respect to F'. For a branching
function system f = {fi}}_, defined by fi = (F|g,)~", (L2(X,dzdy), ) is
GP(1/4,1/4,1/4,1/4) of Oy.

du(w,y) =

Acknowledgement: I would like to thank Makoto Mori for his talk in [7].
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