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Abstract

The purpose of this paper is to understand greedily solvable linear programs in a
geometric way. Such linear programs have recently been considered by Queyranne,
Spieksma and Tardella, Faigle and Kern, and Kriiger for antichains of posets, and by
Frank for a class of lattice polyhedra, and by Kashiwabara and Okamoto for extreme
points of abstract convex geometries. Our guiding principle is that solving linear
programs is equivalent to finding a normal cone of a polyhedron which contains a
given cost vector. Motivated by this observation, we introduce and investigate a
class of simplicial subdivisions, called greedy fans, whose membership problem can
be greedily solvable. Our approach sheds a new perspective on greediness and sub-
modularity in terms of theory of regular triangulations. Furthermore we introduce
a well-behaved special class of greedy fans, named acyclic greedy fans, which can be
obtained by some poset. In particular, its close relationship to reverse lexicographic
triangulations is revealed. We show that the set of acyclic greedy fans on fixed
vertices can be naturally regarded as a certain kind of a polyhedral subdivision like
secondary fans. We establish the relationship between our approach and Frank’s
and Kashiwabara and Okamoto’s models.

Keywords: submodularity, greedy algorithms, regular triangulations

1 Introduction

In this paper, given a finite set V, a nonempty family A C 2" and a function f : A — R,
we consider the following dual pair of linear programs

Plajw) D) :

max . Z w(e)z(e) min . Z AMA)f(A)
eeV AeA

s.t. > z(e) < f(A) (A€ A), | sit. > AMA) =wle) (eeV),
ecA AcA:ecA
zeRY, AMA) >0 (Ae A).

(1.1)

Since many combinatorial optimization problems can be reduced to this form, it is impor-
tant to characterize efficiently solvable classes of LPs of this type. One of fundamental
examples of such classes is a polymatroid [3]; linear programs over polymatroids can be
greedily solved.



Since recent works by Queyranne, Spieksma and Tardella [27] and Faigle and Kern [5],
several researchers [7], [21], [6], [1], [19], [10] have investigated greedily solvable linear
programs, where so-called dual greedy algorithms construct a dual optimal solution in
a greedy way. Such a system of linear inequalities is called a dual greedy system and a
polyhedron associated with a dual greedy system is called a dual greedy polyhedron [10].

In particular, Kriiger [21] extended Faigle and Kern’s dual greedy algorithm [5] for
antichains of arbitrary posets and gave a kind of the submodularity condition (see also
[1]). Kashiwabara and Okamoto [19] extended Kriiger’s dual greedy system for ex-
treme points of abstract convex geometries (see also [10]). These frameworks can be
understood as a common generalization of the dual greedy algorithm for a submodular
polyhedron [23] and the Monge algorithm for the assignment problem with Monge cost
matrices [15].

On the other hand, Frank [7] considered a similar dual greedy algorithm for a class of
lattice polyhedra [16]. Frank’s dual greedy algorithm can be understood as an extension
of the two-phase greedy algorithm for the minimum spanning arborescence problem by
Fulkerson [11].

A common feature of these dual greedy algorithms is to construct a dual optimal
solution A : A — R by the following simple greedy procedure using some oracle @ :
2V 24,

Setn=#V, X —V,ANA) «—0(AcA).
For each ¢ = 1,...,n, repeat the following process:
Take A; € ®(X) and e; € Argmin{w(e) | e € A;}.
Set A(A;) — w(e;), X — X \ {e;} and w(e) «— w(e) — A\(A;) for e € A;.

The main purpose of this paper is to understand these dual greedy systems in a
geometric way. Our guiding principle is the following fundamental fact.

Solving this dual linear program D4 ., is equivalent to finding a normal
cone of the primal feasible polyhedron which contains a given cost vector w.

This is a membership problem of the normal fan of a polyhedron. Motivated by this
observation, we introduce a special class of simplicial fans whose membership problem
can be greedily solved. We call such a simplicial fan a greedy fan. Our approach is
closely related to theory of regular triangulations [13, Chapter 7]. From this view point,
we shed a new light on these dual greedy systems and submodularity conditions.

This paper is organized as follows. In Section 2, we introduce the concept of greedy
fans and investigate its properties. In Subsection 2.2, we try to construct a polyhedron
whose normal fan coincides with a given greedy fan A. This problem is closely related
to the regularity of simplicial subdivision A, where A is regqular if there exists some
polyhedron whose normal fan coincides with A. We define A-submodular inequalities
and show that a function f satisfies A-submodular inequalities strictly if and only if
the normal fan of its associated polyhedron P(f) coincides with A. Consequently, linear
programs over this polyhedron P(f) can be greedily solved. In Subsection 2.3, we discuss
algebraic meaning of A-submodularity inequalities with connection to toric ideals and
Grébner bases. This argument throws a new perspective to the submodularity. In
Subsection 2.4, we give a nontrivial characterization of greedy fans, using a certain
multiple-choice function, which is a natural extension of choice functions [24].

In Section 3, we introduce and investigate a well-behaved special class of greedy
fans, called acyclic greedy fans, which can be represented by some posets. We show that
every acyclic greedy fan is reverse lexicographic triangulation and therefore is regular
(Theorem 3.5). This argument clarifies a geometric structure of dual greedy polyhedra



(Figure 4). Furthermore we give a remarkable structure theorem that the set of all
acyclic greedy fans on a fixed set of vertices forms a certain kind of a polyhedral fan
(Theorem 3.12), which is an analogue of the secondary fan of regular triangulations [13,
Chapter 7]. We call this polyhedral fan the secondary greedy fan. Furthermore, we see
that if this secondary greedy fan is regular, it coincides with the normal fan of the base
polyhedron associated with some (ordinary) submodular function (Corollary 3.15). In
Subsections 3.2, 3.3, and 3.4, we investigate special classes of acyclic greedy fans. In
particular, we establish the relationship between our approach and dual greedy systems
by Kashiwabara and Okamoto [19] and by Frank [7], and give another systematic proof
of the validity of their greedy algorithms.

It should be noted that a similar approach is given in Sohoni’s Ph.D. thesis “shapes
of polyhedra in combinatorial optimization” [29], where Sohoni considered a certain kind
of the normal fan of polyhedra, called shape, in a more general setting. We emphasize
that we are interested in the interplay between the structure of normal fans and the dual
greediness of algorithms.

2 Greedy Fans

In this section, motivated by dual greedy algorithms, we introduce the concept of a greedy
fan. We need some basic notation. Let V' be a (nonempty) finite set with #V =n. R
and R, denote the set of real numbers and of nonnegative real numbers, respectively.
Similarly, let Z and Z, denote the set of integer numbers and of nonnegative integer
numbers, respectively For a function f : A — R on a set A, the support supp f is
defined by {A € A | f(A) # 0}. For a subset A C V, the characteristic vector x4 € RY

is defined as
{ 1 ife€A,

0 otherwise,

xa(e) = (e€V). (2.1)

For a set of vectors V C RY, the conical hull coneV of V is defined by

coneV = {Z Aiv; | v1,02, 0 0m €V A Ag, . A € Ry T (2.2)

i=1

We need to recall the basic definitions of polyhedral geometry; see [36] for details. A set
of polyhedral cones A is said to be a polyhedral fan if every face of every P € A isin A,
and the intersection of each two members P, Q) € A is the common face of P and . We
denote by |A| the union of all members of A. A is also called a polyhedral subdivision
of |Al. If every member of A is a simplicial cone, we call A a simplicial subdivision or
a triangulation. For a polyhedron P C R"™ and a point x € P, the normal cone of P at
x is defined to be the set of vector {w € R" | x € Argmax ¢ p(w,y)}, where (-,-) is the
standard inner product of R™. The normal fan of P is the collection of normal cones of
P. A simplicial subdivision A is said to be regular if there exists a polyhedron P such
that the normal fan of P coincides with A. For two polyhedral subdivisions A and A’,
A is said to be a coarsening of A’ if for each member C € A, {C" € A’ | C" C C}is a
polyhedral subdivision of C'.

2.1 Greedy Fans and Dual Greedy Algorithms

We consider a simplicial subdivision A of RK with the following additional property,
where we call a 1-dimensional cone a wverter.

Each vertex of A can be expressed by Ry x4 for some nonempty set A C V.



Let A = Aa C 2V be a nonempty family defined as
A={ACV | Ryyxa is a vertex of A }.

In particular, A can be regarded as an abstract simplicial complex on the vertex set A,
which is denoted by A C 2A. We shall often identify A with A. For a nonempty subset
X C V, we define the restriction AX by {C € A | C C R{}. Note that A¥ is a simplicial
subdivision of Rf .

We define greedy fans recursively. If #V = 1, the trivial simplicial subdivision of
RK is defined to be greedy. Now we suppose that we have already defined the set of
all greedy fans of RZ with #U < #V. A simplicial subdivision A of RK is said to be
greedy if there exists a nonempty subset A C V such that

(G1) every maximal cone of A contains Ry as a vertex and
(G2) for any e € A, a restriction AVMe} is a greedy fan of RK\{B}.

We call a vertex satisfying (G1) and (G2) of a greedy fan A a center vertex. We consider
the following membership problem:

Given a nonnegative vector w, find C € A with w € C.
In fact, this membership problem can be solved in a greedy way as follows.

Theorem 2.1. For a greedy fan A and a nonnegative vector w, consider the following
process:

Set X « V and v’ «— w.

For each ¢ = 1,...,n, repeat the following process:
Take a center vertex A; of AX and e; € Argmin{w’(e) | e € A;}.
Set \; = w'(e;), w' — w' — N\jxa, and X — X \ {e;}.

Then we have w =Y ;" 1 A\ixa, and w € cone{xa, }I; € A.

Proof. By construction, we have A4, > 0and w = Y1 ; Aa, x4,. Hence it suffices to show
cone{x, }I~; € A. This immediately follows from the definition of a greedy fan. O

Example 2.2. We draw greedy fans of dimension 2 and 3 in Figure 1, where each trian-
gulation is the intersection of a greedy fan and the hyperplane {zx € RV | 3 |, z(e) =
1}, where we simply denote {1,2} by 12. The center vertices for each 3-dimensional
example are given as follows: (a) 1,2,3, (b) 3,12, (c) 12, (d) 123, (f) 123, (g) 123.

Every restriction of a greedy fan is greedy.

Lemma 2.3. For a greedy fan A of RK and a nonempty subset X C V', the restriction
AX s greedy.

Proof. We use induction on #V. Suppose that this statement holds for any greedy fan
on V with #V < k. Now consider a greedy fan A on V with #V = k. By definition,
there exists a center vertex A of A such that AV\Me} is greedy for e € A. By induction,
any subset U C V \ {e} is greedy. Hence it suffices to show that for any ¢/ € V' \ A
AVMe} is greedy. Clearly A is also contained by every maximal cone of AV} ag a
vertex. Since V' \ {e,e’} C V \ {e}, AV\Me€'} s greedy for e € A. Hence A satisfies (G1)
and (G2) for AVMe} O

From this lemma, we have the following nonrecursive characterization of greedy fans.
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Figure 1: Greedy fans of dimension 2 (left) and dimension 3 (right)

Proposition 2.4. A simplicial subdivision A of RK is greedy if and only if for each
nonempty subset X C V there exists A C X such that every mazimal cone of AX
contains A as a verter.

We define a map ®a : 2V — 24 as
PA(X) ={ACV | Ais a center vertex of AX} (X CV, X #0) (2.3)

and ®A(0) = 0 for convenience. Using this map ® = P, the process in Theorem 2.1
can be rephrased as follows.

Procedure: Dual Greedy
Input: A vector w € RK.
Output: )\ € R with w = Yo aea MA)xa.
Initialization: v’ — w, X <V, A(4) < 0 (VA € A).
stepl: If X = (), then stop.
step2: Pick arbitrary A* € ®(X) and e* € Argmin{w/'(e) | e € A*}.
step3: Put A\(A*) «— w'(e*) and w’ «— w' — w'(e*)xa~.
step4: Put X «— X \ {e*} and go to stepl.
It is convenient for subsequent arguments to consider the following variant of Dual _Greedy.
Procedure: Dual _Greedy*
Input: A vector w € RK.
Output: A € R with w =3, 4 A(A)xa.
Initialization: w’ «— w, \(A) — 0 (VA € A).

stepl:
step2:
step3:
step4:

For a greedy fan A, Dual _Greedy and Dual_Greedy* return the same output.

If w' = 0, then stop.
Pick arbitrary A* € ®(suppw’).

Put A(A*) « min(w’'(e) | e € A*) and w' «— w' — A\(A*)xa*.

Go to stepl.



2.2 A-Submodular Functions Associated with Greedy Fan A

Here, we try to construct a polyhedron whose normal fan coincides with a given greedy
fan A with vertex set A C 2"\ {(}}. In the argument of this subsection, the greediness of
A is not essential. By slight modification, we can apply subsequent arguments (except
Corollary 2.10) to any simplicial subdivision.

For a function f : A — R, we define a polyhedron P(f) as

P(f)={z e R" | > z(e) < f(A) (A€ A)}. (24)

ecA

Note that P(f) is the feasible region of P4 ., in (1.1). Let (A)* C 24 be a family
defined as ) ) R
(A ={FCA|F¢gA FCcF= F eA}. (2.5)

Namely, (A)* is the set of minimal nonmembers of A. For F € (A)*, let Ar : A — Z
be defined by the output of Dual _Greedy for input vector w = ) 4. x4, or equivalently,
Ar is a nonnegative vector satisfying suppAr € A and 3, r x4 = 3 acq AF(A)xa.
Note that such Ar is uniquely determined. We define A-submodularity inequalities as

D FA) =Y AFANf(A) (Fe(A)) (2.6)

AeF AeA

Note that LHS of (2.6) depends only on abstract simplicial complex A and RHS of (2.6)
depends on its geometric realization A. A function f : A — R is said to be A-submodular
if it satisfies A-submodularity inequalities (2.6). f is said to be strictly A-submodular if
it satisfies A-submodularity inequalities (2.6) with strict inequality.

Theorem 2.5. Suppose that there exists a strict A-submodular function. Then, f is
A-submodular if and only if Dual Greedy produces an optimal dual solution of D4 )
for every nonnegative cost vector w.

Proof. The if part follows from the definition of A-submodularity inequalities (2.6). We
show the only-if part. We can take a strict A-submodular function g. Consider linear
program D4 r ) Wwith a A-submodular function f and a cost vector w € RK. Since
both P4 f.w) and D4 ., are feasible, D(4 ., has an optimal solution.

We take an optimal solution A* of D( 4 f,,,) which minimizes the value ) 4 4 A*(A)g(A).
We claim supp A\* € A. If so, \* must be the output of Dual_Greedy. Suppose that
supp A* &€ A. Then there exists F € (A)* such that F C supp A*. Let A be defined as

. A(A) —p if AeF,
MA) =< N(A) +prr(A) if Acsupp), (AcA), (2.7)
A (A) otherwise,

where y = min{\*(A) | A € F} > 0. From Y cr x4 = > oaes \r(A)xa, A is also feasi-
ble to D4 7. Furthermore, by A-submodularity of f, the objective value of D4 f..)

for A is given by

DSAMAFA) = D N(Af(A) —p (Z =3 Af(A)f(A)>

AcA AeA AeF AcA

SN (A)(A). (2.8)

AcA

IN



Hence X is also optimal to D4, fw)- Similarly, we have

S AMAgA) = D A (A)g(A) - p (Z g(A) = > )‘J-'(A)Q(A)>

AcA AcA AcF AcA
<) N (A)g(A). (2.9)
AeA
This contradicts the definition of \*. O

This is a standard proof technique in combinatorial optimization; see Remark 2.15
for further discussion. It follows from the proof of Theorem 2.5 that D4 ., has the
unique optimum if and only if f is strict A-submodular. From this we have the following.

Corollary 2.6. A function f is a strict A-submodular if and only if the normal fan of
P(f) coincides with A. In particular, A is reqular if and only if there exists a strict
A-submodular function.

Corollary 2.7. Suppose that A is reqular. If f is A-submodular, the normal fan of
P(f) is a coarsening of A.

A primal optimal solution can be obtained by the backward iteration as follows.

Proposition 2.8. Suppose that A is regular and f : A — R is A-submodular. For a
nonnegative cost vector w € RY | let {(A;, e;)}"_; be the sequence of pairs (A*,e*) chosen
by step 2 of Dual_Greedy for input vector w. Then, x* € RV defined by

wie) = f(A)— D a(er) (i=1,...,n) (2.10)
k:k>i,ep€A;

is optimal to P4t u)-

Proof. The following argument is essentially the same as the proof of [10, Theorem 2.1].
For any nonnegative vector w, we define a continuous piecewise linear function f as

flw) =Y A (A)f(A), (2.11)

AcA

where A is the output of Dual_Greedy for w. Note that f is well-defined and coincides
with the interpolation of f with respect to A. By Theorem 2.5 and the duality theorem
of linear programming, f coincides with the support function of P(f), which is convex.
Then z* € RY defined by (2.10) coincides with the gradient vector of f at cone{xa, }1-; €
A. Convexity of f implies that ey TH(e)w' (e) < f(w') for any w’ € RY. In particular,
we have ) .y 2%(e)xa < f(xa) = f(A) for A € A. This implies that z* is feasible to
P4, fw)- Furthermore, by construction, z* has the same objective value of D4 ) at
A". Hence z* is optimal to P4 7).

Remark 2.9. If we use Dual_Greedy*, we cannot directly obtain a primal optimal
solution.

Recall that a dual optimal solution can be taken as integral for any integral cost
vector by the construction of Dual Greedy.

Corollary 2.10. For a A-submodular function f of a regular greedy fan A with vertex
set A, the system of linear inequalities ) . , x(e) < f(A) (A € A) is totally dual integral.

7



Figure 2: A nonregular greedy fan

Unfortunately, not every greedy fan is regular.

Example 2.11. We give an example of a 4-dimensional nonregular greedy fan. Figure 2
illustrates (the boundary complex of) the hyperplane section of a 4-dimensional greedy
fan. A center vertex is given by 123. The set of strict submodularity inequalities for this
greedy fan contains

f(4) + f(2) > f(24) + £ (1),
f4) + f(3) > f(34) + f(2),
B4+ (1) > f(14) + f(3).

Summing these three inequalities leads to a contradiction. Hence, this greedy fan is
nonregular.

Remark 2.12. For a A-submodular function f with a regular greedy fan A, we have
J(A) =max{} . x(e) |z € P(f)} for A€ A. In particular, f is polyhedral tight in the
sense of Narayanan [25].

Remark 2.13. For a simplicial subdivision A with vertex set P C R", the secondary
cone for A is defined by
{f:P—R| fis convex }, (2.12)

where f is a piecewise linear function interpolating f with respect to A. Sohoni [29] call
(2.12) the set of functions admitting for A. Usually, the defining inequalities (admittance
inequalities for A in Sohoni’s sense) of this secondary cone are given by

a1 as - G b

et (oo aJaen( )y )20 e
for {a1,as,...,a,} € Aandb e P\{a1,as,...,a,}; see [29], [13, Chapter 7], [18, Lemma
14]. For a regular greedy fan A, the set of A-submodular function is the same as the
secondary cone for A by Theorem 2.5. However, our defining set of inequalities (2.6) is
different to (2.13). In the case of a nonregular greedy fan, we do not know whether the
cone of A-submodular functions coincides with the secondary cone for A. In particular,
we do not know whether Theorem 2.5 holds without the regularity assumption.

2.3 Algebraic Meaning of A-Submodularity

In this subsection, we give an algebraic meaning of A-submodularity inequalities. Through-
out this subsection, we assume the regularity of greedy fan A. Similarly as in the pre-
vious subsection, greediness of A is not essential. By slight modifications, we can apply



the subsequent arguments to any simplicial subdivision each of whose members with
maximal dimension has unimodular integral vectors as vertices.

We use basic terminology of Grdbner bases and toric ideals; see [33] for details. Let
k be any field and k[u] = k[ua : A € A] the polynomial ring in #.A indeterminates. The
monomials in k[u] are denoted by u* =[], 4 uz(A) for A € Z7'. Every vector A € Z#4
can be written uniquely as A = AT — A\~, where AT and A\~ are nonnegative and have
disjoint support. Consider the toric ideal

La= (M —u* xeZA D xan(A4) =0) (2.14)
AcA

of the vectors {xa | A € A}. We can take a sufficiently generic, positive, strict A-
submodular function f. Then, f induces a term order <; of the monomials in k[u]

as
def

W <put A S ) < 3D fAp4) (pezd).  (215)
AcA AcA

For any non-zero polynomial p € k[u], we define the initial monomial in- +p by the
maximum monomial in p with respect to <y. The initial ideal inc I is defined by
(in<fp :p € I4). A finite subset of polynomials G C I 4 is called a Grébner base for
I4 with respect to < if inc,I4 is generated by {in<,(g) | g € G}. Grébner base G is
said to be reduced if, for any two distinct elements g, ¢’ € G, no term of ¢’ is divisible by
in<,(g). Then the following holds.

Theorem 2.14. For a regular greedy fan A, the set of polynomials
G = {wr - ( Fe Ay} (2.16)

is the reduced Grobner base for I with respect to <y for a generic positive strict A-
submodular function f.

Proof. Since Ar is a nonnegative integral vector, u** is well-defined. From } AcF XA =
Y aea A\F(A)xa, we have G C T4 and (inc,G) C inc 4. Suppose that this inclusion is
strict. Then there exists ut —uh € Iy Such:chatAZAeA MA)f(A) > Z;AEA a(A)f(A)
and u* ¢ (in. +G). The latter implies supp A € A. This implies that ) is optimal to
the linear program D4 f.,) for w =}, 4 XaMNA) = > aca XAfi(A). This contradicts

Y oAcA MA)f(A) > > aca i(A)f(A). Hence (2.16) is a Grébner base. By construction,
(2.16) is reduced. U

Remark 2.15. The proof of Theorem 2.5 is based on a standard technique to show
TDI-ness of linear inequality systems related to submodular functions; see [28, Chapter
60] for example. We point out that the updating A* to A in (2.7) corresponds to the
division of u* by the Groébner base uX* — u*#. In addition, the totally dual integrality
of the dual greedy system (Corollary 2.10) corresponds to the square-freeness of the
Grobner base (2.16); see [17] for the relationship between totally dual integrality and
square-free Grobner base.

Example 2.16 (The barycentric subdivision). Consider the following simplicial
subdivision

A = {cone{xa,, X9, XA} |0 # A1 CAyC---C A, CV}L (2.17)



N
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Figure 3: Barycentric subdivisions of 2-simplex(left) and 3-simplex(right)

Then A is the barycentric subdivision of simplex; see Figure 3. We can easily verify that

A 2V \ {0}, (2.18)
DA(X) = {X} (XCV), 2.19

(2.19)
A = {{A, Ay . AL} |D# A CAYC- C A, C VY, (2.20)
A* = {{A,BY|AZ B,B¢ A}. (2.21)

By x4 + xB = xauB + X4nB, A-submodularity inequalities are given as

J(A)+ f(B) > J(AUB)+ f(ANB) ({A,B} € (A)*: ANB #0),

f(A)+ f(B) > f(AUB) ({A, B} € (A)*: AN B = 0). (2.22)

(2.22) coincides with ordinary submodularity inequalities by putting f(0)) = 0 and P(f)
coincides with a submodular polyhedron [9]. In particular, A is regular greedy; see
Example 3.26. Dual_Greedy using this ® coincides with the dual greedy algorithm for a
submodular polyhedron [23],[9]. The corresponding Grobner base is given as

ugup —uaupuane ({A,B} € (A)* :ANB #£0),

UAUB — UAUB ({A,B} € (A)*: AN B =0). (2.23)

2.4 Greedy Multiple-Choice Functions

In this subsection, we discuss properties of the map ® A, defined by (2.3), associated with
greedy fan A and try to define greedy fans by means of a certain map ® : 2V — 22"
Our main purpose here is to derive conditions of ® which determine a greedy fan. First,
we see that ®a has the following properties.

Proposition 2.17. For a greedy fan A with vertex set A, the map ® = & : 2V — 24
has the following properties.

(C1) for a nonempty X CV, ®(X) is nonempty and ) ¢ ®(X).
(C2) for X CV and A € ®(X), we have A C X.
(M1) for XY CV and A€ ®(X), if ACY C X, then we have A € ®(Y).

(M2) for X CV and A, B € ®(X), we have A= B or AN B = 0.

Proof. (C1) and (C2) follow from the definition of ®. (M1) follows from the observation
that if A is a center vertex of the greedy fan AX, A is also a center of AY for A C
Y C X. We show (M2). Suppose that A and B have nonempty intersection. Consider
Dual_Greedy for the greedy fan AX and input vector x aup. Then the solution is not
unique. This is a contradiction. ]
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If a function ® : 2V — 22" gatisfies (C1) and (C2), we call ® : 2V — 22" 4
multiple-choice function. Given a multiple-choice function ® : 2V — 22V, we can ap-
ply Dual Greedy for any nonnegative input vector. However, the output A depends
on the choices of A* and e* in step 2. Next we discuss the uniqueness of outputs of
Dual Greedy for general multiple-choice functions. For a multiple-choice function ® and
an input vector w € RK, a sequence {(4;,e;)}, C2Y x V is said to be feasible to w if
A; = A" and e; = e* can be chosen in step 2 of the ith iteration step for input vector
w. Then we see the following.

Lemma 2.18. If a sequence {(A;, e;)}}, is feasible to some input vector, then it is also
feasible to any vector in cone{xa, }1'_.

Let Ag be a set of simplicial cones defined as
Ag = {cone{xa}aesupp r | A is an output for some w € RY}. (2.24)

Lemma 2.18 above implies that any face of any member of Ag is also contained by
Ag. Hence, if the output A is uniquely determined for any w € RK, Ag forms a
simplicial subdivision of RY. In fact, the conditions (M1) and (M2) are sufficient for
this uniqueness as follows.

Proposition 2.19. If a multiple-choice function ® : 2V — 22" satisfies the conditions
(M1) and (M2), for any nonnegative input vector w, the solution of Dual Greedy is
determined independently of the choices A* and e* in step 1.

Proof. We use induction on the number of the nonzero support of nonnegative input
vectors. For any w € RK with #suppw < 1, the statement clearly holds. Consider
a nonnegative input vector w with #suppw > 1. Let {(A;,e;)}", and {(B;,d;)}
be two feasible sequences to w. Let A and p be outputs for w using feasible sequences
{A;,e;}, and {B;,d;}" 1, respectively. We define X; and Y; as

X1 = Y1 = V, Xi+1 = Xz \ {ei}, Y;’_‘_l = Y; \ {d,} (225)

fori =1,...,n. We show A = u. Let i be the smallest number satisfying A(A;) > 0.
Similarly, let j be the smallest number satisfying u(B;) > 0. Then we have A; C
suppw C X; and B; C suppw C Y;. By (M1), we have A;, B; € ®(suppw). Hence, it
follows from (M2) that A; = Bj or A;NB; = 0. If A; = B;, then we have A\(4;) = u(B;).
If A;NB; =0, then we have A; C suppw \ {d;} C X; and Bj 1 C suppw \ {d;} C Yji1.
Similarly we have A; = Bji1 or A; N Bjy1 = (. Repeating this process, there exists

some number k such that A; = Bji; or A; = suppw \ {dj,djt1,...dj4k—1}. In the
latter case, we have Bj,; € ®(A;). Hence Bji, = A; holds by Lemma 2.20 below.
Since A; N BjJrl = A; N Bj+2 =...= AN Bj—l—k—l = @, we have )\(AZ) = H(Bj—l—k)'

We define a modified input vector w’ = w — M(Ai)xa;, = w — p(Bj1r)xs,,,- Then
we have # suppw’ < #suppw. Two sequences {(A4;,¢e;)}" and {(B;,d;)}!, are also
feasible to the modified input vector w’ by Lemma 2.18. Let X and p’ be two outputs of
Dual_Greedy for input vector w’ using feasible sequences {(A;,e;)}7; and {(B;, d;)}" 4,
respectively. Then we have

, _ 0 if A= A; = Bj / o 0 if A=A; = Bj
A4) = { A(A) otherwise ci(A) = w(A) otherwise
for A C V. By induction, we have \' = p/. This implies A = p. O
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For a function ® : 2V — 22V, we define the image Im® C 2V as
Im®={ACV |Inonempty X CV, Aec &(X)}. (2.26)

Lemma 2.20. Let ® be a multiple-choice function ® satisfying (M1) and (M2). For
A eIm®, we have {A} = ®(A).

Proof. If A € Im®, then there exists X C V such that A € ®(X) and A C X by (C2).
By (M1), we have A € ®(A). By (C1) and (M2), we have {A} = ®(A). O

A multiple-choice function is said to be greedy if it satisfies (M1) and (M2). Hence,
we obtain a greedy fan by a greedy multiple-choice function as follows.

Theorem 2.21. For a greedy multiple-choice function ® : 2V — 22‘/, Ag is a greedy
fan of RK with vertex set Im ® and satisfies

®(X) C { center vertices of AF } (X C V). (2.27)

Conversely, every greedy fan A can be represented as A = Ag for some greedy multiple-
choice function ®.

Proof. Indeed, Ag is a simplicial subdivision of RY by Proposition 2.19. We show
the greediness and (2.27). It suffices to show that for any X C V, A € ®(X), and
w E RK with suppw = X, the output A of Dual_Greedy for w satisfies \(A) > 0. Let
{(A;,e;)}?, be a feasible sequence to w and {X;}"; a sequence defined by (2.25). If
A1 € X, then M(A;) = 0and A C X C X,. If 4 C X, then we have 47 € ®(X)
by (M1), and A} = A or AN A =0 by (M2). If A = A, then \(A1) = AM(A) > 0 as
desired. If Ay N A = 0, then for each e € A, w'(e) is invariant in step 3 and we have
A C Xs. Repeating this process, we have A = A, or A = X, for some k. In the latter
case, we have A = Ay by Lemma 2.20. Since w’(e) is invariant for each e € A in this
process, we obtain A(A) = A(Ax) > 0 as desired. Final part of this theorem follows from
Proposition 2.17. U

Corollary 2.22. For a greedy multiple-choice function ®, Dual Greedy and Dual Greedy*
return the same output.

The proof of Proposition 2.19 gives the following useful criterion to test whether two
greedy multiple-choice functions produce the same greedy fan.

Proposition 2.23. For two greedy multiple-choice functions ®1,®o : 2V — 22V, the
following two statements are equivalent.

(1) Ao, = Ag,.
(2) for any X CV, A€ ®1(X), and B € ®5(X), we have A= B or AN B = (.

Remark 2.24. A multiple-choice function ® with #®(X) = 1 for X C V can be
regarded as a choice function; a choice function is a function ¢ : 2V — 2V satisfying
H(X)#ADif X #0and ¢(X) C X for X C V. See [24] for choice functions and also see
[10] for the relationship to dual greedy algorithms.

3 Acyclic Greedy Fans

In this section, we investigate a certain class of greedy fans which can be represented
by some posets. This approach is motivated by the dual greedy system by Frank [7]. In
Subsection 3.1, we introduce acyclic greedy fans and investigate their geometric prop-
erties. In the subsequent subsections, we study some special cases of acyclic greedy
fans.
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3.1 Acyclic Greedy Fans

Here, we introduce a special class of greedy fans, named acyclic greedy fans, and study
its geometric properties. Our main purpose here is to show the following:

e Acyclic greedy fans are regular and obtained by successive stellar subdivisions (The-
orem 3.5).

e The set of all acyclic greedy fans on a fixed set of vertices forms a kind of a
polyhedral fan, named the secondary greedy fan (Theorem 3.12).

Throughout this subsection, we assume that A is a subset of 2V \ {#}. A pair A, BCV
is said to be intersecting if it satisfies AN B # 0, AZ B, and B Z A. Let P = (A, <)
be a poset on A. We define a function ®p : 2V — 24 associated with P as

Op(X)={A€A|ACX,B>A=BgZX (Bc A} (XCV), (31

that is, ®p(X) is the set of maximal members of A contained in X. Such a function
®p was used by Frank [7] in his dual greedy algorithm. We easily see the following
properties of ®p.

Lemma 3.1. Let P = (A, <) be a poset on A. Then we have the following.

) ®p is a multiple-choice function if and only if {e} € A fore e V.

) ®p satisfies (M1).

3) Im®p = A if and only if A # B for each pair of A,B € A with A C B.
)

Op satisfies (M2) if and only if for each pair of A, B € A having nonempty in-
tersection, there exists C € A with C C AU B such that A < C or B < C (or
both).

A poset P = (A, <) is said to be greedy if ®p is a greedy multiple-choice function
and satisfies Im ®p = A (or Im ®p = A\ {0} in the case {0} € A). Hence, from a greedy
poset P, we obtain a greedy fan, which is denoted by Ap. A greedy fan A is said to be
acyclic if there exists a greedy poset P such that A = Ap.

For two posets P; = (A, <1) and P2 = (A, <2), P2 is a refinement of Py if it satisfies

A greedy poset (A, <) is a refinement of poset (A, C) as follows.

Lemma 3.2. Let P = (A, <) be a greedy poset. For any A,B € A, if A C B, then
A< B.

Proof. Im ®p = A and Lemma 2.20 imply {B} = ®p(B). Suppose A £ B. Then A and
B are incomparable by Lemma 3.1 (3). Then there exists C' € A such that C # B and
C € ®p(B). This is a contradiction. O

Furthermore, from the condition of Proposition 2.23, we have the following.

Proposition 3.3. Let P is a greedy poset. Then, any refinement P’ of P is greedy and
satisfies Ap = Apr.

Proof. Tt follows from ®p/(X) C ®p(X) and Proposition 2.23. O

13



For a poset P = (A, <), a linear extension (A, <*) of P is a totally ordered set which
refines P. Then we have the following.

Lemma 3.4. If A contains every singleton, then any linear extension of (A, C) is greedy.

Next, we give a geometric interpretation of this linear extension. For this, we in-
troduce stellar operations (or pulling operations) of simplicial fans; see [4], [22] for stel-
lar /pulling operations. For a simplicial fan A and a point p € |A|, the stellar subdivision
st,A by p is obtained by the following process:

Set st, A = (.
For each member C' € A, repeat the following:
if p & C, then st,A «— st,AU{C}.
if p € C, then, for each face F' of C' not containing p,
stpA — st, A U {cone(p U F')}.

Let Ag be a simplicial fan consisting of the nonnegative orthant and its faces. Then
the following theorem implies that acyclic greedy fans can be obtained by successive stel-
lar operations from the trivial subdivision Ay with respect to some order which refines C.
This implies that every acyclic greedy fan is a reverse lexicographic triangulation; see
[22], [32], [33] for reverse lexicographic triangulations.

Theorem 3.5. Let P = (A, <) be a greedy poset and <* an arbitrary linear extension
of <. Then we have
Ap = StXAm 0---0 StXAl (AQ), (33)

where A ={Ay,...,Apn} and Ay, <* Appq <* -+ <* A

Proof. First, we note that for any simplicial subdivision A’ of RK and any singleton
e € V we have sty (A") = A’. We use induction on #A. Since A contains every
singleton, #.A4 > #V holds. If #A4 = #V, we have Ap = Ay. Since Stx{e}(AO) = Ay
holds for every singleton e € V| the statement is true. Suppose #.4 > #V. Then there
exists A = {e1,ea,...,ex} € Awith #A > 1 such that any element A’ € A with A’ <* A
is a singleton. Consider the greedy poset (A \ {4}, <*) and its associated greedy fan
A(a\{4},<*)- By induction, it suffices to show

A<y = stya (Beayay,<n)- (3.4)
By Dual _Greedy* for A 4\ (4} <), the unique minimal member of A(A\{A},g*) containing
X4 in the relative interior of its conical hull is {{e1}, {e2},...,{ex}}. Hence the element
F of A(4\{4},<+) containing x4 in its conical hull is given by
{AilaAiz"--7Aih’{€1}’{e2}7"'7{6k}} (3'5)
for some A;,, Ai,, ..., Ai, € A\ {A}. Then we show that both sides of (3.4) contain
{AYUF\{{e;}} (A <j<h) (3.6)

Indeed, LHS of (3.4) contains (3.6) by the definition of the stellar operation. Similarly, we
can show by Dual_Greedy* that RHS of (3.4) also contains (3.6); consider Dual Greedy*
for A(A,g*) and a cost vector w = XAy, T+ Xa, +b1Xe, T FbrXe, for by, ..., 0 > 0.
Finally, we verify that any F’ € A(4\{A},<+) Dot containing x 4 is contained in both sides
of (3.4). This is also immediate from Dual_Greedy* and the definition of the stellar
subdivision. O
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Figure 4: stellar subdivisions (down) and their dual (up)

Ag is the normal fan of the nonpositive orthant. In particular, Ag is regular. Recall
that a stellar subdivision corresponds to cutting a corner of the dual polyhedron [4]. This
implies that a polyhedron whose normal fan is acyclic greedy is obtained by successive
cutting corners of nonpositive orthant according to a certain order; see Figure 4. This
gives a construction of dual greedy polyhedra. Thus, we have the following.

Corollary 3.6. Acyclic greedy fans are reqular.
Hence, we can apply arguments in Subsection 2.2 and 2.3 to acyclic greedy fans.

Remark 3.7. Regularity of acyclic greedy fan A can be shown by the existence of
a strict A-submodular function. Indeed, for a greedy poset (A, <), consider a linear
extension <* ordering A = {41, Ag,..., A} as

A <" Appq <5 oo <8 Ay, (3.7)

and define f: A — R as '
f(Ai) =—¢ (A€ A), (3.8)

where ¢ € Ry is a sufficiently small positive real. Then f satisfies A-submodularity
inequalities strictly. In particular, the corresponding term order of the polynomial ring
klug : A € A] coincides with the reverse lexicographic term order with respect to <*,
where the degree of each indeterminate uy (A € A) is defined by #A (see [32], [33]).

Problem 3.8. We have
{ acyclic greedy fans } C { regular greedy fans }. (3.9)
Is the inclusion strict?

Next, we show that for fixed A, the set of all acyclic greedy fans forms a kind of
polyhedral fan. For two posets P; = (A, <1) and Py = (A, <3) with a common ground
set A, we define meet P; A Py = (A, <ip2) as

A< BEL A< Band A<, B (A, B € A). (3.10)

The next proposition shows that if two greedy posets define the same greedy fan, then
their meet is also greedy and defines the same one.
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Figure 5: H(A) for A = {12,23,31,1,2,3} and corresponding acyclic greedy fans

Proposition 3.9. Let P; = (A, <1) and P2 = (A, <3) be greedy posets on A. If Ap, =
Ap,, P1 APy is greedy and satisfies Ap,ap, = Ap, = Ap,.

Proof. From the definitions of ®p and the meet P; A Po, we see
Qp, AP, (X) 2 Op, (X) U @p, (X) (X - V)' (3'11)

By Proposition 2.23, it suffices to show that ®p, rp, satisfies (M2). Suppose that there
exist distinct A, B € ®p,ap,(X) such that AN B is nonempty. Then we have A, B €
Op, Ap, (AU B) by (M1) and Lemma 3.1 (2). Then A or B is not contained by ®p, (AU
B) U ®p,(AU B). We assume A ¢ &p, (AU B) U ®p,(AU B). Then there exists
C € &p, (AU B) such that C >; A. We claim that A and C are disjoint. Suppose that
A and C intersect. By (M1) we have C € ®p, (AU C). We show A & &p,(AUC) and
C %2 A. The former follows from Ap, = Ap, and Proposition 2.23. The latter follows
from C' 2172 A. Hence there exists D € ®p,(AUC) such that D >3 A and D # C. Then
DNC =0 and hence D C A (strict inclusion). By Lemma 3.2, we have D <9 A, which
contradicts D € ®p,(AUC). Hence we have ANC = () and C C B (strict inclusion).
By Lemma 3.2, we have C' <; B. This contradicts C' € ®&p, (AU B). O

From this proposition, we have the following.

Theorem 3.10. For a family A which contains every singleton, there exists a set of
greedy posets H(A) satisfying the following properties.

(1) for P1,Py € H(A), Ap, = Ap, if and only if P1 = Pa.

(2) for any greedy poset P’ on A, there uniquely exists P € H(A) such that P’ is a
refinement of P.

Example 3.11. Figure 5 illustrates H(A) for A = {12,23,31,1,2,3}. H(A) consists of
three greedy posets.

For a poset (A, <) we define an order cone C(4 <) C RA as
Cua<)={2€R*|2(A) <2(B) (A,BeP, A<B)}. (3.12)

The order cone is a conical version of the order polytope; see [31], [8, Section 3.3] for
order polytopes. The set of polyhedral cones consisting of order cones {Cp | P € H(A)}
and their faces is denoted by N'(A). In fact, N'(A) forms a polyhedral fan as follows.
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Theorem 3.12. For a family A which contains every singleton, N'(A) is a polyhedral
subdivision of order cone Ci4 c).

To prove this theorem, we use the following lemma, where we simply denote A (4 <),
®(4,<) and Cry <) by A, @<, and C<, respectively, and A < B means that A < B and
there is no element C' such that A < C < B.

Lemma 3.13. Let (A, <) be a greedy poset. Let A, B € A be a pair satisfying A < B,
AEZ B, and BZ A. For two linear extensions <1 and <5 of < such that A <1 B and
A <9 B, consider the modified linear extensions <] and <5 obtained by interchanging A
and B in <1 and <s, respectively. Then we have A<: = Acs.

Proof. We prove two claims given below.
(Claim 1). We have

‘I)SI(X):{ ) HAUBCXad (B} =05,(X), () (g3

O, (X) otherwise,

Consider X C V with {B} = ®<,(X). Note that ®<:(X) = {A} or {B}. Suppose
AUB ¢ X. Then A € X implies ®<:(X) = {B} = ®<,(X). Suppose AUB C X.
Then we have ®<:(X) = {A}. Hence we obtain (3.13).

(Claim 2). If AUB C X and {B} = &<, (X), for C with {C} = ®<,(X) we have B=C
or ANC=BNC=40.

Suppose B # C. Then BNC = () follows from Proposition 2.23. We show ANC = .
Suppose AN C # (. Consider P<(AUC). If A € < (AUC), then A > C holds and
contradicts {C'} = ®<,(X). Hence, there exists D € ®<(A U C) such that D # B and
A < D. By A< B, we have A <; B <; D. This contradicts {B} = &<, (X).

From Claims 1 and 2 above, we can verify A<: = A<; by Proposition 2.23. U

Proof of Theorem 3.12. The order cone C(4 <) has the following properties [31] (see also
[8, Section 3.3]):

(1) C(a,<) is triangulated by order cones of linear extensions

{Cia,<+) | <* is a linear extension of <}. (3.14)

(2) Each facet defining inequality of C(4 <) is given by z(A4) < z(B) for A, B € A with
A<B.

Theorem 3.10 and (1) imply Ci4c) = U{Cp | P € H(A)} and that for each pair of
(A, <1), (A, <2) € H(A), C<, and C<, have no common interior points. By the Gruber-
Ryshkov theorem [14], it suffices to show that if C<, NC<, has codimension one, i.e., C<,
and C<, are adjacent, then C<, N C<, is the common facet of C<, and C<,.

Suppose that C<, N C<, has codimension one. By (2), there uniquely exists the pair
of A,B € A with A <1 B and B <3 A such that the linear hull of C<, N C<, is given by
Hap:={z € R*| 2(A) = 2(B)}. By (1) and (2), the corresponding facets of C<, and
C<, are given as

HapNC<, = HapnN U{CS’{ | <7 is a linear extension of <; with A <} B},
HapNnC<, = HapnN U{ng | <5 is a linear extension of <y with B <% A}.
Take a sufficiently generic point z € C<, NC<,, then z is ordered as

2(A1) < 2(A2) < ... < 2z(Ak—1) < 2(A) = 2(B) < 2(Ags2) < ... < z(An).
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From this, we define two linear orders <] and <} as

A <] Ay <] ... <TAr 1 <A< B<] Apio<i...<i Apn,
Ay <] Ag <5 . <5 A 1 <5 B<5A<S Ao <5...<5 A

Then <7 and <§ are linear extensions of <; and <j, respectively. By Lemma 3.13,
for any linear extension <i* of <; with A <7* B, the modified linear extension <3*
obtained by interchanging A and B of <]* is a linear extension of <5. This implies
HA,B N CSl C HA,B N C§2' Similarly, we have HA,B N C§2 C HA,B N Cgl. Hence
C<,NC<, =HapNC<, = Hy pNCx, is the common facet of C<, and C<,.

O

We call this polyhedral fan N (A) the secondary greedy fan of A, which is an analogue
of the secondary fan [13]. So it is natural to ask the following question.

Problem 3.14. Dose there exist some polyhedron P C R4 whose normal fan coincides

with NV(A) ?

This problem is open. If such a polyhedron P exists, each edge vector of P is parallel
to xga)y — Xxypy for some A, B € A. A well-known characterization of base polyhedra
by edge directions [34], [12] implies that P is a base polyhedron associated with some
(ordinary) submodular function defined on the set of upper ideals of the poset (A, C)
(see [9]).

Corollary 3.15. If N(A) is regular, then it is the normal fan of the base polyhedron
with respect to some submodular function defined on the set of upper ideals of the poset

(A, Q).

Remark 3.16. A set of posets on a common ground set whose associated set of order
cones forms a polyhedral subdivision is called a holometry, which was introduced by
Tomizawa [35] in 1983 as a combinatorial abstraction of normal fans of base polyhedra.
Therefore H(.A) is a holometry. In other words, N (A) is a coarsening of a subfan of the
braid arrangement. It is shown in [30] that not every coarsening of the braid arrangement
is regular.

Example 3.17. We give an example of holometry H(A) for A = {12,23,34,41,1,2,3,4}

and its realization of a base polyhedron. We consider the projection of N(A) into RA
for A = {12,23,34,41} by deleting every singleton, and draw its dual polyhedron in
Figure 6. Note that this operation does not lose the original information of A/(A).

We give a characterization of a member of H(.A).

Proposition 3.18. Let P = (A, <) be a greedy poset. Then the following conditions are
equivalent.

(1) PeH(A).
(2) {linear extensions of P} = {linear extension P* of (A, C) | Ap- = Ap}.
(3) Each pair A,B € A with A < B satisfies AN B # () and {B} = ®p(A U B).

Proof. (1) < (2) follows from Theorem 3.10.
(2) = (3). For A,B € Awith A<B, AZ B, and B € A, we choose some linear
extension <* of < satisfying

e <FA BT (3.15)
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Figure 6: Holometry H(A) and its representation of a base polyhedron

Then we have A< = A<« by Proposition 3.3. Consider a linear order <** by interchang-
ing A and B of <* as
e < BT ALT (3.16)

By construction, <** is not a linear extension of <. Suppose that A and B are disjoint.
For any X C V with {B} = ®<+(X), we have ®<««(X) = {B} or {A}. Hence, Propo-
sition 2.23 implies A<+ = A<+ = A<. This is a contradiction. Suppose that A and B
intersect and there exists C € ®<(AU B) with C' # B. Then C and B are incomparable
or B < C. We can take the linear orders <* and <** above as

e <FAT B O < (3.17)

< BTALT O (3.18)

For any X C V with {B} = ®<+(X), we have A ¢ X. Indeed, A C X implies C' C X and
this contradicts {B} = ®<«(X). Hence we have { B} = ®<««(X). From Proposition 2.23,
we have A<« = A<« = A<. This is a contradiction.

(3) = (2). Suppose that there exists a linear extension <* of C such that A< = A<«
and <* is not a linear extension of <. Then there exist a pair of A, B € A such that
A < B and B <* A. By the assumption, we have AN B # () and {B} = ®<(A U B).
Suppose {C} = ®<«(A U B). Proposition 2.23 implies that C = B or C N B = .
Furthermore, the nonemptiness of AN B implies A # C, and therefore we have A <* C.
Hence, we have C N B = () and C' C A (strict inclusion). However, C' C A contradicts
A <* C (Lemma 3.2). O

The condition (3) of Proposition 3.18 implies that each codimension 1 face of N'(A)
is given by the hyperplane H4 g := {z € R | 2(A) = 2(B)} for some pair of A, B € A
having nonempty intersection. Consider the intersection graph (A,E) of A with its
edge set & defined by {{A,B} | A,B € A,AN B # 0}. Then the set of hyperplane
{Hap | {A, B} € £}, so-called the graphic arrangement of (A, E), subdivides the order
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cone C(4,c). This subdivision is denoted by NVo(A). Then there exists a bijection between
the set of full dimensional members of Ny(A) and the set of acyclic orientations of (A, £)
satisfying the following condition:

(%) for each A, B € A with A C B, the orientation of the edge {A, B} is A — B.

See [26, Section 2.4] for graphic arrangements. From the arguments above, we have the
following.

Corollary 3.19. N(A) is a coarsening of No(A). In particular, the number of ele-
ments in H(A) is bounded by the number of acyclic orientations of (A, &) satisfying the
condition (x) above.

For subsequent subsections, we need the following lemma. A poset (A, <) has the
consecutive property if for A, B,C € A with A < B < C we have ANC C B.

Lemma 3.20. Let P = (A, <) be a greedy poset. {A1, Asg,...,An} € (Ap)* satisfies
the following conditions.

(1) There exists C € A such that we have C C |Ji~, Ai, C > A; and A;NC # 0 for
1<i<m.

(2) If P has the consecutive property, {A1, A, ..., Ap} is pairwise incomparable.

*

In particular, (A'p) consists of minimal sets satisfying above conditions.

Proof. For {A1,As, ..., Ay} C A, avector Y | x4, can be uniquely represented as

DX =Y AMA)xa (3.19)
i=1

AcA

for nonnegative function A € ZK satisfying supp A € Ap. Then {A1,Ag,..., Ay} is not
a member of Ap if and only if supp \ # {A1,Ag, ..., Ap}.

We show (1). Suppose that {A;, As, ..., Ay} € (Ap)*. Take C € ®p(A;UAU---U
Ap,). If C = Ay for some k, then we have A(Ax) > 1 by Dual_Greedy*. Subtracting
X4, from both sides of (3.19), we see that {Aq,...,Ap} \ {4k} is not a member of
Ap. This contradicts the minimality of (Ap)*. Hence C # A; holds for i € {1,...,m}.
Next we show CNA; # 0 for i € {1,...,m}. If CN A = () for some k, then we have
C € ®p(U,z Ai) by (M1). Similarly, {As,..., An} \ {4k} is not a member of Ap.
This contradicts the minimality. Finally we show C' > A; for i € {1,...,m}. Suppose
that there exists k with C ¥ Aj. Consider ®p(C U Ag). Then, by (M1), we have
C € &p(C U Ag). The nonemptiness of C' N Ay implies that Ay & &p(C U Ag). By
C # Ay, there exists D € &p(C U Ay) such that D # C and D > Aj. Hence, by (M1)
we have D N C # (). This implies D C Aj. This is a contradiction. Hence we have (1).

Next we show (2). Suppose that P has the consecutive property. If A7 > As holds,
then C' > A; > As implies C' N Ay C A;. This implies C C A UA3U A4 U---UA,, and
Cedp(AfUA3UALU---UA,,). Hence {A; UA3U A4 U---UA,,} is not a member of
Ap. This contradicts the minimality of (Ap)*. O

It would be interesting to characterize the case where A'p for a greedy poset P
coincides with the order complex of P. Recall that the order complex of P is the collection
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of chains of P. Then, Ap is a geometric realization of the order complex of P. In this
case, Ap and (Ap)* are given as

AP = {{AI)AQ,"'7Am}gA|A1 <A2<<Am}, (320)
(Ap)* = {{A,B}C A| A and B are incomparable}. (3.21

In particular, LHS of Ap-submodularity inequalities consists of two terms.

Faigle and Kern [6] considered a general framework for dual greedy algorithms whose
resulting output corresponds to a chain of a poset. The following characterization can
be understood as an adaptation of [6, Theorem 6.1] to our approach.

Proposition 3.21. Let P be a greedy poset on A satisfying the following condition:
(1) #Pp(X) =1 for any nonempty X C V.
(2) P has the consecutive property.

Then Ap coincides with the order complex of P.

Proof. We show (3.21). Since each element of (Ap)* is pairwise incomparable by (2)
and Lemma 3.20, it suffices to show that any incomparable pair {A, B} is not a member
of A. Consider ®p(AU B). If A € ®p(AU B), then we have {4} € Bp(AU B) by (1).
Hence we obtain A > B. This is a contradiction. Therefore we have A, B ¢ ®p(AU B).
By an argument similar to that in the proof of Lemma 3.20, we conclude that {A, B} is
not a member of A. O

Remark 3.22. If P is a greedy poset satisfying the conditions (1) and (2) of Propo-
sition 3.21, then any feasible sequence {(A;,e;)} ; of Dual_Greedy using ®p has the
following property:

If e; € Aj for j <1, then e; € Ay for k with j < k <.

This property is called the consecutive 1’s property of a dual greedy basis matriz (x 4, |
1 < i < n)in [10]. In this case, we see in Subsection 3.3 that this greedy poset P
coincides with the poset of the set of extreme points of some convex geometry.

Remark 3.23. The converse direction of Proposition 3.21 is not true. Figure 7 illus-
trates an example of a nonconsecutive greedy poset P whose Ap coincides with the order
complex of P. Note that 13 < 34 < 1234 violates the consecutive property.

3.2 Greedy Fans by Set Systems

Here, we discuss the case where (A, C) is a greedy poset, or equivalently, the associated
holometry H(A) is a singleton, i.e., H(A) = {(A,C)}. By Lemma 3.1, we obtain the
following simple characterization.

Proposition 3.24. (A, C) is greedy if and only if it satisfies the following two conditions:
(S0) for any e € V, we have {e} € A.

(S1) for any intersecting pair A, B € A, we have AUB € A.

The condition (S1) implies that ®(4 c)(X) forms the unique maximal partition of
X, where “unique maximal” means that any partition II C 24 of X is a refinement of
®(4,c)(X), that is, for any C' € I there exists C" € ®(4 ¢)(X) such that ¢ C C’. Clearly
(A, ©) has the consecutive property. As an easy consequence of Lemma 3.20, the set

of minimal nonmembers (A4 c))* and A4 c)-submodularity inequalities are explicitly
given as follows.
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Figure 7: A nonconsecutive greedy poset P whose Ap coincides with the order complex

of P

Theorem 3.25. Let (A, C) be a greedy poset. The set of minimal nonmembers (A(A’g))*
consists of
{{A4,B} C A| A and B are intersecting} (3.22)

and
{F C A| F is a minimal pairwise disjoint set satisfying |J,cr A € A}. (3.23)
A 4,c)-submodularity inequalities are given by
A +f(B)>f(AUB)+ > f(C) (A BE€ A:intersecting)  (3.24)
CEeD(4.c)(ANB)

and

S FA) = (A (FSAin(3.23)). (3.25)

AeF AeF

Example 3.26. In the case of A = 2"\ {0}, A clearly satisfies (S0),(S1). Then A4 c)-
submodularity inequalities coincide with the ordinary submodularity inequalities

f(A)+ f(B) =2 f(AUB) + f(ANB) (A, BeA), (3.26)
where we put f(0)) = 0 for convenience; see Example 2.16.

In fact, f : A — R satisfying (3.24) and (3.25) in Theorem 3.25 can be extended
to an ordinary submodular function f : 2V — R. In addition, the polyhedron P(f)

coincides with a submodular polyhedron P(f). This implies that A(4,c) is a coarsening
of the barycentric subdivision; see Example 2.16.

Proposition 3.27. Let (A,C) be a greedy poset and f : A — R a Ay c)-submodular
function. Then a function f:2V — R defined as

fxX)= Y  flo) (xe2) (3.27)

CE‘I)(A’Q)(X)

is an ordinary submodular function on 2V . In particular, we have P(f) = P(f).
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Proof. By definition, for X, Y C V| we have

FXO+fY)= Y fO+ Y fD). (3.28)

Ceda,c)(X) Ded4,0)(Y)

Let C be a multiset which is the union (as a multiset) of ® (4 c)(X) and ®(4.c)(Y). If
there exists an intersecting pair of C’,C" € C, by (3.24) we have

(3.28) =) f(C > f(0). (3.29)
cec CE(C\{C’,C”})U{C’UC”}U@(C/OC”)

Put C — (C\{C",C"}Hu{C'UC"}UP(C’'NC"). Repeat this process to C. After finitely
many steps, there is no intersecting pair in C. Then C is the union (as a multiset) of a
partition C; of X NY and a partition Cy of X UY. By (3.25), we have

(328) > > f(C)+ Y f(D)= f(XNY)+ f(XUY). (3.30)

CceCy DeCo

O
Remark 3.28. The construction f — f of (3.27) can be understood as a variant of the
Dilworth truncation for submodular functions; see [28, Chapter 48].
3.3 Greedy Fans by Abstract Convex Geometries

In this subsection, we establish the relationship between our acyclic greedy fan ap-
proach and dual greedy systems on convex geometry considered by Kashiwabara and
Okamoto [19], and give another systematic proof of validity of their dual greedy algo-
rithm.

First, we introduce some basic definitions of theory of convex geometries; see [2] and
[20] for details. Let V be a finite set. A family £ C 2V is said to be a convex geometry
if it satisfies

(CG1) 0,V eL,
(CG2) X, YeLlL=XNnYeL,and
(CG3) X e L\{V}=FecV\X, XU{e} L.
From conditions (CG1) and (CG2), we can define the closure operator T : 2V — L as
X)=({vec|xcy} (xe2") (3.31)
The extreme operator ex : £ — 2V is defined as
ex(X)=|[ee X [X\{e} €L} (XeL). (3.32)
Then the following property is fundamental; see [2] and [20].
Lemma 3.29. 7oex(X) =X for X € £ and exor(A) = A for A € ex(L).
In particular, 7 is a bijection between £ and ex(L). Hence, we can define a poset

(ex(£),<) as

A<BEL 1(A)Cr(B) (A B e ex(L)). (3.33)

We give a characterization of the poset (ex(L£), <) in terms of greedy posets as follows,
which can be understood as a refinement of [10, Theorem 3.2].
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Proposition 3.30. Let P be a poset on A C 2V with {0} € A. Then P coincides with
(ex(L), <) for some convex geometry L if and only if P is a greedy poset satisfying the
conditions (1) and (2) of Proposition 3.21.

For the proof of this, we need some lemmas.

Lemma 3.31 ([19, Lemma 2.2]). For A € ex(L) and B C A, we have B € ex(L) and
B < A.

From this lemma and (CG3), we see that ex(£) has every singleton of V. Further-
more, the multiple-choice function associated (ex(L), <) is given as follows.

Lemma 3.32. ®(ox(r) <)(X) = {exor(X)} (X CV).
Proof. Take any A € ex(L) with A C X. Then we have 7(A4) C 7(X). From Lemma 3.29,
we have A = exor(A) <exor(X) C X. This implies @) <)(X) = {exor(X)}. O
Lemma 3.33. (ex(£), <) has the consecutive property.

Proof. Suppose that A, B,C € £ with B C C' C A. We show that if e € ex(A4) Nex(B),
then e € ex(C). By e € ex(B), we have e € C. From this, we have (A\e)NC =
(ANC)\e=C\e € L. Hence we obtain e € ex(C). O

Proof of Proposition 3.30. The only-if part has done. Since ®p can be regarded as a
choice function by Lemma 3.32, the if part follows from [10, Theorem 3.2] and the
consecutive 1’s property of ®p (Remark 3.22). O

In particular, for convex geometry L, (ex(L£), <) is greedy. Therefore, A () <) is an
acyclic greedy fan and Dual _Greedy using P (cy(r),<) coincides with the dual greedy algo-

rithm using ex o7 considered by Kashiwabara and Okamoto [19]. Since A(ex(ﬁ)é) coin-

cides with the order complex of (ex(£), <), the set of minimal nonmembers (A (ox(z),<))*
and A ey(r),<)-submodularity inequalities are given as follows.

Proposition 3.34. The set of all minimal nonmembers (A(ex(£)7g))* s given as

~

(Aex(e),<)" = {{A, B} | A, B € ex(L), A and B are incomparable } (3.34)
and A(ex(r),<)-submodularity inequalities are given by
fA+ f(B)> f(Ch)+ -+ f(Ck) (A,B € ex(L): incomparable), (3.35)
where C1,Cy, . ..Cy € ex(L) are pairwise comparable and satisfy
XA+ XB =Xcr X+ F Xy (3.36)

In particular, Dual._Greedy works for D ex(r), f.w) if and only if f is A(ey(r),<)-submodular.
In general, A (ox(r),<)-submodularity inequalities are redundant. Kashiwabara and Okamoto [19]
gave a fewer number of inequalities which guarantee A () <)-submodularity as fol-
lows, where we define three binary operators AV B := ex(7(4) U7(B)), AN B =
(AUB)Nex(T(A)N7(B)),and Ao B:=(ANB)\ AV B.

Theorem 3.35 ([19]). For a function f : ex(L) — R, Dual_Greedy using exor solves
the linear program D (ex(r), f,w) for any nonnegative cost vector w if and only if f satisfies

F(4)+ F(B) > f(AV B) + f(AN B) + f(A o B) (3.37)

for A, B € ex(L) satisfying XA+ XB = XAvB + XAnB + XAcB, where f(0) = 0 is assumed.
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Note that we have AV B,AM B,Ao B € ex(£) by Lemma 3.31. Furthermore
[19, Lemma 2.5| shows AV B > AN B > Ao B for A,B € ex(L£). Therefore, the
inequalities (3.37) are contained in (3.35). Here, we prove that a further fewer number
of inequalities guarantee submodularity as follows.

Theorem 3.36. f:ex(L) — R is A(ex(r),<)-submodular if and only if f satisfies (3.37)
for each pair A, B € ex(L) satisfying

A=ex(XU{i}), B=ex(XU{j}) (3.38)
for some X € L and i,j5 € V\ X with X U{i}, X U{j}, X U{i,j} € L.

Proof. For any function f : ex(L£) — R, consider the continuous piecewise linear function
f defined by (2.11). Recall that f is A(x(c),<)-submodular if and only if Dual Greedy
using ex o7 solves linear program D (ey(r),fw) for every nonnegative cost vector w. The

latter condition is equivalent to the convexity of f; see the proof of Proposition 2.8 and
[10, Theorem 2.1]. The convexity of this piecewise linear function f can be guaranteed by
the local convexity condition [18, Lemma 14] that for each two adjacent full dimensional
simplices {A1, Ag, ... Ap_1,An},{A1,As,...,A_1,B} € A(exﬁé), f satisfies

det (x4, - xa, )det<f>(<j111) N fﬁ?) f’(‘g)>zo. (3.39)

These inequalities (3.39) and A (x(r) <)-submodular inequalities (3.35) define the same
full dimensional polyhedral cone. Hence, the common inequalities contain all facets of
the cone of A (ex(r) <)-submodular functions. Note that the coefficient of the inequality
(3.39) coincides with a linear dependence vector of {x 4, ..., XA, ,XB}, which is uniquely
determined up to constant multiple.

The inequality (3.35) is contained in (3.39) if and only if A, B, C1,Cs, ... in (3.35) are
contained in the union of some two adjacent simplices of A(ex(ﬁ)é). Indeed, the only-if
part is obvious. The if part follows from the fact that the coefficients of A (ex(r) <)-
submodularity inequalities is also a linear dependence vector of {x 4, XB, XCys XCa»---}-
Since two adjacent full dimensional simplices of Az <) correspond to two adjacent
maximal chains of (ex(L£), <), the common inequalities of (3.35) and (3.39) are given by
(3.35) for A, B € ex(L) as (3.38).

Finally we show x4 + XB = XAvB + X4anB + XA.p- For this, we show the following.

AVB = ex(XU{ij}), (3.40)
(AnB)U{i,j} 2 ex(XU{i,j}), (3.41)
(AUB)\ {i,j} C ex(X). (3.42)

Indeed, (3.40) is obvious. We show (3.41). If f € ex(X U {i,5}) \ {i,j}, we have
(X U (i} \ /D) N (X Ui} = (XU )\ {f} € £ and (X U {i,j}\ {0 (X U
{j}) = X U{j}) \{f} € L. Hence we have f € AN B. We show (3.42). Take
g€ AUB\ {i,j}. If g€ A\ B, we have (X U{i}\ {g})) N (X U{j}) = X\ {g} € L.
This implies g € ex(X). Similarly, if g € B\ A, we have e € ex(X). If g € AN B,
(XU{it\{gh) n(XU{j} \{g9}) = X\ {g9} € £. This implies g € ex(X). Hence we
have (3.42) and therefore AN B = (AU B)\ {i,j}. We obtain x4 + X5 = X(anB)u{i,j} +
X(AUB\{i,j} = XAVB T X(AnB)U{ij\AVB T XAnB = XAvB + XAoB + XanB, where the
second equality follows from (3.41) and AN B = (AU B) \ {4,j}, and the third follows
fromi,j € AV B. O
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If £ is union closed, then £ is a distributive lattice. In this case, (3.35) is explicitly
written and coincides with the b-submodularity inequality in the sense of Kriiger [21],
which is obtained by the relation x4 + xB = xavs + Xanp; see [1, Fig.1] for binary
operators AV B, AN B.

Proposition 3.37 ([21], see also [19]). If L is a distributive lattice, A (ex(r)<)-
submodularity inequalities (3.35) are given by

f(A)+ f(B) =z f(AV B) + f(AN B) (3.43)
for each incomparable pair A, B € ex(L), where we assume f(0)) = 0.

Remark 3.38. If £ is a distributive lattice, it can be represented as the set of ideals
of some poset. Then the resulting greedy fan A(qy(r) <) is essentially the same as the
canonical triangulation of the chain polytope of this poset given by Stanley [31, Section

5).

Remark 3.39. Consider the case £ = 2Y. Then (ex(£),<) = (2¥,C) and (3.35)
coincides with (ordinary) submodularity inequalities (3.26). In this case, the inequalities
for (3.38) in Theorem 3.36 coincide with the local submodularity inequalities

FXULi) + f(XU{5}) = f(X) + F(X Ui 5} (3.44)

for X CV and i,j € V \ X. It is well-known that the local submodularity guarantees
submodularity. Hence, the condition (3.38) in Theorem 3.36 can be understood as a
generalization of the local submodularity condition.

3.4 Dual Greedy System by Frank

In this subsection, we analyze Frank’s dual greedy system [7], establish a connection to
acyclic greedy fans and give another proof of the validity of his dual greedy algorithm.
First, we briefly summarize Frank’s model [7]. Let (F, <) be a poset on a nonempty
finite set F. A pair of a,b € F is said to be intersecting if a and b are incomparable and
there exists a member ¢ € F such that ¢ < a and ¢ < b.
Two binary operations V, A are defined on comparable pairs and on intersecting
pairs, with the following properties.

(F1) If a < b, thenaAb=a, aVb=hb.

(F2) If a and b are intersecting, then a Ab < a,b and a Vb > a,b.

In addition, we are given a set V and a function ¢ : F — 2V satisfying
(F3) If a < b < ¢, then ¢(a) Up(b) C ¢(c),

(F4) If a,b are intersecting, and then ¢(a V b) U ¢p(a A b) C ¢(a) U ¢(b).
(F5) If ¢(a) N @(b) # 0, then A, B are intersecting or comparable.

A nonnegative function f: F — R is intersecting supermodular if f satisfies

fla)+ f(b) < flaVb)+ flanb) (3.45)
for intersecting pair of a,b with f(a) > 0, f(b) > 0. Function f is said to be decreasing
if a < b implies f(a) > f(b).

26



We consider the following dual pair of linear programs for a function f and a non-
negative cost vector w € RK.

P’ D :
min . Z w(e)z(e) max . Z Aa)f(a)

eV acF (3.46)
s.t. Z z(e) > f(a) (a € F), | s.t. Z Aa)Xg(a) < W,

ecp(a) acF

:c((z) >0 (eeV), Aa) >0 (a € F),

where for feasibility of [P’] we assume that ¢(a) is nonempty for a € F with f(a) > 0.
We define a multiple-choice function ® associated with (F, <) and f as

®(X) ={¢(a) | a € F is a minimal element satisfying ¢(a) C X and f(a) > 0} (3.47)
for X C V. Using this ®, we modify stepl of Dual Greedy as
stepl’: If ®(X) is empty, then stop.
Then Frank [7] shows the following.

Theorem 3.40 ([7]). If f is intersecting supermodular and decreasing, the modified
Dual_Greedy with stepl’ gives an optimal solution to D’ for any nonnegative cost vector
w E RK.

In the following, we reduce Frank’s model to our framework and give another proof
of Theorem 3.40. For a decreasing function f, we define subsets F,, F’ C F as

Fy = {aeF|f(a)>0}, (3.48)
F = {aeFp|VbeFL:b<a= ¢(b) £ ¢(a)}. (3.49)

Lemma 3.41. The restriction ¢|z of ¢ to F' is injective.

Proof. If there exist distinct a,b € F’ such that ¢(a) = ¢(b), then by (F5) a and b are
intersecting or comparable. If ¢ and b are comparable, this contradicts the definition of
F'. If a and b are intersecting, then (F4), (F2), and the decreasing property of f imply
a,b = aNbe Fyp and ¢(a Ab) C ¢p(a) = ¢(b). This also contradicts the definition of
F'. O

From this, we can define a poset P = (A, <) as

A=¢(F), A<BEL (¢l2)"(A) = (¢l#) ' (B) (A B e A). (3.50)

By construction, we have ® = ®(4 <. Furthermore, elements of ®(4 <)(X) are disjoint
for X C V. Indeed, if A,B € ®(4<)(X) intersect, then (F4), (F5), and decreasing
property of f imply that a := (¢|#) 1(A) and b := (¢|#)"1(B) satisfy a A b € F,
and ¢(a Ab) € AU B. Then there exists ¢ € F’ such that ¢ < a Ab < a,b and
¢(c) € p(anb) € AU B C X. This inclusion contradicts A4, B € &4 <)(X).

Hence, extending (A, <) to (A, <) by adding singletons not contained in A as

def

A=AUu{{e}|ecV,{e} ¢ A}, {e}<A={e}g A AcA:cc A, (3.51)
we have the following.

Lemma 3.42. (A, <) is greedy.
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Let f: A — R be defined by

F4) { F((@lr) 7 (A) if Ac A 552)

0 otherwise.

Then we consider the linear programs P(ﬂ,—?,w) and D(?\,—?,w)' By construction and
decreasing property of f, we can easily check that P(Z7777 w) and D@7777 w) Are equivalent
to P’ and D'. Since ®(X) C ® 4 . (X) for nonempty X C V', Dual Greedy with stepl’
using ® works for D’ if and only if Dual_Greedy using QD(Z 9 works for D(Z777,w). We

show that —f satisfies A( 4.5) -submodularity inequalities. For this, we investigate the

set of minimal nonmembers ( )) .

Lemma 3.43. The set of minimal nonmembers (A(Z <))* consists of the following type
of sets: -

type 1 {¢(a),p(b)} for intersecting pair a,b € F'.
type 2 {A,{ei},....{e;}} for some A € A and added singletons {e;} & A.
type 3 {{e1},...,{ex}} for some added singletons {e;} & A.

Proof. Note that by (F3) and the construction, (A, <) has the consecutive property.
If C e (A(Z,g))* contains two elements A, B € A, then A, B are incomparable and
have a common upper bound by Lemma 3.20. In particular, a := (é|7) 1(4) and
b := (¢|7)"1(B) are intersecting. By (F4) and the decreasing property of f, we have
aNbe Fi,aANb=<aband ¢(a Ab) C AU B. Hence there exists C € <I>(z§)(A U B)

such that C' C ¢(aAb) C AUB and C > A, B. Hence {A, B} is not a member of A(Z,<)
and coincides with C. O

Finally, we verify that —f satisfies A( <) -submodularity inequalities (2.6) corre-
sponding to type 1, 2, and 3. For A( 1 <)—submodu1ar1ty inequalities corresponding to
type 2 and 3, we can easily check them by the nonnegativity and the decreasing property

of f and f({e}) = 0 for added singleton {e}.
Consider A( ) -submodularity inequalities for type 1. The LHS of (2.6) is given

A<

by —f(é(a)) — f(o(b)) = —f(a) — f(b) for intersecting pair a,b € F’. We show that
there exist terms f(C’) and f(C”) in RHS of (2.6) such that f(a A b) > f(C') and
f(aVvb) > f(C"). By nonnegativity and intersecting supermodularity of f, this implies
A(Z, S)—submodulau“ity of —f.

By (F5), we have ¢(a Ab) C ¢(a) U p(b). Then there exists C’ € D7 <y (¢(a) Ug(b))
such that (¢|#)"1(C") < a Ab. By the consecutive property, we have C’ C ¢(a A b).
Consider Dual Greedy* for w = X¢() + Xg()- Lhen in the first iteration, we can take
A* = C" and \(C") =1 in step 2. Hence —f(C’) appears in RHS of (2.6) and satisfies
f(C") < f(a A b) by the decreasing property.

By C' C ¢(a Ab), the consecutive property, and (F5), we have X 4(q) + Xe@) — X7 —
Xo(avh) = Xe(a) T Xo®) — Xe(anb) — Xg(avs) = 0. In particular, z := xg@) + Xo@) — X7
satisfies ¢(a V b) C supp z. By consecutive property and the definition of F’ there exists
¢ € F with ¢ < aV b such that ¢(c) C ¢(aVb) and ¢(c) € ® 7 <)(supp 2). In the second
iteration of Dual_Greedy*, we can choose ¢(c) = A* in step 2 such that A(¢(c)) > 1.
Hence —f(¢(c)) appears in RHS of (2.6) and satisfies f(é(c)) = f(c) > f(a V b) by
decreasing property of f.
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