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Abstract

In the context of the isomonodromy deformation method, we present a constructive proce-
dure (a matching procedure) to obtain the critical behavior of Painlevé VI transcendents and
solve the connection problem. This procedure yields two and one parameter families of solu-
tions, including logarithmic behaviors, and three classes of solutions with Taylor expansion at
a critical point.

1 Introduction

The sixth Painlevé equation is:
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The generic solution has essential singularities and/or branch points in 0,1,00. It’s behavior at these
points will be called critical. The other singularities, which depend on the initial conditions, are poles.
A solution of PVI can be analytically continued to a meromorphic function on the universal covering
of P1\{0,1, 00}. For generic values of the integration constants and of the parameters a,(3,7,d, it can
not be expressed via elementary or classical transcendental functions. For this reason, it is called a
Painlevé transcendent.

] . (PVI).

Solving (PVI) means: i) Determine the critical behavior of the transcendents at the critical points
x = 0,1,00. Such a behavior must depend on two integration constants. 1ii) Solve the connection
problem, namely: find the relation between couples of integration constants at = = 0, 1, co.

In this paper we present a constructive procedure, called matching procedure, to compute the
first leading terms of the critical behavior at * = 0. No a priori assumption is necessary. The
procedure is based on the isomonodromy deformation theory. It allows to compute the monodromy
data associated to a solution, and thus solve the connection problem. ! The matching procedure
was develeped by A.Kitaev for other Painlevé equations.

As a result of the matching procedure, we obtain: 1) A two-parameter family of solutions, of the
type found by Jimbo [15]. 2) One-parameter families of solutions, including a class of logarithmic
solutions. 3) The solutions which admit a Taylor expansion at © = 0. 4) Then, we compute the
corresponding monodromy data. In virtue of the symmetries of (PVI) (birational transformations
of (z,y(x))), it can be shown that the solutions with Taylor expansion at = = 0, obtained by the
matching procedure, are the representatives of three equivalent classes which include all the solutions
admitting a Taylor expansion at a critical point.

The purpose of this paper is to present a constructive procedure to solve (PVI), and to show its
effectiveness by both reproducing known solutions and by finding new ones. It is not our purpose

IFor reasons of space, we limit ourselves to the computation of monodromy data, without explaining how the
connection problem is practically solved once the monodromy data are computed, and how the analytic continuation
is done. We refer the reader to [15], [7], [8], [10], [4]. The behaviors at z = 1 and = oo, and the dependence of them
on the monodromy data are deduced from the behavior at x = 0 by symmetry transformations. PVT is invariant for
the change of variables y(z) = 1 —g(t), = 1 —t and simultaneous permutation of 8g, 61. This means that y(z) solves
PVI if and only if §(t) solves PVI with permuted parameters and independent variable ¢. Similarly, PVI is invariant
for y(z) = 1/g(t), * = 1/t and simultaneous permutation of 0o, 0g. It is invariant for y(z) = (§(t) — ¢t)/(1 — ¢t),
x =1t/(t — 1) and simultaneous permutation of g, 6;. By composing the third, first and again third symmetries, we
get y(x) = g(t)/t, t = 1/x with the permutation of 61, 6,. Therefore, the critical points 0, 1, co are equivalent.



here to discuss the problem of characterization and classification of all the solutions of (PVI) in
terms of the monodromy data of the associated linear system. Nevertheless, we show that the
matching procedure is effective to produce new solutions associated to monodromy data for which
the connection problem has not been studied so far. Therefore, it is a tool to study the classification
problem. This will be done in another paper.

Acknowledgements: 1T am much grateful to Alexander Kitaev for introducing me to the matching
procedure and for many discussions. This work would not have been started without him. The
author is supported by the Kyoto Mathematics COE fellowship at RIMS, Kyoto University.

PART I: Matching Procedure and Results

2 Matching Procedure

PVI is the isomonodromy deformation equation of a Fuchsian system of differential equations [16]:

dv Ao(z,0)  Ay(z,0) Ai(z,0)

A = . 1
o = Az, 0) T (A2, 0) Tttt | A€C (1)
The 2 x 2 matrices A4;(x, ) depend on z in such a way that the monodromy of a fundamental solution
U (A, x) does not change for small deformations of x. They also depend on the parameters «, (3,7, d
of PVI through more elementary parameters 6 = (g, .., 61, 0 ) according to the following relations:

0 1
—As = Ag+ A+ A, = —= 3. Eigenvalues (4;) = i§9i, 1=0,1,x;
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Here o3 is the Pauli matrix. The equations of monodromy-preserving deformation (Schlesinger
equations), can be written in Hamiltonian form and reduce to PVI, being the transcendent y(z)
solution of A(y(x),z,0)1,2 = 0. Namely:

_ x (Ao)12
yl@) = x [(Ao)12 + (A1)12] — (A1)12,

(3)

The matrices A;(z,0), ¢ = 0,z,1, depend on y(z), y(m) and [ y(z) through rational functions, which
are given in [16]. In short, we will write 4; = A;(z )

The product of the monodromy matrices My, M,, M; of a fundamental matrix solution ¥ at
A =0, x,1 respectively, is equal to the monodromy at A\ = co. The order of the producs depends on
the choice of a basis of loops. As a consequence, the following relation must hold:

cos(mlo)tr(My M) + cos(mby ) tr(MoM,) + cos(mwl, ) tr(M1 M)

= 2cos(mbo0) + 4 cos(mhy) cos(mby) cos(mly).

2.1 Leading Terms of y(z) as a result of Matching

We present the constructive procedure to obtain the leading terms of a solution y(z) when z — 0.
This procedure has been used for the fifth Painlevé equation by F.V. Andeev and A.V. Kitaev in

[1].
Since we are considering z — 0, we divide the A-plane into two domains. The “outside” domain
is defined for A sufficiently big:

A > |x|5OUT, douT > 0. (4)

Therefore, (1) can be written as:

dv  [Ag+ A,
dx

P
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The “inside” domain is defined for A comparable with x, namely:
|>\| < |JL’|§IN7 ory > 0. (6)
Therefore, A — 0 as x — 0, and we rewrite (1) as:

av

dx
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If the behavior of Ag(x), A1(z) and A, (z) is sufficiently good, we expect that the higher order
terms in the series of (5) and (7) are small corrections which can be neglected when z — 0. If this
is the case, (5) and (7) reduce respectively to:

. (7)

d¥our Ao + Ay Az haur ( ) Ay
- -z v
o 3 g — | Your, (8)
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where Nin, Noyr are suitable integers. The simplest reductlon is to Fuchsian systems:
dVour Ag+ A, Ay
A [ ) A—1) o (10)
d¥in Ap A,
= | = Un. 11
dX { X a—z (11)

Generally speaking, we can parameterize the elements of Ag + A, and A; of (10) in terms of 64,
the eigenvalues of Ay + A, and the eigenvalues 0., of Ay + A, + A;. We also need an additional
unknown function of . In the same way, we can explicitly parameterize the elements of Ay and
A, in (11) in terms of 6, 6., the eigenvalues of Ay + A, and another additional unknown function
of . When the reductions (8) and (9) are non-fuchsian, particular care must be payed. This will
be explained case by case in the paper. Our purpose is to find the leading term of the unknown
functions when z — 0, in order to determine the critical behavior of Ag(z), A1(z), Az(x) and (3).

The leading term can be obtained as a result of two facts:

i) Systems (8) and (9) are isomonodromic. This imposes constraints on the form of the unknown
functions. Typically, one of them must be constant.

ii) Two fundamental matrix solutions Yoyr (A, x), Yy (A, 2) must match in the region of overlap,
provided this is not empty:

Tour(\x) ~ Uin(Az),  |z°0vT < |\ < [z, z—0 (12)

This relation is to be intended in the sense that the leading terms of the local behavior of Yoy
and U;y for x — 0 must be equal. This determines a simple relation between the two functions of
x appearing in Ag, Az, A1, Ao+ A,. (12) also implies that d;n < dour.

Practically, to fulfill point ii), we will match a fundamental solution of (8) for A — 0, with a

fundamental solution of (9) when p := A\/z — oo, namely with a solution of:

Nin

A
ZQE \IIIN, o= —. (13)

T

dVin | Ao

dp poop—

To summarize, matching two fundamental solutions of the reduced isomonodromic systems (8)
and (9), we obtain the leading term(s), for z — 0, of the entries of the matrices of the original system
(1). The procedure is algorithmic, no a priori assumption about the behavior being necessary.

This method is sometimes called coalescence of singularities, because the singularity \ =
and A = z coalesce to produce system (8), while the singularity u = % and p = oo coalesce to
produce system (13). Coalescence of singularities was first used by M. Jimbo in [15] to compute
the monodromy matrices of (1) for a class of solutions of (PVI) with leading term y(x) ~ a 2!
0< o <1
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2.2 Computation of the Monodromy Data

Let ¥ be a fundamental matrix solution of (1), and let My, M., My, M, be its monodromy matrices
at A =0,z, 1, 0o respectively (M is the product of My, M, M;, the order depending on the choice
of a basis of loops). As a consequence of isomonodromicity, there exists a fundamental solution
Yoyt of (8) such that

MPYT =My, MQUT = M,

where MPUT and MQUT are the monodromy matrices of ¥opr at A = 1,00. Moreover, MPUT =
MoM, or M, My, depending on the order of loops. A detailed proof of these facts can be found in
[8]. There also exists a fundamental solution ¥y of (9) such that:

Mg™ = Mo, MY = M,,
where M{" and MV are the monodromy matrices of Uy at A =0, z.

The method of coalescence of singularities is useful when the monodromy of the reduced systems
(8), (9) can be explicitly computed. This is the case when the reduction is fuchsian (namely (10),
(11)), because fuchsian systems with three singular points are equivalent to a Gauss hyper-geometric
equation (see Appendix 1). For the non-fuchsian reduction, in general we can compute the mon-
odromy when (8), (9) are solvable in terms of special or elementary functions. This will be discussed
case by case in the paper.

In order for this procedure to work, not only Yoy and ¥y must match with each other, as in
subsection 2.1, but also ¥ oy must match with a fundamental matrix solution ¥ of (1) in a domain
of the A plane, and ¥;n must match with the same ¥ in another domain of the A plane.

The standard choice of ¥ is as follows:
[1+0(L)] A5 s pBe, A — o003

Yo(x) [T+ ON)] AFTAFoCy, A — 0

6

Yo (2) [T +ON—2)] A=) T3 (X —2)Cy, A —x;

Gi(@)[I+0A—1)] A=1D)FA-DRCy, A= 1;

Here 1o (z), ¥z (), 1 (x) are the diagonalizing matrices of Ag(x), A1(x), A, (x) respectively. They
are defined by multiplication to the right by arbitrary diagonal matrices, possibly depending on x.
Cy, k = 00,0, z,1, are invertible connection matrices, independent of x [16]. Each R, k = 00,0, z, 1,
is also independent of z, and:

0 = . .
(0 0) , if 8, > 0 integer

R.=0if0, & Z, R, = 0 0
<* ) , it 0, <0 integer

0

00
Note that for the loop A — Ae?™, |\| > max{1,|z|}, we immediately compute the monodromy at
infinity:

If9, =0,7=0,z,1, then R; is to be considered the Jordan form (0 1) of A;. If 0, =0, R = 0.

Mo = exp{—imbo} exp{2miRs}.
Let Uoyr and ¥y be the solutions of (8) and (9) matching as in (12). We explain how they
are matched with (14).

(*) Matching ¥ < Ugopyr:
A = oo is a fuchsian singularity of (8), with residue —A,,/A. Therefore, we can always find a
fundamental matrix solution with behavior:

1 o
g Mateh - — {I+O<X)] AR\ o,



This solution matches with . Also A =1 is a fuchsian singularity of (8). Therefore, we have:
whateh — pOUT (2)[T + O(A —1)] (A= 1)Fo(A — HRCUT A - 1;

Here CPUT is a suitable connection matrix. Y7 (z) is the matrix that diagonalizes the leading
terms of A (z). Therefore, 11 (x) ~ PV (z) for x — 0. As a consequence of isomonodromicity, Ry
is the same of W.

As a consequence of the matching ¥ « \Ilg[‘}tTCh, the monodromy of ¥ at A =1 is:

M, =0C;! exp{infi03} exp{2miR, }C1, with Cy = CIOUT.

We finally need an invertible connection matrix Coyr to connect \Ilg[‘}tTCh with the solution ¥ oy

appearing in (12). Namely, \Ifg,%?h = VYourCour-

(*) Matching ¥ < Uy

As a consequence of the matching ¥ <« Wg[(?%h, we have to choose the IN-solution which

matches with WMaleh, This is WHeteh .= U yCopr.

Now, A = 0,z are fuchsian singularities of (9). Therefore:

IN(@)[T +O0M\)] AFosrfoCIN, A= 0;
lI/]\/Iatch _
IN

VIN@) [T+ 0 —2)] A=) F(A—a)RCIV, A=

The above hold for fixed small 2 # 0. Here C{" and CIV are suitable connection matrices. ¥ ()
and 1, (7)!N are diagonalizing matrices of the leading terms of Ag(x) and A, (z). For z — 0 they
match with o (z) and 1, (x) of ¥ in (14). On the other hand, as a consequence of isomonodromicity,
the matrices Ry and R, are the same of W.

By virtue of the matching ¥ « WMateh the connection matrices Cp and C,, coincide with the
z-independent connection matrices C{&, CIN respectively. As a result, we obtain the monodromy
matrices for U:

My =Cp ! exp{inbyos} exp{2miRy}Cy, Co= COIN,

M,=0C,"! exp{inf,03} exp{2miR, }Cy, C, = CiN.

Our reduction is useful if the connection matrices CPUT CIN, CIN can be computed explicitly.
This is possible for the fuchsian reduced systems (10), (11). For non-fuchsian reduced systems, we
will discuss the computability case by case.

3 Results

In the following, it is understood that @ — 0 inside a sector. Namely, arg(x) is bounded.

3.1 Ciritical Behaviors: Result 1

The novelty of this paper is that the matching procedure is applied to non-fuchsian systems (8) and
(9). As a result, we obtain all the solutions that admit a Taylor expansion

o0
y(x):bo—l—blx—i—ngQ—i—...:anx”, x — 0.
n=0
Precisely, we obtain the representative solutions of three equivalence classes, the equivalence relation

being the birational transformations [22] of Appendix 3 and formula (19). Our result is the following.

Theorem 1 The solutions of (PVI) with Taylor expansion at x = 0 are divided into four equivalent
classes (one being that of singular solutions y = 0,1,x). The representatives can be chosen as
follows:

1) Singular solution y = 1.



2) 01 £ 1, 01 — O & Z:

_ OO+l 0101 — ) (01 — 0o +2) + 03 — 05
T 1-0s 2000 — 1) (oo — 01) (0o — 01 — 2)

y(z) Iy + ) (01,000, 00,0:) 2. (15)
n=3

The coefficients are certain rational functions of 0y, 0, 09, 0, .

3) 01 = 0o £ 1, g = £0,:

1 S n
y(z) = - +axr + an(a;ﬁoﬁm)x . (16)

n=2
The coefficients are certain rational functions of 0y, 0o and a parameter a € C.
4) 0o =1,6,=0:
l—a 2 2 - n
y(a) =a+——(1+05—62) &+ ba(a;fo; 0)a". (17)
n=2
The coefficients are certain rational functions of 0y, 0, and a parameter a € C.

The monodromy data associated to the above solutions is given in theorem 3.

The symmetry 6; — —6, which leaves (PVI) invariant, transforms (15) into:

01+ 0, —1 01[(01 + 000) (01 + oo — 2) + 02 — 62

[
e 21 — 000)(0o0 + 01) (00 + 01 — 2)

L, + ) bn(—01,000,00,0,) 2. (18)
n=3

Here 01 # 1, 61 + 0 & Z. The coefficients b,, are the same of (15).

The convergence of the Taylor series can be proved by a Briot-Bouquet like argument. This will
not be done here, for reasons of space. The reader can find the general procedure in [13] and an
application to the fifth Painlevé equation in [18]

Comments:
1) Characterization of solutions y(z) = >~ b,z", by # 0.

(a) There always exists one solution (15) when 61 — 0., ¢ Z; there always exists one solution
(18) when 6 + 0o & Z. The coefficients b,, depend rationally on 6, k = 0,2,1,00. (b) There is a
one-parameter family of solutions equivalent to (16), when 61 £ 6., € Z and 6y £ 6, has a particular
integer value. The coefficients b,, depend rationally on a complex parameter a and 0,60. (c)
Finally, there is a one-parameter family of solutions equivalent to (17), when 61 & 0o, € Z, and 6
has a particular integer value; the coefficients b,, depend rationally on a complex parameter a and
6o, 0. The singular solutions y = 0,1,z are possibly obtained by birational transformations of (15),
(16), (17).

The coefficients b,, can always be computed recursively by direct substitution into (PVI). We
will clarify these facts by some examples in Appendix 4.

2) Characterization of solutions y(z) = Y .~ b,a™, by # 0.

These solutions are obtained from those of theorem 1 by the symmetry.

91|—>91, 90'_)900_17 91 ’_’ez; eoo'_)90+17 y(aj)'_) N (19)

The solutions obtained from the singular solution y = 1 and (15), (16), (17) are respectively:
1) Singular solution y(z) = z.
2) 90#0, GO:I:GI §ZZ

) 000z (6o +02) + 07 — 02, + 20, — 2]
T 0 £0," 2(00 + 0,)2 (00 £ 0,)2 — 1]

2>+ bu(Bo,0s, 01, 050)".  (20)

n=3

y(z)



3) Op+0,=1,0y+#0, lei(eoo—l):

y(x) = 0o +az? + Z b (a; 0p, 0)x™. (21)
n=3
4) 60, =60p=0
-1 >
y(x) =ax + G(GT>(9% — (0o — 1) = )2 + Z bn(a; 01, 0s0)2™. (22)
n=3

(a) (PVI) has always one or both solutions (20) when 6y + 60, ¢ Z. Also when 6+ 6, (or 6y —0,)
is integer, (PVI) has a solution (20) corresponding to 6y — 6, not integer (or 6y + 0, not integer).
(b) When 6y + 6, or 6y — 0, is integer, (PVI) has a 1-parameter family of solutions equivalent (by
birational transformations) to (21); this family exists provided that 6; + 6, has a particular integer
value. (c¢) When 6y + 6, or 6y — 6, is integer and 0y has a particular integer value, there is a one
parameter family of solutions equivalent to (22).

3) (PVI) has a one-parameter family of solutions of the type:
y(@) = 0(@) + 31 (@) ax 4 (@) (@2°) +. =Y un() (@), w0 (@3)
N=0
where the parameter is a € C, and the yx(z)’s are Taylor series:

yn(z) = Zbk,N(91,9m790,91) a*, z — 0.
k=0

Either yo(x) is (18) and w = £(01 +0oc — 1), or yo(x) is (15) and w = +(0oc —01 —1) . The conditions
|Rw| < 1, w # 0 hold. The coefficients bg n (61,0, 00, 0,) are certain rational functions that can
be recursively determined by direct substitution into (PVI). These solutions are the immages of
solutions (25) and (26) respectively, through the symmetry (19). Solutions (25) and (26) are a
sub-case of theorem 2, obtained by the matching procedure.

Taylor solutions (15), (18) are a special case of (23), when the parameter is zero. Solutions (16)
and (17) — and their images by symmetry — are one parameters families of type (23), in non generic
cases when o € Z.

Further study of one-parameter solutions, including non-generic cases when 6,, and/or some sum
of two 6,’s are integer (including logarithmic one parameter families), will be presented in another
paper devoted to the general classification problem.

4) Solutions (15) and the equivalent solutions (18), (20) were also derived in [17] by substitution
of a Taylor expansion in (PVI). The corresponding monodromy was computed by coalescence of
singularities of a Heun’s type (scalar) equation.

3.2 Critical Behaviors: Result I1

We now consider cases when (1) can be reduced to the fuchsian systems (10) and (11). Let o be a
complex number defined, up to sign, by:

tr (MoM,,) = 2 cos(no), [Ro| < 1.

Actually, +0/2 are the eigenvalues of lim,_,o(Ag+ A ). The matching procedure yields the following
result.

Theorem 2 Let r € C and o be as above, with the restriction |Ro| < 1. (PVI) has a family of
solutions depending on the two parameters r, o. The leading terms of the critical behavior for x — 0
may be parametrized as follows:



ESUST R TR B 0 > 0,
y(z) ~ —§ zito, if o < 0; (24)
% [0’27(904’0:)12(15(390701)2762] zl=° 4+ 95729;;02 g 1,1+0, if Ro = 0.
In the above formulae, r # 0.
For special values of o # 0:
)=y T e om0 +0,) £0 (25)
Yy 90 +9Z 90 +9Z ) 0 T )
(x) = o x F - +(0p —0,) #0 (26)
Yy 90 — 9m 90 — 9m ) 0 T .
For o =0:
x(@long—Q(r—i-%’)logx—i—%), 0o # +0,,
y(z) ~ o (27)
z (r £ 6g Inz), 0o = £0,.
Comments:

1) r can be computed as a function of the monodromy data. See (30) and comments there.
2) Sub-cases of theorem 2.

i) When o # 0, the result of the theorem includes the sub-cases (25) and (26). If »r =0, 6y # 0,
0o + 0, ¢ Z, direct substitution into (PVI) gives the two Taylor expansions (20).

If r # 0, (25) and (26) are a 1-parameter family, with the restriction |Ro| < 1. The symmetry
(19) transforms them into the solutions (23), the leading terms being respectively:

Ooo + 01 — 1
y(@) N% (uo Tlxw), w=t(0o + 01 — 1) £0,

61
y() N% (uo Tlxw), W=t — 0 —1) £0,

with the restriction |Rw| < 1.

ii) The case o = 0 includes the sub-case y(x) ~ rz, which occurs for 8y = 0,, 8y = 0. By direct
substitution in (PVI) we obtain a series:

yl)=rzx Jern(T,Gl,Hoo)z", 0p=0,=0, r#£0,1.
n=3

This is again solution (22). Note that for » = 0,1 we have the singular solutions y = 0, y = 1. Note
also that the special sub-sub-case 6y = 0, = 6; = 0 has applications in the theory of semi-simple
Frobenius manifolds of dimension three [6] [9].

3) Solutions (24) were studied in [15]. Their existence was proved by assuming that the matrices
Ap, Az, A1 have a certain critical behavior for x — 0, and proving that such matrices solve the
Schlesinger equations. Then, the monodromy data were computed by coalescence of singularity.
These solutions where further studied in [7], [8], [10], [4]. We show that these solutions can be
obtained without any assumption by the matching procedure, together with the solutions (27),
which do not appear in [15].

4) The class of solutions (24) was enlarged in [23] and [10], to the values 0 € C, o & (—o0, 0]U[1, +00).
When Ro > 1 or Ro < 0, the critical behavior is like the first of (24), and it holds for z — 0 in



a spiral-shaped domain in the universal covering of a punctured neighborhood of z = 0, along a
paths joining a point zy to z = 0. Along special paths which approach the movable poles, these
solution may have behavior y(z) ~ sin™> (% lnz+p(x, r)), where p(z, ) is a phase depending on the
parameter r. The transformation o — +o 4+ 2N, N € Z, leaves the identity tr(MoM,) = 2 cos(ro)
invariant. Its effect on the solutions is studied in [10]. As a result, one can reduce to the values
0 <Ro <1, 0 #0,1. We cannot enter into more details here. The reader may find a synthetic
description of these results in the review paper [11].

5) Solutions with expansion:
y(z) =z(A1+ Bilnz + C: In’z+ DiIn®z + )+ m2(A2 +Bolnz+...)+ .., z — 0.
are all included it theorems 1 and 2. Actually, only the following cases are possible:
ﬂ)g—mx +O(x?) [Taylor expansion],
ylz) =< z (%+B1 lnax—&-@ln%c) +22() + ., (28)
T (Alzi:ﬁolnx)Jr:cQ(...)Jr..., and 0yp = 0.

Ay and B; are parameters.

6) The symmetry (19) applied to solutions (27) gives:

v = 7 & {l+w : +0(L)], (29)

07 — (0o — 1)?] In? z 0? — (0o —1)2 Inx In?z
and . .
r
= 1 — 0o 0, =1.
y(@) (oo — 1) Inx { :F(Goo—l) lnerO(]an)]’ ke

The higer orders O(1/In” z) include powers z”(Inz)*™. The so called Chazy solutions, studied in
[19] for the special case 6y = 6, = 61 =0, fc = —1, have the behavior (29).

7) When this paper was completed, I received a communication by the first author of [5]. In [5] it is
proved that (PVI) has solutions with expansion at x = oo, or x = 0, of the form y = ¢,2" + > cs2°,
¢r € C. The ¢4’s are either complex constants or polynomials in Inx. 7 and s are integer or complex.
If r is complex, the restriction ®r € (0,1) holds. The method used in [5] is a power geometry
technique. The connection problem and the characterization of the associated monodromy data are
not studied.

3.3 Monodromy: Result III

In this paper, we computed the monodromy for the Taylor-expanded solutions, which correspond to
non-fuchsian reductions of system (1). Because of the symmetries of (PVI), we can limit ourselves
to the monodromy data for the representative solutions (15), (16) and (17).

Theorem 3 a) Let 0, & Z, k = 0,1,2,00. A representation for the monodromy matrices of the
solution (15) is:
MO = COoo exp{iw@oog} CO_O})’

M, = Cooo Cpy" expinb o3} Co1 Cjt.
My = exp{—inbi03}, Mo = exp{—imbo0os}.
The matrices Cyo and Co1 are (91) and (90). The subgroup generated by MoM,, and M is reducible.
As for the solution (18), we just need to change 61 — —0.

b) It is convenient to re-parameterize the solution (16) by introducing a parameter s through the
equality:
Ooo(2s + 05 +1)

20 — 1)

a =



Let 0, 0 & Z. Then, a representation for the monodromy group is:
My=G exp{iw@mag} G 1, M, = exp{—iw@ooag}

M, =G exp{fi7r9m03} G 1, My = exp{fiWGOoog}
In particular, My, = My, MoM, = 1. We can choose G as follows:

1 1
G<S+9m 2)

Conversely, we may express s as a funcition of the monodromy data:

_ 02 [2 cos(m (00 + 02)) — tr(M1My)]
2[cos(m(0oc — 0)) — cos(m (o + 62))]

c¢) We re-parameterize solution (17) introducing a new parameter s defined by a =: (1 — s)~ 1.
Let 0y, 0, € Z. Then, a monodromy representation for the solutions (17) is:

— . _1 O
My = (CooO) ! exp{imfyos} Cxoo, Moo = <27ri (1—s) 1>

2mis 1

- - . 1 0
Mz - (CooO) 1(001) ! exp{m@zog} 0010000, M1 = ( ) .
where Cooo and Co1 are (94) and (93).

Conversely, we may express s as a function of the monodromy data:

_ tI‘(MlMo) — 2COS(7T(90) (0000)21
47 sin(70o) (Coo0)22”

The conditions 0, ¢ Z can be eliminated, and the computations can be repeated without con-
ceptual changes, but with different results.

In the above theorem, the subgroups generated by MyM, and M; are reducible. This char-
acterizes the monodromy associated to solutions which have a Taylor series at x = 0. The same
characterization at = 1 involves the subgroup generated by MM, and My. At z = oo, it in-
volves the subgroup generated by MyM; and M,. 2 In another paper, we will consider again this
characterization, together with the general problem of classification.

Let us define again o by tr(MyM,) = 2cosmo. Then, in case a), 0 = £(01 —0) [and £(61 +600)
for the change 6; — —64]. In case b), tr(MyM,) = 2 and 0 = 0. In case ¢), tr(MoM,) = —2, 0 = +1.
The matching procedure is effective to produce solutions corresponding to monodromy data for which
the connection problem is so far not well studied, such as the case tr(M;M;) = —2 (see [11]).?

Note: Also the 1-parameter solutions (25) (26) and the second solution in (27) are characterized by
a reducible subgroup generated by My, M,.

Comments.

1) The monodromy group for the solutions (20) was derived also in [17], by confluence of singularities
of scalar equations (including a Heun’s type equation). The result is equivalent to that in point a)
of the above theorem.

2) The computation of the monodromy group of the fuchsian systems (10) and (11) is quite clear
[15] [7] [10] [4]. Tt allows to express the parameter r of (24), (25), (26) and (27) as a function of the

2In the appendix of [10], the reader may find explanantions about how to obtain results at © = 1,00 from the
results at x =0

3Here I remark that the formula (1.30), page 1293, of my paper [10] is wrong. The correct one is tr(M;M;) ¢
(—o0, —2]. In [10] the connection problem is solved for tr(M;M;) # £2. The case tr(M;M;) = 2 yields (27). For the
special choice of the parameters g = 0, = 01 = 0, it was studied in [7] and [8] (no logarithmic terms appear in such
a special case). The result (27) for the general (PVI), corresponding to tr(MoM;) = 2, appears in the present paper
for the first time.
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monodromy data. Though the computation for (25), (26) and (27) does not appear in the literature,
the procedure is clear (see section 4.8), so we do not repeat it. We just report the result for (24),
which can be found in [15] [10] [4]:

(90 — 0, +0‘)(90 + 0, —0’)(900 + 6, —0‘)

— l (30)
B 40(0oo + 01 + 0) F’
where
P +0)’T (500 +0. —0)+1)T (50, — 6o —0) + 1) y
S T(1—0)’T (300 + 02 +0) + 1) T (3(6 — b0+ 0) +1)
P (300 +01—0) +1)T (5(01 b0 —0) +1) V
P20 +601+0)+ 1) (5(01 — 0o +0)+1) U’
and:

U:= %sin(ﬂ'o)tr(Mle) — cos(7l,) cos(mhs) — cos(mly) cos(mhy) | €™ +

+% sin(wo )tr(MoMi) + cos(wb, ) cos(m81) + cos(mhx) cos(mhy)
V.= 4sing(90 +0,—0) sing(ﬁo — 0,4+ 0) sin g(@oo +60; —o0) sin%(@oo — 01+ 0).

The above formula was computed with the assumption that o+ (0g+0.,.), 0+ (0o —0.), o+ (61 +0),
o+ (6; — ) are not even integers. *

3) Reducible Monodromy. The monodromy groups in theorem 3 are not reducible, but they
have a reducible subgroup. If the entire group itself is completely reducible, all the Painleveé
transcendents are known. Solutions of (PVI) corresponding to a reducible monodromy were found
in [12]). We summarize the results:

Proposition 1 All the solutions of (PVI) corresponding to a reducible monodromy group are equiv-
alent by birational canonical transformations to the following one-parameter family of solutions, with
oo + 01 + 60 + 0, = 0:

()7914—900—14—3:(1—1—9:5)7 1 2z (1-2) du(z;a)
ne = foo — 1 O —1 u(z;a) de

(31)

where u(z;a) = ui(x) + auz(z); a € C, ui(x) and uz(z) are linear independent solutions of the
hyper-geometric equation:

2

P 2) T {12 (oo 0] — (4~ e+ 02)a} T2 — (2~ 0)(1 4 0 Ju =0

The monodromy matrices are

w=(5 ) w=(5 ) (5 )
2 2 2

The parameter a does not appear in the monodromy.

Remark: The rational solutions of (PVI) are a special case of the above proposition. They were
studied in [20]. Up to canonical birational transformations, they are realized for 0, +61+6o+6, =0
and:

. Ose + 01 z—1

(2= (oo +01) + 61 2)° =24+ 0 + 61 — 6y a2

4In [10] there is a missprint in formula (A.30), which must be re-calculated. In [15], in formula (1.8) at the bottom
of page 1141, the last sign is o instead of Fo.
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The computation of the expansion at z = 0 of (31) is just a consequence of the expansions of u1 ()
and ug(z). The reader can find by himself a behavior y ~ z(r(a)£60, In(z)) for 61 + 0 = 0o+0, =0,
namely a sub-case of the second solution in (27). For 61 + 0. ¢ Z, we find behaviors of the type
(23) (and (15), (20) for a = 0).

PART II — Derivation Results: Fuchsian Reduction

4 Fuchsian Case

Let  — 0. The reduction to the fuchsian systems (10) is possible if in the domain (4) we have:
|(A0 + Am)z]| > ‘(Az)z] %‘ , namely: |(A0 + Ax)”| > ‘(Am)z] 1'1*50UT’ . (32)
Let us denote with A; the leading term of the matrix A;, i = 0,2, 1. We can substitute (10) with:

Ao+ A, A
A A—1

d¥our _
dX\

Your (33)

We suppose that 6, # 0. This is not a loss in generality, because 6, = 0 is equivalent to ., = 2.

Lemma 1 If the approzimation (10) is possible, then Ao+ A, has eigenvalues £5 € C independent
of x, defined (up to sign and addition of an integer) by tr(M,My) = 2cos(no). Let r1 € C, r1 # 0.
For 0, # 0, the leading terms are:

o262 g2 .
;o T 40 -
A= ( (02 (01 -000)%)[0° —(0:1400)%] 1 0°—62 —02 ) ) (34)
1662, T1 4000
and
92—0>—02, .
~ c T 40, 1
AO + Az — ( [027(017000)2][027(91+0w)2] 1 70570270; ) . (35)
1662, 1 460

Proof: Observe that tr(/lo + 1211) = tr(Ao + Az) = 0, thus, for any z, Ay + A, has eigenvalues
of opposite sign, that we denote +&(x)/2. Then, we recall that x is a monodromy preserving
deformation, therefore the monodromy matrices of (33) are independent of z. At A = 0,1, co they
are:

M, M,
O xz V10 @] (@]
7‘[0 urT { ML , 7‘[1 ur »7‘{1; M ur M

Thus, det(M{YT) = 1, because det(M,)=det(My) = 1. Therefore, there exists a constant matrix
D and a complex constant number ¢ such that:

diag(exp{—ino}, exp{ino}),

—1 ouT _
D= My D =9 741 ES I 7
0 +1)°%"\« +1) ¢

We conclude that 5(z) = 0. We also have tr(M§UT) = 2 cos(ro).

Now consider the gauge:

- 01 ddq AoﬁL/‘ix*g Alfe—l
P :=A"T(A-1)"2 Yoyp. —— = 2 Z o 36
1 ( ) our P\ h + N1 1 (36)
We can identify Ag+ A, — g and Ay — 02—1 with By and B; of Proposition 2 in Appendix 1, case
95), witha=9%=+2 + 2 p=-Il=2 4 8 12 c=0. O



Remark: r; may be a function of x. If the monodromy of system (33) depends on ry, then 71 is a
constant independent of x. This is the case here, but we do not prove it for reasons of space. See
the references in Part 1.

Lemma 1 (and Lemma 3 which follows) includes all cases (95)—(99) for system (36). Cases
(96)—(99) are obtained substituting 0 = — (0o, +01), 0o — 01, 0o + 61, 01 — O Tespectively. For all
the computations which follow, involving system (33) or (36), we note that the hypothesis 6, # 0
excludes cases (100), (101) and the Jordan cases (102)—(104).

The reduction to the fuchsian system (11) is possible for z — 0 in the domain (6) if:

(Ao)ij | (Au)ij (Ao + Az)ij
S| > (Al namely: | (A (37)
We can rewrite (11) using just the leading terms of the matrices:
d¥rn Ay A, ]
= |- R
) N Tz Y (38)

Then, we re-scale A and consider the following system:

dv A A, A
IN<—0+ )‘PIN, pi=

dp pooop—1
0 1
0 0/

Let Ai = KO_IAiKO, 1 =0,z. By a gauge transformation, we get the system:

We know that there exists a matrix Ko(x) such that:

Ko@) (o +-An) Koto) = ()

av, [4, A,
Un = Ko(z) ¥, d—uo = 70 7| Yo (39)
Lemma 2 Letr € C, r #0. If o # 0, we have:
A 0262 +0> -
— 40
Ao = (_ [0°=(00—=0:)*][0° = (B0+02)*] 1 _M> ) (40)
1602 T0 40
. o2+62-62 _r
— 40
Az = ( [02_(90_936)2][0_2_(90+9m)2] 1 _62+03793 ) . (41)
1602 r 4o
Proof: We do a gauge transformation:
_ % _ bz do /io — % Aﬁm — %
Do = p 2 (u—1)"7 W, d—:: u2+ u—12 Dy (42)

We identify Ay — %, A, — % with By and B; in the Appendix 1, Proposition 2, case (95), with

—bo 4 0 o p_60 b o ._
a=3+3 b= +%+3,c=00. 0

>

Remark: If the monodromy of the system (39) depends on r, then r is a constant independent of x.
This is the case here.

The Lemma 2 (and lemma 4 which follows) includes also the cases (96)—(99) for the system (42).
These cases correspond respectively to the values o = 0y + 0., —0yg — 0, 0, — 0y, g — 0, with
Oy # 0.
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4.1 Matching for o ¢ Z and proof of (24)

We match Vopyr and ¥y in the intersection of the “outside” and “inside” domains, namely the
region |x|°0UT < |\| < |2]%V, x — 0. As a consequence, we obtain the leading term of y(z).

Lemma 3 Ifo € Z and 0 # 0, system (33) has a fundamental matriz solution oy (N\) with the
following behavior at A = 0:

- W (A0 1 1
Your = Z Gn ( 0 A% ) ; Go = < (0oct0)*> =07 (0oc—0)*—07 ) .
n=0

40 071 40071

G, are matrices which depend rationally on 0, 01, o, r1. The series is convergent for |A| < 1.

Proof: It is an immediate consequence of the standard theory of linear systems of fuchsian differential
equations. O

Lemma 4 If o &€ Z, system (39) has a fundamental matriz solution with the following behavior at

= 00:
ZOO a| (nE O
I+ 71Kn,ul 1 ( 0 ’u—% ) 9

where I is the identity matriz, K, are matrices which depend rationally on 0y, 0, o, r. The series
is convergent for |u| > 1.

o) =

Proof: Tt is a consequence of the standard theory of systems of fuchsian equations. O

The matching relation Wy (A\) ~ Ko(x)¥qo (A/z), |2°00T < |\ < |2[%, 2 — 0, is:

AT 0 AT 0 =% 0
GO(O A—%) NKO(QC)(O A—%) ( 0 x—)

This gives the result:

1 1 2 0
Ko(z) ~ ((ex+g)2—ef (eoo—a)Q—ef) ( 0 4-%

40007’1 4900 T1

We compute the matrices Ag(z) = Ko(z)AoKo(z)™', Ag(z) = Ko(x)A.Ko(x)™" making use of
Lemma 2. We obtain:

0202102
dolr) = G o ) G
O] =80 (540, -00)(0+02+00)(0—02400) (0—0:—00) —— _ 02—02+0> 0

16027 z T
a2+62-62 -
~ . B P a— —rx —1
Ao (:L') =Go ( (U+9m—90)(0+9m+90)(0f9m+90)(0—9m—90) P _o’+03-65 ) Go
16027 4o
This result shows that the matrix elements of Ay and A, diverge as |z|~®?l when 2 — 0 inside a
sector (i.e. for |arg(z)| bounded). In particular, we find (A47)12 = —r1 and
- r1 (0% — (60 + 02)%][(00 — 0,)> — 0°]  _, 03 — 02 + o T o
Ay = 12 Sl A Y.
(Ao)z r 1603 vootn 202 o

The above are enough to compute the leading term(s) of y(z) from the formula:

y(z) = (Ao _ o)z [1 — <1+ (AO)”ﬂl (43)

~ z[(Ao)12 + (A1)12] — (A1)12 (A1)12 (A1)12
Thus:
(Ao)ia _ 1 [0° = (0 + 0.)%][(B0 — 02)* = 0®] 1o | 03 —02+0° T ite

We have ignored 1/[1 — 2(1+ (Ag)12/(A1)12)] because condition (32) is equivalent to: |at =0t | —
0 for x — 0, which implies that |z (A0)12/(A1)12’ ~ |z'*7| — 0. Therefore, 1/[1 — z(1 +
(Ao)12/(A1)12)] = 1/(1 + O(x)) = 1 + O().

If Ro # 0, the leading term of (44) is certainly correct, but some higher order corrections may
be bigger than the next two terms of (44). If o = 0, the three terms of (44) are of the same order.
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4.2 Range of ¢

Conditions (32) and (37) must be verified. Let C denote a non zero constant. We suppose that
2z — 0 inside a sector with center on = 0. Then:

Condition (37) is [z| %Y > C <= &y > 0.

Condition (32) is C > |z~ RolH1=dovr 0 |Ro| < 1 — opr.

The last condition implies that |Ro| < 1. We also conclude that 0 < §;n < doyr < 1.

4.3 Leading term for 0 = +(6y+6,),+(0y—6,) # 0. Proof of (25) and (26)

Formula (44) holds for any ¢ # 0 such that |Ro| < 1. However, we cannot naively substitute the
value of 0 = (0 +0,), & (0o —0.), for which the coefficient of 21~ vanishes. This is because only
the leading term is certainly correct, and it may be the term in z'~?. Therefore, here we briefly
give the explicit derivation of (25) and (26), using cases (96)—(99) for system (42).

Case (96), a = 0: This is the case ¢ = 0y + 6, # 0. The matching procedure does not change. From
(96) we compute:

- b g g0 _ N 9o _p g _
A0G0<(2) 00>G0 h AzG()((Q) 92>Go h
2 T2
This implies that (Ao)lg = (90% - 90# x") , while (A1)12 = —ry as in the generic case.
Therefore,
90 r o
y(x) i

T 0+0, " O+0,
It is interesting to note that for o > 0 we have §(z) ~ 09/(6p + 0.) x. Such a behavior is what one
would naively expect from the generic behavior (44) when o = 0.

Case (97), b=10,is 0 = —0y — 0, # 0. Case (98), a = ¢, is 0 = 0, — 0. Case (99), b = ¢, is
0 = 0y — 0. Proceeding as above, we find (25) and (26).

Remark: If we substitute y = bix + box? + bzx® + ... into (PVI) we find all the coefficients b,, by
identifying equal powers of x. The result is (20). We need to assume that 0y £ 6, is not integer or
Zero.

4.4 Matching for o = 0. Proof of (27)

4.5 Case ty+t0,#0
Lemma 5 Let r1 € C, 1 # 0. The matrices of system (33) are:

79012974’012 —r 9?7620 1
;o - N c 0
A= (02 6% ]2 0..240,2 | Ag+ A, = 02 e 6202 | Vry # 0.

1662, 71 460 .o 16602 71 40

A fundamental matriz solution can be chosen with the following behavior at X = 0:

vour() =60+ 00 (o ). Go=(atar V).

40 T1 1

Proof: The system (36) is:
A,
ax

AOJ;Az + A)l\:l%l] D,
We identify /10 —|—121$ and A; — %1 with By and B; of proposition 2 in Appendix 1, diagonalizable case
(95)-(99) (we recall that (100)—(104) never occur when fo # 0) with a = %= + & p= —f= 4 01
‘ 7%1e behavior of a fundamental solution is a standard result in the theory of Fuchsian systems.

The matrix Gy is defined by G ™* (Ao + Az) Go = (8 (1)) =
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Lemma 6 Let r € C. The matrices of system (39) are:

4 r (r+6g 0, 4 r (r+6g
A Pt A ; —r -G 1 R
Ay = z 70 A, = z 70 45
0 92_92 ) T 92 _02 .
0% —p—t = —% r4 %
4 2 4 2

There ezist a fundamental solution of (39) with the following behavior at p = oo:

on-[reo)] (3 %) o=

Proof: To compute Ay and A, for the generic case, we consider the case (102) in Proposition 2,
applied to the system(42). The parameters are a = ‘9" + , ¢ = by. In particular,

N P |
A0—§+Az—?:( . e, (46)

Here the values of the parameters satisfy the conditions a # 0 and a # ¢, namely 0y £ 0, # 0. From

the matrices (102), we obtain Ag = By + 6p/2 and A, = By + 0, /2. Keeping into account (46), by
the standard theory of fuchsian systems we have:

1 _ %0+ 1 1
Do () = |:I+O<;):| T <0 O%”), 1 — 00.

This proves the behavior of Wy(u). O

The matching condition Yoy (A) ~ Ko(z) Uy (A/x) becomes:

1 log (2 1 log\ 1 0 1 1
Ko() (o Ogl(z)> ~ Go <0 % > = Ko(x)~<e§o—ef l) <0 Of””).
4 0o ™1 1

From the above result, together with (45), we compute Ay = KoAdyKy™', A = KgAKy~ '. For
example,

2 42
. r+9“+ Tlogm 9“490 log? —2(r+92‘))logaz +74 r(r+0o) )
p— 0 -
o 030 020 0 co
B =1 tlogz — (r+ %)

A similar expression holds for A,. The reader can verify that the matching conditions (32), (37)
are satisfied.

The leading terms of y(z) are obtained from (43) with matrix entries (A; )12 = —ry and:
< 02 — 02 0o 4 r(r+6p)
(A0)12:T1 |: 1 log I2<T+2>10gl‘+9:%7_98 .
The result is: 2 g ) (r 1 6)
— 4 r(r+
x 0 2 0 0
~ 1 -2 — )1 — . 4
y(x) ~x { 1 log'w <r+2)ogm+ @20 ] (47)

4.6 Casety+6,=0
We consider here the cases (103), (104) of Proposition 2 applied to the system (42).

Case (103) is the case 0 =0, 8y = —0,, with a =0, ¢ = 0 in the system (42). From Proposition 2
we immediately have:
2 ey T 2 C s
Ado=1(2 "), A =(2 ",
0 —& 0 —L

The behavior of ¥y and Yoyr, and the matching are the same of subsection 4.5. We obtain the
same Ko(z). Therefore:

(Ap)12 =71 (r—6p Inx), (Al)lg = —ry.
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This gives the leading terms:
y(@) ~x(r — 0y Inz) =z(r+06, lnx). (48)

In the same way, we treat the other cases. Case (103) with a = ¢, is the case 0 =0, 0y = 0,,. As
above, we find y(x) ~ z(r — 6y Inz) = z(r — 0, Inz). Case (104) with a = 0, is the case o0 = 0,
0o = —0,. We find y(z) ~ z(r + 60y Inz) = 2(r — 0, Inz). Case (104) with a = ¢, is the case o = 0,
0o = 0,. We find y(z) ~ z(r + 6y Inz) =z(r+60, Inx).

Both (47) and (48) contain more than one term, and in principle only the leading one is certainly
correct. To prove that they are all correct, we observe that (47) and (48) can be obtained also by
direct substitution of y(z) = (A1 + Bilnz + C1In®z + D1In®z + ...) + 2%(A2 + BaInz + ...) + ... into
(PVI). We can recursively determine the coefficients by identifying the same powers of z and ln .
As a result we obtain only the five cases (28), which include (47) and (48).

4.7 No Naive Matching for ¢ =1

The condition |Ro| < 1 suggests that the matching above does not work in the case o = 1 (and
o = —1, being equivalent). Let us convince ourselves of this fact by repeating the procedure above.
A fundamental matrix solution for (33) at A = 0 is non-generic:

Az 0 1 log A
Your(\) = (Go + O(N)) (0 A_%) (0 Of ) (49)
where: .
G : = —1)? Vr %0
07 (02 ) ’ r 7 0.
400 T1 _Goo T1

A fundamental matrix solution of (39) at u = co is non-generic:

\PO(H)<I+O<%>) (“0% MO%> (Rligu (1)> (50)

[(60 + 02)* — 1][(60 — 0)* — 1]
16 r ’

where:

R:= (I‘iz)m = r# 0.

The matching relation:

. (%)% 0 1 03—(61—1)2 AT A% log A
o(z) At ay a3 ] T eetn2—e2 1 0 Az )
R (2) Fe(2) (2) -

x T T 4000 T1 O T1

shows that we cannot eliminate A to obtain Ko(z).
One case o = 1 is studied in Part III, making use of a non-fuchsian reductions of the system (1).

4.8 Monodromy Data

Systems (33) (39) are equivalent to Gauss hyper-geometric equations, as it is explained in Appendix
1 (make use of the systems (36) and (42) respectively). Therefore, the monodromy can be computed
in a standard way, using the connection formulae for the hyper-geometric functions.

We obtain in this way the monodromy of Woyr and ¥jy. As it is explained in section 2.2, it
may be necessary to do a transformation ¥opr — WY .= UoyrCopr, in order to match the
“out” and “in” solutions with a solution ¥ of (1). In this way, the monodromy matrices Mg, M,,
My of ¥ can be obtained. They depend on 7. We then compute the traces of M;M; and extract r,
which is thus obtained as a function of the monodromy data.

We do not repeat the computations here. One example is the computation of (30) in [15] and [7]

(8] [10] [4].

PART III — Derivation of Results for the Non-fuchsian Reduction
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5 Case 0, = 40, 0, = £y, lim, o(A, + Ag) = 0. Solution (16)

We begin by observing that for 8, = %6y, system (42) may fall in cases (100) and (101). If it is
so, then AO + Az = 0, and therefore AO + Am = 0. More precisely, we start from the following
hypotheses:

limO(AO(:E) + Ay (z)) =0,

6
A= lim0 Az(z) = a constant matrix with eigenvalues + ?Z
xTr—

The first hypothesis means that we can write (the trace is zero):

Ap+ A, = ( a(;s) b() T) ,  lim a(z) = lim b(z) = lim c¢(z) =0,

C(Z‘ % 70,(93 x—0 z—0 x—0

The second hypotheses implies that the general form of A is:
S+ b —-r
A<@ —3—%>’ r,s € C, r#0.
T 2
We also write:

Ay(z) — A=:Ar(z), Ao+A=:Ao(x), A¢g+A,=A+ A,

A, (x) and Ag(z) are vanishing. We suppose that the slowest vanishing behavior be of order 7,
for some og > 0. Namely:

a(z), b(z), c(z), (Az)ij(x), (Ag)ij(x) =O0(x°), a9 >0.
Finally, we have:

oo O
A1($):*7 o3 — (Ao +Az) — -5 93 20

5.1 Coalescence of Singularities
1) THE SYSTEM for ¥oyr.

We consider system (8), in the domain |\| > |z|%©V7. Let us determine the conditions to neglect
a term 2" A, /\"*t! — and all the terms following it — with respect to (Ao + A)/\, when x — 0,
A~ 1‘6, 1) S (SOUT-

nAw n
We can neglect z — ‘x—Az < ‘(AO + Az)ij‘, Vi, j € {1,2}.

)\nJrl )\n

Since lim, (A, );; are non-zero constants, the above condition is: |z|"™™ < |z|°°, namely: § <
1 — op/n. We state this result as a lemma.

Lemma 7 Let Noyr > 2 be an integer. We can approzimate (8) with:

dVour _
dA

Ao+ Ay) A, NoumTlawn A
(0)\ )+T > (;) tyog| Your

n=

if and only if:
dovr <1-— 0

(51)

Nouvr'

Suppose that all term 2™ A, /A" T, with n > Noyr, have been neglected. We can also make the

1 1 _ b in AL s 1 _AgtAy M
substitution A; — —Z203 in 74, if and only if the error term pu=] NouT

1°
Namely, if and only if:

, is smaller than

aNovr—1(A, )y
A\Nour

(Ao + Ay)ij| <

18



This is |z|70 < |z|Novr—1=Novrdour namely oy > 1 — %.

We can also do the substitution A, — A, provided that doyr < 1. This is because we can
neglecting terms ”;,,ﬁi” with respect to %, where both A, and Ag + A, are O(z7°), A\ ~ xd,
0 < 1. We summarize the result in the following lemma.

Lemma 8 Let Noyr > 2 be integer. We can approzimate (8) with:

our _ | At Ax | A TRETnyr 0 v |,
A A= ) 2 A1 "
if and only if:
1+ oo (oJs)
1-— 0 1-— .
Nour < oouT < Nour
In particular, this means that dpyr < 1.
Example:
If 0g =1 and N;yny = 2 we have:
d\IIOUT Tz A AO + Az 900 g3 1
S e R A I 0<é -.
A [AQ Y 5 a1 o < 00Ut < 5
If 09p =1 and N;yxy = 3 we have:
d¥our 2?A A Ag+ A, 0O o3 1 2
= |-+ == - — v - <0 =,
A [)ﬁ iy ) 5 A1) ‘oUTr 3 =00UT <3

2) THE SYSTEM for U, y.

We consider system (9) in the domain |\| < |x|°7¥. We investigate the condition necessary and
sufficient to neglect a term A" A; (and all its next terms) with respect to % + /\A_II
to write:

. It is convenient

AO + Am _ AO +Am :L'AO
A A—z A—z AN =)’
Suppose that A ~ 2%, § > d7n.

‘)\(ﬂ—@x) > [A1A"|, namely: |22 > [z & §> n+r25
We neglect A1 A"
‘% > |A1A"], namely: [2|7°7% > [z[* & §> 2

Thus, we have the condition § > max{ 70 L

o n—+2} We have proven the following;:

Lemma 9 Let Niy > 1 be an integer. We approzimate (9) with:

NINfl
d¥rn Ao Ay
— |20 —A nlow,y.
X N s nz:; A N

if and only if:

Sin > 70 L
max , .
N Niy+1 Niy+2

We further make the substitution A; — 707“’03. This is possible if and only if two conditions

Ao+Ay
A—x

—97“03 —(Ag+ Az). 2) ’)\N“\’_lAl’, ie. ‘)\N“V_log,’, is dominant w.r.t. the term Ag + A, in A;.
Esplicitely, the conditions are:

‘AO+AI

are true: 1)

T A
—/\(/\_"I)‘ and ’

are dominant w.r.t. the term Ay + A, appearing in A; =

3 > |Ap + Ag| (this is always true),
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A 1-
o] e+ 4] = el 5 e, el 6> 157
and o
NN gy Ao+ Ap| = [l YNV S [0, namely: 5 < 2
Niy —1
We have:

Lemma 10 Let Niy > 1 be an integer. We approximate (9) with:

a¥vy
dy

Nin—1
Ag A, 0o
2o foo "
)\+)\x+203z)\] IN

n=0

Nin—1
Ay + Ay xAo Oso

- oo A w
A—z Ao—z) 2% nz:% ] 1N

if and only if:

{1 — 0o (o) 1 } <5 < oo
max , , .
2 "Nin+1 Niy+2 SNy —1

As a final simplification, we substitute Ag = —A + Ay — —A. This is possible if and only if:

A Ay + A,
‘A(xA —Ox> <<‘ if = fa]'707 < [2]707%, namely § < 1,
and:
z Ao Nin—19%0 14+00—26 Nin—1)8 oo+ 1
= ANViv—1Z2© — 400 (Nrn—1) lv: § < .
‘A(/\;z:)‘<<| 5 o3| |z] <L , namely Mool

We have proven the following:

Lemma 11 Let Ny > 1 be an integer. We can approzimate (9) with:

Nin—1

dv Ao+ A, A 0so n
IN | Ao + =0y HZO A\

)4
A\ IN,

—z Tah—ao

if and only if:

1-— 1 1
max{ 90 % } <doin < min{ 90 0+ }

2 "Niy+1 Niy+2 Ny —1" Ny +1

Examples:

If o9 =1 and Ny = 1, we have:

d¥inN Ao+ A, zA 0o 1
— Yo r| w L
X [ Nz Ap—z) T2 YN gsovs

If we keep — Ay instead of A, with no change in the condition on 7y, we can also rewrite:

AUy [Ade As O
2o 7% gyl W
X {A+)\—x+203 N

If op =1 and N;xy = 2, we have:

d\I/]N o |:AQ+AI A 2

Oso 1
+ —0‘3(1 +)\):| Urn, — <IN < —.

X ‘—z Ta—o T2 3 3

Equivalently, we can write:

dVin [ Ao Az
RIS A—x 2

Ooo
)\ —+ +—a3(1+A)] Urn.
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5.2 Matching

We do the matching in the overlapping region |z|°0vT < |\| < |#|%~. This imposes: §;x < dour-
In order for the overlapping region not to be empty, we must choose suitable reductions of (8) and
(9). If we expect o to be close to 1, we try to match solutions ¥opr and ¥y satisfying one of the
following sets of systems:

First choice:

d\IIOUT |::L'A AO + Az 900 03

et P> v
d\ :| ouT,

)\2+ A 2 A-1

d¥in _ [Ao Az
dx | A A—zx

The condition to be satisfied for og = 1 is: “—é’ <oy <dour <1-— % For o¢ = 1, this is:

0o
+ 703(1 + )\)] Uin.

1 1
— <oy <6 < —.
3 IN < 00UT < 5

Second choice:

dVour  [2%A n zA Ao+ Ar O o3 o
|3 T ) 2 A_1| 9T
d\I]IN AO Az 900
— |20 72 sl Wyn
X [ N Toa—a T o) Y

For op =2 1, the condition to be satisfied is: “—2" <oin <dour <1-— “—é’ For og = 1, this is:
1 2
— <N <é < -.
5 IN < 00Ut < 3

In both cases, the overlapping regions are not empty. The matching procedure will determine
the leading terms (order x°°) of the unknown matrix elements a(x), b(z), c(z) of Ag + A,.

5.3 Matching for the First Choice: é <Oy < dour < %

We rewrite the systems in a more convenient form:

1 A
V= — = —;
)\) /’[/ :I:’
d¥our Ao+ Ay 0O o3
= |-zA- = T 2
dv { v v 2 v(v-1) our (52)
d\I/[N 9 900 (o' AO AI
= e =2 o5+ = v
il [x 203M+$ 203+,u+,u—1 IN
0 0 Ag+ A A }
2 Voo o) 0 x 0
=|z° —o3p +r —o3+ — Urn.
[ 2 2 I p(p—1)

Then we substitute Ag — —A in the last term.

In the matching region |z|~%% < |y| < |x|7%ovur  |gp[Povr—1 <y < |z|%7¥~1 we have v — oo,
it — oo. The point at infinity is a non-fuchsian singularity. ® In order to find the local behavior at

5System (52) can be also written with 0%003 — —Aj:

Wour _ |:_$A_A0+ASC Aq } o
dv v v(v—1) our
A A A A
{—xA— 0+ Az + LI } Vour
v v—1

After diagonalization, we get:

d¥our 0z n 0o G~ o3 G N GlA, G
—— = |z—o0 —
dv 2 3 2 v v—1

Your-

This form is that of a system of isomonodromy deformation for the fifth Painlevé equation.
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this point, it is convenient to put the leading term in diagonal form. Let G be the invertible matrix
such that:

0. 1 z
G AG = —5 3 for example: G = ( 510, i ) ,
and put: ~
Vour =: G Your.
Then:
d¥our 0. G (Ag + 4.)G O ., 11 - .
dy = |:ZL' 503*7*7 G O'gG ;4’;4‘ \I/OUT, Vv — 0OQ; (53)
dv 0 0 Ao+ A, 1 1
Wm[:ﬂ — T3 M +z703+07+/1 <E+E+)} VN, p— 00. (54)

In order to write the local behavior of Uoyr and Uy at infinity, we observe that the systems
(53) and (54) respectively have the following forms:

4y, Dy D, Ds

— =0+ —+ =+ —=+...| V] 55

dz [ totE T o (55)
dY: E E E
2o A z+ah 24+ 2+ 24+ 24| Y, (56)
dz z 22 23

where Q and A are diagonal matrices with distinct eigenvalues. In our case:

0. 0o
—03, A= 70’3.

The eigenvalues are distinct iff 6, # 0, 6., # 0.

The theory for such systems is developed in [2] (see also [3]). For any sector of angular width
7 + €, € > 0 sufficiently small, there exists a unique solution of (55) with asymptotic expansion:

Yl(z)w[l—l—?—i———i—..} exp{Q z} ATy

Q; = diagonal part of Dy.

For any sector of angular width § 4 ¢, € > 0 sufficiently small, there exist a unique solution of (56)
with asymptotic expansion:

2
Ya(z) ~ [I+7+—+...] exp{%/\ 22 A z} M2 — .

A, = diagonal part of Fj.

We can always find two solutions Y7(z) and Y2(z) as above, such that the sectors where the
asymptotic expansions hold are overlapping. We refer the reader to [2] for the general description
of irregular system with a Stokes phenomenon, and to the Appendix 2 for the computation of the
matrices G;, K;, 1 =1,2, ...

The systems (53), (54) are isomonodromic. This imposes that 7 and A; must be independent

of x. They are:
Q1 = diagonal of (—G™'(4o + 4,) G),
0

i)

—(2s+0)a—s(s+0,)b+c¢ (—2a—sb+ <) r

Ay = diagonal of (Ag + Az) = (a(()m)

We compute:

1
G 1A+ A;) G= 0
T\ 2 (2s+bp)a+ (s+0.)%0—c) (254 0z)a+s(s+06,)b—c
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Since a, b, ¢ vanish, the condition of isomonodromicity implies that:
Q,=0, A1 =0
This means that the leading terms of a(x), b(x), ¢(x) satisfy the conditions:
a(z) =0, c(z) =s(s+0;)b(x).

The above conditions mean that if b(z), c(xz) = O(x?°), then a(z) is of higher order, i.e. it vanishes
faster than x?°. Note that with this choice of a, b, ¢ we get:

0 br

G 1 (Ao +A4;) G=
s(s+64) b 0

We are ready to write the behavior of ¥oyr:

G G 0
Your =G I+—1+—22+..} exp{x—ogz/}, v — 00
v v 2

2
=G [I+G1)\+G2)\2+...] exp{?og ;}, A— 0.

We use the formulae of Appendix 2 to determine G;:

[G1(Ao + 4,) G, o

(G1)ig =2 z 0, ((03)is — (03))5)
b G YA+ A,) G y G 1A+ Ar) G ji
(Gr)ii = T(G 03 G);; +2 | : z oz((oi)jj[ — (03)(;) |

In the second term of the last formula j =2 if¢ =1, j =1 if ¢ = 2. We compute:

—(2s+6,) —2r

G log G=— . 57
3 91 25(3—‘,—01) 2S+9z ( )
Therefore: ( ,)
r s(s+ 0,
G = b G =———)
(G1)12 20, (G1)21 v

s(s+6;)

0o
(Gi)un=———2s+6,) + 20,

26, %, (Gi)zz = —(G1)u (58)

On the other hand, the local behavior of Wy is:

K K 0o boo
Uy = {I+—1+—22+..} eXp{$2—0'3 p 4+ r—0 ,U/}a K — 00
Beoop 4 2

T x? 0o 0o
|:I+K1 ;+K2 E+:| GXP{TO'Q,A2 +7O'3>\}, A — 0.

We determine K; from the formulas of Appendix 2.

S(+%) 0
K, = diagonal part of (—A) =
0 s+ %“”

The matching conditition:

Tour(\z) ~Urn(\z), -0, [2°°07 <|\| < |z,
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is restricted to the overlapping sector where both expansions of Yoy and Wyy hold. Noting that
Vour ~ G and Uiy ~ I, we choose the new solution Yoyr — Woyr G~L. Then, we expand the
exponents:

0 0.° o’
Your = [I + GGG IN+GGGIN + } |:I+ ?GO'Q,Gil; + ) % + ] .

The point here is quite delicate. We consider the relation of dominance among terms — and write
the leading terms of the expansion — as they are in case the G, (x)’s are not divergent when x — 0.
Keeping into account that %G@,G‘l = —A, the dominant terms are:

2
Vour(A x) = I+GGG A — A % +0 ()\2’ T x)

A2’
It is important to note that A is dominant w.r.t ¥, because doyr < %; namely, A\ ~ z° vanishes
slower than  ~ z'79 as x — 0.

We expand the exponent in ¥;y, and keep only the first dominant terms (in the spirit of the
observation on the dominance relations made above):

Uinna) = I+ 20\ 15 S 40 el
IN\A, X)) = 203 LY ,)\Q,ZE
Vopyr and ¥y match in the first term 1. We impose the matching of the second term, namely
the term in A:
1 0

~ %003, xz — 0.

G Gi(x) G~
Namely:

O
Gi(z) ~ - G o3 G, -0 (59)

From the explicit form of G; and G~ 'o3 G given above, we conclude that the matching is satisfied
if and only if:
b(x) ~ —x O, and op = 1.

The error in b(x) is of higher order w.r.t. z. The determination of the leading behavior of Ay + A,
is complete, because c¢(x) ~ s(s + 0,,) b(x), x — 0. Namely:

c(@) ~ -z {s(s+6;) b}, a(z)=o(z).

With such a choice of b(z), one can verify that the terms in ¥opyr and ¥y which follow the
second (i.e. which follow the term in \) are actually of higher order in x. Nevertheless, ¥opr and
Wy match only in the first and second term, being already the off-diagonal entries of the third term
not matching (i.e. —A and K; = diagonal part of —A respectively.)

5.4 Matching for the Second Choice: % < 0y < dour < %

We rewrite the systems in the convenient form:

1 A
Vi= — = —

)\, /’[/ x7

d¥our 2 Ag+A;, O o3
dv { Av —zd - v B 2 v(v—1) Your,
dUrn 0o Ay A, 0o Ag+ A, Ay
= — — \\ = — — Urn.
dp {x PR B Al L T pp—1)) (60)

Then, substitute Ay — —A in the last term
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We rewrite the systems at infinity © :

d¥our 5 O 0. G Ao+ A)G 00 4 11 -
dl/ = |:£E ?0'3 V+.’17 ?0'3—#—7 G 0’3G ﬁ—’—ﬁ—i_ \I/OUT,
AU 0o Ao+ A, 11
IN $—03+07+A — 4+ —=+... YN, v, |4 — 0. (61)
dp 2 p*opd

This time the system of Wopyp is in the form (56), while the system of Wy is in the form (55),
where:

0o
Q==zx — 93 Oy = diagonal part of (Ag + Az),

—o03, A, = diagonal part of (—G_l(AO + A) G).

We impose that ©; and A; do not depend on z, and we get the conditions a = 0, ¢ = s(s + 6,) b.
Then, we choose the following solutions:

K 0, 0, _
Your =G [I+ — Jr] exp {z2 73 vtz 503 1/} G !
v

562

0, LT -1
:I+?G0'3G X+GK1G /\‘FO(F,

x,)\2>, v — 00.

562

0o o
Uiy = I+ﬁ+... expl T —osi :I+G1£+—03/\+O =, N, p— .
i 2 A 2 A2

The relation of dominance among terms are considered as if the G,,’s and K,,’s do not diverge as
x — 0. The matching conditition:

Tour(\ o) ~Urn(\z), -0, [2°V7 <|\| < |z,

is restricted to the overlapping sector where both expansions of ¥ oy and Wiy hold. We note that

5§ vanishes slower than A, because d;n > % (namely, /X ~ 2170 A ~ 2%, § > 1/2). ¥rx and Yopyr

automatically match in the first term I. We impose the matching of the second leading term, i.e.
the term in §:

2
Gi(x) ~ > Goz3 G l=-A 10 (62)
As for GG1, the formulae in Appendix 2 give:

(Ao + Ay)ij
 Ooo [(93)ii — (03) 5]
(Ao + Az)ij (Ao + As)ji .

000 [(03) 15 — (93)ii]

(Gh)iyj = —2 i # .

(G1)is = —(A)is +2

In the last formula, j =2 if i =1, j = 1 if i = 2. Explicitly:

+9:p
Ge=-—t— b, (G =10,
+ 0, + 0
T T (e P O e (63)

Therefore (62) <= b(z) ~ —x O, and o9 = 1. As it must be, we get the same result of the
matching for the first choice.

6The system (60) is in the form of a system of isomonodromy deformation for the fifth Painlevé equation.
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5.5 Critical Matching: % —e< 0y <dour < % + €.

In between the first and the second choice — which hold respectively for % < 0N < dour < % and
% < Iy <dour < % — we can also consider the following approximations of system (1):

dVour . |:$A Ao+ A, O0ss 03

_ T v
X :| ouT,

22 A 2 21

d\I/[N Ao Az 900
=|— — UiN.

X { PN i ] B A
Rigorously speaking, the two systems cannot be considered simultaneously when o9 = 1. But we
can consider g = 1 as a “limit” value — or “critical” value — for the matching of the two above

systems in the region specified by % —e< oy <dour < % + €, where € > 0 is sufficiently small. We
write again Yoyr =: G Uour. Then:
dVour { 0. G (A + A,)G 0 ( 11

oo —1 T, .
zgogff—TG o3G ;+;+>} Your, V— o0

dv 0o Ao+ A, 1 1
IN [m 700 gy L0 T Y (—2+—3+...)] Uiy, f1— oo.

2 W

When we impose isomonodromicity conditions, the diagonal parts of Ag+A, and G~ (4g+A4,)G
must be independent of z. This gives again a = 0, ¢ = s(s+6,,) b. Then, we choose the fundamental

solutions:

GOUT 0
Your =G [I—l— 1 + ] exp {x ?mag y} G =
v

1 166N "o o (a2l
- 1 2 g3 )\ ,.’I],>\2

T 0o 0o T 2
Uiy = [I+G{N X+} exp{x 7”} =1 +703 A +GIY X+O<>‘27x7ﬁ>

We match them for A ~ 2% and § € (1/2 — ¢,1/2 + ¢), in the overlapping sector where the
above expansions hold. Here both A ~ 2° and /A ~ 2’79 are the dominant terms. The matching

conditions are GGYUTG™! ~ %205 and GIN ~ % Go3G~1. Namely:

0o
GOUT (z) ~ -G los G, GINV(z)~ —A, z—0 (64)

The matrix %2G~103G can be derived from (57). The matrix GPUT is (58), the matrix GV is (63).
Condition (64) is inclusive of both (59) and (62). Therefore, (64) <= b(z) ~ —z 0o, x — 0. This
is again the expected result.

5.6 Higher Order Terms
The final result obtained above is:

0 —10 T

O
Ao+ A, = —I—O(.’L‘), A = ——0’3—(140-1-141), (65)

_ (5404)s0 T 0 2

s+ - s+ 8 -r
Ay = ( (5402} s e %) +o(l), Ao=- ((s+ex)25 e %) +o(1) (66)
Let us substitute the above results into (3). We obtain the first term with no error:
1
y(z) T 0



Here, r and s do not appear. Nevertheless, if we substitute in (PVT) the series y = ﬁ—l—zzo:l bpa™,
we can compute recursively all the terms, for 6y = +60, and 6; = +60.,. We find a series:

1 > N
ylx) = T +ax+§bn(a;9m,90)x , x—0, (67)

where a is an arbitrary parameter. This parameter is actually a function of s, as we prove now. The
convergence of the Taylor expansion can be proved by a Briot-Bouquet like argument. This will not
be done here. The reader can find a similar proof in [17] and the general procedure in [13].

5.6.1 Determination of a = a(s)

The system (1) is isomonodromic. This determines the structure A,, Ag A; as can be found in [16],
Appendix C, formulae (C.47), (C.49), (C.51), (C.52), (C.55). If we substitute (67) in the formulae,
we get a Taylor expansion for the matrix elements, in terms of the parameter a. The leading terms
have exactly the structure of (65) and (66). We can identify the leading terms to express a as a
function of s and r. The computations are quite long, so we give the result. When we write the
leading terms as a function of @ and impose that they coincide with (65) and (66), we find:

 0(25+0, +1)
a= 2 — 1) ecC

The higher order terms are Taylor expansions. Explicitly, the first terms are:

O
A = —5 03 (Ao +Az) = (68)
,9700 + (54 04)8050 2 70 {z — —(0w+1)(§s+0271) :L'2}
= +0(2?)
s {(HZ ts)a— (em—l)(9m+;)(2s+9m+1)s x2} b — (0, + 8)3000 2
(s+%) =205 +0u)s000 @ —r{l—(25+0, — 1) }
4 = 0GR, (69)

s(stem) {(1— 25+ 0, + 1)0oc 2} — (s+ %) +2(s+0,)8000 @

—(s+ 971) +2(5 4+ 0)s000 r{l— (254 0;)0 z}
g — LoE?).  (70)

The above expansions are enough to obtain first two leading terms of (3):

B 1 Oo(2s+ 6, +1) 9

Note that r simplifies. This is the solution (16).

5.7 Monodromy Data

We assume that the matching has been completed as above, and in particular g = 1. Thus, the
system (1) can be approximated by:

d\IIOUT AO + Az -TAz 900 03 ) 1
- Pl q/ for [\ > S 1
A [ By e~ 2 aoq) Your frlzlefl o< (71)
o v Ao A, 0 1
IN 0 x o] F)
L PR for [\ < PR 2
= | ] v, o W<kl 8> 5 (72)
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The first two leading terms are :

\IIOUT*I+703)\+O<X), A~zx® — 0, 5<§, (73)
\I/]N:I*AXﬁLO(/\), A~z — 0, 5>§ (74)

The above solutions match in the first three terms in the “critical” region A ~ 2%, § ~ % (the region
is restricted to a sector). Namely:

v Uiw o I+ 20— a % 0 (5502, Amad, 6k (75)
ourT IN 9 o3 2\ Zz, 22’ ) z, 9
Now, for § < %, we have:
Ag+ A, Ay _
U —; ~ a7 =0, x)\Q ~ T2 0.
Thus, (71) can be further reduced to:
d\iJOUT 0o g3 :
= By
dA 2 x—1 U7 (76)

In system (72) we rewrite:

AO Az o AO + Az .’L'AO

A A—z A—zx AN —2x)

Then, we observe that, for § > %, we have the behaviors:

Ao+ A, 1= xAo zA 1-25
vz YTV XN T T T T 097y

Thus, as x — 0, the system (72) can be further reduced to:

d\i/]N .Z'A A
= ¥
. Ao—az) N (77)

System (76) has the same monodromy of (1) at A = 1, 00. System (77) has the same monodromy
of (1) at A =0,x.

MATCHING ¥ < Vopr:
We choose li/oUT such that it matches with ¥ at A = oo. The behavior of this last is:

1 o
s ro(fien, sox
for 0o, ¢ Z. The solution of (76) with the same behavior is:

Dour(N) == (A — 1)~ (78)

As a consequence, the monodromy of ¥ at A = 1, 0o coincides with that of Vour. To compute it,
we consider the loops A — 1+ (A — 1)e?™ and A — Ae?™*. The corresponding monodromy is:

M, =My = exp{mﬂooag}.

MATCHING Yoy < Your:
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We match Wopp with Wopp for /A — 0. Let us choose the branch (A — 1) = (1 — \) €™,
(I =X)>0for 0 < A< 1. Solution (78) has expansion:

. . Ooo
Uour(N) = e #3903 I+703)\+O(>\2) , A—0

Therefore, for A — 0, Woyr matches with Wopr e 5% where oy is (73).
MATCHING \I/OUT g \I/]N: This is (75)

MATCHING Yy < U The above matchings imply that Wy e 13093 matches with ¥
(where Wy is (74)).

MATCHING U,y < U n:

In order to determine the monodromy of system (1) at A = 0,z, we need to find a fundamental
solution W7y of (77), that matches with W7y e~?273 for 2/\ — 0, where ¥y is (74). A fundamental
solution satisfying these requirements is:

0w
(1 - E) P G e,
A

\i/]N(/\,JS) = G

Actually, this has the behavior:

[ 0o -1 % a? —iZ 000 €z
\I/IN(A,:L'): |:I+ ?GO'gG X +O<F):| e i3 5 XHO,
where %G%G*l = —A. The first two terms match with ¥y e*igewgﬁ, as required.

As a consequence of the matching, the monodromy matrices of ¥ and Uy at A= 0, x coincide.
To compute them, we write the local behaviors (for  # 0 fixed) of Ury:
R [Gx%‘“"} [1+0\—2)] (A— x)_eTm‘TL" [GTlemi30=0] = X — g,
\IJIN()\, (E) = o o .
[G(—a)~ %] [L+ O] A%Fos [Glei®0=s], A,

It is not necessary to specify the branch of (ix)_%"s. We resctict to the case 6 and 0, ¢ Z, so
that the matrices Ry, R, in (14) are zero and the matching of ¥ with the above behaviors of ¥y
is realized.

We can compute the monodromy matrices for A — Ae?™ and (A — ) — (X — x)e?™

respectively:
My = e'39=3G exp{mr@gcag} G le 13 0=03,

M, = ¢e'30=73G exp{—im%og} G lem% 0003
Note that My = M is invariant for My — e~ #2973 M, ¢?3P03  With this fact in mind, we obtain
the result of theorem 3, point b). In particular, computing the trace of MyM;, we get:
0 [2 cos(m (oo + 02)) — tr(M1Mo)]
B 2[cos(m(0oc — 02)) — cos(m(0o0 + 02))]

6 Caseo=24(0p —0y), £(01+0). Solution (15).

This case shows new features, namely r and r; may be functions of x. For 0 = £(61—0), £(61+0)
the matrices (34) (35) become:

1 -4 —n i i b —fe 1
2 T2



A [ o YET N
oc=2(01+0x): A1<(2) 91), AO+A1< 02 01+9w)'
- 81460

_ [0 = (01=000)?[0 = (01 +600)”] )
169307'1 :

The transpose matrices may be considered (namely, re-define rq +—

The matrices /10 and Am are again (40) and (41). For definiteness, we will consider the upper
triangular matrices A; and Ay + A,, and the choice 0 = 6; — 0,,. We distinguish three cases:

(I) r1 is a non zero constant: In this case we just repeat the general matching procedure and
find y(z) as in (44). r # 0 is constant.

(IT) 71 = 0 and r constant. This is a very easy case, because Ay = 792—103, Ag+ A, = %03.
Therefore a fundamental solution of (33) is:

61— 61 —0oo

~4,s foo ~4,s 2 2 o
\IIOUT(/\):(/\fl) 293 \7 2 3(71) 298 = I+50’3+O(>\) AT 2 3, A—0.

The solution of (39), with r constant, is the same of the general case. The matching is possible as
910

2 909791 ) Therefore:
T~ 2

in the general case, with Ky = (‘73

0
2 2 2
Ay = T r ==
07\ _I10?=(00=0:)][0° = (0046:)°] 60—6: _ 05=02+0"
160271 4o
We obtain: y(x) ~ S ) e = —zrai®  _ j This is the singular solution
-y z[(Ao)12+(A1)12]—(A1)12 z[ 291~ 00 4+0]—0 :

y(z) = 1.
The case r1 = r1(z) — 0 may give a non-singular y(x), provided that also r = r(x) — 0. This
will be proved below.

(ITI) Case r1 = r1(x).

A priori, we don’t know if it is possible to have an z-dependent r;. This is not actually possible
if we approximate (1) with the fuchsian system (33) (i.e. (10)). Actually, (33) is a system with
reducible monodromy (upper triangular):

dVoyr —61726"0 1 1 7% -7y 1
_ - — $Wour.
X { ( 0 —o—te JXT o @ )xTifYour

There is a fundamental solution (obtained by variation of parameters):

(1-— /\)*971 0 1 TF(1=01,006—01,000—01+1;A) PEEC 0

0o —01

Your = , .
0 (1-MN=] [0 1 0 D
Here, F(...) denotes a Gauss hyper-geometric function. This solution has a diagonal monondromy
matrix at A = 0 and an upper triangular monodromy matrix at A = 1, with rq in the (1,2) matrix
element. Therefore, r; must be independent of the monodromy preserving deformation x. We are
sent back to the case (I) of constant ry.

The only possibility for 1 to depend on x is that the matrices flo, A, have a behavior, for x — 0,
such that the system (1) is approximated by a system (8) with singularity of the second kind at
A = 0. Namely, system (1) must be approximated at least by:

d\IIOUT - {SCAz Ao + AI + A1

v
dA \2 ) A—1 } our (80)

Hypothesis: We consider the case:

A, = <8 p(OI)> + higher orders x — 0.

30



In the above hypothesis, (80) is:

dVour [0 plx)\ 1 bibee oy 1 T 1
d\ _{<0 0 ﬁ—i_ 0 e X"' 0 A Your (81)

U1
(>

dpr (-0 O T, p _mn ) L 01

o ( 2 2(A—1))w1+(A IS VAC ( 2 +2(A—1))¢2'
This system is solvable by variation of parameters. Let C7 and Cs be integration constants. The
general solution is:

Let us write a Yoy as a vector ( ) The system becomes:

ba(N) = Co AT (A — 1) T, (82)
e ) . F(1—=6y,00 —60; —1,0, — 0, :
DN = CLATTE=A 1)~ F 4 G e p (L=01,00 =01 = 1,00 —0:: )
0 — 0, — 1 \
rL—p o0 —01 o
+ ) 0 F(1—91,900—91,900—01+1;)\) A ()\—1) 2. (83)
oo — V1

Here F(...) denotes a Gauss Hyper-geometric equation. The choice of the branch is such that for
0<A<l,wehave 0 <1—X=e"""(A—1).

In order to write the local behavior for A — 0, we expand the hypergemoetric functions and

(/\ _ 1):|:01/2 —_ (eiw(l B )\))iel/Q:

_ iz, Abeo 1 ﬁ 2 120y dee 0 | P l
U Cpe "2 )\ 2 <+2)\+O()\) + Cy 2" )\ 2 714_91_000)\

+

P 91(91 —0s -‘1-2) —2r (91 —Oso + 1)
2001 — 0m)(0r — 0 + 1)

+ O(A)} .

thy = Cy €501 (1 - 9—21)\ +O(A2)) A=

Therefore, we can take as a fundamental solution the following matrix (choose C7 = 61%91, Oy =
e 150):

0 91— 90 01(01—000+2)—2r1 (01—0o0+1) 90 =0y
(1+5XA+.)x > {*Hef—em% + 24 50 0 (0 —Bo i) + } A3
Your = .
0 (1—-%x+.)A"=7
0 _ 1 P 01(0170004*2)727“1 (0170004*1)
1+6:—00 \ 1 2(01—000)(01—00+1) 01-0oc .
0 0 0 1

6.1 Matching

The above solution must be matched with the solution of system (39), with o = 61 — 0.

w(2)=[remgo(R)] (@ (%);;Tﬁ).

From a standard computation we find:

9%7(0170')2 r

. 40 o+1

K1=\ (02 (0.-0)’) (02 (0s10)?) (Buto—03 | T 70
1602 (c—1)r 4o(o+1)
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Note that r in (41) is constant, because the monodromy of (39) depends on 7.

The matching relation Uopr(A) ~ Ko(x)¥o (A/x), reads:

0 — p 1 p 01(01—0c+2)—21r1 (01—60-0+1)
1400 \ 1 200, —000) (01 -0 1 1)
e +OQ) p ~
0 0 0 1

oo —01
~ Ko(x) |:I+K1£+} <:C : 910900).

A 0 T~ 2
N ly:
amely 1 P 01(0170004*2)72’)”1 (0170004*1) 0 0
2(01—000)(01—0oc+1) e 0
~ Ko(z) 0 01000
0 1 v
0 *1—L Ooc —07
460100
~ x Ko(x) Fl(o) (z g elqeoo >
0 0 0 T 2

The first equation above is:

1 p 01(01—0o0+2)—2r1 (01—050+1)

2001 —020) (01 — 0o 1 f1foo
Ko(z) ~ (61=000)(61—000+1) (z 02 909291)'
0 1 r

We substitute this in the second equation. For simplicity, denote K;; the matrix elements of Kj.
We obtain:

0 r K11 + (*) Ko .’L'9°°_91+1 Kio .’L'91_9°°+1 + (*) z Koo

P
1461 —00
0 0 Ko gloo—01+1 z Koo

where:

P 91(91 —0s -‘1-2) —2r (91 —Oso + 1)
(5) = <2 |
2001 — 050)(01 — 0 + 1)

The element (2,1) must vanish. This occurs iff:

g==0F 0 forz —0; <= RNl —6) > —1. (84)

We substitute this result in the element (1,1) and then we impose that it vanishes:

p 91(91 — 0 -‘1-2) —2r (91 — 0 + 1)
200, — 0 ) (01 — O + 1)

K21 ,CC9°°_91+1 — 0.

This implies that p 01 (01 — 0o +2) — 271 (01 — 0o + 1) = o(xf170=—1).
From the element (1,2) we have:

p

1o s~ K a0l 7)) Ko, (85)
1 =7 Yo

This relation may be satisfied in two ways: the first is that p = p(z) = o(2%~%<). The second is:
p=p(x) ~ —(14 60 — Os0) Koz 70+t = _ppth—boctl (86)

In both cases p is a function of x. We are going to prove that the monodromy of ¥ oy is independent
of p(z) (namely, of x) if and only if:

01 — 00+ 1

= (57)

p=r1
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This fact rules out the first possibility, because (85) becomes:

p(z)
00 —0, —1

01 —00+1

~ Kis x + constant x p(z) =,

so the last term in the r.h.s. is a higher order correction and p is given by (86). Before proving (87),
we complete the matching procedure. Using (87), we find:

1 g afr—fetl p A= 0
Ko(z) ~ g =

0 1 0 x9w;91 01 — 0 +1

r

We are ready to compute Ag = KoAoKy ™!, where Ay is (40), for 0 = 01 — O:

(Ao)11 + g(Ao)ar (% —29(Ao)11 — ¢*(Ag)an x) 20Ot

Ay = . . . (88)
((A0)21 96) ST —(Ao)11 — g(Ao)21 =
The first term of each matrix element certainly contains no error.
We can now substitute (Ag)i2 = (=2 +0(1)) a2’ %<*! and Ay = —ri(z) ~ ﬁ;ﬂrmelﬁwﬂ

into (3), and find:
01 — 0 +1

Proof of (87). We compute the monodromy of the solution ¥oyr. At A = 0 this is given by the
matrix MOUT = exp{im(0; — 0 )03}, obtained by the expansion of ¥opr at A = 0 as we did above,
with the choice Oy = €'3%1 = 1/Cs.

Let us study the monodromy at A = 1. We need to expand (82) and (83) at A = 1. First of all,
we use the contiguity relation:

F(1=61,000 — 61,000 — 01+ 1;0) = 991 ’_9"1‘3 % [ N~ F(1— 01,00 — 01 — 1,0 —01;))] .
This is used to rewrite 1:
61 —6o0 o . 00 — 6 I} — 17 A 01
b= CIAEF= (1) % 4 G A= )% (2 = NR
O — 1 A

p n—p\ 1
L P = 01,00 — 01 — 1,00 — 015 A
+(900—91—1+900—1> N P =6 ! ! )}

Then, we substitute in ¢, the following connection formula:

[(01)T(0s —

F(1—91,900—91—1,900—01;)\): F(9 1)91) F(1—91,900—91—1,1—91;1—)\)+

['(—601)T (0o — 61)
N(1—601)T (0 —61—1)
Thus, 1; has the following structure, when A — 1:

(1=N"F(1,000 — 1,146, :1—=X), 601,05 & Z.

01— 000 000 —01

Py = Cre~ 150 ZPT=(1 _ A)"F 4 peiFO A3 la 0T Y a1 - N+
n=0

p ST AW R N
+<900_91_1+9m_1>(1 A) nz_:obnu /\)],
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where a,, b, # 0 are the coefficients that follow from the expansion 1/\ and the hyper-geometric
functions at A = 1. When A¥™> is also expanded at A = 1, we find that oy has the following
structure:
01 01 01
(series1) (1 —A)"2 (seriesz) (1—M\)2 + (# + %) (seriess) (1 —X\)"=2
Your = = = .
1

0 (seriesq) (1 —A)2
Here “series” means a series of the form Y ¢, (1 — X)™, with ¢g # 0. We just give the dominant
term, with the choice C; = €'2% = 1/Cy:
Your =1+ 0(1 —N)]x

~4 —r D(=01)T(Boc—01) 9 T(01)0 (000 —61) _f
(1=XA)7= [9’;—,1 + (%) Frm oy | (1= A + () FO ) (1 — 3) =3

X

Y

1

0 (1-X\N~=

where:
B p r—p
S Ny S

Let v, w be non zero arbitrary numbers. We conclude that:

foo—1 T (000 —0:—1)

0 Oc—6
(1-X"% 0 v 1 () HOpp e )
g 0 1-xn%F)\o L [’Hl + (wox) e OO —01) }

901 T(1—0) (000 —01—1)

v w
_ -1 -
Vour = (0 w |:p77"1 i (**)FF(—el)r(ex—el) } ) I+ 0(1—\)] x

The monodromy matrix is then:

(01T (0c—061
P e

—r I'(—61 F(Goo_el)
0 & [_9;;_11 + (**)r(1(—91))r(900—91—1)}

MlOUT _ 62—16—1'7r9103627 Q =

This is independent of p(x) if and only if (*x) = 0. This proves (87). O

(87) simplifies considerably the structure of (83):

1000 o1
2

Y =Cy AT (A= 1)

91
2

~Cy AT (-
1
With the choice C1 = exp{i50:} = 1/Cs, we finally have:

01— 000 0

ATEE (L) F BT ()T

Your =

53

fcc —01 1

0 ATz (1-XN)~=

Note: The monodromy at A = 0, 1is diagonal: MPYUT = exp {in(6; — 0 )03}, MPUT = exp {—inf103}.
It is independent of r1. In case (I) — namely, 71 is a non-zero constant and the system for ¥y is
fuchsian — if MPYT is in diagonal form, then MOUT is upper triangular and depends on 7.

6.2 Higher Orders Terms

We may repeat the same procedure of section 5.6. We write a Taylor expansion y(x) = (61 — 0 +
1)/(1 = 0x) + 3,1 bnx™, substitute it into (PVI) and determine recursively the b,’s. Then, we
may substitute the result in the matrix elements of A;, i = 0,x, 1, according to the formulae of [16],

and find the higher orders of the matrix elements. We just give the result.
(O — 01)* + 62 — 63
4(61 — 00)

(Aac)ll = - (Ax)22 -
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01 [(01 — 0s0)” — (B0 — 02)*][(01 — 0c0)? — (00 + 0a)°]

Ty (01 — 000)2[(01 — 0o0)2 — 1] z+0().

(Aac)12 =-T {% — 01[(91 27(961007230))((0‘91&7790;1)1»16; — ex] + O(l’)} x01—000+14

_ 1 [(01 — 900)2 — (00 — 0:0)2][(01 - 900)2 - (00 + 0:0)2]
(Az)ar = - 16(6 — 1) {x +
01[(0c — 01) (B — 01 +2) +65 —607] 3 1
S/ e B G )} oy
_ (0o —61)* + 65 — 06
(AO)ll - - (AQ)QQ = 4(91 — 900) +

01 [(01 = 00)? — (B0 — 02)°][(61 — Ooc)® — (60 + 6:)?] 2
-3 6 — 6?01 —0)? 1] xz + O(z%).

_ 1 01[(61 — 000)® + 05 — 62]
Aoz = {E T 201 — 0o) (000 — 01 — 1)

+ O(x)} g1 0ot

_ 1 [(01 — 900)2 — (00 — 0:0)2][(91 - 000)2 - (00 + 0:0)2]
(Ao)ar =~ 16(000 — 01)2 { vt
01[(0r — 00)* +605 — 03] » 5 1
20 00 0t 0 O )} PrE e
(A1 = —(A1)ss — _O 001 = Oo0)” — (B0 — 02)7][(61 — Oo0)” — (00 +02)7] > 0.

2 16[(000 — 01)% — 1](6 — 61)2

2! (01 + 1) [(Bo — 01)(0oc — 01 —2) + 65 — 03] 2 01—000+1
. S— 1=0ocF1
900611{ t 2(0oo — 01) (000 — 01 — 2) z +0(x%)r x

(g = {00 = 00 0o —00s 0] )
167(0oo — 01 + 1) (0o — 01)2 T

The above leading terms of y(z) are related to the above formulae through (3). The truncation of
(Aop)12 and (A1)12 above is enough to reproduce the first two terms of solution (15):

o 01 — 0 +1 91[(91—900)2—1—9%—984-291—2900]

V) = T Y A S e — o — e ) ¢ PO

6.3 Transpose Case and General Result

In the above computations, the condition z%~~%1+1 — 0 was necessary to do the matching. We can

repeat the matching procedure starting from the transpose matrices:

i 6,-6

. -2 0 5 . s 0 0 0
; ’ * ( : = ) ’ ¢ ( > ’

! < ! 921 ) ’ & = 2900 v plx) 0

The procedure is exactly the same, with the necessary condition:
#1709+ 0, when z — 0.

As a result we obtain again exactly the matrices Ay, A, A1 above. The reader can convince himself
without doing any computation, simply looking at the structure of the first terms of above matrices.
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For example, let us have a look at A,. Denote the constant terms with letters c1, co, ..., etc. We
have:

1+ ... {%+} a1 0o+l
A, = =
* 1
C3 T + W *Cl+...
1
c1+ ... {CQ T+ } P

c3 Ooc—01+1 _
{z +} x c1+ ...

The role of o, — 01 + 1 and 61 — O, + 1 is just exchanged. By continuity, the matrices Ag, A,, A1
computed above hold for any value of 01 — 0o € Z, 0o, # 1.

The matching procedure can be repeated in the same way in case 0 = —(0o — 1) and in the
case 0 = +(0 + 01), which yields (18). For this last cases the results are obtained just by the
substitution 8; — —0;.

6.4 Monodromy Data

We compute the monodromy data for the case o = 01 — 6, all the other cases being analogous. In
this case, the matching has been realized by:

91-0c

ATTEA )T RN )

\IJOUT()\,m) = P ot
2

0 ATz (1-X)

Uin(A @) = Ko(2)¥o (%) , o Wo(p) = {IJFO (%)] pITE s oo

Let W()\) denote the solution of the system (1) of (PVI), such that: U()\) = [ + O(A71)] A Eos,
A — 00, 0 & Z.

MATCHING U < Uopp.
With the choice 1 — A =e (A —1) (1—X >0 for 0 < XA < 1) we have:

1 _f% 5y 7P,

Therefore, the correct choice for Yoy, which matches with W is:

Match .__ R
Vot = YourCour, Couvr:=e

71‘% 01 o3 .

As a consequence we obtain:

i) the monodromy of ¥ at A = 1, co, which is equal to the monodromy of \Ilg[‘}tTCh:
]\41 _ 671'71'01(737 Moo _ efiwﬁaoag;

ii) the correct choice for WMatch .= K (z) ¥y Coyr.

MATCHING ¥ «» @Mateh

This is realized by construction. A consequence, we can compute the monodromy of ¥ at
A =0,z. In order to do this, we need the local behavior of \I/%\}”Ch (A, z) at A = 0,2. We start with
Uy, recalling that:

\IIO(.“) — HQTU (‘u — 1)%(1)0(,“)7 q)O(M) - <(§11((5)) ?22((5))> '
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Here, @1, @2 are two independent solutions of a Gauss hyper-geometric equation (see (105) i
Appendix 1):

2

d“p dy
(1 — p) du2 +(14+c—(a+b+1]+1) p) dufa(bJrl)ga:O,

where a := 90 + % + Zob+1:= 0“ + % +01 f%oJrl, c+1:=0p+ 1. The functions & and
&y are obtamed from gpl and P2 by:

€=%u(1—u)j—i— ( +b;b) 4’ (89)

In order to have generic solutions (i.e. non-logarithmic solutions) of the hyper-geometric equation
we must require:

91 _9005 903 935 g Z

Then, we have the following sets of independent solutions at p = 0, 1, co respectively (we denote by
F the Gauss hyper-geometric function):

AE e g

0
oy =

gagl):F(e—“Jr%Jre;”*el, %OJrG Jr%lf%"nLl, 140, 1—p),

[ O .
T -5+ F L 10 1-p).
e R O e A T
+

0. o, 0 0o 0. _ 8 0 0o L1
bl ol Bl G 240, — 0 ).
The connection formulae can be found in any book on special functions:

[cpﬁo), w(o)} [ (n, wgﬂ Cor, —m<arg(l—p)<m.

{@&O), 9050)} = [go§°°), goéoo)} Coo, 0<arg p < 2m.

[(=02)I'(1460)

I(—0,)T(1-0,)

Cop ie | TCEFHF BT (B0 -9) TR -tpaBa)r(C--%e) |
D(6,)0(1+60) (6.)0(1—60)
r(2+%+%-)r(P+%+2-%+1)  r(E-2+%-3)r(e-2+%-%+)

F(1+97179%)F(1+60)6i%[90+91+9w791] F(1+921 930) (1— eo)eig [00—00+6000 —01]
(R +%+3-2%+)r(P-%+%-%+1) r(-2-%-%+5+1)r(E-2+%-%+1)
Cooo = T( %2 =% —1)T(1460)e T 1000w 01 ~0oc] T( %2 =% —1)T(1—6g)e’ T1%= ~Po+o1—0cc) ’
(B r(e-et-g) (- F-Sas)r(E-es )

(91)

From the Taylor expansion of the hyper-geometric functions in gogoo) and (89) we compute:

N N (m)[ (1)] L o= [ (1)} o
> (py—1)73 —l1+0(= 7 —1)F = = [1+0(=)|p 7,
pz(p—1)2 ¢ ik pz(p—1) . .

% oo 61000 % % (oo 01 — 0 +1 1 Boo—67
p e = (1o (1) [utF, ateenFe - B o (4],

To

Y
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It follows that the matrix Wo(u) = MQTO (u—1) F Py (1) with the prescribed behavior [I +0 ( )} ,u%‘“"

1
m
(o0) (o0)
_ 2 e (¢ ) 1 0
\PO(M)iuz(Mi]‘)z ( 100 oo) ( T
£ g 0 g7

C:= (1 9 ) OOUT = (1 9 ) e—i%9103.
0 01 —0c+1 0 01 —0+1

W) = Ko(o) (2

at u = oo is:
Let:

We conclude that:

) &
)

e (2)F (207 (6 A
v ) 40)

x x

)
) Co1CylC.

The behaviors of the above matrix at A = x, 0 is easily computed from:

Ox
(n—1)F) =

x
pE (- 1)F ) =
—pFp-DFQ - F = (—1)0’“90%”%1:( ’sz) SCSTS
and:
% e (0) _

(0) (0)
% [y % .
Ko(a) p® (u—1)72 <§10> ??m) SN (@) +ON) AT, A —0
1 2

% Ge 90&1) Sﬁél) IN %2,
Ko(z) p= (p—1)= <§<1) o) > =" (@) +0A-12)) A—2)27, A—uw
1 2

Here, we don’t need to explicitly give the invertible matrices ¢{" (z) and ¥I¥ (z). From the above
procedure, we find:

My=C"1 (COOO exp{infoos} Col) C, M, = 0—1[0000 (00—11 exp{inl,03} 001) 0—1} C.

Ooco

We finally observe that M; and M, are diagonal, so they are invariant for the conjugation M —
CMC~!. With this in mind, we get the result of theorem 3, point a).

We stress that Ag+ A, and A; are upper (or lower) triangular matrices, and the group generated
by MMy and My is reducible.
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7 Case 0, =1, 0, =0, 0 ==£1. Solution (17).

In section 6 we imposed that 0., # 1 and 0., —60, € Z. Here we consider the case 0., = 1, 0o —60; = 1.
We have:

1

n i _ -5 T n _ 0 —T1

aed= () A=()

Also the transpose matrices are possible. For || < |x|°7~ | we use the reduction (39) (namely, (11)).

The matrices Ay, A, are given by (40) and (41) with the substitution o = 1 or —1. For definiteness,
let us take 0 = 1 in the following.

For [A| > |z|°0vT, we approximate (1) with: 4¥our — [% + Aotde 4 )\Ajl} Uoyr. For defi-
niteness, let us consider the case when Ay and Ay + A, are upper triangular. Again, we make the
hypothesis that the leading terms in x A, define an upper triangular matrix:

_. (0 »p .
TA; =: (0 O) + higher orders.

Therefore, we will study:

dVour [1 (0 p /-1 1 0 —r
dx _[F(o O)+>\(O a1 Your

3 A—1\0 0

This is a reducible system. To solve it, we write Yoy in vector notation ¥oyr = (
system becomes:

U1
. Th
(4> ¢
d’(/)l - 1 P T1 T1 d1/)2 o 1
PP <)\2 YA FINE
The solution obtained by variation of parameters is:
Y1 =CiIAN T+ CoA 2 (pln A —riIn(A — 1)), s =A%, C1,Cy € C.
We can choose the following fundamental matrix:

0 A3

A2 AT (plnd — i In(A - 1))
Vour =

1
Its monodromy relative to the loops A — Ae?™ and (A — 1) — (X — 1)e™ is respectively:

-1 —2m
Your — Your ( p

1 —2mr
0 1 ) ‘I’OUT’_"I’OUT( 1)-

(X2 0 1 pln) 1 —riln(A=1)
“Lo az)\lo 1 0 '

0 1
Therefore, p and 1 must be independent of (the monodromy preserving deformation) x. We observe
that any fundamental matrix solution of the form:

Your ((1) f(lx)) ;

has the same monodromy of Woyr, for any arbitrary function of x. This fact will be used soon,
with the choice f(z) = —plnz.

With the choice of the branch of In(A — 1) =In(1 — \) +im (i.e. (A—1)=¢€™(1=A),1-=A>0
for 0 < A < 1), it is convenient to redefine ¥y by:

A—1) 1 imrg
0 1

o . ATz 0 1 plnA 1 —riln
o= o0 aJ\o 1 0
I —ZIn(1-XA)) /(A2 0 1 pln)
0 1 0 A 0 '
Therefore:
1 0 i o~ A"
TOUT[(O 7“11>+<0 MOTI)Z

n+1

—_

[N

1

A3 0 1 pln)
(o A%)(o 1 ) A=0

n=1



7.1 Matching

The solution ¥ ()‘) has been introduced in section 4.7.

x

w(2)-lro (D ) (ke 1) mmciom

0
1

1 0 1 —phhz 1 0
%H%P<O R_l), %UTH%UT<O ’l ><0 p_l)-

As we have already observed, this re-definition does not affect the monodromy of ¥ oy, which is
independent of . The matching relation ¥oyr(A) ~ Ko(z)¥o (A/z) becomes:

1L or) (1 0\ /A= 0)\(1 In2
0 1)\0 ¢ 0 x)lo 1
1 0\ [z 0 A3 0\ (1 In2
(3 12000 86 )

The matching is thus realized, with the choice:
= 173 0
K ~ ? 1 | P
o(@) (o %)( 0 Raﬁ)

0%2-02—-1 in [17(00—01)2%17(00%1)2]x _5 tr 05—62+1 1} [17(90701)2)][17(00+01)2]x

. . . . 1
Some adjustments are necessary. Let us consider the permutation matrix P := ( O) and redefine:

I
7N
D I=D |3
o =
~_
7N

=
S

(S
5

(=)
N|=
~_

It follows that:

A 4 P 2 P 16

0= )
1 [1=(60=02)*)][1=(00+0:)"] C02-02-1 gy [1=(60—02)%][1—(60+0)?]
o 16 z 1 o 16 x

2 2 2 2 2
A Oofszl _ % [17(00701)21][617(00+01)2]x 5 +r 9m7§0+1 + % [17(00761)21]57(004%1)2]x
z = 2 2 2_p2_ _ _ 2 _ 2

,% [1—(00—6:) 1][61*(90+9x) ]x _ 95 ZI 1 + %1 [1—(00—6:) 1][61 (6o+62) ]x

The leading term of each matrix element certainly contains no error. Note that r has simplified.
Actually, the constant p plays the role of r.

We will not repeat again the discussion for the higher order terms. The matrix elements are
Taylor expansions, corresponding to a Taylor expanded y(z), the convergence of which is proved by
a Briot-Bouquet argument. The first two leading terms of Ay and A, above are actually correct. In
particular, we need:

03 — 02 +1

(Ao)i2 = —g +m 5

+ O(z).
The leading terms of A; are:

03—62-1

—r1 + 12— + O(a?)

% [1_(00_91)23],[21_(00+9m)2] ZCQ + O(.’LB)
A =

% [1*(90*9z)21];[214*(90+9m)2]2z4 + O($5) 7% [1*(90*9m)2§[21*(90+9m)2]z2 + 0(9:3)

The above truncations of (A;);2 and (Ag)12 corresponding to the first two terms of the Taylor
expansion of the solution (17), through (3):

1—
y@) = a + ——=

—1
(1+62—6%) 2 + O(x?), where a := <1 - %) . (92)

Observe that a depends on the monodromy datum %.
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7.2 Monodromy
The matching ¥;n < Yoy has been realized by:

o (AF 0N (1 plA) (1 —rI(A-1)) (1~ +in
our =\ o0 Az )\0 1 0 1 L ’

0 1

and: o) Koo ) ((1) Rgl) R (RS 1]6[7{90 —6:)° - 1]
\1/0(){“0(%)} <”0% HO%)(R%M (1)> e

Namely:

for = \/x — oo, |\ < |z|°"~, x — 0.

MATCHING ¥ « Uo7

The correct choice of ¥y must match with:

1 0o I
T

where: L = (8 p —07“1 ) This form of L follows from the standard theory of Fuchsian systems,
and from the expansion of the system (1) at v := 1 — 0:

dv 1

= [%; - (4 +CL‘AZ)—|—O(V):| v, v — 00;

Thus Lis = — (A1 + ©Az)1,2|le=0 = r1 — p (this is computed from the expansions of 4; and A, at
x = 0 obtained before). We expand Yoy at A = co. We easily get:

_ C1g. (1 —71) InA 1 irt —Inx
Your =[I+O0N )] A2 3<0 (p i) ) <0 P% )

Therefore, the correct choice is:
1 ir —Inz\ ' . B B
ng[}l%h = \IIOUT ( 14 1 ) — \"2°3 (1 phl/\) (1 Tlln()\ 1)) -

0 = 0 1 0 1
p

As a consequence, we obtain:

i) the monodromy of ¥ at A = 1,00. This coincides with that of ¥X4%¢" which is easily computed
from the local behavior:

WML (\) = [+ O(A — 1)] <(1) ~ruin(x - 1)> Y

Thus, for (A — 1) — (A — 1) exp{27i} and A — Aexp{2mi} the monodromy is:

(1 —2mir (-1 2mi(r1—p)
Ml_(o 1 ) M‘”_(o -1 '
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ii) the correct choice of ¥y, which matches with . This is:

1 i —Inz\ ' 1 Inz — i
\P%\;lmh()\,l‘) = \I/[N()\,(L‘) (0 P 1 ) = \I/]N()\,.Z‘) (0 P nafp Z7TT1) =
p

0 R
= Ko(x)¥o(n) Crn, Civ = <1 plng/— mﬁ) )

Important Remark: Crny depends on x. But the monodromy must be independent of x. For this
reason, we will have to consider the substitution

atc atc 71
IR s WP (O ) ™ = Ko(x)Wo().

This makes the monodromy at A = 0, x independent of z. The corresponding transformation:

Match Match —1
Voor — Yoir Cin~,

changes M7, M., but does not introduce a dependence on z. Namely:

-1 _ 1 0 = - ’
My CrnMiCrn~" = (_27”_% R 1)7 My — CINMoCin~ = (Qﬂ'i (% _1) R _1) .

MATCHING V¥ «— Uy.

U and WHeteh () z) are matching by construction. The monodromy of ¥ at A = 0,z coincides with
that of WMeteh()\ z). In order to compute it, we write:

Wo(u) = .U%O(M* I)STI(I)o(M), Do) = (?11 ?22) .

Dy satisfies (42) with o = 1. Tt is expressed in terms of two independent solutions @1, w2 of the
Gauss hyper-geometric equation (see Appendix 1):

d?¢ dp
u(lfu)d—'u2+(1+cf(a+[b+1}+1)u)@fa(bJrl)ga:O,
where,
90 9m 1 90 9m 3
=242 h4l=—4 24 1 =16y +1.
5t —3 bF s Tty ot o+

From ¢ and @5 we compute:

1 dp; b—c )
i = — 1— - il :1’2
& =—|pul—n an a(u+ab) so} i

We need a compete set of solutions at 4 = 0, 1, co. Since a—b is an integer, we are in a logarithmic
case. We briefly explain some preliminary facts. Let us consider a Gauss Hyper-geometric equation
in standard form:

2
p =) TE+ (o 6+1) 4] F£—asp=0

(a, B, here are not the coefficients of (PVI)! We are just using the same symbols only here).
Logarithmic solutions at p = 0 may occur only if v € Z. Logarithmic solutions at ; = 1 may occur
only if a4+ — € Z. Logarithmic solutions at ;1 = oo may occur only if « — 3 € Z. Several sub-case
must be distinguished, and this is not the place to discuss them.

In our case « = a, 6 =b+ 1 and v = ¢+ 1. Therefore « — = —2. This case is logarithmic.
Two independent solutions are:

_ 1 , ol 1
o =1 g <ﬂ757+1,1+5a; ;) =[inour case] p * g <ﬁ,ﬂ7+1,3; ;),
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o =R <ﬁ,ﬂ7+1,1+ﬁa; i) = [in our case ] p °F <ﬁ,ﬂ7+1,3; %)

Here F' is the Gauss hyper-geometric function and ¢; is a logarithmic solution introduced in Nor-

lund’s paper [21], page 7:

g1(u, v, w; 2) i( D n —1)! (U)(Z:)(Ui_nzi + F(u,v,w; z) In(—z) +

+Z n,z(v)n (1—u—n)+¢@+n) —pw+n) — (1l +n)]z"

where J
Y(z) = —T(z), w#1,23,..; |z|<1, In(—
- 1! (=n(®)=n 1 i 4 polynomial in 1/z.

Note that the first sum S>¥—(~=1)""!(n S
If 09,0, ¢ Z, we fall in the non-logarithmic cases at @ =20,1. Thus:

<0)_F(90+9——l o bey3 1+90'u)

z)<0for —1<2<0.

1 2 "2 T2 T2y
© _ ~top(_ o b 1 O 0o 3,
') H ( 2+2 27 2+2+27 0y ) -
W _p(lo bz L0 O 3, 5
1 (2+2 33 T Tyl
W o (00 6, 16, 6, 3
— Bl A 212991
vz = (1= p) (2 > 22 2y a
() _ -ty (b0 O 3 6 bz 3,1
Y1 =p 2 2 2gl<2 ) 9’ 2 2 273’/1/ )
) _ -%-%-3p(l lx 3 b0 0 3,1

The connection matrix between [cpgo), <p(0)] and [90&1), gpgl)] is a standard one:

0 0 1 1
[, 8] = (1", ¢81C0r,  0< arg (1 —p) < 2m;
I'(=6,)T'(1460) T'(=6,)I'(1—60)
r(-%ra)r(2-%-t) r(--ged)r(-%-%-4)
(93)

Cor = T(0,)C(1460) ['(0.)T(1—6)
F(%“+%I+%)F<%“+%+%) F(79°+ +) (*9704*97:*%)

On the other hand, the connection matrix between [apg ), <pg0)] and [<p§°°>, <pg )] is computed in

[21]. Our specific case falls in the case o — = —p, p > 0 integer. From [21], page 27, case 11,
formulae (1) and (2), we deduce the connection formulae:

(—p)*F (ﬁ —y+ 16,148~ %) = ?Ef_aa);(lg)r(ilg (=) Fla, B,v; 1) +

T w&jf;;ﬂgf & () -y + 1,6 -7 +1,2 =7 p),
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Here |arg (—p)| < m, In(—p) > 0 for —oo < p < —1. The branch cut in the p-plane is [0, +00). As for
the minus signs, we choose —y = e™""u, then 0 < argu < 2w. Moreover, in our case (—l)a_ﬁ = 1.
With this preparation, we can write the connection matrix:

[90&00)7 @é‘”)] = [Sﬁgo), sﬁéo)] Co0, 0 < argp < 2m;

. 6, 2]
0 I'(—60) e*“’{TOJrTer%}

0
2 T(0y) e~ {-F+F+5)
_ing80 0z 3
PO—go)e 2272 Dogeig)r(Brgres)

In order to write WMeteh in terms of the Lpioo), let us compute the behavior for u — oo of
) ()

(o0
MGO/Q(M — 1)91/2 ((‘0(100) ('0(200) ) We have:
G &

Y

T (p—1)7 S s 1+0 (=) +p2mult+0(=)].
e [ e [ oy p)| T p
pF (1% oF) =8 [1+0(;)]
0 = [e’e) 2 1 1 1
pFp-1)T =2y 21nu{1+0(;)]+0(u 7)
b0 Y [e'e) 2 _1 1
p(p—1)7F & —u2[1+0(—)]
r 1
Therefore:

(c0) (c0) 1 2

2o (% Y2 _ 2 ios 1 0 -5 0
o0 (G @)= [rro ()] e (e 1) (5 2)

We conclude that the matrix ¥ used in the Yoy <> ¥y matching is:

0 0n (00)  (o0) _RT (1 (80 +02)°)[(80 =0 )* ~1]
%:ﬁ(u—l)?(“"l 2 )a o;:( R 3 ):( g

SR 0
As we have already remarked, we do the transformation WM#teh o WMatehCr =1 to compute

the z-independent monodromy at A = 0,x. This means that we have to compute the monodromy
of:

>
=}
>
B

=]

[N}

s O
N——

gMatchop =t = Ko(2)Wo (M) =

% F 0 ()
Ko(z) <é> 2 (él) 2 <<P<100> <P<200>> C,
x x & &
69 [
AN /) 5 (0) (0)
Ko(x) (;) (;1) (% %) Coco C.
1 2

99 0
AN /) el (1) (1)

= Ko(z) (= 21 7L 2 ) Co o €.
X x 1 2

In order to do this, we observe that from the definition of @50), goéo) if follows that:

A * A H <P§O) ‘Péo) IN %5,
Ko(x) Z Pl © (O = (@)L + ON)AZ 7,
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for A — 0. From the definition of gpgl), gpgl), it follows that:

A 3 A % (1) (1) 0s
Ko(z) <—> <— - 1> (@(11) 90(21)) =N (@) + O\ —2))(A — ) T,
1 2

T x

for A — z. It is not necessary here to write explicitly the invertible matrices " (z) and !N x. The
above construction implies that \If%\}”ChCU\fl has monodromy matrices at A\ = 0,z respectively
given by:

MO = 071(0000)71 exp{iw@oag} Coooc,

M, = Cc1 (Cooo) -1 (001)_1 eXp{’iﬂ'HJEOB} Cp1Cx0C.
These matrices coincide with the monodromy matrices of ¥ C7 N L

As a last simplification, we consider the transformation M +— CMC~!. We obtain the result of
theorem 3, case c). Namely:

L 1 0
My = (Coc0) — exp{inbyos} Coco, Moo = <2m’ (1 _ T_l) _1) :
p

1 0 _ _ _
M, = <27Ti% 1> s M, = (CooO) 1(C’Ol) ! eXp{MTQIO'g} 0010000,

We observe that r» does not appear in the monodromy matrices.

8 Appendix 1
Proposition 2 Let By, By be 2 X 2 matrices such that

Eigenvalues (Bg) = 0,—c¢, FEigenvalues (B1) = 0,c—a —b.
and By + By is either diagonalizable:

—a
0

— 1
Bo+B1=( o _a).

Then, By and By can be computed as in the following cases. Let r, s be any complex numbers.

By + By = ( Ob) (it may happen that a = b),

or it is a Jordan form:

1) Diagonalizable case.

Case a # b:
alb=c) a(e—a) _
ifa=0: B0:<8 TC), 31=<8 C_Tb). (96)
Ifb=0: B0<OC 6) Bl<00“ 07’>. (97)
Ifa=c#b: Boz(_oa 8) Blz(g :Z) (98)
Ifb=c+#a: Boz(g rb), Blz(_o“ _OT). (99)

Cases (96)-(99) are already included in (95).

45



Case a = b. We have two sub-cases:

—c—s T S —r
Ifa:b:c: BOZ <S(CT+S) S) 5 Bl = <S(C:r5) CS> . (100)
Ifa=b=0: Boz(__f(;f) Z) B, = —By. (101)
The transpose matrices of all the above cases are also possible.
2) Jordan case.
For a # 0 and a # ¢ we have:
r(r+c) Ca— _ rlr+e)
By = ( " a(a—c) ) , B1= ( a-r 1 a(a_c)) . (102)
alc—a) —c—r ala—c) c—a+r

Fora =0, or a=c, we have two possibilities:
0 r —a 11—
Bo = <0 c)’ Br= < 0 aJrc)’ (103)

—-c T c—a 1-—r
B0< 0 0), Bl< 0 a ) (104)
Proposition 3 Let By and By be as in Proposition 2. The linear system:
4 (e _|Bo, B »
dz \ § z  z-1 3

may be reduced to a Gauss hyper-geometric equation, in the following cases.

Diagonalizable case (i.e. from (95) to (101)):

or

d?p

dz?

dp

2(1—2) —I—(l—i—c—(a—&—[b-ﬁ-l}—l—l)z)E—a(b—&—l)gp:(). (105)

The component £ is obtained by the following equalities, according to the different cases of Proposition
2.

Cases (95) (96) (97) (98) (99):

1 dy b—c
Case (100):
T R
=7 7)o c+s—cz)p
Case (101):
=1 |0-2) L r(ets)
=—|z1-2) —+(c+s
dz v
Jordan case (102): The equation for ¢ is in Gauss hypergeometic form only when r = —a. In this

case, the matrices (102) are:

B~ (e ate) P (a6l )

d? d
z(1—2) d—;ﬁ+[1+c—(2a+l) z] d—f—a2<p:0,

The equation is:

d
§zz£+a<p.
dz
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Jordan case (103): for r =1 we get:

d? d
For a =0, z(l—z)d—zf—i—(l—&—c—z)d—fzo.

d? dy a
For c = 1—2)——+(1+a—(2a+1)2)-= + | —a® — =0.
orc=a, z( z)d2:2+( +a—(2a+ )Z)dz+< a >g0 0

The Gauss form appears only when a = 0.

Jordan case (104): for r =1 we get:

d? d
Fora=0, z(lfz)d—;20+(1+c—z)d—f+122 p=0
d? d
For ¢ = a, z(l—z)d—;ﬁ+(1+a—(2a+1)z)d—f—a2g0:0.

Forr # 1, we don’t get a Gauss hyper-geometric form for the equation of ¢ in both cases (103) and
(104). Nevertheless, the matrices are in upper triangular form, so the equation for & is solvable by
elementary integration.

As a compendium to the above proposition, we recall that any irreducible representation of
71 (CP"\{0,1,00}) — GL(2,C) can be realized as the monodromy group of a Riemann (or Gauss)
equation. A reducible representation (namely, My, M1, M, are in upper triangular form) can be
realized by the monodromy of a 2 x 2 Fuchsian system

W[ By
dz

z z—1
where By, By are 2 x 2 upper triangular matrices. We also state the following:

Lemma 12 Consider a 2 x 2 linear system:

such that A(z) is meromorphic, with poles a1, ag, ..., an, 0o. The monodromy group is generated
by N upper triangular monodromy matrices:

(2) (i)
M’L<>\1 R(Z)>7 2:172,.,N,
0 A

where )\gi), /\éi), R are constants (i.e. they are independent of z) given by:

)\gi) = exp{27i Res a(z)lq,; }, /\éi) = exp{27i Res ¢(2)]q; },

RO = / T b(s) ng + (A7 =) / s b(s) UTEZ;

e

R depends on a chosen non-singular base point zg, but not on z. One of the non zero R® can be

. 1 0
put equal to 1, by re-defining Y — YC, C = <0 I/R(i) >

Proof: Let us write Y = (Zl) and the equation in the form:
2

d
=a@n HbEy, o ==

dy
dz
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Let zg # a;,00, i = 1,..., N. The second equation has solution:
z
y2(z) = Cs ug, where:  ug := exp{/ ds c(s)}, CyeC.
20

The first equation becomes:
dy,
dz
We solve the first equation by variation of parameters. Let:

=a(z)y1 + C2 b(2) uz(z). (107)

ui(z) = exp{ / ds a(s)}

be a fundamental solution of the homogeneous equation:

dy1

5= a(z)y;.

We look for a solution of (107) of the form y2(z) = w(z) u1(z). Substitution gives:

dw uz(2) _
o = Cs b(2) (o) = w(z)=Cv(z) + C1, Cp€C.
where: ; (s)
v(z) = /z(, ds b(s) i (s)

The general solution of (107) is:
y1(2) = C1 u1(z) + C2 v(z) ui(2).
Then, a fundamental solution for the initial system can be chosen to be:
ui(z)  v(z) wi(2)
Y(z) =
0 ua(z)
We compute the monodromy for (z — a;) — (z — a;)e?™. We have:

ui(z) — )\gi) u1(2), )\gi) = exp{27i Res a(z)|4, },

us(z) — /\éi) u1(2), )\gi) = exp{27i Res ¢(z)

) (108)

By linearity, the vector solution <U(Z) 7(“;1)(2) ) is transformed into a linear combination of two
2
independent vector solutions: R(*) (uléz)) + 5@ <v(2;) Etzl)(z)) Moreover, S must coincide
2

with /\éi), because — by virtue of (108) — uz(z) — Aéi)UQ(Z). Namely:

(U(Z) Ul(Z)) . R® (“1(()Z)) + Ay (U(Z) ul(z)), RY e C.

uz(2) uz(2)
Thus:
ui(z) v(z) ui(z) )\gi) u1(2) )\éi) v(2) ur(z) + R u(2)
Y(z)= — _ —
0 uz(2) 0 )\g) ua(z)
AP RO
= Y(z) ( 0 )\gi) ) .

Let C; be a small loop around a;. To find R let us observe that:

ur(2) v(z) = A i (2) 8(2)
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where:

zexp{2mi} us (s
W) =0la) +Ki), K= [ s b(s) 22,
Thus:
ur(2) v(z) ui(2) M ur(z) AP v(z) wi(z) + Ki(2)ui(2)
Y(2) = - |
0 ua(z) 0 /\él) uz(z)

We must have: )\gi)v(z)ul(z) + Ki(z)ui(z) = )\g)v(z)ul(z) + RWuyy (2); namely:

RY = Ki(2) + ()\9) - )\g))v(z).

9 Appendix 2: Formal Asymptotic Expansion

1) We consider systems (55):
Dl - Dn
0+ =2 -n
+ = +7;2 .

with w; # wj, for i # j. We introduce a gauge transformation Y = G(2)Y, such that:

dy

- =D(2)Y, Q= diag(wi,ws,...,wn),

dG(z) v

Y
d dz ’

- = {Gl(z)D(z)G(z) -G (2)

be in the simple form:

Y O] s
d— = {Q + —1} Y, Q, Q diagonal.
dz z
Formally, we write G(z) as:
G G
G(z):I+—1+—22+..., z — 00.
z z

If the G;,’s can be determined, we get the formal solution:

I+Z%] exp{z Q+ Q1 In(2)}, z—o

For a sector of angular with 7 + €, e > 0 sufficiently small (but finite and non zero), there exists a
unique solution Y (z) with the above asymptotic expansion [2].
In order to determine G,, and €1, we solve D(2)G(z) — 0.G(z) = G(2)(Qo + Q1271):

(o2 5) [+ E5) mrm=- (0 5%) (8)

We identify equal powers of 2~1. From the power 1/z we get:

(D1)ij

wi—wj'

O = diag(w!",..,w®), W™ = ()i = (D), (Gh)ij = —

n

From the power 1/22, for i # j, we compute (Gs);j, and for i = j we compute:

(G1)ii = —(D2)is — Z(Dl)ik(Gl)ki

ki
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From the power 1/2" we get:

1
(Gn-1)ii = —— ~(Dn + Dp1Gy + .+ DaGr2) ;= Y (D1)in(Gr1)ki ¢
P
1
(Gn)ij = —— Wi — Wi — (1 = D)(Gno1)is — > _(D1)ir(Gnt )i —
g J k#i

— (Dp+ D1 Gy + oo+ DQGn_g)ij}, i

2) We consider the system (56):

av
dz

Y = E(Z) )/7 A= dlag ()\1,)\2, ,)\n)

Ei < E,
22\ z+:z:A+—1+Z—
z anz"

with A; # A; for ¢ # j. We introduce a gauge transformation:
Y(2) = K(2) Y(2)
in order to reach the simple form:
av
dz

{Kl(z)E(z)K(z) ~KY(z) dfd(iz)] v

A -
|:$2A z+ A+ —1] Y, A, diagonal.
z

Formally, we write:

Provided that we can determine the matrices K, we obtain the formal solution:

K, 2,
Y(z) ~ I+Zz_n exp ?Az +2zA 2 Ailn
n=1

For a sector of angular with 7 + ¢, € > 0 sufficiently small (but finite and non zero), there exists a
unique solution Y (z) with the above asymptotic expansion [2].
In order to determine K,, and Ay, we solve E(2)K (z) — 0,K (2) = K(2)(2?A2? + Az + Q127 1):

n=1 n=2

n=1

— K Q
=1 — A2+ Az +— ).
(—l—;zn)(w z+z+z)
We identify equal powers of z71.
Power z. It is an identity: z2A = z2A.

Power 2z°.

zA + 2?AK) = 2A + 2 KhA —  [A K] =0
This means that K; is a diagonal matrix.

Power 1/z. We obtain the equation:

2 MKo))=M—FE1 = (M)u=(F)u, (G2)ij= *m,
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Power 1/z%. We obtain the equation:

E—A
SCQ[A,Kg] = JS[KQ,A] +K1A1 — E1K1 — Kl — EQ = % + K1A1 — E1K1 - Kl - E2
Thus:
(K1)ii = —(E2)ii

(K3)ij = m [(El)ij (— + (E2)jj) - (E2)ij] , iF ]

—

8]

Power 1/z%. We obtain the equation:
22 [A, K4] = 2[K3,A] + KoAy — E1 Koy — By Ky — 2Ky — Fs

The diagonal part gives:

2(Ka)ij = [(E2)u}2 — (E3)ii — Z(El)ik(KQ)ki-
ki

The non diagonal part gives (K4)i;, i # J.

We content ourselves with these results, namely the determination of K1 and K. With the same
procedure, we can determine all the K,,’s.

10 Appendix 3: Birational Transformations
All the solutions of (PVI) of the form:
y(x) = bo + byx + box® + ... + by + ... (109)

are obtained from the matching procedure of sections 5, 6, 7. By this we mean that solutions of type
(109) are the solutions given by the matching procedure, or they can be obtained from solutions given
by the matching procedure via one of the birational transformations of [22] and the transformation
(19).

Birational transformations are symmetries of (PVI), namely invertible transformations:

Pz, y(x)) p(x)

/ ) / / / / /

Y :C):ia r =—"7, Ganmaelaeoo)’_> 9 aeza y Yoo

= Q) " e (0r 00 05)

such that y(z) satisfies (PVI) with coefficients 6y, 0., 61,0 and variable z, if and only if y'(z')
satisfies (PVI) with coefficients (), 6.6}, 0. and variable 2’. The functions P, @ are polynomials;
p,q are linear; the transformation of the 0,’s is an element of a linear representation of one of
the following groups. Permutation group; the Weyl group of the root system D,; the group of

translations v := (v1, v2,v3,v4) — v + ¢j, j=1,2,3,4 (where e; = (1,0,0,0), ..., es = (0,0,0,1)). 7

* Permutation group:

P 0 =00, O=0i 0, =0, 0 =0 Y@ =y -1, z=1-a"
22 0y =0 —1, 0 =00+1; 0y =01, 0, =0, y/(:v):L x:i
. 0 o0 9 o0 0 ) 1 1, x Ty y(.’l’:)’ .’L'/.
@30 0 =0,, 0. =0 0 =01, 0. =0o; it 1
. 0 T x 0 1 1 oo 00y r—1 ) 7 —1

* Weyl Group:

wi:
9/1 = —91; 96 = 90, 9/

x

=0, 0, =0x.

"We note that 01, 0, 6o are defined up to the sign. Moreover, 0 is defined up t0 0oo — 2 — 000, and for this
reason symmetries are described in [22] in terms of oo : = foc — 1 .
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90+91+9z+900_ 0o+ 61 — 0, — 0

[ 1 I = 1
0, > .0, > +1,
0o — 01+ 0, — 05 0o — 01 — 05 + 05
0, = = 12 +1, 0, =2 12 Tl 4
ws3:
0. =2—0s; O =00, 0,=0, 0 =0
Wy:

The variable ' = x, but y/(x) is quite complicated and will not be given here (see [22]).

* Shift I : vi—v+ej:

ly: Oy=00+1, 0, =601+1; 0,.=0,, 0 =0
l2: 96:90—}—1’ 9/1:91—17 Gézem’ 9(;02900
I3 0, =041, 0 =0+1;  05=00, 0;=0:.
ly: 0, =0,+1, 0 =0—1, 0y==0y, 6;=0.

The variable ' = x, but y/(x) is quite complicated and will not be given here (see [22]).

For the Taylor solutions, we have ¢ = 61 — 6. Denote ¢’ := 6] — 0. . If we start from
a Taylor solution constructed in sections 5, 6, 7 by means of the matching procedure, developed
for ¢ = 07 — 0, then the birational transformations allow to obtain the solutions defined for
o ==2(0; £\ F0x)+n, n € Z. This is a consequence of the following actions:

lhandly: c—o' =0c+1. Ilyandls: c—o =0—1

wy-l1-l1: o0 =0] + 0. wy-wg-l -l o— o =—0.

Note also that (PVI) is invariant for 6; — —6;. This maps o — —o. Other actions are:

wy: 0 = —(01+0x); we: o =0, wg: o0 =01+0s—2; wy: 0 =60]+0—2.

zt o' =0y — 0; 22 o' =0, — 0y, 2. o =60, -0, =0.

11 Appendix 4: Examples of Taylor Expansions

We give the solutions of (PVI) of the form y(z) = Y7 (b, 2", by # 0, depending on the value of
the coefficients 6y, 01, 0, 0. Similar examples can be constructed for solutions y(z) = > b, 2™,
b1 # 0, by the symmetry (19).

We always denote b,, the coefficients, though they change case by case.

* Example 1: (PVI) always has one solution (15) when 0o, — 61 ¢ Z, and one solution (18)
when 0, + 601 € Z.

* Example 2: Case 01 + 6, = 0.
i) There are solutions (16), if 8, = £6y, 0 # 1.

ii) There is a solution (15), defined for o # 1, 2%, where n € Z. The condition 0 # 2%+
follows from the condition 61 —0, # n in (15), when 1 = —f,. The denominators of the coefficients
by, vanish for half-integer 6.,, and for 6., = 1.

iii) For 0 = 2Lt solutions y(z) = > oo, bya™ in ii) are not defined. On the other hand, solutions

2
(16) are defined, provided that 8, = +6,. Moreover, for a given 6, = 2"2+ L there may be solutions
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equivalent to (16), provided that 0, +6, assumes some integer values. For example, consider 0, = %
We have (16):

3 1 = 3
y()=-2 +ax +(9§1+§a§a3) z? + ;bn(a;00,5)x", 0, = +0;

and a solution equivalent to (16):

y(r) =4—-(2+00) z +az’ + ) bu(aiy) 2",  0p=£(1+06), =(1-0).

n=3

iv) If 0, = 0,1, we do not have any solution of the desired form, except for the singular solutions
y=1.
* Example 3: Case 0., — 61 = 0.
i) We have solutions (16)
ii) We have the solution (18), with the substitution: 61 = . This is defined for 6 # 1, 25,

iii) For 0o = % we find solutions of exactly the form (16), when 6, = 6. Moreover, for any
given 0o, = 2"2—+1, there may be solutions equivalent to (16), provided that 6, & 6y has some integer
value. For example, consider 6, = —3. There are solutions (16):

2 - 1
y(z) = 3 +azx + an(a; 6o, —5) ", 0, = %0y

n=2
and the equivalent solutions:
4 2490 .
y(z) = - — Sx +az’ +) bu(aibo)a", 0 =£(1+06) or & (1—06p).
3 9 o

Another example: consider 0., = % In this case we just have (16), or the singular solution y = 1.

iv) For 6, = 0,1 we don’t have solutions of the desired form, except for the singular solutions
y=0,1.

* Example 4: Case 0; — 0, = —1.

i) We have the solution (18), defined for 6, # 1, 2";‘1, where n € Z.

ii) For any 0, = 2"2+ L solutions (16) are defined, when 6y & 6, = 0. Moreover, solutions may exist

equivalent to (16) by symmetry, provided that 0y & 6, is some integer.

ili) For 6, = 1 we are exactly in the case (17).

iv) For 6. = 0 we have solutions equivalent to (17):

(00 = 02)° = 960 +0.)° ~9)GR—2) . 03— +3} -

62— 023 .
4320 6

y(z) =2+ 6

:c+aa:2 —|—{

* Example 5: Case 01 — 0, = 1.

i) We have solution (18), with the substitution of #; = 6, + 1, and defined for 0, # 1, 2"2“, n e Z.

ii) Equivalent to (16) by symmetry, we have the solution:

2, (B +1)2% 00
1—0q 3000 — 1)

y(z) = ) x +ax®+ Z bn(a, b, 00)z",
n=3
O £0,1; 0, ==(1— o) or = (1+6o)
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The two signs in the coefficient of x depend on the choice 6, = £(1 — 6p) or £(1 + 6y) respectively.
Similar change of signs occur in all the coefficients b,,.

ili) If fo = 0, the solution in case ii) is not defined (denominators in the coefficients b,, vanish). We
have anyway a solution equivalent to (17):

62 — 62 —3

5 r +a 2’ Jern(a;Go,@oo)x”.

n=3

y(z) =2 +

iv) If 6o = 2%H the solution in i) is not defined. Solutions exist equivalent to (16), provided that
0, + 0y is some integer.

v) For 6, = —1 we have a solution equivalent to (17):

a(0? — 032 + 3)

yx) =1 4+a2® + 5

3+ an(a; 0o, 0;) z".
n=4

vi) For 6., = 1, solutions of the desired form do not exist, except for y = 1.

We could proceed at our pleasure, choosing any value 0., + 6; integer. We would always have
solutions of three kinds. 1) One out of the two solutions (15) and (18). 2) Solutions equivalent to
(16) — at least when 0 is half integer — provide that 6, + 6y is some integer. 3) Solutions equivalent
to (17), for 0 equal to some integer.
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