CLASSIFICATION OF LOG DEL PEZZO SURFACES OF INDEX TWO

NOBORU NAKAYAMA

Abstract. In this article, a log del Pezzo surface of index two means a projective normal non-Gorenstein surface S such that (S, 0) is a log-terminal pair, the anti-canonical divisor −K_S is ample and that 2K_S is Cartier. The log del Pezzo surfaces of index two are shown to be constructed from data (X, E, Δ) called fundamental triplets consisting of a non-singular rational surface X, a simple normal crossing divisor E of X, and an effective Cartier divisor Δ of E satisfying a suitable condition. A geometric classification of the fundamental triplets gives a classification of the log del Pezzo surfaces of index two. As a result, any log del Pezzo surface of index two can be described explicitly as a subvariety of a weighted projective space or of the product of two weighted projective spaces. This classification does not use the theory of K3 lattices, which is essential for the classification by Alexeev–Nikulin [3]. The comparison between two classifications is also discussed.

Contents 1. Introduction 1 2. Elimination of zero-dimensional subschemes 9 3. Del Pezzo pairs and basic pairs 23 4. Fundamental triplets 51 5. Deformations 80 6. The structure of log del Pezzo surfaces of index two 95 7. Description of log del Pezzo surfaces of index two 133 References 164

1. Introduction In this article, we work in the category of algebraic schemes (or algebraic spaces) over an algebraically closed field k. A del Pezzo surface is a non-singular projective surface with ample anti-canonical divisor, by definition. Studying del Pezzo surfaces is one of the main topics in the classification theory of algebraic surfaces or in the theory of rational surfaces (cf. [9]). We shall study a generalization of the notion of del Pezzo surface to the

2000 Mathematics Subject Classification. Primary 14J25, 14J26; Secondary 14J70, 14E30. Key words and phrases. del Pezzo surface, ruled surface, extremal ray.

singular normal surface case. From the point of view of logarithmic birational geometry, it is natural to consider the pairs (S, B) such that S is a normal projective surface (or a normal complete algebraic space of dimension two) and B is an effective Q-divisor on S with −(K_S + B) being ample in some sense. The precise definition of such pairs is given in Section 3.1 below, and the pairs are called del Pezzo pairs. It is also natural to require the pair (S, B) to have only log-terminal (or log-canonical) singularities in many cases. According to the paper [1] of Alexeev–Nikulin, a log del Pezzo surface is defined to be a normal projective surface S such that (S, 0) is a del Pezzo pair with only log-terminal singularities. The index of a log del Pezzo surface S is the minimum positive integer i with iK_S being Cartier. Note that if the characteristic char k is zero, then, for a normal surface S, the pair (S, 0) has only log-terminal singularities if and only if S has only quotient singularities.

A log del Pezzo surface S of index one is a normal projective surface S with only rational double points as singularities and with ample anti-canonical divisor. The surfaces S are studied in many papers such as [7], [9], [12], [13], [30], [31], [32]. By the minimal resolution α: M → S of singularities, the classification of S is equivalent to that of non-singular projective surfaces M with nef and big anti-canonical divisor −K_M .

The next non-trivial case should be the case of index two. The log del Pezzo surfaces of index at most two defined over the complex number field k = C have been studied by Alexeev–Nikulin [3] (cf. [1], [2]) by a method of K3 lattice. The paper [3] is an English version of the old paper [1] written in Russian, and has been published recently as Del Pezzo and K3 surfaces, MSJ Memoirs Vol. 15, Math. Soc. Japan, 2006.

The argument of [3] begins with proving the Smooth Divisor Theorem: a general member C_S ∈ |−2K_S| is a non-singular curve of genus ≥ 2. Let X → S be the doublecovering étale outside C_S ∪Sing S and let X → X be the minimal desingularization. Then X is a K3 surface and the covering involution θ induced on X is non-symplectic in the sense that θ^∗ω = −ω for a nowhere vanishing holomorphic 2-form ω of X . The quotient surface Y = X /⟨θ⟩ is non-singular and X → Y is branched along a non-singular divisor C_Y + E_Y , where C_Y is the total transform of C_S by the induced birational morphism Y → S, and E_Y is a union of (−4)-curves. The birational morphism Y → S is called the right resolution of S in [3], which is nothing but the canonical resolution in the sense of Horikawa. A non-Gorenstein point of S is a singularity of type K_n (cf. Section 4.4), whose minimal desingularization has a chain of rational curves as the exceptional divisor. The right resolution is just the blowing up at the nodes of the chains. The pair (Y, C_Y + E_Y ) is called a right DPN pair of elliptic type in [3]. By comparing three objects (S, C_S),

(Y, C_Y + E_Y ), and (X , θ), the classification of log del Pezzo surfaces index at most two is reduced (in some sense) to that of K3 surfaces with non-symplectic involution.

The invariant lattice S = H^2(X^{an}, Z)^{θ∗} by the induced action θ^∗ on the K3 lattice H^2(X^{an}, Z) plays an important role in [3]. The sublattice S naturally contains the Néron– Severi group NS(Y) = H^2(Y^{an}, Z) as a finite index subgroup. Moreover, S is shown to be an even, hyperbolic, and 2-elementary lattice. Such a lattice is determined by the main invariants (r, a, δ) by a result of Nikulin. The main invariants for all the sublattices S are classified into 50 types, where 40 are for the case of index two. Another important notion called root invariant is used for determining the nef cone of Y inside S ⊗ R. Especially, the dual graph of the curves on Y with negative self-intersection number is determined by the root invariant. Applying the Torelli theorem and the surjectivity of period maps for K3 surfaces to S and to the nef cone of Y, the classification of S is reduced to that of root invariants. The latter is reduced to the extremal case, where S has an extremal root invariant if the Picard number is minimal among the log del Pezzo surfaces with the same S. Therefore, the log del Pezzo surfaces of index at most two are classified by the main invariants and the root invariants, up to suitable deformation equivalence. In the case of index two with Picard number one, they succeeded in the classification up to isomorphism, where the number of isomorphism classes is 18.

However, the results of [3] are far from geometric description of the log del Pezzo surfaces because of the use of Torelli type theorems. Recently, Kojima [19] has geometrically classified the log del Pezzo surfaces of index two with Picard number one by a method of the theory of open surfaces.

In this article, we present a geometric classification of log del Pezzo surfaces of index two over an algebraically closed field k of any characteristic. The idea of our method comes from a technique used in [14]. By the idea, we can classify furthermore all the isomorphism classes of del Pezzo pairs of index at most two. In the most essential part of the classification, we consider the following three objects:

• A del Pezzo pair (S, B) of index at most two of a certain class discussed from Section 3.2.

• A basic pair (M, E_M ) consisting of a non-singular projective rational surface M and an effective divisor E_M satisfying the condition C in Definition 3.13.

• A fundamental triplet (X, E, Δ) consisting of a rational surface X isomorphic to a Hirzebruch surface F_n or P^2, of an effective divisor E of X, and of a zerodimensional subscheme Δ ⊂ E which satisfy the conditions in Section 4.1.

These objects are related as follows: From a del Pezzo pair (S, B) of index two in the class above, we have a basic pair (M, E_M ) by the minimal desingularization α: M → S and by the formula −2K_M = α^∗(−2(K_S +B))+E_M . For a basic pair (M, E_M ), the linear system |L_M | is base point free for L_M = −2K_M − E_M by Theorem 3.18, which gives another proof of the Smooth Divisor Theorem in [3] when char k = 0. The linear system |L_M | defines the minimal desingularization α: M → S of a normal projective surface S in which (S, B) is a del Pezzo pair of the class above for B = (1/2)α_∗E_M . By the cone and the contraction theorems (cf. [22]) in the minimal model theory, from a basic pair (M, E_M ), we have a minimal basic pair (X, E) (cf. Section 3.2) and a birational morphism ϕ: M → X with K_M + L_M = ϕ^∗(K_X + L) for L = −2K_X − E. Here, X is a Hirzebruch surface F_n or P^2. There exists a zero-dimensional subscheme Δ ⊂ E such that ν_P (Δ) = 1 for any P ∈ Δ (cf. Definition 2.2) and that ϕ is expressed as the elimination of Δ (cf. Definition 2.5, Proposition 2.9). The triplet (X, E, Δ) is a quasi-fundamental triplet (cf. Definition 4.1), but we can replace the birational morphism ϕ: M → X so that (X, E, Δ) to satisfy the additional condition required for fundamental triplets. The fundamental triplet (X, E, Δ) is determined uniquely by the basic pair (M, E_M ) with the exception mentioned in Theorem 4.9 (cf. Example 4.12). The minimal basic pairs are classified by an elementary calculation (cf. Section 3.3). The fundamental triplets are classified also by an information of Δ, which is done in Theorem 4.6. The type of the fundamental triplet (X, E, Δ) defined in Theorem 4.6 depends only on the associated del Pezzo pair (S, B) (cf. Theorem 4.9). The list of types gives essentially the geometric classification of del Pezzo pairs of the class.

The information on fundamental triplets enables us to study the structure of del Pezzo pairs in detail. For example, we can determine the dual graph of exceptional divisors of the minimal desingularization of S for any the rational del Pezzo pairs (S, B) of index two (cf. Section 4.3), and also we can study several deformation types on (S, B), (M, E_M ), and on (X, E, Δ) (cf. Section 5). For a log del Pezzo surface S of index two, we shall show in Theorem 5.16 that S is deformed to a non-singular del Pezzo surface of the same genus g = K^2_S + 1 under a Q-Gorenstein deformation. The author was informed the result from Yongnam Lee in the case of char k = 0. For the positive characteristic case, we need a local Q-Gorenstein smoothing of the singularity of type K_n, which is prepared in Section 4.4.

There are exactly 41 types for the log del Pezzo surfaces S of index two, which are listed in Table 6. The list of types corresponds to the list of equi-singular deformation types of (M, E_M ) with one exception: basic pairs of type [2; 1, 2]_0 and of type [0; 1, 1]_0 are connected by equi-singular deformation (cf. Theorem 6.1, Proposition 5.10). We can show in Theorem 6.28 below that if char k ≠ 2, then the equi-singular deformation type of a log del Pezzo surface S of index two is determined by the type of S and by the dual graph of curves on M with negative self-intersection number.

By Table 6, we infer that the list of equi-singular deformation type of (M, E_M ) corresponds to the list of the main invariants (r, a, δ) of S given in [3]. The numerical information of Δ for a given E seems to correspond to the root invariant of S. It is interesting to define a root invariant directly from the data of fundamental triplet for the comparison between the classification of [3] and our classification by fundamental triplets. By Theorem 6.28, it is almost true that Alexeev and Nikulin have classified in [3] not the isomorphism classes but the equi-singular deformation types of log del Pezzo surfaces of index two.

We can describe a log del Pezzo surface of index two as a subvariety of a weighted projective space or of the product of two weighted projective spaces with explicit defining equations (cf. Section 7). The idea of description follows from a description of the blowing up of X along Δ as a divisor of a P^1-bundle over X (cf. Section 2.3). We have a morphism from S into a toric variety W by a certain linear system on the P^1-bundle. If the nef divisor K_X + L = −(K_X + E) is big, then the morphism is an embedding, and if K_X + L is not big, then it is a double-covering. In some cases, W is a weighted projective space or is realized as a subvariety of a weighted projective space. In the case where E is a minimal section of X ≃ F_n, the description of S and W seems to be complicated, and we consider another method of description. In this case, S is obtained as the blowing up of P(1, 1, 4) along a zero-dimensional subscheme of degree 4 − n (cf. Proposition 7.1). In particular, S ≃ P(1, 1, 4) is case n = 4. For other n, S is realized as a subvariety of the product P(1, 1, n) × P(1, 1, 4) in case n > 0, and of the product P^1 × P(1, 1, 4) in case n = 0. In the case where S → W is a double-covering, W is P(1, 1, 4) or P(1, 1, 2). Using some ad hoc method, we can describe S as a divisor of a weighted projective space of dimension three. In the recent paper [15], we find another method of describing the defining equations of S in a weighted projective space when char k = 0 and the genus is small.

In many arguments in our study, the case of type [1; 2, 2]_0 and the case of char k = 2 appear as exceptional cases. The log del Pezzo surfaces in the cases seem to have interesting and complicated structure.

This article is organized as follows: The notion of elimination is introduced in Section 2. The notions of del Pezzo pair and basic pair are introduced in Section 3, where the minimal basic pairs are classified, and the anti log-canonical rings of del Pezzo pairs of index at most two are studied. The notion of fundamental triplet is introduced and the fundamental triplets are classified by types in Section 4.2. Here, in Tables 3 and 4, the list of the dual graphs of exceptional divisors for the minimal desingularization of non-Gorenstein singular points of S is given. Section 5 is devoted to the study of deformation. Especially, deformations of fundamental triplets, and equi-singular deformations of

(M, E_M ) and of (S, B) are studied. In Sections 6 and 7, we consider only the log del Pezzo surfaces of index two. The structure of the minimal desingularization M is studied in Section 6. Here, we determine all the curves on M with negative self-intersection number. Using it, we study the equi-singular deformations of (M, E_M ) and of S. The comparison with the classification by Alexeev–Nikulin [3] is explained in Section 6.6. Section 7 is devoted to giving an explicit description of the log del Pezzo surface from the data of fundamental triplet.

Acknowledgement. The author expresses his gratitude to Mr. Hisanori Ohashi, who is a doctor course student of Professor Shigeru Mukai in RIMS, Kyoto Univ. Inspired by a series of seminar talks of Ohashi in 2005 explaining the results of [3], the author found a hint of studying the log del Pezzo surfaces of index two by the idea in [14]. Ohashi also pointed out many errors in the draft versions of the present paper and informed the author some interesting examples (cf. Remark 6.21, Example 7.22) in the case of characteristic two in November 2005. An earlier version written up in October 2005 treated only log del Pezzo surfaces in characteristic zero. Inspired by the examples of Ohashi, the author began to generalize the argument to the case of any characteristic and to the case of del Pezzo pairs.

The author is also grateful to Professors Yoshio Fujimoto, Mikio Furushima, Yoshiaki Fukuma, Hiro-o Tokunaga, Masanori Kobayashi, Yoshifumi Takeda, Hisao Yoshihara, and Hideo Kojima for giving him chances to talk on the paper in seminars and symposiums before completing the writing.

The author gave a series of lectures about log del Pezzo surfaces of index two at Tohoku Univ. in June 2006 and could improve some results during the stay. The author is grateful to the hospitality of Professors Masanori Ishida, Shoetsu Ogata, and Nobuo Hara.

The author expresses his gratitude to Professors Yongnam Lee, Shigefumi Mori, Shigeru Mukai, and Florin Ambro for their advice and comments. A discussion with Lee on Q- Gorenstein smoothings in February 2006 is essential for the proof of Theorem 5.16. Mori and Mukai gave a remark on defining equations of subvarieties of codimension two at a seminar in RIMS, July 2006, which gave the author a chance to complete the proof of Proposition 7.13 (cf. Remark 7.14). Inspired by Ambro’s question on the anti-canonical rings of log del Pezzo surfaces in a discussion in July 2006, the author began to consider the anti-canonical rings, and wrote the results in Section 3.4.

Notation and terminology. We work in the category of algebraic schemes (or algebraic spaces) over a fixed algebraically closed field k. A scheme (or an algebraic space) proper over k is called complete. If k is the complex number field C, then the completeness is equivalent to the compactness of the associated analytic space.

First, we explain things on divisors on a normal variety. Let X be a normal variety.

• A divisor on X means a Weil divisor. Thus a Q-divisor is a linear combination D = ∑ a_iΓ_i of prime divisors Γ_i with rational coefficients a_i. The Q-divisor D is called effective and we write D ≥ 0 if all a_i ≥ 0. A Q-divisor D is called Q-Cartier if some positive multiple mD is a Cartier divisor.

• For a reflexive sheaf L of rank one, a global section ξ of L defines a homomorphism O_X → L. If ξ ≠ 0, then the image of the dual homomorphism L^∨ = Hom_{OX} (L, O_X ) → O_X is the ideal sheaf of an effective divisor. The divisor is denoted by div(ξ) = div(ξ)_L. If D = div(ξ)_L, then ξ is called a defining equation of D in L. In this case, there is an injection from L into the sheaf of germs of rational functions of X sending ξ to 1. The image is just the sheaf O_X (D) of germs of rational functions f with div(f) + D ≥ 0. The cohomology group H^i(X, O_X (D)) is denoted by H^i(X, D), for short.

• Suppose that X is complete. A Cartier divisor D is called nef if DC ≥ 0 for any irreducible curve C, where DC denotes the intersection number of D and C. A Cartier divisor D is called big if some positive multiple mD is linearly equivalent to A+E for an ample divisor A and an effective divisor E. Note that a nef Cartier divisor D is big if and only if D^n > 0 for n = dim X. The intersection theory is generalized to divisors on normal surfaces by the Mumford pullback (cf. Section 3.1).

Second, we explain things related to surfaces. Let S be a non-singular surface.

• An irreducible complete curve γ on S is called a negative curve if the selfintersection number γ^2 is negative. If γ ≃ P^1 in addition, then γ is called a (−d)-curve for d = −γ^2.

• The dual graph of a reduced divisor D = ∑ D_j on S is defined as follows in the case where irreducible components D_j are all non-singular: A vertex corresponds to an irreducible component D_j. Let v_j be the vertex corresponding to D_j. If D_iD_j = 0 for two irreducible components D_i, D_j, then there is no edge joining v_i and v_j. If D_iD_j = 1, then v_i and v_j are joined by a (simple) line. If D_iD_j = k > 1, then v_i and v_j are joined by a thick line with the numbered box k : If the vertices v_j are written as black circles labelled by D_j, then � D_i � D_j in case D_iD_j = 1, �

D_i k � D_j in case D_iD_j = k > 1.

The set of vertices of such a dual graph Γ is denoted by Ver(Γ ). • In the dual graphs of divisors, a vertex corresponding to a (−d)-curve is expressed as follows:

(−1)-curve (−2)-curve (−3)-curve (−4)-curve (−d)-curve

� � � � �_d

On the other hand, an arbitrary irreducible curve is expressed by the symbol ⊘ when it is not necessarily a (−d)-curve.

• A straight chain of non-singular curves of length n on a non-singular surface means a divisor D = D_1 + D_2 + · · · + D_n such that (1) any irreducible component D_i of D is a non-singular projective curve, (2) D_i ∩ D_j = ∅ for |i − j| > 1, (3) D_1D_2 = D_2D_3 = · · · = D_{n−1}D_n = 1. The dual graph of D is written as:

⊘^{D1} ⊘^{D2} ⊘^{D3} ⊘^{Dn−1} ⊘^{Dn}

• Let F_n → P^1 denote the P^1-bundle associated with the locally free sheaf O ⊕O(n) of P^1 for n ≥ 0. The surface F_n is called the Hirzebruch surface of degree n. A section σ ⊂ F_n with σ^2 = −n is called a minimal section. If n > 0, then the minimal section is called the negative section since it is a unique negative curve on F_n. The contraction of the negative section is denoted by F_n → F_n. Here, F_n is isomorphic to the weighted projective space P(1, 1, n). A section σ_∞ with σ ∩ σ_∞ = ∅, which is necessarily linearly equivalent to σ + nℓ for a fiber ℓ, is called a section at infinity.

Finally, we explain additional things.

• A weighted projective space P(a_0, a_1, . . . , a_l) over k is defined as Proj R for the graded polynomial ring R = k[X_0, X_1, . . . , X_l] where X_i is a homogeneous element of degree a_i for 1 ≤ i ≤ l. The tautological sheaf O(n) for n ∈ Z is defined as R(n)^∼. If a_i | n for any i, then O(n) is invertible. A homogeneous coordinate (Y_0, . . . , Y_l) of P(a_0, . . . , a_l) means that Y_i is a global section of O(a_i) for any i and P(a_0, . . . , a_l) ≃ Proj k[Y_0, . . . , Y_l].

• A lattice S means a free abelian group S of finite rank together with a nondegenerate symmetric integral bilinear form (. , .): S × S → Z.

• The intersection C ∩ E of subschemes C, E ⊂ X means the scheme-theoretic intersection.

2. Elimination of zero-dimensional subschemes

We introduce the notion of elimination for a zero-dimensional subscheme of a nonsingular surface satisfying a suitable condition. A typical example of such a subscheme is the scheme-theoretic intersection C ∩ E of a non-singular curve C and an effective divisor E with C ⊄ E. The notion of elimination is a generalization of the notion of separation introduced in [14].

2.1. Succession of blowups. Let X be a non-singular surface and let Δ be a zerodimensional subscheme of X. The defining ideal sheaf of Δ is denoted by I_Δ.

Definition 2.1 (weak transform). Let f : Z → X be a proper birational morphism from a non-singular surface.

(1) Then the image I_ΔO_Z of f^∗I_Δ → O_Z is written as O_Z (−G)J for an effective f-exceptional divisor G of Z and an O_Z -ideal J defining a subscheme of Z of dimension ≤ 0. The ideal J is called the weak transform of I_Δ. Similarly, the subscheme Δ_Z defined by J is called the weak transform of Δ.

(2) Let E be an effective divisor on X. We define E^Δ_Z to be the effective divisor f^∗E − f^∗E ∧ G, where G is the f-exceptional divisor in (1) and f^∗E ∧ G := ∑ Γ min{mult_Γ(f^∗E), mult_Γ(G)}Γ.

Remark. If Δ is a subscheme of an effective divisor E, i.e., O_X (−E) ⊂ I_Δ ⊂ O_X , then the weak transform Δ_Z is a subscheme of E^Δ_Z . In fact, the inclusion O_Z (−f^∗E) ⊂ I_ΔO_Z = J O_Z (−G) implies that E^Δ_Z = f^∗E − G ≥ 0 and O_Z (−E^Δ_Z ) ⊂ J = I_{ΔZ} .

The following is related to the notion of multiplicity of Δ at a point:

Definition 2.2. Let P be a point of the zero-dimensional subscheme Δ.

(1) The multiplicity mult_P (Δ) at P is defined as the length of the Artinian local ring O_{Δ,P} .

(2) The degree deg Δ coincides with h^0(O_Δ) = ∑ P ∈Δ multP (Δ).

(3) Let us define another invariant ν_P (Δ) by ν_P (Δ) = max{ν ∈ N | I_Δ ⊂ m^ν_P }, where m_P ⊂ O_X is the maximal ideal at P .

Remark. For an effective divisor D and for a point P , we have

max{ν ∈ N | O_X (−D) ⊂ m^ν_P } = min{mult_P (C ∩ D) | a non-singular curve C ⊄ D passing through P }.

This number is called the multiplicity of D at P and is denoted by mult_P (D). For two effective divisors D_1, D_2 with no common irreducible components, the local intersection number (D_1, D_2)_P at a point P is defined by mult_P (D_1 ∩ D_2).

Remark. ν_P (Δ) = 1 if and only if Δ is an effective divisor of a non-singular curve over a neighborhood of P . In fact, if ν_P (Δ) = 1, then I_{Δ,P} = (x, y^k) for a system of parameters (x, y) of the regular local ring O_{X,P} and for k = mult_P (Δ).

Lemma 2.3. Assume that Supp Δ is a point P with ν_P (Δ) = 1 and k = mult_P (Δ) ≥ 2. Let V → X be the blowing-up along Δ. Then V is normal and has a unique singular point Q ∈ V , which is an A_{k−1}-singularity.

Proof. We may assume that X = Spec k[x, y] and I_Δ = (x, y^k). Then V = V_0 ∪ V_1 for V_0 ≃ Spec k[x, y, z]/(xz − y^k) and V_1 ≃ Spec k[x, y, w]/(x − wy^k).

Here, V_1 is non-singular and V_0 has the unique singular point (0, 0, 0) of type A_{k−1}. □ In what follows in Sections 2.1–2.3, we assume that ν_P (Δ) = 1 for any P ∈ Δ. We shall investigate the weak transform of Δ by blowups. Let μ: Y → X be the blowing-up at a point P ∈ Δ. If mult_P (Δ) = 1, then I_ΔO_Y = O_Y (−l) for the exceptional curve l = μ^{−1}(P ) and hence the weak transform Δ_Y is empty. If mult_P (Δ) > 1, then I_ΔO_Y = O_Y (−l) ⊗ I_{ΔY} and ℓ ∩ Δ_Y = {P^′} for a point P^′, where ν_P ′ (Δ_Y ) = 1 and mult_P ′ (Δ_Y ) = mult_P (Δ) − 1. In fact, if I_{Δ,P} = (x, y^k) for a local coordinate (x, y), then I_{ΔY ,P} ′ = (x^′, y^{′k−1}) and (x, y) = (x^′y^′, y^′) for a local coordinate (x^′, y^′) around P^′. For an effective divisor E on X, we have E^Δ_Y = μ^∗E − l in case P ∈ E and E^Δ_Y = μ^∗E in case P ∉ E.

By the argument above on the blowing-up at a point, we infer that if deg(Δ) = n < ∞, then there exists a succession of blowups (2–1) ϕ: M = Y_n → Y_{n−1} → · · · → Y_1 → Y_0 = X such that

(1) the weak transform Δ_{Yi} of Δ in Y_i is not empty for i < n and Δ_{Yn} = ∅, (2) Y_{i+1} → Y_i is the blowing-up at a point P_i ∈ Δ_{Yi} for i < n.

In particular, the weak transform of Δ is eliminated by the succession of blowups (2–1).

Lemma 2.4. The non-singular surface M in (2–1) is isomorphic over X to the minimal desingularization of the blowup V of X along Δ.

Proof. By construction, I_ΔO_M = O_M (−G) for the ϕ-exceptional effective divisor G ∼ K_M − ϕ^∗K_X . By the universality of blowing up, there is a morphism λ: M → V over

X such that λ^∗O_V (1) ≃ O_M (−G), where O_V (1) denotes the tautological invertible sheaf associated to the graded O_X -algebra ⨁ m≥0 I^m_Δ . In particular, K_M ∼ λ^∗K_V . Hence, λ: M → V is the minimal desingularization. □

Definition 2.5 (elimination). Let M → V be the minimal desingularization for the blowing up V along Δ. The composite ϕ: M → X is called the elimination of Δ.

Even though the definition of elimination can be applied to arbitrary zero-dimensional subscheme Δ, we consider only the case where ν_P (Δ) = 1 for any P ∈ Δ.

Remark 2.6. The elimination ϕ: M → X of Δ is characterized by the following two conditions:

(1) The weak transform of Δ is empty;

(2) K_M ∼ ϕ^∗K_X + G for the effective divisor G determined by I_ΔO_M = O_M (−G). In fact, there is a birational morphism λ: M → V by (1) and λ is the minimal desingularization by (2). Conversely, the elimination ϕ: M → X satisfies these two conditions by Lemma 2.4.

Lemma 2.7. Let ϕ: M → X be the elimination of Δ.

(1) Let Δ^′ be a subscheme of Δ. Then ϕ factors through the elimination of Δ^′. (2) Let E be an effective divisor on X containing Δ as a subscheme. Then E^Δ_M is a unique effective divisor of M such that ϕ_∗E^Δ_M = E and K_M + E^Δ_M ∼ ϕ^∗(K_X + E).

(3) For an effective divisor E on X, let M^′ → X be the elimination of Δ ∩ E. Then E^Δ_M is the total transform of E^Δ_M ′ . In particular, if E is non-singular at Δ ∩ E, then E^Δ_M is the proper transform of E in M.

(4) Let E be an effective divisor on X such that Δ∩E consists of finitely many points.

Then the difference Θ = ϕ^∗E − E^Δ_M is a complete ϕ-exceptional effective divisor satisfying −Θ^2 = −ΘK_M = ΘE^Δ_M = deg(Δ ∩ E).

(5) For two complete effective divisors D and E on X, D^Δ_M E^Δ_M = DE − deg(Δ ∩ D ∩ E).

Proof. (1): In the expression (2–1) of the elimination ϕ of Δ as a succession of blowups at points, we can choose the center of blowing-up Y_{i+1} → Y_i from points of the weak transform of Δ^′ whenever the weak transform is not empty. Hence ϕ factors through the elimination of Δ^′.

(2): Let G be the effective divisor on M such that O_M (−G) = I_ΔO_M . Then G ≤ ϕ^∗E by O_X (−E) ⊂ I_Δ. Since G ∼ K_M −ϕ^∗K_X , we have E^Δ_M = ϕ^∗E −G ∼ ϕ^∗(K_X +E)−K_M .

(3): I_{Δ∩E}O_M ′ = O_M ′ (−G^′) for the ϕ^′-exceptional effective divisor G^′ on M^′ with K_M ′ ∼ ϕ^{′∗}K_X +G^′. The equality I_ΔO_M ′ +O_M ′ (−ϕ^{′∗}E) = I_{Δ∩E}O_M ′ implies Δ_M ′ ∩E^Δ_M ′ = ∅. For the induced morphism ϕ^{′′} : M → M^′, there is an effective divisor G^{′′} such that I_{ΔM′} O_M = O_M (−G^{′′}) and G = ϕ^{′′∗}G^′ + G^{′′}. Hence, E^Δ_M = ϕ^{′′∗}E^Δ_M ′ .

(4): Θ is complete by the assumption and it coincides with ϕ^{′′∗}G^′ in the proof of (3). Thus −Θ^2 = −G^{′2} = deg(Δ ∩ E), and −ΘK_M = −ΘG = −Θ^2 = Θ(−ϕ^∗E + E^Δ_M ) = ΘE^Δ_M by the equality G = ϕ^{′′∗}G^′ + G^{′′}.

(5): We may assume Δ ⊂ D by (3). Thus ϕ^∗D − D^Δ_M = G. Hence, by (4), we have D^Δ_M E^Δ_M = (ϕ^∗D − G)(ϕ^∗E − Θ) = DE + GΘ = DE − deg(Δ ∩ D ∩ E). □

Remark. Let C be a non-singular curve and let E be a non-zero effective divisor with C ⊄ E. Then the scheme-theoretic intersection Δ = C ∩ E satisfies ν_P (Δ) = 1 for any P ∈ Δ. The separation of C and E defined in [14] is nothing but the elimination of Δ.

The following well-known result is important for showing some vanishing of cohomologies and for showing the base point freeness of some linear systems, especially in characteristic p > 0 (cf. [4], [5]):

Lemma 2.8. Let E be a one-dimensional projective scheme satisfying H^1(E, O_E) = 0. If L is a nef invertible sheaf of E, then L is generated by global sections and H^1(E, L) = 0.

Proof. Let E_1, E_2, . . . , E_l be the one-dimensional irreducible components of E. We may assume that E is connected, and hence E =

⋃_l

i=1 E_i. Let J_i ⊂ O_E be the ideal sheaf defining E_i. Then J^n_i is a skyscraper sheaf for n ≫ 0. We set a(E) :=

∑_l i=1 ∑ n≥0 rank_{OEi} J^n_i /J^{n+1}_i .

Note that a(E) is an invariant for any one-dimensional algebraic scheme E. We also set d_i = deg(L|_{Ei} ) ≥ 0.

We first consider the case where L is numerically trivial; we shall show that if d_i = 0 for any i, then L ≃ O_E. There is an exact sequence 0 → L ⊗ J_i → L → O_{Ei} → 0 for any E_i, since E_i ≃ P^1. Note that J_i is regarded as an O_{Di} -module for a subscheme D_i ⊂ E such that dim D_i ≤ 0 or that dim D_i = 1 with a(D_i) = a(E) − 1. By using the induction on a(E), we may assume L ⊗ J_i ≃ J_i. The surjection H^0(E, O_E) → H^0(E_i, O_{Ei} ) ≃ k and the vanishing H^1(E, O_E) = 0 induce H^1(J_i) = 0. Therefore, the restriction map π_i : H^0(E, L) → H^0(E_i, O_{Ei} ) is surjective for any i. There is a section s ∈ H^0(E, L) such that π_i(s) ≠ 0 for any i. Let F be the cokernel of the homomorphism O_E → L sending 1 to s. Then F ⊗ O_{Ei} = 0 for any i. Thus O_E → L is surjective, and is isomorphic.

Next, we consider the general case. For any i, let us take an arbitrary point P_i ∈ E_i not contained in other irreducible components E_j. Then there is an effective Cartier divisor B_i of E with Supp B_i = {P_i} and B_i|_{Ei} = P_i. In fact, an open neighborhood U of P_i can be regarded as a subscheme of an affine space A and there is a regular function f on A with div(f) ∩ E_i ∩ U = P_i. Therefore the invertible sheaf L ⊗ O_E(−B) is numerically trivial for the effective Cartier divisor B = ∑ d_iB_i. Hence, L ≃ O_E(B).

Thus L is generated by global sections by the freeness of the choice of {P_i}. Since 0 → O_E → L ≃ O_E(B) → O_B → 0 is exact, we have H^1(E, L) = 0. □

Remark. In Lemma 2.8, we have H^1(E^′, O_E′ ) = 0 for any subscheme E^′ ⊂ E. In particular, if E is an effective divisor of a non-singular surface, then E_{red} = ∑ E_i is a simple normal crossing divisor consisting of rational curves whose dual graph is a tree.

Proposition 2.9. Let ϕ: M → X be a non-isomorphic proper birational morphism of non-singular surfaces such that −K_M is ϕ-nef. Let G be the ϕ-exceptional effective divisor with G ∼ K_M − ϕ^∗K_X and let Δ ⊂ X be the zero-dimensional scheme defined by the ideal I_Δ = ϕ_∗O_M (−G). Then ν_P (Δ) = 1 for any P ∈ Δ, and ϕ is the elimination of Δ. If E_M be an effective divisor of M such that K_M + E_M is ϕ-numerically trivial, then Δ is a subscheme of the non-zero effective divisor E = ϕ_∗E_M and E_M = E^Δ_M .

Proof. First, we shall show the following two properties to be satisfied for any ϕ-nef divisor D:

(1) R^1 ϕ_∗O_M (D) = 0;

(2) O_M (D) is ϕ-generated, i.e., ϕ^∗ϕ_∗O_M (D) → O_M (D) is surjective. Let B be a ϕ-exceptional effective divisor of M. Then H^1(O_B) = 0 by R^1 ϕ_∗O_M = 0. Thus H^1(O_B ⊗ O_M (D)) = 0 by Lemma 2.8. Hence, we have the vanishing R^1 ϕ_∗O_M (D) = 0 by the theorem of holomorphic functions: ( R^1 ϕ_∗O_M (D)

)_∧

x ≃ lim←−_m H^1(O_{mB} ⊗ O_M (D)),

where x is an arbitrary point of X and B is an effective divisor of M with Supp B = ϕ^{−1}(x). Since D − G ∼ D − K_M + ϕ^∗K_X is ϕ-nef, R^1 ϕ_∗O_M (D − G) = 0, ϕ_∗O_M (D) → ϕ_∗O_G(D|_G) is surjective, and O_G(D|_G) is generated by global sections (cf. Lemma 2.8). Hence, O_M (D) is ϕ-generated, since Supp G is the exceptional locus of ϕ.

Second, we shall show that ϕ is the elimination of Δ by the characterization in Remark 2.6. Since O_M (−G) is ϕ-generated, I_ΔO_M = O_M (−G). In particular, the weak transform of Δ in M is empty. Since K_M ∼ ϕ^∗K_X + G, ϕ is just the elimination of Δ.

Finally, we shall show the remaining thing. It is derived from 0 ≤ E_M = ϕ^∗E − G. In fact, it induces O_X (−E) ⊂ I_Δ; hence Δ is a subscheme of E and E_M = E^Δ_M by Lemma 2.7, (2). □

2.2. Transformation of an effective divisor. Let E be a non-zero effective divisor of X containing Δ as a subscheme, i.e., O_X (−E) ⊂ I_Δ. Note that Δ is a Cartier divisor of E if and only if I_Δ/O_X (−E) is a locally free O_E-module. We shall study the divisor E^Δ_M for the elimination ϕ: M → X of Δ.

The following is easily derived from Lemma 2.7:

Lemma 2.10. Suppose that E is non-singular and Δ is supported on a point P of E. Then, for the elimination ϕ: M → X of Δ, the set-theoretic inverse image ϕ^{−1}(P ) is a straight chain

∑_k

j=1 Γ_j of non-singular rational curves, E^Δ_M is the proper transform of E in M, and the dual graph of ϕ^{−1}(E) is as follows (cf. Notation and terminology):

� Γ_1 � Γ_2 � Γ_{k−1} � Γ_k ⊘ E^Δ_M

Lemma 2.11. If Δ is supported on a singular point P of E, then there exists a nonsingular curve C on an open neighborhood of P in X such that Δ ⊂ C ∩E. If furthermore Δ is a Cartier divisor of E, then one can choose the non-singular curve C so that Δ = C ∩ E.

Proof. For a local defining equation η of E around P , we have η ∈ m^2_P for the maximal ideal m_P at P . Thus the ideal I_Δ contains η and another function ξ ∈ m_P \ m^2_P , since ν_P (Δ) = 1. Hence the divisor C = div(ξ) is non-singular at P and Δ ⊂ C ∩ E. If Δ is a Cartier divisor of E, then we can choose ξ so that I_Δ is generated by η and ξ; thus Δ = C ∩ E. □

Lemma 2.12. Suppose that E = E_1 + E_2 for non-singular divisors E_1, E_2 and that E_1 and E_2 intersect transversally at a unique point P = E_1 ∩ E_2. Suppose also that the zero-dimensional subscheme Δ is supported on P . Then Δ is contained in an effective Cartier divisor ^Δ of E supported on P with ν_P ( ^Δ) = 1. In particular, min{mult_P (Δ ∩ E_1), mult_P (Δ ∩ E_2)} = 1. Furthermore, the following conditions are mutually equivalent:

(1) Δ is a Cartier divisor of E;

(2) Δ is neither a subscheme of E_1 nor E_2;

(3) mult_P (Δ) = mult_P (Δ ∩ E_1) + mult_P (Δ ∩ E_2).

Proof. We may assume that div(x_i) = E_i for a regular function x_i of X for i = 1, 2. Since ν_P (Δ) = 1, I_{Δ,P} contains a function ξ ∈ m_P \ m^2_P . We may assume that ξ = λ_1x^{m2}_1 + λ_2x^{m1}_2 for unit functions λ_1, λ_2 at P and for positive integers m_1, m_2 with min{m_1, m_2} = 1. Let ^Δ be the subscheme div(ξ)∩E, i.e., the subscheme defined by the ideal (ξ, x_1x_2). Then ^Δ satisfies the required property. Moreover, mult_P ( ^Δ) = m_1 + m_2, and mult_P ( ^Δ ∩ E_i) = m_i for i = 1, 2. Suppose that m_1 = 1 and Δ ≠ ^Δ. Then I_{Δ,P} = (ξ, x_1x_2, x^k_1) = (x^k_1, x_2) for some 1 ≤ k ≤ m_2. Hence, Δ ⊂ E_2, mult_P (Δ) = k, mult_P (Δ ∩ E_1) = 1, and mult_P (Δ ∩ E_2) = k. Thus the condition: ^Δ = Δ, is equivalent to all the conditions (1)–(3) above. □

Corollary 2.13. In the situation of Lemma 2.12, suppose that Δ is a Cartier divisor of E. If Δ^′ ⊂ Δ is a Cartier divisor of E, then Δ^′ = ∅ or Δ^′ = Δ.

Lemma 2.14. Suppose that E = E_1+E_2 satisfies the same assumption as in Lemma 2.12. Suppose furthermore that Δ is an effective Cartier divisor of E supported on P with mult_P (Δ ∩ E_1) = 1 and mult_P (Δ ∩ E_2) = b ≥ 1. Then, for the elimination ϕ of Δ, the set-theoretic inverse image ϕ^{−1}(P ) is a straight chain

∑_{b+1}

j=1 Γ_j of non-singular rational curves, E^Δ_M = E_{1,M} + E_{2,M} +

∑_b

j=1 Γ_j for the proper transform E_{i,M} of E_i for i = 1, 2, and the dual graph of ϕ^{−1}(E) is as follows: ⊘ E_{1,M} � Γ_1 � Γ_{b−1} � Γ_b ⊘ E_{2,M}

�Γ_{b+1}

Proof. Let ϕ^♯ : M^♯ → X be the elimination of Δ ∩ E_2. By Lemma 2.10, (ϕ^♯)^{−1}(P ) is a straight chain

∑_b

j=1 Γ^♯_j of non-singular rational curves. For the proper transform E^♯_i of E_i for i = 1, 2, the dual graph of the union (ϕ^♯)^{−1}(P ) ∪ E^♯_1 ∪ E^♯_2 is written as follows: ⊘ E^♯_1 � Γ^♯_1 � Γ^♯_{b−1} � Γ^♯_b ⊘ E^♯_2

The weak transform Δ_M ♯ of Δ in M^♯ is just a point P^♯ ∈ Γ^♯_b \ (Γ^♯_{b−1} ∪ E^♯_2), where Γ^♯_0 = E^♯_1 in case b = 1. The elimination M of Δ is obtained as the blowing-up M → M^♯ at P^♯. Therefore, the expected dual graph of ϕ^{−1}(E) is obtained. Here, Γ_{b+1} is the exceptional curve for M → M^♯, and E_{1,M} , E_{2,M} , Γ_j for j ≤ b are the proper transforms in M of E^♯_1, E^♯_2, Γ^♯_j, respectively. The divisor E^Δ_M is just E_{1,M} + E_{2,M} +

∑_b

j=1 Γ_j. □

Remark 2.15. In the situation of Lemma 2.14, the ideal I_Δ is expressed as

I_Δ = (ϕ^♯)_∗ ( m_P ♯ ⊗ O_M ♯ ( − ∑_b

j=1 jΓ^♯_j )) . Therefore, Δ is determined by a point P^♯ lying on Γ^♯_b \ (Γ^♯_{b−1} ∪ E^♯_2). The point P^♯ ∈ Γ^♯_b corresponds to the point (λ_1(P ) : λ_2(P )) ∈ P^1 for λ_1, λ_2 appearing in the proof of Lemma 2.12.

Lemma 2.16. Suppose that Δ is supported on a point P of E and that E = mE_0 for a non-singular divisor E_0 and for a positive integer m. Then mult_P (Δ) ≤ m mult_P (Δ∩E_0), where the equality holds if and only if Δ is a Cartier divisor of E.

Proof. We may assume that m ≥ 2 and that E_0 = div(x) for a regular function x. Then x^m ∈ I_Δ. By using the induction on m, we may assume that x^{m−1} ∉ I_Δ. There is another regular function ξ such that (ξ, x^m) ⊂ I_Δ and ξ ∈ m_P \ m^2_P . If Δ is a Cartier divisor of E, then we can choose ξ so that I_Δ = (ξ, x^m) by Lemma 2.11.

Suppose that mult_P (Δ∩E_0) = 1. Then we may assume that ξ = y for a local coordinate system (x, y) around P . Then I_Δ = (x^m, y) since x^{m−1} ∉ I_Δ. Thus Δ is a Cartier divisor of E with mult_P (Δ) = m, mult_P (Δ ∩ E_0) = 1.

Suppose that mult_P (Δ ∩ E_0) = l ≥ 2. Then we may assume that ξ = x + εy^l for a local coordinate system (x, y) around P and a unit function ε at P . Here, (x + εy^l, x^m) = (x + εy^l, y^{ml}). Thus I_Δ = (x + εy^l, y^k) for a positive integer k with (m − 1)l < k ≤ ml, since (x + εy^l, x^{m−1}) = (x + εy^l, y^{(m−1)l}). Hence, the required inequality follows from mult_P (Δ) = k. Moreover if k = ml, then Δ is a Cartier divisor of E. □

Lemma 2.17. In the situation of Lemma 2.16, let E_{0,M} ⊂ M be the proper transform of E_0 for the elimination ϕ: M → X of Δ. Then E^Δ_M = mE_{0,M} +

∑_l

i=1 i(m − 1)Γ_i +

∑_k

i=l+1(ml − i)Γi

for the straight chain ϕ^{−1}(P ) =

∑_k

i=1 Γ_i of non-singular rational curves, where k = mult_P (Δ) and l = mult_P (Δ ∩ E_0). If k = l, then the dual graph of ϕ^{−1}(E_0) is the same graph as in Lemma 2.10. If k > l, then the dual graph of ϕ^{−1}(E_0) is written as follows:

� Γ_1 � Γ_l � Γ_{k−1} � Γ_k

⊘E0,M

Proof. The inverse image ϕ^{−1}(P ) is a straight chain

∑_k

i=1 Γ_i of non-singular rational curves where an end curve Γ_k is the unique (−1)-curve of the chain. Let ϕ^♯ : M^♯ → X be the elimination of Δ ∩ E_0 and let ϕ^′ : M → M^♯ be the induced morphism. Then the curves Γ_i for i > l are ϕ^′-exceptional and the images Γ^♯_i = ϕ^′(Γ_i) for i ≤ l form the straight chain (ϕ^♯)^{−1}(P ) =

∑_l

i=1 Γ^♯_i of rational curves. The proper transform E^♯_0 ⊂ M^♯ of E_0 intersects only the unique (−1)-curve Γ^♯_l in the chain (ϕ^♯)^{−1}(P ). Here, we have

(ϕ^♯)^∗E_0 = E^♯_0 +

∑_l

i=1 iΓ^♯_i,

E^Δ_M ♯ = (ϕ^♯)^∗(mE_0) − (K_M ♯ − (ϕ^♯)^∗K_X ) = mE^♯_0 +

∑_l

i=1(m − 1)iΓ^♯_i.

Thus we are done in the case where k = l, since Δ ⊂ E_0 and ϕ = ϕ^♯. Hence, we may assume k > l. Then the morphism ϕ^′ is the elimination of the weak transform Δ^♯ ⊂ M^♯ of Δ. The weak transform Δ^♯ is supported on a point P^♯ of Γ^♯_l which is not contained in other components of (ϕ^♯)^∗E_0. Thus

E^Δ_M = ( (m − 1)lΓ^♯_l

)_Δ♯

M + (ϕ^′)^∗ ( E^Δ_M ♯ − (m − 1)lΓ^♯_l ) . Let us consider the special case where k = m and l = 1. Then I_Δ = (x^m, y) and E_0 = div(x) for a local coordinate system (x, y) around P . Thus ϕ^♯ : M^♯ → M is nothing but the blowing up at P . Thus there is a local coordinate (x^♯, y^♯) around P^♯ such that Γ^♯_1 = div(x^♯) and I_Δ♯ = ((x^♯)^{m−1}, y^♯). Thus we have E^Δ_M = mE_{0,M} +

∑_{m−1}

i=1 (m − i)Γ_i by induction on m.

For a general case, by the proof of Lemma 2.16, we may assume I_Δ = (x, y^k) and E_0 = div(x − εy^l) for a local coordinate system (x, y) around P and for a unit function ε at P . Then there is a local coordinate system (x^♯, y^♯) around P^♯ such that Γ^♯_l = div(x^♯) and I_Δ♯ = ((x^♯)^{k−l}, y^♯) around P^♯. Thus the situation Δ^♯ ⊂ (k − l)Γ^♯_l belongs to the special case above. Hence, ( (m − 1)lΓ^♯_l

)_Δ♯

M = (ml − k)(ϕ^′)^∗(Γ^♯_l ) + ( (k − l)Γ^♯_l

)_Δ♯ M = (ml − k) ( Γ_l +

∑_{k−l}

j=1 Γ_{l+j} ) + (k − l)Γ_l +

∑_{k−l−1}

j=1 (k − l − j)Γ_{l+j}

= (m − 1)lΓ_l +

∑_{k−l}

j=1((m − 1)l − j)Γ_{l+j}.

Thus we are done. □ 2.3. Global description. Assume that Δ is an effective Cartier divisor of a non-zero effective divisor E of X and that there is a divisor L of X with L|_E ∼ Δ, i.e., O_X (L)|_E ≃ O_E(Δ). We shall describe the blowup V → X along Δ explicitly under the assumption.

We have an extension (2–2) 0 → O_X (L − E) → E → O_X → 0 of locally free sheaves which makes the commutative diagram 0 −−−→ O_X (L − E) −−−→ I_ΔO_X (L) −−−→ O_E −−−→ 0 ‖ ‖ 0 −−−→ O_X (L − E) −−−→ E −−−→ O_X −−−→ 0 of exact sequences, where the top sequence is derived from O_X (−E) ⊂ I_Δ and from the isomorphism O_X (L)|_E ≃ O_E(Δ). The diagram induces another exact sequence (2–3) 0 → O_X (−E) → E → I_ΔO_X (L) → 0.

Let p: P := P_X (E) → X be the P^1-bundle associated with E and let O_E (1) denote the tautological line bundle of P with respect to E.

Lemma 2.18. The blowing up V of X along Δ is realized as a Cartier divisor of P with O_P(V ) ≃ O_E (1) ⊗ p^∗O_X (E).

Proof. By the exact sequence (2–3), we infer that ⨁ d≥0 I^d_Δ is a quotient algebra of the symmetric algebra of the locally free sheaf E ⊗ O_X (−L). Hence, V is isomorphic to a closed subspace of P. The inclusion O_X (−E) ⊂ E of (2–3) defines an irreducible Cartier divisor D ⊂ P with O_P(D) ≃ O_P(1) ⊗ p^∗O_X (E) and V ⊂ D. Thus V = D. □

Proposition 2.19. The extension (2–2) is split if and only if div(ξ)∩E = Δ for a global section ξ of O_X (L). In the split case, V is isomorphic to the divisor V (ξ, η) := div (p^∗(ξ)v − p^∗(η)u) ⊂ P for a defining equation η of E, where the section v ∈ H^0(P, O_E (1) ⊗ p^∗O_X (E − L)) corresponds to the injection O_X (L − E) → E of (2–2) and the section u ∈ H^0(P, O_E (1)) corresponds to a splitting O_X → E.

Proof. If such a section ξ of O_X (L) exists, then ξ gives an injection O_X → I_ΔO_X (L) inducing a splitting O_X → E of (2–2).

Next, suppose that (2–2) is split. Then we have E = O_X (L − E)v ⊕ O_X u. For the injection O_X (−E) → E of (2–3) and for the surjection E → O_X of (2–2), the composite η : O_X (−E) → E → O_X is an injection defining E. Thus η is regarded as a defining equation of E. For the other projection E → O_X (L − E)v, the composite O_X (−E) → E → O_X (L − E)v defines a section ξ of O_X (L). Replacing ξ with −ξ, we infer that

• the twist O_X → E ⊗ O_X (E) of the injection O_X (−E) → E of (2–3) is given by 1 → ηu − ξv, and • the surjection E → I_ΔO_X (L) in (2–3) is given by O_X (L − E) ⊕ O_X ∋ (s_1, s_2) → (s_1η + s_2ξ).

Therefore, V = V (ξ, η) and div(ξ) ∩ E = Δ. □

Remark. If H^1(X, L − E) = 0 and if Bs |L − E| = ∅, then I_ΔO_X (L) is generated by global sections. In fact, (2–2) is split by H^1(X, L − E) = 0, and thus E is generated by global sections by Bs |L − E| = ∅. Hence, I_ΔO_X (L) is so by the exact sequence (2–3).

2.4. Simultaneous elimination.

Lemma 2.20. Let ~X → T be a smooth family of surfaces over a non-singular curve T and let ~Δ ⊂ ~X be a subscheme such that ~Δ → T is finite and flat and that the fiber Δ_t = ~Δ ×_T {t} satisfies ν_P (Δ_t) = 1 for any point P ∈ Δ_t as a zero-dimensional subscheme of the fiber X_t = ~X ×_T {t} over any t ∈ T . Then there exist a finite ramified covering τ : T^′ → T from another non-singular curve T^′ and a simultaneous elimination ~M → ~X ×_T T^′ of ~Δ ×_T T^′ in the following sense: ~M is smooth over T^′ and the fiber of ~M ×_T ′ {t^′} over any point t^′ ∈ T^′ is the elimination of Δ_t ⊂ X_t for t = τ(t^′).

Proof. Taking a succession of base changes ~Γ → T from the normalizations ~Γ of irreducible components Γ of Supp ~Δ, we may assume that any irreducible component of ~Δ is a section of ~X → T . For a point P ∈ ~Δ, we have a local coordinate system (x, y, t) of ~X such that X → T is given by (x, y, t) → t and that the defining ideal I~_{Δ,P} of ~Δ at P contains y. Thus, locally on T , ~Δ is a subscheme of a divisor ~E ⊂ ~X which is smooth over T . Then ~Δ is regarded as an effective divisor ∑ n_iΓ_i of ~E for sections Γ_i of ~E → T . Hence, we may write I~_{Δ,P} = (y, x^{n1} φ) for a regular function φ at P , where {x = y = 0} = Γ_1 and ∑ i≥2 n_iΓ_i is defined by φ = y = 0. Let μ: ~Y → ~X be the blowing-up along the section Γ_1. Then ~Y → T is smooth and the weak transform ~Δ~_Y of ~Δ is defined by ( y^′, x^{′n1−1}μ^∗φ ) for a coordinate system (x^′, y^′, t) of ~Y satisfying μ^∗x = x^′, μ^∗y = x^′y^′, μ^∗t = t. Thus ~Δ~_Y → T is finite and flat, and the degree of ~Δ~_Y → T is less than the degree of ~Δ → T by one. Hence, we have a simultaneous elimination by taking a succession of blowups along sections. □

Proposition 2.21. Suppose that E is a complete simple normal crossing divisor of a non-singular surface X. Let Δ_1 and Δ_2 be zero-dimensional subschemes of E such that (a) deg(Δ_1 ∩ E_j) = deg(Δ_2 ∩ E_j) for any irreducible component E_j of E, (b) mult_P (Δ_1) = mult_P (Δ_2) and mult_P (Δ_1 ∩ E_j) = mult_P (Δ_2 ∩ E_j) for any node P of E and for any E_j, (c) ν_{Pi} (Δ_i) = 1 for any P_i ∈ Δ_i for i = 1, 2.

Then there exist a connected curve T , a subscheme ~Δ of E × T flat and finite over T , and two points t_1, t_2 ∈ T satisfying the following properties where Δ_t is the restriction ~Δ ∩ (E × {t}) for t ∈ T :

(1) Δ_{t1} = Δ_1 and Δ_{t2} = Δ_2.

(2) deg(Δ_t ∩ E_j) = deg(Δ_1 ∩ E_j) for any t ∈ T and E_j.

(3) mult_P (Δ_t) = mult_P (Δ_1) and mult_P (Δ_t ∩ E_j) = mult_P (Δ_1 ∩ E_j) for any t ∈ T , E_j, and for any node P of E.

(4) ν_{Pt} (Δ_t) = 1 for any t ∈ T and P_t ∈ Δ_t.

In particular, there is a birational morphism ~ϕ: ~M → X × T such that ~M is smooth over T and the fiber ~ϕ|_{ti} : ~M ×_T {t_i} → X × {t_i} = X is the elimination of Δ_i for i = 1, 2.

Proof. Let Δ_3 ⊂ Δ_1 ∩ Δ_2 be the subscheme supported on nodes of E such that mult_P (Δ_3) = max{mult_P (Δ_1 ∩ E_j) | P ∈ E_j} for any node P of E. Note that if P ∈ E_1 ∩E_2 and mult_P (Δ_1 ∩E_1) = 1, then Δ_3 = Δ_1 ∩E_2 near the point P . Let ϕ^♯ : M^♯ → X be the elimination of Δ_3. Let Δ^♯_i be the weak transform of Δ_i in M^♯ for i = 1, 2, and set E^♯ := E^{Δ3}_{M ♯} ∼ ϕ^{♯∗}(K_X + E) − K_M ♯ .

Then Δ^♯_i is empty or an effective divisor supported on the non-singular part E^♯ \ Sing E^♯ by Lemma 2.12 (cf. Remark 2.15). Since the degrees of Δ^♯_1 and Δ^♯_2 on an irreducible component of E^♯ coincide, the divisors Δ^♯_1 and Δ^♯_2 of E^♯ are algebraically equivalent to each other. Therefore, we have a connected non-singular curve T and a relative effective Cartier divisor ~Δ^♯ ⊂ E^♯ × T such that Δ^♯_i = ~Δ^♯ ∩ (E^♯ × {t_i}) for a suitable point t_i ∈ T for i = 1, 2. By Lemma 2.20, we have a simultaneous elimination ~M → M^♯ × T of ~Δ^♯ by replacing T with a finite ramified covering of T . The subscheme ~Δ ⊂ X × T defined by the ideal (ϕ^♯ × id_T )_∗I~_{Δ♯} O_M ♯_{×T} (−E^♯ × T ) ⊂ O_{X×T} satisfies the required conditions and ~ϕ: ~M → M^♯ × T → X × T is the simultaneous elimination. □

Lemma 2.22. Let E_1, E_2 be non-singular prime divisors of a non-singular surface X which intersect transversely at one point P . Let Δ be a zero-dimensional subscheme of E = E_1 +E_2 supported at {P } with ν_P (Δ) = 1, mult_P (Δ∩E_1) = 1, and mult_P (Δ∩E_2) = k ≥ 1. Then there exist a connected non-singular curve T , a point 0 ∈ T , a subscheme ~Δ ⊂ E × T satisfying the following conditions:

(1) ~Δ → T is flat and finite;

(2) Δ is isomorphic to the fiber Δ_0 = ~Δ ×_T {0} over the point 0 ∈ T ; (3) P ∉ Δ_t for the fiber Δ_t = ~Δ ×_T {t} over any point t ≠ 0.

Proof. Let (x, y) be a local coordinate system of X around P such that E_1 = div(x) and E_2 = div(y). We may assume that the defining ideal I_Δ is one of the following two ideals by the proof of Lemma 2.12:

(1) I_Δ = (y, x^k); (2) I_Δ = (xy, y + εx^k), where ε is a unit function at P . Let T be the affine line A^1 = Spec k[t]. We choose mutually distinct non-zero constants a_1, a_2, . . . , a_k ∈ k. In case (1), the subscheme ~Δ of X × T defined by the ideal (

y,

∏_k

j=1(x − a_jt) )

satisfies the required conditions. In case (2), the subscheme ~Δ of X × T defined by the ideal (

xy, y + ε

∏_k

j=1(x − a_jt) ) satisfies the required conditions. □

Lemma 2.23. Let E_0 be a non-singular prime divisor of a non-singular surface X and let Δ be a zero-dimensional subscheme of E = mE_0 for some m ≥ 1 such that Δ is supported at one point P ∈ E_0. Then there exist a connected non-singular curve T , a point 0 ∈ T , a subscheme ~Δ ⊂ E × T satisfying the following conditions:

(1) ~Δ → T is flat and finite;

(2) Δ is isomorphic to the fiber Δ_0 = ~Δ ×_T {0} over the point 0 ∈ T ; (3) Δ_t ∩ E_0 is reduced for the fiber Δ_t = ~Δ ×_T {t} over any point t ≠ 0.

Proof. Let (x, y) be a local coordinate system of X around P such that E_0 = div(x). We may assume that Δ ⊄ (m − 1)E_0 and mult_P (Δ ∩ E_0) = l ≥ 2. If m = 1, then the defining ideal I_{Δ,P} at P can be written as (x, y^l). If m ≥ 2, then, by the proof of Lemma 2.16, we may assume that the defining ideal I_{Δ,P} at P is written as (x + εy^l, y^k) for an integer (m − 1)l < k ≤ ml and for a unit function ε at P . Let T be the affine line A^1 = Spec k[t]. We choose mutually distinct non-zero constants a_1, a_2, . . . , a_l ∈ k. In case m = 1, the subscheme ~Δ of X × T defined by the ideal (

x,

∏_l

i=1(y − a_it) )

satisfies the required condition. In case m ≥ 2, the subscheme ~Δ of X × T defined by the ideal ( x + ε

∏_l

i=1(y − a_it),

(∏_l

i=1(y − a_it)

)_{m−1} ∏_{k−(m−1)l}

j=1 (y − a_jt) )

satisfies the required condition. □

3. Del Pezzo pairs and basic pairs

We introduce the notions of del Pezzo pair and of basic pair in this section. The first one is a generalization of the notion of del Pezzo surface to pairs (S, B) of surfaces S and Q-divisors B, where the del Pezzo property for (S, B) are considered in the most general situation. If (S, 0) is a log-terminal del Pezzo pair, then S is called a log del Pezzo surface. The notion of basic pair naturally comes from studying the minimal desingularization of S for del Pezzo pairs (S, B) of index at most two. The set of isomorphism classes of basic pairs is in one-to-one correspondence with the set of isomorphism classes of rational del Pezzo pairs (S, B) of index at most two and of genus at least two which are not (S, 0) of index one. Applying a kind of minimal model program to a basic pair, we have a birational morphism to a minimal basic pair, which is expressed as the elimination of a zero-dimensional subscheme. The minimal basic pairs are classified by some numerical data.

3.1. Definition of del Pezzo pairs. Let S be an irreducible normal algebraic space of dimension two proper over Spec k. There is a birational morphism α: M → S from a nonsingular algebraic surface projective over Spec k, by Chow’s lemma and by the resolution of singularities of algebraic surfaces. We may assume that there is no (−1)-curve of M contracted to a point by α. Then α is uniquely determined up to isomorphism and is called the minimal resolution of singularities (or the minimal desingularization) of S.

Let Θ be a Q-divisor of S. The Mumford pullback α^∗Θ (cf. [23]) is defined to be a Q-divisor of the form Θ_M + ∑ a_iE_i, where Θ_M is the proper transform of Θ in M, E_i is an irreducible component of the exceptional locus of α, and the coefficients a_i are rational numbers determined by the condition: Θ_M E_i = 0 for any i. We say that Θ is numerically Cartier if α^∗Θ is Cartier. For another Q-divisor Θ^′ of S, the intersection number ΘΘ^′ is well-defined to be (α^∗Θ)(α^∗Θ^′). We say that Θ is nef if ΘΓ ≥ 0 for any irreducible curve Γ on S. Similarly, we say that Θ is numerically ample if ΘΓ > 0 for any irreducible curve Γ on S and if the self-intersection number Θ^2 is positive.

We recall the following results related to rational singularities (cf. [4, Theorem (2.3)]):

Theorem 3.1. If S has only rational singularities, i.e., R^1 α_∗O_M = 0, then S is a projective scheme over Spec k. For the minimal desingularization α: M → S and for any α-nef divisor L of M, R^1 α_∗O_M (L) = 0 and α^∗α_∗O_M (L) → O_M (L) is surjective.

Proof. First, we shall show the latter half assertion. Let Z be the fundamental cycle, i.e., the smallest non-zero effective divisor supported on the α-exceptional locus ⋃ E_i such that −ZE_i ≥ 0 for any i. Note that Supp Z = ⋃ E_i and L − nZ is α-nef for any n ≥ 0.

Thus H^1(O_{nZ} (L)) = 0 by Lemma 2.8. Hence, the vanishing R^1 α_∗O_M (L) = 0 follows from the theorem of holomorphic functions for algebraic spaces (cf. [18]). Applying the vanishing for L − Z to the exact sequence 0 → O_M (L − Z) → O_M (L) → O_Z (L) → 0, we infer that α_∗O_M (L) → α_∗O_Z (L) is surjective. Let G(L) be the image of α^∗α_∗O_M (L) → O_M (L). By Lemma 2.8, O_Z (L) is generated by global sections. Thus G(L) ⊂ O_M (L) → O_Z (L) is surjective. Since O_M (L)/G(L) is supported in ⋃ E_i, we have G(L) = O_M (L).

Next, we shall prove the projectivity of S. Let A be a very ample divisor of M with H^1(M, A) = 0 and let H be the pushforward α_∗A. Then the Mumford pullback of H is written by α^∗H = A + ∑ a_iE_i for positive rational numbers a_i. By multiplying A, we may assume a_i are all integral; thus α^∗H is Cartier. By the previous argument, we infer that O_Z (α^∗H) ≃ O_Z and α_∗O_M (α^∗H) → α_∗O_Z is surjective. In particular, there is an effective divisor D on a Zariski-open neighborhood U of a connected component of Z such that D ∼ α^∗H|_U and D ∩ Z = ∅. This implies that H is Cartier and α^∗H coincides with the pullback as a Cartier divisor. We shall show that H is an ample divisor of S. Let E be the effective divisor ∑ a_iE_i. From the exact sequence 0 → O_M (A) → O_M (α^∗H) → O_E(α^∗H) ≃ O_E → 0 and the vanishing H^1(M, A) = 0, we infer that |H| is base point free. If Cα^∗H = 0 for an irreducible curve C ⊂ M, then C ⊂ E. Hence, |H| defines a finite morphism from S into a projective space. Therefore, H is ample and S is projective. □

Definition 3.2. Let B be an effective Q-divisor of S.

(1) The index of (S, B) is defined to be the minimum positive integer a with a(K_S +B) being numerically Cartier.

(2) Let f : Z → S be a birational morphism from a non-singular projective surface Z such that the union of f^{−1}(B) and the f-exceptional locus is a normal crossing divisor ∑ E_i. The pair (S, B) is called log-terminal (resp. log-canonical) if δ_i > −1 (resp. δ_i ≥ −1 ) for any δ_i for the formula K_Z = f^∗(K_S + B) + ∑ δ_iE_i.

Note that the condition does not depend on the choice of f : Z → S. (3) (S, B) is called a del Pezzo pair if −(K_S + B) is numerically ample. (4) A del Pezzo pair (S, B) is called rational if S is a rational surface.

(5) If (S, 0) is a log-terminal del Pezzo pair, then S is called a log del Pezzo surface.

Note that a del Pezzo surface is a non-singular projective surface with ample anticanonical divisor, which is always rational.

Proposition 3.3 (cf. [26, Proposition 4.4]). Let M be a non-singular projective surface with κ(−K_M ) = 2. Then M has only finitely many negative curves. If ρ(M) > 2 in addition, then the cone NE(M) of numerical classes of effective 1-cycles on M (cf. [22]) is generated by the numerical classes of negative curves.

Proof. −K_M is Q-linearly equivalent to A + D for an ample Q-divisor A and an effective Q-divisor D. Let Γ be a negative curve. If K_M Γ < 0, then Γ is a (−1)-curve. If K_M Γ ≥ 0, then Γ is an irreducible component of D.

Assume that there are infinitely many (−1)-curves C_i on M. By the cone theorem [22], we may assume that the limit ζ = lim_{i→∞} 1 AC_i

[C_i] exists in NE(M) with K_M ζ = 0. Since Aζ = 1, DC_i < 0 for infinitely many i. This is a contradiction, since C_i ⊂ Supp D. Therefore, M has only finitely many negative curves.

Suppose that ρ(M) ≥ 3. Then any extremal ray R ⊂ NE(M) with K_M R < 0 is generated by the class of a (−1)-curve by [22]. Let Λ := ∑ R_{≥0}[Γ_j] ⊂ NE(M) ⊂ NE(M) be the polyhedral cone generated by the set {Γ_j} of negative curves on M. Assume that there is an element z ∈ NE(M) \ Λ. By the cone theorem [22], there exists an element ζ_1 ∈ Λ satisfying z−ζ_1 ∈ NE(M) and K_M (z−ζ_1) ≥ 0. Since z ≠ ζ_1, we have A(z−ζ_1) > 0 and D(z − ζ_1) < 0. Thus the negative part of the Zariski-decomposition of z − ζ_1 is not zero. Hence z − ζ_1 − ζ_2 ∈ NE(M) for some ζ_2 ∈ Λ \ {0}. Therefore, 0 < c(z) ≤ Az for the number c(z) = sup{Ay | y ∈ Λ, z − y ∈ NE(M)}.

Let {y_i} be a sequence of elements of Λ such that z −y_i ∈ NE(M) and lim_{i→∞} Ay_i = c(z). Then we have an accumulation point y_∞ ∈ Λ of {y_i}. Since z − y_∞ ∈ NE(M) \ Λ, we have a contradiction by 0 < c(z − y_∞) ≤ c(z) − Ay_∞ = 0. Hence NE(M) = Λ. □

Corollary 3.4. Let (S, B) be a del Pezzo pair and let α: M → S be the minimal desingularization. Then M has only finitely many negative curves. If a negative curve Γ is not α-exceptional, then Γ is a (−1)-curve or α(Γ) ⊂ Supp B.

Proof. For the nef and big Q-divisor L = −α^∗(K_S + B), there is an effective Q-divisor E with −K_M ∼_Q L + E. Thus κ(−K_M ) = 2. Hence, M has only finitely many negative curves by Proposition 3.3. Suppose that Γ is neither an α-exceptional curve nor a (−1)- curve. Then K_M Γ ≥ 0 and LΓ > 0. Hence, EΓ < 0 and α(Γ) ⊂ Supp B. □

Proposition 3.5. Let (S, B) be a rational del Pezzo pair of index a and let α: M → S be the minimal desingularization. Then S is a projective surface with only rational singularities, −a(K_S + B) is an ample Cartier divisor, and the α-exceptional locus is a simple normal crossing divisor whose dual graph is a tree.

Proof. Let B_M be the proper transform of B. Let b be a positive integer such that abK_S and abB are numerically Cartier. For the α-exceptional locus ⋃ E_i, we define effective divisors E_{(1)}, E_{(2)} supported on the locus by abK_M = α^∗(abK_S) − E_{(1)}, abB_M = α^∗(abB) − E_{(2)}.

Then −E_{(1)} and −E_{(2)} are both α-nef. We set L := −aα^∗(K_S + B) and E := E_{(1)} + E_{(2)}. Then L is nef and big, LE = 0, and −ab(K_M + B_M ) = bL + E. Moreover, (K_M + E)L = K_M L ≤ (K_M + B_M )L = −a^{−1}L^2 < 0.

In particular H^0(M, K_M + E) = 0. By duality, we have H^2(M, −E) = 0 and thus H^1(E, O_E) = 0 from the exact sequence 0 → O_M (−E) → O_M → O_E → 0. Thus Supp E is a simple normal crossing divisor whose dual graph is a tree. Since −E is α-nef, Supp E is the inverse image of a finite set of S and H^1(E, −jE|_E) = 0 for any j ≥ 0 by Lemma 2.8. Hence H^1(mE, O_{mE}) = 0 for any m ≥ 1 by the exact sequences 0 → O_E(−(m − 1)E) → O_{mE} → O_{(m−1)E} → 0, and we infer that S has only rational singularities by applying the theorem of holomorphic functions to R^1 α_∗O_M . In particular, S is projective by Theorem 3.1 and O_M (L) is the pullback of an invertible sheaf of S. Hence −a(K_S + B) is Cartier. □

Proposition 3.6. Let (S, B) be a del Pezzo pair.

(1) If (S, B) is log-terminal, then S is rational.

(2) Assume that S is not rational. Let ϕ: M → X be a birational morphism from the minimal desingularization M of S into a P^1-bundle X over a non-singular curve C of genus g ≥ 1. Then X → C has a negative section Γ with −Γ^2 > 2g − 2. If (S, B) is log-canonical in addition, then C is an elliptic curve and the proper transform Γ_M of Γ in M is exceptional for M → S.

Proof. Suppose that S is not rational. Let α: M → S be the minimal desingularization and π : X → C be the P^1-bundle. Then −K_M ∼_Q L_M + E_M for the nef and big Qdivisor L_M = −α^∗(K_S + B) and for an effective Q-divisor E_M . Thus −K_X ∼_Q L + E for the nef and big Q-divisor L = ϕ_∗L_M and the effective Q-divisor E = ϕ_∗E_M . Since

(−K_X )^2 = −8(g − 1), E is not nef. Hence, there is a negative curve Γ on X with EΓ < 0. Moreover, Γ is a unique negative curve of X since the cone NE(X) is spanned by Γ and a fiber ℓ of π. Since Γ dominates C, we have (K_X + Γ)Γ = 2p_a(Γ) − 2 ≥ 2g − 2 ≥ 0. We set c = mult_Γ(E) ∈ Q. Then

0 < Lℓ = (−K_X − E)ℓ ≤ (−K_X − cΓ)ℓ = 2 − cΓℓ, 0 ≤ LΓ = (−K_X − E)Γ ≤ (−K_X − cΓ)Γ = −(K_X + Γ)Γ + (1 − c)Γ^2.

Hence, 1 ≤ c < 2 and Γ is a section of π. In particular, (S, B) is not log-terminal, and (S, B) is log-canonical only when c = 1.

Suppose that c = 1. Then g = 1, LΓ = 0, and E = Γ + D for an effective Q-divisor D with D ∩ Γ = 0, Dℓ < 1. In particular, 0 ≤ L_M Γ_M ≤ LΓ = 0 and α(Γ_M ) is a point.

If c > 1, then 2g − 2 ≤ (c − 1)(−Γ^2) ≤ −Γ^2. If c = 1, then 0 = 2g − 2 < −Γ^2. Thus we are done. □

Remark 3.7. Let X → C be a P^1-bundle over a non-singular curve C of genus g ≥ 1 admitting a negative section σ with −σ^2 > 2g − 2. Then X ≃ P_C (O_C ⊕ O_C (A)) for an ample divisor A with O_C (A) ≃ O_σ(−σ). Thus there is a section σ_∞ with σ ∩ σ_∞ = ∅, i.e., a section at infinity. Here Bs |mσ_∞| = ∅ for m ≥ 2, since deg(mA − K_C ) ≥ 2. For the contraction morphism μ: X → V of σ, V is a projective surface of Picard number one, and O_V (μ_∗σ_∞) is an ample generator.

In what follows, we consider only del Pezzo pairs (S, B) of index at most two.

Convention 3.8. For a del Pezzo pair (S, B) of index at most two, let α: M → S denote the minimal desingularization of S. Then we can write K_M = α^∗(K_S + B) − ∑ δ_iE_i for δ_i ∈ (1/2)Z_{≥0}, where ⋃ E_i is the union of α^{−1}(B) and the α-exceptional locus. We introduce two Cartier divisors on M by E_M := 2 ∑ δ_iE_i, L_M := −2K_M − E_M .

Note that E_M is effective, K_M + L_M = −K_M − E_M , and 2(K_M + L_M ) = L_M − E_M . The genus g = g(S, B) is defined by 2g − 2 = (K_M + L_M )L_M . In other words, g = (K_S + B)(K_S + 2B) + 1. If −2(K_S + B) is Cartier and |−2(K_S + B)| contains an irreducible and reduced curve C, then the arithmetic genus p_a(C) equals g(S, B).

Remark 3.9. Suppose that E_M = 0. Then B = 0 and K_M ∼ α^∗K_S. Thus −K_S is ample and S has only rational double points as singularities; in other words, S is a log del Pezzo surface of index one. If (S, 0) is a rational del Pezzo pair of index one, then S has only rational double points by Proposition 3.5, and hence S is a log del Pezzo surface of index one. The log del Pezzo surfaces S of index one have been studied by many people as a degenerate case of del Pezzo surfaces (cf. [7], [9], [12], [13], [30], [31], [32]). Here, 2 ≤ g = K^2_S + 1 ≤ 10 and the minimal desingularization M is obtained as the blowing up of P^2 at 10 − g points in a general position in certain sense.

Lemma 3.10. Let (S, B) be a del Pezzo pair of index at most two. Assume that the minimal desingularization M is a P^1-bundle over a non-singular projective curve C of genus g ≥ 1. Then S is projective, M has a negative section σ, and one of the following cases occurs:

(1) C is an elliptic curve, E_M = 2σ, L_M ∼ 2σ_∞ for a section σ_∞ at infinity, and α is the contraction morphism of σ. In particular, B = 0 and (S, 0) is log-canonical of index one with g(S, 0) = K^2_S + 1 = 2.

(2) C is an elliptic curve, E_M = 2σ + σ_∞, L_M ∼ σ_∞ for a section σ_∞ at infinity, and α is the contraction morphism of σ. In particular, B = (1/2)α_∗σ_∞ and (S, B) is log-canonical of index two with g(S, B) = 1.

(3) E_M = 3σ + π^∗Δ for the projection π : M → C and for an effective divisor Δ on C with −σ^2 ≥ 4g − 4 + deg(Δ). In particular, (S, B) is of index two but not log-canonical, and g(S, B) = g(C). Here, α contracts σ if and only if −σ^2 = 4g − 4 + deg(Δ).

Proof. By the proof of Proposition 3.6, we infer that M admits a negative section σ with m := mult_σ(E_M ) ∈ {2, 3} and admits a section σ_∞ at infinity (cf. Remark 3.7). In particular, S is always projective. Let D be the effective divisor E_M − mσ. By the calculation of (1/2)L_M γ = (−K_M − (1/2)E_M )γ for γ = ℓ and γ = σ in Proposition 3.6, we have

0 < 2 − (m/2) − (1/2)Dℓ and 0 ≤ −(2g − 2) + (1 − (m/2))σ^2 − (1/2)Dσ. If m = 2, then g = 1, Dσ = 0, and Dℓ ≤ 1; hence, D = 0 or D = σ_∞ for a section σ_∞ with σ ∩ σ_∞ = ∅. If m = 2 and D = 0, then L_M ∼ 2σ_∞ for a section σ_∞ at infinity; this is in the case (1). If m = 2 and D = σ_∞, then L_M ∼ σ_∞; this is in the case (2). If m = 3, then Dℓ = 0 and −σ^2 ≥ 4g − 4 + Dσ; thus D = π^∗Δ for an effective divisor Δ on C, and L_M ∼ σ_∞ + π^∗(A − 2K_C − Δ) for a divisor A of C with O_C (A) ≃ O_σ(−σ). Thus the case (3) occurs. Since −σ^2 > 2g − 2, S is projective (cf. Remark 3.7). □

Remark. In the case (3) of Lemma 3.10, suppose that α contracts σ. Then K_S + B is Q-Cartier if and only if A ∼_Q 2K_C + Δ. Here, the Cartier index of K_S + B is the double of the order of A − 2K_C − Δ in Pic^0(C).

Proposition 3.11. If K_M + L_M is not nef, then (S, B) is one of the following:

(1) S ≃ P^2 and deg(2B) ∈ {4, 5}.

(2) S ≃ F_n and 2B ∈ |3σ + (2n + 4 − b)ℓ| for n < b ≤ 2n + 4. (3) S ≃ P(1, 1, n) for n ≥ 2 and 2B ∈ |(n + 4)ℓ| for a generating line ℓ. (4) The case (2) of Lemma 3.10. (5) The case (3) of Lemma 3.10.

In any case above, the genus g(S, B) coincides with the irregularity of M.

Proof. There exists an extremal ray R ⊂ NE(M) with (K_M + L_M )R < 0 by [22]. If R contains the class of a (−1)-curve γ, then K_M γ = −1 and L_M γ = 0. This contradicts the minimality of α. Hence, either M ≃ P^2 with deg(K_M + L_M ) < 0 or X is a P^1-bundle over a non-singular curve C with (K_M + L_M )ℓ < 0 for a fiber ℓ.

Suppose that M ≃ P^2. Then (M, (1/2)E_M ) ≃ (S, B) and K_M + L_M corresponds to −K_S − 2B. Thus deg(K_S + B) < 0 and deg(K_S + 2B) > 0. Hence, 3 < 2 deg B < 6. Since 2B is Cartier, deg(2B) ∈ {4, 5}; equivalently, deg L_M = 1 or 2. Thus g = 0.

Suppose that M ≃ F_n for n ≥ 0. Then L_M ℓ = 1 for a fiber ℓ. Hence, L_M ∼ σ + bℓ for a minimal section σ and b ≥ n. In particular, g = 0. If n = 0, then b > 0. Here, E_M = −2K_M − L_M ∼ 3σ + (2n + 4 − b)ℓ. Thus n ≤ b ≤ 2n + 4. If b > n, then L_M is ample and α: M → S is isomorphic. If b = n, then n > 0 and S is isomorphic to the cone F_n ≃ P(1, 1, n) and 2B ∼ (n + 4)ℓ. Here, the case n = 1 does not occur since (K_M + L_M )σ = −1 for the negative section σ.

Suppose that M is a P^1-bundle over C of genus q ≥ 1. Then (M, E_M ) is in one of the three cases in Lemma 3.10. Here, (K_M + L_M )ℓ = 0 in the case (1), (K_M + L_M )ℓ = −1 in the cases (2) and (3). We have g(S, B) = q by Lemma 3.10. □

Lemma 3.12. If K_M + L_M is nef and g(S, B) = 1, then S is a log del Pezzo surface of index one and 2B ∼ −K_S.

Proof. By the Hodge index theorem, we infer that K_M + L_M is numerically trivial. In particular, −K_M is nef and big, which implies that M is rational. Thus S is a log del Pezzo surface of index one. Since E_M ∼ L_M ∼ −K_M , we have the assertion. □

3.2. Definition of basic pairs. For the classification of del Pezzo pairs of index at most two, there remains the case where E_M ≠ 0, K_M + L_M is nef, and g(S, B) ≥ 2. In order to study the case, we introduce the following notion of basic pairs:

Definition 3.13. Let X be a non-singular projective surface and let E be a non-zero effective divisor of X satisfying the following three conditions (C1)–(C3) for the divisor L = −2K_X − E:

(C1) K_X + L is nef; (C2) (K_X + L)L > 0;

(C3) LE_i ≥ 0 for any irreducible component E_i of E.

If X is rational, then (X, E) is called a basic pair. The positive integer g ≥ 2 defined by 2g − 2 = (K_X + L)L is called the genus of (X, E).

For a del Pezzo pair (S, B) of index at most two of the remaining case, the pair (M, E_M ) satisfies (C1)–(C3) and g(S, B) coincides with the genus of (M, E_M ).

Lemma 3.14. Let (X, E) be a pair satisfying (C1)–(C3). Then the following two conditions are also satisfied:

(C3^′) L = −2K_X − E is nef and big; (C4) K^2_X ≥ 0.

If X is rational, then the following condition is also satisfied:

(C5) H^1(E, O_E) = 0.

Proof. We have L^2 > 0 by 0 < 2(K_X + L)L = L^2 − LE ≤ L^2. Thus either L or −L is big by the Riemann–Roch formula for χ(X, mL). Now (K_X + L)L > 0 for the nef divisor K_X + L. Thus L is big. If L is not nef, then Lγ = (L − E)γ + Eγ < 0 for an irreducible curve γ. Since L − E = 2(K_X + L) is nef, γ is an irreducible component of E, which contradicts the condition (C3). Hence, L is nef and (C3^′) is satisfied. The condition (C4) is satisfied by (3–4) K^2_X = (K_X + L)^2 + LE ≥ LE ≥ 0.

Suppose that X is rational. We have H^0(X, K_X + E) ≃ H^0(X, −K_X − L) = 0 by (C1), (C2), and (C3^′). The Serre duality, the exact sequence 0 → O_X (−E) → O_X → O_E → 0, and the rationality of X imply the vanishing H^2(X, −E) ≃ H^1(E, O_E) = 0. Thus (C5) is satisfied. □

Corollary 3.15. Let (X, E) be a pair satisfying (C1)–(C3). Suppose that X is irrational. Then X is a P^1-bundle over an elliptic curve and E = 2σ for a negative section σ.

Proof. It follows from (C4) and Lemma 3.10. □

Corollary 3.16. An irrational del Pezzo pair (S, B) of index at most two is one of the three cases in Lemma 3.10. In particular, S is projective.

The rational del Pezzo pairs (S, B) of index at most two are classified by genus g as follows (cf. Remark 3.9):

• If g = 0, then (S, B) is a pair in (1)–(3) of Proposition 3.11;

• If g = 1, then (S, B) is a pair in Lemma 3.12;

• If g ≥ 2, then (S, B) is either the pair (S, 0) for a log del Pezzo surface S of index one or has a basic pair as the minimal desingularization.

Therefore, the classification of del Pezzo pairs of index at most two is reduced to the classifications of log del Pezzo surfaces of index one, and of basic pairs.

Let (X, E) be a basic pair and set L = −2K_X −E. Suppose that −Eγ = (2K_X +L)γ < 0 for a (−1)-curve γ. Then (K_X +L)γ = 0 and Lγ = Eγ = 1. Let τ : X → Z be the blowdown of γ to a point P ∈ Z. Then E_Z := τ_∗(E) is not zero and K_X + L = τ^∗(K_Z + L_Z ) for the divisor L_Z = −2K_Z − E_Z . Therefore, (Z, E_Z ) is a basic pair. Here, the genus of (X, E) equals the genus of (Z, E_Z ) since (K_X + L)L = (K_Z + L_Z )L_Z .

A basic pair (X, E) is called minimal if −Eγ = (2K_X + L)γ ≥ 0 for any (−1)-curve γ of X. By the theory of extremal rays [22], if (X, E) is minimal, then there is an extremal ray R ⊂ NE(X) with (2K_X + L)R < 0 such that the contraction morphism of R is either the structure morphism of a P^1-bundle over P^1 or the trivial morphism from X ≃ P^2 to a point.

Lemma 3.17. Any basic pair (X, E) satisfies the following stronger condition than (C1) for L = −2K_X − E: (C1^′) Bs |K_X + L| = ∅.

Moreover, H^1(X, m(K_X + L)) = 0 for any m ≥ 0.

Proof. By successive contractions of (−1)-curves γ with (2K_X + L)γ < 0, we may assume that (X, E) is minimal. Then X ≃ P^2 or X ≃ F_n. It is well known that H^1(X, D) = 0 and O_X (D) is generated by global sections for any nef divisor D of X. Thus we are done. □

Theorem 3.18. Bs |L| = ∅ for L = −2K_X − E for any basic pair (X, E). Moreover H^1(X, mL − jE) = 0 for any m ≥ j ≥ 0.

Proof. Since 2(K_X + L) = L − E, we have Bs |L − E| = ∅ and H^1(X, L − E) = 0 by Lemma 3.17. Hence the base point freeness follows from the exact sequence 0 → O_X (L − E) → O_X (L) → O_E(L|_E) → 0 and from Lemma 2.8. By the exact sequences 0 → O_X (mL − (j + 1)E) → O_X (mL − jE) → O_E((mL − jE)|_E) → 0 and by Lemma 3.17, the vanishing of H^1(X, mL − jE) is reduced to the vanishing of H^1(E, (mL−jE)|_E), which follows from Lemma 2.8 since mL−jE = (m−j)L+j(L−E) is nef. □

Proposition 3.19. Let (M, E_M ) be a basic pair. Then there exist a rational del Pezzo pair (S, B) of index at most two with g(S, B) ≥ 2 such that (M, E_M ) is obtained as the minimal desingularization α: M → S. Here, (S, B) is log-terminal if and only if E_M is reduced; (S, B) is log-canonical if and only if ⌞(1/2)E_M ⌟ is reduced.

Proof. Let Φ: M → |L_M |^∨ = P(H^0(M, L_M )) be the morphism associated to the linear system |L_M |. Let α: M → S be the Stein factorization of Φ. Then S is a normal projective surface and L_M ∼ α^∗L_0 for an ample divisor L_0 of S. Since L_M = −2K_M −E_M , we have L_0 ∼ −2(K_S + B) for B = (1/2)α_∗E_M . Then −(K_S + B) is ample and (3–5) K_M ∼_Q α^∗(K_S + B) − (1/2)E_M .

Hence, (S, B) is a rational del Pezzo pair of index at most two. If B = 0, then the index of (S, B) is two by E_M ≠ 0. Since K_M + L_M is nef, α is the minimal desingularization. The log-terminal and log-canonical properties follow from (3–5) and (C5). □

Corollary 3.20. Let (S, B) be a del Pezzo pair of index at most two. Suppose either that S is rational or that (S, B) is log-canonical. Then the index of (S, B) coincides with the Cartier index of K_S + B and Bs |−2m(K_S + B)| = ∅ for m ≥ 2. If Bs |−2(K_S + B)| ≠ ∅, then (S, B) is one of the following:

(1) S is a log del Pezzo surface of index one with K^2_S = 1 and 2B ∼ −K_S; (2) M is a P^1-bundle over an elliptic curve with a negative section σ and a section σ_∞ at infinity such that σ^2 = −1, B = (1/2)α_∗σ_∞, where α: M → S is the contraction of σ.

In particular, |−2(K_S + B)| contains a non-singular member if char k = 0.

Proof. If M is irrational, then Bs |L_M | can be analyzed by Lemma 3.10. Here, we have the exceptional case (2) above, where α_∗σ_∞ is a non-singular member of |−2(K_S + B)|. Thus, we may assume M to be rational. If E_M = 0, then the property Bs |−2K_M | = ∅ is well-known. If K_M + L_M is not nef, then M ≃ P^2 or M ≃ F_n by Proposition 3.11, and hence Bs |L_M | = ∅ for the nef divisor L_M . If K_M + L_M is nef and g(S, B) = 1, then L_M ∼ −K_M by Lemma 3.12. In this case, it is well known that Bs |−K_M | = ∅ for K^2_M > 1 and that, in char k = 0, |−K_M | contains a non-singular member even if Bs |−K_M | ≠ ∅. The assertion for the remaining case follows from Theorem 3.18. □

Remark. A similar result to Corollary 3.20 has been proved as Smooth Divisor Theorem in [3] in the case where B = 0, E_M is reduced, and char k = 0, by the use of Kawamata–Viehweg’s vanishing theorem ([16], [28]). The Smooth Divisor Theorem asserts that a general member of |−2K_S| is non-singular for a log del Pezzo surface S of index ≤ 2. Even if char k > 0, it holds for S with K^2_S ≥ 2 by Theorem 3.32 below. However, it does not hold for certain S with K^2_S = 1 in case char k = 2 as in Example 7.22 below.

3.3. Minimal basic pairs. We shall classify all the minimal basic pairs. Let (X, E) be a minimal basic pair and set L = −2K_X − E. Then, either X ≃ P^2 or X is a P^1-bundle over P^1. In the latter case, (2K_X +L)ℓ = −Eℓ < 0 for a fiber ℓ of the P^1-bundle structure X → P^1.

Lemma 3.21. Let (X, E) be a minimal basic pair with X ≃ P^2. Then deg E = 1 or 2. Proof. This follows from deg L + deg E = deg(−2K_X ) = 6 and (K_X + L)L > 0. □ Lemma 3.22. Let (X, E) be a minimal basic pair with X ≃ F_0 = P^1 × P^1. Let ℓ_i be a fiber of the i-th projection p_i : X → P^1 for i = 1, 2. Let (e_1, e_2) be the pair of non-negative integers determined by E ∼ e_1ℓ_1 + e_2ℓ_2. Assume that e_1 ≥ e_2. Then (e_1, e_2) ∈ {(1, 0), (1, 1), (2, 0), (2, 1)}.

In particular, E has at most three irreducible components.

Proof. Since K_X ∼ −2ℓ_1 − 2ℓ_2 and L ∼ (4 − e_1)ℓ_1 + (4 − e_2)ℓ_2, we have 4 ≥ e_1 ≥ e_2, and 0 < (K_X + L)L = 2(e_1 − 3)(e_2 − 3) − 2.

Hence, e_1 ≤ 2 and e_2 ≤ 1. Thus we are done. □ Convention 3.23. In what follows, for a minimal basic pair (X, E) with X ≃ F_0, we fix a P^1-bundle structure π : X → P^1 such that E ∼ e_1σ + e_2ℓ with e_1 ≥ e_2 for a fiber ℓ and for a minimal section σ of π. Here, we express a fiber of π as ℓ and a fiber of another projection to P^1 as σ. The projection π is uniquely determined except for the case (e_1, e_2) = (1, 1).

Lemma 3.24. Let (X, E) be a minimal basic pair with X ≃ F_n for n ≥ 1. Let σ ⊂ X be the negative section and let ℓ be a fiber of the P^1-bundle structure π : X → P^1. Let (e_1, e_2) be the pair of non-negative integers determined by E ∼ e_1σ + e_2ℓ. If E ≱ 2σ, then n ≤ 4 and (e_1, e_2) is one of the following: Case n = 1 : (1, 0), (1, 1), (2, 1), (2, 2). Case n = 2 : (1, 0), (1, 1), (1, 2), (2, 2), (2, 3). Case n = 3 : (1, 0), (1, 1), (2, 3), (2, 4). Case n = 4 : (1, 0), (2, 4).

If E ≥ 2σ, then e_1 = 2 and 0 ≤ e_2 ≤ min{n+1, 4}. The number of irreducible components of E is at most 3 in case E ≱ 2σ, and is at most 5 in case E ≥ 2σ.

Proof. The formula −K_X ∼ 2σ + (n + 2)ℓ implies L ∼ (4 − e_1)σ + (2n + 4 − e_2)ℓ and K_X + L = (2 − e_1)σ + (n + 2 − e_2)ℓ. Here, 2 − e_1 ≥ 0 by (K_X + L)ℓ ≥ 0, and e_1 = Eℓ > 0 by (2K_X + L)ℓ < 0. Hence e_1 ∈ {1, 2}. The condition (C1) is equivalent to: n + 2 − e_2 ≥ n(2 − e_1). Similarly, (C3^′) is equivalent to: 2n + 4 − e_2 ≥ n(4 − e_1). Therefore

(3–6) e_2 ≤ min{n(e_1 − 1) + 2, n(e_1 − 2) + 4} = min{2, 4 − n}, in case e_1 = 1; min{n + 2, 4}, in case e_1 = 2.

The genus g of (X, E) is calculated as follows:

2g − 2 = (K_X + L)L = −n(2 − e_1)(4 − e_1) + (2 − e_1)(2n + 4 − e_2) + (4 − e_1)(n + 2 − e_2) = (2 − e_1)(n(e_1 − 1) + 2 − e_2) + (2 − e_1)(4 − e_2) + 2(n + 2 − e_2).

Therefore, we have

(3–7) 2 ≤ g = n + 3 − e_2, in case e_1 = 2; n + 6 − 2e_2, in case e_1 = 1.

Comparing with the inequality (3–6), we have a new inequality e_2 ≤ n + 1 in case e_1 = 2, but no new inequalities in case e_1 = 1.

If E ⊅ σ, then σE = e_2 − ne_1 ≥ 0. If E ⊃ σ but E ≱ 2σ, then E = σ + D for a divisor D ⊅ σ; thus σD = e_2 − n(e_1 − 1) ≥ 0. Combining with (3–6) and (3–7), we have n ≤e_2 ≤ min{2, 4 − n}, in case e_1 = 1, E ⊅ σ; 0 ≤e_2 ≤ min{2, 4 − n}, in case e_1 = 1, E ⊃ σ; 2n ≤e_2 ≤ min{n + 1, 4}, in case e_1 = 2, E ⊅ σ; n ≤e_2 ≤ min{n + 1, 4}, in case e_1 = 2, E ≱ 2σ; 0 ≤e_2 ≤ min{n + 1, 4}, in case e_1 = 2, E ≥ 2σ.

Therefore, n ≤ 4 in case E ≱ 2σ, and the list of (e_1, e_2) is obtained for n ≥ 2. In case n = 1, the minimality of (X, E) requires another condition: 0 ≤ (2K_X + L)σ = −Eσ = e_1 − e_2. Hence the case (e_1, e_2) = (1, 2) is erased and the list is obtained.

Finally, we bound the number k_E of irreducible components of E. If E ≥ 2σ, then E = 2σ + ∑ a_iℓ_i for fibers ℓ_i with ∑ a_i = e_2 ≤ 4; thus k_E ≤ 5. Suppose that E ≱ 2σ. If e_1 = 1, then E is a section of π or the union of σ and at most two fibers, since e_2 ≤ 2; thus k_E ≤ 3. The remaining case satisfies E ≱ 2σ, e_1 = 2, and 4 ≥ e_2 ∈ {n, n + 1}. If e_2 = n, then E = σ + σ_∞ for a section σ_∞ at infinity; thus E is the disjoint union of two copies of P^1 and k_E = 2. If e_2 = n + 1, then we have the following three possibilities:

(A) E ⊅ σ.

(B) E = σ + D for a section D ∼ σ + (n + 1)ℓ of π.

(C) E = σ + σ_∞ + ℓ_0 for a section σ_∞ at infinity and for a fiber ℓ_0 of π. Then k_E = 2 in case (B), and k_E = 3 in case (C). In case (A), we have n = 1 and k_E ≤ 2. In fact, if E ∼ 2σ + 2ℓ is reducible, then E = D_1 + D_2 for two sections D_1, D_2 at infinity, where D_1D_2 = 1. □ We can classify the minimal basic pairs (X, E) by the following types:

[e]: X ≃ P^2 and deg E = e ∈ {1, 2}.

[n; e_1, e_2]: X ≃ F_n with E ∼ e_1σ + e_2ℓ. Here, σ is a minimal section and ℓ is a fiber for the P^1-bundle structure π : X → P^1 (cf. Convention 3.23).

The types of minimal basic pairs are listed in Table 1 with the invariants g, LE, and (K_X +L)^2 by the results in Lemmas 3.21, 3.22, 3.24. We note that K^2_X = (K_X +L)^2 +LE (cf. (3–4)).

Corollary 3.25. Let (X, E) be a minimal basic pair and set L = −2K_X − E. If K_X + L is ample, then it is very ample. If K_X + L is not ample but big, then (X, E) is of type [2; 1, 2]. If K_X + L is not big, then (X, E) is of type [n; 2, e_2] with 0 ≤ e_2 ≤ min{n + 1, 4}.

Proof. An ample divisor on X is always very ample for X = P^2 or X = F_n. If X = P^2, then K_X +L is ample. Thus we have only to determine when K_X +L is ample for X = F_n. If we write K_X + L ∼ d_1σ + d_2ℓ, then d_1 = 2 − e_1, d_2 = n + 2 − e_2. Here, K_X + L is ample if and only if d_2 > nd_1 and d_1 > 0. Thus K_X + L is not big if e_1 = 2. If e_1 = 1 and K_X + L is not ample, then (X, E) is of type [2; 1, 2]. □

3.4. Anti log-canonical rings. For a graded k-algebra R = ⨁ m≥0 R_m, the m-th piece R_m denotes the module of homogeneous elements of degree m. The n-th truncation R^{(n)} for n > 0 is defined by R^{(n)} = ⨁ m≥0 R_{nm}, i.e., (R^{(n)})_m = R_{nm}.

For a normal complete variety Z and a Q-divisor D, we define a graded k-algebra by R(Z, D) = ⨁ m≥0 R(Z, D)_m = ⨁ m≥0 H^0(Z, ⌞mD⌟) (cf. [10]), where ⌞·⌟ stands for the round-down. Here, R(Z, D)^{(n)} ≃ R(Z, nD) for n > 0.

Let (S, B) be a del Pezzo pair of index at most two. We consider the anti log-canonical ring R[S, B] := R(S, −K_S −B) and its second truncation R[S, B]^{(2)} = R(S, −2(K_S +B)). The latter is isomorphic to R(M, L_M ). We set E^∘_M = ⌞(1/2)E_M⌟. Then E_M − 2E^∘_M is a reduced divisor or zero. Note that E^∘_M = 0 if (S, B) is log-terminal.

Lemma 3.26. There is an isomorphism

R[S, B]_{2k−1} = H^0 ( S, ⌞−(2k − 1)(K_S + B)⌟ ) ≃ H^0(M, K_M + E^∘_M + kL_M ) for any positive integer k.

Table 1. The types of minimal basic pairs (X, E)

Type g LE (K_X + L)^2 Type g LE (K_X + L)^2 [1] 6 5 4 [3; 1, 0] 9 1 7 [2] 3 8 1 [3; 1, 1] 7 3 5 [0; 1, 0] 6 4 4 [3; 2, 0] 6 8 0 [0; 1, 1] 4 6 2 [3; 2, 1] 5 8 0 [0; 2, 0] 3 8 0 [3; 2, 2] 4 8 0 [0; 2, 1] 2 8 0 [3; 2, 3] 3 8 0 [1; 1, 0] 7 3 5 [3; 2, 4] 2 8 0 [1; 1, 1] 5 5 3 [4; 1, 0] 10 0 8 [1; 2, 0] 4 8 0 [4; 2, 0] 7 8 0 [1; 2, 1] 3 8 0 [4; 2, 1] 6 8 0 [1; 2, 2] 2 8 0 [4; 2, 2] 5 8 0 [2; 1, 0] 8 2 6 [4; 2, 3] 4 8 0 [2; 1, 1] 6 4 4 [4; 2, 4] 3 8 0 [2; 1, 2] 4 6 2 [n ≥ 5; 2, 0] n + 3 8 0 [2; 2, 0] 5 8 0 [n ≥ 5; 2, 1] n + 2 8 0 [2; 2, 1] 4 8 0 [n ≥ 5; 2, 2] n + 1 8 0 [2; 2, 2] 3 8 0 [n ≥ 5; 2, 3] n 8 0 [2; 2, 3] 2 8 0 [n ≥ 5; 2, 4] n - 1 8 0

Proof. Let D be a Q-divisor on M which is relatively numerically trivial with respect to the minimal desingularization α: M → S. Then α_∗O_M (⌞D⌟) is a reflexive sheaf. This is shown as follows: We may replace S with an open subset freely since the property is local. If it is not reflexive, then α_∗O_M (⌞D⌟) ⊊ α_∗O_M (⌞D⌟ + E^′) for an α-exceptional effective divisor E^′. A section of α_∗O_M (⌞D⌟ + E^′) defines an effective Q-divisor D^′ on M such that ⟨D^′⟩ = ⟨D⟩ and D^′ − (D + E^′) = ⌞D^′⌟ − (⌞D⌟ + E^′) is linearly equivalent to 0. Then D^′ ≥ E^′, since DE^′_i = E^′E^′_i for any irreducible component E^′_i of E^′. This argument says essentially that the negative part of the relative Zariski-decomposition of D + E^′ is E^′. Therefore, the section defining D^′ comes from a section of α_∗O_M (⌞D⌟). Thus, α_∗O_M (⌞D⌟) is reflexive.

We can apply the reflexive property to the Q-divisor K_M + (1/2)E_M + kL_M , since K_M + (1/2)E_M + kL_M = (k − (1/2))L_M is α-numerically trivial. Hence, α_∗O_M ( ⌞K^M + (1/2)E^M + kL^M⌟ ) ≃ O_S ( ⌞−(2k − 1)(K^S + B)⌟ ) , since α_∗L_M ∼ −2(K_S + B) and (1/2)α_∗E_M = B. □

Therefore, R[S, B] is isomorphic to the graded ring ⨁ m=2k, k≥0 H

0(M, kL_M ) ⊕ ⨁ m=2k−1, k≥1 H

0(M, K_M + E^∘_M + kL_M ), where R[S, B]_{2k−1} ⊗ R[S, B]_{2l−1} → R[S, B]_{2(k+l−1)} is induced from

H^0(M, 2K_M + 2E^∘_M + (k + l)L_M ) = H^0(M, −E_M + 2E^∘_M + (k + l − 1)L_M ) ⊂ H^0(M, (k + l − 1)L_M ).

Suppose that K_M + L_M is nef. For a positive integer k with R[S, B]_{2k−1} ≠ 0, equivalently, |K_M + E^∘_M + kL| ≠ 0, let us consider the set S_k of effective divisors N ≤ E^∘_M such that K_M + E^∘_M + kL − N is nef. Then E^∘_M ∈ S_k. We define N^{(k)} := ∑ Γ min{mult_Γ(N) | N ∈ S_k}Γ.

Then N^{(k)} ∈ S_k. In fact, for an irreducible curve γ on M, there is an effective divisor N ∈ S_k with mult_γ (N) = mult_γ (N^{(k)}) and (N − N^{(k)})γ ≥ 0; hence

(K_M + E^∘_M + kL − N^{(k)})γ = (K_M + E^∘_M + kL − N)γ + (N − N^{(k)})γ ≥ 0. We define E^{(k)}_M := E^∘_M − N^{(k)} if R[S, B]_{2k−1} ≠ 0; and E^{(k)}_M := 0 if R[S, B]_{2k−1} = 0. Then E^{(k)}_M ≤ E^{(k+1)}_M and K_M + E^{(k)}_M + kL_M is nef for any k > 0. We also define E^{(∞)}_M to be E^{(k)}_M for k ≫ 0. Then K_M + E^{(∞)}_M is α-nef with an isomorphism

α_∗O_M (K_M + E^{(∞)}_M ) ≃ α_∗O_M (K_M + E^∘_M ) ≃ O_S ( K_S + ⌞(1/2)B⌟ ) . Lemma 3.27. If K_M + L_M is nef, then there is an isomorphism

R[S, B]_{2k−1} = H^0 ( S, ⌞−(2k − 1)(K_S + B)⌟ ) ≃ H^0(M, K_M + E^{(k)}_M + kL_M ) for any positive integer k > 0.

Proof. Assume the contrary. Then R[S, B]_{2k−1} ≠ 0 and E^∘_M ≠ E^{(k)}_M by Lemma 3.26. Let D^′ ≤ E^∘_M − E^{(k)}_M be any non-zero effective divisor. Then (K_M + E^{(k)}_M + D^′ + kL_M )γ < 0 for an irreducible curve γ. Here, D^′ ≥ γ and

H^0(M, K_M + E^{(k)}_M + (D^′ − γ) + kL_M ) ≃ H^0(M, K_M + E^{(k)}_M + D^′ + kL_M ). By induction on deg D^′, we have a contradiction. □ Lemma 3.28 (cf. [11, Lemma 1.8]). Let Z be a scheme and D an effective Cartier divisor. For two invertible sheaves L and M on Z, the multiplication map H^0(Z, L)⊗H^0(Z, M) → H^0(Z, L ⊗ M) is surjective provided that the following three conditions are satisfied:

(S1) H^1(Z, L(−D)) = 0;

(S2) H^0(D, L|_D) ⊗ H^0(Z, M) → H^0(D, L ⊗ M|_D) is surjective; (S3) H^0(Z, L(−D)) ⊗ H^0(Z, M) → H^0(Z, L ⊗ M(−D)) is surjective.

Proof. By the three conditions, we have a commutative diagram

H^0(L(−D)) ⊗ H^0(M) −−−→ H^0(L) ⊗ H^0(M) −−−→ H^0(L|_D) ⊗ H^0(M) −−−→ 0

H^0(L ⊗ M(−D)) −−−→ H^0(L ⊗ M) −−−→ H^0((L ⊗ M)|_D) of exact sequences in which the left and right vertical arrows are surjective. Thus the middle vertical arrow is also surjective. □

Lemma 3.29. Let Z be a one-dimensional projective scheme with H^1(Z, O_Z ) = 0, L a nef invertible sheaf, and let F be a coherent sheaf on Z generated by global sections. Then the multiplication map H^0(Z, L) ⊗ H^0(Z, F) → H^0(Z, L ⊗ F) is surjective.

Proof. By the proof of Lemma 2.8, there is an effective Cartier divisor D of Z such that L ≃ O_Z (D) and F → F ⊗ O_Z (D) is injective outside a closed subset of dimension ≤ 0. Let F^′ be the image of F → F ⊗ O_Z (D). Then H^0(Z, F) → H^0(Z, F^′) is surjective. As in the proof of Lemma 3.28, we have a commutative diagram H^0(O_Z ) ⊗ H^0(F) −−−→ H^0(O_Z (D)) ⊗ H^0(F) −−−→ H^0(O_Z (D)|_D) ⊗ H^0(F) −−−→ 0

H^0(F^′) −−−→ H^0(O_Z (D) ⊗ F) −−−→ H^0(O_Z (D) ⊗ F ⊗ O_D) of exact sequences, where the left vertical arrow is surjective, and the right vertical arrow is surjective, since dim D = 0 and F is generated by global sections. Thus the middle one is also surjective. □

Lemma 3.30. For a basic pair (M, E_M ), the following properties hold:

(1) H^1(M, mL_M + j(K_M + L_M )) = 0 for any m, j ≥ 0.

(2) H^1(M, K_M + mL_M − jE_M ) = 0 and H^1(M, K_M + E^{(m)}_M + mL_M ) = 0 for any m > j ≥ 0.

(3) If K_M + L_M is big, then H^1(M, j(K_M + L_M ) − E_M ) = 0 for j ≥ 0. (4) H^0(M, K_M + L_M )^{⊗m} → H^0(M, m(K_M + L_M )) is surjective for m ≥ 1. (5) If K_M + L_M is not big, then H^0(M, j(K_M + L_M ) + E_M ) ⊗ H^0(M, K_M + L_M ) → H^0(M, (j + 1)(K_M + L_M ) + E_M ) is surjective for j ≥ 3.

(6) If K_M + L_M is not big with (K_M + L_M )L_M > 2, then

H^0(M, j(K_M + L_M )) ⊗ H^0(E_M , O_{EM} ) → H^0(E_M , j(K_M + L_M )|_{EM} ),

(3–8)

H^0(M, j(K_M + L_M )) ⊗ H^0(E_M , L_M |_{EM} ) → H^0(E_M , (jK_M + (j + 1)L_M )|_{EM} )

(3–9)

are surjective for j ≥ 0.

(7) If K_M + L_M is not big with (K_M + L_M )L_M = 2, then

H^0(M, j(K_M + L_M )) ⊗ H^0(E_M , (K_M + L_M )|_{EM} )

(3–10) → H^0(E_M , (j + 1)(K_M + L_M )|_{EM} ), H^0(M, j(K_M + L_M )) ⊗ H^0(E_M , (K_M + 2L_M )|_{EM} )

(3–11) → H^0(E_M , ((j + 1)K_M + (j + 2)L_M )|_{EM} ) are surjective for j ≥ 0.

Proof. Let ϕ: M → X be a birational map such that (X, E) is a minimal basic triplet for E = ϕ_∗(E_M ) and that K_M + L_M ∼ ϕ^∗(K_X + L). Since X ≃ P^1 or F_n, we have a non-singular member C ∈ |K_M + L_M |. If K_M + L_M is big, then C ≃ P^1. If K_M + L_M is not big, then C is a union of copies of P^1, which are fibers of π ∘ ϕ: M → X → P^1.

(1): The vanishing follows from 0 → H^1(M, mL_M + (i − 1)C) → H^1(M, mL_M + iC) → H^1(C, (mL_M + iC)|_C ) = 0 for 1 ≤ i ≤ j and the vanishing H^1(M, mL_M ) = 0 by Theorem 3.18.

(2): The first vanishing follows from (1), since

K_M + mL_M − jE_M = (m − j − 1)L_M + (2j + 1)(K_M + L_M ).

For the second, we may assume E^{(m)}_M ≠ 0. Then H^1(E^{(m)}_M , O_E(m)_M ) = 0 by E^{(m)}_M ≤ E_M , and K_M + E^{(m)}_M + mL_M is nef. Therefore, H^1(E^{(m)}_M , (K_M + E^{(m)}_M + mL_M )|_E(m)_M ) = 0 by Lemma 2.8. Combing with the first vanishing for j = 0, we have the second vanishing.

(3): We have

H^1(M, j(K_M + L_M ) − E_M ) ≃ H^1(M, (j + 1)(K_M + L_M ) + K_M ) ≃ H^1(X, (j + 1)(K_X + L) + K_X ).

Since K_X + L is nef and big, this cohomology group vanishes for j ≥ 0 if char k = 0. Since X ≃ P^2 or F_n, X is a toric variety and thus this cohomology group is described by combinatorial data which do not depend on char k. Thus we have the vanishing.

(4): The homomorphism is isomorphic to H^0(X, K_X + L)^{⊗m} → H^0(X, m(K_X + L)) If X ≃ P^2, then this is surjective. If X ≃ F_n, then K_X + L ∼ d_1σ + d_2ℓ for d_1 ∈ {0, 1} and d_2 ≥ nd_1. If d_1 = 0, then the surjectivity follows from that of H^0(P^1, O(1))^{⊗m} → H^0(P^1, O(m)).

If d_1 = 1, then it also follows from the surjectivity of

Sym^m H^0(P^1, O(d_2) ⊕ O(d_2 − n)) → H^0(P^1, Sym^m(O(d_2) ⊕ O(d_2 − n))). (5): We have K_X + L ∼ d_2ℓ for an integer d_2 > 0. Since H^1(M, L_M − E_M + E_M ) = 0, we have H^1(P^1, O(2d_2) ⊗ π_∗ϕ_∗O_M (E_M )) = 0.

Hence, π_∗ϕ_∗O_M (E_M ) ≃ O(a_1) ⊕ O(a_2) ⊕ O(a_3) for integers a_i ≥ −2d_2 − 1. If jd_2 + a_i ≥ 0 for any i, (this is satisfied for j ≥ 3), then the multiplication map in question is surjective since so is

H^0(P^1, O(jd_2 + a_i)) ⊗ H^0(P^1, O(d_2)) → H^0(P^1, O((j + 1)d_2 + a_i)). (6): As in (5), we have K_M + L_M ∼ d_2ϕ^∗ℓ. Then d_2 > 1 by (K_M + L_M )L_M > 2. For the commutative diagram

H^0(j(K_M + L_M )) ⊗ H^0(O_{EM} ) −−−→ H^0(j(K_M + L_M )) ⊗ H^1(−E_M )

H^0(j(K_M + L_M )|_{EM} ) −−−→ H^1(j(K_M + L_M ) − E_M ), the horizontal arrows are surjective with the isomorphic kernels. The surjectivity of (3–8) follows from that of the right vertical arrow, which is just the H^1 of the surjection H^0(M, j(K_M + L_M )) ⊗_k O_M (−E_M ) → O_M (j(K_M + L_M ) − E_M ).

Since we have an exact sequence (3–12) 0 → O(−1)^{⊕m} → H^0(P^1, O(m)) ⊗ O_P1 → O(m) → 0 for m ≥ 1, the expected surjectivity follows from

H^2(M, −ϕ^∗ℓ − E_M ) ≃ H^0(M, K_M + E_M + ϕ^∗ℓ)^∨ ≃ H^0(M, (1 − d_2)ϕ^∗ℓ)^∨ = 0. For the homomorphism (3–9), it is enough to prove that the composite H^0(M, j(K_M + L_M )) ⊗ H^0(M, L_M ) ⊗ H^0(E_M , O_{EM} )

→ H^0(M, j(K_M + L_M )) ⊗ H^0(E_M , L_M |_{EM} ) → H^0(E_M , (jK_M + (j + 1)L_M )|_{EM} ) is surjective. This is also written as the composite

H^0(M, j(K_M + L_M )) ⊗ H^0(M, L_M ) ⊗ H^0(E_M , O_{EM} ) → H^0(E_M , j(K_M +L_M )|_{EM} )⊗H^0(M, L_M ) → H^0(E_M , j(K_M +L_M )|_{EM} )⊗H^0(E_M , L_M |_{EM} ) → H^0(E_M , (jK_M + (j + 1)L_M )|_{EM} ).

This is surjective by the surjectivity of (3–8), H^1(L_M − E_M ) = 0, and by Lemma 3.29.

(7): We have K_M + L_M ∼ ϕ^∗ℓ by assumption. For the commutative diagram

H^0(j(K_M + L_M )) ⊗ H^0((K_M + L_M )|_{EM} )

−−−→

H^0(j(K_M + L_M )) ⊗ H^1(K_M + L_M − E_M )

H^0((j + 1)(K_M + L_M )|_{EM} ) −−−→ H^1((j + 1)(K_M + L_M ) − E_M ), the horizontal arrows are surjective, and a surjection is induced between the kernels by (4). Hence, the surjectivity of (3–10) follows from that of the right vertical arrow, which is just the H^1 of the surjection

H^0(M, j(K_M + L_M )) ⊗_k O_M (K_M + L_M − E_M ) → O_M ((j + 1)(K_M + L_M ) − E_M ). The kernel of the sheaf homomorphism is isomorphic to the direct sum of some copies of O_M (−ϕ^∗ℓ) ⊗ O_M (K_M + L_M − E_M ) ≃ O_M (−E_M ) by the exact sequence (3–12) for m = j. Since H^2(M, −E_M ) ≃ H^0(M, K_M + E_M )^∨ ≃ H^0(M, −ϕ^∗ℓ)^∨ = 0, the expected surjectivity follows. For the homomorphism (3–11), it is enough to show the composite

H^0(M, j(K_M + L_M )) ⊗ H^0(M, L_M ) ⊗ H^0(E_M , (K_M + L_M )|_{EM} ) → H^0(M, j(K_M + L_M )) ⊗ H^0(E_M , (K_M + 2L_M )|_{EM} ) → H^0(E_M , ((j + 1)K_M + (j + 2)L_M )|_{EM} ) is surjective. This is written also as the composite

H^0(M, j(K_M + L_M )) ⊗ H^0(M, L_M ) ⊗ H^0(E_M , (K_M + L_M )|_{EM} ) → H^0(E_M , (j + 1)(K_M + L_M )|_{EM} ) ⊗ H^0(M, L_M ) → H^0(E_M , ((j + 1)K_M + (j + 2)L_M )|_{EM} ).

This is surjective by the surjectivity of (3–10), H^1(L_M −E_M ) = 0, and by Lemma 3.29. □ Proposition 3.31. Let (M, E_M ) be a basic pair. Then the multiplication maps μ_m : H^0(M, mL_M ) ⊗ H^0(M, L_M ) → H^0(M, (m + 1)L_M ), μ^′_m : H^0(M, K_M + mL_M ) ⊗ H^0(M, L_M ) → H^0(M, K_M + (m + 1)L_M ) μ^{′′}_m : H^0(M, K_M + E^{(m)}_M + mL_M ) ⊗ H^0(M, L_M ) → H^0(M, K_M + E^{(m)}_M + (m + 1)L_M ) are surjective for m ≥ 2. If (K_M + L_M )L_M > 2, then these are surjective for m ≥ 1. If (K_M + L_M )L_M = 2, then the following homomorphism is also surjective:

μ^{′′′} : ( H^0(M, K_M + L_M ) ⊗ H^0(K_M + 2L_M ) ) ⊕ H^0(M, L_M )^{⊗2} → H^0(M, 2L_M ).

Proof. We have the following three cases of (M, E_M ):

(i) K_M + L_M is big;

(ii) K_M + L_M is not big and (K_M + L_M )L_M > 2; (iii) (K_M + L_M )L_M = 2.

Note that (K_M +L_M )L_M > 2 if K_M +L_M is big (cf. Table 1). In the proof below, Step 1 gives a reduction for the proof related to μ_m and μ^′_m. We shall show the surjectivity of μ_m and μ^′_m in the cases (i) and (ii) in Step 2. The same thing in the case (iii) is shown in Step 3. The surjectivity of μ^{′′}_m is shown in Step 4, and that of μ^{′′′} in Step 5.

Step 1: Let us consider the following multiplication maps: μ_{m,j} : H^0(M, mL_M − jE_M ) ⊗ H^0(M, L_M ) → H^0(M, (m + 1)L_M − jE_M ), μ^′_{m,j} : H^0(M, K_M + mL_M − jE_M ) ⊗ H^0(M, L_M ) → H^0(M, K_M + (m + 1)L_M − jE_M ) for 0 ≤ j ≤ m. We have H^1(M, mL_M − jE_M ) = 0 for m ≥ j ≥ 0 and H^1(M, K_M + mL_M − jE_M ) = 0 for m > j ≥ 0 by Lemma 3.30, (1), (2). We infer that the natural homomorphisms

H^0(E_M , (mL_M − jE_M )|_{EM} ) ⊗ H^0(M, L_M ) → H^0(E_M , ((m + 1)L_M − jE_M )|_{EM} ), H^0(E_M , (K_M + mL_M − jE_M )|_{EM} ) ⊗ H^0(M, L_M ) → H^0(E_M , (K_M + (m + 1)L_M − jE_M )|_{EM} ) are both surjective by Lemma 3.29 and by H^1(M, L_M − E_M ) = 0. Applying Lemma 3.28 to the case Z = M, D = E_M , L = O(mL_M − jE_M ), M = O_M (L_M ), for 0 ≤ j ≤ m, we infer that the surjectivity of μ_m is reduced to that of μ_{m,j} for j ≤ m. Similarly, applying Lemma 3.28 to the case Z = M, D = E_M , L = O(K_M + mL_M − jE_M ), M = O_M (L_M ), for 0 ≤ j < m, we infer that the surjectivity of μ^′_m is reduced to that of μ^′_{m,j} for j < m.

Step 2: We consider the cases (i) and (ii). We shall check the surjectivity of μ_{m,m} for m ≥ 1 by applying Lemma 3.28 to the case Z = M, D = E_M , L = O_M (L_M ), M = O_M (m(L_M − E_M )). Here, the condition (S1) is satisfied by H^1(L_M − E_M ) = 0. The homomorphism of (S2) is

H^0(M, m(L_M − E_M )) ⊗ H^0(E_M , L|_{EM} ) → H^0(E_M , ((m + 1)L_M − mE_M )|_{EM} ), which is surjective by Lemma 3.30, (3), and Lemma 3.29 for the case (i), and by the surjectivity of (3–9) for the case (ii). The homomorphism of (S3) is

H^0(M, m(L_M − E_M )) ⊗ H^0(M, L_M − E_M ) → H^0(M, (m + 1)(L_M − E_M )), which is also surjective by Lemma 3.30, (4). Thus μ_{m,m} and μ_m are surjective.

Still in the cases (i) and (ii), we shall check the surjectivity of μ^′_{m,m−1} for m ≥ 1 by applying Lemma 3.28 to the case Z = M, D = E_M , L = O_M (L_M ), M = O_M (K_M + mL_M − (m − 1)E_M )). Here, (S1) is satisfied by H^1(L_M − E_M ) = 0. The homomorphism of (S2) is written as H^0(K_M +mL_M −(m−1)E_M ))⊗H^0(E_M , L|_{EM} ) → H^0((K_M +(m+1)L_M −(m−1)E_M )|_{EM} ) and it is surjective. In fact, in the case (i), it follows from the vanishing H^1(M, K_M + m(L_M − E_M )) ≃ H^1(X, (2m − 1)(K_M + L_M ) − E_M ) = 0 shown in Lemma 3.30, (3), and from Lemma 3.29; in the case (ii), it is just the homomorphism (3–9) for j = 2m − 1. The homomorphism (S3) is

H^0(K_M + mL_M − (m − 1)E_M )) ⊗ H^0(L_M − E_M ) → H^0(K_M + (m + 1)L_M − mE_M ), which is surjective by Lemma 3.30, (4). Thus, μ^′_{m,m−1} and μ^′_m are surjective. Hence, we are done for μ_m and μ^′_m in the cases (i) and (ii).

Step 3: We consider the case (iii). We shall check the surjectivity of μ_{m,m−1} for m ≥ 2 by applying Lemma 3.28 to the case Z = M, D = E_M , L = O_M (L_M ), M = O_M (mL_M −(m−1)E_M ). Here, (S1) is satisfied by H^1(L_M −E_M ) = 0. The homomorphism of (S2) is

H^0(mL_M − (m − 1)E_M )) ⊗ H^0(E_M , L|_{EM} ) → H^0(((m + 1)L_M − (m − 1)E_M )|_{EM} ), which is surjective by Theorem 3.18 and Lemma 3.29. The homomorphism of (S3) is H^0(mL_M − (m − 1)E_M )) ⊗ H^0(L_M − E_M ) → H^0((m + 1)L_M − mE_M ), which is surjective for 2m ≥ 3 by Lemma 3.30, (5). Thus, μ_{m,m−1} and μ_m are surjective for m ≥ 2.

We shall check the surjectivity of μ^′_{m,m−2} for m ≥ 2 by applying Lemma 3.28 to the case Z = M, D = E_M , L = O_M (L_M ), M = O_M (K_M + mL_M − (m − 2)E_M ). Here, (S1) is satisfied by H^1(L_M − E_M ) = 0. The homomorphism of (S2) is H^0(K_M + mL_M − (m − 2)E_M )) ⊗ H^0(E_M , L|_{EM} ) → H^0 (((m + 1)L_M − (m − 2)E_M )|_{EM} ) , which is surjective by Lemma 3.30, (1) and Lemma 3.29. The homomorphism of (S3) is H^0(K_M + mL_M − (m − 2)E_M )) ⊗ H^0(L_M − E_M ) → H^0(K_M + (m + 1)L_M − (m − 1)E_M ), which is surjective by (4), (5) of Lemma 3.30, since K_M + mL_M − (m − 2)E_M = (2m − 1)(K_M + L_M ) + E_M . Hence, μ^′_{m,m−2} and μ^′_m are surjective for m ≥ 2. Therefore, we are done for μ_m and μ^′_m.

Step 4: We shall show the surjectivity of μ^{′′}_m for m ≥ 1 in the cases (i), (ii), and for m ≥ 2 in the case (iii). We apply Lemma 3.28 to the case Z = M, D = E^{(m)}_M , L = O_M (K_M + E^{(m)}_M + mL_M ), M = O_M (L_M ). Here, (S1) is satisfied by Lemma 3.30, (1).

The homomorphism of (S3) is nothing but the surjection μ^′_{m,m−1}. By H^1(L_M − E_M ) = 0, (S2) is derived from the surjectivity of

H^0(E^{(m)}_M , (K_M + E^{(m)}_M + mL_M )|_E(m)_M ) ⊗ H^0(E_M , L_M |_{EM} )

→ H^0(E^{(m)}_M , (K_M + E^{(m)}_M + (m + 1)L_M )|_E(m)_M )

Here, F = O_M (K_M + E^{(m)}_M + mL_M )|_E(m)_M is generated by global sections, since (K_M + E^{(m)}_M + mL_M )|_E(m)_M is nef and H^1(O_E(m)_M ) = 0 (cf. Lemma 2.8). Since L_M |_{EM} is nef, the homomorphism above is surjective by Lemma 3.29. Therefore, μ^{′′}_m is surjective.

Step 5: Since the composite H^0(M, L_M )^{⊗2} → H^0(M, 2L_M ) → H^0(E_M , L|_{EM} ) is surjective, it is enough to show the surjectivity of H^0(M, K_M + L_M ) ⊗ H^0(M, K_M + 2L_M ) → H^0(M, 2K_M + 3L_M ) ≃ H^0(M, 2L_M − E_M ). By Lemma 3.28 applied to the case Z = M, D = E_M , L = O_M (K_M + 2L_M ), M = O_M (K_M + L_M ) and by H^1(K_M + 2L_M − E_M ) = 0, this is also reduced to showing the surjectivity of

H^0(K_M + L_M ) ⊗ H^0(K_M + 2L_M − E_M ) → H^0(2K_M + 3L_M − E_M ) and H^0(M, K_M + L_M ) ⊗ H^0(E_M , (K_M + 2L_M )|_{EM} ) → H^0(E_M , (2K_M + 3L_M )|_{EM} ).

The first one is surjective by Lemma 3.30, (4), and the second one is just the surjection (3–11) for j = 1. Thus we are done. □

Theorem 3.32. Let (S, B) be a del Pezzo pair of index at most two obtained from a basic pair (M, E_M ). Let m^⋆ be the minimum positive integer m such that K_M + E^{(∞)}_M + mL_M is nef.

(1) If ⌞B⌟ = 0, then m^⋆ = 1. If ⌞B⌟ is reduced, then m^⋆ ≤ 2.

(2) If g(S, B) > 2, then R[S, B]^{(2)} is simply generated. In particular, −2(K_S + B) is very ample and |L_M | contains a non-singular member.

(3) Suppose that g(S, B) > 2. Then R[S, B]_{2k−1}R[S, B]_2 = R[S, B]_{2k+1} for k ≥ m^⋆.

In particular, R[S, B] is generated by homogeneous elements of degree at most max{2, 2m^⋆ − 1}.

(4) If g(S, B) = 2, then R[S, B]^{(2)} is generated by homogeneous elements of degree at most 2. If B = 0 in addition, then −2(K_S + B) is not very ample and R[S, B]^{(2)} is not simply generated.

(5) Suppose that g(S, B) = 2. Then R[S, B]_4 = (R[S, B]_2)^2 + R[S, B]_1R[S, B]_3 and R[S, B]_{2k−1}R[S, B]_2 = R[S, B]_{2k+1} for k ≥ max{2, m^⋆}. In particular, R[S, B] is generated by homogeneous elements of degree at most max{2, 2m^⋆ − 1}.

Proof. (1): Suppose that ⌞B⌟ = 0. Then E^{(∞)}_M is α-exceptional and hence (K_M + E^{(∞)}_M + L_M )γ ≥ 0 for any irreducible component γ of E^{(∞)}_M . Thus K_M + E^{(∞)}_M + L_M is nef, and m^⋆ = 1. Suppose next that ⌞B⌟ is reduced. If γ is an irreducible component of E^{(∞)}_M with L_M γ > 0, then mult_γ (E^{(∞)}_M ) = 1 and (K_M + E^{(∞)}_M + 2L_M )γ ≥ −2 + 2L_M γ ≥ 0.

Thus K_M + E^{(∞)}_M + 2L_M is nef, and m^⋆ ≤ 2.

(2) follows from the surjectivity of μ_m for m ≥ 1 shown in Proposition 3.31. Here, the existence of non-singular member of |L_M | follows from the Bertini Theorem applied to the very ample divisor −2(K_S + B) of a variety S with only isolated singularities.

(3): By the surjectivity of μ^{′′}_m for m ≥ 1 shown in Proposition 3.31, we infer that R[S, B]_{2k−1}R[S, B]_2 = R[S, B]_{2k+1} if and only if E^{(k)}_M = E^{(k+1)}_M . Thus the assertion holds.

(4): The first assertion also follows from Proposition 3.31. If B = 0, then L^2_M = 4 and dim H^0(M, L_M ) = χ(M, L_M ) = 4. If −2(K_S + B) is very ample, then S is realized as a quartic surface in P^3, contradicting that S has a non-Gorenstein singular point.

(5) follows from the surjectivity of μ^{′′′} and μ^{′′}_m shown in Proposition 3.31 and by the same argument as in the proof of (3) above. □

Example 3.33. There is an example (M, E_M ) of basic pairs such that ⌞B⌟ is reduced and m^⋆ = 2. We use results in Section 4 in order to describe the example: Let (X, E, Δ) be a fundamental triplet of type [n; 2, 3]_2 for n ≥ 2 in which Δ = 0 and E = 2σ + F for the union F of three fibers of π : X → P^1. Then M = X = S, Lσ = 1, and E^∘_M = E^{(∞)}_M = ⌞B⌟ = σ. Thus K_M + E^{(∞)}_M + kL_M is nef if and only if k ≥ 2. Hence, m^⋆ = 2.

By using the classification of fundamental triplets in Section 4.2 below, we have:

Proposition 3.34. m^⋆ ≤ 2 for any basic pair (M, E_M ).

Proof. A basic pair (M, E_M ) is obtained from a fundamental triplet (X, E, Δ) by the elimination of Δ. We may assume that ⌞B⌟ is not reduced. Let Γ ⊂ M be the proper transform of an irreducible component of ⌞B⌟ with multiplicity > 1. We set m_Γ = mult_Γ(E_M ). Then m_Γ ≥ 4 and mult_Γ(⌞B⌟) = mult_Γ(E^∘_M ) = mult_Γ(E^{(∞)}_M ) = ⌞(1/2)m_Γ⌟ > 1.

Let k_Γ be the minimum positive integer k with (K_M + E^{(∞)}_M + kL_M )Γ ≥ 0. It is enough to show that k_Γ ≤ 2 for any such Γ.

Case 1. Γ is not ϕ-exceptional: Then ϕ(Γ) an irreducible component of E with multiplicity m_Γ ≥ 4. By Theorem 4.6, the type of (X, E, Δ) is [n; 2, 4]_2 for n ≥ 3, m_Γ = 4,

E = 2σ + 4ϕ(Γ), ϕ(Γ) is a fiber of X = F_n → P^1, and 2 = Lϕ(Γ) > deg(Δ ∩ ϕ(Γ)). Thus −1 ≤ Γ^2 ≤ 0. If Γ^2 = 0, then L_M Γ = 2 and (K_M + E^{(∞)}_M + L_M )Γ ≥ (K_M + 2Γ + L_M )Γ = 0.

Hence, k_Γ ≤ 1. Suppose that Γ^2 = −1. Then E_M = 2σ_M + 3Γ_1 + 4Γ for the proper transform σ_M ⊂ M of σ and a ϕ-exceptional curve Γ_1 by Lemma 2.17. Here, L_M σ_M = 0, Γ^2_1 = −1, and L_M Γ = L_M Γ_1 = 1. Thus E^∘_M = E^{(∞)}_M = σ_M + Γ_1 + 2Γ. In particular, (K_M + E^{(∞)}_M + L_M )Γ = 0, and hence k_Γ = 1.

Case 2. Γ is ϕ-exceptional: Let E_0 ⊂ E be the irreducible component containing the point P = ϕ(Γ). Note that E_0 is unique and m_0 := mult_{E0} (E) ≥ 2 and that m_0 ≤ 4 by Theorem 4.6. Let E_{0,M} ⊂ M be the proper transform of E_0. Since (K_M + L_M )Γ = 0, Γ is a (−1)-curve and L_M Γ = 1. Since (K_M + E^{(∞)}_M + kL_M )Γ = (k − 1) + E^{(∞)}_M Γ, it is enough to show E^{(∞)}_M Γ ≥ −1.

We set k_P = mult_P (Δ) and l_P = mult_P (Δ ∩ E_0). Over an open neighborhood of ϕ^{−1}(P ), ϕ^{−1}(E_0) is a the union of E_{0,M} and a straight chain Γ_1 + Γ_2 + · · · + Γ_{kP} of non-singular rational curves where the dual graph of ϕ^{−1}(E_0) is the same as that of ϕ^{−1}(E_0) in Lemma 2.17. Here, L_M Γ_i = 0 except for i = k_P . Thus Γ = Γ_{kP} . Therefore, m_Γ = mult_Γ(E_M ) = l_P m_0 − k_P by Lemma 2.17.

Subcase 2A. m_0 = 2: Then l_P ≥ 4. In particular, deg(Δ ∩ E_0) ≥ 4. Thus, (X, E, Δ) is of type [2]_2 and Supp(Δ) = {P } with l_P = 4, by Theorem 4.6. Thus k_P = 4 and E_M = 2E_{0,M} + Γ_1 + 2Γ_2 + 3Γ_3 + 4Γ by Lemma 2.17. Here, L_M E_{0,M} = L_M Γ_i = 0 for 1 ≤ i ≤ 3. It implies that E^∘_M = E_{0,M} + Γ_2 + Γ_3 + 2Γ and E^{(∞)}_M = E_{0,M} + Γ_3 + 2Γ. Therefore, E^{(∞)}_M Γ = 0.

Subcase 2B. m_0 = 3: Then (X, E, Δ) is of type [n; 2, e]_2 with e ∈ {3, 4} and n ≥ 2, E_0 is a fiber of π : X → P^1, and E = 2σ + 3E_0 + F for an effective divisor F ∼ (e − 3)E_0 by Theorem 4.6. Since m_Γ ≥ 4 and deg(Δ ∩ E_0) ≤ 2, we have k_P = l_P = 2 and m_Γ = 4. Thus E_M = 2σ_M + 3E_{0,M} + 2Γ_1 + 4Γ + F^′ for the proper transform σ_M ⊂ M of σ and for an effective divisor F^′ with ϕ_∗F^′ = F . Then E^∘_M = σ_M + E_{0,M} + Γ_1 + 2Γ and E^{(∞)}_M Γ = E^∘_M Γ = 0.

Subcase 2C. m_0 = 4: Then (X, E, Δ) is of type [n; 2, 4]_2 for n ≥ 3, and E_0 is a fiber of π : X → P^1 with E ≥ 2σ + 4E_0 by Theorem 4.6. Since m_Γ ≥ 4 and deg(Δ ∩ E_0) ≤ 2, we have l_P = 2 and m_Γ ≤ 6. Note that the proper transform σ_M ⊂ M of σ, and E_{0,M} are α-exceptional.

Suppose that m_Γ = 6. Then k_P = 2 and E_M = 2σ_M + 4E_{0,M} + 3Γ_1 + 6Γ. Thus E^∘_M = σ_M + 2E_{0,M} + Γ_1 + 3Γ. Hence, E^{(∞)}_M = E^∘_M and E^{(∞)}_M Γ = 0.

Suppose that m_Γ = 5. Then k_P = 3 and E_M = 2σ_M + 4E_{0,M} + 3Γ_1 + 6Γ_2 + 5Γ. Thus E^∘_M = σ_M + 2E_{0,M} + Γ_1 + 3Γ_2 + 2Γ and E^{(∞)}_M = σ_M + E_{0,M} + Γ_1 + 2Γ_2 + 2Γ. Therefore, E^{(∞)}_M Γ = 0.

Suppose that m_Γ = 4. Then k_P = 4 and E_M = 2σ_M + 4E_{0,M} + 3Γ_1 + 6Γ_2 + 5Γ_3 + 4Γ. Thus E^∘_M = σ_M +2E_{0,M} +Γ_1 +3Γ_2 +2Γ_3 +2Γ and E^{(∞)}_M = σ_M +E_{0,M} +Γ_1 +2Γ_2 +2Γ_3 +2Γ. Therefore, E^{(∞)}_M Γ = 0.

Thus, we are done. □ Hence, we have the following by Theorem 3.32 and Proposition 3.34:

Theorem 3.35. If (S, B) is a del Pezzo pair obtained from a basic pair (M, E_M ), then R[S, B] is generated by homogeneous elements of degree at most 3, and R[S, B]^{(2)} is generated by homogeneous elements of degree at most 2.

Next, we consider the rings R[S, B] and R[S, B]^{(2)} for a del Pezzo pair (S, B) of index at most two which is not obtained from any basic pair.

Proposition 3.36. Let (S, B) be an irrational del Pezzo pair of index ≤ 2. If (S, B) is log-canonical, then R[S, B] is generated by homogeneous elements of degree at most 6, and R[S, B]^{(2)} is generated by homogeneous elements of degree at most 3. However, in the non-log-canonical case, R[S, B] is not always finitely generated. Furthermore, there is no bound of degrees of minimal generators of R[S, B] even if R[S, B] is finitely generated.

Proof. (S, B) is in one of the cases in Lemma 3.10. For the minimal desingularization α: M → S, M has a P^1-bundle structure π : M = P_C (O_C ⊕ O_C (A)) → C over a nonsingular projective curve C of genus ≥ 1 for an ample divisor A.

Let σ be the negative section and let σ_∞ be a section at infinity on M. We can calculate R[S, B] in each case of Lemma 3.10 as follows:

Case (1) of Lemma 3.10: Then, C is an elliptic curve, E_M = 2σ, L_M ∼ 2σ_∞, and B = 0. Thus, R[S, B] ≃ R(M, σ_∞) ≃ R(C, A)[t] for a variable t of degree one. Thus R[S, B] is generated by homogeneous elements of degree at most 3 by the following well-known result for an elliptic curve C and an ample divisor A:

• If deg A ≥ 3, then R(C, A) is simply generated.

• If deg A = 2, then R(C, A) is generated by homogeneous elements of degree ≤ 2. • If deg A = 1, then R(C, A) is generated by homogeneous elements of degree ≤ 3.

Case (2) of Lemma 3.10: Then, C is an elliptic curve, E_M = 2σ + σ_∞ for a section σ_∞ at infinity, L_M ∼ σ_∞, B = (1/2)α_∗σ_∞, and E^∘_M = σ. Since K_M + E^∘_M ∼ −σ_∞, we have R[S, B] ≃ R(M, (1/2)σ_∞) ≃ R(C, A)[θ, t]/(θ^2 − f) for two variables θ, t, where f ∈ R[S, B]_2 = H^0(M, σ_∞) is a defining equation of σ_∞ and (R(C, A)[θ, t])_m = ⨁ 2k+i+j=m R(C, A)kθ

it^j.

Thus R[S, B] (resp. R[S, B]^{(2)}) is generated by homogeneous elements of degree at most 6 (resp. 3).

Case (3) of Lemma 3.10: Then, E_M = 3σ + π^∗Δ for an effective divisor Δ on C with deg(A − 2K_C − Δ) ≥ 0 and L_M ∼ σ + π^∗(2A − 2K_C − Δ). We can choose the effective divisor Δ so that O_C (A − 2K_C − Δ) is a non-torsion element of Pic^0(C). In this case, α is the contraction morphism of σ, but −(K_S + B) is not Q-Cartier; hence R[S, B]^{(2)} and R[S, B] are not finitely generated. On the other hand, we can take Δ so that O_C (A − 2K_C − Δ) is a torsion element of Pic^0(C) with sufficiently large order. Thus we can not bound the degree of homogeneous generators of R[S, B], even if R[S, B] is finitely generated. □

Proposition 3.37. Let (S, B) be a del Pezzo pair of index at most two with g(S, B) = 0. Then R[S, B]^{(2)} is simply generated, and R[S, B] is generated by homogeneous elements of degree at most 5.

Proof. (S, B) is described as one of the cases (1), (2), (3) of Proposition 3.11. We first consider the case (1). Then M ≃ S ≃ P^2 and (deg(L_M ), deg(E_M )) ∈ {(1, 5), (2, 4)}. Thus R[S, B]^{(2)} ≃ R(M, L_M ) is simply generated. Since deg(K_M + E^∘_M + kL_M ) ≥ k − 3, H^0(K_M + E^∘_M + kL_M ) ⊗ H^0(L_M ) → H^0(K_M + E^∘_M + (k + 1)L_M ) is surjective for k ≥ 3. Thus R[S, B] is generated by homogeneous elements of degree at most 5.

Next, we consider the cases (2) and (3). Then M ≃ F_n, E_M ∼ 3σ + (2n + 4 − b)ℓ, L_M ∼ σ + bℓ for a minimal section σ and a fiber ℓ of π : X → P^1, and for a positive integer b with n ≤ b ≤ 2n + 4. Thus

R[S, B]^{(2)} ≃ R(M, L_M ) ≃ ⨁ m≥0 H^0(P^1, Sym^m(O(b) ⊕ O(b − n))) is simply generated. If we write E^∘_M ∼ e^∘_1σ + e^∘_2ℓ, then K_M + E^∘_M + kL_M ∼ (k − 2 + e^∘_1)σ + (kb − (n + 2) + e^∘_2)ℓ, and hence

H^0(M, K_M + E^∘_M + kL_M ) ≃ H^0 ( P^1, Sym^{k−2+e∘1} ( O(kb − 2n − 2 + e^∘_2) ⊕ O(kb − n − 2 + e^∘_2) )) for k ≥ 2. Since b > n for the case 0 ≤ n ≤ 1, we have kb − 2n − 2 + e^∘_2 ≥ 0 for k ≥ 3. Thus R[S, B] is generated by homogeneous elements of degree at most 5. □

Proposition 3.38. Let (S, B) be a rational del Pezzo pair of index at most two with g(S, B) = 1. Then R[S, B]^{(2)} is generated by homogeneous elements of degree at most 3, and R[S, B] is generated by homogeneous elements of degree at most 6.

Proof. S is a log del Pezzo surface of index one and 2B ∈ |−K_S| (cf. Lemma 3.12). Hence, R[S, B]^{(2)} ≃ R(S, −K_S), which is known to be generated by homogeneous elements of degree at most 3 (cf. [9, Chapter V, Proposition 2]). Since K_M + L_M ∼ 0 is nef, we can define E^{(m)}_M for m ≥ 1 as above, i.e., E^{(m)}_M is the maximum divisor ≤ E^∘_M with E^{(m)}_M − (m − 1)K_M being nef.

Suppose that α_∗E^∘_M = ⌞B⌟ = 0. Then E^{(m)}_M = E^{(∞)}_M = 0 for any m ≥ 1, and R[S, B]_{2k−1} ≃ H^0(M, −(k − 1)K_M ) for k ≥ 1. Since R[S, B]_1 ⊗ R[S, B]_{2k} → R[S, B]_{2k+1} is just the isomorphism H^0(M, O_M ) ⊗ H^0(M, −kK_M ) ≃ H^0(M, −kK_M ) for k ≥ 1, R[S, B] is generated by homogeneous elements of degree at most 6.

Next, suppose α_∗E^∘_M ≠ 0. Then E^{(∞)}_M ≠ 0. The dualizing sheaf ω_{EM} is isomorphic to O_{EM} , since E_M ∼ −K_M . Furthermore, H^1(O_{EM} ) ≃ H^2(M, K_M ) ≃ k. From the exact sequence 0 → ω_E(∞)_M → ω_{EM} ≃ O_{EM} → O_{EM −E}(∞)_M → 0, we have the vanishing H^1 ( O_E(∞)_M ) ≃ H^0 ( ω_E(∞)_M

)_∨

= 0.

An inequality K^2_M = (−K_M )E_M ≥ 2L_M E^{(∞)}_M ≥ 2 follows from E_M ≥ 2E^{(∞)}_M . Hence, R[S, B]^{(2)} = R(S, −K_S) is generated by homogeneous elements of degree at most 2.

Let γ be an irreducible curve with E^{(∞)}_M γ < 0. Then γ is a (−1)-curve, since any (−2)-curve is α-exceptional. We set b = b_γ = mult_γ (E^∘_M ). Since −K_M ∼ E_M ≥ 2E^{(∞)}_M and M has a (−1)-curve, we have 8 ≥ K^2_M ≥ 2b.

We shall show b ≤ 2. First, we consider the case where K^2_M = 8. Then M ≃ F_1 and γ = σ. Since −K_M − 2bγ is linearly equivalent to an effective divisor, we have (−K_M − 2bσ)ℓ = 2 − 2b ≥ 0 for a fiber ℓ of π : M → P^1. Hence, b ≤ 1. Next, we consider the case where K^2_M ≤ 7. Then there is a birational morphism M → F_n for 0 ≤ n ≤ 2. Here, we may assume that γ is contained in a fiber of the composite M → F_n → P^1. Thus, by replacing the birational morphism M → F_n if necessary, we may also assume that γ is the proper transform of a fiber ℓ of X = F_n → P^1. Since −K_X − 2bℓ ∼ 2σ + (n + 2 − 2b)ℓ is linearly equivalent to an effective divisor, we have 2b ≤ n + 2 ≤ 4. Hence, b ≤ 2.

Therefore, K_M + E^{(∞)}_M + kL_M ∼ E^{(∞)}_M − (k − 1)K_M is nef and E^{(k)}_M = E^{(∞)}_M for k ≥ 3. In order to show R[S, B]_{2k−1}R[S, B]_2 = R[S, B]_{2k+1} for k ≥ 3, we shall apply Lemma 3.28 to the case Z = M, D = E^{(∞)}_M , L = O_M (−(k − 1)K_M + E^{(∞)}_M ), M = O_M (−K_M ). Here, (S1) follows from H^1(M, −(k − 1)K_M ) = 0 for k ≥ 1. The homomorphism of (S3) is nothing but H^0(M, −(k − 1)K_M ) ⊗ H^0(M, −K_M ) → H^0(M, −kK_M ), which is surjective for k ≥ 3, since K^2_S ≥ 2. The restriction map H^0(M, −K_M ) → H^0(E_M , −K_M |_{EM} ) is surjective by H^1(M, −K_M − E_M ) = H^1(−2K_M ) = 0. Thus (S2) is derived from the surjectivity of

H^0 ( E^{(∞)}_M , (−(k − 1)K_M + E^{(∞)}_M )|_E(∞)_M ) ⊗ H^0(E_M , −K_M |_{EM} )

→ H^0 ( E^{(∞)}_M , (−kK_M + E^{(∞)}_M )|_E(∞)_M ) , which is shown by Lemma 3.29. Therefore, R[S, B]_{2k−1}R[S, B]_2 = R[S, B]_{2k+1} for k ≥ 3, and R[S, B] is generated by homogeneous elements of degree at most 6. □ Finally, we consider a rational del Pezzo pair (S, B) of index at most two of genus g(S, B) ≥ 2 which is not obtained from any basic pair. Then S is a log del Pezzo surface of index one and B = 0. Thus, R[S, B] = R(S, −K_S). Hence, by [9, Chapter V, Proposition 2], R[S, B]^{(2)} (resp. R[S, B]) is generated by homogeneous elements of degree at most 2 (resp. 3), respectively.

Therefore, we have proved the following:

Theorem 3.39. Let (S, B) be a del Pezzo pair of index at most two. Suppose either that S is rational or that (S, B) is log-canonical. Then R[S, B] is generated by homogeneous elements of degree at most 6, and R[S, B]^{(2)} is generated by homogeneous elements of degree at most 3.

4. Fundamental triplets

In this section, the notion of fundamental triplet is introduced. Any basic pair is shown to be obtained as the elimination of a fundamental triplet. The fundamental triplets are classified by their types. The uniqueness of fundamental triplet for a given basic pair does not hold in general but the type is uniquely determined. By the list of types, we can classify all the non-Gorenstein singularities on S for rational del Pezzo pairs (S, B) of index at most two.

4.1. Definition of fundamental triplet.

Definition 4.1. A triplet (X, E, Δ) is called a quasi-fundamental triplet if the following conditions (F1)–(F3) are satisfied: (F1) (X, E) is a minimal basic pair;

(F2) Δ is empty or a zero-dimensional subscheme of X with ν_P (Δ) = 1 for any P ∈ Δ; (F3) Δ is a subscheme of E such that LE_i ≥ deg(Δ∩E_i) for any irreducible component E_i of E, where L = −2K_X − E.

Lemma 4.2. (1) Let (X, E, Δ) be a quasi-fundamental triplet and let ϕ: M → X be the elimination of Δ. Then (M, E^Δ_M ) is a basic pair.

(2) If (M, E_M ) is a basic pair, then there exist a quasi-fundamental triplet (X, E, Δ) and a birational morphism ϕ: M → X such that ϕ is the elimination of Δ and E_M = E^Δ_M .

Proof. (1): We set E_M = E^Δ_M . By Lemma 2.7, (2), K_M + E_M ∼ ϕ^∗(K_X + E). Hence, K_M + L_M ∼ ϕ^∗(K_X + L) for L_M = −2K_M − E_M . Let G be the ϕ-exceptional effective divisor determined by I_ΔO_M = O_M (−G). Then L_M = ϕ^∗L − G and ϕ_∗O_M (−G) ≃ I_Δ. If E_{i,M} is the proper transform of an irreducible component E_i of E, then E_{i,M} = (E_i)^Δ_M and GE_{i,M} = deg(Δ ∩ E_i) by Lemma 2.7; thus L_M E_{i,M} = LE_i − deg(Δ ∩ E_i) ≥ 0.

Since −K_M is ϕ-nef, L_M Γ = −K_M Γ ≥ 0 for any ϕ-exceptional irreducible component Γ of E_M . Therefore, the conditions (C1)–(C3) are all satisfied for (M, E_M ).

(2): If (M, E_M ) is minimal, then (M, E_M , Δ) is the expected quasi-fundamental triplet for Δ = ∅. If (M, E_M ) is not minimal, then by successive contractions of (−1)-curves, we have a minimal basic pair (X, E) and a birational morphism ϕ: M → X such that E = ϕ_∗E_M and K_M + E_M ∼ ϕ^∗(K_X + E). Hence K_M + L_M ∼ ϕ^∗(K_X + L) for nef divisors L_M = −2K_M − E_M and L = −2K_X − E. Thus ϕ is the elimination of a zero-dimensional subscheme Δ ⊂ E with ν_P (Δ) = 1 for any P and E_M = E^Δ_M by Proposition 2.9. For an irreducible component E_i of E and for the proper transform E_{i,M} in M, we have 0 ≤ L_M E_{i,M} = (ϕ^∗L − G)E_{i,M} = LE_i − deg(Δ ∩ E_i).

Hence, (X, E, Δ) is a quasi-fundamental triplet. □ For a quasi-fundamental triplet (X, E, Δ), the basic pair (M, E_M ) obtained as above by the elimination of Δ is called the elimination of (X, E, Δ).

Let (M, E_M ) be a basic pair and set L_M = −2K_M − E_M .

Suppose that K_M + L_M is big. Then the quasi-fundamental triplet (X, E, Δ) whose elimination is (M, E_M ) is unique up to isomorphism. In fact, if the type of (M, E_M ) is not [2; 1, 2], then elimination ϕ: M → X of Δ is associated to the complete linear system |K_M + L_M |, since K_M + L_M ∼ ϕ^∗(K_X + L) for the very ample divisor K_X + L (cf. Corollary 3.25). If the type is [2; 1, 2], then |K_M + L_M | gives a birational morphism into F_2 ≃ P(1, 1, 2); thus the morphism ϕ into the minimal desingularization X of F_2 is uniquely determined.

On the other hand, if K_M +L_M is not big, then the quasi-fundamental triplet (X, E, Δ) whose elimination is (M, E_M ) is not necessarily unique as in the proof of Proposition 4.4 below. In this case, X ≃ F_n and K_X + L is linearly equivalent to a multiple of fiber of π. Thus the linear system |K_M + L_M | defines only the composition M → X → P^1.

The notion of fundamental triplet below is introduced for establishing similar uniqueness also for the non-big case; However, the uniqueness does not hold in general even for the artificial notion (cf. Theorem 4.9, Example 4.12).

Definition 4.3. A quasi-fundamental triplet (X, E, Δ) is called a fundamental triplet either if K_X + L is big or if K_X + L is not big and the following three conditions (F4)– (F6) are satisfied:

(F4) Δ ∩ σ = ∅ for a minimal section σ; In particular, Δ = ∅ if X ≃ F_0. (F5) If E ≥ σ + D for a minimal section σ and a section D ≠ σ, then D^2 + n ≥ deg(Δ ∩ D), where X ≃ F_n.

(F6) If E does not contain a minimal section σ and if E is either reducible or nonreduced, then Δ = ∅.

Proposition 4.4. Any basic pair is obtained as the elimination of a fundamental triplet.

For the proof, we need the following:

Lemma 4.5. Let f : Y → T be a proper surjective morphism from a non-singular surface Y into a non-singular curve T such that a general fiber is isomorphic to P^1. Let E ⊂ Y be a section of f. Then O_Y (E) is f-generated and F = f_∗O_Y (E) is a locally free sheaf of rank two. In particular, there is a birational morphism μ: Y → P_T (F) over T such that E = μ^∗D for a section D of P_T (F) → T .

Proof. Y is a blowup of a P^1-bundle over T . Hence, f_∗O_Y ≃ O_T and R^1 f_∗O_Y = 0. Thus, from the exact sequence 0 → O_Y → O_Y (E) → O_E(E) → 0, we have an exact sequence 0 → O_T → F = f_∗O_Y (E) → f_∗O_E(E) → 0.

Since E is a section, F is locally free of rank two. The surjectivity of f^∗F → O_Y (E) follows from the commutative diagram 0 −−−→ f^∗O_T −−−→ f^∗F −−−→ f^∗f_∗O_E(E) −−−→ 0

0 −−−→ O_Y −−−→ O_Y (E) −−−→ O_E(E) −−−→ 0 of exact sequences. The surjection defines the birational morphism μ and the injection O_T → F defines the section D with μ^∗D = E. □ We shall prove Proposition 4.4.

Proof. Let (M, E_M ) be a basic pair and let (X, E, Δ) be a quasi-fundamental triplet whose elimination is (M, E_M ). We may assume that K_X + L_X is not big, i.e., the type of (X, E) is [n, 2, e_2]. Applying Lemma 4.5, we want to replace (X, E, Δ) with another quasi-fundamental triplet (X^′, E^′, Δ^′) which satisfies some conditions on fundamental triplet.

Step 1 : We can find a quasi-fundamental triplet (X, E, Δ) satisfying (F4). Let σ_M ⊂ M be the proper transform of a minimal section of σ with σ ∩ Δ ≠ ∅.

By Lemma 4.5, there is a birational morphism ϕ^′ : M → X^′ = F_n′ over P^1 with n^′ = −(σ_M )^2 = n + deg(Δ ∩ σ) > n such that σ_M is the total transform of the negative section σ^′ of X^′ → P^1. Since K_M + E_M is linearly equivalent to a multiple of a fiber of M → P^1, K_M + E_M ∼ ϕ^{′∗}(K_X′ + E^′) for the effective divisor E^′ = ϕ^′_∗E_M . By Proposition 2.9, we infer that ϕ^′ is the elimination of a zero-dimensional subscheme Δ^′ ⊂ E^′. We infer also that (X^′, E^′, Δ^′) is a quasi-fundamental triplet whose elimination is (M, E_M ). Here, σ^′ ∩ Δ^′ = ∅ since ϕ^′ is an isomorphism around σ^′. Thus (F4) is satisfied.

Step 2 : The case where E contains a minimal section.

We may assume n > 0, Δ ≠ ∅, σ ∩ Δ = ∅ for the negative section σ. Suppose that E ≥ σ + D for a section D ≠ σ with D^2 + n < deg(Δ ∩ D). Then n^′ := −D^2_M = −D^2 + deg(Δ ∩ D) > n for the proper transform D_M ⊂ M of D. By Lemma 4.5, there is a birational morphism ϕ^′ : M → X^′ = F_n′ over P^1 such that D_M is the total transform of the negative section σ^′ of X^′. By the same argument as in Step 1, (M, E_M ) is the elimination of a quasi-fundamental triplet (X^′, E^′, Δ^′) satisfying (F4), where E^′ = ϕ^′_∗E_M .

For the proper transform σ_M ⊂ M of σ, D^′ = ϕ^′_∗σ_M is a section with E^′ ≥ σ^′ + D^′. Since σ^2_M = σ^2 = −n, we have −n = D^{′2} − deg(Δ^′ ∩ D^′). Thus (X^′, E^′, Δ^′) satisfies also (F5). Since E^′ contains σ^′, (X^′, E^′, Δ^′) is a fundamental triplet.

Final step: The case where E does not contain a minimal section. We may assume that n > 0, Δ ≠ ∅, and that (X, E, Δ) satisfies the condition (F4).

Then E ≥ D_1 + D_2 for sections D_1 ≠ σ, D_2 ≠ σ. Then 2n ≤ e_2 ≤ min{n + 1, 4} by the proof of Lemma 3.24. Hence, n = 1, e_2 = 2, and E = D_1 + D_2 for the sections D_1, D_2 at infinity. We may assume D_1 ∩ Δ ≠ ∅. Let D_{1,M} ⊂ M be the proper transform of D_1. Then −n^′ := D^2_{1,M} = D^2_1 − deg(Δ ∩ D_1) ≤ 0. Let ϕ^′ : M → X^′ ≃ F_n′ be the birational morphism such that D_{1,M} is the total transform of a minimal section σ^′ of X^′ → P^1. Then (M, E_M ) is the elimination of a quasi-fundamental triplet (X^′, E^′, Δ^′). Let D^′_2 ⊂ X^′ be the proper transform of D_2. Then E^′ ≥ σ^′ + D^′_2. By Step 1, Step 2, we have a fundamental triplet (X^{′′}, E^{′′}, Δ^{′′}) whose elimination is (M, E_M ). □

4.2. Classification of fundamental triplets. Let (X, E, Δ) be a fundamental triplet and let ϕ: (M, E_M ) → (X, E, Δ) be the elimination. We set E_M = E^Δ_M , L = −2K_X − E, and L_M = −2K_M − E_M . Let (S, B) be the del Pezzo pair associated to (M, E_M ) (cf. Proposition 3.19). Here, the birational morphism α: M → S given by the linear system |L_M | is the minimal desingularization of S, and B = (1/2)α_∗E_M .

Theorem 4.6. The fundamental triplets (X, E, Δ) are classified by the types defined as follows:

The case X = P^2 :

[1]_0: E is a line and deg Δ ≤ LE = 5.

[2]_0: E is a non-singular conic and deg Δ ≤ LE = 8.

[2]_+(b): E = ℓ_1 + ℓ_2 for two lines ℓ_1, ℓ_2, and deg(Δ ∩ ℓ_i) ≤ Lℓ_i = 4 for i = 1, 2. For P = ℓ_1 ∩ ℓ_2, b = max{mult_P (Δ ∩ ℓ_1), mult_P (Δ ∩ ℓ_2)} ∈ {0, 1, 2, 3, 4}.

[2]_2: E = 2ℓ for a line ℓ and deg(Δ ∩ ℓ) ≤ Lℓ = 4.

For X = F_n, let π : X → P^1 be the P^1-bundle structure, σ a minimal section, σ_∞ a section at infinity, and ℓ a fiber of π (cf. Convention 3.23).

The case X = F_0 :

[0; 1, 0]_0: E = σ and deg Δ ≤ LE = 4.

[0; 1, 1]_0: E ∼ σ + ℓ is non-singular and deg Δ ≤ LE = 6.

[0; 1, 1]_+(b): E = σ + ℓ, deg(Δ ∩ σ) ≤ Lσ = 3, and deg(Δ ∩ ℓ) ≤ Lℓ = 3. For P = σ ∩ ℓ_2,

b = max{mult_P (Δ ∩ σ), mult_P (Δ ∩ ℓ)} ∈ {0, 1, 2, 3}.

[0; 2, 0]_{00}: E = σ_1 + σ_2 for two distinct minimal sections σ_1 and σ_2, and Δ = ∅, where Lσ_1 = Lσ_2 = 4.

[0; 2, 0]_2: E = 2σ and Δ = ∅, where Lσ = 4.

[0; 2, 1]_0: E ∼ 2σ + ℓ is non-singular and Δ = ∅, where LE = 8. [0; 2, 1]_+: E = σ + D for a section D ∼ σ + ℓ, and Δ = ∅, where Lσ = 3 and LD = 5.

[0; 2, 1]_{++}: E = σ_1 + σ_2 + ℓ for two distinct minimal sections σ_1, σ_2, and Δ = ∅, where Lσ_1 = Lσ_2 = 3 and Lℓ = 2.

[0; 2, 1]_2: E = 2σ + ℓ and Δ = ∅, where Lσ = 3 and Lℓ = 2. The case X = F_1 :

[1; 1, 0]_0: E = σ and deg Δ ≤ LE = 3.

[1; 1, 1]_0: E ∼ σ + ℓ is non-singular and deg Δ ≤ LE = 5.

[1; 1, 1]_+(a, b): E = σ + ℓ, deg(Δ ∩ σ) ≤ Lσ = 2, and deg(Δ ∩ ℓ) ≤ Lℓ = 3. For P = σ ∩ ℓ, (a, b) = (mult_P (Δ ∩ σ), mult_P (Δ ∩ ℓ)) ∈ {(0, 0), (1, 1), (2, 1), (1, 2), (1, 3)}.

[1; 2, e]_2: 0 ≤ e ≤ 2, E = 2σ + F for an effective divisor F ∼ eℓ, Δ ∩ σ = ∅, and deg(Δ ∩ ℓ) ≤ Lℓ = 2 for any fiber ℓ ≤ F , where Lσ = 4 − e.

[1; 2, 1]_{00}: E = σ + σ_∞ and Δ ⊂ σ_∞ with deg Δ ≤ 2, where Lσ = 3 and Lσ_∞ = 5. [1; 2, 2]_0: E ∼ 2σ + 2ℓ is non-singular and deg Δ ≤ LE = 8.

[1; 2, 2]_×: E = σ_∞ + σ^′_∞ for two distinct sections σ_∞, σ^′_∞ at infinity, and Δ = ∅, where Lσ_∞ = Lσ^′_∞ = 4.

[1; 2, 2]_{2∞}: E = 2σ_∞ and Δ = ∅, where Lσ_∞ = 4.

[1; 2, 2]_+: E = σ + D for a section D ∼ σ + 2ℓ and Δ ⊂ D \ σ with deg Δ ≤ 4, where Lσ = 2 and LD = 6.

[1; 2, 2]_{++}(a, b): E = σ + σ_∞ + ℓ, Δ ∩ σ = ∅, deg(Δ ∩ σ_∞) ≤ 2, and deg(Δ ∩ ℓ) ≤ 2, where Lσ = 2, Lσ_∞ = 4, and Lℓ = 2. For P = σ_∞ ∩ ℓ,

(a, b) = (mult_P (Δ ∩ ℓ), mult_P (Δ ∩ σ_∞)) ∈ {(0, 0), (1, 1), (2, 1), (1, 2)}. The case X = F_2 :

[2; 1, 0]_0: E = σ and deg Δ ≤ LE = 2.

[2; 1, 1]_+(a, b): E = σ + ℓ, deg(Δ ∩ σ) ≤ Lσ = 1, and deg(Δ ∩ ℓ) ≤ Lℓ = 3. For P = σ ∩ ℓ,

(a, b) = (mult_P (Δ ∩ σ), mult_P (Δ ∩ ℓ)) ∈ {(0, 0), (1, 1), (1, 2), (1, 3)}. [2; 1, 2]_0: E = σ_∞ and deg Δ ≤ LE = 6.

[2; 1, 2]_{++}: E = σ+ℓ_1+ℓ_2 for two distinct fibers ℓ_1 and ℓ_2, Δ∩σ = ∅ and deg(Δ∩ℓ_i) ≤ Lℓ_i = 3 for i = 1, 2, where Lσ = 0.

[2; 1, 2]_{2+}: E = σ + 2ℓ for a fiber ℓ, and Δ ∩ σ = ∅ and deg(Δ ∩ ℓ) ≤ Lℓ = 3, where Lσ = 0.

[2; 2, e]_2: 0 ≤ e ≤ 3, E = 2σ + F for an effective divisor F ∼ eℓ, Δ ∩ σ = ∅, and deg(Δ ∩ ℓ) ≤ Lℓ = 2 for any fiber ℓ ≤ F , where Lσ = 4 − e.

[2; 2, 2]_{00}: E = σ + σ_∞ and Δ ⊂ σ_∞ with deg Δ ≤ 4, where Lσ = 2 and Lσ_∞ = 6. [2; 2, 3]_+: E = σ + D for a section D ∼ σ + 3ℓ and Δ ⊂ D \ σ with deg Δ ≤ 6, where Lσ = 1 and LD = 7.

[2; 2, 3]_{++}(a, b): E = σ + σ_∞ + ℓ, Δ ∩ σ = ∅, deg(Δ ∩ σ_∞) ≤ 4, and deg(Δ ∩ ℓ) ≤ Lℓ = 2, where Lσ = 1 and Lσ_∞ = 5. For P = σ_∞ ∩ ℓ, (a, b) = (mult_P (Δ ∩ ℓ), mult_P (Δ ∩ σ_∞)) ∈ {(0, 0), (1, 1), (2, 1), (1, 2), (1, 3), (1, 4)}.

The case X = F_3 :

[3; 1, 0]_0: E = σ and deg Δ ≤ LE = 1.

[3; 1, 1]_+: E = σ + ℓ, Δ ∩ σ = ∅ and deg(Δ) ≤ Lℓ = 3, where Lσ = 0. [3; 2, e]_2: 0 ≤ e ≤ 4, E = 2σ + F for an effective divisor F ∼ eℓ, Δ ∩ σ = ∅, and deg(Δ ∩ ℓ) ≤ Lℓ = 2 for any fiber ℓ ≤ F , where Lσ = 4 − e.

[3; 2, 3]_{00}: E = σ + σ_∞ and Δ ⊂ σ_∞ with deg(Δ) ≤ 6, where Lσ = 0 and Lσ_∞ = 7. [3; 2, 4]_+: E = σ+D for a section D ∼ σ+4ℓ, Δ∩σ = ∅, and deg(Δ∩D) ≤ LD = 8, where Lσ = 0.

[3; 2, 4]_{++}(a, b): E = σ + σ_∞ + ℓ, Δ ∩ σ = ∅, deg(Δ ∩ σ_∞) ≤ Lσ_∞ = 6, and deg(Δ ∩ ℓ) ≤ Lℓ = 2, where Lσ = 0. For P = σ_∞ ∩ ℓ, (a, b) = (mult_P (Δ ∩ ℓ), mult_P (Δ ∩ σ_∞)) ∈ {(0, 0), (1, 1), (2, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6)}.

The case X = F_4 :

[4; 1, 0]_0: E = σ and Δ = ∅, where LE = 0.

[4; 2, e]_2: 0 ≤ e ≤ 4, E = 2σ + F for an effective divisor F ∼ eℓ, Δ ∩ σ = ∅, and deg(Δ ∩ ℓ) ≤ Lℓ = 2 for any fiber ℓ ≤ F , where Lσ = 4 − e.

[4; 2, 4]_{00}: E = σ + σ_∞, Δ ⊂ σ_∞, and deg Δ ≤ Lσ_∞ = 8, where Lσ = 0.

The case X = F_n for n ≥ 5 :

[n; 2; e]_2: 0 ≤ e ≤ 4, E = 2σ + F for an effective divisor F ∼ eℓ, Δ ∩ σ = ∅, and deg(Δ ∩ ℓ) ≤ Lℓ = 2 for any fiber ℓ ≤ F , where Lσ = 4 − e.

Here, [e] indicates that X ≃ P^2 and deg E = e; [n; e_1, e_2] indicates that X ≃ F_n and E ∼ e_1σ + e_2ℓ. The subscripts_0,_{00},_+,_{++},_2,_× have the following meaning:

0 : E is non-singular and irreducible_{00} : E is non-singular with two components + : E has exactly one node_{++} : E has exactly two nodes 2 : E is not reduced_× : E has exactly one node .

The subscript_× is used for distinguishing the type [1; 2, 2]_× from [1; 2, 2]_+.

Proof. We consider the structure of fundamental triplet (X, E, Δ) from properties of (X, E).

We first consider the case X = P^2. If (X, E) is of type [1], then deg Δ ≤ LE = 5; thus (X, E, Δ) is of type [1]_0. Suppose that (X, E) is of type [2]. If E is irreducible and reduced, then E is a non-singular conic (even if char k = 2), and deg Δ ≤ LE = 8; this case is of type [2]_0. If E is not reduced, then E = 2ℓ for a line ℓ and deg(Δ ∩ ℓ) ≤ Lℓ = 4; this case is of type [2]_2. Suppose E is reducible and reduced, then E = ℓ_1 +ℓ_2 for two lines ℓ_i with deg(Δ ∩ ℓ_i) ≤ Lℓ_i = 4 for i = 1, 2. Since min{mult_P (Δ ∩ ℓ_1), mult_P (Δ ∩ ℓ_2)} ≤ 1 by Lemma 2.12, the type is [2]_+(b) for 0 ≤ b ≤ 4.

Next, we consider the case X = F_n. Then one of the following subcases occurs: (1) E = σ + F for an effective divisor F supported on fibers of π; (2) E = σ + D + F for a section D ≠ σ and an effective divisor F supported on fibers; (3) E = 2σ + F for an effective divisor F supported on fibers; (4) E is irreducible and reduced with E ≠ σ; (5) E ≱ σ and E is either non-reduced or reducible.

Case (1): (X, E) is of type [n; 1, e] for e = F σ with 0 ≤ e ≤ min{2, 4 − n}; if n = 0, then e ≤ 1 by Convention 3.23. If e = 0, then E = σ and deg Δ ≤ Lσ = 4 − n; this case is of type [n; 1, 0]_0 for 0 ≤ n ≤ 4.

Suppose that e = 1. Then n ≤ 3 and E = σ + ℓ for a fiber ℓ with deg(Δ ∩ σ) ≤ Lσ = 3 − n, deg(Δ ∩ ℓ) ≤ Lℓ = 3. This case is one of types [0; 1, 1]_+(b), [1; 1, 1]_+(a, b), [2; 1, 1]_+(a, b), and [3; 1, 1]_+. Note that (a, b) = (0, 0) or min{a, b} = 1 by Lemma 2.12.

Suppose that e = 2. Then n = 2, since [1; 1, 2] is not a type of (X, E) (cf. Lemma 3.24). Note that σ ∩ Δ = ∅ by Lσ = 0. Thus this case is of type [2; 1, 2]_{++} or [2; 1, 2]_{2+}.

Case (2): (X, E) is of type [n; 2, e] for n ≤ e ≤ min{n + 1, 4}, where D ∼ σ + mℓ for n ≤ m ≤ e.

Suppose that m = n + 1. Then e = n + 1, n ≤ 3, and E = σ + D, where Dσ = 1. Here, Δ ⊂ D by (F4), Δ = ∅ for n = 0 by (F4), and deg Δ ≤ D^2 + n = 2n + 2 by (F5). This case is of type [n; 2, n + 1]_+ for 0 ≤ n ≤ 3.

Suppose that m = e = n. Then E = σ + σ_∞ for a section D = σ_∞ at infinity. Here Δ ⊂ σ_∞ by (F4) and deg Δ ≤ 2n by (F5). This case is of type [n; 2, n]_{00} for 0 ≤ n ≤ 4.

Suppose that m = n and e = n + 1. Then n ≤ 3 and E = σ + σ_∞ + ℓ for a section D = σ_∞ at infinity and a fiber ℓ. Here, Δ ∩ σ = ∅ by (F4), Δ = ∅ for n = 0 by (F4), deg(Δ ∩ σ_∞) ≤ 2n by (F5), and deg(Δ ∩ ℓ) ≤ Lℓ = 2. Thus the case is one of types [0; 2, 1]_{++}, [1; 2, 2]_{++}(a, b), [2; 2, 3]_{++}(a, b), [3; 2, 4]_{++}(a, b).

Case (3): (X, E) is of type [n; 2, e] for e = F σ with e ≤ min{n + 1, 4}. Here Δ ∩ σ = ∅ by (F4) and deg(Δ ∩ ℓ) ≤ Lℓ = 2 for any fiber ℓ ≤ F . This case is of type [n; 2, e]_2 for 0 ≤ e ≤ min{n + 1, 4}, n ≥ 0.

Case (4): Suppose that (X, E) is of type [n; 1, e]. Then [n; 1, e] is one of [0; 1, 1], [1; 1, 1], and [2; 1, 2] by Lemma 3.24. Here E is non-singular. Thus the type is one of [0; 1, 1]_0, [1; 1, 1]_0, and [2; 1, 2]_0.

Suppose that (X, E) is of type [n, 2, e]. Then 2n ≤ e ≤ min{n + 1, 4} by the proof of Lemma 3.24. Hence [n; 2, e] is [0; 2, 1] or [1; 2, 2], where E is non-singular. Thus the type is [0; 2, 1]_0 or [1; 2, 2]_0.

Case (5): This case is treated essentially in Final step of the proof of Proposition 4.4. By the proof of Lemma 3.24, the case is of type [1; 2, 2]_× or [1; 2, 2]_{2∞}.

Thus we are done. □

Corollary 4.7. (1) For a fundamental triplet, the associated del Pezzo pair is logterminal if and only if the type is one of the followings:

[1]_0, [2]_0, [2]_+(b), [0; 1, 0]_0, [0; 1, 1]_0, [0; 1, 1]_+(b), [0; 2, 0]_{00}, [0; 2, 1]_0, [0; 2, 1]_+, [0; 2, 1]_{++}, [1; 1, 0]_0, [1; 1, 1]_0, [1; 1, 1]_+(a, b), [1; 2, 1]_{00}, [1; 2, 2]_0, [1; 2, 2]_×, [1; 2, 2]_+, [1; 2, 2]_{++}(a, b), [2; 1, 0]_0, [2; 1, 1]_+(a, b), [2; 1, 2]_0, [2; 1, 2]_{++}, [2; 2, 2]_{00}, [2; 2, 3]_+, [2; 2, 3]_{++}(a, b), [3; 1, 0]_0, [3; 1, 1]_+, [3; 2, 3]_{00}, [3; 2, 4]_+, [3; 2, 4]_{++}(a, b), [4; 1, 0]_0, [4; 2, 4]_{00}.

Table 2. The fundamental triplets with LE = deg Δ

Type deg Δ Type deg Δ Type deg Δ [1]_0 5 [1; 1, 0]_0 3 [2; 1, 2]_{++} 6 [2]_0 8 [1; 1, 1]_0 5 [3; 1, 0]_0 1 [2]_+(b) 8 [1; 1, 1]_+(a, b) 5 [3; 1, 1]_+ 3 [2]_2 8 [1; 2, 2]_0 8 [3; 2, 4]_+ 8 [0; 1, 0]_0 4 [2; 1, 0]_0 2 [3; 2, 4]_{++}(a, b) 8 [0; 1, 1]_0 6 [2; 1, 1]_+(a, b) 2 [4; 1, 0]_0 0 [0; 1, 1]_+(b) 6 [2; 1, 2]_0 6 [4; 2, 4]_{00} 8 [n; 2, 4]_2 (n ≥ 3) 8

(2) For a fundamental triplet, the associated del Pezzo pair is log-canonical but not log-terminal if and only if it has one of the following types with extra condition:

[2]_2 with mult_P (Δ ∩ ℓ) ≤ 2 for any P ∈ ℓ, [0; 2, 0]_2, [0; 2, 1]_0, [0; 2, 1]_2, [1; 2, e]_2 for 0 ≤ e ≤ 2, [1; 2, 2]_{2∞}, [2; 1, 2]_{2+} with mult_P (Δ ∩ ℓ) ≤ 2 for any P ∈ ℓ, [n; 2, e]_2 for n ≥ 2, e ≤ 2, [n; 2, e]_2 for n ≥ 2, e ≥ 3 with mult_ℓ F ≤ 2 for any ℓ ≤ F.

(3) For a fundamental triplet (X, E, Δ), the associated del Pezzo pair (S, B) has B = 0 if and only if it belongs to one of the types with extra condition on deg Δ listed in Table 2. Here, if the type is not [2]_2 nor [n; 2, 4]_2, then the fundamental triplet is log-terminal, i.e., defining a log del Pezzo surface of index two.

Proof. For a fundamental triplet (X, E, Δ) and its elimination (M, E_M ), the log-terminal condition is equivalent to that E_M is reduced. This also equivalent to that E is reduced by Lemmas 2.10 and 2.14. Thus the list of (1) is obtained from Theorem 4.6. The log-canonical condition is equivalent to that the multiplicity of E_M along any irreducible component is at most two. If (X, E, Δ) is not log-terminal but log-canonical, then max{mult_{Ei} (E)} = 2 for the irreducible components E_i ⊂ E. In this case, by Theorem 4.6, Δ does not contain any node of E_{red}. By Lemma 2.17, we infer that (X, E, Δ) is log-canonical if and only if max{mult_{Ei} (E)} = 2 and mult_P (Δ ∩ E_i) ≤ 2 for any irreducible component E_i ⊂ E with mult_{Ei} (E) = 2. Thus we have the list of (2). For (3), we note that the three conditions: B = 0, L_M E_M = 0, and LE = deg Δ are mutually equivalent. Thus we have Table 2. □

Theorem 4.8. A del Pezzo pair (S, B) of index one with B ≠ 0 is one of the following:

(1) S = P^2 and deg B ∈ {1, 2}.

(2) S = F_n and B is a minimal section of F_n → P^1 for n ≥ 0.

(3) S = F_n and B ∼ σ +ℓ for a minimal section σ and a fiber ℓ of F_n → P^1 for n ≥ 0. (4) S = P(1, 1, n) and B ∼ 2ℓ for a generating line ℓ for n ≥ 2.

Proof. We infer that S is rational by Lemma 3.10, Proposition 3.11, and Corollary 3.16. Moreover, if g(S, B) = 0, then S = P^2 with deg B = 2 by Proposition 3.11.

Suppose that g(S, B) = 1. Then S is a log del Pezzo surface of index one and −K_S ∼ 2B by Lemma 3.12. For the minimal desingularization α: M → S, K_M ∼ α^∗K_S is divisible by two; hence M has no (−1)-curve. Thus M = F_m for m ∈ {0, 2}. If m = 0, then (S, B) belongs to the case (3) with n = 0. If m = 2, then (S, B) belongs to the case (4) with n = 2.

Therefore, we may assume that (S, B) is obtained from a fundamental triplet (X, E, Δ), where (1/2)E_M is Cartier for the elimination (M, E_M ) of (X, E, Δ). Then Δ does not contain any nodes of E_{red} by Theorem 4.6. Furthermore, Δ = ∅ by Lemma 2.17. By Theorem 4.6, we have only the following types of possible (X, E, Δ = ∅):

(a) [2]_2.

(b) [n; 2, 0]_2 for n ≥ 0.

(c) [n; 2, 2]_2 for n ≥ 1, where E = 2σ + 2ℓ, (d) [1; 2, 2]_{2∞}, (e) [n; 2, 4]_2 for n ≥ 3, where E = 2σ + 2F^′ for an effective divisor F^′ ∼ 2ℓ.

According to the cases (a), (b), (c), (d), (e), the associated del Pezzo pair (S, B) belongs to (1), (2), (3), (3), (4). Hence, we have the list of (S, B ≠ ∅) of index one. □

Theorem 4.9. Let (X, E, Δ) be a fundamental triplet and let (M, E_M ) be the elimination. Then the type of the fundamental triplet (X, E, Δ) and deg(Δ) depend only on (M, E_M ). Moreover, the isomorphism class of (X, E, Δ) depends only on (M, E_M ) except for the following two cases:

• (X, E, Δ) is of type [1; 2, 2]_0.

• (X, E, Δ) is of type [n; 2, n + 1]_{++}(1, b) for 1 ≤ n ≤ 3, where deg(Δ ∩ σ_∞) = 2n and mult_P (Δ) + deg(Δ ∩ ℓ) = 2 + b for the irreducible decomposition E = σ + σ_∞ + ℓ and for the node P = σ_∞ ∩ ℓ.

The proof needs the following:

Proposition 4.10. Let f : Y → T be a proper surjective morphism from a non-singular surface Y into a non-singular curve T such that a general fiber is isomorphic to P^1. Let

E_1 and E_2 be two sections of f such that E_1 ∩ E_2 = ∅ and K_Y + E_1 + E_2 is f-numerically trivial. Let ϕ: Y → X = P_T (f_∗O_Y (E_1)) be the morphism defined in Lemma 4.5 for E_1. Then E_{i,X} := ϕ(E_i) is a section of X → P^1 for i = 1, 2 with E_{1,X} ∩ E_{2,X} = ∅ and ϕ is the elimination of a zero-dimensional subscheme Δ ⊂ E_{2,X} . In particular, there is an action of the algebraic group G_m = Spec k[t, t^{−1}] on Y such that it fixes every point of E_1 ∪ E_2 and that it acts non-trivially on every irreducible component of any fiber of f. Moreover, if f_∗O_{E1} (E_1) ≃ f_∗O_{E2} (E_2), then the following assertions hold:

(1) Let ℓ be a non-singular fiber of f and let P_1, P_2 be any points of ℓ \ (E_1 ∪ E_2) including the case P_1 = P_2. Then there exists an involution ι of Y over T such that ι(E_1) = E_2 and ι(P_1) = P_2.

(2) Let Γ_1 and Γ_2 be irreducible components of a reducible fiber F of f with E_1Γ_1 = E_2Γ_2 = 1. Then, for any points P_1 ∈ Γ_1 \(E_1 ∪Sing F ) and P_2 ∈ Γ_2 \(E_2 ∪Sing F ), there is an involution ι of Y over T such that ι(E_1) = E_2 and ι(P_1) = P_2.

(3) Let Γ_1 + Γ_2 be a fiber of f, ^Y → Y the blowing up along the intersection point Γ_1 ∩ Γ_2, G the exceptional curve for the blowing up, ^Γ_i the proper transform of Γ_i in ^Y for i = 1, 2, and let P_1, P_2 be any points of G \ (^Γ_1 ∪ ^Γ_2). Then there is an involution ι̂ of ^Y over T such that ι̂(^Γ_1) = ^Γ_2 and ι̂(P_1) = P_2.

Proof. E_1 = ϕ^∗E_{1,X} by Lemma 4.5. Thus ϕ is the elimination of a subscheme Δ ⊂ E_{2,X} by Proposition 2.9. We have a natural action of G_m on the P^1-bundle X which fixes every point of E_{1,X} ∪ E_{2,X} . Since G_m fixes the subscheme Δ, the action lifts to Y , by the following observation:

Let A^2 = Spec k[u, v] be an affine plane with an action of G_m = Spec k[t, t^{−1}] given by (u, v) → (tu, v). Then every point of {u = 0} is fixed by the action. Let U → A^2 be the blowing up at the origin. Then U = U_1∪U_2 for two affine open subsets U_1 = Spec k[u_1, v_1], U_2 = Spec k[u_2, v_2], where the morphism to A^2 is described as

(u_1, v_1) → (u, v) = (u_1, u_1v_1) and (u_2, v_2) → (u, v) = (u_2v_2, v_2). Here, {u_1 = 0} ∪ {v_2 = 0} is the exceptional divisor. Then the action of G_m lifts to U as (u_1, v_1) → (tu_1, t^{−1}v_1) and (u_2, v_2) → (tu_2, v_2).

If we consider the blowing up of U at the point (u_2, v_2) = (0, 0) ∈ U_2, then the action also lifts to the blowing up in the same way.

Therefore, G_m acts on Y , and acts non-trivially on every irreducible component of a fiber of f. Let Φ_t : Y → Y be the action of t ∈ G_m(k) = k \ {0}. Let (x : y) be a coordinate of a non-singular fiber Y_o = f^{−1}(o) ≃ P^1 of f such that E_1 ∩Y_o = div(x) and E_2 ∩Y_o = div(y). Then we may assume that Φ_t induces the automorphism (x : y) → (tx : y) on Y_o.

Let L be an invertible sheaf on T and suppose that f_∗O_{Ei} (E_i) ≃ L for i = 1, 2. Then we have an isomorphism

χ: f_∗O_{E1+E2} (E_1 + E_2) ≃ f_∗O_{E1} (E_1 + E_2) ⊕ f_∗O_{E2} (E_1 + E_2)^≃−→ L^{⊕2}. For λ ∈ k \ {0}, let L^{⊕2} → L be the homomorphism given by (x, y) → λx − y and let M_λ ⊂ f_∗O_{E1+E2} (E_1 + E_2) be the subsheaf isomorphic via χ to the kernel of L^{⊕2} → L. Then we have a locally free subsheaf E_λ of f_∗O_Y (E_1 + E_2) and a commutative diagram 0 −−−→ O_T −−−→ E_λ −−−→ M_λ −−−→ 0 ‖ ‖ 0 −−−→ O_T −−−→ f_∗O_Y (E_1 + E_2) −−−→ f_∗O_{E1+E2} (E_1 + E_2) −−−→ 0 of exact sequences. Note that, under the isomorphism f_∗O_Y (E_1 + E_2) ⊗ k(o) ≃ kx^2 + kxy + ky^2, the fiber E_λ ⊗ k(o) corresponds to the subspace k(λx^2 + y^2) + kxy. Hence, Φ^∗_t E_λ = E_t2_λ. The natural homomorphism f^∗E_λ → O_Y (E_1 +E_2) is surjective since the projection M_λ → f_∗O_{Ei} (E_1+E_2) is surjective for i = 1, 2. Hence, we have a morphism h_λ : Y → P = P_T (E_λ) over T and a section Σ of P → T such that h^∗_λΣ = E_1 + E_2. We may assume that the restriction of h_λ to Y_o is described as (x : y) → (λx^2 + y^2 : xy). Let Y → Y^′ → P be the Stein factorization. Then Y^′ → P is a separable double-covering and Y is the minimal desingularization of Y^′. Thus the Galois involution ι_λ acts on Y as an automorphism, where ι_λ(E_1) = E_2. Moreover the restriction of ι_λ to Y_o is described as (x : y) → (y : λx). Hence, ι_λ ∘ Φ_t = Φ_t ∘ ι_t2_λ = ι_{tλ}.

For the assertions (1)–(3), it is enough to find an involution ι_λ with ι_λ(P_1) = P_2. The existence of λ is shown as follows:

(1): Since the action of G_m on the fiber ℓ is non-trivial, Φ_t(P_1) = P_2 for some t. Hence, ι_λ(P_1) = P_2 for some λ.

(2): Since the action of G_m on Γ_2 is non-trivial, Φ_t ∘ι_λ(P_1) = P_2 for some λ and t. Thus ι_t−1_λ(P_1) = P_2.

(3): The involution ι_λ lifts to an involution ι̂_λ of ^Y , since ι_λ fixes the intersection point Γ_1 ∩ Γ_2. Similarly, G_m acts on ^Y . We infer that G_m acts non-trivially also on the exceptional divisor G by the observation above. Hence, ι̂_λ(P_1) = P_2 for some λ. □ We shall prove Theorem 4.9.

Proof. We may assume that K_M + L_M is not big and Δ ≠ ∅. Then (X, E) is of type [n; 2, e] for n > 0 and e ≤ n + 1. Let T be the type of the fundamental triplet (X, E, Δ). Let (X^′, E^′, Δ^′) be another fundamental triplet of type T^′ whose elimination is (M, E_M ).

Let [n^′; 2, e^′] be the type of (X^′, E^′). We may assume that π∘ϕ = π^′ ∘ϕ^′ for the elimination morphisms ϕ: M → X, ϕ^′ : M → X^′, and the P^1-bundle structures π : X → P^1, π^′ : X^′ → P^1, since π∘ϕ is just the morphism M → P^1 associated with the linear system |K_M +L_M |. Let σ and σ^′ be the negative sections of X and X^′, respectively.

By Theorem 4.6, one of the following three cases occurs:

(1) E ≥ 2σ; (2) E ≥ σ + D for a section D ≠ σ; (3) T = [1; 2; 2]_0. Case (1): T = [n, 2, e]_2 by Theorem 4.6, and E_M ≥ 2σ_M for the total transform σ_M of σ in M. Thus E^′ = ϕ^′_∗E_M ≥ 2ϕ^′_∗σ_M for the section ϕ^′_∗σ_M . Then σ^′ = ϕ^′_∗σ_M and T^′ = [n^′; 2, e^′]_2 by Theorem 4.6. In particular, σ_M is also the total transform of σ^′ and n = n^′. By Lemma 4.5, ϕ ≃ ϕ^′ over P^1, and hence (X, E, Δ) ≃ (X^′, E^′, Δ^′).

Case (2): D^2 +n ≥ deg(Δ∩D) by (F5). Hence E_M ≥ σ_M +D_M for the total transform σ_M ⊂ M of σ and the proper transform D_M ⊂ M of D, where D^2_M ≥ −n. Moreover, T is one of

[n; 2, n]_{00} (1 ≤ n ≤ 4), [n; 2, n + 1]_+ (1 ≤ n ≤ 3), [n; 2, n + 1]_{++}(a, b) (1 ≤ n ≤ 3), by the proof of Theorem 4.6. Since E^′ = ϕ^′_∗E_M is also reducible and Δ^′ ≠ ∅, E^′ ≥ σ^′ + D^′ for a section D^′ ≠ σ^′ by (F6). In particular, E_M ≥ σ^′_M + D^′_M for the total transform σ^′_M ⊂ M of σ^′ and the proper transform D^′_M ⊂ M of D^′, where D^{′2}_M ≥ −n^′. If σ_M = σ^′_M , then ϕ ≃ ϕ^′ and (X, E, Δ) ≃ (X^′, E^′, Δ^′) by Lemma 4.5. Thus we may assume that σ_M ≠ σ^′_M . Therefore, n = n^′ = −D^2_M = −D^{′2}_M , σ_M = D^′_M , and σ_M ′ = D_M . In particular, one of the following cases occurs:

(2-i) T = [n; 2, n]_{00} and deg Δ = 2n; (2-ii) T = [n; 2, n + 1]_+ and deg Δ = 2n + 2;

(2-iii) T = [n; 2, n + 1]_{++}(a, b) and deg(σ_∞ ∩ Δ) = 2n for D = σ_∞. Subcase (2-i): Applying Proposition 4.10 to π ∘ ϕ: M → T = P^1 and two sections σ_M , D_M , we infer that ι(σ_M ) = D_M for an involution of M over P^1. Hence, ϕ^′ ≃ ϕ ∘ ι and (X, E, Δ) ≃ (X^′, E^′, Δ^′).

Subcase (2-ii): Let Y → M be the blowing up at the point P = σ_M ∩D_M and let Y → ^M be the contraction of the proper transform ℓ_Y ⊂ Y of the fiber ℓ of M → P^1 passing through P . Let σ̂ and D̂ be the proper transforms of σ_M and D_M in ^M, respectively. Then σ̂ ∩ D̂ = ∅ and K ^_M + σ̂ + D̂ is relatively numerically trivial over P^1. Let ℓ̂ be the fiber of ^M → P^1 over the point π ∘ ϕ(P ) and let Q ∈ ℓ̂ be the image of ℓ_Y . Applying Proposition 4.10 to ^M → P^1, two sections σ̂, D̂, and to the point Q, we have an involution ι̂ of ^M over P^1 such that ι̂(σ̂) = D̂ and ι̂(Q) = Q. Thus ι̂ induces an involution ι of M over P^1 with ι(σ_M ) = D_M . Hence, ϕ^′ ≃ ϕ ∘ ι and (X, E, Δ) ≃ (X^′, E^′, Δ^′).

Subcase (2-iii): Then E = σ + σ_∞ + ℓ for D = σ_∞ and for a fiber ℓ of π. Let P be the node σ_∞ ∩ ℓ. We write D_M = σ_{∞,M} .

If (a, b) = (0, 0), then we have an involution ι of M over T with ι(σ_M ) = σ_{∞,M} by Proposition 4.10 as above. Thus we may assume that (a, b) ≠ (0, 0).

Suppose that (a, b) = (2, 1), i.e., mult_P (Δ ∩ ℓ) = 2. Then Δ ∩ ℓ is supported on P . Let ϕ^♯ : M^♯ → X be the elimination of the subscheme (Δ \ P ) ∪ (Δ ∩ ℓ). Then ϕ^{♯∗}ℓ = ℓ^♯ + 2Γ^♯_1 + Γ^♯_2 for the proper transform ℓ^♯ ⊂ M^♯ of ℓ, a (−1)-curve Γ^♯_1, and for a (−2)-curve Γ^♯_2 such that ℓ^♯ + Γ^♯_1 + Γ^♯_2 is a chain of rational curves and that Γ^♯_2 only intersects the proper transform of σ_∞ in M^♯. Suppose that Δ is not a Cartier divisor of E at P . Then M = M^♯, and by Proposition 4.10, (3), there is an involution ι of M over P^1 satisfying ι(σ_M ) = σ_{∞,M} . Thus ϕ^′ ≃ ϕ ∘ ι and (X, E, Δ) ≃ (X^′, E^′, Δ^′). Suppose next that Δ is a Cartier divisor of E at P . Then M → M^♯ is given as the blowing up along a point P_1 ∈ Γ^♯_1 \ (ℓ^♯ ∪ Γ^♯_2). Thus by Proposition 4.10, (3), there is an involution ι of M over P^1 satisfying ι(σ_M ) = σ_{∞,M} . Thus ϕ^′ ≃ ϕ ∘ ι and (X, E, Δ) ≃ (X^′, E^′, Δ^′).

Suppose that a = 1, i.e., mult_P (Δ ∩ ℓ) = 1. Let ϕ^♯ : M^♯ → X be the elimination of Δ ∩ σ_∞. Then ϕ^{♯∗}ℓ = ℓ^♯ + Γ^♯_1 + · · · + Γ^♯_b is a chain of rational curves for the proper transform ℓ^♯ ⊂ M^♯ of ℓ, (−2)-curves Γ^♯_i for i < b, and for a (−1)-curve Γ^♯_b, such that Γ^♯_b only intersects the proper transform of σ_∞ in M^♯.

If Δ is not a Cartier divisor of E at P and if deg(Δ ∩ ℓ) = 1, then M ≃ M^♯ and ι(σ_M ) = σ_{∞,M} for an involution of M by Proposition 4.10, (2). Thus, ϕ^′ ≃ ϕ ∘ ι and (X, E, Δ) ≃ (X^′, E^′, Δ^′).

If Δ is a Cartier divisor of E at P and if deg(Δ ∩ ℓ) = 2, then M → M^♯ is the blowing up at certain two points P^♯_1 ∈ ℓ^♯ and P^♯_b ∈ Γ^♯_b, and hence ι(σ_M ) = σ_{∞,M} for an involution of M by Proposition 4.10, (2). Thus, ϕ^′ ≃ ϕ ∘ ι and (X, E, Δ) ≃ (X^′, E^′, Δ^′).

Therefore, it remains only the case where mult_P (Δ) + deg(Δ ∩ ℓ) = b + 2. This is divided into the following two cases:

(A) Δ is a Cartier divisor of E at P and deg(Δ ∩ ℓ) = 1; (B) Δ is not a Cartier divisor of E at P and deg(Δ ∩ ℓ) = 2.

We shall show that if (X, E, Δ) belongs to the case (A), then (X^′, E^′, Δ^′) is also of type [n; 2, n + 1]_{++}(1, b) belonging to the case (B), and vice versa.

Suppose that (X, E, Δ) belongs to the case (A). Then M → M^♯ is the blowing-up at a certain point P^♯_b ∈ Γ^♯_b. By Proposition 4.10, (2), there is an involution ι^♯ of M^♯ which interchanges the proper transforms of σ and σ_∞ in M^♯. Thus ϕ^′ : M → X^′ is the composite of M → M^♯ and ϕ^♯ ∘ ι^♯. Hence, (X^′, E^′, Δ^′ \ ℓ^′) ≃ (X, E, Δ \ ℓ) for the fiber ℓ^′ over ϕ(ℓ), and (X^′, E^′, Δ^′) is of type [n; 2, n + 1]_{++}(1, b) belonging to (B).

Similarly, if (X, E, Δ) belongs to (B), then (X^′, E^′, Δ^′) is of type [n; 2, n + 1]_{++}(1, b) belonging to (A).

Case (3): We have T^′ = [1; 2, 2]_0 by the results in the cases (1) and (2). Thus, we are done. □ There are some ideas of dividing the type [1; 2, 2]_0 into suitable subtypes by properties related to the double-covering π|_E : E ⊂ X → P^1. For example, π|_E is not necessarily separable if char k = 2. For the type [1; 2, 2]_0, (X, E) has the following explicit description:

Lemma 4.11. For the ruled surface π : X = F_1 → P^1, let E ⊂ X be a non-singular curve linearly equivalent to 2σ +2ℓ for the negative section σ and a fiber ℓ of π. Then there exist a homogeneous coordinate (X : Y : Z) of P^2 and an isomorphism from X to the blowing up of P^2 at the point (0 : 0 : 1) such that π is induced from the projection (X : Y : Z) → (X : Y) and E corresponds to the total transform of the one of following curves:

(1) {Z^2 = XY};

(2) {Z^2 + XZ + Y^2 = 0}.

If char k = 2, then π|_E : E → P^1 is inseparable in case (1), and separable in case (2). If char k ≠ 2, then (1) and (2) define the same (X, E) up to isomorphism.

Proof. Let g be a defining equation of σ and f be a defining equation of a section σ_∞ at infinity. Let (s, t) denote a homogeneous coordinate of P^1. A defining equation η ∈ H^0(X, 2σ + 2ℓ) of E is written by η = f^2 + a(s, t)fg + b(s, t)g^2 for homogeneous polynomials a(s, t) and b(s, t) of degree 1 and 2, respectively. We can replace f with f + c(s, t)g for a linear form c = c(s, t). By the replacement, (a, b) is changed to (a + 2c, b + ac + c^2). Thus we may assume one of the following two cases occurs:

(i) a = 0; (ii) b = b^2_1 for a linear form b_1.

In fact, this is shown as follows: If char k ≠ 2, then the case (i) can be occur since a + 2c = 0 for some c; If char k = 2 and a ≠ 0, then we can take (a, b) = (s, λt^2) for a non-zero constant λ ∈ k. If (i) and (ii) occur at the same time, then we have f^2 + afg + bg^2 = (f + √ −1b_1g)(f − √ −1b_1g), which contradicts the irreducibility of E. In case (i), we may assume b = st by a suitable coordinate change of (s, t), and thus we have the case (1). In case (ii), we may assume similarly a = s and b = t^2, and thus we have the case (2). If char k ≠ 2, then

(a, b) = (s, t^2) is changed to (a + 2c, b + ac + c^2) = (0, (t + (1/2)s)(t − (1/2)s)) by c = −(1/2)a; thus (1) and (2) define the same (X, E) up to isomorphism. □ Even if char k ≠ 2, the uniqueness of fundamental triplet (cf. Theorem 4.9) does not hold in general for the type [1; 2, 2]_0 as follows:

Example 4.12. Let (X, E, Δ) be a fundamental triplet of type [1; 2, 2]_0 with a fiber ℓ of π : X → P^1 such that ℓ ∩ E consists of two points P_1, P_2. We set mult_{Pi} (Δ) = m_i for i = 1, 2, and assume that m_1 ≥ 2, m_2 ≥ 0.

We shall show the existence of a section σ_∞ at infinity with mult_{P1} (σ_∞ ∩ E) = 2. In fact, from the exact sequence

0 → H^0(X, −σ − ℓ) → H^0(X, σ + ℓ) → H^0(E, (σ + ℓ)|_E) ≃ H^0(P^1, O(2)) → 0, there is an effective divisor D ∼ σ + ℓ with D|_E = 2P_1 on E. If D is reducible, then D = σ + ℓ but ℓ ∩ E ≠ 2P_1; this is a contradiction. Thus D is a section at infinity.

Let ϕ^{−1}(P_i) =

∑_{mi}

j=1 Γ^{(i)}_j be the chain of ϕ-exceptional curves over P_i for i = 1, 2; however we do not consider ϕ^{−1}(P_2) in case m_2 = 0. Here, Γ^{(i)}_{mi} is an end (−1)-curve and others are (−2)-curves. For the proper transform ℓ_M ⊂ M of ℓ, the inverse image ϕ^{−1}(ℓ) is a straight chain of rational curves written as

∑_{m1}

i=1 Γ^{(1)}_i + ℓ_M +

∑_{m2}

j=1 Γ^{(2)}_j , if m_2 > 0;

∑_{m1}

i=1 Γ^{(1)}_i + ℓ_M , if m_2 = 0,

where ℓ_M intersects only Γ^{(1)}_1 and Γ^{(2)}_1 in the chain ϕ^{−1}(ℓ) when m_2 > 0, and intersects only Γ^{(1)}_1 when m_2 = 0. The proper transform σ_{∞,M} of σ_∞ in M intersects only Γ^{(1)}_2 in the chain ϕ^{−1}(ℓ). Note that the section σ_{∞,M} of M → P^1 is a (−1)-curve with σ_{∞,M} ∩E_M = ∅. Let ϕ^′ : M → X^′ be the morphism of Lemma 4.5 defined for the section σ_{∞,M} , and let σ^′ ⊂ X^′ be the image ϕ^′(σ_{∞,M} ). Then σ_{∞,M} = ϕ^{′∗}(σ^′). Therefore, X^′ ≃ F_1, ϕ^′ contracts any irreducible component of ϕ^{−1}(ℓ) except for Γ^{(1)}_2 , and σ^′ ∩ ϕ^′(E_M ) = ∅. Thus ϕ^′ is the elimination of a fundamental triplet (X^′, E^′, Δ^′) of type [1; 2, 2]_0 which is isomorphic to (X, E, Δ) over P^1 \ π(ℓ). Furthermore, for the fiber ℓ^′ of X^′ → P^1 over π(ℓ), we have ℓ^′ ∩ E^′ = {P^′_1, P^′_2} with mult_P ′_1 (Δ^′) = m_1 − 2 and mult_P ′_2 (Δ^′) = m_2 + 2. Thus (X^′, E^′, Δ^′) is not isomorphic to (X, E, Δ).

4.3. Non-Gorenstein exceptional graphs.

Lemma 4.13. Let (X, E, Δ) be a fundamental triplet, (M, E_M ) the elimination of Δ, and let (S, B) be the associated del Pezzo pair of index two. An irreducible curve Γ ⊂ M is exceptional for α: M → S if and only if one of the following conditions is satisfied:

(1) Γ is a (−2)-curve contracted by the elimination ϕ: M → X of Δ; (2) Γ is the proper transform in M of an irreducible component E_i ⊂ E with LE_i = deg(Δ ∩ E_i);

(3) Γ is the total transform in M of σ in the case of type [2; 1, 2]_0; (4) Γ is the proper transform in M of a fiber ℓ of π : X → P^1 with deg(ℓ ∩ Δ) = 2 in the case of type [1; 2, 2]_0.

Moreover, if an irreducible component Γ of E_M is α-exceptional, then m = mult_Γ E_M ≤ 4 and the following properties hold:

(i) If m = 1, then Γ^2 ≥ −4, where the equality holds if and only if Γ is a connected component of E_M .

(ii) In case m = 1, Γ^2 = −3 if and only if (E_M − Γ)Γ = 1.

(iii) In case m = 2, Γ^2 = −n ≥ −4 if and only if Γ is the proper transform of σ in the case of type [n; 2, 4]_2.

(iv) If m = 2 and Γ^2 = −3, then Γ is one of the following curves:

(a) The proper transform of ℓ in the case of type [2]_2; (b) The proper transform of σ in the case of type [3; 2, 4]_2; (c) The proper transform of ℓ in the case of type [2; 1, 2]_{2+}.

(v) If m ≥ 3, then Γ^2 = −2.

Proof. We fix an irreducible curve Γ ⊂ M with Γ^2 < 0. Note that Γ is α-exceptional if and only if L_M Γ = 0. Since −2K_M = L_M + E_M , it is also equivalent to −2K_M Γ = E_M Γ. If Γ is α-exceptional and ϕ-exceptional, then Γ is not a (−1)-curve by the minimality of α, hence it is a (−2)-curve. Conversely, if Γ is a ϕ-exceptional (−2)-curve, then L_M Γ = 0 by K_M + L_M ∼ ϕ^∗(K_X + L). Therefore, it is enough to consider only the case where Γ is the proper transform in M of an irreducible curve γ of X. Then, by Lemma 2.7, we have Γ^2 = γ^2 − deg(γ ∩ Δ), L_M Γ = Lγ − deg(γ ∩ Δ), and E_M Γ = Eγ − deg(γ ∩ Δ). Suppose that γ ⊂ E. Then m = mult_Γ E_M = mult_γ E ≤ 4 by Theorem 4.6. If m = 4, then γ is a fiber of π : X → P^1 in the case of type [n; 2, 4]_2 for n ≥ 3, and Γ^2 ≥ −2. If m = 3, then γ is also a fiber in the case of type [n; 2, e]_2 for n ≥ 2, e ≥ 3, and Γ^2 ≥ −2. In particular, the property (v) holds. If m = 2 and Γ is α-exceptional, then one of the following cases occurs:

• γ = ℓ in the case of type [2]_2 and deg(Δ ∩ ℓ) = 4. • γ = σ in the case of type [2; 1, 2]_{2+} • γ = ℓ in the case of type [2; 1, 2]_{2+} with deg(Δ ∩ ℓ) = 3. • γ = ℓ in the case of type [n; 2, e]_2 for n ≥ 1, e ≥ 2 with deg(Δ ∩ ℓ) = 2 • γ = σ in the case of type [n; 2, 4]_2 for n ≥ 3.

Thus the properties (iii) and (iv) hold. If m = 1 and Γ is α-exceptional, then L_M Γ = 0 induces

−2 = (K_M + Γ)Γ = −(1/2)E_M Γ + Γ^2 = −(1/2)(E_M − Γ)Γ + (1/2)Γ^2 ≤ (1/2)Γ^2. Thus the properties (i) and (ii) hold.

Then there remains only the case: γ ⊄ E. Assume that Γ is α-exceptional. Then K_M Γ ≥ 0 and E_M Γ ≥ 0 imply that Γ is a (−2)-curve and Lγ = Eγ = γ^2 +2 = deg(γ∩Δ). In particular, K_X + L is not ample, since 2(K_X + L) = L − E. If (X, E) is of type [2; 1, 2], then (X, E, Δ) is of type [2; 1, 2]_0 and γ = σ. If K_X + L is not big, then γ is a fiber ℓ of π : X → P^1 with deg(Δ ∩ ℓ) = 2; such a fiber ℓ exists only in the case of type [1; 2, 2]_0 by Theorem 4.6.

Conversely, assume that γ is the curve σ in (3) or the curve ℓ in (4). Then L_M Γ = Lγ − deg(γ ∩ Δ) = (K_X + L)γ − K_X γ − deg(γ ∩ Δ) = 2 + γ^2 − deg(γ ∩ Δ) = 0. Hence, Γ is α-exceptional. Thus, we are done. □

Theorem 4.14. For a rational del Pezzo pair (S, B) of index at most two, the dual graph of the exceptional divisors for the minimal desingularization of a non-Gorenstein singular point of S is one of the graphs listed in Tables 3 and 4.

The singularities having the graph K_l are discussed in Section 4.4 below. Proof. We may assume that (S, B) is constructed from a fundamental triplet (X, E, Δ) by Proposition 3.11 and Lemma 3.12. Let ϕ: (M, E_M ) → (X, E, Δ) be the elimination and let α: M → S be the minimal desingularization. Let Ξ = Ξ_Q be the reduced divisor α^{−1}(Q) for a non-Gorenstein point Q ∈ S. Then Ξ ≤ E_M by the equality K_M = α^∗(K_S + B) − (1/2)E_M . Hence, Ξ is a connected component of the reduced divisor αE_M consisting of the irreducible components of E_M exceptional for α. Conversely, a connected component of_αE_M is the exceptional divisor Ξ_Q for a non-Gorenstein point Q ∈ S.

Since Ξ defines a non-Gorenstein point, there is an irreducible component E_1 ⊂ E such that the proper transform E_{1,M} in M is contained in Ξ and E^2_{1,M} ≤ −3. By Theorem 4.6, we can divide the argument into the following seven cases of (X, E, Δ):

(1) E = E_1.

(2) E = E_1 + E_2 for another irreducible component E_2. (3) The type [2; 1, 2]_{++} with deg(Δ ∩ ℓ_i) = 3 for i = 1 or 2. (4) The type [3; 2, 4]_{++}(a, b).

(5) The type [2]_2 with deg(Δ ∩ ℓ) = 4. (6) The type [2; 1, 2]_{2+} with deg(Δ ∩ ℓ) = 3.

(7) The type [n; 2, 4]_2 for n ≥ 3.

Case (1): E_M is a (−4)-curve by Lemma 4.13. Hence the dual graph of Ξ = E_M is K_1. Case (2): Let E_{2,M} ⊂ M be the proper transform of E_2.

Subcase (2-1) E_1 ∩ E_2 = ∅: Then Ξ = E_{i,M} for i = 1 or 2 and the dual graph of Ξ is K_1 by Lemma 4.13.

In case E_1 ∩ E_2 ≠ ∅, let P denote the intersection point E_1 ∩ E_2. Subcase (2-2) P ∉ Δ: Then_αE_M = E_{1,M} + E_{2,M} or E_{1,M} . Hence, the dual graph of Ξ =_αE_M is K_2 or A_1(3).

In case P ∈ Δ, we may assume that b = mult_P (Δ ∩ E_1) ≥ mult_P (Δ ∩ E_2) = 1. Here b ≤ 4 and the maximum is attained when the type is [2]_+(4) by Theorem 4.6.

Subcase (2-3) Δ is a Cartier divisor of E at P : If E_{2,M} is also α-exceptional, then the dual graph of_αE_M is of type K_{b+2}, since_αE_M consists of E_{1,M} , E_{2,M} , and of the (−2)- curves contained in ϕ^{−1}(P ). If E_{2,M} is not α-exceptional, then the dual graph of_αE_M is A_{b+1}(3).

Subcase (2-4) Δ is not a Cartier divisor of E at P : Then mult_P (Δ) = b. Hence E_M has two connected components; one is E_{1,M} and the other component consists of E_{2,M} and of the (−2)-curves contained in ϕ^{−1}(P ). Hence the dual graph of Ξ is A_1(3) or A_b(3). Case (3): We may assume E_1 = ℓ_1 and deg(Δ ∩ ℓ_1) = 3. If deg(Δ ∩ ℓ_2) = 3, then the dual graph of_αE_M is K_3. If deg(Δ ∩ ℓ_2) < 3, then the dual graph of_αE_M is A_2(3). Case (4): We may assume E_1 = σ. We set E_2 = ℓ, E_3 = σ_∞, and P = E_2 ∩ E_3. Let E_{i,M} be the proper transform of E_i in M for 1 ≤ i ≤ 3.

Subcase (4-1) E_{2,M} and E_{3,M} are α-exceptional:

Subcase (4-1-1) Δ is a Cartier divisor of E: Then E_M is α-exceptional and connected. If (a, b) = (0, 0), i.e., P ∉ Δ, then the dual graph of E_M is K_3. If (a, b) ≠ (0, 0), then the dual graph is K_{a+b+2}. Hence, we have K_l for l ≤ 9.

Subcase (4-1-2) Δ is not a Cartier divisor of E: Then (a, b) ≠ (0, 0) and mult_P (Δ) = a + b − 1. Hence, E_M has two connected components; one contains E_{1,M} + E_{2,M} and the other contains E_{3,M} . Thus the dual graph of Ξ is A_l(3) for l ≤ 7, where the maximum l = 7 is attained in the case (a, b) = (1, 6).

Subcase (4-2) E_{2,M} is α-exceptional but E_{3,M} is not: Then b ≤ deg(Δ ∩ σ_∞) < 6.

Subcase (4-2-1) Δ is a Cartier divisor of E: Then_αE_M is connected and the dual graph is A_2(3) if (a, b) = (0, 0), and A_{1+a+b}(3) if (a, b) ≠ (0, 0). Thus we have A_l(3) for l ≤ 7, where the maximum l = 7 is attained in the case (a, b) = (1, 5).

Table 3. Exceptional graphs of types K, A, D and ~D (n ≥ 3)

K_1 : � (= A_1(4)) A_3(n)^′ : � �n � K_2 : � � A_4(n)^′ : � �n � � K_l : � � � � (l ≥ 3 vertices) A_5(n)^′ : � �n � � � A_1(n) : �n A_5(n)^{′′} : � � �n � � A_2(n) : �n � A_6(n)^′ : � � �n � � � A_l(n) : �n � � � (l ≥ 3 vertices) A_7(n)^′ : � � � �n � � �

(The bounds of l: K_l for l ≤ 9; A_l(n) for l ≤ 5 in case n ≥ 4; A_l(3) for l ≤ 7)

D_4 : � � � �_n D_7(n) : � � � � �_n � �

D_4(n)^′ : � �_n

� � D_7(n)^′ : � � � �_n � � �

D_5(n) : � � � � �_n D_8(n) : � � � � �_n � � �

D_5(n)^′ :

�_n � � � � ~D_4(n) : � �_n � � �

D_5(n)^{′′} : � � � �_n � ~D_5(n) : � � � � �_n �

D_5(n)^{′′′} : � �_n

� � � ~D_6(n) : � � � � �_n � �

D_6(n) : � � � � �_n � ~D_6(n)^′ : � � � � � �_n �

D_6(n)^′ :

�_n � � � � � ~D_7(n) : � � � � �_n � � �

D_6(n)^{′′} : � � � �_n � � ~D_8(n) : � � � � � �_n � � �

D_6(n)^{′′′} : � �_n

� � � �

Table 4. Exceptional graphs of types E and ~E (n ≥ 3)

E_6(n) : � �_n � � � � E_8(n) : � �_n � � � � � �

E_6(n)^′ :

�_n

� � � � � ~E_6(n) :

� �_n

� � � � �

E_6(n)^{′′} : � � �_n � � � ~E_7(n) : � � �_n � � � � �

E_7(n) : � �_n � � � � � ~E_7(n)^′ : �_n

� � � � � � �

E_7(n)^′ : � � � � � �_n � ~E_8(n) : � �_n � � � � � � �

E_7(n)^{′′} :

�_n

� � � � � �

Subcase (4-2-2) Δ is not a Cartier divisor of E: Then (a, b) ≠ (0, 0) and mult_P (Δ) = a+b−1. Thus_αE_M is connected and its dual graph is A_l(3) for l ≤ 6, where the maximum l = 6 is attained in the case (a, b) = (1, 5).

Subcase (4-3) E_{3,M} is α-exceptional but E_{2,M} is not: Then Ξ = E_{1,M} or Ξ contains E_{3,M} . Thus the dual graph of Ξ is A_l(3) for 1 ≤ l ≤ 7, where the maximum l = 7 is attained in the case (a, b) = (1, 6).

Subcase (4-4) E_{2,M} and E_{3,M} are not α-exceptional: Then Ξ = E_{1,M} and the dual graph is A_1(3).

Case (5): Now E_1 = ℓ. In fact, the proper transform of ℓ is an α-exceptional (−3)-curve contained in Ξ. The dual graph of Ξ is obtained by using Lemma 2.17 as follows.

Subcase (5-1) Δ ∩ ℓ = 4P for a point P : Then 4 ≤ k = mult_P (Δ) ≤ 8 and the dual graph of Ξ is as follows:

k 4 5 6 7 8 Graph A_1(3) A_5(3) D_6(3)^′ E_7(3)^{′′} ~E_7(3)^′ Subcase (5-2) Δ ∩ ℓ = 3P + P^′ for points P ≠ P^′: Then 3 ≤ k ≤ 6 and 1 ≤ k^′ ≤ 2 for k = mult_P (Δ) and k^′ = mult_P (Δ^′). The dual graph of Ξ is as follows:

(k, k^′) (3, 1) (3, 2) (4, 1) (4, 2) (5, 1) (5, 2) (6, 1) (6, 2) Graph A_1(3) A_2(3) A_4(3) A_5(3)^′ D_5(3)^′ E_6(3)^{′′} E_6(3)^′ ~E_6(3) Subcase (5-3) Δ ∩ ℓ = 2P + 2P^′ for points P ≠ P^′: Then 2 ≤ k, k^′ ≤ 4 for k = mult_P (Δ) and k^′ = mult_P (Δ^′). We may assume k ≥ k^′. Then the dual graph of Ξ is as follows:

(k, k^′) (2, 2) (3, 2) (3, 3) (4, 2) (4, 3) (4, 4) Graph A_1(3) A_3(3) A_5(3)^{′′} D_4(3) D_6(3)^{′′} ~D_6(3) Subcase (5-4) Δ ∩ ℓ = 2P + P^′ + P^{′′} for three points P , P^′, P^{′′}: Then 2 ≤ k ≤ 4 and 1 ≤ k^′, k^{′′} ≤ 2 for k = mult_P (Δ), k^′ = mult_P ′ (Δ), k^{′′} = mult_P ′′ (Δ). We set l = k^′ +k^{′′} −2. Then the dual graph of Ξ is as follows:

(k, l) (2, 0) (2, 1) (2, 2) (3, 0) (3, 1) (3, 2) (4, 0) (4, 1) (4, 2) Graph A_1(3) A_2(3) A_3(3)^′ A_3(3) A_4(3)^′ D_5(3)^{′′′} D_4(3) D_5(3)^{′′} ~D_5(3) Subcase (5-5) Δ ∩ ℓ consists of 4 points: Then 1 ≤ mult_P (Δ) ≤ 2 for P ∈ Δ ∩ ℓ. Let l be the number of points P ∈ Δ ∩ ℓ with mult_P (Δ) = 2. Then the dual graph of Ξ is as follows:

l 0 1 2 3 4 Graph A_1(3) A_2(3) A_3(3)^′ D_4(3)^′ ~D_4(3) Case (6): Now E_1 = ℓ. The proper transform of E is M is α-exceptional whose dual graph is A_2(3). It is contained in Ξ and the dual graph of Ξ is obtained by using Lemma 2.17 as follows.

Subcase (6-1) Δ ∩ ℓ = 3P : Then 3 ≤ k = mult_P (Δ) ≤ 6 and the dual graph is as follows:

k 3 4 5 6 Graph A_2(3) A_5(3)^′ E_6(3)^{′′} ~E_6(3) Subcase (6-2) Δ ∩ ℓ = 2P + P^′ for two points P , P^′ ∈ ℓ: Then 2 ≤ k = mult_P (Δ) ≤ 4 and 1 ≤ k^′ = mult_P ′ (Δ) ≤ 2. The dual graph is as follows: (k, k^′) (2, 1) (2, 2) (3, 1) (3, 2) (4, 1) (4, 2) Graph A_2(3) A_3(3)^′ A_4(3)^′ D_5(3)^{′′′} D_5(3)^{′′} ~D_5(3) Subcase (6-3) Δ ∩ ℓ consists of three points: Then 1 ≤ mult_P (Δ) ≤ 2 for any P ∈ Δ∩ℓ.

Let l be the number of points P with mult_P (Δ) = 2. Then the dual graph is as follows: l 0 1 2 3 Graph A_2(3) A_3(3)^′ D_4(3)^′ ~D_4(3)

Case (7): We may assume E_1 = σ. The proper transform E_{1,M} ⊂ M is a (−n)-curve.

Subcase (7-1) F = 4ℓ for a fiber ℓ of π: Then deg(Δ∩ℓ) = 2, and the proper transform in M of E is α-exceptional which is contained in Ξ.

Subcase (7-1-1) Δ ∩ ℓ = 2P for a point P ∈ ℓ: Then 2 ≤ k = mult_P (Δ) ≤ 8 and the dual graph of Ξ is as follows:

k 2 3 4 5 6 7 8 Graph A_2(n) A_4(n) D_5(n) E_6(n) E_7(n) E_8(n) ~E_8(n) Subcase (7-1-2) Δ ∩ ℓ = P + P^′ for two points P , P^′ ∈ ℓ: Then 1 ≤ k, k^′ ≤ 4 for k = mult_P (Δ) and k^′ = mult_P ′ (Δ). We may assume k ≥ k^′. The dual graph of Ξ is as follows:

(k, k^′) (1, 1) (2, 1) (2, 2) (3, 1) (3, 2) (3, 3) (4, 1) (4, 2) (4, 3) (4, 4) Graph A_2(n) A_3(n) D_4(n) A_4(n) D_5(n)^′ E_6(n)^′ A_5(n) D_6(n)^′ E_7(n)^{′′} ~E_7(n)^′ Subcase (7-2) F = 3ℓ_1 + ℓ_2 for two fibers ℓ_1, ℓ_2 of π:

Subcase (7-2-1) Δ ∩ ℓ_1 = 2P for a point P ∈ ℓ_1 and deg(Δ ∩ ℓ_2) = 2: Then 2 ≤ k = mult_P (Δ) ≤ 6 and the dual graph of Ξ is as follows: k 2 3 4 5 6 Graph A_3(n)^′ A_5(n)^′ D_6(n) E_7(n)^′ ~E_7(n) Subcase (7-2-2) Δ ∩ ℓ = 2P for a point P ∈ ℓ_1 and deg(Δ ∩ ℓ_2) < 2: Then 2 ≤ k = mult_P (Δ) ≤ 6 and the dual graph of Ξ is as follows: k 2 3 4 5 6 Graph A_2(n) A_4(n) D_5(n) E_6(n) E_7(n) Subcase (7-2-3) Δ ∩ ℓ_1 = P + P^′ for two points P , P^′ ∈ ℓ_1 and deg(Δ ∩ ℓ_2) = 2: We may assume 3 ≥ k ≥ k^′ ≥ 1 for k = mult_P (Δ) and k^′ = mult_P ′ (Δ). Then the dual graph of Ξ is as follows:

(k, k^′) (1, 1) (2, 1) (2, 2) (3, 1) (3, 2) (3, 3) Graph A_3(n)^′ A_4(n)^′ D_5(n)^{′′} A_5(n)^′ E_6(n)^{′′} ~E_6(n) Subcase (7-2-4) Δ ∩ ℓ_1 = P + P^′ for two points P , P^′ ∈ ℓ_1 and deg(Δ ∩ ℓ_2) < 2: We may assume 3 ≥ k ≥ k^′ ≥ 1 for k = mult_P (Δ) and k^′ = mult_P ′ (Δ). Then the dual graph of Ξ is as follows:

(k, k^′) (1, 1) (2, 1) (2, 2) (3, 1) (3, 2) (3, 3) Graph A_2(n) A_3(n) D_4(n) A_4(n) D_5(n)^′ E_6(n)^′

Subcase (7-2-5) deg(Δ ∩ ℓ_1) < 2: If deg(Δ∩ℓ_2) = 2, then the dual graph of Ξ is A_2(n). If deg(Δ ∩ ℓ_2) < 2, then it is A_1(n).

Subcase (7-3) F = 2ℓ_1 + 2ℓ_2 for two fibers ℓ_1, ℓ_2 of π:

Subcase (7-3-1) Δ ∩ ℓ_1 = 2P_1 and Δ ∩ ℓ_2 = 2P_2 for points P_1 ∈ ℓ_1, P_2 ∈ ℓ_2: Then 2 ≤ k_i = mult_{Pi} (Δ) ≤ 4 for i = 1, 2. We may assume k_1 ≥ k_2. Then the dual graph is as follows:

(k_1, k_2) (2, 2) (3, 2) (3, 3) (4, 2) (4, 3) (4, 4) Graph A_3(n)^′ A_5(n)^′ A_7(n)^′ D_6(n) D_8(n) ~D_8(n) Subcase (7-3-2) Δ ∩ ℓ_1 = 2P_1 and Δ ∩ ℓ_2 = P_2 + P^′_2 for a point P_1 ∈ ℓ_1 and for two points P_2, P^′_2 ∈ ℓ_2: Then 2 ≤ k_1 = mult_{P1} (Δ) ≤ 4 and 1 ≤ k_2, k^′_2 ≤ 2 for k_2 = mult_{P2} (Δ) and k^′_2 = mult_P ′_2 (Δ). Let l = k_2 + k^′_2 − 2. Then the dual graph is as follows:

(k_1, l) (2, 0) (2, 1) (2, 2) (3, 0) (3, 1) (3, 2) (4, 0) (4, 1) (4, 2) Graph A_3(n)^′ A_4(n)^′ D_5(n)^{′′} A_5(n)^′ A_6(n)^′ D_7(n)^′ D_6(n) D_7(n) ~D_7(n) Subcase (7-3-3) Δ ∩ ℓ_1 consists of two points and Δ ∩ ℓ_2 consists of two points: For i = 1, 2, let l_i be the number of points P ∈ Δ ∩ ℓ_i with mult_P (Δ) = 2. We may assume l_1 ≥ l_2. Then the dual graph is as follows: (l_1, l_2) (0, 0) (1, 0) (1, 1) (2, 0) (2, 1) (2, 2) Graph A_3(n)^′ A_4(n)^′ A_5(n)^{′′} D_5(n)^{′′} D_6(n)^{′′} ~D_6(n) Subcase (7-3-4) Δ ∩ ℓ_1 = 2P for a point P ∈ ℓ_1 and deg(Δ ∩ ℓ_2) < 2: Then 2 ≤ k = mult_P (Δ) ≤ 4 and the dual graph is as follows: k 2 3 4 Graph A_2(n) A_4(n) D_5(n) Subcase (7-3-5) Δ ∩ ℓ_1 consists of two points and deg(Δ ∩ ℓ_2) < 2: For the number l of points P ∈ Δ ∩ ℓ_1 with mult_P (Δ) = 2, the dual graph is as follows: l 0 1 2 Graph A_2(n) A_3(n) D_4(n) Subcase (7-3-6) deg(Δ ∩ ℓ_1) < 2 and deg(Δ ∩ ℓ_2) < 2: Then Ξ = E_{1,M} and the dual graph is A_1(n).

Subcase (7-4) F = 2ℓ_1 + ℓ_2 + ℓ_3 for three fibers ℓ_1, ℓ_2, ℓ_3 of π:

Subcase (7-4-1) Δ ∩ ℓ_1 = 2P for a point P ∈ ℓ: Then 2 ≤ k = mult_P (Δ) ≤ 4. Let l be the number of fibers ℓ_i for i = 2, 3 with deg(Δ ∩ ℓ_i) = 2. Then the dual graph is as follows:

(k, l) (2, 0) (3, 0) (4, 0) (2, 1) (3, 1) (4, 1) (2, 2) (3, 2) (4, 2) Graph A_2(n) A_4(n) D_5(n) A_3(n)^′ A_5(n)^′ D_6(n) D_4(n)^′ D_6(n)^{′′′} ~D_6(n)^′ Subcase (7-4-2) Δ ∩ ℓ_1 consists of two points: Let l be the number of points P ∈ ℓ_1 with mult_P (Δ) = 2 and l^′ be the number of fibers ℓ_i for i = 2, 3 with deg(Δ ∩ ℓ_i) = 2. Then 0 ≤ l, l^′ ≤ 2 and the dual graph is as follows:

(l, l^′) (0, 0) (1, 0) (2, 0) (0, 1) (1, 1) (2, 1) (0, 2) (1, 2) (2, 2) Graph A_2(n) A_3(n) D_4(n) A_3(n)^′ A_4(n)^′ D_5(n)^{′′} D_4(n)^′ D_5(n)^{′′′} ~D_5(n) Subcase (7-4-3) deg(Δ ∩ ℓ_1) < 2: Let l be the number of fibers ℓ_i for i = 2, 3 with deg(Δ ∩ ℓ_i) = 2. Then the dual graph is as follows: l 0 1 2 Graph A_1(n) A_2(n) A_3(n)^′ Subcase (7-5) F = ℓ_1 + ℓ_2 + ℓ_3 + ℓ_4 for 4 fibers ℓ_i (1 ≤ i ≤ 4) of π: Let l be the number of fibers ℓ_i with deg(Δ ∩ ℓ_i) = 2. Then the dual graph is as follows: l 0 1 2 3 4 Graph A_1(n) A_2(n) A_3(n)^′ D_4(n)^′ ~D_4(n) Thus we are done. □ 4.4. Remarks on two-dimensional log-terminal singularity of index two. We note on two-dimensional log-terminal singularities in arbitrary characteristics. Let S be a germ of normal surface at a point Q and let α: M → S be the minimal desingularization. Suppose that 2K_S is numerically Cartier and let E_M be the effective divisor supported in α^{−1}(Q) determined by 2K_M ∼ α^∗(2K_S) − E_M .

Lemma 4.15. Under the situation, the following conditions are mutually equivalent:

(1) (S, 0) is log-terminal of index two; (2) E_M is a non-zero reduced divisor;

(3) E_M is a straight chain of non-singular rational curves whose dual graph is K_n defined below (cf. Notation (1)):

K_1 : � , K_2 : � � , K_l : � � � � (consisting of l ≥ 3 vertices).

If the conditions above are satisfied, then S has only rational singularities.

The same symbol K_n is used in Table 3.

Proof. (1) ⇒ (2) is trivial.

(2) ⇒ (3): Any irreducible component E_{i,M} of E_M is isomorphic to P^1 by (K_M + E_{i,M} )E_{i,M} = −(1/2)E_M E_{i,M} + E^2_{i,M} = −(1/2)(E_M − E_{i,M} )E_{i,M} + (1/2)E^2_{i,M} < 0. Moreover, we have (4–13) E^2_{i,M} = −4 + (E_M − E_{i,M} )E_{i,M} ≥ −4.

If E_M is irreducible, then E_M is a (−4)-curve, thus the dual graph is K_1. Hence we may assume that E_M is reducible.

If there are two irreducible components E_{1,M} , E_{2,M} with E_{1,M} E_{2,M} ≥ 2, then E^2_{1,M} = E^2_{2,M} = −2, E_{1,M} E_{2,M} = 2 by (4–13); this induces (E_{1,M} + E_{2,M} )^2 = 0 contradicting that the intersection matrix (E_{i,M} E_{j,M} ) is negative definite. Thus E_{i,M} E_{j,M} ≤ 1 for any i, j.

Suppose that there are three irreducible components E_{1,M} , E_{2,M} , E_{3,M} which contain the same point P . Then E_{1,M} ∩E_{2,M} = E_{2,M} ∩E_{3,M} = E_{3,M} ∩E_{1,M} = {P } and E^2_{i,M} = −2 for 1 ≤ i ≤ 3 by (4–13). Thus we have a contradiction by (E_{1,M} + E_{2,M} + E_{3,M} )^2 = 0. Therefore, E_M is a simple normal crossing divisor consisting of non-singular rational curves E_{i,M} such that E_{i,M} E_{j,M} ≤ 1 for any i, j.

Suppose that E^2_{i,M} = −2 for any i. Then (E_M − E_{i,M} )E_{i,M} = 2 and the dual graph of E_M is a circle. Thus we have a contradiction by E^2_M = 0.

Hence, there is an irreducible component E_{1,M} with E^2_{1,M} = −3. Let E_{2,M} be the unique irreducible component with E_{1,M} E_{2,M} = 1. If E^2_{2,M} = −3, then E_M = E_{1,M} + E_{2,M} and the dual graph is K_2. If E^2_{2,M} = −2, then there is a unique irreducible component E_{3,M} with E_{1,M} E_{3,M} = 0 and E_{2,M} E_{3,M} = 1. In this way, we can show that the dual graph of E_M is K_n.

(3) ⇒ (1): The fundamental cycle of S is E_M since E_M E_{i,M} = 0 if E^2_{i,M} = −2, and E_M E_{i,M} = −2 if E^2_{i,M} = −3. Since (K_M + E_M )E_M = (1/2)E^2_M = −2, S has only rational singularities. Furthermore, (2K_M + E_M )E_{i,M} = 0 for any i. Thus 2K_M + E_M ∼ α^∗L for a Cartier divisor by Theorem 3.1. Hence 2K_S ∼ L is Cartier and (S, 0) is log-terminal of index two. □

Definition 4.16. If the conditions in Lemma 4.15 are satisfied and if the number of irreducible components of E_M is n, then the singularity of S is called of type K_n.

Example 4.17. Let N be a free abelian group of rank two with a basis (e_1, e_2) and let M be the dual Hom(N, Z). For a positive integer n, we set

N^′ = N + Z 1 4n (e_1 + (2n − 1)e_2) ⊂ N ⊗ Q and M^′ = Hom(N^′, Z).

For the first quadrant σ = R_{≥0}e_1 + R_{≥0}e_2, let X = X(N^′, σ) be the affine toric variety Spec k[σ^∨ ∩ M^′] associated with (N^′, σ). Let x, y be the generators of the polynomial ring k[σ^∨ ∩ M] in which (x, y) corresponds to the basis of M dual to (e_1, e_2). Then the toric variety X(N, σ) is isomorphic to A^2 and the natural morphism A^2 ≃ X(N, σ) → X is regarded as the quotient map for the following action of the algebraic subgroup μ_{4n} = Spec k[ζ]/(ζ^{4n} − 1) of G_m = Spec k[ζ, ζ^{−1}] on A^2: (x, y) → (ζx, ζ^{2n−1}y).

In fact, k[σ^∨ ∩ M^′] is isomorphic to the invariant ring k[x, y]^{μ4n} , which is generated by five monomials

x^{4n}, y^{4n}, x^2y^2, x^{2n+1}y, xy^{2n+1}, over k. Note that ζ^{2n} ≠ −1 if char k = 2. We write X = X((1, 2n − 1)/(4n)) and k[x, y]^{μ4n} = R((1, 2n − 1)/(4n)). Actually, X is a cyclic quotient singularity of type (1, 2n − 1)/(4n) if 4n and char k are coprime. We define v_0 = e_2, v_{n+1} = e_1, and

v_j =

2j − 1 4n e_1 + ( 1 2 − 2j − 1 4n ) e_2 ∈ N^′

for 1 ≤ j ≤ n. Furthermore, we set σ_j = R_{≥0}v_{j−1} + R_{≥0}v_j for 1 ≤ j ≤ n + 1. Since Zv_{j−1} + Zv_j = N^′ for any 1 ≤ j ≤ n + 1, X(N^′, σ_j) is non-singular and the toric variety ~X = X(N^′, {σ_j}) = ⋃ X(N^′, σ_j) is a desingularization of X. Let Γ_j be the prime divisor of ~X corresponding to the ray R_{≥0}v_j. Then Γ_j ≃ P^1 and ∑ Γ_j is a simple normal crossing divisor whose dual graph is K_n. Thus ~X → X is the minimal desingularization and the singularity of X at the origin is K_n.

Proposition 4.18. For a singularity S of type K_n and for the minimal desingularization α: M → S, suppose that Pic(M) → Pic(E_M ) ≃ Z^{⊕n} is surjective. Then there is an étale morphism from S into X((1, 2n − 1)/(4n)) in Example 4.17. In particular, the Henselization of a singularity of type K_n is unique.

Proof. We may assume that S = Spec R for a two-dimensional local ring R essentially of finite type over k.

First, we treat the case: n = 1. Then O_M (−E_M ) ≃ L^{⊗4} for an invertible sheaf L, by assumption. Then |L| is base point free by Theorem 3.1. Hence, we can choose two sections s_1 and s_2 of L such that div(s_1) ∩ div(s_2) ∩ E_M = ∅. Let y be a defining equation of E_M , i.e., y is a section of O_M (E_M ) with div(y) = E_M . Then we have the following five regular functions ξ_1 = s^4_1y, ξ_2 = s^4_2y, θ = s^2_1s^2y, η_1 = s^3_1s_2y, η_2 = s_1s^3_2y over S. Since these five functions satisfy the same relation as the five generators of R((1, 1)/4), there is a ring homomorphism R((1, 1)/4) → R, and equivalently a morphism S → X((1, 1)/4). Since E_M is the fundamental cycle, the maximal ideal m of R is regarded as α_∗O_M (−E_M ) and m/m^2 is identified with H^0(E_M , O_{EM} (−E_M )) (cf. [5, Theorem 4]). Therefore, the five regular functions above form a basis of m/m^2, which implies that R((1, 1)/4) → R is étale.

Next, we treat the case n > 1. By assumption, there exist invertible sheaves L_0 and L_{n+1} on M with deg L_0|_{Ej,M} = δ_{1,j} and deg L_{n+1}|_{Ej,M} = δ_{n,j} for 1 ≤ j ≤ n. For i = 0, n + 1, |L_i| has no base points by Theorem 3.1. Thus there exist a section s_0 of L_0 and a section s_{n+1} of L_{n+1} such that div(s_0) intersects E_{1,M} transversely, div(s_{n+1}) intersects E_{n,M} transversely, div(s_0) ∩ E_{j,M} = ∅ for j ≠ 1, and div(s_{n+1}) ∩ E_{j,M} = ∅ for j ≠ n. Note that L_0 +

∑_n j=1 ( 1 2 − 2j − 1 4n ) E_{j,M} and L_{n+1} +

∑_n j=1 2j − 1 4n E_{j,M} are numerically trivial. Let y_j be a defining equation of E_{j,M} . Then we have five regular functions

ξ_1 = s^{4n}_0

∏_n

j=1 y^{2n−2j+1} j , ξ_2 = s^{4n}_{n+1}

∏_n

j=1 y^{2j−1}_j , θ = s^2_0s^2_{n+1}

∏_n

j=1 y_j, η_1 = s^{2n+1}_0 s_{n+1}

∏_n

j=1 y^{n−j+1} j , η_2 = s_0s^{2n+1}_{n+1}

∏_n

j=1 y^j over S. Hence, by the same argument as in the case of n = 1, there is an étale morphism S → X((1, 2n − 1)/(4n)). The remaining assertion on Henselization follows from [20, Lemma 14.3]. □

Proposition 4.19. There exists a Q-Gorenstein smoothing (of index two) of the singularity K_n at the origin of X((1, 2n − 1)/(4n)).

Proof. In Example 4.17, we can consider another subgroup

N^{′′} = N + Z 1 2n (1, 2n − 1) ⊂ N^′

and the associated toric variety Y = X(N^{′′}, σ). Then k[σ^∨ ∩ M^{′′}] for the dual M^{′′} = Hom(N^{′′}, Z) is the invariant subring of k[σ^∨ ∩ M] = k[x, y] by the action (x, y) → (ζ^2x, ζ^{−2}y) of ζ^2, which is generated by three monomials xy, x^{2n}, y^{2n}. Thus the invariant subring may be written as R((1, (2n − 1))/(2n)) and is isomorphic to k[z, u, v]/(z^{2n} − uv), by z → xy, u → x^{2n}, and v → y^{2n}. In particular, Y has a singularity of type A_{2n} at the origin. The action of ζ on k[x, y] induces an action on R((1, (2n − 1))/(2n)), which is expressed as (z, u, v) → (ζ^{2n}z, ζ^{2n}u, ζ^{2n}v).

Thus the quotient group μ_2 = Spec k[ξ]/(ξ^2 − 1) of μ_{4n} acts on the polynomial ring k[z, u, v] by the same way, where ζ^{2n} is replaced with ξ. Note that X = X((1, 2n−1)/(4n)) is the quotient of Y by the action of μ_2. The invariant ring A = k[z, u, v]^{μ2} has a singularity only at the origin and it is a toric terminal singularity of index two. We define a k-algebra homomorphism k[t] → A by t → z^{2n} − uv. For a constant c ∈ k, let k[t] → k be the k-algebra homomorphism given by t → c and let A_c be the tensor product A ⊗_{k[t]} k. Then A_0 ≃ R((1, 2n − 1)/(4n)). It is enough to show that Spec A_c is nonsingular for any c ≠ 0. Note that Spec A_c is covered by three open subsets {z^2 ≠ 0}, {u^2 ≠ 0}, and {v^2 ≠ 0}, since c ≠ 0.

The localization A_c[z^{−2}] contains u/z and v/z. Thus it is isomorphic to k[z, z^{−1}, u, v]/(z^n − uvz − c) by z → z^2, u → u/z, v → v/z. If the ring is not regular, then, by the Jacobian criterion, u = v = nz^{n−1} = z^n −c = 0 has a solution, but it is impossible. Hence, A_c[z^{−2}] is regular.

The localization A_c[u^{−2}] contains z/u and v/u. Thus it is isomorphic to k[u, u^{−1}, z, v]/(z^{2n}u^n − uv − c) by u → u^2, z → z/u, v → v/u. By the Jacobian criterion, the ring is regular since ∂ ∂v (z^{2n}u^n − uv − c) = −u ≠ 0.

Similarly, the localization A_c[v^{−2}] is also regular. Thus we are done. □

5. Deformations

We shall study deformation of fundamental triplets, of basic pairs, and of del Pezzo pairs of index at most two. The notion of equi-singular deformation is introduced.

5.1. Deformation of several objects.

Definition 5.1. (1) Let τ : ~X → T be a proper surjective smooth morphism into a connected curve T , ~E ⊂ ~X an effective divisor flat over T , and let ~Δ ⊂ ~X be a subscheme finite and flat over T . If (X_t, E_t, Δ_t) is a fundamental triplet for the fibers X_t = τ^{−1}(t), E_t = ~E ∩ X_t, and Δ_t = ~Δ ∩ X_t over any closed point t ∈ T , then τ : ( ~X, ~E, ~Δ) → T is called a family of fundamental triplets. If two fundamental triplets appear as fibers of a family of fundamental triplets over a connected curve, then the fundamental triplets are called deformation equivalent to each other.

(2) Let h: ~M → T be a proper surjective smooth morphism into a connected curve T and let ~E ⊂ ~M be an effective divisor flat over T . If (M_t, E_t) is a basic pair for the fibers M_t = h^{−1}(t) and E_t = ~E ∩ M_t over any closed point t ∈ T , then h: ( ~M, ~E) → T is called a family of basic pairs. If two basic pairs appear as fibers of a family of basic pairs over a connected curve, then the basic pairs are called deformation equivalent to each other.

(3) Let f : ~S → T be a proper surjective flat morphism from a normal variety ~S into a connected non-singular curve T and let ~B be an effective Q-divisor of ~S such that K~_S + ~B is Q-Cartier and Supp ~B is flat over T . If, for any closed point t ∈ T , (S_t, B_t) is a del Pezzo pair for the fiber S_t = f^{−1}(t) and for the Q-divisor B_t defined by (K~_S + ~B)_{|St} = K_{St} + B_t, then f : ( ~S, ~B) → T is called a family of del Pezzo pairs.

• The index of the family ( ~S, ~B) → T is defined to be the Q-Cartier index of K~_S + ~B.

• If the index of K_{St} + B_t for any closed point t ∈ T is equal to the index k of K~_S + ~B, then ( ~S, ~B) → T is called to have the constant index k.

Two del Pezzo pairs (S_1, B_1) and (S_2, B_2) are called deformation equivalent to each other if there exist finitely many families ( ~S_{(j)}, ~B_{(j)}) → T_{(j)} of del Pezzo pairs over connected non-singular curves T_{(j)} (1 ≤ j ≤ l) and points t^a_{(j)}, t^b_{(j)} ∈ T_{(j)} such that (S_1, B_1) ≃ (S_{(1),t}a_1 , B_{(1),t}a_1 ), (S_2, B_2) ≃ (S_{(l),t}b_l , B_{(l),t}b_l ), and (S_{(j),t}b_j , B_{(j),t}b_j ) ≃ (S_{(j+1),t}a_{j+1} , B_{(j+1),t}a_{j+1} ) for 1 ≤ j ≤ l − 1. If any ( ~S_{(j)}, ~B_{(j)}) → T_{(j)} has the same index (resp. constant index) equal to k, then (S_1, B_1) and (S_2, B_2) are called to be connected by deformations of index (resp. constant index) k.

Remark. The genus g is a deformation invariant for fundamental triplets (X, E, Δ), basic pairs (M, E_M ), and for del Pezzo pairs (S, B) of index two, where 2g − 2 = (K_X + L)L = (K_M + L_M )L_M = 2(K_S + 2B)(K_S + B) for L = −2K_X −E and L_M = −2K_M −E_M . Moreover, LE and L^2 are deformation invariants for fundamental triplets (X, E, Δ); and L_M E_M and L^2_M are deformation invariants for basic pairs (M, E_M ).

Lemma 5.2. (1) If two fundamental triplets are deformation equivalent to each other, then their eliminations are also deformation equivalent to each other as basic pairs.

(2) For a family h: ( ~M, ~E) → T of basic pairs over a smooth connected curve T , there exist a family f : ( ~S, ~B) → T of del Pezzo pairs of index at most two and a birational morphism ~α: ~M → ~S over T such that −2K ~_M = α^∗(−2(K~_S + ~B)) + ~E and that, for any closed point t ∈ T , the restriction α_t = ~α|_{Mt} : M_t → S_t of ~α to the fibers M_t = h^{−1}(t) and S_t = f^{−1}(t) is the minimal desingularization.

Proof. (1) follows from Lemma 2.20.

(2): We set ~L := −2K ~_M − ~E and L_t := −2K_{Mt} − E_t. By Theorem 3.18 and by the upper semi-continuity theorem, we have an isomorphism (5–14) h_∗O ~_M (m ~L) ⊗ k(t) ≃ H^0(M_t, mL_t) for any closed point t ∈ T and for any m ≥ 0. Hence the natural homomorphism (5–15) h^∗h_∗O ~_M (m ~L) → O ~_M (m ~L) is surjective for any m ≥ 0 by Theorem 3.18. Since L_t is big, there exist a proper surjective morphism f : ~S → T from a normal variety ~S, and a birational morphism ~α: ~M → ~S over T such that ~L is linearly equivalent to the pullback of an f-ample divisor of ~S. Then −2K~_S − ~α_∗ ~E is the f-ample divisor. The morphism ~α is induced from the surjection (5–15) for sufficiently large m. Hence, by the base change property (5–14), any fiber S_t = f^{−1}(t) is a normal variety, and α_t = ~α|_{Mt} : M_t → S_t is isomorphic to the birational morphism into the del Pezzo pair constructed in Proposition 3.19. Thus f : ( ~S, ~B) → T is a family of del Pezzo pairs of index at most two for ~B = (1/2) ~α_∗ ~E. □

Lemma 5.3. (1) A fundamental triplet (X, E, Δ) is deformation equivalent to the fundamental triplet (X, E, Δ^′) for a zero-dimensional subscheme Δ^′ ⊂ E such that Δ^′ contains no nodes of E and that Δ^′ ∩ E_{red} is reduced.

(2) A fundamental triplet (X, E, Δ) is deformation equivalent to the fundamental triplet (X, E^′, Δ^′) for an effective divisor E^′ linearly equivalent to E and for a reduced zero-dimensional subscheme Δ^′ ⊂ E^′ such that Δ^′ contains no nodes of E^′ and that E^′ is reduced along Δ^′.

(3) For a fundamental triplet (X, E, Δ), suppose that E = E^{(1)} + E^{(2)} for effective divisors E^{(1)} and E^{(2)} such that Δ ∩ E^{(2)} = ∅ and that E^{(1)} is linearly equivalent to a non-singular divisor. Then (X, E, Δ) is deformation equivalent to the fundamental triplet (X, E^′ + E^{(2)}, Δ^′) for a non-singular divisor E^′ and a reduced subscheme Δ^′ ⊂ E^′.

Proof. (1): If Δ contains a node of E, then E is reduced by Theorem 4.6. Thus the assertion follows from Lemmas 2.22 and 2.23.

(2): By (1) and Theorem 4.6, we may assume that Δ ∩ E_{red} is reduced and that the type of (X, E, Δ) is one of [2]_2, [2; 1, 2]_{2+}, and [n; 2, e]_2 for n ≥ 1, 2 ≤ e ≤ min{n + 1, 4}. Let Γ be an irreducible component Γ with Δ ∩ Γ ≠ ∅ such that mult_Γ(E) = m ≥ 2 and that Γ ≠ σ if the type is [n; 2, e]_2. Thus Γ is a line of P^2 or a fiber of the Hirzebruch surface F_n. There exists an effective divisor ~D ⊂ X × T for an open neighborhood T of 0 of the affine line A^1 = Spec k[t] such that D_t = ~D ∩ (X × {t}) is a non-singular divisor for t ≠ 0 and that D_0 = mΓ. We may assume that Δ ∩ Γ is reduced by (1). For a point P ∈ Δ ∩ Γ, Δ is locally defined by the ideal (x^m, y) for a local coordinate system (x, y) of X at P , where Γ is defined by x = 0. Thus, for a suitable choice of ~D, we infer that the divisor div(y) intersects transversely with D_t for any t ≠ 0 on a neighborhood of P . By replacing Δ with div(y)∩D_t for t ≠ 0 around P , we have a deformation to a fundamental triplet (X, E^′, Δ^′) satisfying the required condition.

(3): We may assume that Δ is reduced and is supported on the non-singular part of E^{(1)}. There exist a non-singular connected curve T with a point 0 and an effective divisor ~D of X × T such that ~D → T is flat, the fiber D_t = ~D ∩ (X × {t}) over t ∈ T is non-singular for t ≠ 0, and that D_0 = E^{(1)}. Since ~D → T is smooth along Δ × {0}, there exists a non-singular curve ~Δ ⊂ ~D smooth over T such that the fiber of ~Δ → T over 0 is Δ. Thus (X, E, Δ) is deformed to (X, D_t + E^{(2)}, Δ_t) for t ≠ 0. □ We introduce a relation ⋖ for the types of fundamental triplets, as follows: T_1 ⋖ T_2 means that any fundamental triplet of type T_1 is deformation equivalent to a fundamental triplet of type T_2.

Table 5. A list of types of fundamental triplets genus g Type genus g Type 2 [0; 2, 1]_0, [1; 2, 2]_0, [2; 2, 3]_+ 7 [1; 1, 0]_0 3 [2]_0, [0; 2, 0]_{00}, [1, 2, 1]_{00},

[2; 2, 2]_{00}, [3; 2, 3]_{00}, [4; 2, 4]_{00}

8 [2; 1, 0]_0

4 [0; 1, 1]_0 9 [3; 1, 0]_0 5 [1; 1, 1]_0 10 [4; 1, 0]_0 6 [1]_0, [0; 1, 0]_0 n + 3 − e [n; 2, e]_2 for n ≥ 1, e ≤ min{n − 1, 4}

Proposition 5.4. A fundamental triplet is deformation equivalent to a fundamental triplet of one of the types listed in Table 5.

Proof. Let (X, E, Δ) be a fundamental triplet. By Lemma 5.3, we may assume that Δ is reduced and that either E is non-singular or E = E^{(1)} + E^{(2)} for a non-singular divisor E^{(1)} and an effective divisor E^{(2)} with Δ∩E^{(2)} = ∅. More explicitly, we have the following relations by Lemma 5.3:

[1; 1, 1]_+(a, b) ⋖ [1; 1, 1]_0; [n; 2, n + 1]_{++}(a, b) ⋖ [n; 2, n + 1]_+ for 1 ≤ n ≤ 3; [n; 2, n]_2 ⋖ [n; 2, n]_{00} for 0 ≤ n ≤ 4; [n; 2, n + 1]_2 ⋖ [n; 2, n + 1]_+ for 1 ≤ n ≤ 3; [2]_+(b) ⋖ [2]_0; [2]_2 ⋖ [2]_0; [0; 1, 1]_+(b) ⋖ [0; 1, 1]_0; [1; 2, 2]_+ ⋖ [1; 2, 2]_0; [1; 2, 2]_{2∞} ⋖ [1; 2, 2]_× ⋖ [1; 2, 2]_0; [0; 2, 1]_2 ⋖ [0; 2, 1]_{++} ⋖ [0; 2, 1]_+ ⋖ [0; 2, 1]_0; [2; 1, 1]_+(a, b) ⋖ [2; 1, 1]_+(0, 0); [2; 1, 2]_{2+} ⋖ [2; 1, 2]_{++} ⋖ [2; 1, 2]_0.

In order to obtain Table 5, it is enough to show the following relations in addition: [3; 1, 1]_+ ⋖ [1; 1, 0]_0; [2; 1, 1]_+(0, 0) ⋖ [0; 1, 0]_0; [2; 1, 2]_0 ⋖ [0; 1, 1]_0; [3; 2, 4]_+ ⋖ [1; 2, 2]_0. These are shown in Proposition 5.10, (1) below, in which Lemma 5.5 and Corollary 5.6 are required. □ In order to construct some interesting deformations, we note the following well-known:

Lemma 5.5. For positive integers n, a, b with a + b = n, there exists an exact sequence 0 → p^∗_1O_P1 → ~E → p^∗_1O_P1 (n) → 0 on the product P^1 × A^1, where p_1 denotes the projection P^1 × A^1 → P^1, such that ~E is isomorphic to p^∗_1(O(a)⊕O(b)) over P^1 ×(A^1 \{0}) and that the restriction of ~E to P^1 ×{0} is isomorphic to O ⊕ O(n).

Proof. Let us take global sections ζ_1 ∈ H^0(P^1, O(a)) and ζ_2 ∈ H^0(P^1, O(b)) so that div(ζ_1) ∩ div(ζ_2) = ∅. Then we have a short exact sequence 0 → O → O(a) ⊕ O(b) → O(n) → 0 over P^1, where the surjection O(a)⊕O(b) → O(n) is given by (x, y) → xζ_2 −yζ_1 and the injection O → O(a) ⊕ O(b) is given by z → (zζ_1, zζ_2). Let η ∈ Ext^1(P^1; O(n), O) be the extension class associated with the exact sequence above and let ~E be the locally free sheaf of rank two given by the extension class

η ⊗ t ∈ Ext^1(P^1; O(n), O) ⊗ H^0(A^1, O) ≃ Ext^1(P^1 × A^1; p^∗_1O(n), p^∗_1O), where A^1 = Spec k[t]. Then ~E restricted to P^1 × {0} is O ⊕ O(n). The extensions defined by η ⊗ t and by η ⊗ 1 are mutually isomorphic over P^1 × (A^1 \ {0}). Thus ~E restricted to P^1 × (A^1 \ {0}) is isomorphic to p^∗_1(O(a) ⊕ O(b)). □

Corollary 5.6. Let n and a be positive integers with n ≥ 2a. Then there is a P^1-bundle ~X → P^1 × A^1 such that the fiber X_t of ~X → A^1 over t ∈ A^1 is isomorphic to F_{n−2a} if t ≠ 0 and to F_n if t = 0. Moreover, there exist a section Σ(1, n) and rational sections Σ(1, a), Σ(1, n − a)_∞ of the P^1-bundle ~X → P^1 × A^1 satisfying the following conditions:

(1) Σ(1, a) ∼ Σ(1, n) + p^∗_1O(a − n), Σ(1, n − a)_∞ ∼ Σ(1, n) + p^∗_1O(−a), and Σ(1, n) is a tautological divisor with respect to ~E.

(2) Suppose that t ≠ 0. Then Σ(1, a)|_{Xt} is a minimal section σ^{(n−2a)} of X_t = F_{n−2a}, Σ(1, n)|_{Xt} ∼ σ^{(n−2a)} + (n − a)ℓ for a fiber ℓ of X_t → P^1, and Σ(1, n − a)_∞|_{Xt} is a section at infinity.

(3) Σ(1, n)|_{X0} is a section at infinity of X_0 = F_n, Σ(1, a)|_{X0} = σ^{(n)} + F_1, and Σ(1, n − a)_∞|_{X0} = σ^{(n)} + F_2 for a negative section σ^{(n)} and effective divisors F_1 ∼ aℓ, F_2 ∼ (n − a)ℓ with F_1 ∩ F_2 = ∅ for a fiber ℓ of X_0 → P^1.

Proof. The P^1-bundle defined by ~X = P( ~E) for the locally free sheaf ~E of Lemma 5.5 for b = n − a satisfies the first required condition. The section defined by the surjection ~E → p^∗_1O(n) satisfies the condition of Σ(1, n). In order to find other rational sections, we look at the isomorphism between ~E and p^∗_1(O(a)⊕O(n−a)) over P^1 ×(A^1 \{0}) shown in Lemma 5.5. Let Σ(1, a)^⋆ and Σ(1, n−a)^⋆_∞ be the sections over P^1×(A^1\{0}) corresponding to the surjections to p^∗_1O(a) and to p^∗_1O(n − a), respectively. Here Σ(1, a)^⋆ ∩ Σ(1, n) is isomorphic to div(ζ_1) × (A^1 \ {0}) for the section ζ_1 ∈ H^0(P^1, O(a)) in Lemma 5.5. Similarly, Σ(1, n − a)^⋆_∞ ∩ Σ(1, n) is isomorphic to div(ζ_2) × (A^1 \ {0}) for the section ζ_2 ∈ H^0(P^1, O(n − a)). Let Σ(1, a) and Σ(1, n − a)_∞ be the closures of Σ(1, a)^⋆ and Σ(1, n−a)^⋆_∞ in ~X, respectively. Then Σ(1, a)|_{X0} = σ^{(n)} +π^∗ div(ζ_1) and Σ(1, n−a)_∞|_{X0} = σ^{(n)} + π^∗ div(ζ_2) for the projection π : X_0 = F_n → P^1. Thus we are done. □

Example 5.7. Applying Corollary 5.6 to the case n = 4, a = 2, we have a P^1-bundle M → P^1 × A^1 and a tautological divisor Σ = Σ(1, 4) such that M_t ≃ F_0 and Σ|_{Mt} is ample for the fiber M_t of M → A^1 over t ≠ 0 and that M_0 ≃ F_4 and Σ|_{M0} is a section at infinity. There is a birational morphism M → V into a normal variety V over A^1 such that Σ is linearly equivalent to the pullback of a relatively ample divisor of V over A^1. Thus we have a flat surjective morphism V → A^1 whose fiber V_t over t ∈ A^1 is isomorphic to X_t ≃ F_0 if t ≠ 0 and to F_4 ≃ P(1, 1, 4) if t = 0. Note that P(1, 1, 4) is a log del Pezzo surface of index two defined by the fundamental triplet (F_4, σ, ∅) of type [4; 1, 0]_0. However, V is not Q-Gorenstein since the exceptional locus of M → V is just the negative curve σ^{(4)} of M_0 ≃ F_4 and K_M σ^{(4)} > 0. Therefore, (V, 0) → A^1 is not a deformation of del Pezzo pairs in the sense of Definition 5.1. Indeed, K^2_{Vt} = 8 ≠ K^2_{V0} = 9 for t ≠ 0.

The following generalizes the construction called sweeping out the cone with hyperplane sections due to Pinkham [25, Remarks (7.6), iii)]:

Lemma 5.8. Let S be a non-singular projective variety and let A ⊂ S be an effective ample divisor. Then there exist a proper flat morphism π : ~S → P^1 and a point 0 ∈ P^1 such that π^{−1}(t) ≃ S for t ≠ 0 and that π^{−1}(0) ≃ Proj R for the image R of the restriction homomorphism ⨁ k≥0 H^0 ( S, Sym^k(O_S ⊕ O_S(A)) ) → ⨁ k≥0 H^0 ( A, Sym^k(O_A ⊕ O_A(A)) ) . In particular, if A is a non-singular variety and if H^1(S, O_S(mA)) = 0 for m ≥ 0, then π^{−1}(0) is normal and is a cone over A.

Proof. Let p: Z → S be the P^1-bundle associated with V = O_S ⊕ O_S(A) and let H be a tautological divisor with respect to V. Let Σ and W ⊂ Z be the sections of p corresponding to the first projection V → O_S and the second projection V → O_S(A), respectively. Let Λ be the linear system consisting of the members of |H| containing B := p^{−1}(A) ∩ W . Then Λ ≃ P^1 and Bs Λ = B. Let 0 ∈ Λ correspond to p^∗A + Σ. Then any another member of Λ corresponds to a section of p. The complete linear system |mH| for suitable m > 0 defines a birational morphism μ: Z → Z^′ into the normal variety Z^′ = Proj ⨁ k≥0 H^0(S, Sym^k(V)) such that μ(Σ) is a point, Σ = μ^{−1}(μ(Σ)), and that μ is an isomorphism outside Σ. Thus Λ can be regarded as a linear system on Z^′. Let ~S → Z^′ be the blowing up along μ(B). Then the induced morphism π : ~S → Λ is flat, and the fiber over a point t ∈ Λ is isomorphic to the corresponding member of Λ as a divisor of Z^′. In particular, π^{−1}(t) ≃ S for t ≠ 0 and π^{−1}(0) is isomorphic to the image of p^{−1}(A) = P_A(V|_A) under the morphism μ. Thus π^{−1}(0) ≃ Proj R. If A is a non-singular variety and H^1(S, O_S(mA)) = 0 for m ≥ 0, then R ≃ ⨁ k≥0 H^0(A, Sym^k(V)|_A). Thus we are done. □

Example 5.9. Applying Lemma 5.8 to S = P^2 and a non-singular conic A, we have a proper flat morphism π : ~S → P^1 such that π^{−1}(0) ≃ P(1, 1, 4) and π^{−1}(t) ≃ P^2 for t ≠ 0. Here, ~S has a unique singular point, which is obtained by contracting a divisor isomorphic to P^2 with the normal bundle O(−2). Hence, the singularity of ~S is terminal of index two and ( ~S, 0) → P^1 is a family of del Pezzo pairs of index two. The morphism π gives a Q-Gorenstein smoothing of the rational singularity of type K_1. Remark. The formal moduli space of the cone P(1, 1, 4) has been shown to be reduced with two components, of dimension 3 and 1 meeting transversely, by Pinkham [24], [25, (8. 6)]. Here, the 3-dimensional component corresponds to the deformation in Example 5.7 and the 1-dimensional component to the deformation in Example 5.9. Proposition 5.10. (1) The following relations hold:

[3; 1, 1]_+ ⋖ [1; 1, 0]_0, [2; 1, 1]_+(0, 0) ⋖ [0; 1, 0]_0, [2; 1, 2]_0 ⋖ [0; 1, 1]_0, [3; 2, 4]_+ ⋖ [1; 2, 2]_0.

(2) If (X, E, Δ) is a fundamental triplet of type [2; 2, 3]_+ with Δ = ∅, then it is deformation equivalent to a fundamental triplet of type [0; 2, 1]_0.

(3) If (X, E, Δ) is a fundamental triplet of type [2; 2, 3]_+ with Δ ≠ ∅, then its elimination is deformation equivalent to the elimination of a fundamental triplet of type [1; 2, 2]_0.

(4) The del Pezzo pair associated with a fundamental triplet of type [4; 2, 4]_{00} is deformation equivalent to the del Pezzo pair associated with a fundamental triplet of type [2]_0.

Proof. (1): For [3; 1, 1]_+, applying Corollary 5.6 to n = 3 and a = 1, we have a family ~X → T of ruled surfaces and a rational section Σ = Σ(1, 1) such that Σ|_{X0} = σ^{(3)} + ℓ and Σ|_{Xt} = σ^{(1)} for t ≠ 0 for the fiber X_t over t ∈ T ; moreover the zero-dimensional subscheme Δ of a fundamental triplet of type [3; 1, 1]_+ on the central fiber X_0 extends to a subscheme ~Δ of ~X which is finite and flat over T . Therefore [3; 1, 1]_+ ⋖ [1; 1, 0]_0. For [2; 1, 1]_+(0, 0) ⋖ [0; 1, 0]_0, it is similarly proved by applying Corollary 5.6 to n = 2 and a = 1, and by considering Σ = Σ(1, 1). For [2; 1, 2]_0 ⋖ [0; 1, 1]_0, it is similarly proved by applying Corollary 5.6 to n = 2 and a = 1, and by considering Σ = Σ(1, 2).

For [3; 2, 4]_+ ⋖ [1; 2, 2]_0, we need more complicated argument. Let (X, E, Δ) be a fundamental triplet of type [3; 2, 4]_+. Then X ≃ F_3, E = σ^{(3)} + D for the negative section σ^{(3)} and a section D ∼ σ^{(3)} + 4ℓ for a fiber ℓ of π : X → P^1, and Δ ⊂ D \ σ^{(3)}. Let ℓ_1 be the fiber passing through D ∩ σ^{(3)} and let ℓ_2 be another fiber with ℓ_2 ∩ Δ = ∅. We set P_i = π(ℓ_i) for i = 1, 2. Then there exists a member Θ ∈ |σ^{(3)} + 3ℓ| such that Θ|_D = 4ℓ_2 ∩ D as divisors on D by the exact sequence

0 = H^0(X, −ℓ) → H^0(X, σ^{(3)} + 3ℓ) → H^0(D, O(4)) → H^1(X, −ℓ) = 0.

Note that σ^{(3)} ≰ Θ since σ^{(3)} ∩ D ⊄ Θ ∩ D. Thus Θ is a section at infinity. The exact sequence above shows that D is a member of the pencil spanned by σ^{(3)} + 4ℓ_2 and Θ + ℓ_1. Let ~X → P^1 ×A^1 be the P^1-bundle obtained by applying Corollary 5.6 to n = 3 and a = 1. Let h, g, and f be defining equations of the rational sections Σ(1, 3), Σ(1, 1), and Σ(1, 2)_∞ of the P^1-bundle, respectively. We may assume that Σ(1, 3)|_{X0} = Θ, Σ(1, 1)|_{X0} = σ^{(3)} +ℓ_1, and Σ(1, 2)_∞|_{X0} = σ^{(3)} + 2ℓ_2. Thus E = div(f^2 + cgh)|_{X0} for a non-zero constant c ∈ k. For t ≠ 0, Σ(1, 3)|_{Xt} ∼ σ^{(1)} +2ℓ is a section, Σ(1, 1)|_{Xt} = σ^{(1)}, and Σ(1, 2)_∞|_{Xt} is a section at infinity, where the point Σ(1, 3) ∩ Σ(1, 1) ∩ X_t lies on the fiber of X_t → P^1 over P_1, and Σ(1, 3) ∩ Σ(1, 2)_∞ ∩ X_t is a zero-dimensional subscheme of multiplicity two supported on the fiber of X_t → P^1 over P_2. If we consider X_t as the blowing up at a point P of P^2, then div(f)|_{Xt} is the pullback of a line γ not containing the center P , and div(gh)|_{Xt} is the total transform of a non-singular conic C containing P , where γ is a tangent line of C. Hence, div(f^2 + cgh)|_{Xt} is isomorphic to div(z^2 + c(x^2 + yz)) for a suitable homogeneous coordinate (x, y, z) of P^2. Therefore, the divisor ~E := div(f^2 + cgh) of ~X is smooth over A^1 \ {0}. Moreover, Δ is a fiber of a subscheme ~Δ ⊂ ~E which is finite and flat over A^1 by Lemma 2.23. Thus we have a family ( ~X, ~E, ~Δ) → A^1 of fundamental triplets, and hence [3; 2, 4]_+ ⋖ [1; 2, 2]_0.

(2) and (3): Let (X, E, Δ) be a fundamental triplet of type [2; 2, 3]_+. Then X ≃ F_2, E = σ^{(2)} + D for a section D ∼ σ^{(2)} + 3ℓ for a fiber ℓ of π : X → P^1, and Δ ⊂ D \ σ^{(2)}. Let ℓ_1 be the fiber passing through D ∩ σ^{(2)} and let ℓ_2 be another fiber with ℓ_2 ∩ Δ = ∅. We set P_i = π(ℓ_i) for i = 1, 2. Then there exists a member Θ ∈ |σ^{(2)} + 2ℓ| such that Θ|_D = 3ℓ_2 ∩ D as divisors on D by the exact sequence

0 = H^0(X, −ℓ) → H^0(X, σ^{(2)} + 2ℓ) → H^0(D, O(3)) → H^1(X, −ℓ) = 0. Note that σ^{(2)} ≰ Θ since σ^{(2)} ∩ D ⊄ Θ ∩ D. Thus Θ is a section at infinity. The exact sequence above shows that D is a member of the pencil spanned by σ^{(2)} + 3ℓ_2 and Θ + ℓ_1. Let ~X → P^1 × A^1 be the P^1-bundle obtained by applying Corollary 5.6 to n = 2 and a = 1. Then X_t ≃ F_0 for t ∈ A^1 \{0}. Let h, g, and f be defining equations of the rational sections Σ(1, 2), Σ(1, 1), and Σ(1, 1)_∞ of the P^1-bundle, respectively. We may assume that Σ(1, 2)|_{X0} = Θ, Σ(1, 1)|_{X0} = σ^{(2)} + ℓ_1, and Σ(1, 1)_∞|_{X0} = σ^{(2)} + ℓ_2. Let s be a defining equation of ℓ_2, in other words, P_2 ∈ P^1 is defined by s = 0. Then E = div(sf^2+cgh)|_{X0} for a non-zero constant c ∈ k. For t ≠ 0, Σ(1, 2)|_{Xt} ∼ σ^{(0)} + ℓ is a section, Σ(1, 1)|_{Xt} = σ^{(0)}, and Σ(1, 1)_∞|_{Xt} is a section at infinity, where the point Σ(1, 2) ∩ Σ(1, 1) ∩ X_t lies on the fiber of X_t → P^1 over P_1, and the point Σ(1, 2) ∩ Σ(1, 1)_∞ ∩ X_t lies on the fiber over P_2. Let Λ be the pencil on X_t generated by 2Σ(1, 1)_∞|_{Xt} + ℓ_{2,t} and Σ(1, 2)|_{Xt} + Σ(1, 1)|_{Xt} , where ℓ_{2,t} is the fiber of X_t → P^1 over P_2. Then Λ is a sublinear system of |2σ^{(0)} + ℓ| having no fixed components. We infer that a member of Λ is a section for the other projection π^′ : X_t ≃ F_0 → P^1 except for 2Σ(1, 1)_∞|_{Xt} + ℓ_{2,t} and Σ(1, 2)|_{Xt} + Σ(1, 1)|_{Xt} . Thus div(sf^2 + cgh)|_{Xt} is a section of π^′. Therefore, the divisor ~E = div(sf^2 + cgh) of ~X is smooth over A^1 \ {0}. Moreover, Δ is a fiber of a subscheme ~Δ ⊂ ~E which is finite and flat over A^1, by Lemma 2.23. Thus we have a family ( ~X, ~E, ~Δ) → A^1 of quasifundamental triplets, and is a family of fundamental triplets of type [0; 2, 1]_0 when Δ = ∅. When Δ ≠ ∅, for the family of quasi-fundamental triplets, we also have a family of basic pairs by taking the simultaneous eliminations as in Lemma 5.2, (1) (cf. Lemma 2.20). If (X^′, E^′, Δ^′) is a quasi-fundamental triplet such that X^′ ≃ F_0, E^′ ∼ σ^{(0)} + 2ℓ is a non-singular divisor, and Δ^′ ≠ ∅, then its elimination is the basic pair obtained from a fundamental triplet of type [1; 2, 2]_0 by Proposition 4.4. Thus the assertion is proved.

(4): For a fundamental triplet (X, E, Δ) of type [4; 2, 4]_{00}, E = σ +σ_∞ and Δ ⊂ σ_∞ for the negative section σ and a section σ_∞ at infinity of X ≃ F_4. Hence, the del Pezzo pair associated with (X, E, Δ) is constructed from the elimination of q(Δ) for the contraction morphism q : X → P(1, 1, 4) of σ. Here, q(σ_∞) is a cross section of the cone P(1, 1, 4). We consider the deformation V = ~S → P^1 in Example 5.9. Here, we may assume that there is an effective divisor Q ⊂ V such that Q → P^1 is smooth and that the fiber Q_t over t ∈ P^1 is a non-singular conic of V_t ≃ P^2 for t ≠ 0 and that Q_0 ≃ q(σ_∞) for an isomorphism V_0 ≃ P(1, 1, 4). Since Δ can be assumed to be reduced, it extends to an effective divisor ~Δ of an open neighborhood of V_0 in Q which is smooth over P^1 (cf. Lemma 2.23). Hence, (V_0, q(σ_∞), q(Δ)) is deformed to a fundamental triplet of type [2]_0. Thus the associated del Pezzo pair with (X, E, Δ) is deformation equivalent to the del Pezzo pair associated with a fundamental triplet of type [2]_0. □

5.2. Equi-singular deformations. We shall consider the equi-singular deformation types of del Pezzo pairs of index two.

Definition 5.11. (1) A family h: ( ~M, ~E) → T of basic pairs over a connected nonsingular curve T is called equi-singular if ~E is a relative simple normal crossing divisor over T , i.e., any irreducible component ~E_j of ~E is smooth over T , any non-empty intersection ~E_i ∩ ~E_j of two irreducible components is smooth over T , and any intersection ~E_i ∩ ~E_j ∩ ~E_k of three irreducible components is an empty set.

(2) A family f : ( ~S, ~B) → T of del Pezzo pairs over a connected non-singular curve T is called equi-singular if there exist a proper smooth morphism h: ~M → T and a birational morphism ~α: ~M → ~S with h = f ∘ ~α such that (a) M_t = h^{−1}(t) → S_t = f^{−1}(t) is the minimal desingularization for any closed point t ∈ T , (b) the union of the exceptional locus of ~α and ~α^{−1}(Supp ~B) is a relative simple normal crossing divisor over T .

If f : ( ~S, ~B) → T is an equi-singular family of del Pezzo pairs whose fibers (S_t, B_t) are constructed from basic pairs, then f is constructed from an equi-singular family h: ( ~M, ~E) → T of basic pairs by Lemma 5.2, (2). However, the family of del Pezzo pairs constructed from an equi-singular family of basic pairs by Lemma 5.2, (2) is not necessarily equi-singular.

Two basic pairs are called equi-singular deformation equivalent to each other if they are connected by equi-singular families of basic pairs. Similarly, two del Pezzo pairs are called equi-singular deformation equivalent to each other if they are connected by equi-singular families of del Pezzo pairs.

Remark. Let (S, B) be a del Pezzo pair of index at most two associated with a basic pair (M, E_M ). Then the number k of irreducible components of E_M is an equi-singular deformation invariant both for (M, E_M ) and for (S, B).

Definition 5.12. Let τ : ( ~X, ~E, ~Δ) → T be a family of fundamental triplets over a nonsingular connected curve T . The family is called equi-singular if the following conditions are satisfied:

(1) ~E is a relative simple normal crossing divisor over T ; (2) ~Δ ∩ ~E_j is flat over T for any irreducible component ~E_j of ~E; (3) ~Δ ∩ ~E_i ∩ ~E_j are flat over T for any two irreducible components ~E_i and ~E_j.

If the following conditions are also satisfied, then the family τ is called strongly equisingular:

(4) Any two fibers of ~Δ ∩ ~E_j → T are isomorphic to each other for any j; (5) If a fiber (X_t, E_t, Δ_t) of τ is of type [2; 1, 2]_0, then any fiber is of type [2; 1, 2]_0; (6) Suppose that a fiber (X_t, E_t, Δ_t) of τ is of type [1; 2, 2]_0. Then there is an effective divisor ~L ⊂ ~X smooth over T such that ~L ∩ ~E is flat over T and that ~L ∩ X_t is the union of fibers ℓ of X_t → P^1 with deg(Δ_t ∩ ℓ) = 2.

Two fundamental triplets are called equi-singular (resp. strongly equi-singular) deformation equivalent to each other if they are connected by equi-singular (resp. strongly equi-singular) families of fundamental triplets.

Lemma 5.13. Let (X, E, Δ) be a fundamental triplet of type [1; 2, 2]_0 and let ϕ: (M, E_M ) → (X, E, Δ) be the elimination. For a reducible fiber F of M → X → P^1, the dual graph of E_M + F is one of the following, where the number of black vertices is at most 7 in (3), and is at most 8 in (4):

(1) � � � � (2) � � � � (3) � � � � � �

(4) � � � � � � Proof. The image ℓ = ϕ(F ) is a fiber of π : X → P^1 with ℓ ∩ Δ ≠ ∅, and F = ϕ^{−1}(ℓ). If ℓ ∩ E consists of two points Q_1, Q_2, then the dual graph of F + E_M is either (1) or (3) above, and the number of black vertices is mult_{Q1} (Δ) + mult_{Q2} (Δ) − 1. If ℓ intersects E tangentially at a point P , then P ∈ Δ and the dual graph of F + E_M is one of (1), (2), and (4) above. Here the number of black vertices equals mult_P (Δ) if mult_P (Δ) ≥ 2, and equals 0 if mult_P (Δ) = 1. Thus, we are done. □

Lemma 5.14. Let (X, E) be a minimal basic pair and Δ_1, Δ_2 be two zero-dimensional subschemes of X such that

(1) (X, E, Δ_1) and (X, E, Δ_2) are fundamental triplets of the same type, (2) deg(Δ_1 ∩ E_j) = deg(Δ_2 ∩ E_j) for any irreducible component E_j of E, (3) mult_P (Δ_1) = mult_P (Δ_2) and mult_P (Δ_1 ∩ E_j) = mult_P (Δ_2 ∩ E_j) for any node P of E and for any irreducible component E_j ∋ P .

Then (X, E, Δ_1) and (X, E, Δ_2) are equi-singular deformation equivalent to each other. They are strongly equi-singular deformation equivalent if the following conditions are satisfied in addition:

(4) Δ_1 ∩ (E_j \ {node of E}) ≃ Δ_2 ∩ (E_j \ {node of E}) as schemes for any E_j; (5) Suppose that (X, E) is of type [1; 2, 2], E is non-singular, and π|_E : E → P^1 is separable. Let L_i ⊂ X be the union of fibers ℓ of π with deg(ℓ ∩ Δ_i) = 2 for i = 1, 2. Then there is an isomorphism Δ_1 ≃ Δ_2 inducing Δ_1 ∩ L_1 = E ∩ L_1 ≃ Δ_2 ∩ L_2 = E ∩ L_2.

Proof. By Proposition 2.21, we have an equi-singular family (X × T, E × T, ~Δ) → T of fundamental triplets over a connected non-singular curve T . Thus the first assertion follows. Suppose that the latter two conditions are satisfied. Then, by (4), the subschemes Δ^♯_1 and Δ^♯_2 in the proof of Proposition 2.21 are isomorphic to each other on any irreducible components of E^♯. Thus Δ_t = ~Δ ∩ (X × {t}) is isomorphic to Δ_1 for any t, and the condition (4) of Definition 5.12 is satisfied. Since the condition (5) of Definition 5.12 is automatically satisfied, we may assume that (X, E) is of type [1; 2, 2] and E is nonsingular.

Suppose that π|_E is inseparable. For i = 1, 2, and m ≥ 1, let Δ^{[m]}_i be the set of points P with mult_P (Δ_i) = m. Then we can write Δ_1 = ∑ m≥1 mΔ^{[m]}_1 , Δ_2 = ∑ m≥1 mΔ^{[m]}_2 .

Here Δ^{[m]}_1 is linearly equivalent to Δ^{[m]}_2 for any m ≥ 1, since Δ_1 ≃ Δ_2. Hence, we have a smooth family ~Δ^{[m]} ⊂ X × T of reduced effective divisors for m ≥ 1 over a non-singular connected curve T such that Δ^{[m]}_i = ~Δ^{[m]} ∩(X ×{t_i}) for suitable point t_i ∈ T for i = 1, 2. We set ~Δ = ∑ m≥1 m ~Δ^{[m]}. For the union L_i of fibers ℓ of π with deg(ℓ ∩ Δ_i) = 2 for i = 1, 2, we have L_i ∩ E = L_i ∩ Δ = 2 ∑ m≥2 Δ^{[m]}_i . Thus, for the family (X × T, E × T, ~Δ) → T of fundamental triplets, we have an effective divisor ~L ⊂ X × T satisfying the condition (6) of Definition 5.12.

Suppose that π|_E is separable. Then the set R of the ramification points of π|_E consists of one point if char k = 2, and two points if char k ≠ 2, by Lemma 4.11. If mult_Q(Δ_1) = m ≥ 2 for a point Q ∈ R, then ℓ ∩ E = 2Q for the fiber ℓ of π containing Q, and hence, by (5), mult_Q(Δ_2) = m or mult_Q′ (Δ_2) = m for the other point Q^′ ∈ R. If char k ≠ 2, then, by Lemma 4.11, we have an involution of X preserving E and π, and interchanging Q and Q^′. Thus we may assume that if mult_Q(Δ_1) = m ≥ 2 for a point Q ∈ R, then mult_Q(Δ_2) = m. Let L^R_i be the union of fibers ℓ of π passing through a point Q ∈ R with mult_Q(Δ) ≥ 2 for i = 1, 2. Then L^R_1 = L^R_2 and L^R_1 ∩ E = L^R_1 ∩ Δ_1 = L^R_2 ∩ E = L^R_2 ∩ Δ_2 by the assumption. We set Δ_0 to be the divisor ∑ P ∈L^R_1 multP (Δ1)P = ∑ P ∈L^R_2 multP (Δ2)P.

In order to construct a divisor ~L ⊂ X × T satisfying the condition (6) of Definition 5.12, it is enough to consider the restrictions of Δ_1 and Δ_2 to E \ Supp Δ_0. Note that the Galois involution ι associated with the double-covering π|_E : E → P^1 acts on E \ R freely. We have a finite number of morphisms P_j : T → E \ (L^R_1 ∩ E) from a connected non-singular curve T with fixed points t_1, t_2, and natural numbers m_j ≥ 1 such that Δ_i = ∑ m_jP_j(t_i) + Δ_0 for i = 1, 2. By the condition (5) and by replacing T with an open subset, we may assume that, for a natural number k and for any t ∈ T , • P_j(t) ≠ P_j′ (t) for any j ≠ j^′, • P_j(t) ∉ R for 1 ≤ j ≤ 2k, • ι ∘ P_j (t) = P_{j+k}(t) for 1 ≤ j ≤ k, • ι ∘ P_j (t) ≠ P_j′ (t) for j, j^′ > 2k, except for the case where j = j^′ and P_j(t) ∈ R.

Let ~Δ ⊂ X × T be the effective divisor ∑ m_jΓ_j + (Δ_0 × T ), where Γ_j is the graph of P_j . Then, for the family (X × T, E × T, ~Δ) → T , we can find an expected divisor ~L ⊂ X × E. □

Theorem 5.15. Let τ : ( ~X, ~E, ~Δ) → T be an equi-singular family of fundamental triplets over a connected non-singular curve T . Then there is a simultaneous elimination ~M → ~X of ~Δ over T if T is replaced with a finite covering over T . Moreover the induced family h: ( ~M, ~E ~_M ) → T of basic pairs is equi-singular. If τ is strongly equi-singular, then h induces an equi-singular family f : ( ~S, ~B) → T of del Pezzo pairs.

Proof. The existence of the simultaneous elimination is shown by Lemma 2.20 and by a similar argument to the proof of Proposition 2.21. By (1)–(3) of Definition 5.12, we infer that ~E ~_M is a relative simple normal crossing divisor over T . In order to show the equi-singularity of f, we apply Lemma 4.13. The exceptional curves for the eliminations and ~E ~_M form a relative simple normal crossing divisor over T by (4) of Definition 5.12. In case (X_t, E_t, Δ_t) is of type [2; 1, 2]_0, then the negative section σ on X_t forms a divisor of ~M smooth over T which does not intersect ~E ~_M . If (X_t, E_t, Δ_t) is of type [1; 2, 2]_0, then the proper transform of the divisor ~L in ~M is smooth over T and is away from ~E ~_M . Thus the induced family ( ~S, ~B) → T is equi-singular. □

5.3. Deformation of log del Pezzo surfaces of index two. Recall that S is called a log del Pezzo surface if (S, 0) is a log-terminal del Pezzo pair. By a deformation of a log del Pezzo surface S, we mean a deformation of the del Pezzo pair (S, 0) in the sense of Definition 5.1, (3). If the index of S is at most two, then the genus g is a deformation invariant, since 2g − 2 = (K_M + L_M )L_M = 2K^2_S. The author has learned the following result in the case of characteristic zero from Yongnam Lee.

Theorem 5.16. A log del Pezzo surface of index two is deformation equivalent to a (non-singular) del Pezzo surface by a deformation of index two of log del Pezzo surfaces in the sense of Definition 5.1. In particular, a log del Pezzo surface of index at most two admits a Q-Gorenstein smoothing.

Proof. A non-Gorenstein singular point of a log del Pezzo surface S of index two is of type K_n for n ≤ 9 by Theorem 4.14. Moreover, the local ring of the singularity is isomorphic to the local ring at the origin of X((1, 2n − 1)/(4n)) of Example 4.17. In fact, the morphism to X((1, 2n − 1)/(4n)) in Proposition 4.18 is birational by construction of the minimal desingularization M. Thus, the singularity admits a Q-Gorenstein smoothing (of index two) by Proposition 4.19.

In order to show that the smoothing extends to a global deformation of S, it is enough to prove that H^2(S, T_S) = 0 for T_S = Hom(Ω^1_S, O_S) (cf. [29, Proposition 6.4], [21, Lemma 1]). In fact, we have a formal global deformation by the vanishing, which is algebraizable by H^2(S, O_S) = 0. Note that H^2(S, T_S) is dual to Hom_S(T_S, ω_S) for the dualizing sheaf ω_S ≃ O_S(K_S) and that a member of |−K_S| induces an injection ω_S → O_S. Thus H^2(S, T_S) = 0 follows from another vanishing Hom_S(T_S, O_S) ≃ H^0(S, (Ω^1_S)^{∨∨}) = 0. Since S has only toric singularities, the double-dual (Ω^1_S)^{∨∨} is isomorphic to α_∗Ω^1_M (cf. [8]).

Thus the vanishing is established by H^0(M, Ω^1_M ) = 0. Hence, S admits a Q-Gorenstein smoothing.

Let S_t be a smooth surface obtained as a smooth fiber of the Q-Gorenstein smoothing. Since −2K_S is an ample Cartier divisor, −K_{St} is also ample. Thus S_t is a del Pezzo surface. □ Since the genus g can be taken between 2 and 10, any del Pezzo surface degenerates into a log del Pezzo surface of index two by a Q-Gorenstein deformation.

For deformations of constant index two (cf. Definition 5.1, (3)), we have the following result by Proposition 5.4 and Proposition 5.10.

Lemma 5.17. If two log del Pezzo surfaces of index two have the same genus g ≠ 6, then they are connected by deformations of constant index two. A log del Pezzo surface of index two and of genus g = 6 is connected to a log del Pezzo surface of type [1]_0 or [0; 1, 0]_0 by deformations of constant index two.

In the case of g = 6, we have exactly two deformation equivalence classes for deformations of constant index two by:

Lemma 5.18. Let f : ~S → T be a flat family of normal surfaces over a non-singular connected curve T such that 2K~_S is Cartier and that any fiber S_t = f^{−1}(t) is a log del Pezzo surface of index two. If a fiber S_o is of type [1]_0, then so is any fiber S_t.

Proof. The type of a fiber S_t is one of [1]_0, [0; 1, 0]_0, [2; 1, 1]_+(a, b), since these are the types with genus 6. We have isomorphisms

ω_{St} ≃ Ext^1_O ~S (O_{St} , ω~_S) ≃ ω~_S ⊗ O_{St} and O_{St} (2K_{St} ) ≃ O~_S(2K~_S) ⊗ O_{St} for any t ∈ T . Since −K_{St} = K_{St} + (−2K_{St} ), we have O_{St} (−K_{St} ) ≃ O~_S(−K~_S) ⊗ O_{St} .

We also have the base change isomorphism f_∗O~_S(−K~_S) ⊗_{OT} k(t) ≃ H^0(S_t, −K_{St} ) by H^1(S_t, −K_{St} ) = 0. Let P_T (E) → T be the projective bundle associated with the locally free sheaf E = f_∗O~_S(−K~_S) and let Φ: ~S ···→ P_T (E) be the rational map over T associated with the homomorphism f^∗f_∗E → O~_S(−K~_S). Then the restriction of Φ to S_t coincides with the rational map associated with the linear system |−K_{St} |. Thus Φ(S_o) ≃ P^2, and

Φ(S_t) ≃

F_0, if S_t is of type [0; 1, 0]_0; F_2, if S_t is of type [2; 1, 1]_+(a, b).

Let V ⊂ P_T (E) be the image of the rational map Φ. Then a general fiber V_t of V → T is just the image Φ(S_t). For a tautological divisor H of P_T (E) with respect to E, we have Φ(S_t)H^2 = 6, since Φ|_{St} is birational to the morphism associated with |K_{Mt} + L_t| for the minimal desingularization α_t : M_t → S_t and for L_t = α^∗_t (−2K_{St} ). Therefore, V_t = Φ(S_t) for any t. Moreover, V_t ≃ P^2, since V_o ≃ P^2. Hence, S_t is of type [1]_0 for any t. □ Therefore, the number of the deformation types of log del Pezzo surfaces of index two with respect to the deformations of constant index two is 10.

6. The structure of log del Pezzo surfaces of index two

In the remaining part of this paper, we consider only log del Pezzo surfaces S of index two. In this section, the negative curves on the minimal desingularization M are studied. We shall show that the dual graph of negative curves on M and the type of S almost determine the equi-singular deformation equivalence class of S. We shall also compare the classification of log del Pezzo surfaces of index two by the types of fundamental triplet with the classification by Alexeev–Nikulin [3].

6.1. Types of log del Pezzo surfaces of index two. For a log del Pezzo surface S of index two, let α: M → S be the minimal resolution of singularities. Then −2K_M ∼ α^∗(−2K_S) + E_M for a non-zero α-exceptional simple normal crossing divisor E_M , and (M, E_M ) is a basic pair with L_M E_M = 0 for L_M = −2K_M − E_M . Conversely, S is determined by M since |−2K_M | = |L_M | + E_M and since α is given as the Stein factorization of the morphism associated with the base point free linear system |L_M |.

Let (X, E, Δ) be a fundamental triplet whose elimination ϕ: M → X of Δ defines the basic pair (M, E_M ) by E_M = E^Δ_M . Here, E is also a non-zero simple normal crossing divisor and LE = deg(Δ) for L = −2K_X − E.

There is an isomorphism α_∗O_M (K_M + L_M ) ≃ O_S(−K_S) by K_M + L_M ∼ K_M + α^∗(−2K_S). Thus the morphism M → P|K_M + L_M | associated with the base point free linear system |K_M + L_M | is birational to the rational map Φ_{|−KS |} : S ···→ P|−K_S| associated with the anti-canonical linear system |−K_S|, even though −K_S is not Cartier.

If K_X + L is ample, then X is the image of Φ_{|−KS |} and E is the image of the non- Gorenstein locus of S. If K_X + L is not ample but big, then the rational map Φ_{|−KS |} induces the contraction morphism X ≃ F_2 → F_2 ≃ P(1, 1, 2) of the negative section σ ⊂ X. If K_M + L_M is not big, then the morphism π ∘ ϕ: M → X → P^1 is obtained as the Stein factorization of the composite Φ_{|−KS |} ∘ α.

A log del Pezzo surface S of index two determines the isomorphism class of the basic pair (M, E_M ), and moreover, the isomorphism class of the fundamental triplet (X, E, Δ) except for the case where (X, E, Δ) is of type [1; 2, 2]_0, by Theorem 4.9 (cf. Example 4.12). In particular, the type of (X, E, Δ) depends only on S. Thus we define the type of S to be the type of (X, E, Δ). Let T be the type of S. Then the genus g_T is defined as the genus of the minimal basic pair (X, E), but it equals the genus of the basic pair (M, E_M ) and also the genus of the del Pezzo pair (S, 0). In particular, g_T = K^2_S + 1.

The number of irreducible components of E_M also depends on the type T, which is denoted by k_T. In Section 6.3 below, we shall introduce another invariant δ_T, which is calculated in Proposition 6.14. We have Table 6 of the list of types T of log del Pezzo surfaces of index two together with the invariants g_T, k_T, and δ_T.

Table 6. The types of log del Pezzo surfaces of index two

Type T g_T k_T δ_T Type T g_T k_T δ_T Type T g_T k_T δ_T [1]_0 6 1 0 [1; 1, 1]_0 5 1 1 [3; 1, 0]_0 9 1 1 [2]_0 3 1 1 [1; 1, 1]_+(0, 0) 5 2 1 [3; 1, 1]_+ 7 2 0 [2]_+(0) 3 2 1 [1; 1, 1]_+(1, 1) 5 3 1 [3; 2, 4]_+ 2 2 1 [2]_+(1) 3 3 1 [1; 1, 1]_+(2, 1) 5 4 0 [3; 2, 4]_{++}(0, 0) 2 3 1 [2]_+(2) 3 4 1 [1; 1, 1]_+(1, 2) 5 4 1 [3; 2, 4]_{++}(1, 1) 2 4 1 [2]_+(3) 3 5 1 [1; 1, 1]_+(1, 3) 5 5 1 [3; 2, 4]_{++}(2, 1) 2 5 0 [2]_+(4) 3 6 0 [1; 2, 2]_0 2 1 1 [3; 2, 4]_{++}(1, 2) 2 5 1 [0; 1, 0]_0 6 1 1 [2; 1, 0]_0 8 1 1 [3; 2, 4]_{++}(1, 3) 2 6 1 [0; 1, 1]_0 4 1 1 [2; 1, 1]_+(0, 0) 6 2 1 [3; 2, 4]_{++}(1, 4) 2 7 1 [0; 1, 1]_+(0) 4 2 1 [2; 1, 1]_+(1, 1) 6 3 1 [3; 2, 4]_{++}(1, 5) 2 8 1 [0; 1, 1]_+(1) 4 3 1 [2; 1, 1]_+(1, 2) 6 4 1 [3; 2, 4]_{++}(1, 6) 2 9 0 [0; 1, 1]_+(2) 4 4 1 [2; 1, 1]_+(1, 3) 6 5 0 [4; 1, 0]_0 10 1 0 [0; 1, 1]_+(3) 4 5 1 [2; 1, 2]_0 4 1 1 [4; 2, 4]_{00} 3 2 0 [1; 1, 0]_0 7 1 1 [2; 1, 2]_{++} 4 3 0

By Table 6, we shall show in Lemma 6.15 below that δ_T depends on the equi-singular deformation equivalence class of basic pairs (M, E_M ) with L_M E_M = 0. In particular, we have:

Theorem 6.1. The list of types of fundamental triplets coincides with the list of equisingular deformation equivalence classes of basic pairs defining log del Pezzo surfaces of index two with one exception; The two types [0; 1, 1]_0 and [2; 1, 2]_0 define the same equi-singular deformation equivalence class.

6.2. The negative curves on M.

Proposition 6.2. A negative curve γ on M is a (−d)-curve for 1 ≤ d ≤ 4. Moreover, the (−d)-curves are classified as follows:

(1) A (−4)-curve is a connected component of E_M and is the proper transform of an irreducible connected component of E. A (−4)-curve exists if and only if E is non-singular.

(2) A (−3)-curve γ is the proper transform of an irreducible component E_1 of E with (E − E_1)E_1 = 1. Here, (E_M − γ)γ = 1.

(3) A ϕ-exceptional (−2)-curve is a ϕ-exceptional irreducible curve γ satisfying γ ∩ E_M = ∅ or γ ⊂ E_M . If γ ∩ E_M = ∅, then ϕ(γ) is a non-singular point of E. If γ ⊂ E_M , then ϕ(γ) is a node of E.

(4) A (−2)-curve which is not ϕ-exceptional is the proper transform of one of the following curves on X ≃ F_n:

(a) The section σ when the type is [2; 1, 2]_0 or [2; 1, 2]_{++}; (b) A fiber ℓ of π with ℓ ∩ E ⊂ Δ when the type is [1; 2, 2]_0. (c) The fiber ℓ of π contained in E when the type is [3; 2, 4]_{++}(a, b).

(5) A ϕ-exceptional (−1)-curve is either the curve Γ_k in the situation of Lemma 2.10 or the curve Γ_{b+1} in the situation of Lemma 2.14.

(6) A (−1)-curve γ with L_M γ = 1 which is not ϕ-exceptional is the proper transform of a fiber ℓ of π : X ≃ F_n → P^1 such that Eℓ = 2, ℓ ⊄ E, and deg(Δ ∩ ℓ) = 1. Here, γ ∩ E_M is a non-singular point of E_M .

(7) A (−1) curve γ with L_M γ ≠ 1 satisfies L_M γ = 2 and E_M ∩ γ = ∅, and is the proper transform of one of the following curves: (a) A line ℓ of P^2 with deg(Δ ∩ ℓ) = 2 when deg E = 2; (b) A fiber ℓ of π with deg(Δ ∩ ℓ) = 1 when X ≃ F_n and Eℓ = 1; (c) A minimal section σ with σ ∩ E ⊂ Δ when the type is [0, 1, 1]_0 or [0; 1, 1]_+(b); (d) The negative section σ when the type is [1; 1, 1]_0;

(e) A section Θ at infinity with Θ ∩ E ⊂ Δ in the case where the type is one of [3; 2, 4]_+, [3; 2, 4]_{++}(0, 0), [3; 2, 4]_{++}(1, 1), [3; 2, 4]_{++}(1, 2), [3; 2, 4]_{++}(1, 3). Here, for a given Cartier divisor Δ^′ ⊂ Δ of E with Δ^′ ∼ (σ + 3ℓ)|_E, there exists uniquely the section Θ at infinity with Θ ∩ E = Δ^′;

(f) The negative section σ when the type is [1; 2, 2]_0;

(g) A section Θ ∼ σ + mℓ of π with Θ ∩ E ⊂ Δ for 1 ≤ m ≤ 4 when the type is [1; 2, 2]_0. Here, for a given Cartier divisor Δ^′ ⊂ Δ of E with deg Δ^′ = 2m such that E ∩ ℓ ⊄ Δ^′ for any fiber ℓ of π, there exists uniquely the section Θ with Θ ∩ E = Δ^′.

Note that the α-exceptional curves are classified in Lemma 4.13 for any basic pairs (M, E_M ). However, here, we consider only the basic pairs with L_M E_M = 0. A part of the proof below overlaps with the proof of Lemma 4.13.

Proof. If γ is ϕ-exceptional, then γ is a (−1)-curve or a (−2)-curve, and the assertions (3) and (5) have been shown in Lemmas 2.10 and 2.14.

We have the following properties (i)–(iv) of a negative curve γ on M:

(i) If γ is not ϕ-exceptional, then the equality γ^2 = ϕ(γ)^2 − deg(Δ ∩ ϕ(γ)) holds, by Lemma 2.7.

(ii) If γ ⊄ E_M , then γ is a (−1)-curve or a (−2)-curve, by −2K_M γ = L_M γ +E_M γ ≥ 0.

(iii) Suppose that ϕ(γ) is an irreducible component E_1 of E in M. Then −4 ≤ γ^2 = −4 + (E − E_1)E_1 ≤ −3, which is derived from

γ^2 = E^2_1 − deg(Δ ∩ E_1) = E^2_1 − LE_1 = E^2_1 − (−2K_X − E)E_1 = 2(K_X + E_1)E_1 + (E − E_1)E_1 = −4 + (E − E_1)E_1.

In particular, γ is a (−3)-curve or a (−4)-curve. (iv) If γ ⊂ E_M , then L_M γ = 0 and

−4 = 2(K_M + γ)γ = −E_M γ − L_M γ + 2γ^2 = γ^2 − (E_M − γ)γ ≤ γ^2. The properties above show that γ ≃ P^1 with γ^2 ≥ −4. The assertions (1) and (2) follow from (iii), (iv). Note that if E has an irreducible connected component, then E is non-singular by Theorem 4.6.

In the proof of (4), (6), (7) below, let e_1, e_2 be the integers with E ∼ e_1σ + e_2ℓ when X ≃ F_n.

(4): Let γ be the (−2)-curve. Then L_M γ = E_M γ = 0 by −2K_M = L_M + E_M and L_M E_M = 0. In particular, (K_M + L_M )γ = (K_X + L)ϕ(γ) = 0. Hence, K_X + L is not ample. If K_X +L is big, then the type of (X, E, Δ) is [2; 1, 2]_0 or [2; 1, 2]_{++}, and ϕ(γ) = σ. Conversely, the proper transform of σ in the case [2; 1, 2]_0 or [2; 1, 2]_{++} is a (−2)-curve since Δ ∩ σ = ∅. This is the case of (4a).

Suppose that K_X + L is not big. Then e_1 = 2. Since K_X + L ∼ (n + 2 − e_2)ℓ, ϕ(γ) is a fiber ℓ of π. Conversely, if γ is the proper transform of ℓ in the case e_1 = 2, then γ is a (−2)-curve if and only if deg(Δ ∩ ℓ) = 2, by (i). Here, if ℓ ⊄ E, then the type is [1; 2, 2]_0 by 2 = deg(Δ ∩ ℓ) ≤ Eℓ, and we have ℓ ∩ E ⊂ Δ by Eℓ ≤ 2. This is the case of (4b). If ℓ ⊂ E, then the type is [3; 2, 4]_{++}(a, b) and the fiber ℓ is unique, where deg(Δ ∩ ℓ) = 2. This is the case of (4c).

(6): Now ϕ(γ) ⊄ E by (iii) and K_M γ = L_M γ = E_M γ = 1. Hence, (K_X + L)ϕ(γ) = 0. Thus K_X +L is not ample. If K_X +L is big, then X ≃ F_2 and ϕ(γ) = σ, which contradicts (i). Hence, K_X + L is not big. Thus e_1 = 2 and ϕ(γ) is a fiber ℓ of π. Conversely, if γ is the proper transform of a fiber ℓ ⊄ E in the case e_1 = 2, then γ^2 = − deg(Δ ∩ ℓ) by (i). Thus γ is a (−1)-curve if and only if deg(Δ ∩ ℓ) = 1. If E has a node, then the type is [3; 2, 4]_+ or [3; 2, 4]_{++}(a, b), but a fiber ℓ ⊄ E with Δ ∩ ℓ ≠ ∅ does not contain the nodes of E.

(7): The curve γ is not ϕ-exceptional by (5), and ϕ(γ) ⊄ E by (iii). The equality 2 = −2K_M γ = L_M γ + E_M γ implies that L_M γ = 2 and E_M ∩ γ = ∅. In particular,

(K_X + L)ϕ(γ) = 1. We consider the proof in the following cases:

(A) X ≃ P^2; (B) X ≃ F_n and e_1 = 1; (C) X ≃ F_n and e_1 = 2. Case (A): deg E = 2 and ϕ(γ) is a line ℓ by deg(K_X + L) = 3 − deg E. Conversely, if γ is the proper transform of a line ℓ and if deg E = 2, then γ is a (−1)-curve if and only if deg(Δ ∩ ℓ) = 2, by (i). This is the case of (7a).

Case (B): K_X + L ∼ σ + (n + 2 − e_2)ℓ with e_2 ≤ 2. Note that e_2 = 2 only in the case [2; 1, 2]_{++}.

If ϕ(γ) is a fiber ℓ of π, then deg(Δ∩ℓ) = ℓ^2 −γ^2 = 1. Conversely, the proper transform of a fiber ℓ with deg(Δ ∩ ℓ) = 1 is a (−1)-curve. This is the case of (7b).

If ϕ(γ) is a minimal section σ^′, then e_2 = 1, σ^′ ⊄ E, and deg(σ^′ ∩ Δ) = −n + 1; hence, the type is [0; 1, 1]_0, [0; 1, 1]_+(b), or [1; 1, 1]_0. For the types [0; 1, 1]_0 and [0; 1, 1]_+(b), we have σ^′ ∩ E ⊂ Δ. This is the case of (7c). For the type [1; 1, 1]_0, σ^′ is the negative section σ and σ ∩ E = σ ∩ Δ = ∅. This is the case of (7d).

Assume that ϕ(γ) is neither a fiber nor a minimal section. Then ϕ(γ)^2 > 0. By the Hodge index theorem, we have

1 = ((K_X + L)ϕ(γ))^2 ≥ (K_X + L)^2ϕ(γ)^2 = (n + 4 − 2e_2)ϕ(γ)^2 > 0. Thus 2e_2 = n + 3 and ϕ(γ)^2 = 1. Then n = 1 and e_2 = 2, which is a contradiction since e_2 ≤ 1 for n ≠ 2.

Case (C): Then K_X +L ∼ (n+2−e_2)ℓ, where 0 ≤ e_2 ≤ n+1. Since (K_X +L)ϕ(γ) = 1, ϕ(γ) is a section Θ ∼ σ + mℓ for some m and e_2 = n + 1. Then the type is [1; 2, 2]_0, [3; 2, 4]_+, or [3; 2, 4]_{++}(a, b). We treat the case of types [3; 2, 4]_+ and [3; 2, 4]_{++}(a, b) in Subcase (C1), and the case of type [1; 2, 2]_0 in Subcase (C2) below.

Subcase (C1): This will corresponds to the case (7e). Here n = 3. Then m ≥ 3, since σ ⊂ E and Θ ⊄ E. Here, 2m − 2 = Θ^2 − γ^2 = deg(Δ ∩ Θ) ≤ Θ(E − σ) = m + 1.

Hence, m = 3 and Θ ∩ E ⊂ Δ. Conversely, let Δ^′ ⊂ Δ be a Cartier divisor such that Δ^′ ∼ (σ + 3ℓ)|_E. Since H^p(X, σ + 3ℓ − E) = H^p(X, −σ − ℓ) = 0 for any p, we have an isomorphism H^0(X, σ + 3ℓ)^≃−→ H^0(E, O_E(σ + 3ℓ)).

Here the subspace H^0(X, 3ℓ) of the left hand side is isomorphic to the kernel of H^0(E, O_E(σ + 3ℓ)) → H^0(σ, O_σ).

Since Δ ∩ σ = ∅, there exists a unique section Θ ∼ σ + 3ℓ at infinity with Θ ∩ E = Δ^′. Furthermore, the proper transform of Θ in M is a (−1)-curve.

We have to consider the existence of Δ^′ ∼ (σ + 3ℓ)|_E with Δ^′ ⊂ Δ. If the type is [3; 2, 4]_+, then Δ does not contain the node of E and hence any subscheme Δ^′ ⊂ Δ with deg Δ^′ = 4 is linearly equivalent to (σ + 3ℓ)|_E.

Suppose that the type is [3; 2, 4]_{++}(a, b). Then E = σ + ℓ + σ_∞ for a section σ_∞ at infinity and for a fiber ℓ of π, where Δ ∩ σ = ∅. If (a, b) ≠ (0, 0), then Δ contains the node P = ℓ ∩ σ_∞ and hence mult_P (Δ^′ ∩ ℓ) = a, mult_P (Δ^′ ∩ σ_∞) = b for any Cartier divisor Δ^′ ⊂ Δ of E containing P by Corollary 2.13. If Δ^′ ∼ (σ + 3ℓ)|_E, then deg(Δ^′ ∩ σ_∞) = 3 ≤ deg(Δ ∩ σ_∞) = 6 and deg(Δ^′ ∩ ℓ) = 1 ≤ deg(Δ ∩ ℓ) = 2. Therefore, the Cartier divisor Δ^′ ⊂ Δ with Δ^′ ∼ (σ + 3ℓ)|_E exists if and only if the type is one of [3; 2, 4]_{++}(0, 0), [3; 2, 4]_{++}(1, 1), [3; 2, 4]_{++}(1, 2), [3; 2, 4]_{++}(1, 3).

Subcase (C2): This will corresponds to the cases (7f), (7g). Here, E ∼ 2σ + 2ℓ is non-singular and σ ∩ E = ∅. We have 2m = Θ^2 − γ^2 = deg(Θ ∩ Δ) ≤ ΘE = 2m.

Hence, Θ ∩ E ⊂ Δ and 0 ≤ m ≤ 4 by 2m = ΘE ≤ deg Δ = 8. If m = 0, then Θ = σ. In the case m > 0, Θ is determined by Θ ∩ E. In fact, the vanishings H^p(X, −σ + jℓ) = 0 for p, j ∈ Z induce an isomorphism H^0(X, σ + mℓ)^≃−→ H^0(E, O(2m)).

Hence, for a given subscheme Δ^′ ⊂ Δ of deg Δ^′ = 2m such that ℓ ∩ E ⊄ Δ^′ for any fiber ℓ, the section Θ ∼ σ + mℓ with Θ ∩ E = Δ^′ exists uniquely. Thus we are done. □ Let ψ : Y → M be the blowing-up at all the nodes of E_M . Then the proper transform E_Y of E_M in Y is a disjoint union of (−4)-curves. Let G_q be the ψ-exceptional curve over a node q of E_M . Then E_Y = ψ^∗(E_M ) − 2 ∑ G_q and (6–16) −2K_Y = ψ^∗(−2K_M ) − 2 ∑ G_q ∼ ψ^∗(L_M + E_M ) − 2 ∑ G_q = ψ^∗(L_M ) + E_Y .

Definition 6.3 (cf. [3]). The birational morphism β = α ∘ ψ : Y → S is called the right resolution of S. If a non-singular projective surface Y is the right resolution of a log del Pezzo surface of index two, then Y is called a DPN surface, for short.

In char k = 0, the notion of DPN surface above coincides with that of right DPN surface of elliptic type in [3].

Lemma 6.4. For a DPN surface Y, suppose that there exists a negative curve γ ⊂ Y such that γ is not ψ-exceptional and ψ(γ)^2 ≥ 0. Then the type of (X, E, Δ) is [3; 2, 4]_+, γ is a (−1)-curve, and ϕ ∘ ψ(γ) is the unique fiber of π : X → P^1 passing through the node of E.

Proof. We have −2K_Y γ ≥ 0 by (6–16), since ψ(γ) ⊄ E_M . Since L_M ψ(γ) > 0 by the Hodge index theorem, γ is a (−1)-curve and L_M ψ(γ) + E_Y γ = 2. Then L_M ψ(γ) ≥ E_Y γ + 2 ∑ G_qγ > E_Y γ, since L_M − E_M is nef. Hence, L_M γ = 2, E_Y γ = 0, and ∑ G_qγ = 1. It follows that ψ(γ)^2 = 0 and ϕ^∗(K_X + L)ψ(γ) = 0 by 2(K_M + L_M ) ∼ L_M − E_M . Therefore, X ≃ F_n, K_X + L is not big, and ϕ ∘ ψ(γ) is a fiber ℓ_0 of π. Here, ℓ_0 ∩ Δ = ∅ and ℓ_0 contains a node of E. Hence, the type of (X, E, Δ) is [3; 2, 4]_+ and ℓ_0 is the unique fiber passing through the node of E. Conversely, the proper transform of the fiber ℓ_0 in Y is a (−1)-curve. □

Corollary 6.5. A negative curve on a DPN surface Y is a (−d)-curve for d = 1, 2, 4.

(1) The set of (−4)-curves on Y coincides with the set of the proper transforms of irreducible components of E_M .

(2) The set of (−2)-curves on Y coincides with the set of the total transforms of (−2)-curves on M not contained in E_M .

(3) The set of (−1)-curves on Y consists of the following curves:

(a) The ψ-exceptional curves;

(b) The total transforms of (−1)-curves on M;

(c) The proper transform of the fiber containing the node of E when the type is [3; 2, 4]_+.

Proof. By Lemma 6.4, it is enough to consider the proper transforms of negative curves on M. Then the proper transform of any irreducible component of E_M is a (−4)-curve by (1), (2), and (4) of Proposition 6.2. The proper transform in Y of a (−2)-curve not contained in E_M is a (−2)-curve by (3) and (4) of Proposition 6.2. The proper transform in Y of a (−1)-curve is a (−1)-curve by (5), (6), and (7) of Proposition 6.2. Thus we are done. □

Corollary 6.6. The Picard number r = ρ(Y) of Y equals 11 − g_T + k_T for the type T of S. Proof. E_Y is non-singular with k_T components where any component is a (−4)-curve. Hence, 4K^2_Y = L^2_M −4k_T by (6–16). Since (K_M +L_M )L_M = 2g_T −2 induces L^2_M = 4g_T −4, we have r = 10 − K^2_Y = 11 − g_T + k_T. □ Let n(E_M ) be the number of nodes of E_M . Then n(E_M ) = k_T − 1 when the type is not [4; 2, 4]_{00}, and n(E_M ) = 0 when the type is [4; 2, 4]_{00}.

Corollary 6.7. The Picard number ρ(M) equals 10 − (K_X + E)^2. It is also calculated as follows:

ρ(M) = 11 − g_T + k_T − n(E_M ) =

12 − g_T, if the type is not [4; 2, 4]_{00}; 13 − g_T = 10, if the type is [4; 2, 4]_{00}.

Proof. The first equality follows from K^2_M = (K_M + L_M )^2 = (K_X + L)^2 = (K_X + E)^2 by (3–4). The second follows from Corollary 6.6. □ We have the following characterization for a rational projective surface to be a DPN surface:

Lemma 6.8. A non-singular projective rational surface Y is a DPN surface if and only if there is a non-zero non-singular divisor E_Y such that L_Y = −2K_Y − E_Y is nef and big, and L_Y E_Y = 0.

Proof. It is enough to show the ‘if’ part. Let β : Y → S be the birational morphism into a normal complete algebraic space S of dimension two such that β-exceptional curves are the curves γ with L_Y γ = 0. Then S is a log del Pezzo surface of index two (cf. Definition 3.2, Proposition 3.5). Let α: M → S be the minimal desingularization. Then β = α ∘ ψ for a birational morphism ψ : Y → M and ψ^∗E_M = E_Y + 2G for the ψexceptional divisor G ∼ K_Y − ψ^∗K_M . Let Y = Y_m → Y_{m−1} → · · · → Y_1 → Y_0 = M be the succession of blowups at points representing ψ. For 0 ≤ i ≤ m − 1, let ψ_i : Y_{i+1} → Y_i be the blowing up, G_{i+1} ⊂ Y_{i+1} the ψ_i-exceptional divisor, and let E_i ⊂ Y_i be the pushforward of E_Y . Then ψ^∗_i E_i = E_{i+1} + 2G_{i+1} for any i. In particular, the center of ψ_i : Y_{i+1} → Y_i is a node of E_i. Hence, ψ : Y → M is the blowing up at all the nodes of E_M . Therefore, β : Y → S is the right resolution. □

6.3. Another invariant δ. Let β : Y → S be the right resolution and let ψ : Y → M be the blowing up at all the nodes of M, as before. For an irreducible component E_{i,M} of E_M , let E_{i,Y} be the proper transform in Y, which is a (−4)-curve. The proper transform E_Y = ∑ E_{i,Y} of E_M in Y is a disjoint union of the (−4)-curves. Moreover, E_Y is the union of all the (−4)-curves on Y by Corollary 6.5. We infer that E_Y coincides with the fixed part of the linear system |−2K_Y | by the relation (6–16). Since L_Y = −2K_Y − E_Y ∼ ψ^∗L_M ∼ β^∗(−2K_S), β : Y → S is induced from the morphism associated with |−2K_Y |. We have

dim H^0(Y, −2K_Y ) = dim H^0(S, −2K_S) = 3K^2_S + 1 = 3g_T − 2,

(6–17)

dim H^1(Y, −2K_Y ) = dim H^0(Y, −2K_Y ) − χ(Y, −2K_Y ) = 3(K^2_S − K^2_Y ) = 3k_T, by Theorem 3.18, H^2(Y, −2K_Y ) = 0, E^2_Y = −4k_T, and by (6–16).

Definition 6.9. We introduce an invariant δ ∈ {0, 1} for a DPN surface Y as follows: For the number k of irreducible components of E_Y and for a vector ε = (ε_1, . . . , ε_k) with ε_i ∈ {1, −1}, we set B^ε_Y := L_Y +

∑_k

i=1 ε_iE_{i,Y} .

Then we define δ = 0 if there exists a vector ε ∈ {1, −1}^k such that the numerical class cl(B^ε_Y ) ∈ NS(Y) is divisible by 4, i.e., cl(B^ε_Y ) ∈ 4 NS(Y). If δ ≠ 0, then we define δ = 1. Note that δ can be considered as an invariant of S which depends only on the type of S.

Remark. The invariant δ above is nothing but the geometric interpretation of δ of the main invariants (r, a, δ) for the invariant lattice S (cf. Section 6.6, [3, §2.3]).

Proposition 6.10. Let ϖ : ~Y → T be a proper smooth morphism over a non-singular connected curve T whose fibers Y_t = ϖ^{−1}(t) are DPN surfaces. Then the invariant δ(Y_t) is constant on T .

Proof. We may replace T with another curve étale over T , since T is connected. The rationality of Y_t implies that the relative Picard scheme Pic~_{Y/T} is étale over T . Hence, we may assume that the restriction map Pic( ~Y) → Pic(Y_o) is surjective for a given point o ∈ T . The kernel of the restriction map is just the image of ϖ^∗ : Pic(T ) → Pic( ~Y). In fact, it is shown as follows: Suppose that M|_{Yo} ≃ O_{Yo} for an invertible sheaf M ∈ Pic( ~Y). Then (M|_{Yt} )^2 = (M|_{Yt} ) · (A|_{Yt} ) = 0 for a ϖ-ample invertible sheaf A on ~Y and for any point t ∈ T . It implies that M|_{Yt} ≃ O_{Yt} by the Hodge index theorem and by the rationality of Y_t. Hence, ϖ_∗M is an invertible sheaf and ϖ^∗ϖ_∗M ≃ M.

By (6–17), we have the base change isomorphism ϖ_∗O~_Y (−2K~_Y ) ⊗ k(t) ≃ H^0(Y_t, −2K_{Yt} ).

Hence there exist a family f : ~S → T of log del Pezzo surfaces of index two, a birational morphism β̃ : ~Y → ~S over T , and an effective divisor E~_Y ⊂ ~Y such that (1) β̃|_{Yt} : Y_t → S_t = f^{−1}(t) is the right resolution of S_t, (2) E~_Y |_{Yt} = E_{Yt} , (3) −2K~_Y − E~_Y ∼ β̃^∗(−2K~_S).

Here, E~_Y → T is smooth. Replacing T with a curve étale over T , we may assume that any irreducible component E_{i,} ~_Y of E~_Y is a P^1-bundle over T . Thus E_{i,Yt} = E_{i,} ~_Y |_{Yt} is an irreducible component of E_{Yt} for t ∈ T .

For a vector ε = (ε_i), we consider a divisor B̃^ε = B^ε~_Y = β̃^∗(−2K~_S) + ∑ ε_iE_{i,} ~_Y .

Then B̃^ε|_{Yt} = B^ε_{Yt} for any t ∈ T . Suppose that B^ε_{Yo} ∼ 4L_o for a divisor L_o of Y_o. Then O_{Yo} (L_o) ≃ L|_{Yo} for an invertible sheaf L of ~Y. Thus the invertible sheaf M =

L^{⊗4} ⊗ O~_Y (−B̃^ε) of ~Y comes from T . Therefore, B^ε_{Yt} is divisible by 4 in Pic(Y_t) for any t ∈ T . Thus δ is constant. □ The following result is useful for calculating δ:

Lemma 6.11. Let f : S_1 → S_2 be a birational morphism between non-singular projective varieties and let D be a divisor of S_1. Then cl(D) ∈ 4 NS(S_1) if and only if (1) Dγ ∈ 4Z for any f-exceptional curve γ and, (2) cl(f_∗D) ∈ 4 NS(S_2).

Proof. Since f is a succession of blowups at points, we may assume that f is the blowingup at a point. Let Γ be the exceptional divisor. It is enough to prove the ‘if’ part. If the two conditions are satisfied, then f_∗D − 4L is numerically trivial for a divisor L, and f^∗(f_∗D) − D = 4nΓ for some n ∈ Z; hence, D − 4(f^∗L − nΓ) is numerically trivial. □ Applying Lemma 6.11 to ϕ ∘ ψ : Y → X, we have:

Lemma 6.12. δ = 0 if and only if there exists a vector ε = (ε_i) ∈ {1, −1}^k such that, (1) ε_i + ε_j = 0 for i ≠ j if E_{i,M} ∩ E_{j,M} ≠ ∅, (2) 1 + ε_i = 0 if there is a (−1)-curve γ with γ ∩ E_{i,M} ≠ ∅, (3) cl ( ϕ_∗ ( L_M +

∑_k

i=1 ε_iE_{i,M} )) ∈ 4 NS(X).

Proof. An exceptional curve Γ for ϕ ∘ ψ is either a ψ-exceptional curve or the proper transform of a ϕ-exceptional curve. In the former case, B^ε_Y Γ = ε_i + ε_j if ψ(Γ) = E_{i,M} ∩ E_{j,M} . In the second case, if ψ(Γ) is a (−2)-curve, then L_M ψ(Γ) = E_M ψ(Γ) = 0 and B^ε_Y Γ ∈ 4Z. If ψ(Γ) is a (−1)-curve, then L_M ψ(Γ) = E_M ψ(Γ) = 1 and B^ε_Y Γ = 1 + ε_i for the unique irreducible component E_{i,M} of E_M intersecting ψ(Γ). Thus, we are done. □

Corollary 6.13. Suppose that cl(B^ε_Y ) ∈ 4 NS(Y) for a vector ε ∈ {1, −1}^k.

(1) If E_{1,Y} is the proper transform of an irreducible component E_1 of E with Δ∩(E_1 \ Sing E) ≠ ∅, then ε_1 = −1.

(2) Let E_1 and E_2 be irreducible components of E intersecting with each other at a point P such that mult_P (Δ ∩ E_1) = 1 and mult_P (Δ ∩ E_2) = b. Let E_{i,Y} be the proper transform of E_i in Y for i = 1, 2. Then ε_1 = (−1)^{b+1} and ε_2 = 1.

Proof. (1): By Lemma 2.10, there is a (−1)-curve Γ_k ⊄ E_M such that Γ_kE_M = Γ_kE_{1,M} = 1 and Γ_k ∩E_{1,M} is a non-singular point of E_M . Thus B^ε_Y ψ^∗(Γ_k) = L_M Γ_k +ε_1 = 1+ε_1 ∈ 4Z.

(2): By Lemma 2.14, there is a straight chain

∑_{b+1}

j=1 Γ_j of non-singular rational curves on M such that

• E_{1,M} +

∑_b

j=1 Γ_j + E_{2,M} is a straight chain of rational curves contained in E_M , • the end Γ_{b+1} is a (−1)-curve with Γ_{b+1} ∩ E_M = Γ_b ∩ Γ_{b+1}.

Let Γ_{j,Y} be the proper transform of Γ_j in Y and let ε[j] be the coefficient of ε at Γ_{j,Y} for 1 ≤ j ≤ b. Then B^ε_Y Γ_{b+1,Y} = ε[b] + 1 ∈ 4Z. Thus ε[b] = −1. By (1) of Lemma 6.12, we have ε[j] = (−1)^{b+1−j} for 1 ≤ j ≤ b, ε_1 = (−1)^{b+1}, and ε_2 = 1. □

Proposition 6.14. (1) Suppose that E is irreducible. Then δ = 1 except for the types [1]_0 and [4; 1, 0]_0.

(2) Suppose that E is non-singular and reducible. Then the type is [4; 2, 4]_{00} and δ = 0.

(3) Suppose that E is reducible and singular, and has no nodes P with P ∈ Δ. Then δ = 1 except for the types [2; 1, 2]_{++} and [3; 1, 1]_+.

(4) Suppose that E has exactly one node P and that mult_P (Δ ∩ E_1) = 1, mult_P (Δ ∩ E_2) = b for the irreducible components E_1, E_2 of E. Then δ = 1 except for the types [2]_+(4), [1; 1, 1]_+(2, 1), and [2; 1, 1]_+(1, 3).

(5) Suppose that E has two nodes P and P^′ and that mult_P (Δ ∩ E_1) = 1, mult_P (Δ ∩ E_2) = b for the irreducible components E_1, E_2 of E. Then δ = 1 except for the types [3; 2, 4]_{++}(2, 1) and [3; 2, 4]_{++}(1, 6).

Proof. (1): If Δ = ∅, then (X, E, Δ) is of type [4; 1, 0]_0. In this case, X = M and L + E ∼ 4(σ + 3ℓ). Hence, δ = 0. Suppose that Δ ≠ ∅. Then there is a (−1)- curve γ ⊂ M contracted by ϕ: M → X. By Lemma 6.12, Corollary 6.13, and by L_M − E_M ∼ −2ϕ^∗(K_X + E), we infer that δ = 0 if and only if cl(K_X + E) ∈ 2 NS(X). Here, cl(K_X + E) ∉ 2 NS(X) except for the type [1]_0.

(2) follows from L_M − E_M ∼ −2ϕ^∗(K_X + E) ∼ 4ϕ^∗(ℓ).

(3): Let E_1, E_2 be irreducible components of E with E_1 ∩ E_2 ≠ 0. Let E_{i,Y} be the proper transform of E_i in Y for i = 1, 2. Suppose that cl(B^ε_Y ) ∈ 4 NS(Y) for some ε. If deg(Δ ∩ E_1) > 0 and deg(Δ ∩ E_2) > 0, then ε_1 = ε_2 = −1 by Corollary 6.13. But it contradicts Lemma 6.12. Hence, it is enough to consider the types [2; 1, 2]_{++}, [3; 2, 4]_+, and [3; 1, 1]_+.

Case [2; 1, 2]_{++}: E = ℓ_1 + ℓ_2 + σ for two fibers ℓ_1, ℓ_2 of π and for the negative section σ. Then L − ℓ_1 − ℓ_2 + σ ∼ 4(σ + ℓ). Here, ϕ^∗ψ^∗(L − ℓ_1 − ℓ_2 + σ) = ψ^∗L_M − ℓ_{1,Y} − ℓ_{2,Y} + σ_Y = B^ε_Y for a suitable ε ∈ {1, −1}^k, where ℓ_{1,Y} , ℓ_{2,Y} , and σ_Y are the proper transforms in Y. Thus δ = 0.

Case [3; 2, 4]_+: E = σ + D for the negative section σ and for a section D ∼ σ + 4ℓ. Let σ_Y and D_Y be the proper transforms in Y. Then cl(B^ε_Y ) ∈ 4 NS(Y) implies that B^ε_Y = ψ^∗(L_M ) − D_Y + σ_Y and hence cl(L − D + σ) ∈ 4 NS(X) by Lemma 6.12. However, cl(L − D + σ) = cl(2σ + 2ℓ) ∉ 4 NS(X). Hence, δ = 1.

Case [3; 1, 1]_+: E = σ + ℓ for a fiber ℓ of π and for the negative section σ. Then L − ℓ + σ ∼ 4(σ + 2ℓ). Here, ϕ^∗ψ^∗(L − ℓ + σ) = ψ^∗L_M − ℓ_Y + σ_Y = B^ε_Y for a suitable ε ∈ {1, −1}^k, where ℓ_Y and σ_Y are the proper transforms in Y. Thus δ = 0.

(4): Suppose that B^ε_Y ∈ 4 NS(Y) and let ε_i be the coefficient of ε at the proper transform E_{i,Y} of E_i for i = 1, 2. Then ε_2 = 1 by Corollary 6.13. Thus deg(Δ ∩ E_2) = b also by Corollary 6.13. If deg(Δ ∩ E_1) > 1, then b is even since ε_1 = −1 = (−1)^{b+1} by Corollary 6.13.

Suppose that deg(Δ ∩ E_1) = 1 and deg(Δ ∩ E_2) = b. Then the type is [2; 1, 1]_+(1, 3). Here, E_1 is the negative section σ, E_2 is a fiber of π, and L ∼ −2K_X − E ∼ 3σ + 7ℓ. Then cl(L + E_1 + E_2) ∈ 4 NS(X) by L + E_1 + E_2 ∼ 4σ + 8ℓ. Thus

cl(ψ^∗ϕ^∗(L + E_1 + E_2)) − cl(L_Y + E_{1,Y} + E_{2,Y} − Γ_{1,Y} + Γ_{2,Y} − Γ_{3,Y} ) ∈ 4 NS(Y) for the curves Γ_{j,Y} in the proof of Corollary 6.13, (2). Hence, δ = 0.

Suppose that deg(Δ ∩ E_1) > 1 and deg(Δ ∩ E_2) = b. Then b is even and the following types remain: [2]_+(4), [0; 1, 1]_+(3), [1; 1, 1]_+(2, 1), [1; 1, 1]_+(1, 3). We can write B^ε_Y = ψ^∗(L_M ) − E_{1,Y} + E_{2,Y} +

∑_b

j=1(−1)^{b+1−j}Γ_{j,Y} for the curves Γ_{j,Y} is the proof of Corollary 6.13, (2). Thus δ = 0 if and only if cl(L − E_1 + E_2) ∈ 4 NS(X).

Case [2]_+(4): E_1 and E_2 are lines of P^2. Here deg L = deg(L − E_1 + E_2) = 4. Hence δ = 0.

Case [0; 1, 1]_+(3): We may assume that E_1 is a minimal section σ and E_2 is a fiber. Here L ∼ 3σ + 3ℓ and L − E_1 + E_2 ∼ 2σ + 4ℓ. Hence δ = 1.

Case [1; 1, 1]_+(2, 1): E_1 is a fiber ℓ of π and E_2 is the negative section σ. Here, L ∼ 3σ + 5ℓ and L − E_1 + E_2 ∼ 4σ + 4ℓ. Hence δ = 0.

Case [1; 1, 1]_+(1, 3): E_1 is the negative section σ and E_2 is a fiber ℓ of π. Here L ∼ 3σ + 5ℓ and L − E_1 + E_2 ∼ 2σ + 6ℓ. Hence δ = 1.

(5): The types in this case are [3; 2, 4]_{++}(a, b). Here, E = σ + ℓ + σ_∞ for the negative section σ, a fiber ℓ, and a section σ_∞ at infinity, and furthermore P = ℓ ∩ σ_∞. If δ = 0, then (a, b) = (2, 1) or (1, 6) by the same argument as in the proof of (4) above.

Case (a, b) = (2, 1): Then E_1 = σ_∞ and E_2 = ℓ. We set E_3 = σ. As in the proof of (4), we infer that δ = 0 if and only if cl(L − E_1 + E_2 − E_3) ∈ 4 NS(X). Now L ∼ 2σ + 6ℓ and L − E_1 + E_2 − E_3 ∼ 4ℓ. Hence δ = 0.

Case (a, b) = (1, 6): Then E_1 = ℓ and E_2 = σ_∞. We set E_3 = σ. As in the proof of (4), we infer that δ = 0 if and only if cl(L − E_1 + E_2 + E_3) ∈ 4 NS(X). Now L − E_1 + E_2 + E_3 ∼ 4σ + 8ℓ. Hence δ = 0. □ As a result, the invariant δ depends only on the type T of (X, E, Δ) and is calculated as in Table 6.

Lemma 6.15. For a log del Pezzo surface S of index two, the deformation type of the right resolution Y depends only on the equi-singular deformation type of the basic pair (M, E_M ), and vice versa. The invariant δ depends only on the equi-singular deformation type of the basic pair.

Proof. Let h: ( ~M, ~E_M ) → T be an equi-singular family of basic pairs over a connected non-singular curve T whose fibers define log del Pezzo surfaces of index two. Then there exist a family f : ~S → T of log del Pezzo surfaces of index two and a birational morphism α̃: ~M → ~S over T by Lemma 5.2. Let ψ̃ : ~Y → ~M be the blowing up along the double locus ⋃ ( ~E_i ∩ ~E_j) of ~E = ∑ ~ E_i. Then the induced smooth family ϖ : ~Y → T is a simultaneous right resolution of f. Thus, if two such basic pairs are equi-singular deformation equivalent, then the associated right resolutions are deformation equivalent, and they have the same δ by Proposition 6.10. Conversely, if two basic pairs have the same invariants g, k, δ, then by Table 6, we infer that either they have the same type or they are of types [0; 1, 1]_0 and [2; 1, 2]_0. In both cases, the basic pairs are equi-singular deformation equivalent by results in Section 5.2 and by Proposition 5.10, (1). □

6.4. The singular points of S. We consider the singular points on S. A connected component of the exceptional locus for α: M → S is written as α^{−1}(Q) for a singular point Q of S. If α^{−1}(Q) ⊂ E_M , then Q ∈ S is a singular point of type K_n. If α^{−1}(Q) ⊄ E_M , then Q ∈ S is a rational double point, and an irreducible component of α^{−1}(Q) is one of following (−2)-curves by Proposition 6.2:

• A ϕ-exceptional (−2)-curve such that ϕ(γ) is a non-singular point of E; • The proper transform of the negative section σ when the type is [2; 1, 2]_0; • The proper transform of a fiber ℓ of π with ℓ ∩ E ⊂ Δ when the type is [1; 2, 2]_0.

Lemma 6.16. (1) If the type is not [4; 2, 4]_{00}, then S has a unique non-Gorenstein singular point, which is of type K_k for the number k of irreducible components of E_M . If the type is [4; 2, 4]_{00}, then S has two singular points, which are of type K_1.

(2) Suppose that the type is neither [1; 2, 2]_0 nor [2; 1, 2]_0. Then a rational double point Q ∈ S is of type A_{l−1} where α^{−1}(Q) is the maximal straight chain of (−2)-curves in ϕ^{−1}(P ) for a non-singular point P of E with mult_P (Δ) = l ≥ 2. In particular, l ≤ deg Δ.

(3) Suppose that the type is [2; 1, 2]_0. Then the total transform of the negative section σ in M is a (−2)-curve defining an A_1-singularity on S. The other rational double points Q ∈ S are of type A_{l−1}, where α^{−1}(Q) is the maximal straight chain of (−2)-curves in ϕ^{−1}(P ) for a point P ∈ E with mult_P (Δ) = l ≥ 2.

(4) Suppose that the type is [1; 2, 2]_0 and that π|_E : E → P^1 is separable. Then a rational double point Q ∈ S is of type A_l for 1 ≤ l ≤ 7 or of type D_l for 4 ≤ l ≤ 8.

(5) Suppose that the type is [1; 2, 2]_0 and that π|_E : E → P^1 is inseparable. Then a rational double point Q ∈ S is of type A_l for l ∈ {1, 3} or of type D_l for 4 ≤ l ≤ 8.

Proof. (1): E_M is connected if and only if the type is not [4; 2, 4]_{00}. If the type is [4; 2, 4]_{00}, then E_M is a disjoint union of two (−4)-curves. Thus (1) follows.

(2) and (3): If the type is neither [1; 2, 2]_0 nor [2; 1, 2]_0, then any (−2)-curve is contained in ϕ^{−1}(P ) for a non-singular point P of E with mult_P (Δ) ≥ 2. If the type is [2; 1, 2]_0, then there is one more (−2)-curve which is the total transform of σ.

(4) and (5): Any (−2)-curve is contained in a fiber of M → P^1. Thus the assertion follows from Lemmas 5.13 and 4.11. □ Let Γ = Γ [M] = Γ (S) = Γ (X, E, Δ) be the dual graph of the negative curves on M.

The part Γ_K is defined to be the subgraph consisting of the irreducible components of E_M . Another part Γ_{RDP} is defined to be the subgraph consisting of the (−2)-curves not contained in E_M . Then a connected component of Γ_K corresponds to a non-Gorenstein point on S, and a connected component of Γ_{RDP} corresponds to a rational double point on S. Thus Γ_K ⊔ Γ_{RDP} is the dual graph of the minimal resolution of singularities of S. By Lemma 6.16, (1), if S is not of type [4; 2, 4]_{00}, then Γ_K = K_k for k = k_T; If S is of type [4; 2, 4]_{00}, then Γ_K is the disjoint union of two K_1. Thus Γ_K depends on the type T of S.

Let a(i) be the number of singular points on S of type A_i for i ≥ 1. Similarly, let d(i) be the number of singular points of type D_i for i ≥ 4. The formal linear combination D(S) = D(X, E, Δ) = ∑ a(i)A_i + ∑ d(j)D_j of Dynkin diagrams is called the distribution (of rational double points) of S. Then Γ (S)_{RDP} is identified with D(S). We define σ(S) = σ(X, E, Δ) = ∑ ia(i) + ∑ jd(j).

Note that σ(S) is not determined by the type T, in general.

The birational morphism α: M → S contracts k_T + σ(S) rational curves. Hence, the Picard number ρ(S) equals ρ(M) − k_T − σ(S), since S is Q-factorial. Therefore, ρ(S) = 10 − (K_X + E)^2 − k_T − σ(S) = 12 − g_T − k_T − σ(S), if the type is not [4; 2, 4]_{00}; 8 − σ(S), if the type is [4; 2, 4]_{00}.

Table 7. The maximum and minimum Picard numbers

Type T ρ^{max}_T ρ^{min}_T Type T ρ^{max}_T ρ^{min}_T Type T ρ^{max}_T ρ^{min}_T [1]_0 5 1 [1; 1, 1]_0 6 2 [3; 1, 0]_0 2 2 [2]_0 8 1 [1; 1, 1]_+(0, 0) 5 2 [3; 1, 1]_+ 3 1 [2]_+(0) 7 1 [1; 1, 1]_+(1, 1) 4 3 [3; 2, 4]_+ 8 1 [2]_+(1) 6 2 [1; 1, 1]_+(2, 1) 3 2 [3; 2, 4]_{++}(0, 0) 7 1 [2]_+(2) 5 2 [1; 1, 1]_+(1, 2) 3 3 [3; 2, 4]_{++}(1, 1) 6 2 [2]_+(3) 4 2 [1; 1, 1]_+(1, 3) 2 2 [3; 2, 4]_{++}(2, 1) 5 1 [2]_+(4) 3 1 [1; 2, 2]_0 9 1 [3; 2, 4]_{++}(1, 2) 5 2 [0; 1, 0]_0 5 2 [2; 1, 0]_0 3 2 [3; 2, 4]_{++}(1, 3) 4 2 [0; 1, 1]_0 7 2 [2; 1, 1]_+(0, 0) 4 2 [3; 2, 4]_{++}(1, 4) 3 2 [0; 1, 1]_+(0) 6 2 [2; 1, 1]_+(1, 1) 3 2 [3; 2, 4]_{++}(1, 5) 2 2 [0; 1, 1]_+(1) 5 3 [2; 1, 1]_+(1, 2) 2 2 [3; 2, 4]_{++}(1, 6) 1 1 [0; 1, 1]_+(2) 4 3 [2; 1, 1]_+(1, 3) 1 1 [4; 1, 0]_0 1 1 [0; 1, 1]_+(3) 3 2 [2; 1, 2]_0 7 1 [4; 2, 4]_{00} 8 1 [1; 1, 0]_0 4 2 [2; 1, 2]_{++} 5 1

Definition 6.17. For a type T of fundamental triplet, we define σ^{max}_T (resp. σ^{min}_T ) to be the maximum (resp. the minimum) of σ(S) for the log del Pezzo surfaces S of index two of type T. For a log del Pezzo surface S of type T, if σ(S) = σ^{max}_T , then S is called extremal. If σ(S) = σ^{min}_T , then S is called generic. A fundamental triplet (X, E, Δ) is called extremal (resp. generic) if the associated log del Pezzo surface S is so. We also define ρ^{min}_T (resp. ρ^{max}_T ) to be the minimum (resp. the maximum) of ρ(S) for the log del Pezzo surfaces S of index two of type T.

Remark. The notion of extremal in Definition 6.17 is slightly different from that used in [3]; this is related to the equi-singular deformation equivalence between types [0; 1, 1]_0 and [2; 1, 2]_0 in Theorem 6.1.

By Lemma 6.16, (X, E, Δ) is generic if and only if

• Δ is reduced on E \ Sing E when T ≠ [1; 2, 2]_0, and • Δ is reduced and deg(Δ ∩ ℓ) ≤ 1 for any fiber ℓ of π when T = [1; 2, 2]_0.

In particular, σ^{min}_T = 0 for any T. Thus σ^{max}_T = ρ^{max}_T − ρ^{min}_T . If T ≠ [4; 2, 4]_{00}, then ρ^{min}_T = 12−g_T −k_T −σ^{max}_T and ρ^{max}_T = 12−g_T −k_T. If T = [4; 2, 4]_{00}, then ρ^{min}_T = 8−σ^{max}_T and ρ^{max}_T = 8. The numbers ρ^{max}_T and ρ^{min}_T are calculated as in Table 7, by:

Proposition 6.18.

(1) Suppose that (X, E, Δ) is not of type [1; 2, 2]_0. Then (X, E, Δ) is extremal if and only if any irreducible component of E \ Sing E has at most one point contained in Δ.

(2) Suppose that char k ≠ 2 and that (X, E, Δ) is of type [1; 2, 2]_0. Then (X, E, Δ) is extremal if and only if Δ = n_1P_1 + n_2P_2 for the ramification points P_1, P_2 of π|_E : E → P^1 where (max{n_1, n_2}, min{n_1, n_2}) = (8, 0), (6, 2), (5, 3), or (4, 4).

(3) Suppose that char k = 2, (X, E, Δ) is of type [1; 2, 2]_0, and that π|_E : E → P^1 is separable. Then (X, E, Δ) is extremal if and only if Δ = 8P for the unique ramification points P of π|_E.

(4) Suppose that char k = 2, (X, E, Δ) is of type [1; 2, 2]_0, and that π|_E : E → P^1 is inseparable. Then (X, E, Δ) is extremal if and only if mult_P (Δ) ≥ 2 for any point P ∈ Δ.

Proof. (1): Suppose that Supp Δ ∩ (E_i \ Sing E) contains two points P_1, P_2 for an irreducible component E_i ⊂ E. We set m_i = mult_{Pi} (Δ) for i = 1, 2 and set Δ^′ = Δ + m_2(P_1 − P_2) which is an effective Cartier divisor of E. Then mult_{P1} (Δ^′) = m_1 + m_2 and P_2 ∉ Δ^′. Since the Dynkin diagram A_{m1+m2−1} contains the disjoint union of A_{m1−1} and A_{m2−1}, Γ (X, E, Δ)_{RDP} is regarded as a subgraph of Γ (X, E, Δ^′)_{RDP}. In particular, (X, E, Δ) is not extremal.

Next suppose that Supp Δ∩(E_i\Sing E) consists of at most one point for any irreducible component E_i ⊂ E, then Γ (X, E, Δ)_{RDP} is uniquely determined by Lemma 6.16. Thus (X, E, Δ) is extremal.

(2): We define Δ^′ = Δ + ∑ P ∈Δ,P ≠P_1,P_2 multP (Δ)(P1 − P ).

Since A_{m−1} ⊂ D_m, Γ (X, E, Δ)_{RDP} is a subgraph of Γ (X, E, Δ^′)_{RDP} by Lemma 6.16. In particular, if Supp(Δ) ⊄ {P_1, P_2}, then (X, E, Δ) is not extremal.

Suppose that Δ = n_1P_1 + n_2P_2 for n_1 ≥ n_2. Then n_1 + n_2 = 8. Then D(X, E, Δ) is calculated as follows:

n_2 0 1 2 3 4 D(X, E, Δ) D_8 D_7 D_6 + 2A_1 D_5 + A_3 2D_4 Since D_7 ⊂ D_8, the case n_1 = 1 is not extremal. The other cases are extremal.

(3) and (4) follow from a similar argument to (2) above and Lemma 6.16. □ We define an extremal distribution of type T to be D(S) for an extremal log del Pezzo surface S of type T.

If T ≠ [1; 2, 2]_0, then an extremal distribution D_T of type T is uniquely determined. In fact, for an extremal fundamental triplet (X, E, Δ) of type T, Δ ∩ (E_i \ Sing E) consists

Table 8. Extremal distributions

Type T D_T Type T D_T Type T D_T [1]_0 A_4 [1; 1, 1]_0 A_4 [3; 1, 0]_0 ∅ [2]_0 A_7 [1; 1, 1]_+(0, 0) A_2 + A_1 [3; 1, 1]_+ A_2 [2]_+(0) 2A_3 [1; 1, 1]_+(1, 1) A_1 [3; 2, 4]_+ A_7 [2]_+(1) 2A_2 [1; 1, 1]_+(2, 1) A_1 [3; 2, 4]_{++}(0, 0) A_5 + A_1 [2]_+(2) A_2 + A_1 [1; 1, 1]_+(1, 2) ∅ [3; 2, 4]_{++}(1, 1) A_4 [2]_+(3) A_2 [1; 1, 1]_+(1, 3) ∅ [3; 2, 4]_{++}(2, 1) A_4 [2]_+(4) A_2 [1; 2, 2]_0 see *) below [3; 2, 4]_{++}(1, 2) A_3 [0; 1, 0]_0 A_3 [2; 1, 0]_0 A_2 [3; 2, 4]_{++}(1, 3) A_2 [0; 1, 1]_0 A_5 [2; 1, 1]_+(0, 0) A_2 [3; 2, 4]_{++}(1, 4) A_1 [0; 1, 1]_+(0) 2A_2 [2; 1, 1]_+(1, 1) A_1 [3; 2, 4]_{++}(1, 5) ∅ [0; 1, 1]_+(1) 2A_1 [2; 1, 1]_+(1, 2) ∅ [3; 2, 4]_{++}(1, 6) ∅ [0; 1, 1]_+(2) A_1 [2; 1, 1]_+(1, 3) ∅ [4; 1, 0]_0 ∅ [0; 1, 1]_+(3) A_1 [2; 1, 2]_0 A_5 + A_1 [4; 2, 4]_{00} A_7 [1; 1, 0]_0 A_2 [2; 1, 2]_{++} 2A_2

*) Extremal distributions of type [1; 2, 2]_0: char k ≠ 2 D_8, D_6 + 2A_1, D_5 + A_3, 2D_4 char k = 2 D_8, D_6 + 2A_1, D_5 + A_3, 2D_4, D_4 + 4A_1, 2A_3 + 2A_1, 8A_1

at most one point for any irreducible component E_i ⊂ E, and hence D_T is the direct sum ∑ d_i≥2 Adi−1 for the degree di = deg(Δ ∩ (Ei \ Sing E)), where the numbers di depend only

on T.

The extremal distributions of type [1; 2, 2]_0 has been classified in Lemma 6.18, (2), (3), when π|_E : E ⊂ X → P^1 is separable. Let (X, E, Δ) be an extremal fundamental triplet of type [1; 2, 2]_0 such that π|_E : E → P^1 is inseparable. Then Δ can be written as a divisor

∑_l

i=1 m_iP_i of E for m_i ≥ 2 with ∑ m_i = 8. We may assume that m_1 ≥ m_2 ≥ · · · ≥ m_l.

Then (m_1, . . . , m_l) is one of (8), (6, 2), (5, 3), (4, 4), (4, 2, 2), (3, 3, 2), (2, 2, 2, 2).

Therefore, the extremal distributions are classified as in Table 8, where the case [1; 2, 2]_0 is treated in *).

Corollary 6.19. The distribution D(S) of rational double points of a log del Pezzo surface S of type T is realized as a subdiagram of an extremal distribution of type T. Conversely, any subdiagram of an extremal distribution of type T is realized as D(S) for a log del Pezzo surface S of type T, provided that T ≠ [2; 1, 2]_0. An extremal distribution of type [2; 1, 2]_0 is K_1 + A_5 + A_1 and any subdiagram containing the part K_1 + A_1 is realized as D(S) for a log del Pezzo surface S of type [2; 1, 2]_0.

Proof. The first assertion follows from Proposition 6.18. A subdiagram of A_{m−1} is also a direct sum of A_{mi−1} with m ≥ ∑ m_i. Similarly, a subdiagram of D_m is the sum of D_n and A_{mj −1} with m ≥ n + ∑ m_j. If (X, E, Δ) is of type [2; 1, 2]_0, then D(X, E, Δ) always contains A_1 which corresponds to the total transform of the negative section σ ⊂ X. Thus, we have the converse assertion. □

Theorem 6.20. For a given type T, an extremal fundamental triplet of type T is unique up to isomorphism if T ≠ [1; 2, 2]_0. In case T = [1; 2, 2]_0, the isomorphism class of extremal fundamental triplet is determined by the extremal distribution D either if char k ≠ 2 or if D ∉ {D_8, 8A_1}.

Proof. Suppose that the type T is not [2]_0, [0; 1, 1]_0, [1; 2, 2]_0, [3; 2, 4]_+, nor [3; 2, 4]_{++}(a, b) with (a, b) ≠ (0, 0). Then for two extremal fundamental triplets (X, E, Δ_1), (X, E, Δ_2) of type T, there exists an effective divisor E^′ such that Δ_1 ∩ E^′ = Δ_2 ∩ E^′ = ∅ and that X \ (E + E^′) ⊂ X is a torus embedding. Since every irreducible component is an orbit of the torus, we have an automorphism f of X such that f(E_i) = E_i for any irreducible component E_i ⊂ E and f(Δ_1) = Δ_2 outside the nodes of E. Suppose that E has a node P contained in Δ_1. Then P = E_1 ∩ E_2 and E = E_1 + E_2 for two irreducible components E_1 and E_2. We may assume the following properties to be satisfied:

• There is an effective divisor E^′ such that Supp(Δ_1) \ P ⊂ E^′, Supp(Δ_2) \ P ⊂ E^′, and X \ (E + E^′) ⊂ X is a torus embedding.

• mult_P (Δ_1 ∩E_1) = mult_P (Δ_2 ∩E_1) = 1 and mult_P (Δ_1 ∩E_2) = mult_P (Δ_2 ∩E_2) = b. Let ϕ^♯ : M^♯ → X be the elimination of Δ_1 ∩ (E_2 \ E^′) = Δ_2 ∩ (E_2 \ E^′). Then ϕ^♯ is a toric blowing-up defined by a subdivision of the fan corresponding to X \ (E + E^′) ⊂ X. The weak transform of Δ_i is supported on a non-singular point P_i of an exceptional curve Γ ⊂ (ϕ^♯)^{−1}(P ) and on nodes of (ϕ^♯)^{−1}(E + E^′) for i = 1, 2. The open torus acts transitively on Γ \ Sing(ϕ^♯)^{−1}(E + E^′). Therefore, we have an automorphism f of X with f(Δ_1) = Δ_2.

Next, we consider the exceptional types.

Case [2]_0: E ≃ P^1 ⊂ X ≃ P^2 is considered as the Veronese embedding by |O(2)|. Thus an automorphism of E lifts to an automorphism of X. An extremal fundamental triplet (X, E, Δ) is determined by a point P ∈ E by Δ = 8P . Thus the isomorphism class of the extremal fundamental triplet is unique.

Case [0; 1, 1]_0: We may assume that E is the diagonal locus of X = P^1 × P^1. Thus an automorphism of E lifts to an automorphism of X. Thus the isomorphism class of extremal fundamental triplet is unique by the same reason above.

Case [1; 2, 2]_0: The extremal distributions are classified as in *) of Table 8 by Proposition 6.18, (2)–(4). For an extremal fundamental triplet (X, E, Δ), if char k ≠ 2, then Δ is supported on the two ramification points of π|_E : E → P^1. If char k = 2 and D(X, E, Δ) ∉ {D_8, 8A_1}, then π|_E : E → P^1 is inseparable and Δ is supported on at most three points. Thus the isomorphism class of the extremal fundamental triplet (X, E, Δ) is determined by the distribution.

Case [3; 2, 4]_+: E = σ + D for a section D ∼ σ + 4ℓ and an extremal fundamental triplet (X, E, Δ) is given by Δ = 8P for a point P ∈ D \ σ. For given two points P_1, P_2 ∈ D \ σ, we take another point Q ∈ D \ (σ ∪ {P_1, P_2}) and consider the elementary transformation at Q: X ···→ X_2 ≃ F_2. Let Q_2 ∈ X_2 be the intersection point of the proper transform D_2 ⊂ X_2 of D and the fiber over π(Q) and let X_2 ···→ X_1 ≃ F_1 be the elementary transformation at Q_2. Let Q_1 ∈ X_1 be the intersection point of the proper transform D_1 ⊂ X_1 of D and the fiber over π(P ) and let X_1 ···→ X_0 ≃ F_0 be the elementary transformation at Q_1. Let σ_0 ⊂ X_0 be the proper transform of σ and let Q_0 ∈ X_0 be the intersection point of the proper transform D_0 ⊂ X_0 of D and the fiber over π(P ). Note that D_0 is regarded as the diagonal of P^1 ×P^1. There is an automorphism φ of D_0 such that φ(D_0 ∩ σ_0) = D_0 ∩ σ_0, φ(Q_0) = Q_0, and φ(f(P_1)) = φ(f(P_2)) for the rational map f : X ···→ X_0. Then φ lists to an automorphism ~φ of X_0 which preserves the section σ_0, the fiber over π(P ), and D_0. Hence ~φ induces an automorphism ^φ of X such that ^φ(D) = D, ^φ(σ) = σ, and ^φ(P_1) = P_2. Hence, the isomorphism class of extremal fundamental triplet is unique.

Case [3; 2, 4]_{++}(a, b) with (a, b) ≠ (0, 0): E = σ + ℓ + σ_∞ for a fiber ℓ and a section σ_∞ at infinity. Let P be the point σ_∞ ∩ ℓ. Let Δ_1 and Δ_2 be effective Cartier divisors of E giving extremal fundamental triplet of this type. By the argument above, we may assume that Supp(Δ_1 ∩ σ_∞) = Supp(Δ_2 ∩ σ_∞) = {P } ∪ (σ_∞ ∩ ℓ^′) for another fiber ℓ^′ and that Supp(Δ_1 ∩ ℓ) = Supp(Δ_2 ∩ ℓ). Let ϕ^♯ : M^♯ → X be the elimination of Δ_1 ∩ σ_∞ in case mult_P (Δ_1 ∩ ℓ) = 1, and the the elimination of Δ_1 ∩ ℓ in case mult_P (Δ_1 ∩ σ_∞) = 1. Then the weak transform Δ^♯_i for i = 1, 2 is supported on a non-singular point P_i of a ϕ^♯- exceptional curve Γ, on a point Q ∈ ℓ \ {P }, and on the inverse image of the intersection point σ_∞ ∩ℓ^′. Since Γ and the proper transform of ℓ are two irreducible component of the boundary of the torus imbedding into M^♯, an element of the open torus acts trivially on the proper transform of ℓ and moves P^♯_1 to P^♯_2 . Thus f(Δ_1) = Δ_2 for an automorphism f of X. Hence, the isomorphism class of extremal fundamental triplet is unique. □

Remark 6.21. In case char k = 2, the isomorphism class of an extremal fundamental triplet of type [1; 2, 2]_0 with the extremal distribution D is not unique if D = D_8 or 8A_1. In fact, if D = D_8, then there are two fundamental triplets (X, E, 8P ) and (X, E^′, 8P^′) for X = F_1 such that

• π|_E : E → P^1 is separable and P is the unique ramification point of π|_E, • π|_E : E → P^1 is inseparable and P is any point of E.

If (X, E, Δ) is an extremal fundamental triplet with the distribution D = 8A_1, then π|_E : E → P^1 is inseparable and Supp Δ consists of four points. Thus Δ is not unique up to isomorphism of E. Moreover, there are infinitely many isomorphism classes of (X, E, Δ) with D(X, E, Δ) = 8A_1; This fact was pointed out by Ohashi.

Corollary 6.22 (cf. [3], [19]). There is a one-to-one correspondence between the set of isomorphism classes of log del Pezzo surfaces of index two with Picard number one and the set of isomorphism classes of extremal fundamental triplets of the following types:

[1]_0, [2]_0, [2]_+(0), [2]_+(4), [1; 2, 2]_0, [2; 1, 1]_+(1, 3), [2; 1, 2]_0, [2; 1, 2]_{++}, [3; 1, 1]_+, [3; 2, 4]_+, [3; 2, 4]_+(0, 0), [3; 2, 4]_{++}(2, 1), [3; 2, 4]_{++}(1, 6), [4; 1, 0]_0, [4; 2, 4]_{00}.

In particular, if char k ≠ 2, then there are exactly 18 isomorphism classes of log del Pezzo surfaces of index two with Picard number one, in which 4 isomorphism classes are of type [1; 2, 2]_0. If char k = 2, then there are exactly 14 isomorphism classes of log del Pezzo surfaces of index two with Picard number one not of type [1; 2, 2]_0, and there are infinitely many isomorphism classes of log del Pezzo surfaces of index two with Picard number one of type [1; 2, 2]_0.

6.5. Dual graph of the negative curves. We consider the dual graph Γ = Γ (S) = Γ [M] of negative curves on M. The proper transform of an irreducible component E_j of E in M is represented by a vertex in Γ_K. Thus we have a natural injection ν : J (E) → Ver(Γ_K) from the set J (E) of irreducible components of E to the set Ver(Γ_K) of vertices of Γ_K.

Let C(Γ_{RDP}) be the set of connected components of Γ_{RDP}. Let C(A_m) and C(D_n) be the sets of connected components of Γ_{RDP} which are Dynkin diagrams of types A_m and D_n, respectively.

Let V be the subset of white vertices joined to Γ_K. A vertex v ∈ V represents a (−1)- curve γ on M with E_M ∩ γ ≠ ∅, equivalently a (−1)-curve belonging to the case (5) or (6) of Proposition 6.2.

Let Γ^♭ be the subgraph of Γ consisting of vertices of V ∪ Γ_K ∪ Γ_{RDP}. Let W be the set of white vertices of Γ which is not joined to Γ_K. Then a vertex in W represents a (−1)-curve γ with E_M ∩ γ = ∅. Thus Ver(Γ ) = Ver(Γ^♭) ⊔ W = Ver(Γ_K) ⊔ Ver(Γ_{RDP}) ⊔ V ⊔ W.

Note that Γ_K and Γ_{RDP} are uniquely determined as the subgraphs of Γ^♭. In fact, Γ_K ⊔ Γ_{RDP} is the subgraph consisting of non-white vertices, and a connected component of Γ_K contains a non-black vertex.

Lemma 6.23. Suppose that S is not of type [1; 2, 2]_0. Then, for any irreducible component E_j ∈ J (E), the scheme Δ ∩ (E_j \ Sing E) is uniquely determined up to isomorphism by the type T, the graph Γ^♭, and by ν(E_j) ∈ Γ_K. Moreover, the number ♯V of the finite set V is calculated as follows:

• If K_M + L_M is big, then ♯V = deg(Δ) − σ(S) − b_T for the number b_T of black vertices in Γ_K.

• If T = [3; 2, 4]_+ or [4; 2, 4]_{00}, then ♯V = 16 − 2σ(S). • If T = [3; 2, 4]_{++}(1, b), then ♯V = 15 − 2σ(S) − 2b. • If T = [3; 2, 4]_{++}(2, 1), then ♯V = 12 − 2σ(S).

• Suppose that T = [3; 2, 4]_{++}(0, 0). If a vertex in Γ_{RDP} joined to a vertex v ∈ V and v is joined to a black vertex of Γ_K, then ♯V = 15 − 2σ(S). If there is no such a vertex in Γ_{RDP} above, then ♯V = 14 − 2σ(S).

Proof. We have C(Γ_{RDP}) = ⋃ C(A_m). In case T = [2; 1, 2]_0, we set C^′ ⊂ C(Γ_{RDP}) to be the complement of a unique element of C(Γ_{RDP}) representing the total transform of the negative section of X ≃ F_2. In case T ≠ [2; 1, 2]_0, we set C^′ = C(Γ_{RDP}). In the both cases, we set C^′(A_m) = C^′ ∩ C(A_m).

Let V_ϕ ⊂ V be the subset of vertices representing a ϕ-exceptional (−1)-curve. Let P_v ∈ X denote the point to which the (−1)-curve is contracted. Note that V_ϕ = V if K_M + L_M is big. Let V_+ be the set of vertices v ∈ V_ϕ such that P_v is a node of E. Let V_m be the set of vertices v ∈ V_ϕ such that P_v ∉ Sing E and mult_{Pv} (Δ) = m ≥ 1. The number ♯V_+ is 0 or 1, which depends on the type T. There is a one to one correspondence between C^′(A_l) and V_{l+1} for l ≥ 1 as follows (cf. Lemma 6.16): A connected component Γ_λ ∈ C^′(A_l) represents the set of (−2)-curves in the fiber ϕ^{−1}(P ) over a point P ∈ Δ \ Sing E with mult_P (Δ) = l + 1, where the end (−1)-curve of ϕ^{−1}(P ) is represented by a vertex v_λ ∈ V_{l+1}. Here, ν(E_j) ∈ Ver(Γ_K) is the unique vertex of Γ_K joined to v_λ for the irreducible component E_j = E_{j(λ)} of E containing P . Conversely, for a vertex v ∈ V_{l+1}, the set of (−2)-curves in ϕ^{−1}(P_v) is represented by a connected component Γ_{λ(v)} ∈ C^′(A_l). Therefore, we have

{P ∈ E_j \ Sing E | mult_P (Δ) = l + 1} = {P_λ | Γ_λ ∈ C^′(A_l), j = j(λ)} for any l ≥ 1 and for any irreducible component E_j of E. Since deg(Δ ∩ (E_j \ Sing E)) is determined by T, the scheme Δ ∩ (E_j \ Sing E) is determined up to isomorphism by T, Γ^♭ and ν(E_j). We have deg(Δ \ Sing E) = ∑ l≥1 l ♯V_l and σ(S) = ∑ l≥2(l − 1) ♯V_l.

If Δ ∩ Sing E ≠ ∅, then deg(Δ) − deg(Δ \ Sing E) = 1 + b_T. Therefore, deg Δ − σ(S) = b_T + ♯V_ϕ.

Hence, we may assume that K_M +L_M is not big, i.e., T is one of [3; 2, 4]_+, [3; 2, 4]_{++}(a, b), or [4; 2, 4]_{00}. Here, deg Δ = 8. A vertex v ∈ V \ V_ϕ represents the proper transform in M of a fiber of π passing through a point of Δ \ Sing E. Let E_1 ⊂ E be the horizontal component which is not the negative section. Then ♯(V \ V_ϕ) = ♯{v ∈ V_ϕ | 1 = j(v)}.

Thus ♯V = 2 ♯V_ϕ − ε for ε = ♯{v ∈ V_ϕ | j(v) ≠ 1}. Here, ε = 0 for T = [3; 2, 4]_+, [3; 2, 4]_{++}(2, 1), [4; 2, 4]_{00}; and ε = 1 for [3; 2, 4]_{++}(1, b). If T = [3; 2, 4]_{++}(0, 0), then ε = 1, if j(λ) ≠ 1 for some Γ_λ ∈ C(A_1), 2, otherwise.

Thus we are done. □

Corollary 6.24. If T ≠ [1; 2, 2]_0, then the graph Γ (S) depends only on the subgraph Γ (S)^♭.

Proof. It is enough to show the set W and the lines joining W and Γ^♭ ∪ W are all determined. A vertex of W represents a (−1)-curve belonging to one of the cases (7a)– (7e) of Proposition 6.2.

Case: X ≃ P^2. Then W = ∅ if T = [1]_0. Hence, we may assume that T = [2]_0 or [2]_+(b). Then a vertex of W represents the proper transform in M of a line ℓ ⊂ X with deg(ℓ ∩ Δ) = 2, by Proposition 6.2. The line ℓ is not a component of E and is one of the following:

• A line joining two distinct points of Δ.

• The tangent line of E at a point P ∈ Δ \ Sing E with mult_P (Δ) ≥ 2. • The line ℓ passing through the node P of E with mult_P (Δ ∩ ℓ) = 2 in the case T = [2]_+(1).

Therefore, the set W is determined by the graph Γ (S)^♭. Let ℓ_1 and ℓ_2 be two such lines above. Then the proper transforms in M intersects if and only if the intersection point ℓ_1 ∩ ℓ_2 is not contained in Δ. Therefore, the graph Γ (S) is also determined by Γ (S)^♭.

Case: X ≃ F_n, K_X + L is big, and T is not of type [0; 1, 1]_0, [0; 1, 1]_+(b), nor [1; 1, 1]_0. Then a vertex in W represents the proper transform of a fiber ℓ of π : X → P^1 with deg(Δ∩ℓ) = 1 by Proposition 6.2. Since Δ∩ℓ is not a node of E, the set W is determined by Δ\Sing E. For P ∈ Δ∩ℓ, the proper transform ℓ_M ⊂ M of ℓ intersects the (−1)-curve ϕ^{−1}(P ) if mult_P (Δ) = 1, and intersects the end (−2)-curve of the straight chain ϕ^{−1}(P ) if mult_P (Δ) ≥ 2. There are no other negative curves intersecting ℓ_M . Therefore, Γ (S) is also determined by Γ (S)^♭.

Case: T = [0; 1, 1]_0 or [0; 1, 1]_+(b). A vertex in W represents the proper transform of a fiber ℓ of π : X → P^1 with deg(Δ ∩ ℓ) = 1 or the proper transform of a minimal section σ with deg(Δ ∩ σ) = 1 by Proposition 6.2. Since Δ ∩ ℓ is not a node of E, the set W is determined by Δ \ Sing E. Let ℓ be such a fiber. Then a negative curve intersecting the proper transform ℓ_M is either an end curve of the chain ϕ^{−1}(P ) for P = ℓ ∩ Δ or the proper transform σ_M of a minimal section σ with deg(Δ ∩ σ) = 1, σ ∩ ℓ ∩ Δ = ∅. We have a similar assertion for a minimal section σ above. Therefore, Γ (S) is also determined by Γ (S)^♭.

Case: T = [1; 1, 1]_0. A vertex in W represents the proper transform of a fiber ℓ of π : X → P^1 with deg(Δ ∩ ℓ) = 1 or the total transform of the negative section σ by Proposition 6.2. By a similar argument to the cases above, we infer that Γ (S) is determined by Γ (S)^♭.

In the remaining case, K_M + L_M is not big. The set W is empty for T = [4; 2, 4]_{00}, T = [3; 2, 4]_{++}(2, 1), T = [3; 2, 4]_{++}(1, b) with 4 ≤ b ≤ 6 by Proposition 6.2. Thus the remaining types we must consider are T = [3; 2, 4]_+, [3; 2, 4]_{++}(0, 0), and [3; 2, 4]_{++}(1, b) with 1 ≤ b ≤ 3.

Case: T = [3; 2, 4]_+. E = σ + D and D ∼ σ + 4ℓ for a fiber ℓ. A vertex in W represents the proper transform Θ_M of a section Θ at infinity with Θ ∩ D ⊂ Δ by Proposition 6.2. Moreover, the section Θ at infinity is uniquely determined by a subscheme Δ^′ ⊂ Δ of degree 4 by Δ^′ = Θ ∩ D. The (−2)-curves on M intersecting Θ_M are determined from the divisor Δ^′. For i = 1, 2, let Θ_i be a section at infinity with Δ_i = Θ_i ∩ D ⊂ Δ, and let Θ_{i,M} be the proper transform in M. Then Θ_{1,M} Θ_{2,M} = Θ_1Θ_2 − deg(Δ_1 ∩ Δ_2) = 3 − deg(Δ_1 ∩ Δ_2).

Therefore, W and Γ (S) are determined by Γ (S)^♭.

Case: T = [3; 2, 4]_{++}(a, b) for (a, b) ∈ {(0, 0), (1, 1), (1, 2), (1, 3)}. E = σ + ℓ + σ_∞ for a fiber ℓ and for a section σ_∞ at infinity. A vertex in W represents the proper transform

Θ_M of a section Θ at infinity with Θ ∩ E ⊂ Δ by Proposition 6.2. Moreover, the section Θ at infinity is uniquely determined by subschemes Δ^′ ⊂ Δ ∩ σ_∞ of degree 3 − b and Δ^{′′} ⊂ Δ ∩ ℓ of degree 1 − a by Δ^′ ∪ Δ^{′′} = Θ ∩ (E \ Sing E). Thus, by the same argument as above, we infer that W and Γ (S) are determined by Γ (S)^♭. □ The same assertion as Lemma 6.23 does not hold for type T = [1; 2, 2]_0.

Example 6.25. Suppose that char k ≠ 2. Let X = F_1 and let E ∼ 2σ + 2ℓ be a nonsingular divisor. Let P ∈ E be a non-ramification point with respect to π|_E : E → P^1, ℓ_P the fiber of π passing through P , and let P^′ be the other point of ℓ_P ∩ E. We consider two divisors Δ_1 := 8P and Δ_2 := 7P + P^′ on E. Then (X, E, Δ_1) and (X, E, Δ_2) are fundamental triplets of type [1; 2, 2]_0, and Γ (X, E, Δ_1)^♭ ≃ Γ (X, E, Δ_2)^♭, which is written as the graph (3) of Lemma 5.13 with 7 black vertices. However, the number of white vertices of Γ (X, E, Δ_1) is 7 and the number for Γ (X, E, Δ_2) is 6, by Proposition 6.2, (7f), (7g). In Table 12 below, we have the graphs Γ (X, E, Δ_1) and Γ (X, E, Δ_2).

Lemma 6.26. Suppose that S is of type [1; 2, 2]_0. Let w ∈ W be the vertex representing the total transform of the negative section σ of X ≃ F_1. Let L be the union of the fibers ℓ of π with deg(ℓ ∩ Δ) = 2. Then, (Δ, Δ ∩ L = E ∩ L) (cf. Lemma 5.14) is uniquely determined up to isomorphism by the graph Γ^♭ and w. Moreover, the dual graph Γ (S) is determined by the subgraph consisting of Γ^♭ and w.

Proof. A reducible fiber F of M → P^1 corresponds to a connected component of the graph consisting of V ∪ Γ_{RDP}, by Proposition 6.2 and Lemma 5.13. The image ℓ = ϕ(F ) a fiber of π : X → P^1 and F = ϕ^∗ℓ. Let ℓ_M be the proper transform of ℓ in M. Then ℓ_M be the irreducible component of F which intersects the total transform σ_M of σ.

Suppose that the dual graph of F + E_M is either (1) or (3) of Lemma 5.13. Then F is written as the straight chain F_0 + F_1 + · · · + F_m of rational curves for m ≥ 1 such that the end curves F_0 and F_m are represented by vertices in V and that

∑_{m−1}

i=1 F_i corresponds to a connected component of Γ_{RDP}. If ℓ_M = F_i for 0 < i < m, then ℓ ∩ E = ℓ ∩ Δ and it consists of two points Q_1, Q_2 with mult_{Q1} (Δ) = i, mult_{Q2} (Δ) = m − i. If ℓ_M = F_0 or F_m, then ℓ ∩ Δ consists of one point Q with mult_Q(Δ) = m. If m = 1, then either that ℓ intersects E transversely, or that ℓ ∩ E consists of two points.

Next, suppose that the dual graph of F + E_M is either (2) or (4) of Lemma 5.13. Then ℓ intersects E tangentially at a point P , and the number of (−2)-curves in F is mult_P (Δ) ≥ 2. The vertex representing ℓ_M is a black vertex joined to the unique white vertex.

Hence, w and Γ^♭ determine the scheme structures of Δ and Δ ∩ L = E ∩ L.

By Proposition 6.2, a vertex w_i ∈ W \ {w} represents the proper transform Θ_{i,M} in M of a section Θ_i ∼ σ + n_iℓ of π with Θ_i ∩ E ⊂ Δ for 1 ≤ n_i ≤ 4. Furthermore, Θ_i corresponds to a subscheme Δ_i ⊂ Δ with deg Δ_i = 2n_i, E ∩ ℓ ⊄ Δ_i ∩ ℓ. The unique component of a reducible fiber F intersecting Θ_{i,M} is determined by the information on ℓ∩Δ_i. We have Θ_{i,M} σ_M = n_i −1. The intersection number Θ_{i,M} Θ_{j,M} for w_i, w_j ∈ W \{w} is calculated as

(σ + n_iℓ)(σ + n_j ℓ) − deg(Δ_i ∩ Δ_j) = n_i + n_j − 1 − deg(Δ_i ∩ Δ_j).

Thus the full graph Γ = Γ (S) is also determined by w and Γ^♭. □

Lemma 6.27. Suppose that S is of type [1; 2, 2]_0. Let V_i for 0 ≤ i ≤ 4 be the following subsets of V:

• v ∈ V_0 if and only if v is not joined to any black vertex.

• v ∈ V_1 if and only if v is joined to exactly one black vertex and the black vertex is an end of a connected component of Γ_{RDP} of type A_l for l ≥ 1.

• v ∈ V_2 if and only if v is joined to two black vertices.

• v ∈ V_3 if and only if v is joined to exactly one black vertices and the black vertex is the middle vertex of a connected component of Γ_{RDP} of type A_3.

• v ∈ V_4 if and only if v is joined to exactly one black vertices and the black vertex is an end of a connected component of Γ_{RDP} of type D_l for l ≥ 4.

Then V =

⨆_4

i=0 V_i. Let V_{1,l} ⊂ V_1 be the subset of vertices v such that the connected component joined to v is of type A_l. Let V_{4,l} ⊂ V_4 be the subset of vertices v such that the connected component joined to v is of type D_l. Then

σ(S) = 2 ♯V_2 + 3 ♯V_3 + (1/2) ∑ l≥1 l ♯V_{1,l} + ∑ l≥4 l ♯V_{4,l}, deg Δ = 8 = (1/2)♯V_0 + 2 ♯V_2 + 3 ♯V_3 + (1/2) ∑ l≥1(l + 1) ♯V_{1,l} + ∑ l≥4 l ♯V_{4,l}.

Proof. The subsets V_i are related to the graphs of Lemma 5.13 as follows: If v ∈ V_0, then v is one of the two white vertices of the graph (1). If v ∈ V_{1,l}, then v is one of the two white vertices of the graph (3) with l black vertices. If v ∈ V_2, then v is the white vertex of the graph (2). If v ∈ V_3, then v is the white vertex of the graph (4) with three black vertices. If v ∈ V_{4,l}, then v is the white vertex of the graph (4) with l black vertices. Thus V = ⨆ V_i. Since any (−2)-curve of M is contained in a fiber of M → P^1, σ(S) is calculated as above. For a point P ∈ E, let ℓ_P be the fiber of π passing through P , and m_P := mult_P (Δ). If P is not a ramification point of π|_E : E → P^1, then ℓ ∩ E = {P, P^′} for another point P^′ ∈ E. In this case, if m_P + m_P ′ = 1, then the dual graph of ϕ^{−1}(ℓ_P ) + E_M is the graph (1); If m_P + m_P ′ = m > 1, then the dual graph is the graph (3) with m − 1 black vertices. If m_P = 2 and ℓ_P ∩ E = 2P , then the dual graph of ϕ^{−1}(ℓ_P ) + E_M is the graph (2). If m_P = 3 and ℓ_P ∩ E = 2P , then the dual graph of ϕ^{−1}(ℓ_P ) + E_M is the graph (4) with three black vertices. If m_P ≥ 4 and ℓ_P ∩ E = 2P , then the dual graph of ϕ^{−1}(ℓ_P ) + E_M is the graph (4) with m_P black vertices. Thus deg Δ = 8 = ∑ P ∈Δ mP is calculated as above. □

Theorem 6.28. Let S_1 and S_2 be log del Pezzo surfaces of index two. For i = 1, 2, let (M_i, E_{Mi} ) be the basic pair associated with S_i and let Γ (S_i) be the dual graph of negative curves on M_i. If char k ≠ 2, then the following conditions are mutually equivalent:

(1) (M_1, E_{M1} ) and (M_2, E_{M2} ) are equi-singular deformation equivalent, and Γ (S_1) and Γ (S_2) are isomorphic;

(2) S_1 and S_2 have the same type, and Γ (S_1) and Γ (S_2) are isomorphic; (3) There exist fundamental triplets (X_1, E_1, Δ_1) and (X_2, E_2, Δ_2) defining S_1 and S_2, respectively, such that (X_1, E_1, Δ_1) and (X_2, E_2, Δ_2) are strongly equi-singular deformation equivalent;

(4) S_1 and S_2 are equi-singular deformation equivalent.

Proof. (1) ⇒ (2): Let T_i be the type of S_i for i = 1, 2. Then T_1 = T_2, (T_1, T_2) = ([0; 1, 1]_0, [2; 1, 2]_0), or (T_1, T_2) = ([2; 1, 2]_0, [0; 1, 1]_0) by Theorem 6.1. Under the isomorphism Γ (S_1) ≃ Γ (S_2), we have isomorphisms Γ (S_1)_K ≃ Γ (S_2)_K and Γ (S_1)_{RDP} ≃ Γ (S_2)_{RDP}. If T_1 = [2; 1, 2]_0, then there is an isolated black vertex in Γ (S_1)_{RDP}. If T_2 = [0; 1, 1]_0, then there is no isolated black vertex in Γ (S_2)_{RDP}. Hence, T_1 = T_2.

(2) ⇒ (1) follows from Theorem 6.1.

(2) ⇒ (3) Since T_1 = T_2 and char k ≠ 2, there exist a minimal basic pair (X, E) and zero-dimensional subschemes Δ_1 and Δ_2 of E such that (M_i, E_{Mi} ) is obtained as the elimination of the fundamental triplet (X, E, Δ_i) for i = 1, 2. Thus the assertion (3) follows from Lemmas 5.14, 6.23, and 6.26.

(3) ⇒ (4) is shown in Theorem 5.15.

(4) ⇒ (2): Let f : ~S → T be an equi-singular deformation of log del Pezzo surfaces of index two over a non-singular connected curve T . Let ~M → ~S be the simultaneous minimal resolution and h: ( ~M, E ~_M ) → T be the induced equi-singular deformation of basic pairs. Then, Γ (S_t)_K ⊔ Γ (S_t)_{RDP} is independent for any fiber S_t = f^{−1}(t). In particular, all the fibers S_t have the same type T by the argument in (1) ⇒ (2) above. If γ is a (−1)-curve on the fiber M_0 = h^{−1}(o) over a point o ∈ T , then γ is the fiber over o of a divisor ~Γ of h^{−1}(U) for a Zariski open neighborhood U of o such that any fiber of ~Γ → U is a (−1)-curve. In particular, the number of (−1)-curves on M_t for t ∈ T defines a lower semi-continuous function. Let V(t) be the set of white vertices in Γ (S(t)) which are joined to Γ (S(t))_{RDP}. Then t → ♯V(t) is also lower semi-continuous. If ♯V(t) is constant, then Γ (S(t))^♭ is uniquely determined, and hence Γ (S(t)) is also constant by

Corollary 6.24 and Lemma 6.26. Thus, it is enough to show the function ♯V(t) is constant. If T ≠ [3; 2, 4]_{++}(0, 0) and T ≠ [1; 2, 2]_0, then ♯V(t) is constant, since it is determined by T and Γ (S(t)) by Lemma 6.23.

Suppose that T = [3; 2, 4]_{++}(0, 0). Let V^′(t) ⊂ V(t) be the subset of vertices v which is joined to a black vertex in Γ (S(t))_K. Then ♯V^′(t) = 1 or 2, and t → ♯V^′(t) is lower semi-continuous. On the other hand, ♯V(t) = 16 − 2σ(S(t)) − ♯V^′(t) by Lemma 6.23. Hence, V(t) and V^′(t) are constant.

Suppose that T = [1; 2, 2]_0. Let V_i(t) be the set V_i for S(t) in Lemma 6.27. Similarly, we define V_{1,l}(t) and V_{4,l}(t). Then ♯V_i(t), ♯V_{1,l}(t), and ♯V_{4,l}(t) are all lower semi-continuous functions. Let a(l) be the number of connected components of Γ (S(t))_{RDP} of type A_l for l ≥ 1 and let d(l) be the number of connected components of Γ (S(t))_{RDP} of type D_l for l ≥ 4. Then

a(1) = (1/2)♯V_{1,1}(t) + 2♯V_2(t), a(2) = ♯(1/2)V_{1,2}(t), a(3) = (3/2)♯V_{1,3}(t) + 3♯V_3(t), a(l) = (1/2)♯V_{1,l}(t) for l ≥ 4, d(l) = ♯V_{4,l}(t) for l ≥ 4.

By the formula for deg(Δ) in Lemma 6.27, we infer that all the ♯V_i(t) are constant. In particular, ♯V(t) is constant. □

6.6. Comparison with the classification by Alexeev–Nikulin. The right resolution plays an important role in the classification theory of log del Pezzo surfaces of index two by Alexeev–Nikulin [3]. We assume char k = 0 in Section 6.6.

A general member C_S ∈ |−2K_S| is non-singular, by Bertini’s theorem. Let C_Y be the total transform in Y. Then the divisor C_Y + E_Y is non-singular and linearly equivalent to −2K_Y . The pair (Y, C_Y + E_Y ) is called a right DPN pair of elliptic type in [3]. Let τ : X → Y be the double-covering branched along C_Y + E_Y . Then X is non-singular and is a K3 surface. Note that X does depend on the choice of C_S. Let θ be the covering involution of X with respect to τ. Then θ does not preserve a nowhere vanishing holomorphic 2-form on X , i.e., θ is non-symplectic. The θ-fixed locus X^θ is non-singular and is isomorphic to τ(X^θ) = C_Y +E_Y . We call X the K3 surface associated with (S, C_S).

Remark. Let X → X^′ → S be the Stein factorization of the composite β ∘ τ : X → S. Then X^′ → S is a double-covering étale outside Sing C_S ∪Sing S and O_X ′ ≃ O_S ⊕O_S(K_S). Moreover, X^′ has only rational double points as singularities and has a trivial dualizing sheaf. Thus the notion of right resolution of S is just the notion of canonical resolution in the sense of Horikawa with respect to the double-covering X^′ → S.

Remark. Giving a non-singular member C_S ∈ |−2K_S| is equivalent to giving a nonsingular member C_M ∈ |L_M | for the associated basic pair (M, E_M ). Let (X, E, Δ) be a fundamental triplet defining the log del Pezzo surface S. Then a non-singular member C_S ∈ |−2K_S| is the proper transform of a non-singular member C ∈ |L| with C ∩ E = Δ.

Conversely, let us consider a K3 surface X with a non-symplectic involution θ. Then the θ-fixed locus X^θ is a non-singular divisor. Let Y be the quotient surface of X by the action of θ and let τ : X → Y be the quotient map. Since K_X ∼ τ^∗K_Y + X^θ, τ(X^θ) is a non-singular divisor linearly equivalent to −2K_Y .

Lemma 6.29. Suppose that X^θ is reducible and contains an irreducible curve of genus g ≥ 2. Then (X , θ) is constructed from a log del Pezzo surface S of index two and a non-singular member C_S ∈ |−2K_S| as above.

Proof. Let C_Y ⊂ Y be the image of the curve of genus g and let E_Y be the rest of τ(X^θ). Then K_Y C_Y + C^2_Y = (1/2)C^2_Y = 2g − 2 > 0. By the Hodge index theorem, E^2_{i,Y} < 0 for any irreducible component E_{i,Y} of E_Y . Thus, E_{i,Y} is a (−4)-curve by −2K_Y E_{i,Y} = E^2_{i,Y} . Hence, Y is the right resolution of a log del Pezzo surface of index two by Lemma 6.8. Moreover, C_Y is the total transform of a non-singular member C_S of |−2K_S|. Thus, we are done. □ Therefore, the classification problem of log del Pezzo surfaces of index two is reduced in some sense to the classification of K3 surfaces with non-symplectic involutions, if char k = 0.

Let S_1 and S_2 be two log del Pezzo surfaces of index two whose right resolutions Y_1 and Y_2 are deformation equivalent. For i = 1, 2, let X_i be the K3 surface associated with (S_i, C_i) for a non-singular member C_i ∈ |−2K_{Si} |, and let θ_i ∈ Aut(S_i) be the associated non-symplectic involution. Then (X_1, θ_1) and (X_2, θ_2) are deformation equivalent by an argument in Proposition 6.10. In fact, X_1 and X_2 appear as fibers of a smooth family ~X → T of K3 surfaces over a connected curve T where ~X admits an involution θ̃ over T and the restriction of θ̃ to S_i is θ_i for i = 1, 2. Therefore, the deformation type of (X , θ) depends on the deformation type of the DPN surface Y, and vice versa.

Assume further that k is the complex number field C. In order to study (X , θ), Alexeev and Nikulin have considered the invariant part S = H^2(X^{an}, Z)^{θ∗} of the K3 lattice H^2(X^{an}, Z) by the induced involution θ^∗. Then S is an even hyperbolic 2-elementary lattice contained in NS(X ) in the following sense:

Let Λ be a non-degenerate lattice and let Q(x, y) ∈ Z denote the intersection pairing for x, y ∈ Λ. Then Λ is called even if Q(x, x) ∈ 2Z for any x ∈ Λ. It is called hyperbolic if the signature of Q(·, ·) is (1, r − 1) for r = rank Λ. It is called 2-elementary if Λ^∗/Λ ≃ (Z/2Z)^{⊕a} for the dual lattice Λ^∗ = Hom(Λ, Z) ⊂ Λ ⊗ Q.

For an even hyperbolic 2-elementary lattice Λ, the main invariants are defined to be (r, a, δ), where the remaining invariant δ ∈ {0, 1} is determined as follows: δ = 0 if and only if Q(x^∗, x^∗) ∈ Z for any x^∗ ∈ Λ^∗. It is shown that the isomorphism classes of even hyperbolic 2-elementary lattices are determined by the main invariants (cf. [3, §5.1]). Furthermore, the main invariants for even hyperbolic 2-elementary lattices Λ admitting primitive embeddings into a K3 lattice are classified in [3, §5.2] by an algebraic argument of the lattice theory.

The main invariants of S have the following geometric interpretation (cf. [3, §2.3, §5.2]): Let g be the genus of C_S and let k be the number of irreducible components of E_M . Note that L^2_M = 4g − 4, K^2_S = g − 1 ≥ 1, and k equals the number of (−4)-curves on Y. Then (g, k) and (r, a) are related by

k = (r − a)/2, g = (22 − r − a)/2; r = 11 − g + k, a = 11 − g − k. The invariant δ coincides with the δ of Definition 6.9 (cf. [3, §2.3]).

By the geometric interpretation and by Table 6, we have the list of the main invariants for all the types of log del Pezzo surfaces of index two in Table 9. Here, the number N in Table 9 is the entry number N used in [3, Table 1], which is given by the lexicographic order with respect to (k, r, δ). Note that Alexeev and Nikulin [3] has treated also log del Pezzo surfaces of index one and that the list with N ≤ 10 in [3, Table 1] corresponds to the case of index one.

By the Torelli type theorem for K3 surfaces, Alexeev–Nikulin proved that the set of the pairs (X , θ) of K3 surfaces X and non-symplectic involutions θ having fixed main invariants (r, a, δ) forms a connected family.

In [3], the log del Pezzo surfaces of index at most two are classified not only by the main invariants but also by another invariant called the root invariant. We omit the explanation of the root invariant here, but it almost corresponds to an information on the set of negative curves on the DPN surface Y. They classified the root invariants for any (X , θ) by an algebraic argument of lattices and by the Torelli type theorem for K3 surfaces. The method of calculating the dual graph Γ [Y] of the negative curves on Y from the main invariants and a root invariant is explained in detail in [3]. The nef cone of Y is determined by Γ [Y] up to the action of certain Weyl group defined by the root invariant. The nef cone is used for the Torelli type theorem.

Let ^Γ (S) be the dual graph Γ [Y]. Then we have a natural map Ver(Γ (S)) → Ver( ^Γ (S)) by taking proper transforms in Y. Let ^Γ (S)_K be the subgraph of ^Γ (S) consisting of the vertices representing irreducible components of ψ^∗E_M . This is called the logarithmic part

Table 9. The main invariants of fundamental triplets

Type T r a δ N Type T r a δ N [1]_0 6 4 0 15 [2; 1, 0]_0 4 2 1 13 [2]_0 9 7 1 19 [2; 1, 1]_+(0, 0) 7 3 1 22 [2]_+(0) 10 6 1 26 [2; 1, 1]_+(1, 1) 8 2 1 28 [2]_+(1) 11 5 1 32 [2; 1, 1]_+(1, 2) 9 1 1 34 [2]_+(2) 12 4 1 38 [2; 1, 1]_+(1, 3) 10 0 0 40 [2]_+(3) 13 3 1 43 [2; 1, 2]_0 8 6 1 18 [2]_+(4) 14 2 0 46 [2; 1, 2]_{++} 10 4 0 30 [0; 1, 0]_0 6 4 1 16 [3; 1, 0]_0 3 1 1 12 [0; 1, 1]_0 8 6 1 18 [3; 1, 1]_+ 6 2 0 21 [0; 1, 1]_+(0) 9 5 1 24 [3; 2, 4]_+ 11 7 1 27 [0; 1, 1]_+(1) 10 4 1 31 [3; 2, 4]_{++}(0, 0) 12 6 1 33 [0; 1, 1]_+(2) 11 3 1 37 [3; 2, 4]_{++}(1, 1) 13 5 1 39 [0; 1, 1]_+(3) 12 2 1 42 [3; 2, 4]_{++}(2, 1) 14 4 0 44 [1; 1, 0]_0 5 3 1 14 [3; 2, 4]_{++}(1, 2) 14 4 1 45 [1; 1, 1]_0 7 5 1 17 [3; 2, 4]_{++}(1, 3) 15 3 1 47 [1; 1, 1]_+(0, 0) 8 4 1 23 [3; 2, 4]_{++}(1, 4) 16 2 1 48 [1; 1, 1]_+(1, 1) 9 3 1 29 [3; 2, 4]_{++}(1, 5) 17 1 1 49 [1; 1, 1]_+(2, 1) 10 2 0 35 [3; 2, 4]_{++}(1, 6) 18 0 0 50 [1; 1, 1]_+(1, 2) 10 2 1 36 [4; 1, 0]_0 2 0 0 11 [1; 1, 1]_+(1, 3) 11 1 1 41 [4; 2, 4]_{00} 10 6 0 25 [1; 2, 2]_0 10 8 1 20

of Γ [Y] in [3]. If a connected component of ^Γ (S)_K corresponds to a singular point of S of type K_n for n ≥ 2, then the component is written as

� � � � · · · � � � �

where the total number of the vertices is 2n+1. The subgraph ^Γ (S)_{RDP} ⊂ ^Γ (S) consisting of the (−2)-curves on Y is called the Du Val part of Γ [Y] in [3], and is canonically isomorphic to Γ (S)_{RDP}. The union ^Γ (S)_K ⊔ ^Γ (S)_{RDP} is just the dual graph of the βexceptional curves. Note that ^Γ (S) is determined by Γ (S) by Corollary 6.5.

Therefore, the classification of the main invariants and the root invariants seems to correspond to the classification of equi-singular deformation types by Theorems 6.1, 6.28.

6.7. Dual graph of the negative curves for extremal cases. We shall write the graph ^Γ (S) for an extremal log del Pezzo surface S of index two. The notion of extremal in [3] is the same as our notion in Definition 6.17 if we erase the case of type [2; 1, 2]_0. Then we have the list of dual graphs for char k = 0 in [3, Table 3]. We can calculate the graph by a geometric way by using results in Section 6.2. This method is completely different from that in [3].

Let us fix an extremal fundamental triplet (X, E, Δ) defining S. A negative curve on Y is one of the following curves:

(1) An exceptional curve for the composite Y → M → X.

(2) The proper transform of an irreducible component of E; in other words, an irreducible component of E_Y .

(3) The proper transform of an irreducible curve of X not contained in E. By Proposition 6.2 and Corollary 6.5, we can classify the negative curves in the case (3) as follows.

Proposition 6.30. Let S be the set of irreducible curves γ of X with γ ⊄ E whose proper transform in Y is negative. Then S is described as follows according to the type T of the extremal fundamental triplet (X, E, Δ):

(1) S = ∅ if T is one of [1]_0, [2]_+(4), [1; 1, 1]_+(2, 1), [2; 1, 1]_+(1, 1), [2; 1, 1]_+(1, 2), [2; 1, 1]_+(1, 3), [2; 1, 2]_{++}, [3; 1, 1]_+, [3; 2, 4]_{++}(1, 6), [4; 1, 0]_0.

(2) If T = [2]_0, then Δ = 8P for a point P of the non-singular conic E, and S consists of the tangent line at P .

(3) Suppose that T = [2]_+(b). Then E = E_1 + E_2 for two lines E_1, E_2. Let P be the node E_1 ∩ E_2. If b = 0, then Δ = 4Q_1 + 4Q_2 for points Q_1 ∈ E_1 \ {P }, Q_2 ∈ E_2 \{P }. If b > 0, then Δ = 3Q_1 +(4−b)Q_2 +Δ_P for points Q_1 ∈ E_1 \{P }, Q_2 ∈ E_2 \ {P } and for an effective Cartier divisor Δ_P of E supported on P with mult_P (Δ_P ∩ E_1) = 1, mult_P (Δ_P ∩ E_2) = b.

(a) If b ≠ 1, 4, then S consists of the line passing through Q_1, Q_2. (b) If b = 1, then S consists of the line passing through Q_1, Q_2 and the unique line ℓ with ℓ ∩ E = Δ_P .

(4) S consists of one fiber of the P^1-bundle π : X → P^1 if T is one of [0; 1, 0]_0, [0; 1, 1]_+(3), [1; 1, 0]_0, [1; 1, 1]_+(0, 0), [1; 1, 1]_+(1, 1), [1; 1, 1]_+(1, 2), [1; 1, 1]_+(1, 3) [2; 1, 0]_0, [2; 1, 1]_+(0, 0), [3; 1, 0]_0, [3; 2, 4]_{++}(2, 1), [3; 2, 4]_{++}(1, 4), [3; 2, 4]_{++}(1, 5), [4; 2, 4]_{00}.

(5) S consists of a fiber and a minimal section of π : X → P^1 if T is one of [0; 1, 1]_0, [0; 1, 1]_+(0), [0; 1, 1]_+(1), [0; 1, 1]_+(2), [1; 1, 1]_0, [2; 1, 2]_0.

(6) Suppose that T = [3; 2, 4]_+. Then E = σ + D for a section D ∼ σ + 4ℓ. Let P be the node σ ∩ D. Then Δ = 8Q for a point Q ∈ D \ {P }. Let ℓ_P and ℓ_Q be the fibers of π passing through P and Q, respectively. Then S consists of ℓ_P , ℓ_Q, and the section Θ at infinity with Θ ∩ E = 4Q.

(7) Suppose that T = [3; 2, 4]_{++}(a, b) for (a, b) ∈ {(0, 0), (1, 1), (1, 2), (1, 3)}. Then E = σ + σ_∞ + ℓ for a section σ_∞ at infinity and a fiber ℓ of π. Let P be the node σ_∞ ∩ ℓ. Then Δ = (6 − b)Q + (2 − a)Q^′ + Δ_P for points Q ∈ σ_∞ \ {P }, Q^′ ∈ ℓ \ {P } and for an effective Cartier divisor Δ_P of E supported on P with mult_P (Δ_P ∩ σ_∞) = b, mult_P (Δ_P ∩ ℓ) = a. Let ℓ_Q be the fiber of π passing through Q. (a) If (a, b) = (0, 0), then S consists of ℓ_Q and the section Θ with Θ∩E = 3Q+Q^′. (b) If (a, b) = (1, 1), then S consists of ℓ_Q and two sections Θ_1, Θ_2 at infinity such that Θ_1 ∩ E = 3Q + Q^′ and Θ_2 ∩ E = 2Q + Δ_P .

(c) If (a, b) = (1, 2), then S consists of ℓ_Q and two sections Θ_1, Θ_2 at infinity such that Θ_1 ∩ E = 3Q + Q^′ and Θ_2 ∩ E = Q + Δ_P .

(d) If (a, b) = (1, 3), then S consists of ℓ_Q and two sections Θ_1, Θ_2 at infinity such that Θ_1 ∩ E = 3Q + Q^′ and Θ_2 ∩ E = Δ_P .

(8) Suppose that T = [1; 2, 2]_0 and char k ≠ 2. Then Δ = n_1P_1 + n_2P_2 for the ramification points P_1, P_2 ∈ E of the double-covering π|_E : E → P^1 and for (n_1, n_2) ∈ {(8, 0), (6, 2), (5, 3), (4, 4)}. Let ℓ_i be the fiber of π passing through P_i for i = 1, 2.

(a) If (n_1, n_2) = (8, 0), then S = {σ, ℓ_1}.

(b) If (n_1, n_2) ≠ (8, 0), then S consists of σ, the fibers ℓ_1, ℓ_2, and the section Θ at infinity passing through P_1 and P_2.

(9) Suppose that T = [1; 2; 2]_0 and char k = 2. If π|_E : E → P^1 is separable, then Δ = 8P for the unique ramification point P ∈ E, and S consists of the fiber ℓ_P passing through P and σ. Suppose that π|_E is inseparable. Then Δ =

∑_l

i=1 m_iP_i for l distinct points P_1, . . . , P_l for l ≤ 4, and m_1 ≥ m_2 ≥ · · · ≥ m_l ≥ 2 with

∑_l

i=1 m_i = 8. Let ℓ_i be the fiber of π passing through P_i. (a) If l = 1, then S = {σ, ℓ_1}.

(b) If 2 ≤ l ≤ 3, then S consists of σ, the fibers ℓ_i for 1 ≤ i ≤ l, and the sections Θ_{i,j} at infinity with Θ_{i,j} |_E = P_i + P_j for 1 ≤ i < j ≤ l.

(c) If l = 4, then S consists of σ, the fibers ℓ_i for 1 ≤ i ≤ 4, the sections Θ_{i,j} at infinity with Θ_{i,j}|_E = P_i + P_j for 1 ≤ i < j ≤ l, and the section Υ ∼ σ + 2ℓ with Υ|_E =

∑_4

i=1 P_i.

Proof. (1), (2), (4), (5) are shown directly from Proposition 6.2 and Corollary 6.5.

(3): If b > 1, then there is no line ℓ with ℓ ∩ E ⊂ Δ_P by Corollary 2.13. If b = 1, then there exists uniquely the line ℓ with ℓ ∩ E = Δ_P . Thus S is described as above by Proposition 6.2, (7a).

(6): The proper transform of ℓ_Q in M is a (−1)-curve in Proposition 6.2, (6). The proper transform of ℓ_P in Y is the (−1)-curve appearing at Lemma 6.4. Since Δ = 8P and (σ + 3ℓ)D = 4, the section Θ at infinity with Θ ∩ E ⊂ Δ is unique. Thus S consists of these three curves.

(7): It is enough to determine the sections Θ at infinity satisfying Θ ∩ E ⊂ Δ. Since Θσ_∞ = 3, Θℓ = 1, we have the unique section Θ in case (a, b) = (0, 0) and the two sections Θ_1, Θ_2 in other cases by Corollary 2.13.

(8) and (9): It is enough to determine the sections Θ ∼ σ + mℓ for 1 ≤ m ≤ 4 with Θ ∩ E ⊂ Δ. For the fiber ℓ_P passing through a point P ∈ Δ, we have ℓ_P |_E = 2P . Hence, the sections Θ are determined by Proposition 6.2, (7g). Thus we are done. □ Using Proposition 6.30, we can calculate the graph ^Γ (S) for any extremal log del Pezzo surface S of index two. If the type T is not [1; 2, 2]_0, then the extremal fundamental triplet (X, E, Δ) of type T is unique up to isomorphism by Theorem 6.20, so the graph ^Γ (S) for the extremal log del Pezzo surface S is denoted by ^Γ_T for T ≠ [1; 2, 2]_0. We shall explain how to calculate ^Γ (S) for some types in each case of Proposition 6.30, and have the list of graphs for some types in cases (1)–(7) in Table 10. In the cases (8)–(9), we list the graph ^Γ (S) for two extremal cases in Table 11. We can obtain the same graphs as in [3, Table 3] for all the types if char k ≠ 2, but we omit the calculation in the remaining types.

In the graphs in Table 10, a vertex labeled with an irreducible curve γ of X represents the proper transform of γ in Y.

Case (1): S = ∅. If T = [4; 1, 0]_0, then � is the graph ^Γ_T since Δ = 0 and Y ≃ M ≃ X. If T = [1]_0, then Δ = 5P for a point P of a line E of P^2, Y ≃ M, and hence ^Γ_T is written as in Table 10. For other types with S = ∅, E is reducible and Y → M → X is a succession of blowups whose centers lie on the proper transform of E or on the inverse image of the nodes of E. Thus ^Γ_T is naturally obtained. For example, we consider the case T = [2; 1, 1]_+(1, 2). Then E = σ +ℓ and Δ = Q+Δ_P for a point Q ∈ ℓ\σ and for an effective Cartier divisor Δ_P supported on the node P = σ∩ℓ such that mult_P (Δ_P ∩σ) = 1 and mult_P (Δ_P ∩ ℓ) = 2. Thus we have the graph ^Γ_T as in Table 10.

Case (2): T = [2]_0. E is a non-singular conic of P^2 and Δ = 8P . For the tangent line ℓ_P of E at P , we have the graph ^Γ_T in Table 10.

Case (3): T = [2]_+(b). E = E_1 + E_2 for two lines E_1, E_2 of P^1. Suppose that b = 0. Then Δ = 4Q_1 + 4Q_2. For the line ℓ_0 passing through Q_1 and Q_2, we have the graph ^Γ_T in Table 10. For the case b ≠ 1, ^Γ_T is similarly obtained. Suppose that b = 1. Let ℓ_0 ∈ S be the line passing through Q_1, Q_2 and let ℓ_1 ∈ S be the other line. Then the point ℓ_0 ∩ ℓ_1 is not lying on E. Thus ^Γ_T is as in Table 10.

Case (4): Here, we pick up three types [2; 1, 0]_0, [1; 1, 1]_+(1, 1), and [3; 2, 4]_{++}(2, 1). Suppose that T = [2; 1, 0]_0. Then E = σ and Δ = 2P . Thus we have the graph ^Γ_T in Table 10 for the fiber ℓ_P of π passing through P .

Suppose that T = [1; 1, 1]_+(1, 1). Then E = σ + ℓ and Δ = Q_1 + 2Q_2 + Δ_P for Q_1 ∈ σ \ ℓ, Q_2 ∈ ℓ \ σ, and for an effective Cartier divisor Δ_P supported on P = σ ∩ ℓ with mult_P (Δ_P ∩ σ) = mult_P (Δ_P ∩ ℓ) = 1. Thus we have the graph ^Γ_T in Table 10 for the fiber ℓ_1 passing through Q_1.

Suppose that T = [3; 2, 4]_{++}(2, 1). Then E = σ + σ_∞ + ℓ and Δ = 5Q + Δ_P for Q ∈ σ_∞ \ ℓ and for an effective Cartier divisor Δ_P supported on P = σ_∞ ∩ ℓ with mult_P (Δ_P ∩ σ_∞) = 1, mult_P (Δ_P ∩ ℓ) = 2. Thus we have the graph ^Γ_T in Table 10 for the fiber ℓ_Q passing through Q.

Case (5): Here, we pick up three types [0; 1, 1]_0, [0; 1, 1]_+(1), and [2; 1, 2]_0. Suppose that T = [0; 1, 1]_0. Then E is regarded as the diagonal locus of X = P^1 × P^1 and Δ = 6P for a point P ∈ E. Let ℓ_i be the fiber passing through P of the i-th projection X → P^1 for i = 1, 2. Then ^Γ_T is as in Table 10. Note that this graph is not included in [3] since this is not extremal in the sense of [3]. In fact, the extremal distribution D_{[0;1,1]0} is a subdiagram of D_{[2;1,2]0} .

Suppose that T = [0; 1, 1]_+(1). Then E = σ +ℓ and Δ = 2Q_1 +2Q_2 +Δ_P for Q_1 ∈ σ \ℓ, Q_2 ∈ ℓ \ σ, and for an effective Cartier divisor Δ_P supported on the node P = σ ∩ ℓ with mult_P (Δ_P ∩ σ) = mult_P (Δ_P ∩ ℓ) = 1. Let ℓ_1 be the fiber passing through Q_1 and let σ_2 be the minimal section passing through Q_2. Then ^Γ_T is as in Table 10.

Suppose that T = [2; 1, 2]_0. Then E is a section at infinity and Δ = 6P for P ∈ E. Let ℓ_P be the fiber passing through P . Then E ∩ σ = ∅ and Eℓ_P = σℓ_P = 1. Hence ^Γ_T is as in Table 10.

Table 10. Some graphs ^Γ_T

T [1]_0 [2; 1, 1]_+(1, 2)

^Γ_T �E � � � � � �σ � � � � � � � ℓ � T [2]_0 [2]_+(0)

^Γ_T � E � � � � � � � � ℓ_P � � � � �

� E_1 � � E_2 � � � � � ℓ_0

T [2]_+(1) [2; 1, 0]_0

^Γ_T � E_1 � � �

� � � � E_2 � � � � �ℓ_1 � ℓ_0 � σ � � �

ℓ_P

T [1; 1, 1]_+(1, 1) [3; 2, 4]_{++}(2, 1)

^Γ_T �ℓ^1 � �σ � � � � � ℓ � � � � σ_∞

� � � � � ℓ_Q

� � � � � � � ℓ � � σ

T [0; 1, 1]_0 [0; 1, 1]_+(1)

^Γ_T � E � � � � � � � ℓ_1

�ℓ_2

� � �

ℓ_1 � σ_2 � � � σ � � � � � ℓ

T [2; 1, 2]_0 [3; 2, 4]_+

^Γ_T �E � � � � � � �ℓ^P �σ � � � � � D � � σ �ℓ_Q

� � �Θ �ℓ_P � �

T [3; 2, 4]_{++}(0, 0) [3; 2, 4]_{++}(1, 2)

^Γ_T

� � � � � �Θ � � �

� σ_∞ � � ℓ � � σ

�ℓ_Q

PSfrag replacements

Table 11. Graphs Γ (S) for two extremal cases of type [1; 2, 2]_0

D(S) ^Γ (S)

D_8 � E � � � � � � � � � ℓ_1 � σ

8A_1

PSfrag replacements

Case (6): T = [3; 2, 4]_+. Then E = σ + D for a section D ∼ σ + 4ℓ. For the node P = σ ∩ D, we have Δ = 8Q for Q ∈ D \ {P }. Let ℓ_P , ℓ_Q, and Θ be the same divisors as in Proposition 6.30, (6). Then ^Γ_T is as in Table 10.

Case (7): We pick up two types [3; 2, 4]_{++}(0, 0) and [3; 2, 4]_{++}(1, 2). Let E = σ+σ_∞ +ℓ, P = σ_∞ ∩ P , Q, Q^′, Δ_P , ℓ_Q, Θ, Θ_1, Θ_2 be the same as in Proposition 6.30, (7). Then ^Γ_T is as in Table 10 by the description of S.

Case (8): T = [1; 2, 2]_0 and char k ≠ 2. We pick up the case where D(S) = D_8. Then Δ = 8P_1 for a ramification P_1 point of π|_E : E → P^1. Then ^Γ (S) = Γ (S) is as in Table 11 for the fiber ℓ_1 of π : X → P^1 passing through P_1.

Table 12. Graphs Γ (S) for two non-extremal cases of type [1; 2, 2]_0 with D(S) = A_7

Γ (S)

Δ_1 = 8P

PSfrag replacements

Δ_2 = 7P + P^′

PSfrag replacements

Case (9): T = [1; 2, 2]_0 and char k = 2. We pick up the case where Δ consists of four points P_1, . . . , P_4. This is just the case where D(S) = 8A_1. Then Δ = 2(P_1 + · · · + P_4). Let Θ_{i,j,M} be the proper transform in M of the section Θ_{i,j} at infinity with Θ_{i,j} |_E = P_i +P_j for 1 ≤ i < j ≤ 4. Let σ_M be the proper transform in M of the negative section σ and let Υ_M be the proper transform in M of the section Υ ∼ σ + 2ℓ with Υ|_E ∼

∑_4

i=1 P_i. Then Υ_M ∩ Θ_{i,j,M} = σ_M ∩ Θ_{i,j,M} = ∅ for any i < j, Υ_M σ_M = 1, and

Θ_{i1,j1,M} Θ_{i2,j2,M} =

1, if {i_1, j_1} ∩ {i_2, j_2} = ∅, 0, otherwise.

Therefore, ^Γ (S) = Γ (S) is as in Table 11.

Table 13. Two subgraphs A_7 ⊂ D_8 = Γ_{RDP} defining non-extremal root invariants

Γ � � � � � � � � � � �

D^{(1)} � � � � � � �

D^{(2)} � � � � � � �

Remark 6.31. Suppose that char k ≠ 2. We have two isomorphism classes of log del Pezzo surfaces S of index two of type [1; 2, 2]_0 with D(S) = A_7. These are constructed from the fundamental triplets (X, E, Δ_1) and (X, E, Δ_2) for the two zero dimensional subschemes Δ_1 = 8P and Δ_2 = 7P + P^′ defined in Example 6.25. Let ℓ_P be the fiber of π : X → P^1 passing through P . Then ℓ_P ∩ E = {P, P^′}. Let γ_j ∼ σ + jℓ be the unique section of π with γ_j|_E = 2jP for j ≥ 1 (cf. Proposition 6.2, (7g)). Then the dual graph Γ (X, E, Δ_i) for i = 1, 2 is written as in Table 12.

For a ramification point P_1 ∈ E of π|_E, the fundamental triplet (X, E, 8P_1) is extremal and the dual graph Γ := Γ (X, E, 8P_1) is given in Table 11. According to Alexeev– Nikulin [3], we have a non-extremal root invariant from a subgraph D^♯ of the Dynkin diagram Γ_{RDP} = D_8 and we can calculate the dual graph ^Γ (S^♯) = ^Γ (D^♯) for a log del Pezzo surface S^♯ of type [1; 2, 2]_0 having the same non-extremal root invariant determined by D^♯. Ohashi has calculated the graph ^Γ (D^♯) for the subgraph D^♯ = D^{(1)} or D^{(2)} in Table 13. As a result, we infer that ^Γ (D^{(i)}) coincides with Γ (X, E, Δ_i) for i = 1, 2.

7. Description of log del Pezzo surfaces of index two

A log del Pezzo surface S of index two is determined by a fundamental triplet (X, E, Δ) with E reduced and with LE = deg(Δ). The classification of fundamental triplets gives the geometric description of S. From the information of the fundamental triplet, we shall describe the surface S explicitly as a subvariety of a weighted projective space or of the product of two weighted projective spaces.

7.1. Description by blowing up. Let (X, E, Δ) be a fundamental triplet such that X ≃ F_n and E is a section of the P^1-bundle structure π : X → P^1. For the elimination ϕ: M → X of Δ, the proper transform E_M ⊂ M of E is a section of π ∘ ϕ: M → P^1 with E^2_M = −4. By Lemma 4.5, there is a birational morphism μ: M → F_4 over P^1 such that E_M is the total transform of the negative section σ^{(4)} of F_4. For an irreducible curve γ ⊂ M, it is μ-exceptional if and only if γ is an irreducible component of a fiber of M → P^1 with E_M ∩ γ = ∅. In particular, K_M γ ≤ 0 for any μ-exceptional curve γ. Thus μ is isomorphic to the elimination of a zero-dimensional subscheme D^′ ⊂ F_4 such that ν_P (D^′) = 1 for any P ∈ D^′ and D^′ ∩ σ^{(4)} = ∅, by Proposition 2.9.

The birational morphism α: M → S contracts E_M to a singular point of type K_1 and ϕ-exceptional (−2)-curves to rational double points. In the case [2; 1, 2]_0, α contracts also the proper transform of σ to a singular point of type A_1. The ϕ-exceptional (−2)-curves are contracted by the morphism μ: M → F_4, since these curves do not intersect E_M .

Let σ^{(4)}_∞ ⊂ F_4 be a section at infinity and let ℓ be a fiber of F_4 → P^1. The contraction morphism F_4 → F_4 of the negative section σ^{(4)} gives an isomorphism F_4 ≃ P(1, 1, 4). The image of ℓ in P(1, 1, 4) is a generating line and the image of σ^{(4)}_∞ is a cross section of the cone P(1, 1, 4) over P^1. The vertex v of the cone is a singular point of type K_1. For a homogeneous coordinate (X, Y, Z) of P(1, 1, 4), v is the point (0 : 0 : 1), div(Z) is a cross section, and div(X) and div(Y) are generating lines. Thus there is a birational morphism q : F_4 → P(1, 1, 4) such that q(σ_4) = {v}, q(σ^{(4)}_∞ ) = div(Z), and q(ℓ) = div(X).

Proposition 7.1. Suppose that a log del Pezzo surface S of index two is of type [n; 1, 0]_0 for 0 ≤ n ≤ 4. Then S is isomorphic to P(1, 1, 4) blown up along a zero-dimensional subscheme D satisfying

(*) v ∉ D, deg D = 4 − n, and deg(D ∩ ℓ) ≤ 1 for any generating line ℓ. Conversely, if D ⊂ P(1, 1, 4) is a zero-dimensional subscheme satisfying (*) for 0 ≤ n ≤ 4, then D is a Cartier divisor of a cross section, and P(1, 1, 4) blown up along D is a log del Pezzo surface of index two of type [n; 1, 0]_0.

Proof. Let (X, E, Δ) be a fundamental triplet defining S. Then E = σ and deg Δ = 4−n. The total transform Θ_M = ϕ^∗(σ_∞) ⊂ M of a section σ_∞ at infinity of X is a section of

M → P^1. Since K_X + σ + σ_∞ + 2ℓ ∼ 0, we have K_M + E_M + Θ_M + 2ϕ^∗ℓ ∼ 0. Since E_M = μ^∗σ^{(4)}, we infer that μ(Θ_M ) ⊂ F_4 is a section σ^{(4)}_∞ at infinity and that μ is the elimination of the Cartier divisor D^′ ⊂ σ^{(4)}_∞ , by Proposition 2.9. Here, D^′ is isomorphic to Δ under the isomorphism σ^{(4)}_∞ ≃ E over P^1. Let D be the image q_∗D^′ for the birational morphism q : F_4 → P(1, 1, 4). Then D is a Cartier divisor of the cross section Θ = q(σ_∞) satisfying (*). The induced morphism S → P(1, 1, 4) is just the blowing-up along D.

Conversely, if D ⊂ P(1, 1, 4) is a zero-dimensional subscheme satisfying (*), then D is a Cartier divisor of a cross section Θ by Lemma 7.2 below. Let D^′ be the preimage q^{−1}(D) for q : F_4 → P(1, 1, 4). The preimage q^{−1}Θ is a section at infinity. Let μ: M → F_4 be the elimination of D^′. The proper transform Θ_M ⊂ M of Θ and the total transform E_M ⊂ M of σ^{(4)} are sections of M → P^1, where K_M + Θ_M + E_M + 2μ^∗ℓ ∼ 0 and Θ^2_M = 4 − (4 − n) = n ≥ 0. We set L_M = −2K_M − E_M . Then L_M ∼ 2Θ_M + E_M + 4μ^∗ℓ and K_M + L_M = Θ_M + 2μ^∗ℓ imply that (M, E_M ) is a basic pair with L_M E_M = 0. The log del Pezzo surface S associated with (M, E_M ) is just the blowing up of P(1, 1, 4) along D. On the other hand, M is the elimination of (X, E, Δ) for X = F_n, E = σ, and an effective divisor Δ of E with deg Δ = 4 − n. Hence, S is a log del Pezzo surface of index two of type [n; 1, 0]_0. □

Lemma 7.2. Let Δ be a zero-dimensional subscheme of F_n such that Δ ∩ σ = ∅ for a minimal section σ and that deg(Δ ∩ ℓ) ≤ 1 for any fiber ℓ of F_n → P^1.

(1) If deg Δ ≤ n + 1, then Δ is a Cartier divisor of a section σ_∞ at infinity. (2) If deg Δ = n + 2, then Δ is a Cartier divisor of σ_∞ or of σ_∞ ∪ ℓ for a section σ_∞ at infinity and for a fiber ℓ.

In particular, ν_P (Δ) = 1 for any P ∈ Supp Δ if deg Δ ≤ n + 2.

Proof. (1) We may assume that deg Δ = n + 1. From the exact sequence 0 → I_ΔO_X (σ + nℓ) → O_X (σ + nℓ) → O_Δ → 0 on X = F_n for the defining ideal I_Δ of Δ, we infer that H^0(X, I_ΔO_X (σ + nℓ)) ≠ 0 since dim H^0(X, σ + nℓ) = n + 2. Thus O_X (−D) ⊂ I_Δ for an effective divisor D ∼ σ + nℓ. If D is irreducible, then D is a section at infinity. We shall derive a contradiction by assuming that D is reducible. Then n > 0 and D = σ + F for an effective divisor F ∼ nℓ. Thus O_X (−F ) ⊂ I_Δ since Δ ∩ σ = ∅. The non-empty intersection Δ ∩ ℓ for a fiber ℓ ⊂ F is supported on a point P . For a defining equation t ∈ O_{X,P} of ℓ at P , let O_{Δ,P} → O_{Δ,P} be the multiplication map by t. Then this is a nilpotent endomorphism with one-dimensional cokernel since deg(Δ∩ℓ) = 1. Hence, t^k ∈ I_{Δ,P} and t^{k−1} ∉ I_{Δ,P} for k = mult_P Δ = dim_k O_{Δ,P} . Thus mult_P Δ ≤ mult_ℓ F . Considering any fiber ℓ contained in F , we have deg Δ ≤ n which contradicts deg Δ = n + 1.

(2) Let us fix a point P ∈ Supp Δ and let ℓ be the fiber containing P . Suppose that mult_P (Δ) = 1. Then Δ = Δ^′ ∪ {P } for a subscheme Δ^′ with Δ^′ ∩ ℓ = ∅. By (1), Δ^′ is a Cartier divisor of a section σ_∞ at infinity. Thus Δ is a Cartier divisor of σ_∞ ∪ ℓ in this case.

Suppose that k := mult_P (Δ) − 1 > 0. Let t ∈ O_{X,P} be a defining equation of ℓ at P . Then the multiplication map O_{Δ,P} → O_{Δ,P} by t is a nilpotent endomorphism with one-dimensional cokernel. Thus t^k ∉ I_{Δ,P} and t^{k+1} ∈ I_{Δ,P} . The image tO_{Δ,P} is isomorphic to O_{Δ,P} /(t^k). Thus the image of the homomorphism O_Δ → O_Δ obtained by tensoring O_Δ with the inclusion O_X (−ℓ) → O_X is isomorphic to O_Δ′ for a subscheme Δ^′ ⊂ Δ with deg Δ^′ = n + 1 and mult_P (Δ^′) = k. By (1), Δ^′ is a Cartier divisor of a section σ_∞ at infinity. Thus I_Δ′_{,P} is generated by (f, t^k) for a defining equation f ∈ O_{X,P} of σ_∞ at P . Since t^k ∉ I_{Δ,P} , there is a constant c ∈ k with f + ct^k ∈ I_{Δ,P} . Thus I_{Δ,P} = (f + ct^k, t^{k+1}). If c = 0, then O_X (−σ_∞) ⊂ I_Δ and Δ is a Cartier divisor of σ_∞. If c ≠ 0, then I_{Δ,P} = (f + ct^k, ft) and Δ is a Cartier divisor of σ_∞ ∪ ℓ. □

Proposition 7.3. Let S be a log del Pezzo surface of index two determined by a fundamental triplet (X, E, Δ) such that X ≃ F_n and E is a non-minimal section of X → P^1. Then the type of S is one of [0; 1, 1]_0, [1; 1, 1]_0, and [2; 1, 2]_0.

(1) If the type is [0; 1, 1]_0, then S is isomorphic to P(1, 1, 4) blown up along a zerodimensional subscheme D satisfying the following conditions: (a) v ∉ D, deg D = 6, and deg(D ∩ ℓ) ≤ 1 for any generating line ℓ; (b) D is not a Cartier divisor of any cross section of P(1, 1, 4). Conversely, if a zero-dimensional subscheme D satisfies the conditions above, then P(1, 1, 4) blown up along D is a log del Pezzo surface of index two of type [0; 1, 1]_0.

(2) If the type is [1; 1, 1]_0, then S is isomorphic to P(1, 1, 4) blown up along a zerodimensional subscheme D such that v ∉ D, deg D = 5, and deg(D ∩ ℓ) ≤ 1 for any generating line ℓ. Conversely, if D is a zero-dimensional subscheme satisfying the same condition as above, then D is a Cartier divisor of a cross section, and P(1, 1, 4) blown up along D is a log del Pezzo surface of index two of type [1; 1, 1]_0.

(3) Suppose that the type is [2; 1, 2]_0. Then there exist a cross section Θ of P(1, 1, 4), an effective Cartier divisor D of Θ of deg D = 6, and a birational morphism ^S → S for the blowing-up ^S → P(1, 1, 4) along D such that ^S → S is the contraction morphism of the proper transform of Θ in ^S. Conversely, the surface S obtained from an effective Cartier divisor D of a cross section Θ as above is a log del Pezzo surface of index two of type [2; 1, 2]_0.

Proof. The case [1; 1, 1]_0 is proved by the same argument as in Proposition 7.1.

Case [2; 1, 2]_0: The negative section σ does not intersect E. The total transform Θ_M of σ in M is also a section satisfying K_M + E_M + Θ_M + 2ϕ^∗ℓ ∼ 0. Since E_M is the total transform of the negative section σ^{(4)}, μ(Θ_M ) is a section σ^{(4)}_∞ at infinity, and μ is the elimination of the divisor D^′ ⊂ σ^{(4)}_∞ . Here D^′ is isomorphic to Δ under the isomorphism σ^{(4)}_∞ ≃ E over P^1. The image D = q_∗D^′ ⊂ P(1, 1, 4) is a Cartier divisor of the cross section Θ = q(σ^{(4)}_∞ ) with deg D = 6. Let ^S → P(1, 1, 4) be the blowing-up along D. Then the induced birational morphism M → ^S contracts all the ϕ-exceptional (−2)-curves on M. Since α: M → S contracts also the proper transform of σ in M, S is obtained by contracting the the proper transform ^Θ of σ in ^S. Conversely, if D is a Cartier divisor of a cross section Θ of deg D = 6, then for the elimination μ: M → F_4 of D^′ = q^{−1}D, M is obtained as the elimination for a fundamental triplet (X, E, Δ) of type [2; 1, 2]_0, where E is the proper transform of Θ.

Case [0; 1, 1]_0: Since deg Δ = 6, we can take a minimal section σ such that E ∩ σ ⊂ Δ. Let X^′ → X be the blowing up at the point E ∩ σ. Then the proper transform ℓ^′ of the fiber through the point E ∩ σ is a (−1)-curve. Let X^′ → X_1 be the blowdown of ℓ^′. Then the proper transform σ_1 of σ in X_1 is the negative section and the proper transform E_1 of E in X_1 is a section at infinity. Here, the image Q ∈ X_1 of ℓ^′ is not contained in σ_1 ∪ E_1. The elimination M → X of Δ induces a morphism M → X_1 which is regarded as the elimination of the zero-dimensional subscheme Δ^′_1 ∪ {Q} for a Cartier divisor Δ^′_1 of E_1 with deg Δ^′_1 = 5. The proper transform of E_1 in F_4 by the rational map μ ∘ ϕ^{−1} : X ···→ M → F_4 is the negative section σ^{(4)} and the proper transform of σ_1 in F_4 is a section σ^{(4)}_∞ at infinity. Let D^′_1 be the Cartier divisor of σ^{(4)}_∞ isomorphic to Δ^′_1 under the isomorphism σ^{(4)}_∞ ≃ E_1 over P^1.

Suppose that Δ^′_1 does not intersect the fiber ℓ_Q of X_1 → P^1 passing through Q. Then the rational map X ···→ F_4 is an isomorphism at Q and let Q^′ ∈ F_4 be the image of Q. The morphism μ: M → F_4 is considered as the elimination of D^′_1 ∪ {Q^′}. The image D_1 = q(D^′_1) ⊂ P(1, 1, 4) is a Cartier divisor of the cross section Θ = q(σ_∞) and q(Q^′) ∉ Θ. Then the induced morphism S → P(1, 1, 4) is the blowing-up along the zero-dimensional subscheme D = D_1 ∪ {q(Q^′)}, which satisfies the condition (a).

Next, suppose that Δ^′_1 intersects the fiber ℓ_Q. Then X ···→ M → F_4 is not isomorphic to Q. Let ^M → F_4 be the elimination of D^′_1. Then M → ^M is obtained as the blowing-up at a point ^Q of the proper transform of ℓ_Q in ^M lying over Q. Thus μ: M → F_4 is the elimination of a Cartier divisor D^′ of σ^{(4)}_∞ ∪ ℓ^′_Q for the proper transform ℓ^′_Q of ℓ_Q in F_4, where D^′ ∩ σ^{(4)}_∞ is isomorphic to Δ^′_1 under the isomorphism σ^{(4)}_∞ ≃ E_1 over P^1. The image D = q(D^′) ⊂ P(1, 1, 4) is a Cartier divisor of Θ∪ℓ for the cross section Θ = q(σ_∞) and the generating line ℓ = q(ℓ_Q′ ). Then the induced morphism S → P(1, 1, 4) is the blowing-up along D, which satisfies the condition (a).

Let D ⊂ P(1, 1, 4) be a zero-dimensional subscheme satisfying the condition (a). If it does not satisfy the other condition (b), D is a Cartier divisor of a cross section Θ, and the blowing-up ^S → P(1, 1, 4) along D gives a birational morphism from ^S into a log del Pezzo surface S of index two of type [2; 1, 2]_0 by (3). If D satisfies the condition (b), then, by Lemma 7.2 and by considering the inverse construction of X_1 ···→ M → F_4, we infer that P(1, 1, 4) blown up along D is a log del Pezzo surface of index two of type [0; 1, 1]_0. □

Proposition 7.4. Let S be a log del Pezzo surface of index two of type [1]_0. Then there exist a zero-dimensional subscheme D ⊂ P(1, 1, 4) of deg D = 5 and a cross section Θ containing D such that the proper transform ^Θ of Θ in the variety ^S obtained as the blowing up of P(1, 1, 4) along D is a (−1)-curve and that S is obtained as the blowdown ^S → S of the (−1)-curve Θ.

Proof. Let (X = P^2, E, Δ) be a fundamental triplet determining S. Let τ : X_1 ≃ F_1 → X be the blowing-up at a point P ∉ E. Then (X_1, E_1, Δ_1) is a fundamental triplet of type [1; 1, 1]_0 for the inverse images E_1 = τ^{−1}E and Δ_1 = τ^{−1}Δ. By Proposition 7.3, the log del Pezzo surface ^S determined by (X_1, E_1, Δ_1) is isomorphic to P(1, 1, 4) blown up along a Cartier divisor D of a cross section Θ with deg D = 5. Here, the proper transform ^Θ ⊂ ^S is a (−1)-curve since it is the proper transform of the negative section σ_1 ⊂ X_1. Thus the log del Pezzo surface S is obtained by contracting the (−1)-curve ^Θ. □

7.2. Remarks on weighted projective spaces. We insert here some notes on weighted projective spaces which are useful in the subsequent subsections. The results mentioned here are well known but we shall give proofs based on Demazure’s construction [10] of normal graded rings.

Lemma 7.5. Let X be the weighted projective space P(a_0, a_1, . . . , a_d) with a_0 = 1 and let π : P = P(O ⊕O(e)) → X be the P^1-bundle defined for a positive integer e > 0 divisible by lcm{a_1, . . . , a_d}. Then there is a birational morphism P → P(a_0, . . . , a_d, e) such that the exceptional locus is the section Σ ⊂ P(O ⊕ O(e)) of π corresponding to O ⊕ O(e) → O and that Σ is contracted to the point (0 : 0 : · · · : 0 : 1).

Proof. We fix a homogeneous coordinate (X_0, . . . , X_d) of X of weight (a_0, . . . , a_d). Let Σ_∞ ⊂ P be the section corresponding to a surjection O ⊕O(e) → O(e). Then Σ∩Σ_∞ = ∅ and Σ_∞ ∼ Σ + eπ^∗E_0 for the Weil divisor E_0 = div(X_0). Let us fix defining equations g and f of Σ and Σ_∞, respectively. We consider the Q-divisor H = 1 e Σ + π^∗E_0 on P and the graded ring R = R(P, H) (cf. Section 3.4). Here, R_m = H^0(P, ⌞mH⌟) for m ≥ 0. For a given positive integer m, we set k = ⌞m/e⌟. Then

π_∗O_P(⌞mH⌟) = Sym^k(Og ⊕ O(−e)f) ⊗ O(m) =

⨁_k

j=0 O(m − je)f^jg^{k−j}. Hence, we have (7–18) R_m =

⨁_k

j=0 k[X_0, . . . , X_d]_{m−je}f^jg^{k−j}, where k[X_0, . . . , X_d]_l denotes the homogeneous part of degree l of the graded polynomial ring k[X_0, . . . , X_d]. Let Y_i ∈ R for 0 ≤ i ≤ d be the homogeneous element of degree a_i corresponding to X_i as the element of the right hand side of (7–18). Let Y_{d+1} ∈ R be the homogeneous element of degree e corresponding to f as the element of the right hand side of (7–18). Since R_m =

⨁_k

j=0 k[Y_0, . . . , Y_d]_{m−je}Y^j_{d+1}, we infer that R = k[Y_0, . . . , Y_d, Y_{d+1}] and R is isomorphic to the graded polynomial ring of weight (a_0, . . . , a_d, e). Since H is a semi-ample big Q-divisor on P, we have a natural birational morphism φ: P → Proj R ≃ P(a_0, . . . , a_d, e) such that φ^∗O(e) ≃ O_P(eH), φ^∗Y_{d+1} = f, and φ^∗P_e(Y_1, . . . , Y_d) = P_e(X_1, . . . , X_d)g for any weighted homogeneous polynomial P_e of degree e. Here, Σ is the exceptional locus of φ and φ(Σ) = {(0 : 0 : · · · : 0 : 1)}. □ Lemma 7.6. The Hirzebruch surface X = F_n is isomorphic to the divisor {XW = YZ} ⊂ P(1, 1, n + 1, n + 1) for a homogeneous coordinate (X, Y, Z, W) of weight (1, 1, n + 1, n + 1), in which the restriction of O(n + 1) is isomorphic to O_X (σ + (n + 1)ℓ).

Proof. We consider the graded ring R = R(X, H) for the ample Q-divisor H = 1 n + 1 σ + ℓ.

Then X ≃ Proj R. Let g be a defining equation of a minimal section σ and let f be a defining equation of a section at infinity. For a non-negative integer m and k = ⌞m/(n + 1)⌟, we have an equality

π_∗O_X (⌞mH⌟) = Sym^k(Og ⊕ O(−n)f) ⊗ O(m) =

⨁_k

j=0 O(m − nj)f^jg^{k−j} for π : X = F_n → P^1. In particular, (7–19) R_m = ⨁ j≥0 k[s, t]_{m−nj}f^jg^{k−j} for a homogeneous coordinate (s, t) of P^1. Let X ∈ R_1 and Y ∈ R_1 correspond to sg^ε and tg^ε as the elements of the right hand side of (7–19), respectively, where ε = ⌞1/(n + 1)⌟.

Let Z ∈ R_{n+1} and W ∈ R_{n+1} correspond to sf and tf as the elements of the right hand side of (7–19). Then XW = YZ. Let i_1 and i_2 be non-negative integers with m ≥ (n + 1)(i_1 + i_2). Then the element P (X, Y)Z^{i1} W^{i2} ∈ R_m for a homogeneous polynomial P of degree m − (n + 1)(i_1 + i_2) corresponds to P (s, t)s^{i1} t^{i2} f^{i1+i2} g^{k−(i1+i2)} as the element of the right hand side of (7–19). Hence, R is generated by X, Y, Z, W with the relation XW = YZ. Therefore, there is a closed immersion τ : X ≃ Proj R → P(1, 1, n + 1, n + 1) such that τ^∗O(n + 1) ≃ O_X (σ + (n + 1)ℓ) and τ(X) = {XW = YZ}, since {XW = YZ} is irreducible. □

Lemma 7.7. For positive integers n_1, n_2, let P be the fiber product of F_{n1} and F_{n2} over P^1. Let σ_1 and σ_2 be the negative sections of F_{n1} → P^1 and F_{n2} → P^1, respectively. Let H be the Q-divisor on P defined by H = 1 n_1 p^∗_1σ_1 + 1 n_2 p^∗_2σ_2 + F

for the projections p_1 : P → F_{n1} , p_2 : P → F_{n2} , and for a fiber F of π : P → P^1.

(1) The graded ring R = R(P, H) is isomorphic to the graded polynomial ring of four variables with weight (1, 1, n_1, n_2).

(2) For the naturally defined birational map P ···→ Proj R = P(1, 1, n_1, n_2), the composite P ···→ P(1, 1, n_i) with the projection P(1, 1, n_1, n_2) ···→ P(1, 1, n_i) is just the composite P → F_{ni} → F_{ni} ≃ P(1, 1, n_i) for i = 1, 2.

Proof. (1): Let (s, t) be the homogeneous coordinate of P^1. Let g_i be a defining equation of σ_i ⊂ F_{ni} for i = 1, 2. Let σ^∞_i ∼ σ_i + n_iℓ be a section at infinity of F_{ni} → P^1 and let f_i be a defining equation of σ^∞_i for i = 1, 2. For a fixed positive integer m, we set k_i = ⌞m/n_i⌟ for i = 1, 2. Then

π_∗O_P(⌞mH⌟) = Sym^{k1} (Og_1 ⊕ O(−n_1)f_1) ⊗ Sym^{k2} (Og_2 ⊕ O(−n_2)f_2) ⊗ O(m) = ⨁ 0≤j_1≤k_1,0≤j_2≤k_2 O(m − j1n1 − j2n2)f j_1

1 g^{k1−j1}_1 f^{j2}_2 g^{k2−j2}_2 . In particular, we have (7–20) R_m = ⨁ 0≤j_1≤k_1,0≤j_2≤k_2 k[s, t]m−j^1n^1−j^2n^2 f j_1

1 g^{k1−j1}_1 f^{j2}_2 g^{k2−j2}_2 .

We set δ_i = ⌞1/n_i⌟ for i = 1, 2. Then δ_i = 0 unless n_i = 1. Let X and Y ∈ R_1 correspond to sg^{δ1}_1 g^{δ2}_2 and tg^{δ1}_1 g^{δ2}_2 as the elements of the right hand side of (7–20), respectively. We set e_1 = ⌞(n_2/n_1)⌟ and e_2 = ⌞(n_1/n_2)⌟. If n_1 = n_2, then e_1 = e_2 = 1; if n_1 < n_2, then e_1 ≥ 1 and e_2 = 0. Let Z_1 ∈ R_{n1} and Z_2 ∈ R_{n2} correspond to f_1g^{e2}_2 and f_2g^{e1}_1 as the elements of the right hand side of (7–20), respectively. Then, for a pair of non-negative integers (j_1, j_2) with j_1n_1 + j_2n_2 ≤ m, the equality

f^{j1}_1 g^{k1−j1}_1 f^{j2}_2 g^{k2−j2}_2 = (f_1g^{e2}_2 )^{j1} (f_2g^{e1}_1 )^{j2} g^{k1−j1−e1j2}_1 g^{k2−j2−e2j1}_2 holds, and P (X, Y)Z^{j1}_1 Z^{j2}_2 ∈ R_m for a homogeneous polynomial P of degree m − j_1n_1 − j_2n_2 corresponds to P (s, t)(f_1g^{e2}_2 )^{j1} (f_2g^e_1)^{j2} g^{k1−j1−e1j2}

1 g^{k2−j2−e2j1} 2 as the element of the right hand side of (7–20). Therefore, R = k[X, Y, Z_1, Z_2] and R is isomorphic to the graded polynomial ring of weight (1, 1, n_1, n_2).

(2): For i = 1, 2, we consider the semi-ample Q-divisor

H_i = 1 n_i σ_i + ℓ

on F_{ni} and the graded ring R^{♯i} := R(F_{ni} , H_i). Then Proj R^{♯i} ≃ P(1, 1, n_i) and the natural birational morphism F_{ni} → Proj R^{♯i} is isomorphic to the contraction morphism F_{ni} → F_{ni} of σ_i, by Lemma 7.5. Since p^∗_i H_i ≤ H, R^{♯i} is regarded as a graded subring of R. We infer that the inclusion R^{♯i} ⊂ R induces the projection P(1, 1, n_1, n_2) ···→ P(1, 1, n_i) from the calculation in (1). Thus we are done. □

7.3. Embedding into weighted projective spaces, I. Let (X, E, Δ) be a fundamental triplet defining a log del Pezzo surface S of index two. For the blowing-up V → X along Δ and for the minimal desingularization λ: M → V , the composite ϕ: M → X is just the elimination (M, E_M ) → (X, E, Δ). By Lemma 2.18 and by the vanishing H^1(X, L − E) = 0 (cf. Lemma 3.17), we infer that V is a Cartier divisor of P = P(E) for the locally free sheaf E = O_X (L − E) ⊕ O_X , where λ^∗O_E (1)|_V ≃ O_M (L_M ). An irreducible curve γ ⊂ M is λ-exceptional if and only if γ is ϕ-exceptional and L_M γ = 0. Thus the minimal desingularization α: M → S of S induces a morphism φ: V → S with α = φ∘λ. In particular, O_E (1)|_V ≃ φ^∗O_S(−2K_S).

Let u ∈ O_E (1) and v ∈ O_E (1) ⊗ p^∗O(E − L) be the global sections over P defined by the natural homomorphisms

u: O_X ∋ s → (0, s) ∈ O_X (L − E) ⊕ O_X ,
v: O_X (L − E) ∋ s → (s, 0) ∈ O_X (L − E) ⊕ O_X .

Let η ∈ H^0(X, E) be a defining equation of E. There exists a section ξ ∈ H^0(X, L) such that div(ξ|_E) = Δ and V ≃ V (ξ, η) = div(p^∗(ξ)v − p^∗(η)u) by Proposition 2.19, The linear system |O_E (1)| is base point free since Bs |L − E| = Bs |2(K_X + L)| = ∅ by Lemma 3.17. Let Φ^′ : P → P|O_E (1)| be the morphism associated with |O_E (1)| and let

Φ: P → W be induced morphism as the Stein factorization of Φ^′. The Stein factorization of V ⊂ P → W is expresses as the composite of φ: V → S and a finite morphism S → W .

Proposition 7.8. Suppose that K_X + L is big. Then W is a three-dimensional toric variety and Φ: P → W is a birational toric morphism. Moreover, the image Φ(V ) is a divisor of W and Φ(V ) ≃ S.

Proof. The morphism Φ: P → W is birational since O_E (1)^3 = (L − E)^2 > 0. If K_X + L is ample, then the Φ-exceptional locus is the divisor div(v), which is contracted to a point. Since P has a structure of toric variety and div(v) is a T-invariant divisor for the open torus T ⊂ P, the variety W and the morphism Φ are toric. If K_X + L is not ample but big, then X ≃ F_2 and E is isomorphic to the pullback of the locally free sheaf O(4) ⊕ O of P(1, 1, 2) by the contraction morphism X → F_2 ≃ P(1, 1, 2) of the negative section. Thus W is isomorphic to the weighted projective space P(1, 1, 2, 4) by Lemma 7.5; hence W and Φ are also toric.

From the linear equivalences V ∼ O_E (1) + p^∗E, div(v) ∼ O_E (1) − p^∗(L − E), L − E ∼ 2(K_X + L), and K_P ∼ p^∗(K_X + L − E) − 2O_E (1), we infer that −V − (1/2) div(v) − K_P ∼_Q (1/2)O_E (1) is relatively numerically trivial for Φ: P → W . Hence, if char k = 0, then R^1 Φ_∗O_P(−V ) = 0 by the relative Kawamata–Viehweg vanishing theorem. By Leray’s spectral sequence, the vanishing R^1 Φ_∗O_P(−V ) = 0 is equivalent to the vanishing H^1(P, mΦ^∗A − V ) = 0 for m ≫ 0 for a T-invariant ample divisor A of W . Recall that the cohomology group of an invertible sheaf on a toric variety is described by combinatorial data. Hence the vanishing is independent of char k. Therefore, R^1 Φ_∗O_P(−V ) = 0 holds, and consequently, O_W ≃ Φ_∗O_P → Φ_∗O_V is surjective. It follows that Φ(V ) is normal and φ^∗(−2K_S) comes from an ample divisor on Φ(V ). Therefore S ≃ Φ(V ) and φ ≃ Φ|_V . □

Lemma 7.9. Suppose that K_X +L is not big, i.e., the type of (X, E, Δ) is one of [1; 2, 2]_0, [3; 2, 4]_+, [3; 2, 4]_{++}(a, b), and [4; 2, 4]_{00}. If X ≃ F_1 or X ≃ F_3, then W ≃ P(1, 1, 2). If X = F_4, then W ≃ P(1, 1, 4). In the both cases, the induced finite morphism S → W is a double-covering.

Proof. Suppose that (X, E) is of type [n; 2, e]. Then L−E ∼ 2(K_X +L) ∼ 2(n+2−e)ℓ for a fiber ℓ of π : X → P^1. Hence, P ≃ F_{2d} ×_P1 X for d = n+2−e ≥ 1 and Φ is the composite of the first projection P → F_{2d} and the contraction morphism F_{2d} → F_{2d} ≃ P(1, 1, 2d) of the negative section. In particular, W ≃ P(1, 1, 2d). The isomorphisms Φ^∗O_W (2d) ≃ O_E (1) and λ^∗(O_E (1)|_V ) ≃ O_M (L_M ) induce L^2_M = deg(V/W )O_W (2d)^2 = 2d deg(V/W ).

On the other hand, we have L^2_M = L^2 − deg(Δ) = L(L − E) = 4(n + 2 − e) = 4d.

Hence, deg(V/W ) = deg(S/W ) = 2. Note that d = 2 for the type [4; 2, 4]_{00}, and d = 1 for the rest. □ In the rest of Section 7.3, we shall embed S into a weighted projective space and give an explicit defining equation of S in the case where K_X + L is big and S is not of type [n; 1, 0]_0. The case of types [n; 1, 0]_0 is studied in Section 7.4 below by another method. In Section 7.5 below, we treat the case where K_X + L is not big by using Lemma 7.9. Here, we use the following:

Notation 7.10.

(1) Let (s, t) denote a homogeneous coordinate of P^1. For a morphism p: Z → P^1, the pullbacks p^∗s and p^∗t are global sections of p^∗O(1). Here, we write p^∗s = s and p^∗t = t for simplicity.

(2) For the Hirzebruch surface X = F_n with a fixed projection X → P^1, let σ be a minimal section and let σ_∞ be a section at infinity. A defining equation of σ is denoted by the symbol g and a defining equation of σ_∞ is denoted by the symbol

f. Here, f and g are regarded as the natural injections
                f: O ∋ s → (s, 0) ∈ O ⊕ O(n)
                g: O(n) ∋ s → (0, s) ∈ O ⊕ O(n).

Similarly to s and t above, the pullbacks p^∗f and p^∗g by a morphism p: Z → X are expressed by the same symbols f and g, respectively.

Proposition 7.11. Suppose that X = P^2. Then W is isomorphic to the weighted projective space P(1, 1, 1, 2w) for w = (1/2) deg(L − E) = 3 − deg E ∈ {1, 2}. Let (X, Y, Z, U) be a homogeneous coordinate system of P(1, 1, 1, 2w).

(1) Suppose that the type is [1]_0. Then S is isomorphic to {F_5(Y, Z) = XU} ⊂ P(1, 1, 1, 4) for a quintic homogeneous polynomial F_5 ≠ 0.

(2) Suppose that the type is [2]_0. Then S is isomorphic to {F_4(X, Y) + F_3(X, Y)Z = (Z^2 − XY)U} ⊂ P(1, 1, 1, 2) for a cubic homogeneous polynomial F_3 and a quartic homogeneous polynomial F_4 with (F_3, F_4) ≠ (0, 0).

(3) Suppose that the type is [2]_+(0). Then S is isomorphic to {F_3(X, Z)X + G_3(Y, Z)Y + Z^4 = XYU} ⊂ P(1, 1, 1, 2) for cubic homogeneous polynomials F_3 and G_3.

(4) Suppose that the type is [2]_+(b) for 1 ≤ b ≤ 4. Then S is isomorphic to {F_{4−b}(X, Z)X^b + G_3(Y, Z)Y = XYU} ⊂ P(1, 1, 1, 2) for a homogeneous polynomial F_{4−b} of degree 4 − b and a cubic homogeneous polynomial G_3 with F_{4−b}(0, 1) ≠ 0, G_3(0, 1) ≠ 0.

In the descriptions above, (0 : 0 : 0 : 1) ∈ W is the unique non-Gorenstein point of S. Proof. W ≃ P(1, 1, 1, 2w) since E = O(L − E) ⊕ O = O(2w) ⊕ O. Let (x, y, z) be a homogeneous coordinate of P^2. We denote the pullbacks of x, y, and z to P by the same symbols, respectively, for simplicity. Then Φ is regarded as a morphism determined by the properties: Φ^∗U = u and Φ^∗P_{2w}(X, Y, Z) = P_{2w}(x, y, z)v for any homogeneous polynomial P_{2w} of weight 2w and for the homogeneous coordinate (X, Y, Z, U) of W . Since λ^∗ div(v) = E_M , S has the unique non-Gorenstein point (0 : 0 : 0 : 1).

(1): We may assume that η = x and ξ = F_5(y, z) for a quintic homogeneous polynomial F_5 ≠ 0. Then ξv − ηu = F_5(y, z)v − xu and S is isomorphic to the non-Cartier divisor {F_5(Y, Z) = XU} of degree 5 of P(1, 1, 1, 4).

(2): We may assume that η = z^2 − xy. Then E ≃ P^1 has a coordinate (s, t) such that x|_E = s^2, y|_E = t^2, and z|_E = st. Let F_8(s, t) ≠ 0 be an octic homogeneous polynomial such that Δ = div(F_8(s, t)) ⊂ E. We can write F_8(s, t) = F_4(s^2, t^2) + F_3(s^2, t^2)st for a cubic homogeneous polynomial F_3 and a quartic homogeneous polynomial F_4. Then div(ξ) ∩ E = Δ and V = V (ξ, η) for the global section ξ = F_4(x, y) + F_3(x, y)z of O_X (L) ≃ O(4). Since ξv − ηu = (F_4(x, y) + F_3(x, y)z)v − (z^2 − xy)u, S is isomorphic to the Cartier divisor {F_4(X, Y) + F_3(X, Y)Z = (Z^2 − XY)U} ⊂ P(1, 1, 1, 2).

(3) and (4): We may assume that η = xy. Then Δ = div(ξ) ∩ E for ξ = F_3(x, z)x + G_3(y, z)y + cz^4 for cubic homogeneous polynomials F_3 and G_3, and for a constant c ∈ k. Here, c ≠ 0 if and only if the type of (X, E, Δ) is [2]_+(0). If c ≠ 0, then we may assume c = 1 by replacing ξ by a non-zero multiple of ξ. If the type is [2]_+(b) for b > 0, then c = 0 and we may assume that mult_P (Δ ∩ div(y)) = b and mult_P (Δ ∩ div(x)) = 1. Thus F_3(x, y) = x^{b−1}F_{4−b}(x, y) for a homogeneous polynomial F_{4−b} of degree 4 − b with F_{4−b}(0, 1) ≠ 0, and G_3(0, 1) ≠ 0. Since ξv − ηu = (F_3(x, z)x + G_3(y, z)y + cz^4)v − xyu, S is isomorphic to the Cartier divisor of P(1, 1, 1, 2) defined by F_3(X, Z)X + G_3(Y, Z)Y + cZ^4 = XYU. □

Proposition 7.12. Let (X, Y, Z, U) be a homogeneous coordinate of the weighted projective space P(1, 1, 2, 4).

(1) A log del Pezzo surface of index two of type [2; 1, 2]_0 is isomorphic to {F_6(X, Y) = ZU} ⊂ P(1, 1, 2, 4) for a sextic homogeneous polynomial F_6 ≠ 0.

(2) A log del Pezzo surface of index two of type [2; 1, 2]_{++} is isomorphic to {Z^3 + X^2ZF_1(Z, X^2) + Y^2ZG_1(Z, Y^2) = XYU} ⊂ P(1, 1, 2, 4) for linear polynomials F_1 and G_1.

Proof. For the fundamental triplet (X, E, Δ), we have X ≃ F_2, E ∼ σ + 2ℓ, and L ∼ 3(σ + 2ℓ). For a suitable homogeneous coordinate (X, Y, Z) of P(1, 1, 2), the contraction morphism q : X → P(1, 1, 2) of the negative section satisfies the following properties: q^∗Z = f and q^∗P_2(X, Y) = P_2(s, t)g for any quadric homogeneous polynomial P_2. Note that q^∗O(2) ≃ O_X (σ + 2ℓ) and P_X (E) → X is isomorphic to the pullback of P(O(4) ⊕ O) → P(1, 1, 2) by q. Hence W ≃ P(1, 1, 2, 4) by Lemma 7.5. Thus the morphism Φ: P_X (E) → W ≃ P(1, 1, 2, 4) satisfies the following properties:

• Φ^∗U = u;

• Φ^∗(X^iY^jZ) = s^it^jfv for (i, j) = (1, 0), (0, 1);

• Φ^∗P_4(X, Y) = P_4(s, t)gv for any quartic homogeneous polynomial P_4. Case [2; 1, 2]_0: We may assume η = f. There is a sextic homogeneous polynomial F_6 ≠ 0 such that div(ξ) ∩ E = Δ for ξ = F_6(s, t)g^3. Since ξv − ηu = F_6(s, t)g^3v − fu, S is isomorphic to the divisor {F_6(X, Y) = ZU} ⊂ P(1, 1, 2, 4).

Case [2; 1, 2]_{++}: We may assume η = stg. Moreover, we may assume that Δ contains the points {f = s = 0} and {f = t = 0}. Then div(ξ) ∩ E = Δ for ξ = f^3 + s^2fgF_1(f, s^2g) + t^2fgG_1(f, t^2g) for certain linear polynomials F_1 and G_1. Since ξv − ηu = ( f^3 + s^2fgF_1(f, s^2g) + t^2fgG_1(f, t^2g) )

v − stgu,

S is isomorphic to {Z^3 + X^2ZF_1(Z, X^2) + Y^2ZG_1(Z, Y^2) = XYU} ⊂ P(1, 1, 2, 4). □ Proposition 7.13. Let (X, E, Δ) be a fundamental triplet for X ≃ F_n and E ∼ σ + ℓ. Then W is isomorphic to the divisor {XW = YZ} ⊂ P(1, 1, n + 1, n + 1, 2(n + 1)) for a homogeneous coordinate (X, Y, Z, W, U) of weight (1, 1, n+1, n+1, 2(n+1)). Moreover, the log del Pezzo surface S of index two associated with (X, E, Δ) is isomorphic to a subvariety of W defined by the following equations:

Type [0; 1, 1]_0:

F_2(Z, W)W + G_2(W, Y)Y = (X − W)U, for quadric polynomials F_2 and G_2 with (F_2, G_2) ≠ (0, 0).

Type [0; 1, 1]_+(0):

W^3 + F_1(Z, W)ZW = XU − G_1(W, Y)YW, for linear polynomials F_1 and G_1.

Type [0; 1, 1]_+(1):

(W + cZ)ZW = XU − (W + c^′Y)YW, for constants c, c^′ ∈ k.

Type [0; 1, 1]_+(b) for b > 1: (W + cZ)ZW = XU − W^{3−b}Y^b, for a constant c ∈ k.

Type [1; 1, 1]_0:

F_5(X, Y)X = ZU, F_5(X, Y)Y = WU, for a quintic homogeneous polynomial F_5 ≠ 0.

Type [1; 1, 1]_+(0, 0):

(W + cZ)ZW = (XU − G_1(W, Y^2)YW)X, (W + cZ)W^2 = (XU − G_1(W, Y^2)YW)Y, for a constant c and a linear polynomial G_1.

Type [1; 1, 1]_+(1, 1):

Z^2W = (XU − (W + cY^2)YW)X, ZW^2 = (XU − (W + cY^2)YW)Y, for a constant c ∈ k.

Type [1; 1, 1]_+(2, 1):

Z^3 = (XU − (W + cY^2)YW)X, Z^2W = (XU − (W + cY^2)YW)Y, for a constant c ∈ k.

Type [1; 1, 1]_+(1, b) for b > 1:

Z^2W = (XU − Y^{2b−1}W^{3−b})X, ZW^2 = (XU − Y^{2b−1}W^{3−b})Y.

Type [2; 1, 1]_+(0, 0):

Z^{2−i}W^{i+1} = (XU − G_1(W, Y^3)YW)X^{2−i}Y^i, for 0 ≤ i ≤ 2 for a linear polynomial G_1.

Type [2; 1, 1]_+(1, 1):

Z^{3−i}W^i = (XU − (W + cY^3)YW)X^{2−i}Y^i, for 0 ≤ i ≤ 2 for a constant c ∈ k.

Type [2; 1, 1]_+(1, b) for b > 1:

Z^{3−i}W^i = (XU − Y^{3b−2}W^{3−b})X^{2−i}Y^i, for 0 ≤ i ≤ 2.

Type [3; 1, 1]_+:

Z^{3−i}W^i = (XU − G_1(W, Y^4)YW)X^{3−i}Y^i, for 0 ≤ i ≤ 3 for a linear polynomial G_1.

Proof. Let X → P(1, 1, n+1, n+1) be the embedding of Lemma 7.6. Then E is isomorphic to the restriction of O(2(n+1))⊕O since L−E ∼ 2(σ+(n+1)ℓ). Hence, W is isomorphic to {XW = YZ} in P(1, 1, n + 1, n + 1, 2(n + 1)) by Lemma 7.5.

For a defining equation η ∈ H^0(X, σ+ℓ) of E and for a section ξ ∈ H^0(X, 3σ+(2n+3)ℓ) with div(ξ) ∩ E = Δ, S is isomorphic to the image of V = V (ξ, η) under the morphism

Φ: P(E) → W ⊂ P(1, 1, n + 1, n + 1, 2(n + 1)). Here, we have Φ^∗U = u, Φ^∗Q_2(Z, W) = Q_2(s, t)f^2v, Φ^∗(Q_{n+1}(X, Y)Z) = Q_{n+1}(s, t)sfgv, Φ^∗(Q_{n+1}(X, Y)W) = Q_{n+1}(s, t)tfgv, Φ^∗Q_{2(n+1)}(X, Y) = Q_{2(n+1)}(s, t)g^2v, for any homogeneous polynomial Q_j(s, t) of degree j ∈ {2, n + 1, 2(n + 1)}. The global section ξ is written as (7–21) ξ = P^{(0)}_{3−n}(s, t)f^3 + P^{(1)}_3 (s, t)f^2g + P^{(2)}_{n+3}(s, t)fg^2 + P^{(3)}_{2n+3}(s, t)g^3 for some homogeneous polynomials P^{(i)}_j (s, t) of degree j = 3 + n(i − 1) for 0 ≤ i ≤ 3.

We first treat the case where E is non-singular, i.e., the type is [0; 1, 1]_0 or [1; 1, 1]_0. Case [0; 1, 1]_0: We may assume η = sg−tf. We may assume that the point E∩div(t) = {g = t = 0} is contained in Δ. By (7–21), ξ is written as ξ = t ( F_2(s, t)f^3 + G_2(f, g)t^2g ) for certain quadric polynomials F_2 and G_2 with (F_2, G_2) ≠ (0, 0). Thus ξv − ηu = t ( F_2(s, t)f^3 + G_2(f, g)t^2g )

v − (sg − tf)u.

We define a weighted homogeneous polynomial Ξ = Ξ(X, Y, Z, W, U) of degree 3 by Ξ := F_2(Z, W)W + G_2(W, Y)Y − (X − W)U.

Then we have Φ^∗(XΞ) = sgv(ξv − ηu), Φ^∗(YΞ) = tgv(ξv − ηu), Φ^∗(ZΞ) = sfv(ξv − ηu), Φ^∗(WΞ) = tfv(ξv − ηu).

Thus Φ(V (ξ, η)) is the prime divisor of W defined by {Ξ = 0}.

Case [1; 1, 1]_0: We may assume η = f and ξ = F_5(s, t)g^3 for a quintic homogeneous polynomial F_5 ≠ 0 by (7–21). Then ξv − ηu = F_5(s, t)g^3v − fu. We define weighted homogeneous polynomials Ξ_i = Ξ_i(X, Y, Z, W, U) for i = 1, 2 of degree 6 by Ξ_1 = F_5(X, Y)X − ZU, Ξ_2 = F_5(X, Y)Y − WU.

Then we have Φ^∗(X^2Ξ_1) = s^3gv(ξv − ηu), Φ^∗(Y^2Ξ_2) = t^3gv(ξv − ηu),

(7–22) Φ^∗(ZΞ_1) = s^2fv(ξv − ηu), Φ^∗(WΞ_2) = t^2fv(ξv − ηu).

Thus the prime divisor Φ(V (ξ, η)) of W is just the reduced part of the subscheme of P(1, 1, 2, 2, 4) defined by the ideal J ⊂ k[X, Y, Z, W, U] generated by XW − YZ, Ξ_1, and Ξ_2. We shall show that the subscheme is reduced and equals Φ(V (ξ, η)). Let A be the affine ring of the open subset {U ≠ 0} in P(1, 1, 2, 2, 4). Then A is regarded as a subring of the usual polynomial ring R = k[x, y, z, w] of four variables by X → x, Y → y, Z → z, W → w, U → 1. Let I ⊂ R be the ideal generated by xw − yz, F_5(x, y)x − z, F_5(x, y) − w. Then R/I ≃ k[x, y] and hence J is reduced on the open subset U. Combining with (7–22), we infer that Φ(V (ξ, η)) is defined by the ideal J.

Next, we treat the case where E is singular. Then E = σ + ℓ for a minimal section σ and a fiber ℓ. We may assume that ℓ = div(s), η = sg, and ξ = P_{3−n}(s, t)f^3 + G_2(f, t^ng)t^3g for a homogeneous polynomial P_{3−n} of degree 3 − n and for a quadric homogeneous polynomial G_2 by (7–21). Thus ξv − ηu = ( P_{3−n}(s, t)f^3 + G_2(f, t^ng)t^3g )

v − sgu.

We define weighted homogeneous polynomials Ξ_i for 0 ≤ i ≤ n of degree 3(n + 1) with respect to (X, Y, Z, W, U) by Ξ_i := P_{3−n}(Z, W)Z^{n−i}W^i + (G_2(W, Y^{n+1})Y − XU)X^{n−i}Y^i.

Then we have

Φ^∗(X^{n+1}Ξ_i) = s^{2n+1−i}t^igv(ξv − ηu), Φ^∗(Y^{n+1}Ξ_i) = s^{n−i}t^{n+1+i}gv(ξv − ηu),

(7–23) Φ^∗(ZΞ_i) = s^{n+1−i}t^ifv(ξv − ηu), Φ^∗(WΞ_i) = s^{n−i}t^{i+1}fv(ξv − ηu), for 0 ≤ i ≤ n.

Claim. The subscheme Φ(V (ξ, η)) of P(1, 1, n + 1, n + 1, 2(n + 1)) is defined by XW − YZ = Ξ_0 = · · · = Ξ_n = 0.

Proof. Let A be the affine ring of {U ≠ 0} in the weighted projective space P(1, 1, n + 1, n + 1, 2(n + 1)) = Proj k[X, Y, Z, W, U]. Then A is a subring of the usual polynomial ring R = k[x, y, z, w] by X → x, Y → y, Z → z, W → w, U → 1. Let I ⊂ R be the ideal generated by xw − yz and Ξ_i(x, y, z, w) = P_{3−n}(z, w)z^{n−i}w^i + G_2(w, y^{n+1})x^{n−i}y^{i+1} − x^{n+1−i}y^i for 0 ≤ i ≤ n. By (7–23), it is enough to check that R/I has no non-zero ideal supported at the origin. We set Ψ_i = Ξ_i + G_2(w, y^{n+1})Ξ_{i+1} + · · · + G_2(w, y^{n+1})^{n−i}Ξ_n for 0 ≤ i ≤ n. We have an isomorphism R/(Ψ_0) ≃

⨁_n

i=0 k[y, z, w]x^i as a k[y, z, w]-module.

Hence, R/(Ξ_0, Ξ_1, . . . , Ξ_n) = R/(Ψ_0, Ψ_1, . . . , Ψ_n) is isomorphic to k[y, z, w] ⊕

⨁_n i=1 ( k[y, z, w]/(y^{n+1−i}) ) x^i.

Therefore, we have an isomorphism R/I ≃ k[y, z, w] ⊕

⨁_n i=1 ( k[y, z, w]/(y^{n+1−i}, w) )

x^i

as a k[y, z, w]-module. In particular, R/I is a torsion-free k[z]-module. Hence, R/I has no non-zero ideal supported at the origin. □ Proof of Proposition 7.13 continued. In the next step, we shall normalize P_{3−n} and G_2. Let P be the node σ ∩ ℓ = {s = g = 0}. If Δ ∩ σ \ {P } ≠ ∅, then we may assume that Δ ∩ σ contains {t = 0} ∩ σ by replacing (s, t) with (s, t + c_1s) for a constant c_1 ∈ k. If Δ ∩ ℓ \ {P } ≠ ∅, then we may assume that Δ ∩ ℓ contains {f = 0} ∩ ℓ by replacing (f, g) with (f + c_2t^ng, g) for a constant c_2 ∈ k. We may also replace (P_{3−n}, G_2) with (λ_1P_{3−n}, λ_2G_2) for any non-zero constants λ_1, λ_2 ∈ k. The normalization is done as follows:

Case 1. P ∉ Δ = div(ξ) ∩ E: Then the type is one of [0; 1, 1]_+(0), [1; 1, 1]_+(0, 0), [2; 1, 1]_+(0, 0), and [3; 1, 1]_+. Here, we have P_{3−n}(0, 1) ≠ 0. If n < 3, then P_{3−n}(1, 0) = 0, by the assumption. Similarly, G_2(0, 1) = 0, by the assumption. Thus we can write P_{3−n}(s, t) = t^{3−n} + stF_{1−n}(s, t) and G_2(x, y) = xG_1(x, y) for a homogeneous polynomial F_{1−n} of degree 1 − n and a linear polynomial G_1.

Case 2. P ∈ Δ and mult_P (Δ ∩ σ) > 1: If n = 0, then we may change the first and second projections F_0 → P^1 and may assume that mult_P (Δ ∩ σ) = 1; thus the case n = 0 is treated in Case 3 below. Then we may assume n > 0, and hence the type [1; 1, 1]_+(2, 1) remains only. Since mult_P (Δ ∩ σ) = 2 and mult_P (Δ ∩ ℓ) = 1, we can write P_{3−n}(s, t) = s^2 and G_2(x, y) = x(x + cy) for a constant c ∈ k.

Case 3. P ∈ Δ and mult_P (Δ ∩ σ) = 1: Then 0 ≤ n ≤ 2 and 1 ≤ b ≤ 3 for b = mult_P (Δ ∩ ℓ). If n ≤ 1, then P_{3−n}(1, 0) = 0, and if b < 3, then G_2(1, 0) = 0, by assumption. Thus we can write

P_{3−n}(s, t) = st(t + cs), if n = 0;
st^{2−n}, if n > 0, and G_2(x, y) = x(x + c^′y), if b = 1; x^{3−b}y^{b−1}, if b > 1, for constants c, c^′ ∈ k.

Applying the normalization to each type, we have the list of defining equations of Φ(V (ξ, η)). □

Remark 7.14. In Proposition 7.13, if n = 1, then S is defined by three equations in P(1, 1, 2, 2, 4) as a subvariety of codimension two. These equations are written as the

2 × 2-minors of a matrix of size 2 × 3. In particular, the description of S is the same style as in [27, Theorem 1] (cf. [6, Theorem 5.1]).

7.4. Embedding into weighted projective spaces, II. In Section 7.3, we do not consider the types [n; 1, 0]_0 for 0 ≤ n ≤ 4 among the case where K_X + L is big. The log del Pezzo surfaces of these types are described by:

Theorem 7.15. Let S be a log del Pezzo surface of the type [n; 1, 0]_0 for 0 ≤ n ≤ 4.

(1) If n = 4, then S ≃ P(1, 1, 4).

(2) If 1 ≤ n ≤ 3, then S is isomorphic to the subvariety of P(1, 1, n) × P(1, 1, 4) defined by the following equations:

X_0Y_1 = X_1Y_0, Z_1X^{n−i}_0 Y^i_0 = Z_0X^{n−i}_1 Y^i_1F_{4−n}(X_1, Y_1) for 0 ≤ i ≤ n, where (X_0, Y_0, Z_0) and (X_1, Y_1, Z_1) are homogeneous coordinates of P(1, 1, n) and P(1, 1, 4), respectively, and F_j is a non-zero homogeneous polynomial of degree j.

(3) If n = 0, then S is isomorphic to the subvariety of P^1 × P(1, 1, 4) defined by Z_1X_0 = Y_0F_4(X_1, Y_1) for a quartic homogeneous polynomial F_4 ≠ 0, where (X_0, Y_0) is a coordinate of P^1.

For the proof, we apply the result of Section 7.1. For a given S, the fundamental triplet (X, E, Δ) defining S is uniquely determined up to isomorphism. Here, X ≃ F_n, E = σ, and deg Δ = 4 − n. For the elimination ϕ: (M, E_M ) → (X, E, Δ), M is obtained also as the elimination μ: M → F_4 of a zero-dimensional subscheme D^′ of a section σ^{(4)}_∞ at infinity, by Section 7.1. Moreover, by Proposition 7.1, S is realized as the blowing up of P(1, 1, 4) along the zero-dimensional subscheme D = q(D^′) for the contraction morphism q : F_4 → P(1, 1, 4) of the negative section σ^{(4)} of F_4. In order to prove Theorem 7.15, it suffices to consider the case: n ≠ 4, since deg D = 4 − n. There is an effective divisor B ∼ (4 − n)ℓ such that D^′ = σ^{(4)}_∞ ∩ B. Let u and v be the defining equation of σ^{(4)}_∞ and σ^{(4)}, respectively. For the homogeneous coordinate (s, t) of P^1, let F_d(s, t) be a homogeneous polynomial of degree d = 4 − n with B = div(F_d(s, t)) (cf. Notation 7.10). Then D = div(u) ∩ div(vF_d(s, t)). The proper transform of σ^{(4)} in X ≃ F_n by the birational map μ∘ϕ^{−1} : X ···→ M ···→ F_4 is just E = σ. Similarly, the proper transform of σ^{(4)}_∞ in X is a section σ_∞ at infinity. We have fixed the defining equations f and g of σ_∞ and σ, respectively, of X ≃ F_n as in Notation 7.10. Then, the image of (ϕ, μ): M → X ×_P1 F_4 is a divisor V defined by (7–24) ug = vfF_d(s, t).

We set W = P(1, 1, n) × P(1, 1, 4) in case n ≠ 0, and W = P^1 × P(1, 1, 4) in case n = 0. Let h: X ×_P1 F_4 → W be the natural morphism. We shall find explicit defining equations of the image h(V ), and show that h(V ) ≃ S.

Suppose that 1 ≤ n ≤ 3. Then the image of h: X×_P1 F_4 → W is defined by X_0Y_1 = X_1Y_0. In fact, we can choose the homogeneous coordinates to satisfy h^∗P_n(X_0, Y_0) = P_n(s, t)g, h^∗Z_0 = f, h^∗P_4(X_1, Y_1) = P_4(s, t)v, and h^∗Z_1 = u, for homogeneous polynomials P_j of degree j. By the equation (7–24), h(V ) is contained in the subscheme S^′ ⊂ W defined by (7–25) X_0Y_1 = X_1Y_0, Z_1X^{n−i}_0 Y_i = Z_0X^{n−i}_1 Y_iF_d(X_1, Y_1) for 0 ≤ i ≤ n. Lemma 7.16. The subscheme S^′ is normal. In particular, h(V ) = S^′. Proof. We consider the following standard open covering {W_j} of W : W_1 = {X_0 ≠ 0, X_1 ≠ 0}, W_2 = {X_0 ≠ 0, Y_1 ≠ 0}, W_3 = {Y_0 ≠ 0, X_1 ≠ 0}, W_4 = {Y_0 ≠ 0, Y_1 ≠ 0}, W_5 = {Z_0 ≠ 0, X_1 ≠ 0}, W_6 = {Z_0 ≠ 0, Y_1 ≠ 0}, W_7 = {X_0 ≠ 0, Z_1 ≠ 0}, W_8 = {Y_0 ≠ 0, Z_1 ≠ 0}, W_9 = {Z_0 ≠ 0, Z_1 ≠ 0}.

On the open subset W_1, the regular functions y_0 = Y_0/X_0, z_0 = Z_0/X^n_0 , y_1 = Y_1/X_1, and z_1 = Z_1/X^4_1 form a coordinate system, i.e.,

W_1 = Spec k[y_0, z_0, y_1, z_1] ≃ A^4. Here, S^′ ∩ W_1 ≃ A^2 is defined by

y_1 = y_0, z_1 = z_0F_d(1, y_1).

Thus S^′ ∩ W_1 ≃ A^2. Applying a similar argument to the open set W_4, we have W_4 ≃ A^4 and S^′ ∩ W_4 ≃ A^2.

On W_2, the regular functions y_0 = Y_0/X_0, z_0 = Z_0/X^n_0 , x_1 = X_1/Y_1, and z_1 = Z_1/Y^4_1 form a coordinate system of W_2 ≃ A^4. Here, S^′ ∩ W_2 is defined by 1 = x_1y_0, z_1 = z_0x^n_1 F_d(x_1, 1).

Thus S^′ ∩ W_2 ≃ (A^1 \ {0}) × A^1. Similarly, W_3 ≃ A^4 and S^′ ∩ W_3 ≃ (A^1 \ {0}) × A^1.

The open subset W_5 is isomorphic to Spec ( k[x_0, y_0]^{(n)} ⊗ k[y_1, z_1] ) , where

• y_1 = Y_1/X_1, z_1 = Z_1/X^4_1,

• k[x_0, y_0]^{(n)} is the subring of the polynomial ring k[x_0, y_0] of two variables which is generated by the monomials of degree divisible by n, • P_n(x_0, y_0) = P_n(X_0, Y_0)/Z_0 for any homogeneous polynomial P_n of degree n.

Then S^′ ∩ W_5 is defined by

y_0 = x_0y_1, z_1x^n_0 = F_d(1, y_1).

Therefore, S^′ ∩ W_5 ≃ Spec ( k[x^n_0 , y_1, z_1] / (z_1x^n_0 − F_d(1, y_1)) ) and hence S^′ ∩ W_5 has at most rational double points of type A as singularities. The singularity of S^′ ∩ W_6 is similar.

The open subset W_7 is isomorphic to Spec ( k[y_0, z_0] ⊗ k[x_1, y_1]^{(4)} ) , where y_0 = Y_0/X_0, z_0 = Z_0/X^n_0 , and P_4(x_1, y_1) = P_4(X_1, Y_1)/Z^4 for any quartic homogeneous polynomial P_4. Thus S^′ ∩ W_7 is defined by

y_1 = x_1y_0, 1 = z_0x^4_1F_d(1, y_0).

Therefore, S^′ ∩ W_7 ≃ Spec ( k[y_0, z_0, x^4_1] / (z_0x^4_1F_d(1, y_0) − 1) ) . Thus S^′ ∩ W_7 is non-singular. Similarly, S^′ ∩ W_8 is non-singular.

The open subset W_9 is written as Spec ( k[x_0, y_0]^{(n)} ⊗ k[x_1, y_1]^{(4)} ) , where P_n(x_0, y_0) = P_n(X_0, Y_0)/Z_0 and P_4(x_1, y_1) = P_4(X_1, Y_1)/Z_1 for homogeneous polynomials P_j of degree j. Then S^′ ∩ W_9 is defined by “x_0y_1 = x_1y_0” and x^i_0y^{n−i}_0 = x^i_1y^{n−i}_1 F_d(x_1, y_1) for 0 ≤ i ≤ n. Therefore, S^′ ∩ W_9 ≃ Spec k[x_1, y_1]^{(4)}, which is isomorphic to an open neighborhood of the vertex of the cone P(1, 1, 4). Therefore, S^′ is normal. □ Proof of Theorem 7.15. Suppose that 1 ≤ n ≤ 3. By construction of h, we have a birational morphism S^′ → S so that the composite S^′ → S → P(1, 1, 4) is induced from the second projection W → P(1, 1, 4). By Lemma 7.16, S^′ → P(1, 1, 4) is isomorphic outside D = {F_d(X_1, Y_1) = Z_1 = 0}, where (X_1, Y_1, Z_1) is regarded as a homogeneous coordinate of P(1, 1, 4). The description of S^′ ∩ W_5 and S^′ ∩ W_6 in Lemma 7.16 shows that S^′ → P(1, 1, 4) is just the blowing up along D. Hence, S^′ ≃ S. Therefore, S is isomorphic to the subvariety S^′ of P(1, 1, n) × P(1, 1, 4) defined by (7–25). This finish the proof in the case 1 ≤ n ≤ 3.

Finally suppose that n = 0. For the surjective morphism h: X ×_P1 F_4 → W = P^1 × P(1, 1, 4), we can choose the homogeneous coordinates to satisfy h^∗X_0 = g, h^∗Y_0 = f, h^∗Z_1 = u, and h^∗P_4(X_1, Y_1) = P_4(s, t)v, for any quartic homogeneous polynomial P_4. By the equation (7–24), h(V ) is contained in the subscheme S^′ ⊂ W defined by (7–26) Z_1X_0 = Y_0F_4(X_1, Y_1).

Let W_1 ⊂ W be the open subset {X_0 ≠ 0} and let W_2 ⊂ W be {Y_0 ≠ 0}. Then S^′ ∩ W_1 ≃ Proj ( (k[y_0])[X_1, Y_1, Z_1] / (Z_1 − X^4_1y_0F_4(1, y_0)) ) ≃ A^1 × P^1, where y_0 = Y_0/X_0. Moreover, S^′ ∩ W_2 ≃ Proj ( (k[x_0])[X_1, Y_1, Z_1] / (Z_1x_0 − F_4(X_1, Y_1)) ) for x_0 = X_0/Y_0. Thus S^′ is normal, h(V ) = S^′, and S^′ → P(1, 1, 4) is the blowing-up along D = {Z_1 = F_4(X_1, Y_1) = 0}. In particular, S^′ ≃ S. Therefore S is defined by (7–26), and we are done. □ Remark. If Supp Δ consists of at most two points, then S is a toric variety. In fact, S → P(1, 1, 4) is described as a toric blowup. In particular, S is toric if n ≤ 2. 7.5. Embedding into weighted projective spaces, III. In the non-big case, L−E ∼ wℓ for w = 2 or 4 on X = F_n and hence P = P_X (O_X (L − E) ⊕ O_X ) ≃ F_w ×_P1 ×X = F_w ×_P1 F_n.

Let p_1 : P → F_w and p_2 : P → X ≃ F_n be the projections. The global sections u and v in Section 7.3 descend to global sections of O(σ^{(w)} + wℓ) and O(σ^{(w)}) over F_w, respectively, where σ^{(w)} is the negative section and ℓ is a fiber on F_w. The divisor V = V (ξ, η) ⊂ P is described by a quadric equation with respect to (f, g) over F_w, since the mapping degree of V ⊂ P → F_w is two.

The morphism Φ: P → W is the composite of p_2 and the contraction morphism q : F_w → F_w ≃ P(1, 1, w) ≃ W of the negative section σ^{(w)}. Let (X, Y, U) be a homogeneous coordinate of P(1, 1, w). We may assume that the morphism q : F_w → P(1, 1, w) satisfies q^∗U = u and q^∗P_w(X, Y) = P_w(s, t)v for any homogeneous polynomial P_w of degree w.

Finding suitable sections ξ and η, we shall describe the surface S explicitly. Proposition 7.17. A log del Pezzo surface of index two of type [4; 2, 4]_{00} is isomorphic to the divisor {UZ = F_8(X, Y)} ⊂ P(1, 1, 4, 4) for a homogeneous coordinate (X, Y, Z, U) of weight (1, 1, 4, 4) and for an octic homogeneous polynomial F_8 ≠ 0.

Proof. Since E = σ + σ_∞ for a section σ_∞ at infinity, we may assume η = fg. There is an octic homogeneous polynomial F_8(s, t) ≠ 0 such that π_∗(Δ) = div(F_8(s, t)). Thus ξ = f^2 + F_8(s, t)g^2 ∈ H^0(X, L) = H^0(X, 2σ + 8ℓ) satisfies div(ξ) ∩ E = Δ. Since ξv − ηu = vf^2 − ufg + F_8(s, t)vg^2, the first projection p_1|_V : V ⊂ P → F_4 is a finite morphism. For the isomorphism P ≃ F_w ×_P1 X ≃ F_4 ×_P1 F_4, we have a birational map P ···→ P(1, 1, 4, 4) by Lemma 7.7. We set U := Z_1 and Z := Z_2 for the homogeneous coordinate Z_i defined in Lemma 7.7. Then the proper transform V^′ of V in P(1, 1, 4, 4) is a Cartier divisor of degree 8 defined by Ψ := Z^2 − UZ + F_8(X, Y) = 0.

Note that V^′ is Cohen-Macaulay since so is P(1, 1, 4, 4). The projection (X : Y : U : Z) → (X : Y : U) induces a finite morphism V^′ → P(1, 1, 4) which is birational to Φ|_V : V ⊂ P → W ≃ P(1, 1, 4). Since ∂ ∂Z Ψ = 2Z − U and ∂ ∂U Ψ = −Z, and since Sing P(1, 1, 4, 4) ⊂ {X = Y = 0}, we have Sing V^′ ⊂ {Z = U = F_8(X, Y) = 0} ∪ {X = Y = Z(Z − U) = 0}.

Thus V^′ has only isolated singularities by F_8 ≠ 0. Hence V^′ is normal, V^′ → W is the Stein factorization of Φ|_V : V → W , and thus S ≃ V^′. Replacing (U, Z) with (U + Z, Z), we have the expected equation. □

Proposition 7.18. A log del Pezzo surface of index two of type [3; 2, 4]_+ is isomorphic to the divisor {Z^2 + (cY^3 + XU)Z + F_6(X, Y) = Y^4U} ⊂ P(1, 1, 2, 3) for a constant c ∈ k and a sextic homogeneous polynomial F_6, where (X, Y, U, Z) is a homogeneous coordinate of weight (1, 1, 2, 3).

Proof. In this type, E = σ + D for a section D ∼ σ + 4ℓ. We may assume that the fiber ℓ passing through the intersection point σ ∩ D is defined by {s = 0}. The divisor π_∗(Δ) ⊂ P^1 of degree 8 does not contain (0 : 1). Let F_8(s, t) be an octic homogeneous polynomial such that div(F_8(s, t)) = π_∗(Δ). We may assume that F_8(s, t) = t^8 + ct^7s + F_6(s, t)s^2 for a constant c ∈ k and for a sextic homogeneous polynomial F_6. For the sections f and g, we have π_∗O_X (σ + 4ℓ) = O(4)g ⊕ O(1)f over P^1. Hence, D = div(P_4(s, t)g − sf) for a quartic homogeneous polynomial P_4 with P_4(0, 1) ≠ 0. We may replace f with f+P_3(s, t)g for any cubic polynomial P_3. Hence, we may assume that P_4 = t^4. Therefore D = div(t^4g − sf) and E = div(η) for η = (t^4g − sf)g. We consider a global section ξ = F_6(s, t)g^2 + ct^3gf + f^2 ∈ H^0(X, L) = H^0(X, 2σ + 6ℓ).

Then div(ξ) ∩ σ = ∅ and div(ξ) ∩ D = Δ by s^2ξ ≡ g^2(F_6(s, t)s^2 + cst^7 + t^8) mod (t^4g − sf).

Thus V = V (ξ, η) ⊂ P. Since ξv − ηu = vf^2 + (ct^3v + su)fg + (F_6(s, t)v − t^4u)g^2, we infer that p_1|_V : V ⊂ P → F_2 is a finite morphism. Applying Lemma 7.7, we have a birational map P ···→ P(1, 1, 2, 3) such that the proper transform V^′ of V in P(1, 1, 2, 3) is a Cartier divisor of degree 6 given by Ψ := Z^2 + (cY^3 + XU)Z + F_6(X, Y) − Y^4U = 0 for a homogeneous coordinate (X, Y, U, Z) of weight (1, 1, 2, 3). Note that the projection (X : Y : U : Z) → (X : Y : U) induces a finite morphism V^′ → W ≃ P(1, 1, 2), which is birational to Φ|_V : V → W . Since ∂ ∂Z Ψ = 2Z + (cY^3 + XU) and ∂ ∂U Ψ = XZ − Y^4, the singular locus of V^′ is contained in

{2Z + (cY^3 + XU) = XZ − Y^4 = Z^2 + cY^3Z + F_6(X, Y) = 0} ∪ {X = Y = Z = 0}. In particular, Sing V^′ ∩ {X ≠ 0} is contained in the finite set {(1 : y : z : u) | z = y^4, u = −cy^3 − 2y^4, y^8 + cy^7 + F_6(1, y) = 0} and Sing V^′ ∩ {X = 0} ⊂ {(0 : 0 : 0 : 1)}. Hence, V^′ has only isolated singular points and thus V^′ is normal. Thus S ≃ V^′, since V^′ → W gives the Stein factorization of V → W . □ Proposition 7.19. Let S be a log del Pezzo surface of index two of type [3; 2, 4]_{++}(a, b).

(1) If (a, b) = (0, 0), then S is isomorphic to the divisor {Z^2 + (cY^3 + XU)Z + Y^6 + XF_5(X, Y) = 0} ⊂ P(1, 1, 2, 3) for a quintic homogeneous polynomial F_5 and for a constant c.

(2) If (a, b) = (2, 1), then S is isomorphic to the divisor {Z^2 + XUZ + XY^5 + X^2F_4(X, Y) = 0} ⊂ P(1, 1, 2, 3) for a quartic homogeneous polynomial F_4.

(3) If a = 1, then 1 ≤ b ≤ 6 and S is isomorphic to the divisor

{Z^2 + (Y^3 + XU)Z + X^bY^{6−b} + X^{b+1}F_{5−b}(X, Y) = 0} ⊂ P(1, 1, 2, 3) for a homogeneous polynomial F_{5−b} of degree 5 − b.

Proof. In this type, E = σ + σ_∞ + ℓ for a section σ_∞ at infinity and for a fiber ℓ. We may assume that σ_∞ = {f = 0}, ℓ = {s = 0}, and η = −fgs. A global section ξ of O_X (L) ≃ O_X (2σ + 6ℓ) with div(ξ) ∩ E = Δ can be written as ξ = f^2 + ct^3fg + F_6(s, t)g^2 for a constant c ∈ k and for a sextic homogeneous polynomial F_6. Since ξv − ηu = vf^2 + (ct^3v + su)fg + F_6(s, t)vg^2, we infer that V → F_2 is not finite along {v = s = 0}. We can normalize F_6 as follows:

Case (a, b) = (0, 0): Then F_6(0, 1) ≠ 0. Multiplying t by a non-zero constant, we may assume F_6(s, t) = t^6 + sF_5(s, t) for a quintic homogeneous polynomial F_5. Here, c ≠ 2 if and only if Supp(Δ ∩ ℓ) consists of two points.

Case (a, b) = (2, 1): Then c = 0 and F_6(s, t) = sF_5(s, t) for a quintic homogeneous polynomial F_5 with F_5(0, 1) ≠ 0. Multiplying t by a non-zero constant, we may assume F_6(s, t) = s(t^5 + sF_4(s, t)) for a quartic homogeneous polynomial F_4.

Case (a, b) = (1, b): Then 1 ≤ b ≤ 6, c ≠ 0, and F_6(s, t) = s^bF_{6−b}(s, t) for a homogeneous polynomial F_{6−b} with F_{6−b}(0, 1) ≠ 0. Multiplying s and t by non-zero constants, we may assume c = 1 and F_6(s, t) = s^b(t^{b−6} + sF_{5−b}(s, t)) for a homogeneous polynomial F_{5−b} of degree 5 − b, where F_{5−b} = 0 in case b > 5.

Applying Lemma 7.7, we have a birational map P ···→ P(1, 1, 2, 3) such that the proper transform V^′ of V in P(1, 1, 2, 3) is a Cartier divisor of degree 6 defined by Ψ := Z^2 + (cY^3 + XU)Z + F_6(X, Y) = 0 for the homogeneous coordinate (X, Y, U, Z) of weight (1, 1, 2, 3). Here, the projection (X : Y : U : Z) → (X : Y : U) induces a finite morphism V^′ → W ≃ P(1, 1, 2), which is birational to Φ|_V : V → W . By the calculation ∂ ∂Z Ψ = 2Z + (cY^3 + XU), ∂ ∂U Ψ = XZ, ∂ ∂X Ψ = UZ + ∂ ∂X F_6(X, Y), we infer that Sing V^′ is contained in {F_6(X, Y) = Z = cY^3 + XU = 0} ∪ { X = 2Z + cY^3 = F_6(0, Y) − Z^2 = UZ +

∂F_6 ∂X (0, Y) = 0 } . Here, Sing V^′ ∩ {X = Z = 0} is contained in {(0 : 0 : 0 : 1)}. For, we have F_6(0, Y) = Y^6 in case (a, b) ≠ (0, 0), (∂F_6/∂X)(0, Y) = Y^5 in case (a, b) = (2, 1), and c = 1 in case (a, b) = (1, b). Furthermore, Sing V^′ ∩ {X ≠ 0} is contained in the finite set {(1 : y : 0 : −cy^3) | F_6(1, y) = 0} and Sing V^′ ∩ {Z ≠ 0} is contained in the finite set { (0 : y : 1 : u) | 2 + cy^3 = F_6(0, y) − 1 = u +

∂F_6 ∂X (0, y) = 0 } . Hence, V^′ has only isolated singularities and thus V^′ is normal. Therefore S ≃ V^′, since V^′ → W coincides with the Stein factorization of V → W . Therefore, we have the expected defining equations. □ Proposition 7.20. Let S be a log del Pezzo surface of index two of type [1; 2, 2]_0 and let (X, E, Δ) be a fundamental triplet defining S. Let (X, Y, U, Z) be a homogeneous coordinate of P(1, 1, 2, 3).

(1) Either if char k ≠ 2 or if the double-covering π|_E : E ⊂ X → P^1 is inseparable, then S is isomorphic to the divisor of P(1, 1, 2, 3) defined by

Z^2 = F_3(X, Y)Z + F_4(X, Y)U + XYU^2 for a cubic polynomial F_3 and a quartic polynomial F_4 with (F_3, F_4) ≠ (0, 0).

(2) If char k = 2 and if π|_E : E ⊂ X → P^1 is separable, then S is isomorphic to the divisor of P(1, 1, 2, 3) defined by

Z^2 = (F_3(X, Y) + XU)Z + F_4(X, Y)U + Y^2U^2 for a cubic polynomial F_3 and a quartic polynomial F_4 with (F_3, F_4) ≠ (0, 0).

Proof. In this type, E ∼ 2σ + 2ℓ is non-singular. By Lemma 4.11, we may assume η = f^2 − stg^2, in the case (1);
f^2 + sfg + t^2g^2, in the case (2).

Case (1): The fibers {s = 0} and {t = 0} intersect tangentially with E. Hence, s|_E = x^2 and t|_E = y^2 for a homogeneous coordinate (x, y) of E ≃ P^1. Moreover we can identify g|_E with 1 and f|_E with xy by an isomorphism O_E(σ) ≃ O_E. Note that any homogeneous polynomial P_{2m}(x, y) of degree 2m is written as P_{2m}(x, y) = P_m(x^2, y^2) + P_{m−1}(x^2, y^2)xy for some homogeneous polynomials P_j of degree j for j = m, m−1. Thus we may assume

ξ = F_4(s, t)g^2 + F_3(s, t)fg

for a cubic polynomial F_3 and a quartic polynomial F_4, where Δ ⊂ E is defined by F_4(x^2, y^2) + F_3(x^2, y^2)xy = 0. Since

ξv − ηu = (F_4(s, t)v + stu)g^2 + F_3(s, t)vfg − uf^2,

we infer that V → F_2 is not finite along {u = F_3(s, t) = F_4(s, t) = 0}. Applying Lemma 7.7, we have a birational map P ···→ P(1, 1, 1, 2) such that the proper transform V^′ of V in P(1, 1, 1, 2) is a Cartier divisor of degree 4 defined by

−U_0Z^2_0 + F_3(X, Y)Z_0 + F_4(X, Y) + XYU_0 = 0

for the homogeneous coordinate (X, Y, Z_0, U_0) of weight (1, 1, 1, 2). Note that the projection (X : Y : Z_0 : U_0) → (X : Y : U_0) induces a rational map V^′ ···→ W = P(1, 1, 2) with non-empty locus of indeterminacy. We consider the birational map

P(1, 1, 1, 2) ···→ P(1, 1, 2, 3); (X : Y : Z_0 : U_0) → (X : Y : U : Z) = (X : Y : U_0 : Z_0U_0).

Then the proper transform V^{′′} of V in P(1, 1, 2, 3) is a Cartier divisor of degree 6 defined by Ψ := −Z^2 + F_3(X, Y)Z + F_4(X, Y)U + XYU^2 = 0 and the projection (X : Y : U : Z) → (X : Y : U) induces a finite morphism V^{′′} → W . By the calculation ∂Ψ ∂Z = −2Z + F_3(X, Y), ∂Ψ ∂U = F_4(X, Y) + 2XYU, ∂Ψ ∂X = ∂F_3 ∂X (X, Y)Z +

∂F_4 ∂X (X, Y)U + YU^2, ∂Ψ ∂Y = ∂F_3 ∂Y (X, Y)Z +

∂F_4 ∂Y (X, Y)U + XU^2,

we infer that the singular locus of V^{′′} is contained in the locus { F_3(X, Y) − 2Z = F_4(X, Y) + 2XYU = Z^2 − XYU^2 = ∂Ψ ∂X = ∂Ψ ∂Y = 0 } . We shall show Sing V^{′′} is a finite set. Note that Sing V^{′′} ∩ {X = Y = 0} ⊂ {(0 : 0 : 0 : 1)}. Thus it suffices to consider two subsets Sing V^{′′} ∩{X ≠ 0} and Sing V^{′′} ∩{Y ≠ 0}. Suppose first that char k ≠ 2. Then Sing V^{′′} ∩ {X ≠ 0} is contained in the finite set { (1 : y : z : u) | | 2z − F_3(1, y) = 2yu + F_4(1, y) =

∂F_3 ∂Y (1, y)z +

∂F_4 ∂Y (1, y)u + u^2 = 0 }

and Sing V^{′′} ∩ {Y ≠ 0} is contained in the finite set { (x : 1 : z : u) | | 2z − F_3(x, 1) = 2xu + F_4(x, 1) =

∂F_3 ∂X (x, 1)z +

∂F_4 ∂X (x, 1)u + u^2 = 0 } .

Next, suppose that char k = 2. Then there are finitely many (x : y) ∈ P^1 satisfying F_3(x, y) = F_4(x, y) = 0. Hence, Sing V^{′′} ∩ {X ≠ 0} is contained in the finite set { (1 : y : z : u) | | F_3(1, y) = F_4(1; y) = z^2 − yu^2 =

∂F_3 ∂Y (1, y)z +

∂F_4 ∂Y (1, y)u + u^2 = 0 } , and Sing V^{′′} ∩ {Y ≠ 0} is contained in the finite set { (x : 1 : z : u) | | F_3(x, 1) = F_4(x, 1) = z^2 − xu^2 =

∂F_3 ∂X (x, 1)z +

∂F_4 ∂X (x, 1)u + u^2 = 0 } . Therefore, Sing V^{′′} is a finite set. Thus V^{′′} is normal and S ≃ V^{′′}.

Case (2): We can choose a homogeneous coordinate (x, y) of E ≃ P^1 so that s|_E = x^2, t|_E = (x + y)y and that g|_E = 1 and f|_E = y^2 under an isomorphism O_E(σ) ≃ O_E. Note that any homogeneous polynomial P_{2m}(x, y) of degree 2m is written as P_{2m}(x, y) = P_m(x^2, (x + y)y) + P_{m−1}(x^2, (x + y)y)y^2 for homogeneous polynomials P_j of degree j for j = m, m − 1. In fact, this is shown by using

xy = (x + y)y − y^2 and y^4 = −((x + y)y)^2 + (2(x + y)y + x^2)y^2.

Thus we may assume that ξ = F_4(s, t)g^2 + F_3(s, t)fg for a cubic polynomial F_3 and a quartic polynomial F_4, where Δ is defined by F_4(x^2, (x + y)y) + F_3(x^2, (x + y)y)y^2 = 0. Since

ξv − ηu = (F_4(s, t)v − t^2u)g^2 + (F_3(s, t)v − su)gf − uf^2, we infer that V → F_2 is not finite over {u = F_3(s, t) = F_4(s, t) = 0}. Applying Lemma 7.7, we have a birational map P ···→ P(1, 1, 1, 2) such that the proper transform V^′ of V in P(1, 1, 1, 2) is a Cartier divisor of degree 4 defined by −U_0Z^2_0 + (F_3(X, Y) − XU_0)Z_0 + F_4(X, Y) − Y^2U_0 = 0 for the homogeneous coordinate (X, Y, Z_0, U_0) of weight (1, 1, 1, 2). However, the projection (X : Y : Z_0 : U_0) → (X : Y : U_0) induces a rational map V^′ ···→ W = P(1, 1, 2) with non-empty locus of indeterminacy. We consider the birational map

P(1, 1, 1, 2) ···→ P(1, 1, 2, 3); (X : Y : Z_0 : U_0) → (X : Y : U : Z) = (X : Y : U_0 : Z_0U_0). Then the proper transform V^{′′} of V in P(1, 1, 2, 3) is a Cartier divisor of degree 6 defined by Ψ := −Z^2 + (F_3(X, Y) − XU)Z + F_4(X, Y)U − Y^2U^2 = 0 and the projection (X : Y : U : Z) → (X : Y : U) induces a finite morphism V^{′′} → W . Since char k = 2, we have ∂Ψ ∂Z = F_3(X, Y) − XU, ∂Ψ ∂U = −XZ + F_4(X, Y), ∂Ψ ∂X = ∂F_3 ∂X (X, Y)Z − UZ +

∂F_4 ∂X (X, Y)U, ∂Ψ ∂Y = ∂F_3 ∂Y (X, Y)Z +

∂F_4 ∂Y (X, Y)U.

Thus the singular locus of V^{′′} is contained in the locus Σ defined by the following equations:

(i) Ψ = 0; (ii) XU = F_3(X, Y), (iii) XZ = F_4(X, Y),

(iv) UZ =

∂F_3 ∂X (X, Y)Z +

∂F_4 ∂X (X, Y)U.

In order to show, S ≃ V^{′′}, we have only to check that Σ is a finite set. The four equations above induce the following (v) and (vi), where (v) follows from (i)–(iii), and (vi) follows from (ii), (iii), and (v) multiplied by X^2:

(v) Z^2 − XUZ + Y^2U^2 = 0; (vi) F_4(X, Y)^2 − XF_3(X, Y)F_4(X, Y) + Y^2F_3(X, Y)^2 = 0. Note that (vi) does not hold identically on P^1. This is shown as follows: Assume the contrary. We may also assume that F_3(X, Y) is not identically zero. Then the rational function w = F_4(X, Y)X^{−1}F_3(X, Y)^{−1} is related to the rational function y = Y/X by the Artin-Schreier equation: w^2 − w + y^2 = 0. Here k(y)/k(y^2) is inseparable but k(w)/k(y^2) is separable. However k(w) ⊂ k(y) by the assumption. Thus a contradiction is derived.

Therefore, Σ ∩ {X ≠ 0} is a finite set. If (0 : 1 : u : z) ∈ Σ, then u = z by (v) and u ( ∂F_3 ∂X (0, 1) +

∂F_4 ∂X (0, 1) − u ) = 0 by (iv). Thus Σ ∩ {X = 0} is also finite. Therefore we finished the proof. □

Remark. The equations in Propositions 7.11–7.15 and 7.17–7.20 define log del Pezzo surfaces of index two. In fact, the subvariety defined by the equations is really constructed from a fundamental triplet (X, E, Δ) of the same type, where E and Δ are defined by the data of the equations.

Example 7.21. Let (X, E, Δ) be an extremal fundamental triplet of type [1; 2, 2]_0 with D(X, E, Δ) = D_8. Then the associated log del Pezzo surface S is defined by

Z^2 = (X^3 + YU)XU, if char k ≠ 2 or E → P^1 is inseparable,
Z^2 = (XZ + X^4 + Y^2U)U, otherwise,

in P(1, 1, 2, 3) for the homogeneous coordinate (X, Y, U, Z) of weight (1, 1, 2, 3). In fact, we can take F_3 = 0 and F_4 = X^4 in Proposition 7.20.

The following example shows that the Smooth Divisor Theorem in [3] does not hold in general in characteristic two. This was pointed out by Ohashi in a special case.

Example 7.22. Suppose that char k = 2. Let S be a log del Pezzo surface defined by the equation of Proposition 7.20, (1), with F_3 = 0. Then π|_E : E → P^1 is inseparable. We can show that any member C of |−2K_S| has a singular point, as follows: A general member C is defined by U − Q(X, Y) = 0 for a quadric polynomial Q. Thus C ⊂ P(1, 1, 3) is defined by

Z^2 = F_4(X, Y)Q(X, Y) + XYQ(X, Y)^2 for the homogeneous coordinate (X, Y, Z) of weight (1, 1, 3). Let (x, z) be the coordinate system of the open subset {Y ≠ 0} ≃ A^2 defined by x = X/Y and z = Z/Y^3. Then C ∩ {Y ≠ 0} is defined by z^2 = Φ(x) for the polynomial Φ(x) = Q(x, 1)F_4(x, 1) + xQ(x, 1)^2.

Thus a point (x_0, z_0) ∈ A^2 is contained in Sing C ∩{Y ≠ 0} if and only if (dΦ/ dx)(x_0) = 0 and z^2_0 = Φ(x_0). Thus Sing C ≠ ∅.

Remark 7.23. We consider a fundamental triplet (X, E, Δ) is of type [1; 2, 2]_0 with Δ = 8P for a non-ramification point P ∈ E for π|_E. Let ϕ: M → X be the elimination of Δ. The dual graph Γ [M] = Γ (X, E, Δ) of negative curves on M is written in Table 12. We shall give further information on the set of negative curves by using the description of E and Δ in Proposition 7.20, in case char k ≥ 5. Let (x : y) be the coordinate of E ≃ P^1 used in Case (1) of the proof of Proposition 7.20. Then we may assume that P ∈ E is defined by x + y = 0. Let us define homogeneous polynomials P_n(s, t) and Q_n(s, t) ∈ Z[1/2, s, t] of degree n ≥ 0 by (x + y)^{2n} = P_n(x^2, y^2) + 2xyQ_{n−1}(x^2, y^2).

Here, Q_{−1}(s, t) = 0, P_0(s, t) = Q_0(s, t) = 1, and we have 2P_n(x^2, y^2) = (x + y)^{2n} + (x − y)^{2n} =

∏_{2n−1}

k=0 ((x + y) − ζ^{2k+1}(x − y)), 4xyQ_{n−1}(x^2, y^2) = (x + y)^{2n} − (x − y)^{2n} =

∏_{2n−1}

k=0 ((x + y) − ζ^{2k}(x − y)) for ζ = exp(2π √ −1/(4n)) for n ≥ 1. Therefore, P_n(s, t) = 2^{n−1}

∏_{n−1} k=0 ( (s + t) − cos

(_{2k+1}

2n π ) (s − t) ) , Q_{n−1}(s, t) = 2^{n−1}

∏_{n−1} k=1 ( (s + t) − cos

(_k n π ) (s − t) ) . In particular, P_n(s, t) and Q_n(s, t) have only simple roots on P^1 if gcd(char k, 2n) = 1. We also have the equality (7–27) P_i(s, t)Q_{j−1}(s, t) − P_j(s, t)Q_{i−1}(s, t) = (s − t)^{2i}Q_{j−i−1}(s, t) for 0 < i < j by calculation. Let γ_j be the unique section of π with γ_j|_E = 2jP (cf. Proposition 6.2, (7g)) for 1 ≤ j ≤ 4. Then γ_j = div(P_j(s, t)g + 2Q_{j−1}(s, t)f).

We set γ_0 to be σ. Then γ_i ∩ γ_j = γ_i ∩ div((s − t)^{2i}Q_{j−i−1}(s, t)) for 0 ≤ i < j ≤ 4 by (7–27). Let γ_{j,M} ⊂ M be the proper transform of γ_j in M for 0 ≤ j ≤ 4, which is a (−1)-curve. If γ_{i,M} ∩ γ_{j,M} ≠ ∅ for i < j, then i + 1 < j, and the following assertions hold:

• γ_{i,M} ∩ γ_{j,M} is a reduced point lying over the point (1 : −1) ∈ P^1 for j = i + 2, • γ_{i,M} ∩ γ_{j,M} is reduced consisting of two points lying over {(3 : −1), (1 : −3)} ⊂ P^1 for j = i + 3, • γ_{0,M} ∩ γ_{4,M} is reduced consisting of three points lying over {( 1 + √ 2 : 1 − √ 2 ) , (1 : −1), ( 1 − √ 2 : 1 + √ 2 )} ⊂ P^1.

In particular, γ_{0,M} ∩γ_{2,M} = γ_{2,M} ∩γ_{4,M} is a point P_M lying over the point {g = s+t = 0}, and the union of negative curves on M is not normal crossing at the point P_M . From the dual graph Γ [M] in Table 12, we can not obtain directly the property that γ_{0,M} , γ_{2,M} , and γ_{4,M} meet at a point.

Remark 7.24. For a log del Pezzo surface S of index two, we have proved in Theorem 3.32 that −4K_S is very ample, and that −2K_S is very ample if and only if K^2_S > 1. We can check it by our explicit description of S as follows:

If S is one of surfaces treated in Section 7.3, i.e., K_M + L_M is big and S is not of type [n; 1, 0]_0, then S is expressed as a subvariety of a weighted projective space. Here, O_S(−2K_S) is just the restriction of a very ample invertible sheaf of the weighted projective space, by construction.

The surfaces S of type [n; 1, 0]_0 are treated in Section 7.4, where K^2_S = 5 + n > 1. If n = 4, then S ≃ P(1, 1, 4) and O_S(−2K_S) = O(4) is very ample. If 0 < n < 4, then S is a subvariety of P(1, 1, n) × P(1, 1, 4) where O_S(−2K_S) is just the restriction of O(2n) ⊠ O(4) by Proposition 7.1; thus −2K_S is very ample. If n = 0, then S is a subvariety of P^1 × P(1, 1, 4) and O_S(−2K_S) is just the restriction of the very ample invertible sheaf O(2) ⊠ O(4) also by Proposition 7.1.

If S is of type [4; 2, 4]_{00}, then K^2_S = 2, and O_S(−2K_S) is the restriction of the very ample invertible sheaf O(4) of P(1, 1, 4, 4) by Proposition 7.17.

Thus, the remaining types are [3; 2, 4]_+, [3; 2, 4]_{++}(a, b), and [1; 2, 2]_0. These are just the cases of S with K^2_S = 1. In this case, S is a prime divisor of P(1, 1, 2, 3) not containing the point (0 : 0 : 0 : 1) and O_S(−2K_S) ≃ O(2)|_S, by Propositions 7.18, 7.19, 7.20. We note that −2K_S is not very ample, since O(2)|_S is the pullback of O(2) by the projection S → P(1, 1, 2). It is enough to check that O(4)|_S ≃ O_S(−4K_S) is very ample, since O(6) is very ample on P(1, 1, 2, 3). Let (X, Y, U, Z) be the homogeneous coordinate of P(1, 1, 2, 3) as before. Then the vector space H^0(P(1, 1, 2, 3), O(4)) is generated by

X^{4−i}Y^i, X^{2−j}Y^jU, XZ, YZ for 0 ≤ i ≤ 4 and 0 ≤ j ≤ 2. Now S is covered by three affine open subsets {X ≠ 0}, {Y ≠ 0}, {U ≠ 0}. The affine ring of {X ≠ 0} is isomorphic to the polynomial ring of three variables generated by

Y/X = X^3Y/X^4, U/X^2 = X^2U/X^4, Z/X^3 = XZ/X^4.

Thus the linear system |O(4)| gives an embedding of the open subset {X ≠ 0} into the projective space |O(4)|^∨ = P(H^0(P(1, 1, 2, 3), O(4))). Similarly, it gives an embedding of {Y ≠ 0}. The affine ring of {U ≠ 0} is isomorphic to the subring k[x, y, z]^{(2)} generated by monomials of degree two of the polynomial ring k[x, y, z] of three variables. This ring is generated by

x^{2−j}y^j = X^{2−j}Y^j/U, xz = XZ/U^2, yz = YZ/U^2, z^2 = Z^2/U^3 for 0 ≤ j ≤ 2. Since Z^2 ∉ H^0(P(1, 1, 2, 3), O(4)), the linear system |O(4)| does not give an embedding of {U ≠ 0}. However, the defining equations of S obtained in Propositions 7.18, 7.19, 7.20 express z^2 = Z^2/U^3 by other generators of the affine ring. Hence, O(4)|_S is very ample.

References

[1] V. Alexeev and V. V. Nikulin, Classification of del Pezzo surfaces with log-terminal singularities of index ≤ 2, involutions on K3 surfaces, and reflection groups in Lobachevskiĭspaces (Russian), in Lectures in mathematics and its applications, Vol. 2, No. 2 (Russian), Ross. Akad. Nauk, Inst. Mat. im. Steklova, Moscow, 1988, pp. 51–150.

[2] , The classification of Del Pezzo surfaces with log terminal singularities of the index ≤ 2 and involutions of K3 surfaces, Dokl. Akad. Nauk SSSR, 306 (1989), no. 3, pp. 525–528; translation in Soviet Math. Dokl. 39 (1989), no. 3, pp. 507–511.

[3] , Classification of log del Pezzo surfaces of index ≤ 2, preprint 2004, (math.AG/0406536), 141 pages.

[4] M. Artin, Some numerical criteria for contractibility of curves on algebraic surfaces, Amer. J. of Math. 84 (1962), 485–496.

[5] , On isolated rational singularities of surfaces, Amer. J. of Math. 88 (1966), 129–136. [6] , Lectures on deformation of singularities, Tata Inst. Fund. Res., 1976. [7] L. Brenton, On singular complex surfaces with negative canonical bundle, with applications to singular compactifications of C^2 and to 3-dimensional rational singularities, Math. Ann. 248 (1980), 117–124.

[8] V. I. Danilov, The geometry of toric varieties, Uspekhi Mat. Nauk, 33 (1978), no. 2 (200), 85–134;

English transl: Russian Math. Surveys 33 (1978), no. 2, 97–154.

[9] M. Demazure, Surfaces de del Pezzo II–V, in Séminaire sur les Singularités des Surfaces (eds.

M. Demazure, H. Pinkham and B. Teissier), Lect. Notes Math. 777 (1980) Springer, pp. 23–69. [10] , Anneaux gradués normaux, in Introduction à la théorie des singularités, II, Travaux en Cours 37 Hermann (1988), pp. 35–68.

[11] T. Fujita, Defining equations for certain types of polarized varieties, in Complex analysis and algebraic geometry A collection of papers dedicated to K. Kodaira (W. L. Baily, Jr., and T. Shioda eds.) Iwanami Shoten and Cambridge Univ. Press, 1977, pp.165–173.

[12] M. Furushima, Singular del Pezzo surfaces and analytic compactifications of 3-dimensional complex affine space C^3, Nagoya Math. J. 104 (1986), 1–28.

[13] F. Hidaka and K-i. Watanabe, Normal Gorenstein surfaces with ample anti-canonical divisor, Tokyo J. Math. 4 (1981), 319–330.

[14] Y. Ishii and N. Nakayama, Classification of normal quartic surfaces with irrational singularities, J.

Math. Soc. Japan 56 (2004), 941–965.

[15] G. Kapustka and M. Kapustka, Equations of log del Pezzo surfaces of index ≤ 2, preprint 2005 (math.AG/0512527), 28 pages.

[16] Y. Kawamata, A generalization of Kodaira–Ramanujam’s vanishing theorem, Math. Ann., 261 (1982), 43–46.

[17] Y. Kawamata, K. Matsuda, and K. Matsuki, Introduction to the minimal model problem, in Algebraic Geometry, Sendai, 1985 (T. Oda ed.), Adv. Stud. in Pure Math., 10 (1987) Kinokuniya and North-Holland, pp. 283–360.

[18] D. Knutson, Algebraic Spaces, Lecture Notes in Math. 203, Springer-Verlag (1971). [19] H. Kojima, Rank one log del Pezzo surfaces of index two, J. Math. Kyoto Univ. 43 (2003), 101–123.

[20] J. Lipman, Rational singularities with applications to algebraic surfaces with unique factorization, Publ. Math. IHES, 36 (1969), 195–279.

[21] M. Manetti, Normal degeneration of the complex projective plane, J. reine angew. Math. 419 (1991), 89–118.

[22] S. Mori, Threefolds whose canonical bundles are not numerically effective, Ann. of Math., 116 (1982), 133–176.

[23] D. Mumford, The topology of normal singularities of an algebraic surface and a criterion for simplicity, Publ. I.H.E.S. 9 (1961), 5–22.

[24] H. C. Pinkham, Deformations of cones with negative grading, J. Algebra, 30 (1974), 92–102. [25] , Deformations of algebraic varieties with G_m action, Astérisque, No. 20, Soc. Math. France, Paris, 1974.

[26] F. Sakai, Anticanonical models for rational surfaces, Math. Ann. 269 (1984), 389–410. [27] M. Schaps, Deformations of Cohen-Macaulay schemes of codimension 2 and non-singular deformations of space curves, Amer. J. Math., 99 (1977), 669–685.

[28] E. Viehweg, Vanishing theorems, J. Reine. Angew. Math., 335 (1982), 1–8. [29] J. Wahl, Smoothing of normal surface singularities, Topology 20 (1981), 219–246. [30] Q. Ye, On Gorenstein log del Pezzo surfaces, Japan. J. Math. 28 (2002), 87–136. [31] D.-Q. Zhang, Logarithmic del Pezzo surfaces of rank one with contractible boundaries, Osaka J.

Math. 25 (1988), 461–497.

[32] , Logarithmic del Pezzo surfaces with rational double and triple singular points, Tohoku Math. J. 41 (1989), 399–452.

Research Institute for Mathematical Sciences Kyoto University, Kyoto 606-8502 Japan E-mail address: nakayama@kurims.kyoto-u.ac.jp