AN INSTABILITY CRITERION FOR ACTIVATOR-INHIBITOR
SYSTEMS IN A TWO-DIMENSIONAL BALL II

YASUHITO MIYAMOTO

ABSTRACT. Let B be a two-dimensional ball with radius R. We continue to
study the shape of the stable steady states to

ut = DyAu+ f(u,§) in BXxRy, 7& = ‘—;l// g(u,&)dxdy in Ry,

B
d,u=0 on 0B xRy,
where f and g satisfy the following: fe¢(u,&) < 0, ge(u,§) < 0, and there
is a function k(§) such that g, (u,&) = k(&) fe(u,§). This system includes a
special case of the Gierer-Meinhardt system and the shadow system with the
FitzHugh-Nagumo type nonlinearity. We show that, if the steady state (u,£)
is stable for some 7 > 0, then the maximum (minimum) of u is attained at
exactly one point on B and u has no critical point in B\@B. In proving this
results, we prove a nonlinear version of the “hot spots” conjecture of J. Rauch
in the case of B.

1. INTRODUCTION AND THE MAIN RESULTS

This is a continuation of [Mi06a]. We study the shape of the stable steady states
of shadow reaction-diffusion systems of an activator-inhibitor type

(SSe) )
up = DyAu+ f(u,&) in Q xRy and 7& = @// g(u,&)dxdy in Ry,
Q

O,u=0 on 00N xR,,

where 0 C R? is a bounded domain. Here D, and 7 are positive constants. |{]
denotes the area of €2, and 0, denotes the outer normal derivative on the bound-
ary. In theoretical biology, the unknowns u = u(z,t) and £ = £(t) stand for the
concentrations of biochemicals called the short range activator and the long range
inhibitor, respectively. Two concrete examples of (SSq) are given at the end of this
section. We consider the case when ) is a two-dimensional ball B, centered at the
origin, with radius R.
Throughout the present paper, we assume that

f(, ), g(-, ) are of class C?, fe <0, g¢ <0, and
there is a function k(¢) € CY such that g, (u, &) = k(&) fe(u, ).

This class of reaction-diffusion systems includes a special case of the shadow system
of the Gierer-Meinhardt system (Example 1.5 below) and the shadow system with
the FitzHugh-Nagumo type nonlinearity (Example 1.6 below).
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In order to state our main results, we introduce some notation. Let @ C R? be a
bounded domain with smooth boundary, and let int(£2) denote the set consisting of
all the interior points of 2. Let £(¢) and n({) be functions satisfying (£(¢),n(¢)) €
99 parameterized by the arc length parameter ¢ of 9. Let (u, &) € (C?(int(2)) N
CH(QUIN)) x R be a steady state to (SSq). We define

U(¢) :=u(&(¢),n(¢), ¢ €R/LZ,

where L is the arc length of Q. For example, U(¢) = u(Rcos(¢/R), Rsin({/R))
in the case that Q@ = B. Let Z[-] denote the cardinal number of the zero level set
of L-periodic functions. Specifically,

Zw()]:=1{¢ w(() =0, CeR/LZ},
where w(¢) € C°(R/LZ). For example, Z [sin(27(/L)] = 2.

Let us explain the activator-inhibitor system. The activator-inhibitor system
is a mathematical model describing the interaction between the activator and the
inhibitor. The activator activates the production rate of the inhibitor (g, > 0),
and the inhibitor suppresses the production rate of the activator (fe < 0). The
production rate of the inhibitor is decreased as the inhibitor increases (g¢ < 0).
However, we do not impose a monotonicity assumption on f with respect to wu,
because the activator may react autocatalytically and f may not be monotone in
u. We call (SSq) the shadow system of the activator-inhibitor type if f and g satisfy

(AI) fe <0, g.>0, and g¢ <0.

The time constant of the inhibitor 7 which appears in (SSq) means the ratio of
the reaction speeds between the activator and the inhibitor. If 7 is large, then
the inhibitor reacts slowly, and the system behaves like a scalar reaction-diffusion
equation. In this case, we can expect and show that, if the domain is convex,
then every inhomogeneous steady state is unstable for large 7 > 0 [Y06, E06]. On
the contrary, if 7 is small, then the inhibitor reacts quickly, and the system tends
to be stable. Hence, an inhomogeneous stable steady state can exist. There is a
possibility that a steady state that is unstable for large 7 > 0 is stable when 7 > 0
is small. (A Hopf bifurcation occurs as 7 increases. See [NTY01, WWO03] for the
case of the shadow Gierer-Meinhardt system.) Therefore, it is important to obtain
a sufficient condition, which can be determined by the shape, for steady states to
be unstable not only in the case for large 7 > 0 but also in the case for all 7 > 0,
because the contrapositive of the sufficient condition becomes a necessary condition
for steady states to be stable for some 7 > 0. In other words, we know the shape
of all the stable steady states. A partial result in this research direction is the
following:

Proposition 1.1 ([Mi0O6a, Corollary B]). Suppose that (N) holds. Let (u,&) be
an inhomogeneous steady state to (SSp). If (u,&) is stable for some T > 0, then
Z[Ue(+)] =2

We know by Proposition 1.1 the shape of u on the boundary. However, we cannot
obtain information about u in the interior of the domain. One of the main results of
author’s previous paper [Mi06b, Theorem 4.7] is a partial answer of this question.
In [Mi06b], we show that, if sup(,, ,,)er2 fu(p1,p2) < Dyka, then the conclusion of
Theorem A below holds. Here, k4 is the forth eigenvalue of the Neumann Laplacian
in B. In the present paper, we remove this assumption which seems to be technical.
The main result of this paper is



AN INSTABILITY CRITERION II 3

Theorem A. Suppose that (N) holds. Let (u,&) be an inhomogeneous steady state
to (SSg). If (u,&) is stable for some T > 0, then the mazimum (minimum) of u is
attained at exactly one point on B, and there is no critical point of u in int(B).
Here, we call p € B a critical point of w if uy(p) = uy(p) = 0.

Note that we do not assume smallness or largeness of D,,.

From Theorem A we see that every stable steady state of (SSp) does not have
interior spikes or spots. Combining Theorem A and Proposition 1.1, we see that
only the steady states whose shape are like a boundary one-spike layer can be stable.

Combining the results of [LT01, NT91, NTY01], we see that the shadow Gierer-
Meinhardt system in B, which is (GM) below, has a stable boundary one-spike
layer and that this inhomogeneous stable steady state satisfies that Z [U;(-)] = 2
and that the maximum of u is attained at exactly one point on dB. Thus their
results are consistent with Proposition 1.1 and Theorem A.

Theorem A can be obtained by Proposition 1.1 and the contrapositive of the
following instability criterion:

Theorem B. Suppose that (N) holds. Let (u,§) be an inhomogeneous steady state
to (SSp). If there is a point p € int(B) such that uz(p) = uy(p) =0, then (u,§) is
unstable for all T > 0.

Remark 1.2 (An instability criterion for 1D shadow systems). In the case of one-
dimensional intervals, every inhomogeneous steady state (u, &) of certain classes of
shadow systems is unstable for all 7 > 0 if v has a critical point in the interior of
the interval [N94, NPY01, FRO1]. We see by the contrapositive that u should be
monotone if the steady state is stable for some 7 > 0. Theorem B can be seen as a
two-dimensional version of their result.

In order to state the main technical lemma, we consider a scalar elliptic equation
on a bounded and convex domain
(NPg) Au+N(u)=0 in Q, Ju=0 on 99,
where N(-) is a function of class C2. Let u be a solution of (NPg). Let {(1n(Q), #n) tn>1
denote the set of the eigenpairs of the problem
(EPq) Ap+ N'(u)p=p¢ in Q,  9yp=0 on ON.
The main technical lemma of this paper is
Lemma C. Let u be a non-constant solution to (NPg). If there is a point p €

int(B) such that uy(p) = uy(p) = 0, then pa(B) > 0, where ps(B) is the second
eigenvalue of (EPg).

Note that no assumption of the nonlinear term N(-) is imposed except the
regularity.
Lemma C is the positive answer of the following conjecture in the case of B:

Conjecture 1.3 ([Y06]). Let Q C R? be a bounded and convex domain with smooth
boundary, and let u be a non-constant solution to (NPgq). If there is a point p €
int(Q) such that u,(p) = uy(p) =0, then pa(2) > 0.

This is a nonlinear version of the “hot spots” conjecture of J. Rauch [R74]. The
“hot spots” conjecture immediately follows from Conjecture 1.3. If Conjecture 1.3
holds, then Theorem B holds for all the two-dimensional bounded convex domains
with smooth boundary. See also Proposition 2.6.
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Remark 1.4 (An instability criterion for scalar equations). The following sufficient
condition for the first eigenvalue to be positive is well-known: In the case when
is a bounded and convex domain in RY with smooth boundary, and if a solution
to (NPq) is not constant, then p;(2) > 0. Therefore, the contrapositive is the
following: Every stable steady state is constant in the case of convex domains. See
[Ch75] for the one-dimensional case and [CH78, Ma79] for the multi-dimensional
case.

As announced previously, we give two examples.

Ezample 1.5 ([GMT72]). The shadow system of the Gierer-Meinhardt model [GM72]
is the following;:

p T
(GM) uy = Dy Au —u + Z—q and T& = ﬁ //Q (—§ + ZS) dzdy,

where (p,q,r,s) satisfy p>1,¢>0,7>0,s>0and 0< (p—1)/g <7r/(s+1).
The assumption on (p, ¢, 7, s) comes from a biological reason. (AI) always holds. If
p=r—1, then (N) holds. This system is a model describing the head formation of
hydra, which is a small creature. Specifically, [GM72] show experimentally that the
head appears at the point where the activator u attains the local maximum. It is
known that this system has steady states having various shapes (see [NT91, NT93,
GWO00, MMO02] for example). Theorem A says that, if a steady state is stable, then
exactly one local (hence global) maximum of u is attained on the boundary when
Q) = B. This result can be interpreted as follows: The head appears at exactly one
point on the edge of the body.

Ezample 1.6 ([F61, NAY62]). The shadow system with the FitzHugh-Nagumo type
nonlinearity [F61, NAY62] is the following:

w =Dyt fofw) =g and 76 = oo [ [ (Bu—a€)dady,

where «, 5 and « are positive constants and fo(u) is the so-called cubic-like function.
A typical example of fy is u(l —u)(u —3J) (0 < < 1). (AI) and (N) hold.

This paper consists of three sections. Section 2 has two subsections. In Sub-
section 2.1, we recall known results about the zero level set of the eigenfucntions,
which we call the nodal curves. In Subsection 2.2, we recall known results about
eigenvalues related to shadow systems satisfying (N). In Section 3, we prove the
main results (Theorems A and B and Lemma C).

2. PRELIMINARIES

2.1. Known results on the nodal curves. In this subsection, we recall known
results about the nodal curves which are our main tools in Section 3.

Proposition 2.1 ([Ca33, HW53]). Let Q C R? be a domain, and let V(x,y) €
CO(Q). If ¢ satisfies Ap+ V¢ =0, then the nodal curves {¢ = 0} consist of either
the whole domain Q or C'-curves and intersections among those curves. If several
curves intersect at one point, then they meet at equal angles.

Let ¢(x,y) € CY(). We say that p € int(Q) is a degenerate point of ¢ if

¢(x0,Y0) = ¢2(20,Y0) = dy(20,y0) = 0.
A slight modification of the Carleman-Hartman-Wintner theorem [HW53] is
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Proposition 2.2. Let V(z,y) € C°(Q), and let ¢(x,y) be a function such that
Ap+ V=0 in Q. If there exists a degenerate point (xo,yo) € int($2), then either
(i) or (ii) holds:

(i) ¢ =0 in Q,

(ii) the nodal curves {¢ = 0} have at least four branches at (xo,yo). In this case,
the measure of any connected component of {¢ # 0} is not zero.

Proposition 2.3 ([Mi06a, Lemma 4.3]). Let Q C R? be a bounded domain with
smooth boundary of class C%, and let V€ C°(Q). Let ¢ be a non-trivial solution to

Ap+Vep=0 in Q, Ju=0 on 0N

Suppose that there is a point (x1,y1) € OQ such that ¢(x1,y1) = 0 and that {¢ = 0}
is isolated in O near (x1,y1). Then there is a nodal curve of ¢ connecting to

(z1,91)-

Proposition 2.4 ([Mi06a, Lemma C]). Let u be a solution to (NPg). If there is
an open interval v C OB such that Us = 0 on v, then u is radially symmetric. In
particular, u is constant on 0B.

Remark 2.5. From Proposition 2.4 we see

n € N\{1} if u is not radially symmetric;

Z[Uq(-)]Z{

Ny if u is radially symmetric.

2.2. Known results on eigenvalues related to shadow systems. In this sub-
section, we recall an abstract instability criterion.

Proposition 2.6 ([Mi06a, Lemma 3.2 (i)]). Let Q C RY be a bounded domain with
smooth boundary. Suppose that (N) holds. Let (u,§) be a steady state to (SSq). If
the second eigenvalue of the eigenvalue problem

(2.1) DA+ fu(u,)p=Ap in Q, 0,6=0 on 9N

is positive, then (u, &) is unstable for all T > 0. Specifically, the linearized operator
of (SSq) at (u,&) has an eigenvalue with positive real part.

Roughly speaking, shadow systems of the activator-inhibitor type have an effect
removing the first eigenvalue of (2.1) [Ma05]. Hence, to determine the sign of the
second eigenvalue is important for studying the stability.

This type of the results are obtained by several authors. In [Y02], the gradient
case (k(¢) = 1) and the skew-gradient case (k(§) = —1) are proven. The case of
inhomogeneous media is also considered. In [E01], an argument similar to the proof
of Proposition 2.6 appears in the case of some specific systems.

Suppose that & is fixed. Then the first equation of (SSq) is a reaction-diffusion
equation in homogeneous media. Specifically, f does not depend on x explicitly.
(2.1) can be treated as an eigenvalue problem of scalar equations in homogeneous
media. For simplicity, we do not write £ in the nonlinear term in Section 3.

Thanks to Proposition 2.6, what we have to do is obtain a sufficient condition
for the second eigenvalue of (2.1) to be positive.

Without loss of generality, we can assume that D,, = 1, because the sign of each
eigenvalue of (2.1) does not change when 2 is rescaled to /v/D,,.
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3. PROOFS OF THE MAIN RESULTS

In this section, we mainly prove Lemma C. Specifically, we will show that
u2(B) > 0 if the solution of (NPp) is not constant.

In proving the positiveness of the second eigenvalue (), we use a variational
characterization of po(2). It is convenient to define a functional H [-] by

V=[] (=190 4 N )2) dody

Lemma 3.1. Let u be a non-constant solution of (NPg). Then one of the following
holds:

(1) Hlug] >0 or H[uy] >0,

(ii) u is radially symmetric.

Proof. This lemma is well-known. We sketch the proof. The key ingredient is the
following:

(3.1) —0, |Vul* = R3u9 on 0B,
where ug := —yu, + ruy,. We have
H [uz] + H [uy]

// — Vg |* + N (u) g) dxdy—i—//B (—|wy|2+N'(u)u§) dady

= // (Aug + N'(u)uy) updzdy —|—/ (Auy + N'(u)uy) uydady
B B

— /BB (UzOp g + uyOyuy) do.

Since Auy + N'(u)u, = 0 and Auy, + N'(u)u, = 0, we see by (3.1) that H [u,] +
H[uy] > 0. We show that H [uz] + H [u,] # 0 if u is not radially symmetric.
Suppose the contrary, namely, H [u,] + H [u,] = 0. Then uy =0 on 9B. We see by
Proposition 2.4 that v is radially symmetric. This is a contradiction. We see that
H [ug] + H [uy] > 0 and that (i) holds if u is not radially symmetric. O

See [CH78, MaT79] for a result similar to Lemma 3.1 in the case of bounded
convex domains in RV,

Lemma 3.2 ([Mi06a, Lemma 3.5]). Let u be a non-constant solution to (NPg). If

w s radially symmetric, then us(B) > 0.

Proof. See the proof of Lemma 3.5 in [Mi06a]. We omit the proof. O
Because of Lemma 3.2, we do not need to consider the case that u is radially

symmetric. Hence, we can assume that (i) of Lemma 3.1 always occurs.
We define a rotational derivative of u with center (zg,yo) by

(aézo’yo)u)(xyy) = —(y — yo)uz(;v,y) + (CE - CCO)Uy(%y)

Hereafter in this section, we consider the case when the nodal curves {3§$°’y°)u =0}
have a loop in the closure of the domain. We define w by the area enclosed by the
loop. Therefore, Ow is the loop. We define a function z(z,y) by

@ u)(,y) i (py) €w
Hay) = {O ' if (z,y) € Q\w.
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Note that aém07yO)A(m,y) = A(m,y)aézmyo).

We consider the case that 8§w°’y°)u = 0. Then u is radially symmetric.

Suppose that € is not ball. There is a point (z1,y1) on 92 such that the
vector (1 — Zo,y1 — Yo) is not parallel to v, where v is an outer normal vector
on the boundary. Therefore, there is a neighborhood T' of (z1,y1) in 9 such that
Uy = uy = 0 on I'. Since u is radially symmetric and the vector (x1 — zo, 1 — ¥o)
is not perpendicular to the tangent line of 90 at (x1,y1), u is constant on I and
there is an open set in {2 such that u is constant. Thus the value of u at a point in
the open set, say c, is a root of f, specifically f(¢) = 0. Thus ¢ = u — ¢ satisfies
A+ Vip =0, where V := (f(u) — f(c))/(u — ¢), and 1 vanishes in the open set.
We see by the strong unique continuation at an interior point that u = ¢ in Q. This
case does not occur if u is not constant.

Suppose that € is ball. If (zg,yo) is not the center of B, then we see by the
same argument that u is constant. If (zo,yo) is the center of B, then w is radially
symmetric. Thus, w is constant or ps(B) > 0 (Lemma 3.2). We do not need to

consider the case that a;“’y“)u =0in B.

When 6éx°’y°)u # 0, we see that the measure of w is not zero, that z = 0 on dw
and that
z>0 in int(w) or 2 <0 in int(w).

Lemma 3.3. (i) H[z] = 0.
(ii) Let uq := cos oy + sinau,. Then / (—Vue-Vz + N (u)ugz) dedy = 0.

Proof. We prove (i). We have

// — V2> + N'(u) 2) dxdy://w (—IVZ|2+N’(u)22) dxdy
://w (Az+ N'(u)2) zd:z:dyf/aw 20, zdo = 0,

because Az + N'(u)z =0 in int(w) and z = 0 on Jw.
We prove (ii). We have

// (—Vua~Vz+N/(u)uaz)dzdy:/ (—Vue-Vz + N (u)ugz) dzdy
Q w

= // (Aug + N'(u)uy) zdzdy — / 20, uqdo =0,
w ow
because Au, + N'(u)u, =0 and z = 0 on Jw. O

Let O, denote a tangential derivative along 0f).

Lemma 3.4 ([Mi06b, Lemma 4.4]). Let Q(C R?) be a bounded convex domain with
boundary of class C?, and let u be a solution to (NPq). Suppose that (z1,y1) € 0.
Then

(0ru)(z1,51) =0 if and only if (aéxo,yo)u)(mbyl) =0 for all (xq,yo) € int(£2).
In particular,
(8§r°’y°)u)(331,y1) =0 for some (zg,y0) € int(Q) if and only if
(3§m°’y°)u)(x17y1) =0 for all (zo,y0) € int(Q).
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Moreover, if the nodal curves {Bém(”y‘))u = 0} connect to (x1,y1) on the boundary,

then (0-u)(x1,y1) = 0, hence, (x1,y1) € {Uc = 0}.
Proof. The tangent line of 9 at (x1,y;) is not parallel to the vector (z1 — xg, y1 —

Yo), because ) is convex. Hence if (8éw°’y°)u)(x1,y1) = (Oyu)(w1,y1) = 0, then
Uz (T1,Y1) = Uy (z1,y1) = 0. Therefore (0;u)(z1,y1) = 0. Conversely, if (0,u)(z1,y1) =
(Opu)(z1,y1) = 0, then uz(x1,y1) = uy(x1,y1) = 0. Thus (6(5z°’y°)u)(a:1,y1) =
—(y1 — yo)uz(x1,y1) + (21 — 20)uy(z1,91) = 0 for all (zg,yo) € int(2). The latter
half part of the statements is clear. (I
Lemma 3.5. Let u be a non-constant solution of (NPg). If the nodal curves
{8§w07y0)u = 0} have a loop in the closure of B, then us(B) > 0, where po(B) is
the second eigenvalue of (EPg).

Proof. Because of Lemma 3.1, there is o € R/27Z such that H [u,] > 0. Let ¢4
denote the first eigenfunction of (EPg). We define 1 by

Yo = Ua +az,

where a is chosen so that (g, ¢;) = 0, where (-, -) denotes the usual L?-inner
product. Specifically, a = — (uq, 1) / (2, ¢1). We see that (z, ¢1) # 0, since ¢; and
z are continuous and do not change signs on the interior of the support set of z and
the measure of the area enclosed by the loop is not zero.

We have

H o] = //B [ 19 (e 02)? + V() + a2)* } dvdy

=H[ua] + 2a //B (=Vue-Vz + N'(u)ugz) dedy + a®*H [2] = H [ua] > 0,

where we use (i) and (ii) of Lemma 3.3. Therefore,

pa(B) = sup ! [1/}2] > L [1/J02] > 0,
¢€(Span<¢1>LﬁH1) H¢H2 ||7/)0||2
where H' denotes the Sobolev space of order 1, || - ||, denotes the usual L?-norm
and span (¢1)" := {v € L?; (v,¢;) = 0}. O

Lemma 3.6 ([Mi06a, Lemmas 3.4 and 3.5]). Let u be a non-constant solution of
(NPg). If Z[Uc(-)] > 3, then po(B) > 0, where pa(B) is the second eigenvalue of
(EPy).

Proof. Let w(z,y) := (8éo’o)u)(x,y). Since
Aw+ N'(w)w=0 in B, d,w=0 on OB,

0 is an eigenvalue of (EPg). There are two cases. One case is that Z [Uy(-)] €
N\{1,2}. There is a nodal curve {w = 0} connecting to each of {Us = 0}, because
of Proposition 2.3. Thus w has at least three points on the boundary which nodal
curves connect to. It follows from an elementary topological argument of two-
dimensional domains that w has at least three nodal domains. Courant’s nodal
theorem says that 0 is not the first or second eigenvalue. This means that po(B)
cannot be 0 or negative. Thus pp(B) > 0. The other case is that Z [U¢(-)] = R;.
Because of Remark 2.5, u should be radially symmetric. In this case, we see by
Lemma 3.2 that us(B) > 0. O
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Proof of Lemma C. There are two cases. One case is that Z [U¢(-)] > 3. We see
that po(B) > 0, using Lemma 3.6.
The other case is that Z [U¢(-)] = 2. Let p = (20,y0) be an interior point of B

such that uz(p) = uy(p) = 0. Let w(z,y) := (5‘éx°’y°)u)(x,y). Since

w(xv y) = _(y - yO)u:c + (17 - IO)Uy,
We(2,y) = —(y — Yo)Uaz + Uy + (T — T0) Uy, and
wy(xay) = Uy — (y - yo)umy + (IE — .’E())Uyy,

we see that w(zo, yo) = we(zo,y0) = wy(xo,yo) = 0. Therefore, p = (zo,y0) is a
degenerate point of w. Because of Proposition 2.2, there are at least four branches
of the nodal curves {w = 0} at p, otherwise, w = 0 in B and we already showed that
p2(B) > 0 or w is constant. Each branch should connect to one of the branches or
the boundary of the domain. If there is a branch connecting to one of the branches,
then there exists a loop, and Lemma 3.5 says that ps(B) > 0. We consider the
case that all the branches connect to the boundary of the domain. Because of
Lemma 3.4, all the branches connect to one of the zero set {U; = 0}. However, it
is impossible that this occurs without loop, because Z [Uc( - )] = 2 and there are at
least four branches at p. Thus there is a loop of {w = 0}, and we see by Lemma 3.5
that ps(B) > 0. O

Proof of Theorem B. Because of the assumption, u has a critical point in int(B).
From Lemma C we see that the second eigenvalue of (2.1) is positive. We see by
Proposition 2.6 that (u,£) is unstable. O

Proof of Theorem A. Because of the contrapositive of Theorem B, u has no critical
point in int(B), hence, the maximum (minimum) of u is attained on dB. We see
by Proposition 1.1 that the maximum (minimum) point of v should be unique. O
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