BUILDING BLOCKS OF ETALE ENDOMORPHISMS OF COMPLEX
PROJECTIVE MANIFOLDS

NOBORU NAKAYAMA AND DE-QI ZHANG

ABSTRACT. Etale endomorphisms of complex projective manifolds are constructed from
two building blocks up to isomorphism if the good minimal model conjecture is true.
They are the endomorphisms of abelian varieties and the nearly étale rational endomor-

phisms of weak Calabi—Yau varieties.

1. INTRODUCTION

We work over the field C of complex numbers. In this paper, we shall give a systematic
study of étale endomorphisms of nonsingular projective varieties. The étaleness assump-
tion is quite natural because every surjective endomorphism of X is étale provided that
X is a nonsingular projective variety and is non-uniruled. In the study of birational
classification of algebraic varieties, we usually have the following three reductions, where

k denotes the Kodaira dimension and ¢ denotes the irregularity:

(A) Varieties of k > 0 = varieties of k = 0, by the Iitaka fibration.
(B) Varieties of K = 0 = abelian varieties and varieties with kK = ¢ = 0, by the
Albanese map.
(C) Uniruled varieties = non-uniruled varieties, by the maximal rationally connected
fibration (cf. [8] and [34]).
We want to show that there are similar reductions in the study of étale endomorphisms
of nonsingular projective varieties. Theorems A, B, and C below correspond to the reduc-
tions (A), (B), and (C), accordingly. See [50] for automorphisms of algebraic manifolds

of dimension > 3.

1.1. The reduction (A). This reduction is based on the Iitaka fibration. Let X be a
nonsingular projective variety of x(X) > 0. Then any surjective endomorphism f of X
is étale. From a standard argument of pluricanonical systems, we infer that f induces

an automorphism ¢ of the base space Y of the litaka fibration X ---— Y. In Theorem
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A, we shall show that the order of ¢ is finite. This is conjectured in several papers
(cf. [1, Proposition 6.4], [18, Proposition 3.7]). Theorem A treats not only holomorphic
surjective endomorphisms of projective varieties of k > 0 but also dominant meromorphic
endomorphisms of compact complex manifolds of x > 0 in the class C in the sense of
Fujiki [15]. Note that a compact complex manifold is in the class C if and only if it is

bimeromorphic to a compact Kéhler manifold (cf. [46]).

Theorem A. Let X be a compact complex manifold in the class C of k(X) > 1 and
let f: X-+— X be a dominant meromorphic map. Let W,, be the image of the m-th
pluricanonical map

@, X oo ImKx|Y = P(HY(X,mKx))
giving rise to the Iitaka fibration of X. Then there is an automorphism g of W,, of finite
order such that ®,,0 f =go ®,,.

Remark.

(1) If f is holomorphic, then, resolving the indeterminacy points of ®,,, we may
assume that both f: X — X and ®,,: X — W, are holomorphic so that ®,,o0f =
go ®,,. This is because f is étale and we can take an equivariant resolution of
the graph of Iitaka fibration (cf. Section[1.4 and the proof of Lemma5.2).

(2) Theorem A is known to be true by Deligne and Nakamura-Ueno when X is
Moishezon and f is a bimeromorphic automorphism (cf. [45, Theorem 14.10],
[40]).

1.2. The reduction (B). For a compact Kéhler manifold M with ¢;(M)g = 0, we have
a finite étale cover M — M such that M ~ T x F for a complex torus 7" and a simply
connected manifold F' with ¢;(F) = 0, by Bogomolov’s decomposition theorem (cf. [6],
12]). For a normal projective variety V' with only canonical singularities and with torsion
Ky, we have the following weak decomposition by Kawamata [27, Corollary 8.4]:

There exists a finite étale covering F' x A — V' for a weak Calabi—Yau variety F and
for an abelian variety A.

Here, a normal projective variety F' is called weak Calabi—Yau if F' has only canonical

singularities, Kp ~q 0, and
¢ (F) := max{q(F') | F' — F is finite étale} =0
(cf. Section [4.1). If F' is a nonsingular weak Calabi—Yau variety, then F' is simply con-

nected by Bogomolov’s decomposition theorem, so F' is expressed as a product of holo-

morphic symplectic manifolds and of Calabi—Yau manifolds.



ETALE ENDOMORPHISMS OF PROJECTIVE MANIFOLDS 3

In order to study the surjective endomorphisms of a nonsingular projective variety X
of kK(X) = 0, we assume the existence of a good minimal model V' of X; but we allow the
variety V' to have canonical singularities as in [27]. Then it has a meaning to consider the
reduction of the endomorphisms to those of weak Calabi—Yau varieties [’ and of abelian
varieties A by an étale covering F' x A — V. Unfortunately, a holomorphic surjective
endomorphism of X induces only a rational map V ---— V| but it satisfies the condition
of nearly étale map, which is introduced in Section Therefore, Theorem B below is

meaningful for the reduction of type (B):

Theorem B. Let V be a normal projective variety with only canonical singularities such
that Ky ~qg 0. Let h: V ---—V be a dominant rational map which is nearly étale. Then
there exist an abelian variety A, a weak Calabi—Yau variety F', a finite étale morphism
7: FFx A—V, anearly étale dominant rational map pp: F--— F, and a finite étale

morphism pa: A — A such that 7 o (pp X pa) = horT, ie., the diagram below is

commutative:
FxA % FPxA
Tl I
h
174 TN V.
Remark.

(1) We have deg h = deg ¢ deg p4. In particular, the commutative diagram above is
birationally cartesian.

(2) If F has only terminal singularities, then ¢ is étale in codimension one, i.e., there
are closed subsets By, By C F with codim By > 2, codim By > 2 such that ¢p
induces a finite étale morphism F'\ B; — F'\ By (cf. Lemmal3.3, Remark 3.8).

(3) If the algebraic fundamental group 7 ¢(F) is finite, then pp is a birational auto-
morphism (cf. Section[4.4). In particular, if V' has only terminal singularities and

¢™**(V) =dimV — 2, then ¢p is an automorphism.

1.3. The reduction (C). Let X be a uniruled nonsingular projective variety. A maxi-
mal rationally connected fibration of X in the sense of [8] and [34] is obtained by a certain
rational map X ---— Chow(X) into the Chow variety Chow(X), which assigns a general
point x € X a maximal rationally connected subvariety containing z. Let Y be the nor-
malization of the image of X ---— Chow(X) and let 7: X ---— Y be the induced rational
fibration. Assume that X admits an étale endomorphism f: X — X. Then we have
a functorial morphism f,: Chow(X) — Chow(X). Thus, it induces an endomorphism
h:Y — Y such that m o f = h ox. Since rationally connected manifolds are simply
connected, the endomorphism f is induced from h. In Theorem C below, we shall show
that h is nearly étale (cf. Section [3).
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Theorem C. Let X be a projective complex manifold with an étale endomorphism f.
Assume that X is uniruled. Then there exist a projective manifold M with an étale
endomorphism fyr: M — M, a non-uniruled normal projective variety Y with a nearly
étale endomorphism h:'Y — Y, a birational morphism p: M — X, and a surjective

morphism w: M — 'Y such that

(2) deg f = deg fur = degh,
(3) mou~t: X --— M — Y is birational to the mazximal rationally connected fibration

of X.

Remark.

(1) To distinguish well, we denote fy;: My =M — My =M and h: Y1 =Y — Y, =
Y. Then M, is isomorphic to the normalization of M Xy, Y] so that fy;: My — M,
can be regarded as the natural projection (cf. Remark[5.5).

(2) Let us denote by Y,,4 C Y the open subset consisting of the smooth points and the
points of rational singularity. Then 27! (Y,.) = Y;at and the restriction Yia — Yiag
of h is étale, by Proposition 3.12.

(3) If Y has the relative canonical model Y., for resolutions of singularities of Y, then
h lifts to an étale endomorphism of Y,,, and also lifts to an étale endomorphism of
a certain resolution Y’ of singularities of Y, by Lemma [3.9. The recent paper [3]
has announced a proof of the existence of minimal models of varieties of general
type even in a relative setting. The existence of our relative canonical model Y.,

follows from the result.

1.4. Equivariant resolutions. Let V' be a normal projective complex variety and let
f: V. — V be an étale endomorphism. Then there exists a resolution of singularities

p: X — V such that the induced rational map

xLyvLyvilx
is a holomorphic étale endomorphism of X. This is known as the existence theorem of an
equivariant resolution when f is an automorphism. However, the proof is also effective
for non-isomorphic étale endomorphisms:

A method of resolution of singularities is called to have a functoriality if, for any smooth
morphism X — Y, and for the resolutions of singularities X’ — X and Y’ — Y given
by the method, X' is isomorphic to the fiber product X xy Y’. The recent methods by
Bierstone-Milman and by Villamayor using invariants have the functoriality (cf. [4], [11],
[12], [48], [33]).
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Therefore, we call the resolution X — V above also an equivariant resolution even if

f is a non-isomorphic endomorphism of V.

1.5. The meaning of our reduction. Let X be a nonsingular projective variety with
an étale endomorphism f.

First, assume that X is uniruled. In view of Theorem C, f is considered to be built from
a nearly étale endomorphism A of a non-uniruled normal variety Y up to isomorphism.
Moreover, we can replace Y to be a nonsingular variety and A to be an étale endomor-
phism, provided that the minimal model conjecture is true for varieties birational to
Y.

It is conjectured that a variety X is not uniruled if and only if x(X) > 0. This is
regarded as a weak version of the abundance conjecture, and the three-dimensional case
is proved by Miyaoka [37], which is a key to the proof of the three-dimensional abundance
conjecture by [38] and [28].

The good minimal model conjecture is the combination of the minimal model conjecture
and the abundance conjecture. Thus, under the assumption of good minimal model
conjecture, the study of étale endomorphisms is reduced to that of étale endomorphisms
of varieties of x > 0.

Second, assume that £(X) > 0. Then we have the litaka fibration ®: X ---— Y and f
induces an automorphism g of Y of finite order by Theorem A. By replacing X with a
birational model, we may assume that ® is holomorphic as in the remark mentioned just
after Theorem A. By iterating f, we may assume f to be a morphism over Y. Then f
induces an étale endomorphism of a general fiber F' of ®. This is a kind of reduction of f to
an endomorphism of varieties of kK = 0. In fact, from the viewpoint of complex dynamics,
several results are known on the topological entropies and the dynamical degrees of f and
flr. In Appendix A] we shall show that d;(f) = di(f|r) for the first dynamical degree
dy (cf. Theorem[A.10), and that hyop(f) = hiop(f|r) for the topological entropies hyop (cf.
Theorem D).

However, even if we know the endomorphisms of fibers very well, it is rather difficult
to determine the structure of f, as in the papers [17] and [18], which have determined
the structure of endomorphisms of 3-dimensional projective manifolds of x > 0.

Third, assume that x(X) = 0. As in Section [1.2, an étale endomorphism f of X
induces a nearly étale rational endomorphism of a weak Calabi-Yau variety F' and an
endomorphism of an abelian variety A, provided that the good minimal model conjecture
is true. However, it is not clear that the nearly étale endomorphism induces an étale

endomorphism of a certain resolution of singularities of F. Further, for the converse
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direction, it seems to remain the problem on recovering the original endomorphism f
from the two endomorphisms of F' and A (cf. [17] for the 3-dimensional case).

Therefore, we can conclude, under the assumption of good minimal model conjecture,
that the nearly étale endomorphisms of weak Calabi—Yau varieties and the endomor-
phisms of abelian varieties are the building blocks of all the étale endomorphisms of
projective manifolds.

For non-étale surjective endomorphisms (necessarily on uniruled manifolds), on the one
hand, we know many examples of rationally connected varieties admitting non-isomorphic
surjective endomorphisms, such as the projective space, toric varieties, etc. (cf. [42]). On
the other hand, at the moment, we have no good idea to consider the building blocks of

all the endomorphisms on them.

Construction of the paper. Section|2/is devoted to proving Theorem A and to the ap-
plication to the pluricanonical representation of the bimeromorphic automorphism group
(cf. Corollary(2.4). In Section (3, we introduce a key notion of nearly étale maps and study
some elementary properties. Sections 4| and 5] are devoted to Theorem B and to Theo-
rem C, respectively. In Appendix A, we shall prove the equalities on the first dynamical

degrees and on the topological entropies mentioned above.

Notation and terminology. We refer to [29] for the definitions of minimal models,
and singularities including terminal, canonical, log terminal, and rational singularities.
Also, we refer to [32], [35], [39] for additional information of the birational geometry and

the minimal model theory.

Acknowledgement. The first named author expresses his gratitude to the Department
of Mathematics of the National University of Singapore for the hospitality during his stay
in October 2006. The work of this paper is based on the discussion with the second named
author during the stay. The authors are grateful to Dr. Hiraku Kawanoue for answering
questions on equivariant resolutions. The authors would like to thank Professor Yoshio

Fujimoto for his encouragement.

2. THE CASE OF POSITIVE KODAIRA DIMENSION

2.1. Iitaka fibration. In the situation of Theorem A, we may assume that X is a
compact Kéahler manifold without loss of generality. We have a natural isomorphism
f* HY(X,mKx) = H°(X,mKx). In fact, there is a bimeromorphic morphism p: Z —
X from another compact Kéhler manifold Z such that ¢ := fou: Z — X is holomorphic;
then f* is defined to be

HO(X, mKx) <5 H(Z,mK z) <= HO(X, mKy),
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and it does not depend on the choice of : Z — X. The homomorphism f* induces an
automorphism ¢ of |mKx|¥ preserving W,,. The problem is to show the finiteness of the
order of g € Aut(W,,).

We begin with the following simple result.

Lemma 2.1. If Theorem A does not hold, then there is a positive-dimensional connected
commutative algebraic subgroup G C Aut(W,,) such that ¢* € G for some k > 0. In

particular, W, is ruled in this case.

Proof. Let G € PGL = Aut(|mKx|¥) be the Zariski closure of the cyclic group I =
{¢? | j € Z}. Then G is abelian, since it is contained in the abelian algebraic subgroup
Z(I)NZ(Z(I)), where Z(S) denotes the algebraic subgroup

{y € PGL | vs = s7 for any s € S}

for a subset S € PGL. Let G be the identity connected component of G. Then dim G > 0
and g* € G for some k > 0. Since the action of G preserves W,,, G acts non-trivially on

W, which implies that W, is ruled by a result of Matsumura. U

Remark 2.2. There is another proof of Lemma 2.1/ by an argument similar to [45, Propo-
sition 14.7]: In fact, we can show that f* is expressed as a diagonal matrix. Thus, G
is contained in an algebraic torus. We can prove more on f* by the argument of [45]
Proposition 14.1]: If A be an eigenvalue of f*: HY(X,mKx) — H°(X,mKx), then X is
an algebraic integer with |\|?/™ = deg f.

The following is a key to the proof of Theorem A.

Proposition 2.3. Let 7: X — Y be a fiber space from a compact Kahler manifold X
into a nonsingular rational curve Y ~ P Let f: X ---— X be a dominant meromorphic
map and g: Y =Y an automorphism such that o f = gon. If k(X) >0, then g is of

finite order.

Proof. Step 1. We first prove in the case where p,(X) = dimH(X, Kx) > 0: Since
7 is smooth over a dense open subset U of Y, we have a variation of Hodge structure
Hy =Ro7m,Zx|y for d = dim X/Y = dim X — 1.

Let p: Z — X be a bimeromorphic morphism from another compact Kéhler manifold
Z such that ¢ := fou: Z — X is holomorphic. Then

f::: g*<7T*Wx/y) SO—> g*(ﬂ'*@*wz/y) % WXy

is injective. Note that m.wy/y is just the d-th filter F¢(“H) of the upper canonical
extension “H of Hy ® Op in the sense of Kollar [30].
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We have also the pullback homomorphism

frns g "R Zx) £ g R (o ). Zy 25 RO Zx,

C

where fi, is induced from the trace map R pu.Zz[2n| — Zx|[2n] for n = dim X. Note that

fo 1s compatible with f*. i.e., the diagram

*

(g_l Rd W*ZX)|U’ & OU’ Lh) (Rd W*ZX)|U/ & OU/

T T

15
(g*mawx )y )|ur — Twxy|or

is commutative over the open subset U/ = U N g 'U. Let J, C R*1,Zx be the image of

(gk—l)—l *

(for)": (¢") 7 (R mZx) = (¢RI LX) — -

= g (RO mZy) T R w2y

for k > 0. Then Jy D Jpy1 and [, (97 ' J) = Jrp1. Thus Jp = Jppq = -+ for some
k > 0, since any stalk of R¢7,Zy is a finitely generated abelian group. We set J := Jj,
for k > 0. Then, for a non-empty Zariski open subset U” C U, J|y» defines a variation of
Hodge substructure of R¢ 7, Z x|v, and J|y» ® Opr contains m,wx/y |y~ as the d-th Hodge
filter. Furthermore, there is an isomorphism g='J ~ J compatible with f*. Let Upyax be
the maximum open subset of Y such that there is a variation of Hodge structure J,., on
Unax With Joaxclor == Jlgr. Then ¢ ' Unax = Umax. Thus, we may assume that Y\ Upax
consists of at most two points; otherwise, ¢ is of finite order. Note that a Kéahler form of
X defines a real polarization of the variation of Hodge structure Jyax. If Upax = Y ~ P!
or if Upax > C, then Jyay is a trivial variation of Hodge structure, and hence m,wx/y is a
free Oy-module. Thus, we have a contradiction: H°(X, Kx) ~ HY(Y, mwx/y ® wy) = 0.
Hence, we may assume U,,,, = C*. Then, the period map associated with J,,. is constant,
since the universal covering space of Uy is C. In particular, the image of the monodromy
representation 71 (Umax, ¥) — Aut(Jmaxy) is finite. Let 7: Y ~ P! — Y be a cyclic
covering étale over Upae such that 77'J,. extends to a trivial constant sheaf of Y.
We may assume that ¢ lifts to an automorphism ¢ of Y’. Let X’ — X xy Y’ be a
resolution of singularities and let 7’: X’ — Y’ be the induced morphism. Then f x ¢
induces a meromorphic endomorphism of X’ and p,(X’) > 0. Since 77 Jjax has trivial
monodromy, a similar variation of Hodge structure J; . is defined on Y’. Thus mjwx/ /v
is a free Oy,-module, and we have the same contradiction as above.

Step 2. General case: Let s € H'(X, mKx) be an eigenvector of f*. We shall consider
a cyclic covering corresponding to taking the m-th root of 5. Let A = @7,' Ox(—iKx)
be the Ox-algebra determined by s: Ox(—mKx) — Ox and let X — Specy A be
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a resolution of singularities. Then, for the composite 7: X — Specxy A — X, m%s €
HO(X, mK ) is expressed as o™ for a section o € HO(X, K3). Let X’ be a connected
component of X. Then x(X’) = x(X) and pg(X') > 0. Let 7’: X' — Y’ be the fiber
space and let A\: Y’ — Y be the finite morphism obtained as the Stein factorization of
X =X =Y.

Since s is an eigenvalue of f, we have a meromorphic map f: X -+— X such that
TO f = for. Replacing f with a suitable power f*, we may assume that f preserves X'.
Let f': X'---— X’ be the induced rational map. Then there is an automorphism ¢’ of Y’
such that

Tof =g or and Aog =go
If ¢’ is of finite order, then so is g. If the genus of Y’ is greater than one, then ¢’ is of
finite order. Even if the genus of Y’ is one, ¢’ is of finite order since ¢’ preserves the ample
invertible sheaf A*O(1). If the genus of Y’ is zero, then ¢’ is of finite order by Step 1.

Thus, we are done. O

Remark. If f is a holomorphic endomorphism of X and if X is projective, then Proposi-

tion [2.3 follows from [47], since 7 has at least three singular fibers preserved by g.

2.2. Proof of Theorem A. We may assume that the order of g is infinite and that
g € G for the connected commutative algebraic group G C Aut(W,,) in Lemmal2.1l Let
Y — W,, be an equivariant resolution of singularities so that GG acts on Y holomorphically.
There is a sequence
{e}=GoCcGiCcGyC---CG =G

of algebraic subgroups such that dim G;/G;_; = 1 for 1 < ¢ < [. In particular, G;/G;_1 ~
Gp or G,. Let Y ---—Y; C Hilb(Y) be the meromorphic quotient of Y by G; (cf. [16,
Theorem 4.1]). Then G/G; acts on Y;. Replacing Y and Y; by their non-singular models,
we may assume that Y — Y7 is holomorphic and G-equivariant. Let Y] ---— Y5 C Hilb(Y7)
be the meromorphic quotient of Y; by G5/Gy, and replace Y, Y}, and Y, by their non-
singular models so that Y — Y; and Y; — Y5 are G-equivariant morphisms. Continuing

similar constructions, we have a sequence of G-equivariant morphisms
Y=Y Y- =Y

such that Y — Y] is birational to the meromorphic quotient by G;. Then, for 0 < i < [,
a general fiber of Y; — Y, is a smooth rational curve which is the closure of an orbit of
Gi+1/G;. There is a similar and stronger assertion in [36, Theorem 4.6].

Let us consider the composition ¢;: X — Y — Y, for 1 < i < [. For a very general
point y; € Y;, let F; C X be the fiber ¢; (y;) and let C;_; C Y;_; be the fiber of Y;_; — Y;
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over y;. Then k(F;) > 0 for i > 0 by the easy addition formula
k(X)) =dimY < k(F;) +dimY;.

We may assume that g acts trivially on Y;. Then f: X ---— X is a meromorphic map
over Y;. Thus a dominant meromorphic map Fj---— Fj is induced. By Proposition [2.3]
the action of ¢ on C)_; is of finite order. Thus ¢* acts on Y;_; trivially for some k > 0.
Hence, {¢" | j € Z} C G;_;. This contradicts that G is the identity component of the
Zariski closure of {¢’ | j € Z}. This completes the proof of Theorem A. O

Theorem A has an application to the pluricanonical representations of the bimeromor-
phic automorphism group Bim(X) of compact complex manifolds X in the class C. The

following result is proved in [45, §14] (cf. [40]) when X is a Moishezon manifold.

Corollary 2.4. Let X be a compact complex manifold in the class C and let
pm: Bim(X) — Aut(H*(X, mKy))

be the m-th pluricanonical representation (cf. [45, §14]) for a positive integer m with

HO(X,mKx) #0. Then the image of the induced group homomorphism below is finite:
Pl Bim(X) — PGL(HY(X, mKx)) = Aut(H*(X,mKx))/C*.

Proof. Let W, be the image of m-th pluricanonical map X ---— |mKx|Y. Then W,, is
not contained in any hyperplane of [mKx|". Thus, for v € Bim(X), the order of p! (7)
equals the order of the action of v on W,,.

For [ > 0, we have a natural rational map W, ,,;: Wy ---— Wy, such that ®,, =

Vymi © @y In fact, Uy, is defined by the commutative diagram

W, — |mlKx| = P(HY (X, mIKx))
‘Ifm,mzj, lﬂ
W — |mKx| < P(Sym'H’(X,mKy)),

where ¢ is the Veronese embedding and g is induced from the natural homomorphism
Sym' H*(X, mKx) — H°(X,mlKyx). Since V,,,, is compatible with the actions of
Bim(X) on W,, and W,,;, we may replace m with any multiple ml. Therefore, we may
assume that ®,,: X ---— W, gives rise to the litaka fibration of X.

Then, the order of p/ (v) is finite for any v € Bim(X), by Theorem A. In particular,
pm(7) is expressed as a diagonal matrix and its eigenvalues are (afy,abs, ..., aby) for
k = dim H*(X, mKx), for a constant o € C*, and for a root 6; of unity, where 6, = 1.
By [45, Proposition 14.1] and by the same argument as in [45, 14.10], af; are algebraic
integers, |a] = 1, and the degree [Q(a#;) : Q] of field extension Q(a#;)/Q is bounded



ETALE ENDOMORPHISMS OF PROJECTIVE MANIFOLDS 11

above by a suitable constant N which depends neither on ¢ nor on . Thus the degree
[Q(6;) : Q] is bounded above by N? for any i. Hence, the order of p, (7) is uniformly
bounded. So the image of p! is a finite group by a theorem of Burnside (cf. [45, Theorem
14.9]). O

3. NEARLY ETALE MAPS

In this section, we introduce the notion of nearly étale map and study basic properties.

Definition 3.1 (cf. [25]). Let h: V ---— W be a rational (resp. meromorphic) map be-
tween algebraic (resp. complex analytic) varieties. The map h is called proper if the
projections py: I', — X and py: I'), — Y are both proper for the graph I'y, C V x W. For
algebraic varieties V and W, V is called proper birational to W if there exists a proper

birational map V ---— W.

Remark. The first projection p;: I', — X is proper for a meromorphic map h. In partic-

ular, a bimeromorphic map is always proper.

Definition 3.2. Let h: V ---— W be a proper rational (resp. meromorphic) map between
algebraic (resp. complex analytic) varieties. The map h is called nearly étale if there exist
proper birational (resp. bimeromorphic) maps pu: Y --— W, v: X ---— V and a morphism
f: X — Y such that

(1) X and Y are algebraic (resp. complex analytic) varieties,

(2) fis a finite étale morphism, and

(3) pof=houv,ie.,

x L vy
vl 1 u
h

e —> W

18 commutative.

Remark.

e A nearly étale map is dominant and generically finite.

e A proper birational (resp. bimeromorphic) map is nearly étale.

e A finite étale morphism is nearly étale.

e Any nearly étale rational (resp. meromorphic) map V ---— W is the composition
of a proper birational (resp. bimeromorphic) map V ---— W* and a nearly étale
finite morphism W# — W, where W# — W is regarded as the Stein factorization
of V ---— W, in other words, W* is the normalization of W in the function field

C(V) D C(W) when V is a normal algebraic variety.
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For the sake of simplicity, we shall study basic properties of nearly étale maps only
between algebraic varieties.

The following is a close relation between étale morphisms and nearly étale maps.

Lemma 3.3. Let h: V ---— W be a nearly étale rational map over a mormal algebraic
variety W. Suppose that ﬂ?lg(W) ~ W?lg(Y) for a resolution of singularities Y — W. Let
W# — W be the normalization of W in C(V). Then W* — W s étale.

Proof. Since WTlg(Y) is a proper birational invariant, we may replace Y with a nonsingular
variety proper birational to W. Thus, by Definition 3.2, we may assume that there
exists a finite étale morphism X — Y from a nonsingular variety X proper birational
to V. Then X is just the normalization of Y in C(V). Let W — W be the finite
étale covering such that the finite-index subgroup (W) of m (W) is isomorphic to the
subgroup m(X) C m(Y). Then W is proper birational to X, and thus W# = W. O

In particular, we can show that the composition of two nearly étale maps are also
nearly étale. The next shows that a nearly étale finite morphism is turned to be an étale

morphism by a suitable base change.

Corollary 3.4. Let V. — W be a nearly étale finite morphism between normal varieties.
Let Z — W be a morphism from a normal variety such that n8(Z) ~ 73%(M) for
a resolution of singularities M — Z. Let Z* be the normalization of V xyw Z. Then
74 — Z is étale.

Proof. For any connected component Zg\ of Z*, the finite morphism Zg\ — Z is nearly
étale. Thus it is étale by Lemma 3.3. O

Definition 3.5 (cf. [31, (7.1.2)], [41, Section 2]). Let (V. P) be a germ of normal singu-
larity. Let u: Z — V be a resolution of singularity.

(1) (V, P) is called an algebraically 7 -rational singularity if the algebraic fundamental
group of p~*(P) is trivial.
(2) (V, P) is called a 7 -rational singularity if the fundamental group of p=1(P) is

trivial.
Remark 3.6.
e If (V, P) is an algebraically m;-rational singularity, then
(RiptZz)p ~ Hi(p~'(P),Z) = 0, and (R'p.Zz)p ~H'(u™"(P),Z) =0.

o If (V,A) is log-terminal (klt) at the point P for a Q-divisor A with LAy = 0, then
(V, P) is an algebraically m-rational singularity by [31, Theorem 7.5], and is in
fact a mi-rational singularity by [44].
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Definition 3.7. Let V be a normal variety.

(1) Vieg denotes the nonsingular locus of V.

(2) Viat denotes the set of points P € V such that (V, P) is nonsingular or is a rational
singularity.

(3) Vapr denotes the set of points P € V such that (V, P) is an algebraically 7 -rational

singularity.

Remark 3.8.

o Ve and Vi, are open subset of V', but V,,, is not necessarily open.

o If V = Vi, then 738(V) ~ '8(Y") for any resolution of singularities ¥ — V. In
particular, this holds if (V; A) is log-terminal for a Q-divisor A with LA =0 (cf.
Remark (3.6, [31, Theorem 7.8]).

The result below says that a nearly étale endomorphism induces an étale endomorphism

of a certain nonsingular model, provided that the minimal model conjecture is true.

Lemma 3.9. Let h: V. — V be a nearly étale finite morphism for a normal variety V.
Assume that there exists the relative canonical model Vea, for resolutions of singularities

of V5 equivalently, the relative canonical ring

RV = ®m20 N*OM(mKM)

is a finitely generated Oy -algebra for a resolution of singularities p: M — V', where
Vean = Projy Ry. Then h induces an étale endomorphism of a certain nonsingular

variety proper birational to V.

Proof. Since V., has only m-rational singularities, by Corollary h induces a finite

étale morphism hean: VE — Vi, together with a commutative diagram

can
|7

can

hcanJ/ hJ{

‘/Can EE— V7

— sV

which is birationally cartesian. Then V! is also the relative canonical model, since it

can
has only canonical singularities and its canonical divisor is also relatively ample over V.
Thus, Vcﬁan ~ Vian and hea, is regarded as an étale endomorphism of V,,. Hence, it is

enough to take an equivariant resolution of singularities of V.., with respect to hea, (cf.
Section [1.4]). O

The result below gives a kind of descent of finite étale morphisms. It is used in the
proof of Proposition [3.11/and Lemma 5.3 below.
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Lemma 3.10 (cf. [31, Theorem 5.2]). For a commutative diagram
x L.y
I
v L w
of proper surjective morphisms of normal complex analytic varieties, suppose that the

following conditions are satisfied:

(1) X and Y are nonsingular.

(2

) ¥ and m have connected fibers.

(3) X =V xw Y is an isomorphism over a dense open subset of V.
)
)

(4) f is a finite étale morphism, and h is a finite morphism.
(5) R'7,.0y =0 and R'¢,Ox = 0 for any i > 0.
Then, h: V — W is étale.

Proof. We may assume that deg f = degh > 1. Let P € W be an arbitrary point. It is
enough to show that the cardinality $h~'(P) of h~!(P) equals degh. For the proof, we
may replace Y by a bimeromorphic morphism Y’ — Y from a nonsingular variety Y. In
fact, the pullback f': X’ — Y’ of f: X — Y by Y/ — Y induces a similar commutative
diagram satisfying the same conditions. Thus, we may assume that the reduced structure
E = 77Y(P)eq of the fiber 771(P) =Y xy {P} is a normal crossing divisor. Then f~'F
is also a reduced normal crossing divisor of X. Here, f~!F is the disjoint union of the
reduced structures Eg of the fibers 1p~(Q) for points Q € h='(P).
We shall show x(E,Og) = 1. In the natural commutative diagram

(RZ W*Cy)p ; Hl(E,C)

l |

(R'1,0y)p —— HY(E,Op),
the right vertical arrow is surjective by the theory of mixed Hodge structures on normal
crossing varieties. Therefore, H'(E, Og) = 0 for i > 0 by the condition on the vanishing of
R’ 7,Oy. In particular, x(E,Og) = 1. By the same argument, we also have X(EQ, 0) =
1. On the other hand, x(f*E, O) = (deg f)x(E, Og) = deg f, since f is étale. Therefore,

“H(P) =Y x(Eq,0) = x(f'E,0) = deg f = degh. O

Proposition 3.11. Let h: V. — W be a nearly étale finite morphism between normal

algebraic varieties. Then:
(1) W *(Wapr) C Vapr and h is étale along h™(Wapr).
(2) h is étale along Vias.
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(3) h_l(WapI‘ N Wrat) - Vapr N ‘/rat-
(4) h_l(Wreg) = Vreg~

Proof. (1) follows from Lemma 3.3/ or Corollary [3.4. Moreover, (3) and (4) are derived
from (1) and (2), since h(Viar) C Wiag. Therefore, it suffices to show (2).

Let i1 Y — W be a resolution of singularities, and let f: X := Y¥ — Y be the étale
morphism induced from g (cf. Corollary [3.4). We have a proper birational morphism
v: X — V with po f = howv. For a point @ € Vi and P = h(Q) € W, we have analytic
open neighborhoods W and V of P and (), respectively, such that:

e )V is simply connected,
e V is a connected component of A~ (W), and

e VN h'(P) ={Q}, set-theoretically.
Applying Lemma 3.10 to the commutative diagram

(V) —= W)
Z/J/ In
v o —Low,
we infer that 1V — W is an isomorphism. Thus A is étale along V. ]

For a nearly étale endomorphism, we have the following stronger property:

Proposition 3.12. Let h: V — V be a nearly étale finite surjective endomorphism of a

normal algebraic variety V. Then h_l(Vrat) = Viat and h s étale over Vi.

Proof. Let B be the complement of Vi, in V. Then h™'(B) C B. Thus, the proof is
reduced to Proposition 3.11 above and Lemma 3.13 below. U

Lemma 3.13. Let h: V — V be a finite surjective endomorphism of an algebraic variety
V. Suppose h™Y(B) C B for a closed subset B C V. Then h™'(B) = B. Further,
['— h(T) induces an automorphism of the set Ig of irreducible components T' of B. The

inverse map is giwen by T' — h~1(T).

Proof. Let I](gk) be the set of irreducible components of B of dimension k. Then I =
UIW . Let J% be the subset of 14 consisting of I' € Iy with A(T') C B. It is enough to
show the following two properties for any k:

(1) 19 = J®.

(2)g: ha: Jgﬂ — Igg) given by I' — h(I") is bijective.
We shall prove by descending induction on k.
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We set d = dim B. For I' € Igi), some [V € I](Sd) is contained in A~1(T'). Here, I" € Jgd),
since h(I") = T". Hence h,: Jéd) — j(gd) is surjective. Since I](gd) is a finite set, J l(;d) = Igl)
and h,: Jfgd) — I,(Bd) is bijective.

Next, assume that (1); and (2); hold for any integer [ > k. If I € I%, then an
irreducible component A of A~!(T") dominates I, and A C I" for some IV € Ip. If
dimI” > k, then A(I") C B by induction, and hence I' C h(I"); this is a contradiction.
Thus dimI¥ =k, IV = A, and I € Jg‘:). Hence, h,: ch) — [gc) is surjective. Therefore,

I,(Bk) = Jgg) and h,: Jék) — [](f) is bijective. Thus, we are done. U

If f: X — X is a surjective endomorphism of nonsingular projective variety X of
k(X) > 0, then f is étale. But if we drop the condition of nonsingularity, then we can

expect neither the étaleness nor even the nearly étaleness. Indeed, we have:

Ezxample 3.14. Let A be an abelian surface and let V' be the quotient of A by the involution
t: A>3 ar— —a € A with respect to a group structure of A. The minimal resolution of
singularities of V' is a K3 surface called the Kummer surface associated with A and is
denoted by Km(A). The variety V has only canonical singularities and Ky ~ 0. Let
1= pm: A — A be the multiplication map a — ma by an odd integer m. Then it
descends to a surjective endomorphism py: V' — V. Here, uy is not nearly étale since

Km(A) is simply connected.

4. THE CASE OF ZERO KODAIRA DIMENSION

4.1. Albanese closure.

Definition 4.1. Let V' be a normal projective variety. We define ¢™**(V') to be the
supremum of the irregularities ¢(V’) = dim H'(V’, Oy~) for all the finite étale coverings
V= V.

Let X be a nonsingular projective variety with x(X) = 0. Then ¢(X) < ¢™*(X) <
dim X by [26].

Let V' be a normal projective variety with only canonical singularities such that (V') =
0. Let X be a nonsingular projective variety birational to V. Then ¢(X) = ¢(V) and
Alb(X) ~ Alb(V), since V has only rational singularities. Furthermore, m'#(X) ~
Wflg(V) by Remark [3.8. In particular, the category of finite étale coverings over X is

equivalent to that of finite étale coverings over V. Therefore, ¢™**(X) = ¢™**(V).

Definition 4.2. Let F' be a normal projective variety with only canonical singularities
such that Kp ~g 0. If ¢™*(F') = 0, then F is called a weak Calabi-Yau variety.
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Let V be a normal projective variety with only canonical singularities such that Ky ~q
0. Then, by [27, Corollary 8.4], there is a finite étale covering F' x A — V with I a weak
Calabi-Yau variety and A an abelian variety. Here, ¢™* (V') = dim A.

The result below guarantees the uniqueness (up to isomorphism) of minimal étale cover
V™ of V realizing ¢™* (V') as q(V"™).

Proposition 4.3. Let V' be a normal projective variety with only canonical singularities
such that (V) = 0. Then there exists a finite étale Galois covering V™~ — V| unique up
to (non-canonical) isomorphisms, such that:
(1) q(V~) = ¢"X(V), and
(2) if V! = V is a finite étale covering from a variety V' with (V') = ¢™*(V'), then
V' =V factors through V>~ — V.

We call the Galois cover V™~ — V the Albanese closure.

Proof. There is a finite étale Galois covering Vo — V with ¢™*(V) = ¢(Vp). For the
Galois group Gy of Vj — V', let Hy be the kernel of the natural homomorphism

Go — Aut(H, (Alb(Vp), Z)).

We set V™ to be the quotient space Hy\Vy. Then Hy\ Alb(V4) is an abelian variety and
V™~ — Hy\ Alb(Vp) is the Albanese map of V' . In particular, ¢™*(V~) = ¢(V).

Let Vi — V be a finite étale Galois covering such that V; — V factorsas V}, — Vj — V.
For the Galois group G of Vi — V', let H; C G be the kernel of

Gy — Aut(H,(AIb(V), Z)).

Then H; is just the pullback of Hy C Gy by G1 — Gy, since Alb(V;) — Alb(V}) is an
isogeny. In particular, H1\V; ~ Hy\Vy = V™. Therefore, V™ is independent of the choice
of Galois covering V, — V.

For an arbitrary finite étale cover V! — V with ¢(V') = ¢™*(V'), we have a finite Galois
cover Vo — V which factors through V' — V. Then the Galois group Gj, of Vj — V' acts
on Alb(Vp) and, acts on Hy(Alb(Vg),Z) trivially, since Alb(Vy) — Alb(V”) is an isogeny.
Thus Gf, C Hy and we have an factorization V! — V"~ — V. g

4.2. Splitting endomorphisms. We shall show that any nearly étale rational endo-
morphism ¢ of the product F' x A of a weak Calabi-Yau variety F' and an abelian variety
A is split as the product pr X @4 of a nearly étale rational endomorphism ¢ of F' and
an étale endomorphism ¢4 of A. A slightly general assertion is proved in Proposition 4.8

below. To begin with, we recall the following well known result:
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Lemma 4.4. Let F' be a normal projective variety such that q(F) = 0. If F is not ruled,
then Aut(F') is discrete.

Proof. Let 'H be a very ample invertible sheaf of F'. For an automorphism f of F' belonging
to the identity component Aut®(F), the invertible sheaf f*H is isomorphic to H, since
the tangent space of the Picard scheme of F' at O is isomorphic to the zero-dimensional
vector space HY(F,Or). Let ®: F — P¥ be the embedding defined by the very ample
linear system |H|. Then f induces an automorphism p(f): PV — PV such that the

diagram below is commutative:

F -2, pN
fl p(f)l
3

F —— PV,
The automorphism p(f) is contained in a linear subgroup of PGL(N, C) preserving ®(F).

Since F' is not ruled, we infer that the linear subgroup acts on F' trivially. Therefore,
f =idp. Hence, Aut’(F) = {idp}. O

The following is the first splitting criterion for an étale morphism.

Lemma 4.5. Let F' and F' be non-ruled normal projective varieties such that q(F) =
q(F') =0 and dim F = dim F'. Let A and A’ be abelian varieties with dim A = dim A’.
Let o: F x A — F' x A’ be a surjective étale morphism. Then @ = @1 X o for surjective

étale morphisms o1: F — F' and p3: A — A’.

Proof. The second projections po: F' x A — A and py: F' x A” — A’ are the Albanese
maps of F' x A and F’ x A’, respectively. Thus an étale morphism ¢,: A — A’ is induced

so that the diagram below is commutative:

FxA 25 F'xA

|
A =5 A
So for any a € A, there is an étale morphism p,: F' — F’ such that
p(,a) = (pa(x), p2(a)).

The collection {p,} gives rise to a morphism from A into the scheme Hom(F, F") of
morphisms from F' to F’. For a surjective étale morphism 1 : F' — F’, the tangent space
of Hom(F, F") at the point [¢)] € Hom(F, F”) corresponding to 1 is isomorphic to

Homo,. (¢¥*Q1, Op) ~ Home,, (2}, Or) ~ H(F, OF)



ETALE ENDOMORPHISMS OF PROJECTIVE MANIFOLDS 19

for the tangent sheaf ©p. In particular, the dimension of the tangent space equals that
of Aut’(F). So the tangent space is zero by Lemma 4.4l Hence, p, is independent of the
choice of a € A. Thus, p = v X g for Y1 = p,. O

The following is a partial generalization of Lemma 4.5 in the birational case.

Lemma 4.6. Let F' and F' be non-ruled nonsingular projective varieties such that q(F) =
q(F") =0 and dim F' = dim F’. Let A and A’ be abelian varieties with dim A = dim A’.
Let p: ' x A---— F' x A’ be a birational map. Then ¢ = ©1 X @o for a birational map

©1: F o= F' and an isomorphism p,: A = A’

Proof. There is an isomorphism ¢: A — A’ such that p), o ¢ = 9 0 py for the second
projections py: F'x A — A and p,: F' x A’ — A’. Hence, we may assume that A = A’
and ¢y = id4. Then ¢ is a birational map F' x A---— F’' x A over A. For a general point
a € A, we have a birational map f,: F'---— F" as the restriction of ¢ to F' x {a}. Thus,
we may also replace F’ with F' by a suitable f,. Therefore, we may assume from the
beginning that ¢ is a birational map F'x A---— F x A over A. Then ¢ induces a rational
map from A into the scheme Bir(F) of birational automorphisms studied in [22]. By [23|
Theorem (2.1)], we have dim Bir(F') = 0, and hence the map A---— Bir(F) is constant.
Therefore, p = pp x id4 for a birational map pp: F'---— F. U

The next is a sufficient condition to split the variety into a product.

Lemma 4.7. Let V' be a normal projective variety with only canonical singularities such
that Ky ~g 0. Suppose that V' is birational to F' x A for an abelian variety A and a
normal variety F with only canonical singularities such that Kp ~q 0 and q(F) = 0.
Then V >~ F' x A for a variety F' birational to F'.

Proof. The composition V ---— F' x A — A with the second projection is the Albanese
map of V. There is a finite Galois étale covering A” — A from an abelian variety A’ such
that V x4 A" ~ F' x A’ over A’ for a variety F’, by [27, Theorem 8.3]. Then F” is normal

with only canonical singularities, K ~q 0, ¢(F#”) = 0, and we have a birational map
p: FxA=(FXA) xqg AoV x, A~F xA

over A’. By Lemma 4.6, ¢ = pp X idy for a birational map pp: F ---— F’, since the
irregularities of nonsingular models of F' and F” are both zero. The action of the Galois
group G of A” — Aon F' x A’ ~V x4 A" is written as a diagonal action by Lemma [4.5.
Moreover, it is compatible with the action of G on F' x A" by ¢, where G acts trivially
on the first factor F. Therefore, G acts trivially on the first factor F’, and hence,
V ~F' x A. O
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The following is also a partial generalization of Lemma 4.5.

Proposition 4.8. Let F' and F' be normal projective varieties with only canonical sin-
gularities such that Kp ~g 0, Kpr ~g 0, and q(F) = q(F') = 0. Let A and A’ be abelian
varieties with dim A = dim A’. Let p: F x A---— F' x A’ be a nearly étale dominant
rational map such that p, o ¢ = @4 0 py for an étale morphism pa: A — A’ and for
second projections py: F X A — A and ph: F' x A" — A'. Then ¢ = @ X @4 for a nearly

étale dominant rational map op: F--— F'.

Proof. Let V¥ — [’ x A’ be the étale covering obtained as the Stein factorization of
. Since there is a birational map F x A--— V* by Lemma [4.7, V¥ ~ F* x A for a
normal projective variety F* birational to F. Further, the étale covering V¥ — F’' x A’
is isomorphic to ¥ x ¢, for finite étale morphisms ©: F* — F’ and ¢4: A — A’ by
Lemma 4.5. So we have only to show that the birational map F x A---— V% ~ Ff x A is
the product of a birational map F ---— F* and the identity map A — A. This is done by

Lemma 4.6, since the irregularities of nonsingular models of ' and F* are both zero. [

4.3. Proof of Theorem B. Let A\: V! — V be the étale morphism such that h is
the composite of a birational map V ---— V* and . Let §: V™ — V be the Albanese
closure of V and let U be a connected component of the fiber product V# xy V™. Then
q(U) = q(V™) = ¢™>(V), and hence U — V* factors through the Albanese closure
(V#)™ — V¥ of V2 On the other hand, (V¥)~ is birational to V™ by the birational map
V.-— V¥ Hence, U = V*# xy V™ ~ (V¥#)~. Therefore, we have a nearly étale dominant
rational map h~: V™~ ..-— V™ such that d o ™ = h o .

Let a: V™ — A be the Albanese map of V™. Then hA™ induces an étale endomorphism
ha: A — A such that oo h™ = hy oa. By [27, Theorem 8.3, Corollary 8.4], there exist a
normal projective variety F', an isogeny A" — A of abelian varieties, and an isomorphism
V™ xyg Al ~ F x A" over A’ such that ¢™*(F) = 0. Since the induced morphism
A’ — A is an isogeny, we may assume that A’ ~ A and A’ — A is the multiplication
map by m > 0. By Lemma 4.9 below, there is an étale endomorphism ¢4 of A such that
ha(ma) = mpa(a) for any a € A. Hence, we have a nearly étale dominant rational map
p: FxA-— FxAsuch that ppop = @ 0ps and fop = h™~of, where §: Fx A — V™ is
the composite of the isomorphism F' x A" ~ V™~ x 4 A" and the projection V"~ x 4 A" — V™.

By Proposition 4.8, ¢ = pp x4 for a nearly étale dominant rational map ¢p: F ---— F.

This completes the proof of Theorem B. U

The following is used in the proof above:
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Lemma 4.9. Let i: A — A be the multiplication map a — ma by m > 0 for an abelian
variety A with a given abelian group structure. For a morphism h: A — A, there is a

morphism h': A — A such that o h' = ho pu.

Proof. There exist a homomorphism ¢: A — A of abelian group and a point ¢ € A such
that h(a) = ¢(a) + ¢ for any a € A. There is a point ¢ € A with md = ¢, since A is
divisible. We define h': A — A by h'(a) = ¢(a) + ¢ for a € A. Then

mh'(a) = mp(a) + mc = p(ma) + ¢ = h(ma). O
4.4. Conjectural discussion. We shall pose the following:

Conjecture 4.10. Let X be a nonsingular projective variety such that x(X) = ¢™*(X) =
0. Then m(X) is finite.

This is true for X with Kx numerically trivial, by Bogomolov’s decomposition theorem.
Furthermore, it is true when dim X < 3 (cf. [43]).

Lemma 4.11. Let V' be a normal projective variety such that Wilg(M) 18 finite for a reso-
lution of singularities M — V. Then any nearly étale rational endomorphism h: V ---—V

18 birational.

Proof. We may assume that V is smooth. Consider the Stein factorization V ---— V0 —
V of the I-th power h! = ho---oh. Then V! — V is an étale morphism of degree (deg h)’
by Lemma [3.3. Now, 7'%(V) is finite, since (M) ~ 71 (V). Hence degh = 1. O

So, if Conjecture is true, then a nearly étale rational endomorphism of a weak
Calabi—Yau variety is birational. In particular, the building blocks of the étale endomor-
phisms of projective varieties with x = 0 would then turn out to be the endomorphisms

of abelian varieties and the birational automorphisms of weak Calabi—Yau varieties.

5. THE UNIRULED CASE

5.1. Maximal rationally connected fibration. A projective variety X is called unir-
uled if there is a dominant rational map P! x Y ---— X for a variety Y of dimension
dimY =dim X — 1.
For a nonsingular projective variety X, the following conditions are all equivalent (cf.
[7, 83], [34, §2]):
(1) Any two points of X are connected by a chain of rational curves.
(2) Any two general points are contained in one and the same rational curve.

(3) There is a nonsingular rational curve with ample normal bundle.

If X satisfies one of the conditions above, then X is called rationally connected.
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Remark 5.1 (cf. [7, §3], [34, Proposition (2.5)]). A nonsingular rationally connected vari-
ety X has the following properties:

e X is simply connected.
e H'(X,0x) =0 for i > 0.
o H(X, (Q%)®™) = 0 for any m > 0.

If X is a uniruled nonsingular projective variety, then there exists uniquely up to
birational equivalence, a rational fiber space m: X ---— Y into a nonsingular projective

variety Y satisfying the following conditions, by [8], [34], [19]:
(1) 7 is weakly holomorphic, i.e., there exists open dense subsets U C X, V C Y such

that 7 induces a proper surjective morphism U — V.

(2) For a general point P € U, the fiber over 7(P) is a maximal rationally connected
submanifold of X containing P.

(3) Y is not uniruled (cf. [19, Corollary 1.4]).

The fibration 7 is called the maximal rationally connected fibration of X.

The result below is used in the proof of Theorem C.

Lemma 5.2. Let f: X — X be an étale endomorphism of a uniruled projective variety X .
Then there exist a proper birational morphism p: M — X, a proper surjective morphism
m: M — Y, an étale endomorphism fy; of M, and an endomorphism h of Y satisfying
the following conditions:

(1) M is a nonsingular projective variety.

(2) Y is a normal and non-uniruled projective variety.

(3) m is birational to the mazimal rationally connected fibration of M.

(4)

4) pofy=fopandmo fyy =hom.

Proof. We may assume that X is nonsingular, by replacing it with an equivariant res-
olution of singularities with respect to f. Let X ---— Chow(X) be a rational map to
the Chow variety of X which defines the maximal rationally connected fibration. By
associating a cycle Z of X with the push-forward f,Z, we have a functorial morphism
he: Chow(X) — Chow(X), which is compatible with f. Let X ---—Y — Chow(X) be
the Stein factorization and let h: Y — Y be the induced endomorphism from A, and f.
Note that Y is not uniruled. We consider the graph I' C X x Y of the rational map
X --—=Y. Then f x h induces an endomorphism of I'. Let 7' — I'" be the normalization
and fr the induced endomorphism of 7. Let T3 be the fiber product of f: X — X and
the first projection p;: T' — X over X. Then T} — T is étale and we have a finite
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birational morphism 7" — T} over T" by the commutative diagram

T 2, X

|

T 2, X,

Thus, T'~ T} and fr: T — T is étale. Let M — T be an equivariant resolution of singu-
larities with respect to fr, and let fy; be the lift of fr to M as an étale endomorphism.

Thus, we are done. Il

The following is proved essentially in [31, Theorem 5.2], where F' is assumed to be a

rationally connected manifold. We present a slightly different proof.

Lemma 5.3. Let g: M — N be a proper surjective morphism between nonsingular vari-

eties. For a general fiber F' of g, suppose that

(1) F is connected,

(2) F is simply connected, and

(3) H(F,Or) =0 for any i > 0.
Then g,: m (M) — 7 (N) is isomorphic.

Proof. Step 1. If N° C N is a Zariski open subset with the codimension of N \ N°
bigger than one, then 7y (N°) ~ m(N), and 7;(g ' (N°)) — 71 (M) is surjective. Thus, if
m1(g7 (N°)) — m(N°®) is isomorphic, then so is 7 (M) — 7 (N). Hence, we may replace
N with such an open subset N°. In particular, we may assume that g: M — N is smooth
outside a nonsingular divisor D = >~ D; of N, where D; is an irreducible component.
Step 2. Let U; be an analytic open neighborhood of a point P; € D; of D such that U;

is biholomorphic to a unit polydisc
{(t1,t2,...,t,) € C"; |t;| < 1 for any j}

in which P; is mapped to the origin 0 = (0,0, ...,0) and ;N D is mapped to the coordinate
hypersurface {t; = 0}. Since U;\ D = U;\ D; is homotopic to a circle, we have a generator
d; of m(U; \ D). By van Kampen’s theorem, or other topological argument, we infer that
the kernel of the surjection w1 (N \ D) — 7 (V) is generated by the conjugacy classes of
the images 0; of ¢; under the homomorphisms 7 (i4; \ D) — m (N \ D).

Step 3. By the assumptions (1) and (2), and by the homotopy exact sequence, we
infer that the natural homomorphism 7y (M \ ¢7'D) — 7 (N \ D) is an isomorphism.
Let 6; € m (M \ g~'D) be the element corresponding to 6; € (N \ D). In order
to show the homomorphism (M) — 7 (N) to be isomorphic, it is enough to show
that 4; is contained in the kernel of my (M \ ¢g~*D) — m(M). Let C; C U; be a curve
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corresponding to an axis with respect to the coordinate (¢i,...,t,) of the polydisc such
that C; N D = {0} and let X; be the fiber product M xy C;. By changing P;, U;, and
coordinates (t1,...,t,) slightly, we may assume that X; is nonsingular. Then 0; comes
from 7 (X;\ g7 (P;)) =~ m(C;\{P;}) = Z6;. Thus, we have only to show that 7 (X;) = 0,
or equivalently, 7 (¢~ (P;)) = 0, since g~'(P;) is a deformation retract of X;.

Step 4. By Step 3, the proof of Lemma 5.3/ is reduced to the case where N is a
unit disc and ¢ is smooth outside the origin 0. We shall show m(¢'(0)) = 0 in this
case. By shrinking N if necessary, we have a holomorphic curve T" C M such that T is
biholomorphic to a unit disc and T — N is a finite surjective morphism branched only
at 0 € N. We have:

o m(M\ g7(0)) = m(N\{0}) = Z,

e (T \ g'(0)) — m (N \ {0}) is an injection into a finite-index subgroup, and

o T (M\ g71(0)) — 7 (M) is surjective.
Therefore, m (M) is a finite cyclic group. Let A\: M — M be the universal covering map
and let M — N — N be the Stein factorization of M — M — N. Then M — M X N N
is isomorphic over (N \ {0}) xy N by (2). By Lemma 3.10, we infer that N — N is
étale. In fact, the condition of Lemma [3.10 is true over N (and similarly over N),
since the higher direct image sheaves R’ g,O,; are torsion free over the nonsingular curve
N. Hence, N~Nand M ~ M. Therefore, M and g~*(0) are simply connected. O

The following gives a sufficient condition for a finite morphism to be nearly étale.

Proposition 5.4. Leth: Y — Y be a finite surjective morphism between normal varieties

with degh > 1. Then h is nearly étale if the following conditions are satisfied:

(1) There exist proper surjective morphisms m: M — Y and 7: M—>Y from non-
singular varieties M and M.

(2) There exists a finite étale morphism f: M — M with o f = ho 7.

(3) For a general fiber F of 7, F is connected and simply connected, and H'(F, Op) =
0 for: > 0.

Remark 5.5. Let M; be the fiber product Y Xy M. So f induces a finite morphism

)\:]\7—>M1 over M:
M 25 M, — M

Then A is just the normalization of the reduced structure M ;eq of M;. This is shown as

follows: Note that M is irreducible since h is finite. Since a general fiber of 7 is simply
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connected, A is an isomorphism over U Xy M C Y Xy M = M; for a dense open subset
UCY. Let Ml — M rea be the normalization. Then A induces a finite and birational
morphism M — M. Hence, M ~ M.

Proof of Proposition|5.4. Let v: N — Y be a resolution of singularities and let M' — M
be a proper birational morphism from a nonsingular variety M’ such that M’ — M ---— N
is a morphism. Then we have an isomorphism 7y (M’) ~ 7, (V) of fundamental groups by
Lemma 5.3, Let IT C 71 (N) be the image of f.(m (M)) C my(M) under the isomorphism
m (M) ~ m(M') ~ m(N). Then II is a finite-index subgroup corresponding to a finite
étale covering ¢: N — N. Let M’ — M’ be the étale covering which is the pullback of f

by M’ — M. Then we have a commutative diagram:

M M N
A A
M M N.

By considering the Stein factorization of v o ¢, we have a proper birational morphism
7: N — Y such that ho = vo ¢. Thus, the diagram

M T,V %~ N
I
N

M —— Y &

is also commutative. Therefore, h is nearly étale. O

5.2. Proof of Theorem C. We apply Lemma 5.2/ to the given étale endomorphism f
of X. Let u: M — X, n: M — Y, fuy, and h be the same objects as in Lemma[5.2. By
Proposition [5.4, h is nearly étale. This completes the proof of Theorem C. O

APPENDIX A. TOPOLOGICAL ENTROPIES AND FIBER SPACES

In the appendix, we shall prove the following:

Theorem D. Let m: X — Y be a fiber space from a compact Kahler manifold X to a
compact complex analytic variety Y and let f: X — X be an étale endomorphism such
that mo f = m. Then the equality hiop(f) = hiop(f|r) holds for the topological entropies
hiop of f: X — X and the restriction f|p: F'— F to a smooth fiber F' of m.

The proof is based on basic properties of spectral radii, a generalized notion of Kéahler
cone, a simple calculation of dynamical degrees, and the results of Gromov [20] and

Yomdin [49] on topological entropies. The proof is given at the end.
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A.1. Spectral radii and Kahler cones. We recall some basic properties of spectral
radii, especially a generalization of the Perron—Frobenius theorem. Furthermore, we in-
troduce a notion of Kéhler (k, k)-forms and the Kéhler cones in H** (M, R) for a compact
Kéhler manifold M.

The spectral radius p(¢) = p(V,¢) of an endomorphism ¢: V' — V of a finite-
dimensional C-vector space V' is defined to be the maximum of the absolute values of the

eigenvalues of ¢.

Remark. Let || - || be any norm of V and let || - ||; be the L'-norm of End¢(V') defined by

el
ol #0}'

el = sup{lle()[|; [lol = 1} = Sup{

Then
plp) = lim o ([l™ (1)
Suppose that V = Vg ® C and ¢ = pg ® C for an endomorphism ¢r: Vg — Vg of a real

vector space Vi. Let || - || be a norm on V. Then p(p) = limy, oo (||@21)"™, where
lprlls == sup{ller(v)l; v e Ve, vl =1}

Notation. Let Vi be a finite-dimensional real vector space. A subset C C Vg is called
a convex cone if C 4+ C C C and R,C C C, where R, denotes the set of positive real
numbers. If C N (—C) C {0} in addition, then C is called strictly conver.

Remark. A convex cone C C Vg is strictly convex if and only if there exists a linear form
X: Vg — R such that x >0 on C\ {0}.

The following is known as a generalization of the Perron—Frobenius theorem on real

n x n matrices A = (a;;) of positive entries a;;:

Theorem A.1 (cf. [5]). Let C be a strictly convez closed cone of a finite-dimensional
real vector space Vg such that C generates Vg as a vector space. Let p: Vg — Vg be an
endomorphism such that o(C) C C. Then the spectral radius p(p) is an eigenvalue of ¢

and there is an eigenvector in C with the eigenvalue p(p).

Let M be a compact Kéhler manifold of dimension n. Let w be a C*°-(k, k)-form on
M for an integer 1 < k < n. For a local coordinate (z1, 29, ..., 2,) of M, w is locally

expressed as

w = (\/—1)k2 Z CLLJdZ]/\dZ]

1,JC{1,2,...,n}
for C*°-functions ar y, where §I = §J = k and

dzp = dz, Ndziy, N -+ Ndz,
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when I = {iq,1s,..., i} with i1 <iy < -+ < ij. Assume that w is d-closed (dw = 0) and
real (W = w); The real condition is equivalent to that (a; ;) is an Hermitian matrix. The
(k, k)-form w is called Kdahler if (ar ;) is positive-definite everywhere in M. Note that
this is just the usual definition of Kahler forms in case k = 1.

The following is easily shown:

Lemma A.2.
(1) If n is a (usual) Kdhler form ((1,1)-form), then n* = n A --- An is a Kahler
(k,k)-form for 1 <k <n.
(2) If w is a Kdihler (k, k)-form and if w'" is a Kdihler (n — k,n — k)-form, then [y, w A
W > 0.

Inside of the real vector space H**(M R) := H**(M) N H**(M,R), the set P*(M) of
the classes [w] of Kéhler (k, k)-forms w on M is a strictly convex open cone. It is called

the Kdhler cone of degree k.

Lemma A.3. Let £ € P*(M) be a non-zero element.
(1) [, €U [w] >0 for any Kdhler (n — k,n — k)-form w.
(2) If 0 € PY(M) and if 0 — [T € PY(M) for a d-closed positive (1,1)-current T, then
Jy EUOF >0,

Proof. (1): Let (2,%) denote [z Uy for x € H**(M,R) and y € H**"*(M,R). Then
H" %"=k ( M, R) is dual to H**(M,R) by (, *). Since P *(M) generates H"*"~*(M R)
as the vector space, we can find a Kahler (n — k,n — k)-form wy such that (&, [wo]) # 0.
By LemmalA.2, we have (&, [wo]) > 0. There is a positive constant C' such that Cw — wy
is also a Kahler (k, k)-form, since M is compact. Thus, by Lemma/A.2|
(& W) = C7H(E, [wo]) > 0.

(2): We set a = 6 — [T] € P(M). Then the cup product §' =0 U--- U for [ > 2 is
calculated as 0' = o + 24 U [T for
(A1) 2 = Zi;(l) 6’ U al~1=i ¢ PII(AD).
Hence, by (1), we have (£,0"7%) > (£,a"7%) > 0. O

The following is a well-known property of Kéhler classes.

Lemma A.4. Let ¢v: M — X be a generically finite morphism into another compact
Kdhler manifold X. If n is a Kahler form on X, then [*n] —[T] € PY(M) for a d-closed

real positive (1,1)-current T on M.
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Proof. Let M — V — X be the Stein factorization. By Hironaka’s blowing up, we
have a projective bimeromorphic morphism v: Z — V from another compact Kahler
manifold Z such that u: Z — V ---— M is holomorphic. Here, Oz(—FE) is v-ample for
a v-exceptional effective divisor F. Then Oy (—FE) is also relatively ample over X, and
[**n] — e[E] is represented by a Kéhler form on Z for some € > 0 (cf. [15, Lemma 4.4],
114, Lemma 2]). Thus

(] — e[E] — [p¢] € P(Z)
for a Kéhler form & on M. Hence, 1*[n] — [£] is represented by a d-closed real positive
(1,1)-current on M. O

A.2. Dynamical degrees. Let f: M — M be a surjective endomorphism of a compact

Kéhler manifold M of dimension n. Then f induces natural homomorphisms
f* H(M,Z) — H(M,Z) and f,: H;(M,Z) — H;(M,Z)
for 0 < i < 2n. Here, the composite
HY (M, Z) — HZ(M Z) ~ Ha, (M, 7Z) ELN Ho,_i(M,Z) ~ H (M, Z)

is just the multiplication map by deg f, where the isomorphism above is induced from the
Poincaré duality. Thus f*: H'(M,R) — H*(M,R) is isomorphic. Moreover, f* preserves
the Hodge structure, i.e., f*HPY(M) = HP?(M). Note that f is a finite morphism, since
f*: HYY(M,R) — H“'(M,R) is an isomorphism.
Definition A.5 (Dynamical degree). Let n be a Kéhler form on M. For an integer
1 <1 <n, we set

ai(f.m) / frt A
where 7' denotes the i-th power nA---An for 1 <i <n, and n° := 1. The I-th dynamical
degree of f is defined to be

di(f) = limp oo (01 (S, ﬁ))l/m .

The following properties on dynamical degrees are well known:
Fact A.6.
(1) The k-th dynamical degree di(f) equals the spectral radius of
fr= ()"0 B (M, C) — HY (M, C).

(2) do(f) =1 and d,(f) = deg f.
(3) dia(f)disa(f) < di(f)? for 1 <1 < n. In particular, d,(f) = deg f < di(f)" (cf.
[21, Proposition 1.2]).
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Lemma A.7. Let x be an element of PY(M) and y an element of P*(M) such that
r— 1] € PY(M) and y — [T},] € P*(M) for certain d-closed real positive currents Ty of
type (1,1) and Ty, of type (k,k) for 1 <k <mn. Then

durl ) = i ([ (7)) L)

Proof. There exist d-closed positive currents S; of type (1,1) and Sy of type (k, k), and

1/m

a constant a > 0 such that az — [n] = [S1] and ay — [n*] = [Sk]. We set | := n — k.

Then a'z' — [n)' = 2 U [Sy] for an element 2z € PI=1(M) by (A-1). Thus f*(a'z! — [n]') =
f*z U f*[Si1] is represented by a d-closed positive (I, [)-current, since f*[S;] = [f*S;] for
the positive (1, 1)-current f*S;. Therefore,

FHa'a) U (ay) = f ) UIn* = fr20 fS1] U (ay) + ) U [SH]

is represented by a positive (n,n)-current. Hence,

a /M(fm)*(wl) Uy > /M(f’")*nl At = ai(fn).

Conversely, there exists a constant b > 0 such that b[n] —x € P*(M) and b[n*] —y €

P*(M). Then b[n)' — ' € P{(M) by and hence f*(b![n]' —2') € P{(M). Therefore

FrOmHUm* — £ uy e Pr(M).

Thus,
leél(f, 77) — bl+1 /M(fm)*ﬁl A nk > /M(fm>*(xl) U Y.

Hence, we have the expected equality. U

Lemma A.8. Suppose that there exist a generically finite surjective morphism p: M —

X into another compact Kdahler manifold X and an endomorphism g: X — X satisfying
po f=gou. Then d(f)=di(g) for anyl.

Proof. Let & be a Kahler form on X. Then, by Lemma l[ap*€ — 7] is represented
by a d-closed real positive (1,1)-current on M for a certain positive constant a. Then
[a'u*€t — n'] is represented by a d-closed real positive (I,1)-current by (A—1). Therefore,
by Lemma [A.7,

di(f) = limy, oo </M(fm)*(”*§l) A M*gn_l)l/m
= limy, oo ((deg i) /X(gm)*gl A é_nk>1/m _ (o). .

For an element z € H**(M,R), we set

G(fimx) = /M[f*n’ AU
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for | < n — k. Note that &(f,n;[n*]) = &(f,n). There is a constant C' > 0 such that
C[n*] — x € P¥(M). Therefore, C&(f,n) > &i(f,n;z) for any f: M — M. Hence, we

have

Proposition A.9. Let F' be a compact Kahler manifold of dimension k and let p: F — M
be a generically finite morphism such that ¢ o h = f o ¢ for a surjective endomorphism
h: F — F. Then

di(f) >dy(h) and  di,_i(f) > deg(f)deg(h) d;(h)
forany 1 <1 <Ek.
Proof. Let G;: H*(F,C) — H2" ¥ (X C) be the Gysin homomorphism
H?(F,C) ~ Hyy_2(F,C) £5 Hy_5,(X, C) = HZ*2+2(X C)

for 0 <4 < k, where the isomorphisms in both sides are induced from the Poincaré duality.
Note that G; HP4(F,C) ¢ HPT"katn=k(Af C). For zp := Go(1) € H2" P (M, R), we
have the projection formula ¢,¢*y =y U xp for y € H*(M,R). Thus,

/F(hm)*((b*n) ot /¢ (F™) ) A o / (™)) AP U ap

for any m > 1. Since ¢ is generically finite, [¢*n] —[T] € P*(F) for a d-closed real positive
(1,1)-current T by Lemma[A.4. Thus, by Lemma/A.7/ and (A-2),

) = Y ([ 10 AU =l (7 ) < ().
From ¢, o h, = f, o ¢., we have
(degh)™'Gy 0 (h*)®) = (deg )1 (f) " "0 0 Gy,
since (deg h)~!h* is the inverse of
H%(F,C) ~ H*~%(F,C) ™ H*~%(F,C) ~ H¥(F,C)
and (deg f)~! f* is the inverse of
H2( R (M, €) o~ 220, €) L5 B2 (0, €) ~ HXH9 (M, C).

We can find an eigenvector w of (h*)**) with the eigenvalue d;(h) from the cone P!(M)
by Theorem Thus, f*Gi)(w) = deg(f)deg(h)~'d;(h)Gi(w). For the Kéahler form n

above, we have
/ Gl / w U >0

by Lemma [A.3. Thus, G;(w) # 0 and it is an eigenvector of (f*)(~k+in=k+) with the
eigenvalue deg(f) deg(h)~td;(h). Thus, d,,_ri(f) > deg(f) deg(h)1d;(h). O
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By Proposition/A.9, and by a similar argument to [50, Remark 2.1 (11)], we have:

Theorem A.10. Let m: X — Y be a surjective morphism from a compact Kahler mani-
fold into a compact complex analytic variety Y such that a general fiber of w is connected.

Let f: X — X be a surjective endomorphism such that wo f = . Then

di(f) = di(f|r)
for the restriction f|gp: F'— F to a smooth fiber F' of .

Proof. We set d = dimY > 0. We have d;(f) > di(f|r) by Proposition/A.9. If d;(f) <
then deg f = di(f) = di(f|r) = 1 by Fact Thus, we may assume that d;(f) >
Let v € PL(X) ¢ H"(X,R) be an eigenvector of f* with the eigenvalue d;(f). If
v|p € HYY(F,R) is not zero, then d;(f) = di(f|r) by Proposition[A.9l

We shall show v|p # 0. There is a bimeromorphic morphism v: S — Y from a

L,
1

compact Kéhler manifold S by [46]. Let M — X Xy S be a proper surjective morphism
giving a bimeromorphic morphism to the main component of X xy S, i.e., the unique
component dominating S. Let p: M — X be the induced bimeromorphic morphism and
let w: M — S be the induced fiber space. We may replace I with a general fiber of 7,
since d;(f|r) depends only on the class [F] € H"'(X,R). Hence we may assume that
v is an isomorphism over a neighborhood of w(F') and that p is an isomorphism along
pwH(F). Let fyy = p~tofopu: M--— M be the meromorphic endomorphism and let
p: Z — M be a bimeromorphic morphism from another compact Kahler manifold Z
such that g := fyr o ¢: Z — M is holomorphic. Let (f;i;)®? be an endomorphism of
H"(M,R) for 0 <i < n = dim X defined as

(Fin: HY(M,R) L5 HY(Z,R) £ H (M, R).

Since @, o ¢* = id, we have a commutative diagram:

H¥(X,R) —— HY(X,R)

| |
.0 (fztf)(i’i) X

Hii (M, R) S iy R).
Thus, g*v € P1(M) is also an eigenvector of (f;,)"") with the eigenvalue d;(f). We have
also fi; 0w* = w* from wo fy; = w. For Kihler classes a € P1(X) and 3 € P'(S), and
for any ¢ € H**(M,R), by the projection formula, we have

(i) U pra) = pu(g (€U p"a)) = oulg" € U ™" fra) = (fi) "7 (€) U ' fra,
(F)FEUDB) = pulg"(E U™ B)) = pu(g"€ Up'm"B) = (f1) "€ U "B,
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We set z := p*a and y := @ € H"*(M,R). Then
y? = c[u ' F] € H*(M,R)

for some ¢ > 0. Assuming v|r = 0, we shall derive a contradiction. Then p*v U y? = 0.
Let 1 < s < d be the minimum number such that g*v Uy® = 0. Note that p*vUy*! =0
if p*v Uy tUz"* = 0 by Lemmas [A.3 and [A.4, where n = dim X. Then, by [10,

Corollaire 3.5], there is a constant b such that
(Wv+by) Uyt Up (aqU-- Uy s 1) =0¢€H "M R)
for any o; € H"'(X,R). Taking f;,, we have
(di(f)pv+by) Uy Up*(ffar U U fram_e) = 0.
In particular,
(o +by) Uy U™ = (di(f)u'v +by) Uy Ua" ™" =0,
which implies p*v U y*~t U 2" = 0. This is a contradiction. O

A.3. Topological entropies. Let f: M — M be a surjective endomorphism of a com-
pact Kéhler manifold M. We consider the properties of topological entropy hop(f) of f.

Instead of giving the definition of A, we use the following:

Fact A.11 (Gromov [20], Yomdin [49], (cf. [13])). For the topological entropy hiop(f) of

f, one has
htOp(f) = maxj<;<, 10g dz(f) = log P(H* (M’ C), f*)

As a corollary of Proposition 'A.9) we have:
Corollary A.12. In the situation of Proposition A.9,
huop(f) > log (deg(f) deg(h) ™) + huop(h) > hiop(h).

Notation A.13. Let ¢: V — V be an endomorphism of a finite-dimensional C-vector

space V.

(1) A(V, ) denotes the set of eigenvalues of .
(2) For A € C, we set

Vi=Vyp = Ul21 Ker(\idy —p)’.

Remark. If X\ € A(V, ), then V) is the generalized eigenvector subspace with the eigen-

value A\. We have the decomposition

V'=ierwp e
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Moreover, the decomposition is functorial; Let h: V; — V5 be a C-linear map of finite-
dimensional C-vector spaces. Let ¢;: V; — V; be an endomorphism for ¢« = 1, 2 such that
how; = @s0h. Then h = @ h), for

h)\: (VI)A,% - (%)A#Pz'

Lemma A.14. Let Y be a reduced compact complex analytic space and let yp: X — Y
be a proper surjective morphism from another reduced compact complex analytic space X
such that p: p(U) — U is a smooth Kdhler morphism for a dense Zariski-open subset
U=Y\BCY. Letg: Y =Y and f: X — X be surjective endomorphisms such that
pof=gouand g (U)=U. Let gg: B— B and fa: A — A for A= p~Y(B) be the

induced endomorphisms. Then, for any p,
A(HP(Y,C),g") C AH(X,C), f*) UAH"(B,C), g5) UAH(A,C), f3).
Proof. For the injection j: U — Y, we have a natural exact sequence
0— 32y — Ly — Zp — 0
inducing a long exact sequence
- — H.\(U,Z) — H(Y,Z) — H(B,Z) —

Considering a similar exact sequence on X, we have a commutative diagram

. —— H(U,Z) —— HY(Y,Z) — HY(B,Z) ——

u*J u*l ulzl

s Hi(u T (U),2) —— HI(X,Z) —— H(A,Z) —— -

of exact sequences, which are compatible with the actions of g* and f*. Since pu: u=*(U) —

U is a smooth Kahler morphism, we have a quasi-isomorphism

R Cx |y ~qis @ R’ 1.Cx |v[—1]
in the derived category on U, by the hard Lefschetz theorem on fibers and by [9]. In
particular, the homomorphism *: H:(U,C) — H.(u~*(U), C) is injective for any i. For
a complex number A, if H?(Y,C), 4 # 0 and if H?(B,C), 4 = H?(X,C), p» = 0, then
HP~Y(A,C),, 5 7 0 by the commutative diagram above. Thus, we have the assertion. [J

Corollary A.15. Let Y be a reduced compact complex analytic space with a surjective
endomorphism g: Y — Y. Then there exist a finite set {Z;}Y_, of closed subvarieties and
a positive integer k such that Y =UZ;, (%)Y (Z;) = Z; for any 1 <i < N, and

A(Hp(Y (C C Uz 1U Hq Zm(c) (gk|Zz)*)
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Proof. Let {Y;} be the set of the irreducible components of Y and let 7: X :=|]Y; = Y
be the natural morphism. Let B C Y be the minimum closed subset such that X\7'B —
Y\ B is an isomorphism. By replacing g with a power g*, we may assume that ¢g~'Y; = Y;

for any ¢. Then
A(HP(Y,C), g%) € AHP(B,C), g") U, (A(HP(Y;,C). ") UA(HPH(Y; N B,C), g"))

for any p by Lemma A.14. Continuing the same argument to B and Y; N B, we have the

assertion. O

Proposition A.16. Let Y be a reduced compact complex analytic space and let ¢p: M —
Y be a proper surjective morphism from a finite disjoint union M of compact Kdahler
manifolds M, such that ¢(M,) is an irreducible component of Y. Let g: Y — Y and
f: M — M be étale surjective endomorphisms such that ¢ o f = go ¢. If k is a positive
integer such that (f*)~Y(M,) = M, for any «, then

p(H*(Y, C), (¢")") < maxa p(H*(Ma, C), (f*|a1,)") = maxa,e di(f*[as,)
for any p, for the induced endomorphisms f*|n., : My — My,

Proof. We shall prove by induction on dim M = max{dim M, }. If dim M = 0, then the
assertion holds by a trivial reason. Assume that the assertion holds if the dimension is
less than dim M. If the estimate of the spectral radius holds for a power ¢*, then it
holds also for k; in fact, p(H?(Y,C), (¢¥)*) = p(HP(Y,C), (¢*)*)!. Thus, we may replace
k with any power kl. We can find the maximum Zariski-open subset U C Y such that
¢ Y (U) — U is smooth. For the complement B = Y \ U and A = ¢ '(B), we have
g ' (B) = B and f7'(A) = A by the maximum property of U and by the étaleness of g
and f. Thus, we can apply Lemma A.14, and hence

p(H*(Y,C), g%) < max{p(H*(M,C), f*), p(H*(B, C), (f]5)"), p(H"(A, C), (f]4)")}-

Let A = Ap be the irreducible decomposition. By replacing g with a power ¢', we may
assume that f~'(M,) = M, and f~'(Agz) = As for any o and 3. Let Z3 — Ag be an
equivariant resolution of singularities of As with respect to the étale endomorphism f|4,.
Let Z be the disjoint union | | Z3 and let h: Z — Z be the induced étale endomorphism,
i.e., Y oh = f|a 01 for the induced morphism ¢: Z — A. Then (Z — A — B, h,g|p)
and (Z — A, h, f|a) satisfy the same condition of Proposition 'A.16 as (M — Y, f,g). B

induction, we have

maX{p(H*(B, C)a (g‘B)*)v p(H*(A, C)? (f|A)*)} < maXxg p(H*(Zg, C)? (h|Zg)*)

after replacing g with a power ¢g!. On the other hand,

p(H*(Z5,C), (hZp)") = exp(hiop(h|z,)) < exp(hiop(flar)) = p(H* (M, C), (f]Ma)”)



ETALE ENDOMORPHISMS OF PROJECTIVE MANIFOLDS 35

for Ag C M,, by Proposition [A.9. Hence,
p(H*(Y,C), g*) < max, p(H*(M,,C), (f|My)*). O

Let m: X — Y be a surjective morphism from a compact complex manifold X into
a compact complex analytic variety Y such that a general fiber of 7 is connected and
mo f=m Let f: X — X be a surjective endomorphism such that 7o f = 7. Then f

induces a surjective endomorphism f|p: F' — F of the fiber F' = 77!(y) over any point

Y.

Proposition A.17. There exist a finite set {Z;}}X, of closed subvarieties of X and a
positive number k such that (fk) YZ) = Z; and 7(Z;) is a point for any i, and

A(HP(X,C), ) C U U A(HY(Z;,C), (f*12)")-

Proof. We have an endomorphism f* of the complex R7,Cx in the derived category of

sheaves of abelian groups on Y such that the induced endomorphism of RT'(Y,R7.Cy)
coincides with that of RT'(X,C). In particular, the Leray spectral sequence

ERY = HP(Y,R7,Cx) = EP*Y = HPMI(X, C)

admits the endomorphisms f*: EPY — EP? compatible with f* on EPT.
We can consider the subsheaf (Ri m.Cx)r C R!7m.Cx of the generalized eigenvectors
with respect to f* and a complex number A\ (cf. Notation [A.13). Then

(Eg,q))\ ~ Hp(Y, (Rq W*Cx))\)

for any p, ¢, and \. Now EY? = FEPT? is decomposed into (EY?)\ = (EPT9),. If
HP(X,C)y s+ # 0 for a complex number A, then H? (Y, (R? ,Cyx)s) # 0 for some non-
negative integers p’ and ¢ with p’ + ¢’ = p; thus, X is an eigenvalue of the induced
endomorphism on HY(F,, C) for the fiber F, = 7~ !(y) over certain point y € Y for some
q < p. Since the sheaves R? m,Cx are constructible, we can find finitely many points {y, }
such that
A(H(X,C), ) < U, A (H'(F,,,C), (flr,.)").

Applying Corollary [A.15/to f|p,_ : Fya — I, we can show the assertion. U

We are ready to prove Theorem D.

Proof of Theorem D. Step 1. Let v: Y’ — Y be a bimeromorphic morphism from a
complex analytic variety Y. Then f induces an étale endomorphism f xyY': X Xy Y’ —
X xy Y’ Let X’ be the main component of X Xy Y’. Thus, there exists an equivariant
resolution of singularities X — X' with respect to the étale endomorphism. Let f be the
induced étale endomorphism of X. Then d;(f) = di(f) by Lemma A.8. Therefore, we
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may replace Y by a bimeromorphic morphism, freely. Thus, we may assume that Y is
nonsingular and 7: X — Y is smooth over the complement Y \ D for a divisor D C Y.

Step 2. We set E = 7 1(D),eq. For the prime decomposition £ = Y E;, there is
a positive integer k such that (f*)"'E; = E;. Let v;: Z; — E; be a bimeromorphic
morphism from a compact Kéahler manifold Z; such that h; := yi_l o f| g, 0 V; is an étale
endomorphism of Z;. For example, we can take such v; as an equivariant resolution of
singularities of E; with respect to f*|g,. Then hiop(f) = hiop(f|#) for a smooth fiber F' of
7 o hiop(f) = max{k™'hip(h;)} by Proposition A.16/ and Proposition [A.17. Therefore,
it is enough to show that d;(f*|r) > d;(h;) for any i.

Step 3. Let 0: S — Y be a flattening of 7, i.e., the main component of X xy S is flat
over S; the existence of the flattening is proved by Hironaka [24]. Here, we may assume
that ¢~'D is also a normal crossing divisor. Let M — X Xy S be a bimeromorphic
morphism from a compact Kahler manifold M which is given as an equivariant resolution
of singularities of the main component with respect to the induced étale endomorphism.
Let pu: M — X be the induced bimeromorphic morphism, w: M — S the induced fiber
space, and let g: M — M be the induced étale endomorphism, i.e., pog = f o u and
wog = w. Let G; be the proper transform of F; in M for any i. By taking an equivariant
embedded resolution of singularities, we may assume that all G; are nonsingular. Then
@(G,) is a prime component of 0~!D for any i by the flattening. Let P be a general
point of @w(G;), and let C' C S be a holomorphic curve isomorphic to a unit disc such
that C intersects o~ D with one point P, transversely. Then ww'(P) N G; is a disjoint
union I' = || T, of submanifolds T, of G;, and the scheme-theoretic fiber w=!(P) is flat
deformation equivalent to a smooth fiber ™! (s), where s € C'\ P. For a Kahler form 7

on M and for d = dimY, we have

L™ @iy A== < [ gy A ol ()]

= [ 1™y a0l @] = [ @l A Gl = 8 ol

for a general fiber F' of w, for any 1 <[ <n —d and any m > 1.

Step 4. For the proof, we use the induction on dim Y. The assertion holds if dimY = 0.
Assume that dimY > 0. By Step 3, we have a morphism G; — w(G;). Let G; — S; —
@ (G;) be the Stein factorization. Then ¢*|g, is an étale endomorphism defined over S;
and dim .S; = dim Y — 1. Thus, by induction,

htop (gk/ |G1) - htOp (gk/ |Fa)

for a suitable &’ divisible by k. Hence, hiop(9* |c;) < hiop(f¥|r) by Step 3. Since we may
replace (Z; — Ej, h;) in Step 2 with (G; — E;, g*

c;), we have the expected equality. [
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