
HIGHER LEVEL YOUNG WALLS FORCLASSICAL QUANTUM AFFINE ALGEBRAS- A UNIFIED APPROACHSEOK-JIN KANG� AND HYEONMI LEE��Abstra
t. We provide a uni�ed approa
h to the 
onstru
tion of 
rystal basesfor 
lassi
al quantum aÆne algebras. The higher level irredu
ible highest weigh
rystals are realized as the aÆne 
rystals 
onsisting of higher level redu
edYoung walls. 1. Introdu
tionIt is one of the major problems in 
rystal basis theory to 
onstru
t expli
itrealization of 
rystal bases for irredu
ible highest weight modules over quantumgroups. In [4℄, Kang introdu
ed the 
ombinatori
s of Young walls, and gave a newrealization of level-1 irredu
ible highest weight 
rystals for 
lassi
al quantum aÆnealgebras. More pre
isely, for the quantum aÆne algebras of type A(1)n , B(1)n , D(1)n ,A(2)2n�1, A(2)2n , and D(2)n+1, the level-1 highest weight 
rystals were realized as theaÆne 
rystals 
onsisting of level-1 redu
ed Young walls.However, in this work, the 
ase of C(1)n was missing, be
ause the level-1 perfe
t
rystals for this 
ase are intrinsi
ally of level-2. This diÆ
ulty was resolved in [2℄by introdu
ing the notion of splitting blo
ks and sli
es, and Hong, Kang and Leeobtained a realization of level-1 irredu
ible highest weight 
rystals for the quantumaÆne algebras of type C(1)n in terms of redu
ed Young walls.Motivated by this work, in [9℄, Kang and Lee went further to develop the 
om-binatori
s of higher level Young walls, whi
h led to a realization of higher levelirredu
ible highest weight 
rystals for most of 
lassi
al quantum aÆne algebras.However, this time, the 
ase of D(1)n was missing, be
ause we took the view pointthat level-l Young walls should be made up of l layers of level-1 Young walls andthat only whole blo
ks should be used in building Young walls.In [11℄, Lee �lled up this gap by proposing a new idea that level-l Young walls maybe 
onstru
ted by 
on
atenating (the equivalen
e 
lasses of) level-l sli
es whi
h aresplit forms of pre-sli
es. In parti
ular, in her 
onstru
tion, even the broken halvesof whole blo
ks may be used in building Young walls.In this work, we extend her idea to all 
lassi
al quantum aÆne algebras. As inthe previous works, the notion of splitting blo
ks and sli
es will play an importantrole in our 
onstru
tion, but they are di�erent from the ones given in [2℄ and [9℄.In fa
t, even the patterns for building Young walls are slightly di�erent. The maindi�eren
e lies in the fa
t that we de�ne the sli
es to be the split forms of pre-sli
es, whi
h enables us to provide a uni�ed approa
h to the 
onstru
tion of higherlevel irredu
ible highest weight 
rystals for all 
lassi
al quantum aÆne algebras.�This resear
h was supported in part by KRF Grant 2005-070-C00004.1



2 SEOK-JIN KANG� AND HYEONMI LEE��We �rst show that level-l perfe
t 
rystals are realized as the equivalen
e 
lasses oflevel-l sli
es as before, but level-l Young walls are viewed as the 
on
atenation oflevel-l sli
es rather than l layers of level-1 Young walls. We then pro
eed to de�nethe notion of proper Young walls, redu
ed Young walls, ground-state walls, et
. Asthe main theorem, we prove that higher level irredu
ible highest weigh 
rystals arerealized as aÆne 
rystals 
onsisting of higher level redu
ed Young walls.The higher level irredu
ible highest weight 
rystals for the quantum aÆne al-gebras Uq(A(1)n ) have been 
onstru
ted in [3, 12℄, and their 
onstru
tion 
an beregarded as a spe
ial 
ase of our Young wall 
onstru
tion (
f. [9℄) whi
h dose notuse the notion of splitting. Thus, in this paper, we will fo
us on the rest of 
lassi
alquantum aÆne algebras. 2. Perfe
t 
rystalsIn this se
tion, we brie
y review some of the basi
 properties of perfe
t 
rystals.We will follow the general notations given in [1℄.Let (A;P_; P;�_;�) be an aÆne Cartan datum of type A(2)2n , D(2)n+1, A(2)2n�1, D(1)n ,B(1)n , or C(1)n . We denote by I = f0; 1; : : : ; ng the index set for the simple roots,A = (aij)i;j2I the aÆne generalized Cartan matrix, P_ = �Li2I Zhi��Zd the dualweight latti
e, h = C 
Z P_ the Cartan subalgebra, P = �Li2I Z�i� � ZÆ (and�P =Li2I Z�i) the weight latti
e (resp. 
lassi
al weight latti
e), �_ = fhiji 2 Igthe set of simple 
oroots and � = f�iji 2 Ig the set of simple roots. We alsodenote by Æ the null root, �i(i 2 I) the fundamental weights and P+ the set ofaÆne dominant integral weights.Let Uq(g) be the quantum aÆne algebra asso
iated with (A;P_; P;�_;�) andlet ei; fi;K�1i (i 2 I); qd be the generators of Uq(g). The subalgebra U 0q(g) generatedby ei; fi;K�1i (i 2 I) is also 
alled the quantum aÆne algebra.We will not repeat the basi
 fa
ts su
h as tensor produ
t rule on general 
rystalbasis theory. We will just re
all that for a dominant integral weight � 2 P+, the
rystal graph B(�) of the irredu
ible highest weight module V (�) over Uq(g) willbe referred to as the irredu
ible highest weight 
rystal. As is indi
ated in theintrodu
tion, the expli
it 
onstru
tion of irredu
ible highest weight 
rystal B(�) isone of the 
entral problems in 
rystal basis theory.Let V be a �nite dimensional U 0q(g)-module with 
rystal graph B. For b 2 B, wewrite(2.1) "(b) =Xi2I "i(b)�i; '(b) =Xi2I 'i(b)�i:The 
rystal B is 
alled a perfe
t 
rystal of level-l if(1) there is a �nite dimensional U 0q(g)-module with a 
rystal basis whose 
rystalgraph is isomorphi
 to B,(2) B 
 B is 
onne
ted,(3) there exists some �0 2 �P su
h thatwt(B) � �0 + 1d0 Xi6=0 Z�0�i; #(B�0) = 1;(4) for any b 2 B, we have h
; "(b)i � l,



HIGHER LEVEL YOUNG WALLS 3(5) for ea
h � 2 �P+ with h
; �i = l, there exist unique ve
tors b� 2 B andb� 2 B su
h that "(b�) = �; '(b�) = �:Here, d0 is the 
oeÆ
ient of �0 in the null root Æ.Let B be a perfe
t 
rystal of level-l(> 0). For any dominant integral weight� 2 �P+ of level-l, it was proved in [6℄ that there exists a 
rystal isomorphism	 : B(�) ��! B("(b�))
B given by u� 7�! u"(b�) 
 b�;where u� (resp. u"(b�)) denotes the highest weight ve
tor of B(�) (resp. B("(b�)))and b� is the unique element of B with '(b�) = �.For k � 0, set�0 = �; �k+1 = "(b�k); and b0 = b�; bk+1 = b�k+1 :The sequen
e p� = (bk)1k=0 = � � � 
 bk+1 
 bk 
 � � � 
 b1 
 b0is 
alled the ground-state path of weight �. A �-path in B is a sequen
ep = (p(k))1k=0 = � � � 
 p(k + 1)
 p(k)
 � � �p(1)
 p(0)su
h that p(k) = bk for all k � 0. The set P(�) = P(�;B) of all �-paths in B isgiven a 
rystal stru
ture by the tensor produ
t rule, whi
h gives the path realizationof the irredu
ible highest weight 
rystal B(�) ([6℄) :B(�) ��! P(�); u� 7�! p�:Hen
e the realization problem of the irredu
ible highest weight 
rystal B(�) isredu
ed to the one of �nding perfe
t 
rystals.In [5℄ and [6℄, a 
oherent family of perfe
t 
rystals B(l) was 
onstru
ted for ea
hof the 
lassi
al quantum aÆne algebras. For our use in Se
tion 4, we will give anexpli
it des
ription of those perfe
t 
rystals :(1) A(2)2n (n � 1)B(l) = n(x1; : : : ; xnj�xn; : : : ; �x1) ���xi; �xi 2 Z�0; Pni=1(xi + �xi) � lo.(2) D(2)n+1 (n � 2)B(l) = ((x1; : : : ; xnjx0j�xn; : : : ; �x1) ����� x0 = 0 or 1; xi; �xi 2 Z�0;x0 +Pni=1(xi + �xi) � l ).(3) A(2)2n�1 (n � 3)B(l) = n(x1; : : : ; xnj�xn; : : : ; �x1) ���xi; �xi 2 Z�0; Pni=1(xi + �xi) = lo.(4) D(1)n (n � 3)B(l) = ((x1; : : : ; xnj�xn; : : : ; �x1) ����� xn = 0 or �xn = 0; xi; �xi 2 Z�0Pni=1(xi + �xi) = l ).(5) C(1)n (n � 2)B(l) = n(x1; : : : ; xnj�xn; : : : ; �x1) ���xi; �xi 2 Z�0; 2l �Pni=1(xi + �xi) 2 2Zo.



4 SEOK-JIN KANG� AND HYEONMI LEE��(6) B(1)n (n � 3)B(l) = ((x1; : : : ; xnjx0j�xn; : : : ; �x1) ����� x0 = 0 or 1; xi; �xi 2 Z�0;x0 +Pni=1(xi + �xi) = l ).3. Sli
es and perfe
t 
rystalsIn this se
tion, we will introdu
e the notions of splitting blo
ks and sli
es, whi
hare di�erent from the ones given in [9℄. We will de�ne a 
lassi
al 
rystal stru
tureon the set C(l) of equivalen
e 
lasses of level-l sli
es and show that it is isomorphi
to the level-l perfe
t 
rystal B(l).De�nition 3.1.(1) If g 6= C(1)n , a level-1 sli
e is de�ned to be a set of �nitely many blo
kssta
ked in one 
olumn of unit depth following the patterns given below.(2) If g = C(1)n , su
h a set of blo
ks will be 
alled a level- 12 sli
e.A(2)2n�1 :
012���n�1nn�1���20

12 9>>>>>>>>>>>>>=>>>>>>>>>>>>>; supporting
overing 8>>>>>>>>>>>>><>>>>>>>>>>>>>:
overing ! 102���n�1nn�1���21
02 9>>>>>>>>>>>>>=>>>>>>>>>>>>>; supporting
overing 8>>>>>>>>>>>>><>>>>>>>>>>>>>:
overing !

A(2)2n :
001���n���
1001 9>>>>>>>>=>>>>>>>>; supporting
overing 8>>>>>>>><>>>>>>>>:
overing !B(1)n :

012���n�1nnn�1���20
12 9>>>>>>>>>>>=>>>>>>>>>>>; supporting
overing 8>>>>>>>>>>><>>>>>>>>>>>:
overing ! 102���n�1nnn�1���21

02 9>>>>>>>>>>>=>>>>>>>>>>>; supporting
overing 8>>>>>>>>>>><>>>>>>>>>>>:
overing !
C(1)n :

01���n���
101 9>>>>>>>>>>=>>>>>>>>>>; supporting
overing 8>>>>>>>>>><>>>>>>>>>>:
overing !D(1)n :

012���n�2nn�1n�2���2012 9>>>>>>>>>>>>>=>>>>>>>>>>>>>; supporting
overing 8>>>>>>>>>>>>><>>>>>>>>>>>>>:
overing ! 102���n�2n�1nn�2���2102 9>>>>>>>>>>>>>=>>>>>>>>>>>>>; supporting
overing 8>>>>>>>>>>>>><>>>>>>>>>>>>>:
overing !
D(2)n+1 :

001���n�1nnn�1���10
01 9>>>>>>>>>=>>>>>>>>>; supporting
overing 8>>>>>>>>><>>>>>>>>>:
overing !



HIGHER LEVEL YOUNG WALLS 5In sta
king the blo
ks, no blo
k 
an be pla
ed on top of a blo
k of half-unit depth.Note that the patterns for sta
king blo
ks are slightly di�erent from the ones givenin [9℄.As we 
an see in the �gure, the blo
ks are sta
ked in a repeating pattern, whi
his symmetri
 with respe
t to the n-blo
k. We say that an i-blo
k is a supporting(resp. 
overing) i-blo
k if it lies in the bottom half (resp. upper half) of one 
y
le.An i-blo
k that appears only on
e in one 
y
le is regarded as both a supportingand a 
overing blo
k.An i-slot is the top of a level-1 (or level- 12 ) sli
e where we may add an i-blo
k.The notions of supporting i-slots and 
overing i-slots are de�ned in a similarmanner.A Æ-
olumn is a set of blo
ks (and its 
y
li
 variations) that form one 
y
le ofthe sta
king patterns. For a level-1 (or level- 12 ) sli
e 
, we de�ne 
+ Æ (resp. 
� Æ)to be a level-1 (resp. level- 12 ) sli
e obtained from 
 by adding (resp. removing) aÆ-
olumn. For level-1 (or level- 12 ) sli
es 
 and 
0, we write 
 � 
0 if 
 is part of 
0.For example, we have 
� Æ � 
 � 
+ Æ.De�nition 3.2.(1) If g 6= C(1)n , a level-l pre-sli
e is de�ned to be an ordered l-tuple C =(
1; : : : ; 
l) of level-1 sli
es su
h that 
1 � 
2 � � � � 
l � 
1 + Æ.(2) If g = C(1)n , a level-l pre-sli
e is de�ned to be an ordered 2l-tuple C =(
1; : : : ; 
2l) of level- 12 sli
es su
h that 
1 � 
2 � � � � 
2l � 
1 + Æ.(3) The level-1 (or level- 12 ) sli
e 
i in 
 is 
alled the i-th layer of C.Remark 3.3.(1) For those quantum aÆne algebras that allow two sta
king patterns, we
hoose only one pattern in building a level-l pre-sli
e. Still, two di�erentlevel-l pre-sli
es 
an be made from two di�erent sta
king patterns.(2) A level-l pre-sli
e 
an be visualized as the set of l 
olumns (or 2l 
olumns)with the ith layer pla
ed in front of (i+ 1)-th layer.Next, we explain the notion of splitting (whole) blo
ks. By a whole blo
k, wemean a unit 
ube or a gluing of two half-unit depth blo
ks as is shown in thefollowing pi
ture :1 0 0 1 nn�1 n�1n 0 1 � � � � � � n�1 nThe �rst two (and the next two) whole blo
ks all be referred to as 0j1-blo
ks (resp.(n-1)jn-blo
ks). Thus, when we deal with whole blo
ks, we may 
hoose their 
olorsamong I [f0j1; (n-1)jng. Similarly, we may 
onsider whole i-slots for I [f0j1; (n-1)jng.Note that in a given pre-sli
e, there 
an be at most two heights in whi
h a
overing (or supporting) i-blo
k may appear as the top of one layer. Similarly,there may be at most two heights in whi
h a 
overing (or a supporting) i-slot mayappear.De�nition 3.4. Fix i 2 I [ f0j1; (n-1)jng. Suppose that there is a layer whosetop is a 
overing (or supporting) whole i-blo
k and another layer whose top is asupporting (resp. 
overing) whole i-slot. Choose the 
overing (resp. supporting)i-blo
k lying in the fore-most layer among the ones with the higher height and thesupporting (resp. 
overing) i-slot lying in the rear-most layer among the ones withthe lower hight.



6 SEOK-JIN KANG� AND HYEONMI LEE��To split a whole i-blo
k means to break o� the top half of the 
hosen 
overing(resp. supporting) i-blo
k and to pla
e it in the 
hosen supporting (resp. 
overing)i-slot. A split form of a pre-sli
e is a result obtained by splitting all the wholeblo
ks that 
an be split. Note that a pre-sli
e may have several di�erent split forms.Example 3.5. This example shows two di�erent split forms of a single pre-sli
efor B(1)3 -type. Neither of the split results allows further splitting.0 1 2 332 20 1 0 1 0 10 1 2 2332 20 1 0 1 0 12 0 1 0 12 2332 20 1 0 1 0 1The lower left �gure shows the splitting of a 
overing 2-blo
k and a supporting2-blo
k. The lower right �gure shows the splitting of a supporting 2-blo
k and a0j1-blo
k from the same pre-sli
e.De�nition 3.6. Fix a pattern for building pre-sli
es. A level-l sli
e is a splitform of a level-l pre-sli
e. We denote by S(l) the set of all level-l sli
es built on a�xed pattern.Remark 3.7.(1) The notions of i-slot, Æ-
olumn, and layer, de�ned for pre-sli
es, naturally
arries over to those of sli
es. Some 
are must be exer
ised, however. Forexample, Æ-
olumns should allow for halves of blo
ks to add up to a Æ, andwe should now 
onsider halves of i-slots.(2) We would like to remind the readers that in a level-l (pre-)sli
e, the top ofa layer is regarded as an i-slot if it is an i-slot when the layer is viewed alevel-1 sli
e.We now de�ne the a
tion of Kashiwara operators on the set S(l) of level-l sli
es.Let C be a level-l sli
e and �x an index i 2 I .Case 1. Suppose that i 6= 0; n and that the i-blo
k is a unit 
ube. The a
tionsof ~ei and ~fi are de�ned by (E1)-(E4) and (F1)-(F4), respe
tively.(E1) If C 
ontains both a 
overing whole i-blo
k and a supporting whole i-blo
k,then remove the upper half i-blo
k from the fore-most 
overing whole i-blo
k among the ones with the higher hight and another upper half i-blo
kfrom the fore-most supporting whole i-blo
k among the ones with the higherhight.(E2) If C 
ontains some whole i-blo
ks and all of them are of the same type,then remove the upper half i-blo
k from the fore-front whole i-blo
k amongthe ones with the higher height. This would 
reate a lower half i-blo
k.Consider the (lower) half i-blo
ks having the same type as this new one.We then remove the fore-most half i-blo
k among the ones with the higherheight.(E3) If C 
ontains no whole i-blo
ks, but does 
ontain some half i-blo
ks, thenthe number of 
overing half i-blo
ks and that of supporting half i-blo
ksmust be the same. We remove the fore-most 
overing half i-blo
k and thefore-most supporting half i-blo
k among the ones with the higher hight.



HIGHER LEVEL YOUNG WALLS 7(E4) If C 
ontains no i-blo
ks, we de�ne ~eiC = 0(F1) If C 
ontains both a 
overing whole i-slot and a supporting whole i-slot,then we pla
e a half i-blo
k in the rear-most 
overing whole i-slot amongthe ones with the lower hight and another half i-blo
k in the rear-mostsupporting whole i-slot among the ones with the lower height.(F2) If C 
ontains some whole i-slots and all of them are at the same type, thenwe pla
e a half i-blo
k in the rear-most whole i-slot among the ones withthe lower height. This would 
reate an (upper) half i-slot. Consider the(upper) half i-slots having the same type as this new one. We then pla
eanother half i-blo
k in the rear-most (upper) half i-slots among the oneswith the lower height.(F3) If C 
ontains no whole i-slots, but dose 
ontain some half i-slots, then thenumber of 
overing half i-slots and that of supporting half i-slots must bethe same. We pla
e a half i-blo
k in the rear-most 
overing half i-slots andanother half i-blo
k in the rear-most supporting half i-slots among the oneswith the lower height.(F4) If C 
ontains no i-slots, we de�ne ~fiC = 0Case 2. Suppose that i = 0; n and that the i-blo
k is a unit 
ube. The a
tionsof ~ei and ~fi are de�ned by (E1)-(E3) and (F1)-(F3), respe
tively.(E1) If C 
ontains at least two whole i-blo
ks, �rst remove a upper half i-blo
kfrom the fore-most whole i-blo
k among the ones with the higher hight.Then, do the same on
e more on the resulting set of blo
ks. If C 
ontainsone whole i-blo
k, then remove the upper half i-blo
k from the whole i-blo
k and remove the fore-most (lower) half i-blo
k among the ones withthe higher hight.(E2) If C 
ontains no whole i-blo
ks, but does 
ontain some half i-blo
ks, thenthe number of half i-blo
ks must be even. We �rst remove the fore-mosthalf i-blo
k among the ones with the higher hight. Then, do the same on
emore on the resulting set of blo
ks.(E3) If C 
ontains no i-blo
ks, we de�ne ~eiC = 0(F1) If C 
ontains at least two whole i-slots, we �rst pla
e a half i-blo
k in therear-most whole i-slot among the ones with the lower hight. Then, do thesame on
e more on the resulting set of blo
ks. If C 
ontains one whole i-slot, then we pla
e a half i-blo
k in the whole i-slot and another half i-blo
kin the rear-most (upper) half i-slot among the ones with the lower height.(F2) If C 
ontains no whole i-slots, but does 
ontain some half i-slots, then thenumber of half i-slots must be even. We �rst pla
e a half i-blo
k in therear-most half i-slot among the ones with the lower height. Then, do thesame on
e more on the resulting set of blo
ks.(F3) If C 
ontains no i-slots, we de�ne ~fiC = 0Case 3. Suppose that i = 0 (resp. i = n) and that the i-blo
k is of half-height.The a
tions of ~ei and ~fi are de�ned by (E1)-(E3) and (F1)-(F3), respe
tively.(E1) If C 
ontains some supporting i-blo
ks (resp. 
overing i-blo
ks), then weremove the fore-most supporting (resp. 
overing) i-blo
k among the oneswith the higher height.



8 SEOK-JIN KANG� AND HYEONMI LEE��(E2) If C 
ontains some i-blo
ks and all of them are 
overing blo
ks (resp. sup-porting blo
ks), then remove the fore-most 
overing (resp. supporting)i-blo
k among the ones with the higher height.(E3) If C 
ontains no i-blo
ks, then ~eiC = 0.(F1) If C 
ontains some 
overing i-slots (resp. supporting i-slots), then we pla
ean i-blo
k in the rear-most 
overing (resp. supporting) i-slot among theones with the lower height.(F2) If C 
ontains some i-slots and all of them are supporting slots (resp. 
ov-ering slots), then we pla
e an i-blo
k in the rear-most supporting (resp.
overing) i-slot among the ones with the lower height.(F3) If C 
ontains no i-slot, the we de�ne ~fiC = 0.Case 4. Suppose that i = 0; 1 (resp. n�1, n) and that the i-blo
k is of half-depth. Un-split all half 0j1-blo
ks (resp. (n-1)jn-blo
ks) in C to obtain C 0.(E1) If C 0 
ontains an i-blo
k, remove the fore-most i-blo
k among the ones withthe higher height to obtain C 00. We split all 0j1-blo
ks (resp. (n-1)jn-blo
ks)in C 00 to obtain ~eiC.(E2) If C 0 
ontains no i-blo
k, we de�ne ~eiC = 0.(F1) If C 0 
ontains an i-slot, pla
e an i-blo
k in the rear-most i-slot among theones with the lower height to obtain C 00. We split all 0j1-blo
ks (resp.(n-1)jn-blo
ks) in C 00 to obtain ~fiC.(F2) If C 0 
ontains no i-slot, we de�ne ~fiC = 0.Remark 3.8. In a sli
e, unlike the 
ase for other whole blo
ks, the result of un-splitting all 0j1 and (n-1)jn-blo
ks, mentioned in the above a
tions of Kashiwaraoperators for i = 0; 1; n� 1; n, is unique.Example 3.9. We illustrate ~fi a
tions on sli
es.(1) B(1)3 -type ~f2 a
tion; (F1) and (F2) of Case 1
1111 11 0000 00 222 2233 33 33 �! 1111 11 0000 00 2222 22233 33 33 �! 1111 11 0000 00 2222 222233 33 33(2) A(2)4 -type ~f2 a
tion; (F1) of Case 2001 001 001 �! 0012 0012 001 �! 0012 0012 2001(3) B(1)3 -type ~f0 a
tion; (F1) of Case 42 2 23 3 33 3 32 2 20 1 0 1 0 110 1 0 1 �! 2 2 23 3 33 3 32 2 20 1 0 1 0 10 10 1 0 1



HIGHER LEVEL YOUNG WALLS 94. Equivalen
e 
lasses of sli
esLet C = (
1; : : : ; 
l) be a level-l sli
e. We de�ne the sli
es C � Æ to be :(4.1) C + Æ = (
2; : : : ; 
l; 
1 + Æ);C � Æ = (
l � Æ; 
1; � � � ; 
l�1):We say that two sli
es C and C 0 are related, denoted by C � C 0, if one of the twomay be obtained from the other by adding �nitely many Æ's. Let(4.2) C(l) = S(l)= �be the set of equivalen
e 
lasses of level-l sli
es under this relation. For the equiv-alen
e 
lass 
ontaining a level-l sli
e C, we will use the same symbol C. Sin
e themap C(2 S(l)) 7! C+ Æ 
ommutes with the a
tion of Kashiwara operators, we mayde�ne the indu
ed Kashiwara operators on C(l). We also de�ne(4.3) 'i(C) = maxfk j ~fki C 2 C(l)g;"i(C) = maxfk j ~ekiC 2 C(l)g;wt(C) =Xi �'i(C) � "i(C)��i:Then one 
an verify in a straightforward manner that the set C(l), together withthe indu
ed Kashiwara operators and the maps 'i, "i (i 2 I), wt be
omes a U 0q(g)-
rystal.Re
all that a typi
al level-l sli
e is a split form of a level-l pre-sli
e. Hen
e thetop of ea
h layer of a level-l sli
e may be a usual blo
k or a broken half of a blo
k.We will 
lassify the layers of level-l sli
es into several types depending on the shapeof their top parts, and give an expli
it des
ription of the set C(l) in terms of thenumbers of the layers of ea
h type.We then 
onstru
t a 
anoni
al bije
tion  : B(l) ! C(l) and its inverse � : C(l) !B(l), whi
h will turn out to be a 
rystal isomorphism.In the following, we will use the symbols si, �si, ti, �ti, for the types of layers, andwill write their top parts to their right.� A(2)2n 
aseWe �rst list the types of layers and their top parts :s0 : supporting 0-slot (=
overing 0-blo
k);si : supporting i-slot (i = 1; : : : ; n);�si : 
overing i-blo
k (i = 1; : : : ; n);ti : half of a supporting i-blo
k (i = 1; : : : ; n);�ti : half of a 
overing i-blo
k (i = 1; : : : ; n):For example, the layers of type si and �ti have the following form.si = i�2i�1 �ti = ii+1i+2



10 SEOK-JIN KANG� AND HYEONMI LEE��Let C be a level-l sli
e in C(l). Note that the number of layers of type timust be the same as that of layers of type �ti. If we writeu0 = the number of layers of type s0 in C;yi = the number of layers of type si in C (i = 1; : : : ; n);�yi = the number of layers of type �si in C (i = 1; : : : ; n);zi = the number of layers of type ti in C;= the number of layers of type �ti in C (i = 1; : : : ; n);then zn must be even, yi�yi = 0 for all i = 1; : : : ; n, and u0 +Pni=1(yi +�yi) + 2Pn�1i=1 zi + zn = l. Hen
e the set C(l) 
an be 
hara
terized asC(l) = ((u0jy1; : : : ; ynj�y1; : : : ; �ynjz1; : : : ; zn) ����� u0; yi; �yi; zi 2 Z�0; zn is even, yi�yi = 0;u0 +Pni=1(yi + �yi) + 2Pn�1i=1 zi + zn = l) :We de�ne the map  : B(l) ! C(l) by(x1; : : : ; xnj�xn; : : : ; �x1) 7! (u0jy1; : : : ; ynj�y1; : : : ; �ynjz1; : : : ; zn); whereu0 = l �Pni=1(xi + �xi);yi = maxf0; xi � �xig (i = 1; : : : ; n);�yi = maxf0; �xi � xig (i = 1; : : : ; n);zi = minfxi; �xig (i = 1; : : : ; n� 1);zn = 2minfxn; �xng;and the map � : C(l) ! B(l) by(u0jy1; : : : ; ynj�y1; : : : ; �ynjz1; : : : ; zn) 7! (x1; : : : ; xnj�xn; : : : ; �x1); wherexi = yi + zi; �xi = �yi + zi (i = 1; : : : ; n� 1);xn = yn + 12zn; �xn = �yn + 12zn:� D(2)n+1 
aseThe types of layers and their top parts are given below :s0 : 
overing 0-blo
k (=supporting 0-slot);si : supproting i-slot (i = 1; : : : ; n);�si : 
overing i-blo
k (i = 1; : : : ; n);ti : half of a supporting i-blo
k (i = 1; : : : ; n� 1);�ti : half of a 
overing i-blo
k (i = 1; : : : ; n� 1);tn : supproting n-blo
k (=
overing n-slot):



HIGHER LEVEL YOUNG WALLS 11For a level-l sli
e C in C(l), we writeu0 = the number of layers of type s0;yi = the number of layers of type si (i = 1; : : : ; n);�yi = the number of layers of type �si (i = 1; : : : ; n);zi = the number of layers of type ti;= the number of layers of type �ti (i = 1; : : : ; n� 1);zn = the number of layers of type tn:Then we have yi�yi = 0 for all i = 1; : : : ; n and u0 + Pni=1(yi + �yi) +2Pn�1i=1 zi + zn = l. Hen
e the set C(l) 
an be 
hara
terized asC(l) = ((u0jy1; : : : ; ynj�y1; : : : ; �ynjz1; : : : ; zn) ����� u0; yi; �yi; zi 2 Z�0; yi�yi = 0;u0 +Pni=1(yi + �yi) + 2Pn�1i=1 zi + zn = l) :We de�ne the map  : B(l) ! C(l) by(x1; : : : ; xnjx0j�xn; : : : ; �x1) 7! (u0jy1; : : : ; ynj�y1; : : : ; �ynjz1; : : : ; zn); whereu0 = l � x0 �Pni=1(xi + �xi);yi = maxf0; xi � �xig (i = 1; : : : ; n);�yi = maxf0; �xi � xig (i = 1; : : : ; n);zi = minfxi; �xig (i = 1; : : : ; n� 1);zn = 2minfxn; �xng+ x0;and the map � : C(l) ! B(l) by(u0jy1; : : : ; ynj�y1; : : : ; �ynjz1; : : : ; zn) 7! (x1; : : : ; xnjx0j�xn; : : : ; �x1); wherex0 = (0 if zn is even;1 if zn is odd;xi = yi + zi; �xi = �yi + zi (i = 1; : : : ; n� 1);xn = (yn + zn if zn is even;yn + zn � 1 if zn is odd;�xn = (�yn + zn if zn is even;�yn + zn � 1 if zn is odd:



12 SEOK-JIN KANG� AND HYEONMI LEE��� A(2)2n�1 
aseThe types of layers and their top parts are given below :s1 : 1-slot with a 0-blo
k;�s1 : 0-slot with a 1-blo
k;si : supproting i-slot (i = 2; : : : ; n);�si : 
overing i-blo
k (i = 2; : : : ; n);ti : half of a supporting i-blo
k (i = 2; : : : ; n� 1);�ti : half of a 
overing i-blo
k (i = 2; : : : ; n� 1);tn : half of an n-blo
k;t0j1 : half of a 0j1-blo
k:For example, we haves1 = 0 or 0 s2 = 01 or 0 1 �s1 = 1 or 1t0j1 = 012 or 102 tn = nn�1For a level-l sli
e C in C(l), we writeu0 = the number of layers of type t0j1;yi = the number of layers of type si (i = 1; : : : ; n);�yi = the number of layers of type �si (i = 1; : : : ; n);zi = the number of layers of type ti;= the number of layers of type �ti (i = 2; : : : ; n� 1);zn = the number of layers of type tn:Then u0 and zn must be even, yi�yi = 0 for all i = 1; : : : ; n, and u0 +Pni=1(yi+ �yi)+2Pn�1i=2 zi+ zn = l. Hen
e the set C(l) 
an be 
hara
terizedasC(l) = ((u0jy1; : : : ; ynj�y1; : : : ; �ynjz2; : : : ; zn) ����� u0; yi; �yi; zi 2 Z�0; u0; zn are even; yi�yi = 0;w0 +Pni=1(yi + �yi) + 2Pn�1i=2 zi + zn = l ) :We de�ne the map  : B(l) ! C(l) by(x1; : : : ; xnj�xn; : : : ; �x1) 7! (u0jy1; : : : ; ynj�y1; : : : ; �ynjz2; : : : ; zn); whereu0 = 2minfx1; �x1g;yi = maxf0; xi � �xig (i = 1; : : : ; n);�yi = maxf0; �xi � xig (i = 1; : : : ; n);zi = minfxi; �xig (i = 2; : : : ; n� 1);zn = 2minfxn; �xng;and the map � : C(l) ! B(l) by(u0jy1; : : : ; ynj�y1; : : : ; �ynjz2; : : : ; zn) 7! (x1; : : : ; xnj�xn; : : : ; �x1); where



HIGHER LEVEL YOUNG WALLS 13x1 = y1 + 12u0; �x1 = �y1 + 12u0;xi = yi + zi; �xi = �yi + zi (i = 2; : : : ; n� 1);xn = yn + 12zn; �xn = �yn + 12zn:� D(1)n 
aseThe types of layers and their top parts are given below :s1 : 1-slot with a 0-blo
k;�s1 : 0-slot with a 1-blo
k;si : supproting i-slot (i = 2; : : : ; n� 2);�si : 
overing i-blo
k (i = 2; : : : ; n� 2);sn�1 : (n� 1) and n-slots;�sn�1 : (n� 1) and n-blo
ks;sn : n-slot with a (n� 1)-blo
k;�sn : (n� 1)-slot with a n-blo
k;ti : half of a supporting i-blo
k (i = 2; : : : ; n� 2);�ti : half of a 
overing i-blo
k (i = 2; : : : ; n� 2);t0j1 : half of a 0j1-blo
k;t(n-1)jn : half of a (n-1)jn-blo
k:For a level-l sli
e C in C(l), we writeu0 = the number of layers of type t0j1;w0 = the number of layers of type t(n-1)jn;yi = the number of layers of type si (i = 1; : : : ; n);�yi = the number of layers of type �si (i = 1; : : : ; n);zi = the number of layers of type ti;= the number of layers of type �ti (i = 2; : : : ; n� 2):Then u0 and w0 must be even, yi�yi = 0 for all i = 2; : : : ; n � 1, and u0 +w0+Pni=1(yi+�yi)+2Pn�2i=2 zi = l. Hen
e the set C(l) 
an be 
hara
terizedasC(l) = ((u0; w0jy1; : : : ; ynj�y1; : : : ; �ynjz2; : : : ; zn�2) ����� u0; w0 2 2Z�0; yi; �yi; zi 2 Z�0; yi�yi = 0;u0 + w0 +Pni=1(yi + �yi) + 2Pn�2i=2 zi = l) :We de�ne the map  : B(l) ! C(l) by(x1; : : : ; xnj�xn; : : : ; �x1) 7! (u0; w0jy1; : : : ; ynj�y1; : : : ; �ynjz2; : : : ; zn�2); whereu0 = 2minfx1; �x1g; w0 = 2minfxn�1; �xn�1g;yi = maxf0; xi � �xig; �yi = maxf0; �xi � xig (i = 1; : : : ; n� 1);yn = xn; �yn = �xn;zi = minfxi; �xig (i = 2; : : : ; n� 2);



14 SEOK-JIN KANG� AND HYEONMI LEE��and the map � : C(l) ! B(l) by(u0; w0jy1; : : : ; ynj�y1; : : : ; �ynjz2; : : : ; zn�2) 7! (x1; : : : ; xnj�xn; : : : ; �x1); wherex1 = y1 + 12u0; �x1 = �y1 + 12u0;xi = yi + zi; �xi = �yi + zi (i = 2; : : : ; n� 2);xn�1 = yn�1 + 12w0; �xn�1 = �yn�1 + 12w0;xn = yn; �xn = �yn:� B(1)n 
aseThe types of layers and their top parts are given below :s1 : 1-slot with a 0-blo
k;�s1 : 0-slot with a 1-blo
k;si : supproting i-slot (i = 2; : : : ; n);�si : 
overing i-blo
k (i = 2; : : : ; n);ti : half of a supporting i-blo
k (i = 2; : : : ; n� 1);�ti : half of a 
overing i-blo
k (i = 2; : : : ; n� 1);tn : supproting n-blo
k (=
overing n-slot);t0j1 : half of a 0j1-blo
k:For a level-l sli
e C in C(l), we writeu0 = the number of layers of type t0j1;yi = the number of layers of type si(i = 1; : : : ; n);�yi = the number of layers of type �si(i = 1; : : : ; n);zi = the number of layers of type ti;= the number of layers of type �ti (i = 2; : : : ; n� 1);zn = the number of layers of type tn:Then u0 must be even, yi�yi = 0 for all i = 1; : : : ; n, and, u0 +Pni=1(yi +�yi) + 2Pn�1i=2 zi + zn = l. Hen
e the set C(l) 
an be 
hara
terized asC(l) = ((u0jy1; : : : ; ynj�y1; : : : ; �ynjz2; : : : ; zn) ����� u0 2 2Z�0; yi; �yi; zi 2 Z�0;u0 +Pni=1(yi + �yi) + 2Pn�1i=2 zi + zn = l) :We de�ne the map  : B(l) ! C(l) by(u0jy1; : : : ; ynj�y1; : : : ; �ynjz2; : : : ; zn) 7! (x1; : : : ; xnjx0j�xn; : : : ; �x1); whereu0 = 2minfx1; �x1g;yi = maxf0; xi � �xig (i = 1; : : : ; n);�yi = maxf0; �xi � xig (i = 1; : : : ; n);zi = minfxi; �xig (i = 2; : : : ; n� 1);zn = 2minfxn; �xng+ x0;



HIGHER LEVEL YOUNG WALLS 15and the map � : C(l) ! B(l) by(x1; : : : ; xnjx0j�xn; : : : ; �x1) 7! (u0jy1; : : : ; ynj�y1; : : : ; �ynjz2; : : : ; zn); wherex1 = y1 + 12u0; �x1 = �y1 + 12u0;xi = yi + zi; �xi = �yi + zi (i = 2; : : : ; n� 1);xn = yn + 2[zn2 ℄; �xn = �yn + 2[zn2 ℄;x0 = 0 if zn is even; x0 = 1 if zn is odd:� C(1)n 
aseThe types of layers and their top parts are given below :si : supproting i-slot (i = 1; : : : ; n);�si : 
overing i-blo
k (i = 1; : : : ; n);ti : half of a supporting i-blo
k (i = 1; : : : ; n� 1);�ti : half of a 
overing i-blo
k (i = 1; : : : ; n� 1);t0 : half of a 0-blo
k;tn : half of a n-blo
k:For a level-l sli
e C in C(l), we writez0 = the number of layers of type t0;zn = the number of layers of type tn;yi = the number of layers of type si (i = 1; : : : ; n);�yi = the number of layers of type �si (i = 1; : : : ; n);zi = the number of layers of type ti;= the number of layers of type �ti (i = 1; : : : ; n� 1):Then z0 and zn must be even, yi�yi = 0 for all i = 1; : : : ; n, and z0 + zn +Pni=1(yi + �yi) + 2Pn�1i=1 zi = 2l. Hen
e the set C(l) 
an be 
hara
terized asC(l) = ((y1; : : : ; ynj�y1; : : : ; �ynjz0; : : : ; zn) ����� z0; zn 2 2Z�0; yi; �yi; zi 2 Z�0;z0 + zn +Pni=1(yi + �yi) + 2Pn�1i=1 zi = 2l) :We de�ne the map  : B(l) ! C(l) by(x1; : : : ; xnj�xn; : : : ; �x1) 7! (y1; : : : ; ynj�y1; : : : ; �ynjz0; : : : ; zn); wherez0 = 2l�Pni=1(x1 + �xi);yi = maxf0; xi � �xig; �yi = maxf0; �xi � xig (i = 1; : : : ; n);zi = minfxi; �xig (i = 1; : : : ; n� 1);zn = 2minfxn; �xng;and the map � : C(l) ! B(l) by(y1; : : : ; ynj�y1; : : : ; �ynjz0; : : : ; zn) 7! (x1; : : : ; xnj�xn; : : : ; �x1); where



16 SEOK-JIN KANG� AND HYEONMI LEE��xi = yi + zi; �xi = �yi + zi (i = 1; : : : ; n� 1);xn = yn + 12zn; �xn = �yn + 12zn:It is straightforward to verify that  and � are inverse to ea
h other. Also itis easy to see that the maps wt, 'i, "i, and the a
tion of the Kashiwara operators
ommute with  . To summarize, we obtain a new realization of level-l perfe
t
rystals as the set of equivalen
e 
lasses of level-l sli
es.Theorem 4.1. For all 
lassi
al quantum aÆne algebras, there is a 
rystal isomor-phism  : B(l) ! C(l) given by above formulas.5. Higher level Young wallsIn this se
tion, we will de�ne the notion of (arbitrary level) proper Young walls,redu
ed Young walls, ground-state walls, et
., and give a realization of arbitrarylevel irredu
ible highest weight 
rystals in terms of redu
ed Young walls. Thepatterns for building Young walls are given below :A(2)2n�1 :
012���n�1n�1201

012���n�1n�1201
102���n�1n�1210

102���n�1n�1210 nn nn ������������ D(2)n+1 :
0000 0000 1111 ������������ n�1n�1n�1n�1 nnnn nnnn n�1n�1n�1n�1 ������������ 1111 0000 0000 A(2)2n :

0000 0000 1111 n�1n�1n�1n�1 nnnn n�1n�1n�1n�1 0000 0000 1111
������������ ������������

B(1)n :
012���n�1n�1201

012���n�1n�1201
102���n�1n�1210

102���n�1n�1210 nn nn nn nn ������������ C(1)n :
0000 1111 n�1n�1n�1n�1 nnnn n�1n�1n�1n�1 0000 1111
������������ ������������ D(1)n :

012���n�2n�22012
012���n�2n�22012

102���n�2n�22102
102���n�2n�22102 n�1nnn�1n�1nnn�1 ������������

De�nition 5.1. A level-l Young wall is a 
on
atenation of level-l sli
es, extend-ing in�nitely to the left, satisfying the following 
onditions.(1) It is 
on
atenated following the pattern given above.(2) At ea
h layer, there is no free spa
e to the right of any blo
k (or brokenhalf-blo
k).Remark 5.2.(1) In most 
ases, it is easy to judge whether there is a free spa
e to the rightof a given blo
k (or broken half-blo
k). In addition, the following nontrivial
ases will be 
onsidered as having a free spa
e to the right of a given blo
k(or broken half-blo
k).



HIGHER LEVEL YOUNG WALLS 17� The left is a whole blo
k and the right is a broken half of a wholei-blo
k. i i� The left is a single blo
k of half-unit depth and the right is the upperbroken half of a whole j-blo
k.i j or i jHere, i = 0; 1 and j = 0j1 or i = n�1; n and j = (n-1)jn. Note that the
olor of the broken half on the right will depend on i.� The right is a single blo
k of half-unit depth and the left is the lowerbroken half of a whole j-blo
k.j i or j iHere, i = 0; 1 and j = 0j1 or i = n�1; n and j = (n-1)jn.(2) However, the following 
ases will be 
onsidered as having no free spa
e tothe right of a given blo
k (or broken half-blo
k).ji and jiwith i = 0; 1 and j = 0j1 or i = n�1; n and j = (n-1)jn and where the right isa lower half. j i and j iwith i = 0; 1 and j = 0j1 or i = n�1; n and j = (n-1)jn and where the left isan upper half.De�nition 5.3.(1) A full 
olumn is a layer of a level-l sli
e whose height is an integer andwhose top is of unit depth.(2) A level-l Young wall Y is said to be proper if for ea
h layer of Y, none ofthe full 
olumns have the same height.(3) A 
olumn in a level-l proper Young wall is said to 
ontain a removable Æif one may remove a Æ from that 
olumn and still obtain a proper Youngwall.(4) A level-l proper Young wall is said to be redu
ed if none of its 
olumns
ontain a removable Æ.Let � = a0�0 + a1�1 + � � � + an�n be a dominant integral weight of level-l sothat(5.1) 8>>>>>>>><>>>>>>>>:
l = a0 + a1 + 2(a2 + � � �+ an) A(2)2n�1 
ase;l = a0 + 2(a1 + � � �+ an�1) + an D(2)n+1 
ase;l = a0 + 2(a1 + � � �+ an) A(2)2n 
ase;l = a0 + a1 + 2(a2 + � � �+ an�1) + an B(1)n 
ase;l = a0 + a1 + � � �+ an C(1)n 
ase;l = a0 + a1 + 2(a2 + � � �+ an�2) + an�1 + an D(1)n 
ase:



18 SEOK-JIN KANG� AND HYEONMI LEE��We would like to de�ne the ground-state wall Y� of weight �. It will be
onstru
ted as a level-l redu
ed Young wall. In the following, we will draw part ofY�. In the A(2)2n�1 and B(1)n 
ase (resp. D(1)n 
ase) depending on whether a0 � a1or a0 � a1 (resp. a0 � a1 or a0 � a1 and an�1 � an or an�1 � an), there are two(resp. four) di�erent forms of the ground-state wall. We will just draw the 
asewhen a0 � a1 (resp. a0 � a1 and an�1 � an).A(2)2n�1 :
012���n�1nn�1���2� � � � � � a0a1�a0a0a2� � �an�12anan�1� � �a2� � � � � �� � �� � �D(2)n+1 :

001���n�1nnn�1���1� � � � � � a0a1an � � �an�1an�1� � �a1� � � � � �� � �� � �A(2)2n :
001���n�1nn�1���1� � �� � � a0a1� � �an�12anan�1� � �a1� � �� � �� � �� � �



HIGHER LEVEL YOUNG WALLS 19B(1)n :
012���n�1nnn�1���2� � � � � � a0a1�a0a0a2� � �an�1anan�1� � �a2� � � � � �� � �� � �C(1)n :

01���n�1nn�1���1� � � � � � 2a0a1� � �an�12anan�1� � �a1� � � � � �� � �� � �D(1)n :
012���n�2n�1nn�2���2� � � � � � a0a1�a0a0a2� � �an�2anan�1�ananan�2� � �a2� � � � � �� � �� � �Re
all that a Young wall is a 
on
atenation of sli
es. We have drawn the left-side-views of the �rst two sli
es that make up the Young wall. The a
tual ground-statewall should extend in�nitely to the left, repeating the same pattern. At the rightend, we have drawn the pattern for sta
king the blo
ks, so as to show the 
olor ofthe blo
ks pla
ed at ea
h height.For A(2)2n�1 and B(1)n (or D(1)n ) 
ases, the pattern on the right is just for the evenith 
olumns. As given by the �gures at the beginning of this se
tion, the odd
olumns will be sta
ked in a pattern with 0; 1 (resp. 0, 1 and n� 1, n) ex
hanged.Sin
e the outline of the �rst two sli
es given above (a
tually, all sli
es) are exa
tlythe same, this means that the even and odd 
olumns are identi
al ex
ept for the



20 SEOK-JIN KANG� AND HYEONMI LEE��ex
hange of 0 with 1 (resp. 0 with 1 and n � 1 with n). Below the 0th sli
e, wehave written down how many layers of ea
h shape should be used.When a0 � a1, 012a1a0�a1a1should appear in the �rst few layers of the 0th 
olumn. Noti
e that in addition tothe ex
hange of a0 with a1 from the full diagram above, the position of half-unitdepth blo
ks appearing in the middle has shifted so that they are now 1-blo
ksinstead of the 0-blo
ks used in the full diagram.A level-l proper Young wall obtained by adding �nitely many blo
ks to theground-state wall Y� is said to have been built on Y�. We denote by Z(�) (andY(�)) the set of all proper (resp. redu
ed) Young walls built on Y�.Let Y be a level-l proper Young wall built on Y� and let C be a 
olumn of Y.Re
all that a 
olumn C is a level-l sli
e and that for ea
h i 2 I , 'i(C) (resp. "i(C))is the largest integer k � 0 su
h that ~fki (C) 6= 0 (resp. ~eki (C) 6= 0).We now de�ne the a
tion of Kashiwara operators ~fi, ~ei (i 2 I) on Y as follows.(1) For ea
h 
olumn C of Y, write "i(C)-many 1's followed by 'i(C)-many 0'sunder C. This sequen
e is 
alled the i-signature of C.(2) From this sequen
e of 1's and 0's, 
an
el out ea
h (0,1)-pair to obtain asequen
e of 1's followed by 0's (reading from left to right). This sequen
eis 
alled the i-signature of Y.(3) We de�ne ~fiY to be the proper Young wall obtained from Y by repla
ingthe 
olumn C 
orresponding the leftmost 0 in the i-signature of Y with the
olumn ~fiC.(4) We de�ne ~eiY to be the proper Young wall obtained from Y by repla
ingthe 
olumn C 
orresponding the rightmost 1 in the i-signature of Y withthe 
olumn ~eiC.(5) If there is no 0 (or 1) in the i-signature of Y, we de�ne ~fiY = 0 (resp.~eiY = 0).We need to show that the a
tion of Kashiwara operators on Z(�) is well-de�ned.We will just deal with the ~fi operator.Sin
e a Young wall extends in�nitely to the left, it is not immediately 
lear asto whether there exists a leftmost zero. That is, it is not 
lear whether the numberof zeros in the i-signature of Y is �nite. Let us brie
y 
omment on this here.Sin
e only �nitely many blo
ks were added to the ground-state wall in buildingY, the wall will eventually be
ome identi
al to the ground-state wall at some point,as it pro
eeds to the left. Thus it suÆ
es to 
he
k if the ground-state walls give�nite signatures. This one may do easily with ea
h of the expli
it ground-statewalls.Now, we �x some notations. Denote by C the 
olumn 
orresponding to theleftmost 0 in the i-signature of a proper Young wall Y. The 
olumn sitting to theright of 
olumn C will be denoted by C 0.Suppose that ~fiY is not a proper Young wall. In fa
t, it 
ould be that ~fiY isnot even a Young wall. In su
h a 
ase, the following statement would be true.
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e to the right of some blo
k or half-blo
k in some layerof the 
olumn of ~fiY, that 
orresponds to the 
olumn C of Y.If the result is a Young wall, but just not proper, then the following statementwould be true.� The 
olumns of ~fiY 
orresponding to the 
olumns C and C 0 of Y 
ontaina layer in whi
h the tops are of unit depth and of the same integer height.For the index i 
orresponding to a unit 
ube or a half-hight blo
k, the follow-ing lists all possible non-trivial forms for ~fiY that satisfy one of the above twostatements. i i i i i iii i ii i i ii iFor the indi
es 
orresponding to blo
ks of half-unit depth; that is, for i = 0; 1 orn � 1; n, the following lists (almost) all possible forms for ~fiY that satisfy one ofthe above two statements.i j i j j i j ii i i i i ij j ij j i j jj jHere, j = 0j1 or (n-1)jn. As mentioned in Remark 5.2, the right (or left) of the �rst(resp. last) two diagrams in the �rst row is the upper (resp. lower) broken half ofa whole j-blo
k.In ea
h of these 
ases, it is possible to obtain one of the following three 
on
lu-sions.(1) There is a free spa
e to the right of some blo
k or half-blo
k in some layerof the 
olumn C of Y.(2) The 
olumns C and C 0 of the proper Young wall Y 
ontain a layer in whi
hthe tops are of unit depth and of the same integer height.(3) 'i(C) � "i(C 0).The �rst of these 
on
lusions violates the assumption that we started out with aYoung wall Y. The se
ond 
on
lusion is in violation of the properness of Y. As forthe third, sin
e C is the 
olumn 
orresponding to the leftmost 0 in the i-signatureof Y we must have 'i(C) > "i(C 0). Ea
h of these 
on
lusions brings us to a
ontradi
tion, and hen
e the resulting ~fiY must have been a proper Young wall.We de�ne the maps wt : Z(�)! P , 'i; "i : Z(�)! Z by setting(5.2) wt(Y) = �� nXi=0 ki�i;'i(Y) = the number of 0's in the i-signature of Y;"i(Y) = the number of 1's in the i-signature of Y;



22 SEOK-JIN KANG� AND HYEONMI LEE��where ki is the number of i-blo
ks that have been added to Y�.Remark 5.4. We have seen that the i-signatures are always �nite. Hen
e it makessense to 
ount the number of 0's and 1's in the signature.Now it is straightforward to verify that the following theorem holds.Theorem 5.5. The set Z(�) of all level-l proper Young walls built on Y�, togetherwith the maps ~ei, ~fi, "i, 'i (i 2 I), and wt, forms a Uq(g)-
rystal.Finally, we give a new realization of arbitrary level irredu
ible highest weight
rystals in terms of redu
ed Young walls. Sin
e the irredu
ible highest weight
rystal B(�) is isomorphi
 to the 
rystal P(�) 
onsisting of �-paths, it suÆ
es toshow that there is a 
rystal isomorphism � : Y(�) ��! P(�).We de�ne the map � : Y(�) �! P(�) as follows. Given a redu
ed Young wallY = (Y(k))1k=0 in Y(�), 
onsider the 
rystal isomorphism  : B(l) ��! C(l) givenin Theorem 4.1, and de�ne �(Y) to be(5.3) �(Y) = ( �1(Y(k)))1k=0 :Conversely, to ea
h �-path p = (p(k))1k=0, by removing an appropriate number ofÆ's, one 
an easily see that there exists a unique redu
ed Young wallY = (Y(k))1k=0su
h that  (p(k)) = Y(k) for all k � 0. Hen
e � is a bije
tion.Moreover, by the same argument used in the proof of Theorem 6.2 in [9℄, we
an show that Y(�) is a sub
rystal of Z(�) and the map � 
ommutes with theKashiwara operators. Therefore we obtain our main result.Theorem 5.6. We have a Uq(g)-
rystal isomorphism(5.4) Y(�) ��! P(�) ��! B(�):In the following �gure, we illustrate the top part of the aÆne 
rystal Y(3�0) forB(1)3 . The shaded part denotes the 
hange through the a
tion of ~fi (i 2 I).
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