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Abstract

The indefinite orthogonal group G = O(p, q) has a distinguished
infinite dimensional irreducible unitary representation m for p + ¢ even
and greater than 4, which is the “smallest” in the sense that the
Gelfand—Kirillov dimension of 7 attains its (positive) minimum value
p + ¢ — 3 among the unitary dual of G. Moreover, 7 is the minimal
representation if p+ q > 6.

The Schrédinger model realizes 7 on the Hilbert space L?(C') con-
sisting of square integrable functions on a Lagrangean submanifold C
of the minimal nilpotent coadjoint orbit. Among various concrete mod-
els of 7, the Hilbert structure (e.g. inner product) of the Schrodinger
model is so simple, whereas the G-action on L?(C) has not been well-
understood except for a specific maximal parabolic subgroup.

The subject of this paper is the analysis of the Schrodinger model
of the minimal representation. We establish the “global formula” for
the Schrodinger model with an explicit description of the action of
the whole group G. For this, we describe the unitary operator m(wg)
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on L?(C) for the “conformal inversion” wq as a singular integral, and
find its kernel by means of a distribution which we call a Bessel dis-
tribution. Our results generalize the well-established case, namely, the
original Schrédinger model L2(R™) for the Weil representation of the
metaplectic group, where the “conformal inversion” gives rise to the
Fourier transform. However, a new mysterious phenomenon arises in
our case G = O(p, q), namely, the kernel distribution is not always lo-
cally integrable. In fact, this happens if and only if 7 is a non-highest
weight minimal representation, equivalently, p,q > 2 and p 4+ ¢ > 6.
We analyze the kernel distributions by using singular Radon transforms
and Mellin—Barnes type integral formulas.

Large group symmetries in the minimal representations bring us
naturally to functional equations of various special functions, which
we also emphasize in this paper. For example, we find explicit K-finite
vectors on L?(C) by means of Bessel functions for every K-type, and
give a representation theoretic proof of the inversion formula and the
Plancherel formula for Meijer’s G-transforms.
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1 Introduction and statement of main results

The subject of this paper is the analysis of the L?-model (Schrédinger
model) for the minimal representation 7 of the indefinite orthogonal group
G = O(p,q) for even p + q. Motivated by recent developments of alge-
braic representation theory, we try to shed new light on geometric analysis
including a group theoretic approach to special functions.

1.1 Minimal representation and L?-model

For a reductive Lie group a particularly interesting irreducible unitary rep-
resentation, sometimes referred to as the minimal representation, is the one
corresponding via “geometric quantization” to the minimal nilpotent coad-
joint orbit O. Minimal representations are one of the most fundamental
irreducible unitary representations in the sense that they cannot be built up
from any smaller groups by existing methods of (ordinary or cohomological)
induced representations.

One of the important algebraic properties of minimal representations is
that the Gelfand—Kirillov dimension attains its minimum at minimal repre-
sentations among all irreducible unitary representations of the same group.
Analytically, this in turn implies that there are more “symmetries” on the
representation space of the minimal representation than other irreducible
unitary representations. Then, realizing the minimal representation in the
space of certain functions, we could expect an abundant and fruitful theory
of concrete global analysis for the minimal representations. Thus, we initiate
a new line of investigation on various special functions (e.g. Bessel functions,
Appell’s hypergeometric functions, Meijer’s G-functions, etc.) arising from
the minimal representation by group theoretic approaches.

By the Schrddinger model, we mean a realization of w on the Hilbert
space L?(C) consisting of L2-functions on a Lagrangean variety C of O.
Although the variety C' is so small that the whole group G cannot act on
C, a maximal parabolic subgroup P™ax acts on C, and correspondingly we
can define naturally a unitary representation of P™2x on L?(C). We proved
in [35] that this P™aX action on L?(C) extends to an irreducible unitary
representation of G, leading us to construction of the Schrédinger model of
the minimal representation. In a series of papers [B3, B4, B5], we also found
some basic properties of this model including the infinitesimal character of
the center of the enveloping algebra U(g) and an explicit vector that belongs
to the minimal K-type in terms of the K-Bessel function. The missing
piece of [35] is an explicit formula for the action of the whole group G on



L?(C) other than the action of P™aX, In light of the Bruhat decomposition
G = pmax]] pmaxy,Pmax’ the crux of the theory is to find an explicit
formula for 7(wp). In this paper, we shall find the integro-differential kernel
for the unitary “inversion operator” m(wg) on L?(C).

1.2 Schrédinger model for the Weil representation of Mp(n, R)

Our group G = O(p, q) (p+ q even) is a reductive group of type D. In order
to clarify our motivation, we begin with the best understood minimal rep-
resentation of a reductive group of type C, that is, the (Segal-Shale—)Weil
representation w, or sometimes referred to as the oscillator representation,
of the metaplectic group G’ = Mp(n,R), the twofold cover of the real sym-
plectic group Sp(n,R). Let & denote the (unique) non-trivial element in
the kernel of the homomorphism G’ — Sp(n,R).

The Schrodinger model is originally the term concerning with a real-
ization of the Weil representation w on the Hilbert space L2?(R"™). Since
our model (7, L?(C)) of the minimal representation of G has a strong re-
semblance to (o, L2(R")) of G’, we list some important features of the
Schrodinger model of w (see e.g. [T, [25]):

C1 The representation is realized on a very explicit Hilbert space, that is,
L3(R™).

C2 The restriction of @ to the Siegel parabolic subgroup Psjeger is still
irreducible, and the restriction to Psiegel has a relatively simple form
(translations and multiplications).

C3 The infinitesimal action dw of the Lie algebra sp(n,R) is given by dif-
ferential operators of at most second order.

C4 There is a distinguished element w(, of G’ that sends Psieger to the op-
posite parabolic subgroup. The corresponding unitary operator w(wy)
on L?(R"™) is proportional to the Fourier transform F. Correspondingly
to the fact that (wf)* = & and w(&) = — id, the Fourier transform F
is of order four (F* = id).

Since G’ is generated by Psiegel and w(, (A and CHl determine the action
of G' on L%(R™) (see [A2] for an explicit formula for the action of the whole
group G’ on L*(R™)). (@ asserts in particular that the action dw is not
given by vector fields. This reflects the fact that G’ acts only on L?(R"),
not on R™.



1.3 Schrédinger model for the minimal representation of O(p, q)

Now, let us consider our representation 7. To fix notation, we set

I 0
b= ().

and define the indefinite orthogonal group G' = O(p, q) of signature (p, q) as
the following matrix group:

O(p,q) == {9 € GL(p+ ¢,R) : 'gl, 49 = I, }-

The unitary representation 7 of O(p,q) was constructed by Kostant in [36]
for p = ¢ = 4, and by Binegar and Zierau [5], Huang and Zhu [24], and
Kobayashi and Orsted [33, BS] for general p, ¢ > 2 such that p+ ¢ is an even
integer and greater than 4. Yet another realization was studied in Brylinski
and Kostant [6], and Torasso [AI]. Among various different realizations of
7, we have proved in [35] that m can be realized on the Hilbert space L?(C)
consisting of square integrable functions on the conical subvariety

Ci={C:= (Gl Gprg—2) ERPFI2\{0}: Q(O) = 0},

where

Q) =G+ 4+ 1—G— =g (1.3.1)

We remark that C' is defined in RPT4=2, and G = O(p, q) cannot act (non-
trivially) on C. (In fact, any (non-trivial) G-space is of dimension at least
greater than p+ ¢ —2 =dimC + 1.)

In our model (7, L2(C)) of the indefinite orthogonal group G, the max-
imal parabolic subgroup P™a% (see Subsection for definition) plays a
similar role of the Siegel parabolic subgroup Psiegel, and it is proved in [35]
that analogous results to the properties Clll, C2 and also hold. If we set

wo = Ip g,

then wg sends Pmax to the opposite parabolic subgroup, and G is generated
by wo and Pmax,

Our main concern of this paper is to establish an analogous result to CH
for G = O(p,q), namely, to find the unitary operator m(wq) on L?(C) for
the “conformal inversion” wq (see Subsection 4] for a geometric meaning).
We shall give an explicit kernel distribution K (¢, ') of the unitary operator

7T(’U)0).



1.4 Bessel distributions

For a locally integrable function f(¢) on R, we write

(1) >0 Cfo @=0
f“”"{o (t <0). f(t_)'_{f(!t!) (t <)

If f\(t) is a locally integrable function on R with parameter \ in a cer-
tain domain in C, and if fy(¢4) (or fa(t—)) extends meromorphically as a
distribution, we shall use the same notation fy(t+) (or fi(t-)).

In order to state our main theorem, we introduce the following tempered
distributions (which we call Bessel distributions) on R by

O () = (2) ? Jm(20/215), (1.4.1)
W (1) = (20); 2 T (20/205) i%(s(k D), (1.4.2)
e

U, (1) = (zt)?ym@ 2,) + (2t)_ 2 K, (24/2t).  (1.4.3)
Here, J,(z), Y, () and K, (z) are the (modified) Bessel functions (see Ap-
pendix [2), and §®)(¢) denotes the I-th differential of the Dirac delta func-
tion §(t). The singular part of the distribution ¥,,(¢) is given by a linear
combination of the distribution ¢t =% (k =1,2,...,m) (see Theorem BZ1).
A rigorous definition of ¥} and ¥, is given in Section by means
of the Mellin—Barnes type integral for distributions (see also Remark B.23]).
We shall also discuss in Section Bl other aspects of Bessel distributions such as
differential equations that W,,(¢) and W' (¢) satisfy (see Proposition B33).

1.5 The unitary inversion formula
Let p, q be integers satisfying the following condition:
p,q>2, p+gqiseven, and (p,q)F#(2,2). (1.5.1)

Let (¢,¢’) be the standard (positive definite) inner product of RPT4-2,
We define a generalized function K(¢,(’) (depending on p and ¢) on the
direct product manifold C x C by

K(C,¢) =Kp.4:¢.¢) = cp,qPpqe((¢, (), (1.5.2)



where the constant ¢, , and the distribution ®,, ,(t) are determined as fol-
lows:

2
cpaq = p+q—4 ) (1.5.3)

@;@ (t) if min(p, q) = 2,
2

D, (1) = U, (1) if p, ¢ > 2 are both even, (1.5.4)

2

Upig-s(t) if p,q > 2 are both odd.
2

Then, here is our main result.

Main Theorem (see Theorem BETT). Let p,q > 2 and p+ q > 6 be even.
Then the unitary operator m(wg) : L2(C) — L?(C) is given by the following
integro-differential operator:

r(wo)u(C) = /O K(¢u()du(C),  ue L¥(O). (15.5)

We list some distinguishing new features of our results on the minimal

representation (7, L?(C)) of G = O(p,q) from the known results on the
Schrédinger model (zo, L2(R™)) of the Weil representation of G’ = Mp(n,R).

P1

P2

(singular integral) We note that 7 is a non-highest weight representa-
tion iff p,q > 2. Further, it is a minimal representation in the sense
that the annihilator is the Joseph ideal iff p + ¢ > 8. Now, suppose
p,q > 2 and p+ q > 8. Then, the kernel function K({,¢’) for m(wy) is
not locally integrable, whereas, in the case of the Weil representation,
the kernel function (\/2?) 2 V=1L for w(w)) = P (the Fourier
transform) is locally integrable. In other words, the unitary inversion
operator 7(wg) is given as a singular integral. For instance, for p,q > 2
both even, the kernel function K((,(') = ¢ ¥t , 6((¢,()) involves
2

the I#th derivatives of a measure. Here, the derivatives are taken
as normal derivatives with respect to the hyperplane {(¢,{’) € C x C :

(¢,¢") =0}

(support of the kernel) The supports of the kernel function K({,¢’)
differ according to the parity of p, ¢, as one observes from ([L2A])

R, if p,q both even,

supp®, , =
PP Zpa {R if p, ¢ both odd.



In particular,
suppPp s SR and suppK(¢,¢") SO xC

if both p and ¢ are even. This is a distinguishing feature from the
known cases for highest weight representations such as the Weil repre-
sentation, where the kernel function K'({,¢’) is given by @/, ((¢,(")) if

we set @/ (t) := (g)%eﬁt. Thus,
supp®, =R and suppK'((,{') =R" x R"
for any n € N.

On the other hand, here are some similarities of 7w(wp) for our minimal
representation 7 of G = O(p,q) to w(wy) for the Weil representation of
G' = Mp(n,R).

P3 (Plancherel and reciprocal formula) Denote by S the integral transform
in (C&2A). Then the integro-differential operator S has the following
Plancherel and reciprocal formulas (see Corollaries and BT3):

1Sull 220y = Ilull 2oy for uw e L*(C),

S2=id  in L*(O).
Analogous results for the Weil representation are well-known properties
for the Fourier transform J:

HEFUHL%Rn) = HUHL2(Rn) for u € LZ(Rn)7

F'=id  in L*R").
Here, we adopt the normalization of the Fourier transform ¥ on R" as
follows:

1

Fu(f) = — / w(z)eV 10 dg, (1.5.6)
(2m)2 Jrn

where (z,§) = Y1 ;& and dx = dx - - - dz,,. Then the inverse Fourier

transform F~! is given by

1

= [ F(¢)e Vo, (1.5.7)
(27‘() 2 Jrn

F1F(2) =

Nt
In our context, in view of m(wp) = S and w(w() = e~ 1 F, the iden-

tities S2 = id and F* = id corresponds to the group laws w% =1ledd
and (w))* = & € G’, respectively. It is noteworthy that an integro-
differential operator S arises as a unitary operator on L?(C').



P4 (action of the whole group) The action of Pmax on L2(C) is of a simple
form. In light of the Bruhat decomposition G = P™max [[ pmaxy,, pmax,
we can get directly the concrete form of the action of the whole group
G once we know 7(wp) explicitly.

In the case ¢ = 2 (likewise p = 2), 7 splits into the direct sum of a highest
weight module and a lowest weight module when restricted to the identity
component SOy(p, 2) of the conformal group O(p,2) of the Minkowski space
RP~LL namely, the Euclidean space RP equipped with the flat Lorentz metric
of signature (p — 1,1). In this case our representation = has been studied
also in physics, m may be interpreted as the solution space to the mass-zero
spin-zero wave equation. m may be also regarded as the bound states of the
Hydrogen atom. For ¢ = 2, 7 extends to a holomorphic semigroup, and we
can regard w(wq) as the boundary value of a holomorphic semigroup. This
was the approach taken in [31]. The approach in this paper (the proof of
Main Theorem in the special case ¢ = 2) gives a new proof of the formula
of 7(wop).

1.6 Special functions and minimal representations

Yet another theme of this paper is special functions arising from the minimal
representation.

As we explained, the representation space of a minimal representation is
“small” relative to the original group itself. For example, in the Schrédinger
model L2(C) of G = O(p, q), we observe

dimC =p+q—3

is strictly smaller than the dimension of any manifold on which G acts
non-trivially. This suggests that we could expect a lot of relations among
functions in L?(C) reflected by the group structure of G.

We shall see that various special functions arise from the minimal rep-
resentation. For example, K-Bessel functions arise in describing K-finite
vectors in the Schrodinger model L?(C). Meijer’s G-function appear as
the “K-component” of the integral kernel of our unitary inversion operator
m(wp) as explained below. Appell’s hypergeometric functions bridge two
models of the minimal representation, namely, the Schrédinger model and
the conformal model. All together, we initiate a new line of investigation on
various special functions arising from the minimal representation by group
theoretic approaches.

10



We shall also find in Theorem ELIT] the integral kernel for m(wg) when
restricted to each component of the following decomposition:

12(C) = S°° LRy, 2rv+a-5ar) @ FO(RPL) @ 3E(RIY),

2
1,k=0

by using the polar coordinate C' ~ R, x SP~2 x 972, Here, H'(RP7!) is
the space of spherical harmonics (see Appendix). It is easy to see that the
unitary inversion operator 7(wy) stabilizes each component and acts trivially
on H'(RP~1) @ F*(R9~1). Hence 7(wp) induces the integral transform on
the function space L?(R,rPt9=2dr) of one variable, which we denote by
Tj . Then, Tj; is a unitary operator depending on p,q and degrees [,k
of spherical harmonics. 7} is nothing but the Hankel transform given by
Bessel functions if min(p, q) = 2. For general p,q > 3, the integral kernel of
T 1 is given by Meijer’s G-function. We think it is interesting that Meijer’s
G-functions arise in the representation theory of reductive Lie groups. We
note that G-functions G%g solve ordinary differential equations of order four
(see (ZEH)), that is explained from our viewpoint by the fact that the
Casimir element acts on L?(C) as a fourth order differential operator. As
a consequence of the fact that m(wy) is a unitary operator of order two, we
get the Plancherel and reciprocal formulas for the G-functions. This gives a
group theoretic proof of Fox’s theorem [12] on G-functions.

1.7 Organization of this paper

This article is organized as follows. After a quick review of the L2-realization
(a generalization of the classic Schrodinger model) of the minimal repre-
sentation of O(p,q) in Section B we find some K-finite vectors on L?(C)
explicitly by means of K-Bessel function K,(z) in Section B Section H
is devoted entirely to the integral formula of the unitary operator 7} on
L23(Ry,rPT475dr) (see Theorem EET]). In Section B, by using the integral
formula on the Gegenbauer polynomials, we prove our main theorem (see
Theorem BEIT]). In Appendix, we collect the formulas and the properties of
various special functions used in this article.

A part of the results here was announced in [32] with a sketch of proof.

The first author would like to Ms. Suenaga for indispensable help in
preparing I TEXmanuscript.

Notation: Ry :={z € R: 2 >0}, N:={0,1,2,--- }.

11



2 Review of the minimal representation of O(p, q)

In this section, we review from [33, B5] two concrete realizations of the
minimal representation of the group G = O(p,q), namely, the conformal
model (P4, VP:4) by using the Yamabe operator (22I.2) in Subsection Bl
and the L2model (7, L?(C)) (the Schrédinger model) in Subsection In
the terminology of representation theory of reductive Lie groups (e.g. [21]),
the former corresponds to the K-picture, whereas the latter corresponds to
the Fourier transform of the N-picture.

The intertwining operator T between these two models will be given in
(221)), which is summarized as the following diagram:

2C) L og(reta?)
T} i

K-picture — N-picture.
\I]*

Here, U* is the twisted pull-back for the conformal map ¥ : RPFHI—2 —
Sp=1 x §a-1,

2.1 K-picture — realization via conformal geometry

In this subsection, we give a brief review of the conformal model of the
minimal representation of the indefinite orthogonal group G = O(p,q) (p +
q : even). See [33] for details. See also [29] for an elementary exposition
from viewpoints of conformal transformation groups. In the terminology
of representation theory, this model corresponds to a subrepresentation of
the most degenerate principal series representations (with a very special
parameter). See [0, 23, B6] for this approach. The same subrepresentation
can be also captured by the theta correspondence arising from the dual pair
O(p,q) - SL(2,R) C Sp(p + ¢, R) (see [24]).

We denote by RP+? the Euclidean space RPT? equipped with the pseudo-
Riemannian structure grr.¢ of signature (p, q):

d82:dx%+--'+da:§—dy%—---—dyfl.
Then, the restriction of ds? to the submanifold

M = {(z,y) eRPT: |z| = |y| =1, x € R?, y € RI} (2.1.1)

~ §P~1 y g1

12



is non-degenerate, and defines a pseudo-Riemannian structure on M of sig-
nature (p — 1,q — 1). Here, |- | stands for the usual Euclidean norm. The
resulting pseudo-Riemannian structure gps on M is nothing but the direct
product of the standard unit sphere SP~1 (positive definite metric) and the
unit sphere S9! equipped with the negative definite metric ((—1)x the
standard metric). N

The Yamabe operator Ax on an n-dimensional Riemannian (or more
generally, pseudo-Riemannian) manifold X is defined to be

n—2
An—1)"
where A x is the Laplace-Beltrami operator, and « is the scalar curvature of
X. The second factor 4&—:21)/4 acts as a multiplication. In the case X = M,
the Yamabe operator Ay; of M takes the following form (see [35) (3,4,1)]):

B _9\2 _9\2
Ay = Agpt — Agg1 — (%) + (%) , (2.1.3)

Ax = Ax + (2.1.2)

where Agp—1 and Age—1 are the Laplace-Beltrami operators on SP—1 and
5971 respectively.

The indefinite orthogonal group G = O(p, q) acts naturally on RP? as
isometries. This action preserves the cone

E:={(z,y) e RP: |z| = Jy| # 0}
but does not preserve M. In order to let G act on M, we set a function v
on RP4 by

v:RPI SR, (x,y) — |z

If ve M(C E)and h € G, then h-v € Z, and consequently V};l'?’v)
Thus, we can define the action of G on M by
h-v
(h-v)

e M.

Ly : M — M, v (h € G).
v

Then, we have L; gy = W gy at Ty M and thus the diffeomorphism Ly, is
conformal with respect to the pseudo-Riemannian metric on M. Conversely,
any conformal diffeomorphism of M is of the form Ly, for some h € G (see
[28, Chapter IV]).

By the general theory of conformal geometry (see [33, Theorem Al), we
can construct a representation, denoted by w?4, of G on the solution space

to Ay in C°°(M):
VP9 =Ker Ay = {f € C°(M) : Ay f =0},

13



where we set

(@ () ) = vl -v)F f(Lyo), (2.14)
for h € G, v € M, and f € VP4, The following theorem was proved in [35]
in this geometric framework. There are also algebraic proofs (see Remark

).

Fact 2.1.1 (see [35, Theorem 3.6.1]). Let p,q > 2 and p+ q > 6 be even.

1) (irreducibility) (wP4,VP4) is an irreducible unitary representation of
G.

2) (unitarizability) There exists a G-invariant inner product ( , )pr on
Vra,

We write VP4 for its Hilbert completion, and use the same letter wP to
denote the resulting irreducible unitary representation.

3) (K -type formula) The K -type formula of (wwP?,VP4) is given as fol-
lows:

Z “(RP) ® HO(RY). (2.1.5)
a+ T:’
a,be
4) (Parseval-Plancherel formula) On each K -type 3H*(RP) @ H*(RY) for
(a,b) € N? such that a + E5% = b, or equivalently, a + p22 =b+ %, the
unitary inner product (-,-)ar is of the form:
(F, ) = (a4 252 1F 1, (2.1.6)

Remark 2.1.2. Our manifold M is a double cover of the generalized flag
variety G /P™3x by a mazximal parabolic subgroup P™ax (see ([230))). Then,
(P, VP) is identified with a subrepresentation of the degenerate principal
series representation induced from a certain one-dimensional representation
of P™ax_ [In this framework, Fact I was proved by Kostant [36] for
p = q = 4 and by Binegar—Zierau [f], for general p,q satisfying ([CEJ).
Huang and Zhu [Z])] identified this subrepresentation with the local theta
correspondence associated to the dual pair O(p,q) x SL(2,R) in Sp(p+q,R)
(to be more precise, its metaplectic cover) and the trivial one-dimensional
representation of SL(2,R).

Remark 2.1.3. Ifp+q > 8, then wP? becomes a minimal representation in
the sense that the annihilator of w4 in the enveloping algebra is the Joseph

ideal (see [5]).
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2.2 L*-model (the Schrédinger model)

We recall from Introduction that the quadratic form

Q) =G+ 41— —Cys (2.2.1)

is the defining polynomial of the cone C' in RPT4=2, The substitution §(Q)
of @ into the Dirac delta function § of one variable defines a distribution on
RPT4=2\ {0}, which is given as the measure on C' defined by the volume form
w|c. Here, wis an (p+¢—3) form such that dQ Aw = d{i AdCe A+ - - ANdpq—2
(see [T4), Chapter III, Section 2]).

In the polar coordinate:

Ry x SP2xS1250C, (r,w,n) — <:;;) , (2.2.2)

the distribution §(Q) is given by

(0(Q), ) = % /O ) /S . /S » @((Z;))rp*q%rdwdn (2.2.3)

for a test function p € Cy(C). Here, dw and dn denote the standard measures
on SP~2 and S972, respectively. By this formula, we see that if p + ¢ > 4
then 7PT9=%dr is locally integrable. Thus, 6(Q) gives a Schwartz distribution
on RPT4=2 of measure class if p + ¢ > 4. Obviously, we have

supp 46(Q) = C' U {0}.

We shall write du for the measure %rp+q*5drdwd77 on C, and L*(C) =
L?(C,dpu) for the Hilbert space consisting of square integrable functions on
C. Thus, for a function ¢ on C,

1 [®° _
lelzer =3 [ [, [ letromPrre ey (224)
0 Sp—2 ) §q9—2

Correspondingly to the coordinates, we have an isomorphism of Hilbert
spaces:

1 ~ ~
L*(R,, §rp+q_5d'r) ® L2(SP™) ® L*(S77%) ~ L*(C). (2.2.5)
If p+ g > 4, then u — ud(Q) defines a continuous, injective map from the

Hilbert space L?(C) into the space 8'(RPT9-2) of tempered distributions on
RP+9—2.

T:L*C) — 8 (RPT2) u— ud(Q). (2.2.6)
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See [B5l §3.4]. Following [35, (2.8.2)], we define an injective map by
U RPTI72 5 M, 2 7(2) 7 L(2),

where for z = (2/,2") e RF-L @RI we set

- 25

N2 _ 12 N2 _ .02
_|Z| |Z|’Z/’Z//71+|Z| |Z|>

Lo RPFIT2 LRI (2 ) (1 1 1

Then, VU is a conformal map such that ¥*gy; = 7(2) " 2gge-1.4-1. The image
M of W is roughly the half of M:

M+ = {u = (uo,u’,u",up+q_1) eM :uy+ Uptq—1 > 0}
We note that ¥ induces a conformal compactification of the flat space
Rp—La—1.
RP~La—1 ey (6P 5§17y ) o Zy,
where ~ Zy denotes the equivalence relation in M = SP~1 x §9=1 defined

by u ~ —u. The inverse of ¥ : RPT9=2 5 M is given by

up + up-i—q—l)_l(u/’ U”).

—1 /o
v (U(),’U, , U 7up+q—1) - ( 9

We note that W~! is the ordinary stereographic projection of the sphere
SPLif g = 1.
We write (U*)~1 = (I-1) for the twisted pull-back (in the sense of [33,
Definition 2.3]) of the conformal map ¥~!: M, — RPTI=2 that is,
(T)~1: CO(RPHI2) — O%(My)

is given by

ey -1 — (Y0 T+ Uptg—1, gt 2 v’

()P0 = (PP 2 (D), @2
where v = (v, v/, 0", vp4q-1) € M, vo,0p4q—1 € R, v/ € RP7L " € RI7L,
In the group language, this is the standard intertwining operator from the
N-picture to the K-picture.

Now, we are ready to introduce a key map which will give an intertwining
operator between the conformal model and the L2-model.

T = (\Tl*)*l oF 1o (2.2.8)
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Here, we recall from (L&) that F~! is the inverse Fourier transform on
RP+4=2 given by
1 | pta=2 —JTls
1O = ()T [ fe T ag,
™ Rp+a—2
For u € C3°(C), Tu € C*°(M,). We extend Tu to a function on M, U
(—=My) by )
(Tu)(—v) = () F (Tu)(©) (v € M,).
We recall from Fact EZT.T] that the inner product on VP4 is given by

the formula (ZZI6). Then, the main ingredient of [35, Theorem 4.9] can be
restated as:

Fact 2.2.1. T extends to a unitary operator (up to scalar) from L?(C) onto
Vpa,

Remark 2.2.2. The definition (LR8) of the Fourier transform adopted
here involves the scalar multiplication by (27r)_%. Accordingly, the normal-
ization of T is different from that of [38] by a scalar multiplication. In our
normalization, we have

1
ITull® = Sllullfay  (we LA(C)
as we shall observe in (BIIM).

Through the unitary operator T, we can transfer the unitary represen-
tation (w4, VP4) of G = O(p, ¢) to a unitary representation on the Hilbert
space L?(C) by

w(g) =T owPi(g)oT, geG. (2.2.9)

Hereafter we shall write 7 for 7#P>4 for simplicity. Then, 7 is irreducible be-
cause so is @w?? (see Subsection Z]). We note that the unitary inner product
of 7 is nothing but the L2-inner product of L?(C). Naming after the classi-
cal Schrédinger model L2(R™) for the Weil representation of the metaplectic
group (e.g. [I1]), we shall say the resulting irreducible unitary representa-
tion (m, L2(C)) is the Schrédinger model for the minimal representation of
G =0(p.q)

We have explained two models of (ww?4,VP:4) and (w, L%(C)) for the
minimal representation of G. In the realization of VP4, the K-structure is
very clear to see, while on L?(C), it is not clear a priori. If it is possible
to compute the intertwining operator T (see (ZZ8)) explicitly, then we can
transfer the information from one to the other. Along this line, we shall
explicitly find in the next Section Bl explicit K-finite vectors of L?(C) by
computing the Hankel transform of the K-Bessel functions.
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2.3 Explicit formulas for the group action on L*(C)

In this subsection, we summarize the known results on the Schrédinger
model of the minimal representation (7, L%(C)) of G.

First, we define subgroups M"®, M™% a maximal compact subgroup
K, and a compact subgroup K’ of G = O(p, q) as follows:

mo ‘= —Ipitq,
MP*:={geG:g-e0=e0, g-€pig—1=€prq—1} 2 O(p—1,¢—1),
M™M= MU mo M ~0p—1,q—1) x Zy,
K:=GnO(p+q) ~ O(p) x O(q),
K':= K n MM ~O0O(p—1)x0(q—1).

We note that the group M"®* acts on the cone C transitively, and leaves
the measure du (see Subsection 22 invariant.
Next we set

1 1<j<p-1),
€ 1=
! -1 (p<j<p+q-2).
Let Nj,N; (1 < j < p+q—2) and E be elements of the Lie algebra
g = o(p, q) given by

Nj = Ejo = Ejprq-1 = €0 — € Epig-14, (2.3.1)
Nj=Ejo+ Ejprg-1 = €¢jEoj + € Epig1, (2.3.2)
E= Eoptg-1+ Eprg-10

Then, we define abelian Lie subgroups N™&* Nmax and A by

p+q—2
RPHIZ2 o N g = (a1, ag,- -  Aptg—2) 7 Na := exp( Z a;Nj),
j=1
L pte-2
RPYI2 ~ Nmax g = (ay,a9, - ,apiq_2) — fg = exp( Z a;Nj),
j=1
(2.3.3)
A= exp(RE).
Then, we have
MPHN™ ={g € G:gleo + €prq—1) = €0 + €prg—1} (2.3.4)
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and a diffeomorphism

- pHq-1
G/MP™N™ o {(Gy, o Cpiga1) ERPFIDCF = > (2 =0} (2.3.5)
=

J=p

The Lie algebras of the above subgroups will be denoted by their corre-
sponding German lowercase letters.

We review from [35, §3.3] how G acts on L?(C). The action of the
maximal parabolic subgroup

Pmax ;— | [max A Nmax (2.3.6)

on L?(C) is described explicitly as follows:

(m(m)¥)(C) = ¥('m ) (m e M™™),  (2.3.7)
(m(mo))(¢) = (1) "= ¥(¢), (2.3.8)
(w(eP))(¢) = e (e () (t €R), (2.3.9)
(m(Ma))(C) = 2F(“1CI+ Honte2Gra2)y () (a € RPTI2). (2.3.10)

Here, we remark that the maximal parabolic subgroup Pmax of G plays
an analogous role to the Siegel parabolic subgroup Pgjegel of the metaplectic
group G' = Mp(n,R). L := M™**A is a Levi subgroup of Pmax,

It follows from (ZZII0) that the differential action of N™2x is given as

dr(N;j)=2v-1¢; (1<j<p+q-2). (2.3.11)

On the other hand, the N™®_action on L?*(C) is not simple to describe.
Reflecting the fact that the action P™a on C' does not extend to G, the
differential action of N™3 on L?(C) is given not as vector fields but as
differential operators of second order. To describe its explicit form, it is
convenient to write the differential operator in the ambient space RPT4=2 by

using the inclusion map T : L?(C) — 8 (RPT472) 4 +— ud(Q) (see (ZZH)).
Then the differential action dm(N;) (1 < j < p+ q — 2) is characterized by
the commutative diagram:

LX(O)x — §(RPHa?)

ar(N;) | | D; (2.3.12)

LX(C)x - §/(RPHa2),
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Here, D; is a differential operator on RPT9~2 given in [35, Lemma 3.2] as
follows (in the notation loc. cit., D; = dw)y ((N;) with A = er+741):

pt+q—2

ptaq 0 o, o 1 FE& ¥
D; :\/__1<_T€j8—§“j_ ( ;) Cka—gg)eja—@+§@( Z Eka—g%)>

k=1
(2.3.13)

2.4 The conformal inversion w,

In this subsection, we list some important features of the element

_ (L O
=5 )

10 (Involution) The element wq is of order two. Therefore, wy acts as an

I

12

involution for any action (in particular, any representation) of G.
(Bruhat decomposition) Retain the notation as in Subsection Then,
Ad(wp)E = —E, (2.4.1)

and therefore wg|qa = —id. We see also readily from (Z3) and (232
that

Ad(wo)N; = €;N; 1<j<p+4+q-2), (2.4.2)
and therefore
Ad(wp)n™®* = nmax, (2.4.3)
On the group level, we have the following Bruhat decomposition of G:
G = Pmaxyy, pmax [] pmax, (2.4.4)

(Jordan algebras) Let RP~14~1 ~ RP+4=2 he the semisimple Jordan al-
gebra with indefinite quadratic form Q(¢) (see (L3JJ)). This Jordan
algebra is euclidean if min(p,q) = 2, and non-euclidean if p,q > 2. The
conformal group (Kantor-Koecher-Tits group) of RP~14~1 is nothing but
the group G' = O(p, q), and the action of the element wq on RP~14~1 cor-
responds to the conformal inversion ¢ — —( ™! (see [46]). Thus, hereafter

we shall call wg the conformal inversion. The structure group
Ly := MM A (2.4.5)

acts on RP~1471 as o — e'm ™z for (m,et?) € MM x A, and on its
dual space by

¢ — e ttm, (m,etE) € MM x A.

20



13 (Restricted root system) Let g = €+ p be a Cartan decomposition and b
be a maximal abelian subalgebra of p. Since Ad(wg) acts on p as — id, wy
acts on the restricted root system X(g,b) as —id. This coincides with
the longest element in the Weyl group W (3(g,b)) except for the case
p = q is odd, where

woly = —id ¢ W(S(g,b)) = &, x (Z/22)"  (type D).

14 (center of K) wy lies in the center of K.

I5 (The action on the minimal representation) In the conformal model
(wP1,VP4) (see Section EZTI),

(@ (wo)h)(v',v") = h(v', —v")
by ZI3). In the Schrédinger model (7, L%(C)),
m(wo) = T owP(wy) o T

by [Z2Z3]). However, it is not a simple task (as far as we understand) to
find the formulas ([CZT))—([CZ3) from the definition of T.
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3 K-finite eigenvectors in L?(C)

In the conformal model (see Subsection EZII), we can find readily explicit
K-finite vectors. However, it is far from being obvious to find explicit forms
of K-finite vectors in the L?-model for the minimal representation. In this
section, generalizing the idea of [35, Theorem 5.8] that dealt with the explicit
form of the minimal K-type, we find explicit vectors in L2(C) for every K-
type, by computing the integral operator T : L?(C') = VP4 (see Fact EZ2TI).

3.1 Result of this section

Throughout this section, we assume p > ¢ > 2 and p+¢q > 6. For (I, k) € N2,
we consider the following two (non-exclusive) cases:

Case 1: B4 4+1 -k >0,

3.1.1
Case2: B4 4+1—-k<O0. ( )

The case 252 +1 — k = 0 belongs to both Cases 1 and 2. This convention
will be convenient later because all the formulas below are the same for both
Cases 1 and 2 if (I, k) satisfies =2 +1 -k = 0.

For (I,k) € N2, we define real analytic functions fi.k on Ry by

_L*?’_H
5 K@Jrk(%) Case 1,

e : = 3.1.2
Jik(r) r_pTSijK%H(QT) Case 2, ( )
Kqs ,.(2r) Casel,

— pltk qTJrk( ) (3'1'3)

K¥+l(2r) Case 2.

Here, K, () is the K-Bessel function, i.e., the modified Bessel function of the
second kind (see Appendix ) and K, (z) = (5)7VK,(z) is the normalized
K-Bessel function (see ([CLZH)).

By using the polar coordinate (ZZ2), we define a linear subspace Hy
of C*°(C) consisting of linear combinations of the following functions:

fuk(r)ow)p(n) (¢ € I RP),9 € HHRI)). (3.1.4)

We recall from Subsection that there are two key compact subgroups
for the analysis on the minimal representation L?(C):

K ~ O(p) x O(q),
K'=KnNnMPM ~0(p-1)x0(g—1).
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We note that the K’-action on L?(C) is just the pull-back of the K’-action
on C (see [Z31)), but the K-action on L?(C) is more complicated because
K cannot act on C'. Then, here is our main result of this section:

Theorem 3.1.1. For each pair (I,k) € N2, we have

1) (asymptotic behavior) Hyy C L*(C) for any I,k € N.

2) (K-type and K'-type) Hyj, ~ H(RP~1) @ H¥(RI7Y) as a K'-module.
Furthermore, Hyj, belongs to the K-type Felk)(RP) @ f}C“(l’ka%q(Rq) of
L?(C). Here, we define a non-negative integer a(l, k) by

- l Case 1
P q)—{ ase & (3.1.5)

a(l, k) == max(l,k — 5 Lm0 (gse 2
5 .

3) (eigenspace of m(wo)) m(wo) acts on Hyy by the scalar (—1)ebR+E5"
4) (intertwining operator) Fiz any ¢ € H'(RP~1) ¢ € H¥(RI™Y), and set

u(rw,m) = fie(r)¢(w)(n) € Hyy. (3.1.6)
Then T : L*(C) — VP4 has the following form on the subspace Hy
‘Tulvk = clkalpA»a(l,k) ((b)IZ—)a(l,k)-i-% (¢)7 (317)

where I - H(R™1) — HI(R™)(0 < i < j) is an O(m—1)-homomorphism
defined in Fact[7.5.1), and the constant c, is given by

(L +1-k+1)

\/_—1l+]€ 2%4_[—]4;_{_311(17_2 +l) CaSe 17

CLp = X _ 2 (3.1.8)
' NZs M52 —-1+k+1)
TV " Case 2.
9~ (5t +Hl—k)+ F(qT + k)
5) (L*-norm) For any (I,k) € N2,
(7YY Sy (3.19)
1,k L2(M) — 2a(l,k) Tp— 2 L,k L2(C) AL

By using the unitary inner product (, )as (see (ZI0)) for the conformal
model (wP?, VP:4), the formula [BIJ) can be restated as

1
(Tui g, Tug ) v = §||Ul,k;\|%z(c). (3.1.10)
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Remark 3.1.2. Theorem[Z11l (1) forl =k = 0 was proved in [34, Theorem

5.8]. Since p > q, we are dealing with Case 1 ifl =k =0 and a(0,0) = 0. In

this particular case, Theorem [ZLA(2) asserts that foo(r) = r_q%sK@(Qr)
2

belongs to the minimal K -type HO(RP) @ K=" (R?) of (m, L2(C)).

Remark 3.1.3. For ¢ = 2, H*(R9™) is non-zero only if k = 0 or 1 (see
Appendiz [T]). Thus our assumption p + q > 6 combined with ¢ = 2 and
k=0,1implies 552 +1 —k =222 — 2+ 1 —k > 0. Hence, (I,k) belongs
automatically to Case 1. In this case, fio(r) = fi1(r) = Srrle™ with the
notation here coincides with the function fi;(r) with the notation in [71,

Proposition 3.4] up to a constant multiple.

Our method is based on the technique used in [35, §5.6, §5.7]. The
key lemma is Lemma [ZXJ] which gives a formula of the Hankel transform
of the K-Bessel function with trigonometric parameters by means of the
Gegenbauer polynomial.

The subspace @ Hjx is not dense in L?(C), but is large enough (see
l,keN
Subsection BZ) that we can make use of Theorem BTl for the proof of

Theorem BTl in Section B (see also Subsection Bl for its idea).

3.2 The subspace H;

The subspace @ H;y is not dense in L*(C), but serves as a ‘skeleton’. In
1,keN
this subsection, we try to clarify its meaning.
We begin with the branching law G | K (see (ZIH)) and K | K’ (K’

denotes K" := KN MP* ~O(p—1) x O(g — 1)):

L*(0)k ~ P H(RP) @ H*H2" (RY) (3.2.1)
a=0
oo a a+%
~ P H(RP) @ HF(RITY). (3.2.2)
a=0 =0 k=0

The irreducible decomposition (B221]) shows that L?(C)x is multiplicity-free

as a K-module. Hereafter, we identify the K-module H*(RP) ® ottt (RY)
with the corresponding subspace of L2(C)g. Then we observe

S1 (K'-type) Fix a pair (I,k) € N2, In light of (EZT) and EZ2), the K'-
type H!(RP~1)@H* (R41) occurs in the K-module H(RP)@HH 2" (R?)
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S2

if and only if a > a(l, k). Further, H; is characterized as a subspace of
L?(C) satisfying the following two conditions:

W ~ HY(RP!) @ HF(R?1) as K’-modules,

W c FebR)(RP) @ HbR+5" (RY).

(K -type) Fix a € N. Then for (I,k) € N2,
e )
I,keN

is non-zero if and only if at least one of [ and k attains its maximum in
the set {(I',k') e N*: 0 <!’ <a, 0 <k’ <a+ 21} or equivalently, in
the set of the K'-types (I, k') occurring in H*(RP) @ Ht" 2" (RY) (sce
the black dots e in the figure below).

K Ry
Case 2 2
a—i—p;q'
Case 1
b—q .
2
[ ]
[ ]
0 a l

3.3 Integral formula for the intertwiner

Before proving Theorem BTl we prepare, in this subsection, the explicit
integral formula for the G-isomorphism T : L?(C') — VP4(C L*(M)) (see

Fact 2ZZ2T]).
We write v € M = SP~1 x §9=1 C RPTY a5
v = "0, ', 0", vpyq-1), V0, Uptrq—1 € R, v/ € RPTL 4" ¢ RI™L (3.3.1)
satisfying

vg + |v’|2 = |v"|2 + vf,Jrqfl =1.
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Lemma 3.3.1. Suppose that u € L?(C) is of the form

u(rw,rn) = f(r)op(w)y(n),

for ¢ € H{(RPY), o € HF(RIY), and f € LRy, rPT975dr) with regard to
the polar coordinate ([ZZ2Z2). Then, Tu is reduced to the following integral
transform of one variable: for v € M such that vo + vVpyq—1 > 0,

q—3

VUt W~ |v”|_T v’ v
S () ()

Vo + Uptg—1

2 / 2 " _
/ F(r)Jazs ( o >‘]—"‘3+k (&)ng “dr, (3.3.2)
Vo + Vptq-1 2 Vo + Vp4q—1

where J,(z) denotes the Bessel function.

Proof. As T = (U*)"L o F 1o T, we begin with the computation of (F~! o
Tu)(z) for z € RPT4=2, By the formula (ZZ3) and ZZ0) for Tu = ud(Q),

we have
2(?_ Tu)

o U
= (2" / /S o FEIBNEm)e TV EHE ) a5 dy sy
p— q—
(1+) ps g3 o S
e ()

2|

& ptq—4
IO T D s 012

(3.3.3)

Here, in (B33)), we used the following formula (see e.g. [20, Introduction,
Lemma 3.6]):

6ﬁA(n,w>¢(w)dw_( ) \/_¢( )Jll%l()\) (3.3.4)

Sm—l

Finally, by the definition (Z227) of the pull-back (¥*)~!, we get the desired
result (B32). O

3.4 K-finite vectors f;; in L*(C)

In this section, we prove basic properties of the real analytic functions f

defined in (BIZ).

Lemma 3.4.1. f;;, € L*(Ry, 3rP+775dr).
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Proof. The K-Bessel function decays exponentially at infinity. The asymp-
totic formula (see Fact [LZT] (2) in Appendix) implies

7B+l —9r
cr- 2 Te Case 1,
LET) ~ - 3.4.1
fur(r) {c r 5 ke=2 Clase 2, ( )

as r — 0o. On the other hand, since K, (r) = O(r~2") as r tends to 0 (see

C21),

l—k—q+3
fip = {O(r ) Case 1, (3.4.2)

O(r—HF=r+3)  Case 2,

as r tends to 0. In either case, fi; = O(r 2z 13) by the definition () of
Cases 1 and 2. Hence, we have f; € L*(R,, %rp+q_5dr) forp+qg>4. O

The explicit formula of the L2-norm of f1.1 is obtained by the integration
formula (ZZT3)) of K-Bessel functions as follows:

Proposition 3.4.2.

Hflyk“%ﬂ([[gjL?%Terqudr)

D=l © 2rete=4 47 4 B\T(P=2t2 1] —

(B +IPTEE e 2 k)

B 16T'(p — 14 210) 343

) T4 4 )2 4 k4 DR k- ) (3.43)
2 2 2 Case 2.

160(q — 1 + 2k)

Lemma 3.4.3.

/ P +ﬁcfl,k(7“)d7“
0

_ {ir(ﬁgu”’“*fﬂr(u Lk eVEIey  Ogse 1,

+
4
lp(etg=d 4 k+l+ﬁc)p(% + %) Case 2.

Proof. Apply the formula ([LZIT) of the Mellin transform of K-Bessel func-
tions. n

In order to compute Tu; ;, explicitly by using the integral formula (B32),
we need another lemma:
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Lemma 3.4.4. For a pair (I,k) € N2, let f be the function on C defined
in BLZ). With respect to the coordinate *(vo,v',v" vpyq—1) € M C RPTY

(see B3T)), the integral

2|0 |r > ( 2|v" |r > ptg—1
) J — |r 2 dr (3.44
/ furlr) o 3+l<vo +Uprg1) 3 AN + Uptq—1 ( )

s equal to:

Nt 4+1-k+1)
Q%Jrl—/kﬂr:s\/;r

M52 —-14+k+1) Ak S
= R DI H |2 +C§p 141 (o) Case 2

+Z‘U//’—+kc 5 2tk

p— Q_H k(vp-i-q—l) CCLS@ 1;

(vo + vp—l—q—l)‘vl‘ 2

Proof of Lemma[7.4.7) We treat Case 1 first. By the change of variables
t := 2r, the integral (B42]) amounts to

1 [v'|t ||t
—_— ”J — | J= — | K t) dt.
Q#H/O 55 3+l<vo + Vptg—1 32tk V0 + Uptq-1 2 3+k( )

Applying Lemma [L8T] with

-3
P2 +1, vi=-—7—+k, cosl:=vy, COSO:=Vpiq_1,

=" 2

we get the formula in Case 1.
The proof for Case 2 goes similarly. In this case, the integral amounts

to

1 /°° & [v'|¢ ||t
e (P (P e
9%tk Jo T+ vpag1/ T PN g1/ 2 wl)
by the change of variables ¢ := 2r. Now, we substitute p := % + k,
V= p_;;g +1, cos 0 := vp4q—1, and cos ¢ := vg into (LXTJ). O

3.5 Proof of Theorem B.1T.1]

In this subsection, we complete the proof of Theorem BTl

Proof of Theorem [l 1) By the isomorphism

L2(C) ~ [2(R., %rpﬂ_‘r’dr) BI2(SP2) B LA(ST2) (see @ZH)
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in the polar coordinate, the first statement follows immediately from Lemma

B2
4) By B33) and Lemma B2, we have

+

T (252 + Dl ['( 2 |>|v"|’w< DO L) (W) Case L
‘Tulvk(v): Y k 7
(152 + I IOEC T o)l () Case 2,

where ¢, is the constant defined in (BLH) and v = *(vg, v/, v", vpsq-1) €
SP=1 x 891 Now we use the definition (Z5.1]) that

I75(6) (wo,2') = |w|¢(,,,)02 o)

for (zg,2') € S™71, and in particular, for i = j,

/

1 @) wo.a') = (M= 4 ) o'Po (7).

See (CRA). Thus, the formula ([BI7) follows.
2) The first statement is obvious. Since II",; maps F(R™L) to HI(R™)

(see Fact [L5TI), (BT) implies
THyj, € HOR)(RP) @ HAERH5T (R,

Hence, we have proved the second statement.
3) By (I3, the unitary inversion operator w?4(wg) on VP4 is given
by
(wp’q(wo)h) (W', 0"y = h(v', =v").

On the other hand, it is easy to see h(—z) = (—=1)7h(z) for h € 37 (RY) (see
Appendix [[3 H1). Therefore, w?(wy) acts on each K-type component
H(RP) @ H*H 2" (RY) by a scalar multiple (—1)*T"2". Since T : L2(C) —

IFo o . . P—4q
VP4 intertwines 7 and wP, m(wp) acts on H;j as the scalar (—1)*""2

because Hyy belongs to the K-type H*WF)(RP) @ HER+5 (RY). Thus,
the third statement is proved.
5) We shall show the following formula:

ptgq
‘|7Ul,k||%2(sp—1xsq—1) = bipl'(k+1+ 5 2)”¢||%2(sp—1)H¢||%2(sq—1),
(3.5.1)
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where
ml(p -2+ 2005 +1 -k +1)

22p+4l1"(l + g)Q
(g —2+2k)(k -1 - 51 41)
22Q+4kr(k+ %)2

To see this, we begin with (BI1):

Case 1,
by =
Case 2.

1Tl 01y = 1PN s (O s 1Ty (O s
By (BI1) and the norm formula (Z52), the right-hand side equals

25727l (p — 2 + 1+ a(l, k)
(a(l,k) — D)!(a(l, k) + 252)
y 257972k (g — 2+ k + a(l, k) + 552)

(a(l, k) + 252 — k)\(a(l, k) + 252 4 22

Now, substituting [BIH) and (BILR) into this formula, we get (BRI by
elementary computations.

Finally, comparing (BA.J]) with Proposition B2 we obtain (BIJ) by
the Gauss duplication formula ([ZZ3]) of gamma functions. Hence, Theorem

BT is proved.

|Cl,lc|2 HﬁbH%?(spfl)

)ku?ﬂ(&rl)'

O
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4 Radial part of the inversion

The goal of this section is to find the ‘radial’ part 7} ; of the unitary inversion
operator m(wg) : L?(C) — L?(C). The main result here is Theorem BTl
4.1 Result of this section

Suppose p > g > 2 and p+ g > 6. We recall from Subsection that the
polar coordinate of the (generalized) light cone C":

Ry x P72 x 8972 ~ C, (ryw,n) — (rw,rn)

induces the isomorphism of Hilbert spaces:
1 ~ ~
L*(C) ~ L*(Ry, irp+q*5dr)®L2(SP*2)®L2(Sq*2).

Here, we employ the usual notation ® for the completion of a tensor prod-
uct space as a Hilbert space. This isomorphism respects the action of the
compact group

K =KnNMM ~O(p—1)x0(q—1).

Since the Hilbert space L?(SP~2) is decomposed into the direct Hilbert sum
of spherical harmonics (see HB in Appendix [Z):

L2(SP72) ~ ZJ{JRpl

and likewise for L2(S972), we have a decomposition of the Hilbert space
L?(C) into the discrete direct sum:

= 1
L*(C) ~ Z@ L*(Ry, 57«P+q—5dr) @ H(RP Y @ HERIY).,  (4.1.1)
1,k=0

Each summand of (LT is a K’-isotypic component.
For each (I,k) € N2, we introduce real analytic function K x(t) by

14234 l+k —q+3+l-k — 6-1—k —p+3—i+k
(1) = {4( 1) G (12| Lk, q+2+ : pq+ : p+2 k) Case 1,

4( 1)kG20(t2‘l+k fp+3 l+k —p— q+6 — k fq+3+l k) Case 2.

(4.1.2)
Here, G33(x|b1, ba, b3, bs) denotes Meijer’s G-function (see Appendix for
definition). For the definition of Cases 1 and 2 with regard to the parameter
(I,k) € N2, we recall (1), namely,

31



Case 1: 554 41—k >0,
Case 2: B4 41—k <0.

The above formulas are the same in Cases 1 and 2 if =2 +1 —k = 0. Later,
we shall give an integral expression of K;j by means of the Mellin—Barnes
type integral (see LemmaL5.2)). This expression looks more natural because
the formula is independent of Cases 1 and 2.

Theorem 4.1.1. 1) The unitary inversion operator w(wg) preserves each
summand of (I, on which w(wg) acts as a form T ® id®id. Here,
T,k is a unitary operator on L?(Ry, %7«?+q*5d7~),

2) For each I,k € N, the unitary operator Ty is given by the integral
transform against the real analytic function Ky, (see [ELZD) for definition):

(Tl kf / Kl k 7“7' ) lp+q_5d7“,. (4.1.3)

Remark 4.1.2 (Case ¢ = 2). Theorem [[-1.]] covers the case ¢ = 2. In
this case, H*(R) is non-zero only if k = 0 or 1 (see Appendiz [T for
convention). As we saw in Remark [Z13, the pair (I,k) belongs to Case 1
for any 1 € N because the inequality P524+-1—k > 0 is implied by p > 6—q = 4.

Hence, by the definition [ELD) of Kl,k;( ), we have

p—2 l l—l—l —p+4—-1 —p+3-—1

Kl,O(t) = 4(_1)l+ ( |_ 2 ) 9 ))
l+1 I —p+3—-1 —p+4-1

K —4 1+252 ~20 L .
(t) = 4D s, 5, s, P

In view of the symmetric property of the G-function:
GoA(xlb1, bz, b3, ba) = Gl ([ba, by, ba, by),

the above formulas show Kjo(t) = Kj1(t ) Applyz'ng the reductz'on formula
([CEI3) of the G-function of the form G33(z|a,a + 5,b,b+ 3), we get

Kio(t) = Ki1(t) = 4(- ) 5455 5 (4V2). (4.1.4)

Thus, the integral transform Ty, (k = 0,1) is the Hankel transform on R
(after a suitable change of variables). Therefore, Theorem [{.1.1] in the case
q = 2 gives the same result with [31, Theorem 6.1.1], but the proof here is
different from that of [31).
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Remark 4.1.3 (Comparison with the Weil representation). We record here
the corresponding result for the Schrédinger model L*(R™) of the Weil rep-
resentation w of Mp(n,R) (see also [F1, Remark 6.1.3]). We adopt the

same normalization of the Weil representation with [28]. Then, the unitary

: . / V-lnm
inversion operator w(w(,) =e 2

1) According to the O(n)-isotypic decomposition of L?(R™)
> @
L*(R") ~ Y 7 LX(Ry, ™ ldr) @ H'(R™),
=0

the unitary inversion operator w(wy) decomposes as
oo
® .
w(wp) =~ Z T/ ®1id,
=0

by a family of unitary operators T{(l € N) on L*(Ry,r"tdr).
2) The unitary operator T} is given by the Hankel transform

(T} f)(r) = /O T K F Oy,

where the kernel K| (t) is defined by

\/7_1(n471+2l) -

Kl/(t) =e tianQJnféJrQl (t).

Returning to Theorem EETTl, we remark that the group law w% =1
in G implies 7(wg)? = id, and consequently TZQk = id for every [,k € N.
Further, as 7(wy) is a unitary operator on L?(C), so is its restriction T}, on
L2(Ry, 2rPT4=5dr) for every I, k. Hence, Theorem BT gives a simple group
theoretic proof for the Plancherel and reciprocal formulas on the integral
transform involving the G-functions due to C. Fox [12]:

Corollary 4.1.4 (Plancherel formula). Let by, bo,y be half-integers such that
b1 >0,v>1, 1777 <bh < % + b1. Then the integral transform

1 [ 1
Stvbasy = fx) = / Goa((zy)7 (b1, ba, T = — b1, 1=y — ba) f (y)dy
0
is a unitary operator on L?(R.), namely,

1961 b0y fll 2@y = 1f 2@ )- (4.1.5)
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Proof. Set by := Z+T,b2 = _q+32+l_k,’y = p+g_4,x = 727,y = 1>, Then,

(1) is equivalent to the fact that 7 j is a unitary operator on L%(Ry, 2rPt9-5dr).
U

Corollary 4.1.5 (Reciprocal formula). Retain the notation and the assump-
tion as in Corollary[{.1.4} Then, the unitary operator Sy, v, ~ is of order two
in L?(Ry), that is, the following reciprocal formula holds for f € L*(R,):

o 1
s = [ G b 11—y )
0
o 1
< ([ GBUwA brbas L =y = bas L=y = b)) dy. (16)
0

Remark 4.1.6 (Fox’s reciprocal formula). The reciprocal formula for the
G-transform was found by C. Fox [1Z] for the following generality:

Gm,n (.%' ay, - - 7an71_7_a17"' 71_’)/—0%)
2n,2m bl,"',bm,l—’y_bl,"‘71_’}/_bm'

Corollary [f.1-] is a special case of Fox’s formula corresponding to the case
(m,n) = (2,0). On the other hand, it follows from Remark [[-1.4 that Corol-
lary[Z-1.9 in the special case when q = 2 yields the classic reciprocal formula
of the Hankel transform ([33, §14.3], and [31)]). Our approach gives a new
representation theoretic interpretation (and also a proof) of these formulas.

Remark 4.1.7 (Fourth order differential equation). Let Q be the Casimir
element for the Lie algebra . Since an element of the Lie algebra n™®* acts
on smooth vectors of L*(C) as a differential operator of second order (see
E&313) ), the Casimir operator dm(§) acts as a differential operator on C
of fourth order. Let us examine what information on K (t) we can obtain
from the Casimir operator dm(§2).

Since Ad(wy)Q = 2, we have the commutative relation

m(wp) o dm(Q) = dm(Q) o 7w(wp). (4.1.7)

On the other hand, Q) commutes with all the elements in €, in particular with
¥'. This implies that the differential operator dn () preserves each summand
of EIT), and the identity L) can be regarded as the identity on each
summand of (EILT). Hence, [ELT) leads us to the fact that the kernel
function K 1, (t) for m(wo) solves a certain differential equation of order four
for each (1, k). In view of the formula (ELZ) of K, this corresponds to the
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fact that Meijer’s G-function GZ3(z | by, b, bs, by) satisfies the fourth order
differential equation (see ([LEH)):

4
d
H(ma —bj)u=0.
7j=1

For q = 2, the situation is simpler because the minimal representation
w is essentially a highest weight module. In this case, the Lie algebra & =
s0(p) @ so0(q) contains the center so(q) = s0(2). Taking a suitable generator
Z in s0(2), we can show

dm(Q) = dr(Z)? + constant .

We note that the differential operator dm(Z) is of order two, and this in turn
corresponds to the fact that the kernel function K reduces to the Bessel
function (see [EIA)) solving the ordinary differential equation of order two.

The rest of this section is devoted to the proof of Theorem EETTl The
key properties of the element wy and the unitary inversion operator m(wy)
that we use in the proof are listed as follows:

1) wp commutes with K.

2) Ad(wo)FE = —F (see (ZZ1))).

3) m(wo)|n,, = +id (Theorem [ETTI (3)).

The first property (1) gives immediately the proof of Theorem EETT] (1)
(see Subsection E2).

The second property (2) implies that the kernel function K of T}y is
a function essentially of one variable 7’ (see Subsection EZI).

The non-trivial part of Theorem EETT] is to prove that this one variable
function is given by Meijer’s G-function, namely, by the formula (EEIZ). The
property (3) is crucial to this part. Our trick here is based on Fact 3Tl
which assures that (EZI3]) holds for any f once we can prove (E213)) holds for
a specific case f = fi; (a (K, K')-skeleton function). Actual computations
for this are carried out in Subsection A technical ingredient of the proof
is to show that K is a tempered distribution (see Proposition EEL.6l).

Summing up the formulas for Kj; over [,k, we shall give a proof of
an integral formula of 7m(wg) for an arbitrary L?-function on C' in the next
Section Bl (see Theorem BIT]).

4.2 Proof of Theorem ET.T] (1)

As we have explained at the beginning of Subsection EZTl the decomposition
@I) of L?(C) corresponds to the branching laws of the restriction of the
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unitary representation (7, L?(C)) from G to K’ ~ O(p—1)xO(g—1). Thanks
to the group law wom = mwy, the relation 7 (wp)om(m) = w(m)om(wp) holds
for all m € K’. Therefore, the unitary inversion operator m(wg) preserves
each summand of the decomposition (EIT]).

We now observe that the group K’ acts irreducibly on J/(RP~1) ®
F*(R9~1) (see Appendix [H HE). Therefore, it follows from Schur’s lemma

that 7(wp) acts on each summand:
1
LY(R,, irpﬂ*f’dr) ® HY(RPY) @ HF(RIY)

as the form 7 ;, ®id ® id for some operator 77 ;, on L*(Ry, %rp+q_5dr). Such
an operator 7;; must be unitary because 7(wg) is unitary. Now Theorem
T (1) has been proved. O

4.3 Preliminary results on multiplier operators

We recall the classic theory of multipliers on R, followed by an observation
that the multiplier is determined by the action on an (appropriate) single
function.

We write [(t) (t € R) for the translation operator on L2(R), namely,

(I(t)F)(z) := F(x —t)  for F € L*(R). (4.3.1)
An operator B on L?(R) is called translation invariant if
Bol(t)=I(t)oB  for any t € R.

We write S(R) for the space of rapidly decreasing C'*°-functions on R
(the Schwartz space endowed with the Fréchet topology), and 8'(R) for its
dual space consisting of tempered distributions. Then, the Fourier transform
F:8(R) — 8(R), g — = Jp 9(z)eV~1%8dx (see (CEH)) extends to §'(R)
by

(U,g) = (U,TFg)  for U € 8'(R), g € S(R). (4.3.2)

If U is a tempered distribution and f € §(R), then it is easy to see that

IO f) =Ux () f)
for any ¢t € R. Furthermore,

U * fllz@y = 15U * Nz = V2| (FU)EF) 2 wy-
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Therefore, if FU is a bounded measurable function, then f — U x f ex-
tends to a bounded operator on L?(R) and its operator norm is given by
V21| FU|| ro®)- Conversely, it is well-known that the following theorem
also holds:

Fact 4.3.1. Let B be a bounded, translation invariant operator on L?(R).
Then we have

1) There exists a unique tempered distribution U whose Fourier trans-
form FU is a bounded measurable function such that Bf = U * f for any
f € L*(R).

2) If, moreover, Bfy = f1 for some function fo € S(R) such that

Ffo(€) #0 for any £ € R, then U = \/%—ﬂfr"*l(g—ﬁ).

Proof. 1) See Stein—Weiss [48, Chapter I, Theorem 3.18], for example.
2) It follows from B fy = f1 that F(U * fo) = F f1, and therefore we have

V2r(FU)(Ffo) = Ff1.
Hence, the bounded measurable function FU is determined by the for-

mula
1 Jfi(§)

FU(E) = — .
© V2r Ffo(§)
O
Next, we introduce two linear maps o4 and o_ by
O+ : L2(R+’ %Tp+q_5d’r) - L2(R)v f(’r) = %ep_kg_zle(ez)’ (4 3 3)
o ARy, 3rPH0dr) — IA(R), f(r) > dse T a

Then, both o4 and o_ are unitary operators. Further, clearly we have

(0 f)(@) = (o4 f)(—x). (4.3.4)
The inverse map o' is given by

ptg—4

(0" F)(r)=V2r— 2 F(—logr) for F € L*(R).

We define a subspace § of L?(R, 2rPT4=5dr) by
$ =0~ (S(R)) = 07 (S(R)), (4.3.5)

and endow § with the topology induced from that of the Schwartz space
8(R). Now let 8’ be the dual space of 8.
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The unitarity of o_ implies the following identity for u € L?(R,, %errq —Sdr)
and F € L*(R):

(0-u, F)r2m) = /R(Ju)(a:)F(x)d:c

_ -1
= (u,0Z F>L2(R+,%rl’+q*5dr)'

Then o_ extends naturally to an isomorphism from the dual space 8’
onto 8'(R) by the formula

(o_u,F) := (u,0"'F), for F € §(R), u € §'. (4.3.6)

Recall from ([BIZ) that we have defined a family of real analytic func-
tions fi on Ry parametrized by (I,k) € N%. As we saw in Lemma BZ1]
fik € L2(R+, %Tp+q_5d7“).

For a continuous operator A on L%(R., 2rPT775dr), we define a contin-
uous operator A on L(R) by

A=0_o0Ao 0;1. (4.3.7)
Thus, the following diagram commutes:
L*(R,, %rp+q*5dr) 4, L*(R,, %rp+q*5dr)
ot o_ | (4.3.8)
L2(R) A, L2(R).

Since o4 are unitary operators, A is unitary if and only if A is unitary.
For k € 8, we define an operator A, by

Ay :8 =8, f(r)— = /OOO w(rr!) f(r")r'PTa5dy (4.3.9)

It follows from the definition (E33)) of o4 and o_ that

(oc_kxoyf)(z) = %e_%q%/ T (e eY) fe¥)dy.

Then, by a change of variables, we have
1
Anf = ﬁail(a_n*a+f) for f € 8. (4.3.10)

The following lemma characterizes operators of the form A:
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Lemma 4.3.2. Let {p(t) : t € R} be a one parameter family of unitary
operators on L*(R, %errq*E’dr) defined by

_ptg—4
5—1

(p)f)(r) :=e fle tr). (4.3.11)

Suppose that a unitary operator T on L*(R,, %’I“p+q_5d7“) satisfies the fol-
lowing (anti-)commutative relation:

Top(t)=p(=t)oT foranyteR. (4.3.12)
Then, there exists a unique distribution k € 8’ such that T = A,.

Proof. For a general operator A on L?(R,, %errq*E’dr), we shall use the
symbol A to denote o_ 0 Ao o' as in ([@37). Then we have

Top(t):U_o(Top(t))oajrl:To(a_,_op(t)oajr

1
)’
p(—=t)oT =0o_o(p(—t)oT)o 0;1 = (o_op(—t)oo N oT.

On the other hand, by a simple computation, we have the following identi-
ties:

oy op(t)o 0;1 =o_op(—t)oot =I(t).
Here, [(t) denotes the translation operator (EE3J]). Hence, the relation

(E3TD) is equivalent to
Tol(t)=1(t)oT foranytecR,

that is, T is a translation invariant bounded operator on L2(R). Therefore,
the operator T must be a convolution operator Ux for some tempered distri-
bution U € 8'(R) such that its Fourier transform FU is a bounded function
(see Fact B3I (1)).

Finally, by setting & := v/20~'U, we have for any f € L%(R,, %rp+q—5d7“),

szailofomrf

%Uzl(a_m xoi f)
= Anf

by [E3I0). Therefore, T = Ay. O
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4.4 Reduction to Fourier analysis

The classic theory of multipliers on R helps us to get some useful information
about T} ;. The main result of this subsection is Proposition EZZZL
We begin with a refinement of Lemma BZ.T]

Lemma 4.4.1. f; . belongs to 8. In particular, fi;, € LQ(R+ rPTa=5qr).

Proof. By the definition of 8 (see (E31)), it is sufficient to show o_f; ) €
8(R). The proof is divided into two steps.

Step 1: For any m € N, 2™ (o_ f11)(x) is rapidly decreasing.

By the definition (BZI2) of f;, we have

1 [?;3 2¢”*) Case 1,
(0_fra)(@) = —=e (FhtEgt =2 )75 +k(27) (4.4.1)
’ V2 Kps,(2¢7%) Case 2.
2
Therefore, by the asymptotic behavior of K-Bessel functions (see Fact [LZT]
(1), (2), respectively), we see

e I‘(% + k)ef(%ﬂfk)x Case 1,
(O-fin®) ~5 7 { DS 4 B0 Casen, 00
(4.4.2)
1 (e~ (B +Doe—e™  Case 1,
(o—fir)(x) Nﬁ {e(qggﬂg)%%% Case 2, as r — —o0. (4.4.3)

Thus, Step 1 is proved.

Step 2: For any n € N, d:v”( o_fir(x)) is rapidly decreasing.

We use induction on n. We already know from Step 1 that the statement
is true for any [,k € N in the case n = 0. Now assume that the statement is
true for n. Then the statement for n + 1 immediately follows from the next
claim. Now Step 2 has been proved, and so has Lemma EZT] O

Claim 4.4.2. For any [,k € N, we have the following recurrence formula:

d +q—4
E(U—fz,k) = —(% + 1+ k)o- fie+20- fii1 ks (4.4.4)

Proof. The formula (EZT]) says

(o fir)(@) = %emfg@em),
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where ,
p+q—4 o= +k Case 1,
a=——+—+I1+k, v=
2 {pTB—i-l Case 2.

By ([ZZT), we have

d

- (—ae~ K, (2e7%) 4+ 2¢~ DT [ (2e77))

(o fir)(z) =

= —a(o_fir) (@) + 2(0— fiy1,641)(@).

Sl

Here, we have used the observation that (k,1) belongs to Case 1 (i.e. 5% +
Il —k >0, see BI) if and only if (k + 1,1 + 1) belongs to Case 1, and
likewise for Case 2. Therefore, we have proved Claim O

Observation 4.4.3. We shall prove in Proposition [[.0.9 that K € §,
namely, o_K;, € 8'(R). Unlike the proof for fi € 8 in Lemma [[71], this
is not obvious from the asymptotic behavior of K, (see Remark[[.0.1]). In

fact, it follows from (BRI that

e/ 4 «  29—3
lim sup efﬁ‘x‘(o,KLk)(x) = limsup e “1#I=% ( cos(4e” 2 — a w))

Tr——00 T——00 2T 4

if e < i. Thus, the asymptotic behavior of K}, is worse than that of poly-
nomials as x tends to —oo. Instead, our proof for K € 8" uses an explicit
computation of the Fourier integral (see Proposition [.5.0). We note that
(0_Kik)(z) decays exponentially as x tends to +oo.

Proposition 4.4.4. Let T;} be the unitary operator defined in Theorem
17 (1). Then, there exists uniquely a distribution k) € 8' such that

1

(Tpf)(r) = 3 /000 w g (rr) f ()PP 5 ! (4.4.5)

Namely, Ty = Ay, , with the notation as in ([E3J).

Proof of Proposition f.4.4. We recall from (Z33) that the unitary operator
7(e'®) on L?(C) can be written by means of the unitary operator p(t) (see
[E3ZID) on L2(Ry, 3rPH975dr) as follows:

w () (f(r)g(w)(n) = (p(t)f)(r)d(w)e(n),
where f € L2(Ry, 5rP+473dr), ¢ € H{(RP™L), and ¢ € HF(RT1).
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Applying m(wp) to the both sides, together with the definition of 17
(see Theorem EETTI (1)), we obtain

m(wo) o m(e®)(f(r)¢(w)ih(n)) = (Tiep(t)f)(r)d(w)(n).

Similarly, applying m(wg) followed by m(e™*¥)

(™) o m(wo) (f(r)e(w)(n)) = (p(—t) i) (r)d(w)e(n).
On the other hand, it follows from Ad(wo)E = —F (see (ZZ1])) that

, we get

tE —tE

wpe =€ wo,
and then we have
m(wo) o w(etf) = w(e ™) o w(wp).
Therefore,
Tig o p(t) = p(=t) o Ti .
Now, Proposition EEZ4 follows from Lemma O

4.5 Kernel function K

As a preparation for the proof of Theorem ETT] (2), we summarize some
properties of the real analytic function K (t) defined in (EEIZ). The main
result of this subsection is Proposition

Lemma 4.5.1 (Asymptotic behavior). K ;(t) has the following asymptotics
as t tends to 0 or oo:
1) Ast tends to 0,

—q+3+1—k
Kiult) = {ggf:;%; el )
K x(t) = O(t)) (¢=2).
2) There are some constants Py,--- ,Q1,--- such that
Ki(t) = \/iz_w —HE cos (482 — 2q4_ 37r)(1 + Pt Pt )
T sin (442 — 24 — 37r)(Q1t—% L Qot 34, (45.1)

as t tends to +oo.



Proof. Directly obtained from the asymptotic formula of Meijer’s G-function
G¥(x | by, by, 1 —y — by, 1 —~ — by) given in Lemma [[HA m

Next, we give an integral expression of Kj;(t) (¢ > 0) following the
definition (ETZ).

The integral path L will be taken independently of [,k € N. We note
that the integral formulas (ERZ) and ([ER3)) are valid both in Cases 1 and
2 (see also Remark EER3)).

Lemma 4.5.2. Fiz a real number v > —p+g_5, and let L be a contour that
starts at v — v/ —1loo and ends at v + v/ —1oo and passes the real azxis at a
point s satisfying so < —p++76 (see Figure[f-01). (Later, we shall assume

also that —p+‘2174 < sg in Section[d.) Then, we have

~1 1+24 (k=T —q+3+l—k—s
Kix(t) = Cu ( : l)k( 2 — k) t°ds (4.5.2)
’ -1 Jr I‘(pJF‘I* ;Jr +S)F(pf +27 +s)
It+k— —p+3—I+k—
_ED TN 7).y, (45.3)
= 1 I F(p+q74<2kl+k+8)F(q71,;+k+s) . ..
s-plane
3 v+ v—1oo
L
% %
Cprgss T %Y pags 0
2 2
y — v/ —1oo
Figure 4.5.1
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Proof. The equality (ER2) = EDR3) is an immediate consequence of the
following formula:

—q+3+l—k—s q—1-Il+k+s
Iy ) I 5 ):(—1)%“—’2 (4.5.4)

—1+l—k " —p3—ltk—
F(p 1+2 +3) F( p+32+ 3)

which is derived from .

M-z =

sinmz’

Let us show (L) in Case 1, and ([EL3) in Case 2 (see (BI)) for the

definition of Cases 1 and 2). First, we note that the poles of the numerators
in the integrands (E52) and [ER3]) with respect to s are given by

Wiy ={l+k+2a,—q+3+1—k+2a:acN},
Wy ={l+k+2a,-p+3—1+k+2a:acN}

respectively. Then,

in Case 1 (i.e. 1%+l—k20),

—6
inf Wy > —p++

inf Wy > _p—|—+—6

in Case 2 (i.e. ]% +1—-£k<0).
Therefore, in either case, the contour L leaves all these sets W7 and W5 on

the right because our L passes the real axis at some point sg < —I#.
By the definition of Meijer’s G-function (see ([LG.2) in Appendix, see

also Example [[E3), we get L) in Case 1 and A3 in Case 2 by the
change of variables s := 2\. Hence, Lemma is proved. U

Remark 4.5.3. We shall use the expression ([ERZ) in Case 1 and EL3)
in Case 2 later. The point here is that there is no cancellation of the poles
of the numerator and the denominator of the integrand. For example, the
poles of the denominator of the integrand (ELZ) are given by

Vi={-p—q+4—1—k—2b,—p+1—1+k—2b:beN}

Then,
sup Vi <inf W7  in Case 1,

and therefore Vi "Wy = ). Likewise, there is no cancellation of the poles of
the numerator and the poles of the denominator of the integrand (EER3) in
Case 2.
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As K is a real analytic function on Ry, so is (0_Kj)(z) on R (see
(E33) for the definition of o_), which in turn is a distribution on R. More
strongly, we shall see in Proposition that (0_Kjx)(z) is a tempered
distribution.

For this, we define a meromorphic function ¢(¢) on C by

+q—4 | l+k—v/—1 - I—k+1—v/—1
¢(C> — (_1)l+%r(p Z + 2 C)F(I% + 2 C) (4 5 5)
’ +g—4 | I+ktyv—1 - I—k4+14+v/—=1 e
T(BH= 4+ G (Bt + )
[(Pte=t | Wk=vVoIC\p(_p—gq 4 —ltktl-V=IC
— (_ k ( 4 2 ) ( 4 2 ) (4.5.6)

F(p+g‘4 + l+k+2\/—_1C)F(_% + —l+k+12+\/—_1¢)

We shall use [ELH) in Case 1, and ([EHE) in Case 2. The proof of the
equality (ELR0) = (L) is the same as the proof of the equality ([EER2) =
(@53).

Here, we remark that the letter { denoted a point on C' in the previous
sections, but by a little abuse of notation, ¢ in this subsection stands for a
complex number.

Lemma 4.5.4. 1) [¢(¢)| =1 for ¢ € R. In particular, the inverse Fourier
transform F~14 is defined to be a tempered distribution.

2) ¥(C) is a meromorphic function on C, and the set of its poles is
contained in

{=vV=-1m:m=1,2,3,...}.
3) Form <n <,

s — V=Tl ~ |5

as & — oc. (4.5.7)

Proof. 1) Since I'(Z) = I'(z) for z € C, we have [¢)(¢)] = 1. Therefore
Y € §/(R) and thus F~ 14 € §'(R).

2) The proof is straightforward from the definitions (EERH) and (50
in each case.

3) We recall Stirling’s asymptotic expansion of the gamma function (see
[M, Corollary 1.4.4] for example):

ID(a+ v=1b)| = Var|pl*—te 5 (1 + O(|b] 1)) (4.5.8)

when a1 < a < ag and |b| — oo. Then, for « € R and z = = + /-1y
(1 <y < y2),

M_—\/__l'z) _x2 1‘71 as lz] — oo
\p(wmz) = [2]¥(1+ O(2] ") s Ja] — oo, (4.5.9)
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where the constant implied by O depends only on «, y; and yo. Now,

applying @RI to z = (& — v/—1n) twice, we get [ERD). O

By the change of variable s = +/—1( — p++74, the integral formula of
K1, (Lemma EC52) can be restated as follows:

Lemma 4.5.5. Let v > —p++75 and L' be an integral path starting from
—(v+ %)\/—1 — o0 and ending at —(y + %)\/—1 + 0o passing the
imaginary axis at some point in the open interval (—@, —+v/—1) (see Figure

[£253). Then, we have

Kik(t) = % y (O TET Y (4.5.10)

or equivalently (see ([BE33) for the definition of o_),

1
(o-Kin)@) = 7= | (Q)e™Y 1. (4.5.11)
(-plane
s=+—1( — p—+gf4
¢ =—V—I(s+ )
0
_v=1 |
2
(7+p+q 4)\/_Nﬂ+P+g 4)\/_1+OO
LI
s
Figure 4.5.2
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With these preparations, we recall from Subsection that 8’ is the
dual space of § = ¢~1(8(R)) via the following diagram:

8 = §'(R)

@) @)
o_: LRy, &rPTa=5dr) = L%(R)

@) @)

8 = 8(R).

The following is the main result of this subsection:
Proposition 4.5.6. 1) K belongs to 8'. That is, o_K;, € 8'(R).

2) The Fourier transform F(oc_K;)(C) of o_Kj is equal to ﬁ@[)({)
(see ERD) for definition). In particular, |F(o_K;1)(C)| = % for ¢ e R.
Proof. Tt follows from Lemma 54 (1) that ¢ is a tempered distribution,
and therefore, its inverse Fourier transform F~'¢ € §'(R). We also know
that o_ K, € C*°(R) by definition. Let D’(R) be the space of distributions,
namely, the dual space of C§°(R). In light of the inclusion

§'(R) ¢ D'(R) D C™(R),
all the statements of Proposition will be proved if we show

Vro K, =3 ' in D'(R), (4.5.12)
that is,
Vi [ k@i = [ e @i (@1

holds for any test function ¢ € C§°(R). In fact, E2IZ) will imply that
o_Ki; € 8(R) and /7F(0_Kj ) =1 as a tempered distribution.

The main machinery of the proof for (ELI3]) is Lemma By
[EERTT), the left-hand side of (EERT3]) amounts to

(s
- = | w0 < / Z ¢(w>eﬂf<d:c> ¢
= [ W@

- / T HOTHDde

= right-hand side of (EERT3]).
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In what follows, we give detailed comments on the above equalities:
First equality is by Fubini’s theorem. To see this, take a > 0 such that
Supp ¢ C [—a,a]. Then,
[G@)e™ "] < [[@lloce™

for ( =& —+/—1n with n > 0. Here, ||¢||cc denotes the L>° norm.
Since v > —p+‘2175, we may assume ( = £ — \/—1n € L’ satisfies

m<n<n

for some constants 7; and 7o such that 71 > 3 if |¢] is sufficiently large.

Then, there exists a constant C' > 0 such that [¢(¢)| < C|¢]727 as [¢] — oo,
by Lemma B2 (3). Thus, if |¢] is sufficiently large, we have

[W(C)p(x)e V71| < Ol oolé]72m.

Hence, ¥(¢)p(x)e V=€ is absolutely integrable on L’ x [—a, a] (and there-
fore, on L' X (—00,00)). Thus, we can apply Fubini’s theorem.

Second equality follows immediately from the definition ([CAH]) of the
Fourier transform.

Third equality follows from Cauchy’s integral formula. To see this,
we observe that ¥(¢)(F¢)(¢) is holomorphic in the domain between the
two integral paths (—oo,00) and L’ since its poles lie only on {—+/—1m :
m=1,2,---} (see Lemma E5.4)(2)). Thus, it is sufficient to show

o

\51\imoo (€ = V=1n)(FP)(§ + v—1n)|dn =0 (4.5.14)
—o0.Jo
for a fixed ny (> v + %) (see Figure EER2). We suppose as before the
support of ¢ € C§°(R) is given by Supp¢ C [—a,a]. Then, by the Paley—
Wiener theorem, there exists a constant C' such that |Fo(§ 4+ /—1n)| <
Ce.

Now combining this with Lemma R4 (3), we get

[W(Q)TFH(Q)] < C'JE|7 as [¢] — oo

for ¢ = ¢ — \/=1n and bounded 7. Hence, ([L5I4) is proved. Thus, by
Cauchy’s integral formula, we get the third equality.

Last equality is by the definition of the Fourier transform for tempered
distributions:

(f.9)=(F £, 579 fedR), gesR).

Hence, we have proved (EEIZ). Now, the proof of Proposition LR is
completed. O
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4.6 Proof of Theorem ETT] (2)

In this subsection, we complete the proof of Theorem EETT] (2). For this, it
is sufficient to show the following proposition:

Proposition 4.6.1. r;; = K.

Here, we recall that the kernel distribution x; of T} is given in Propo-
sition EEZ4] and that K, is defined in ([EI2).

Proof. The proof makes use of the following:

Lemma 4.6.2. Let k1,k9 € 8. If there exists ¢ € § such that

F(o4+9)(C) #0  for any C € R,
Ap, ¢ = A, @,

then k1 = ko. Here, we recall from [E3Z3) for the definition of A.

Proof of Lemma[.0-3 The identity ([EG.Z) implies

O_K1 %040 =0_Ko %010
by the formula ([E3I0) of A,. Therefore, we have an identity

Flo—r1)(C) - Fo19)(¢) = Flo—r2)(C) - Flo+9) (<)

in 8'(R) by taking their Fourier transforms.

On the other hand, it follows from the assumption that o4 ¢ € S(R) and
its Fourier transform F(o4¢) does not vanish on R, we can divide the above
identity by F(o1+¢)(¢), and obtain an identity in 8'(R):

F(o-r1)(¢) = F(o-k2)(().

Hence, 0_k1 = 0_k9, and in turn, K1 = Ks. O

We want to apply Lemma BLG2 with k1 := ki k, ko = Kk, ¢ = fi1 (see
(BI2) for the definition). The conditions in the lemma will be verified by
the following steps.

Step 1. wyi, K € §’. These statements have been already proved in
Propositions EE4.4] and

Step 2. f;, € 8. This has been proved in Lemma AT

Step 3. F(o4fix)(C) has no zero points on R. This statement will
follow readily from Claim We note that we have assumed p > ¢ > 2
and p+q > 6.
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Claim 4.6.3. We recall from ([BIII) the definitions of Cases 1 and 2. Then,
1 +q—4 I+k++v-1
r (p 9-4 vV—I¢ )
8/ 4 2
F(—T + M) 0(156 2.

Flowfir) () =

(4.6.3)

Proof. By the definition (B2) of f;; and the definition [E33) of o, we
have

CE
(04 fip)(z) = LR Ko 3+k(2 ) Case L

V2 Kp_;sH(Qe“) Case 2.

In Case 1, we have

1 > X9 _9)g 7 z —1z
Forfin) Q) = Z=—5 PR s (267)eY e

1 0 l+l€+p+q —3+
:ﬁ/o rl VEIOK, sy, (2r)dr.

Applying the formula (CZZIT) of the Mellin transform for the K-Bessel
function, we obtain the right-hand side of (EG3]). Likewise, in Case 2,

F(oy frr)(C) is equal to

1 p(Hh+ 51 —2)e [ V-1
Ky ,(2e%)e .
V212 R

Switching the role of (p,[) and (g, k), we see (EE6.3]) holds also in Case 2. O

Step 4. A"@l,kflvk = AKl,kflJf'
To see this, we shall prove the following explicit formulas: Recall from

(BI3) the notation a(l, k).
Claim 4.6.4. We have
1) Aw,fre = (=1)200) 5= f
2) Ag, fre = (—1)200) =
Proof of Claim .04} As we shall see below, the proof of (1) is algebraic by

using the fact that mw(wp) acts on each K-type as £id. On the other hand,
the proof of (2) is based on an explicit integral computation.
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1) The function f; ; belongs to the K'-invariant subspace Hj . (see (BI4))),
and therefore, by Theorem BTl (3), we have
m(wo)(frdt) = (=1)* R £y
for ¢ € H'(RP~!) and ¢ € H¥(R?!). In light of the definition of T} (see
Theorem EETT] (1)), this implies
T fip = (=157 fy

By the definition of Ay, , (see Proposition EEZ4)), the first statement follows.

2) We consider Case 1, namely, the case 254 41—k > 0. By the integral
expression of Kj (see Lemma 20 and the definition (BEZH) of Ak, , ), we
have

(Ak,, fir)(r) = 217r /OO( L/w(g)(rr’)—”%_“h/—_l(dg) ()P a=5 !

= L [ ([Tt e o
L 0

2
_ (—U”pf/ F<p+q—4+l+k:—¢—_1c>

8w 4 2
xF(p_q+ Loktl- '_K)r*W*ﬁCdg
4 2
_(—1)””?/ I+k—s\ /—q+3+1—k—s\ ,
= r( : )r( 5 )r ds (4.6.4)
_2( DG ( 2’ 2 )

= ()T Ky (21)

= (1) R f ().
Second equality. We recall the upper estimate of |¢(()| given in

Lemma EE5A (3) and the asymptotic behavior of fx(r’) (see (BZI) and
BZ2)). Then, in light of

()™ E YT ()] < QI fua(r)] for ¢ = € — /=T,

the second equality follows from Fubini’s theorem.
Third equality is by Lemma
Fourth equality is from the change of the variable as before: s =

\/___C p+q

,p+q 6

o1



Fifth equality. The poles of the integrand in (6.4l are of the form
l+k+2a(aeN)or —q+3+1—k+2a (a €N). These lie on the right of
the contour L because of the assumption %52 +1—k > 0. Hence, the second
equality holds by the definition of the G-function.

Sixth equality follows from the reduction formula of the G-function
(see (LETIZ)).

Seventh equality is by the definition (BI2) of f;, and the definition
BI3) of a(l, k).

Case 2 can be treated in the same manner. In this case, the integral

l+k—s ., —p+3—-1l+k—s
[
L

)réds

arises instead of (EGE). But again, by the assumption ’52 +1 -k < 0,
this defines the G-function which reduces to f;; by the same reduction

formula. O

Step 5. Rk = Kng.
Steps 3 and 4 imply k; , = K1, by LemmaBZ62 Thus, Proposition EZ50
is proved. O

Now the proof of Theorem EETT] finishes.
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5 Main theorem

This section gives a proof of the main result of this paper, namely, Theorem
BT where we find an explicit integral kernel for the unitary inversion op-
erator 7(wp) on the Schrédinger model L2(C') of the minimal representation.

5.1 Result of this section
Let C be the conical variety {¢ € RPT9=2\ {0} : Q(¢) = 0} where Q(¢) =

G+ + Cg_l -G - - C5+q_2. We recall from Introduction that the
generalized function K (¢, (') on C x C' is defined by the following formula:
K(¢,¢)=K(p,¢:¢,¢) = cpq®pq({C,C)), (5.1.1)

where (-,-) stands for the standard (positive definite) inner product on

(p=1)(p+2) +q—4 . ..
RPFI=2 ¢ =2(-1) EER S (see (CR3)), and P, 4 is the distribu-
tion of one variable introduced in ([Ch) as Bessel distributions.

Now the main result of this paper is stated as follows:

Theorem 5.1.1 (Integral formula for the unitary inversion operator).
Let (m,L?(C)) be the Schrédinger model of the minimal representation of

L 0 . Then the
0 -1,

unitary operator ww(wg) : L*(C) — L*(C) is given by the following integro-
differential operator:

G = O(p,q) forp,q > 2 and p+q > 6 even, and wy = (

r(uwo)u(C) = /O K Ou()u(),  ue L3(O). (5.1.2)

The right-hand side of (EEI2)) involves a singular integral. It factors through
the Radon transform (see Subsection B2), and we shall see that the right-
hand side of (T2 is well-defined for any compactly supported smooth
function u on C, and extends as a unitary operator on L2(C).

As for the Bessel distribution ®, ,, we shall give a Mellin-Barnes type
integral formula for ®,, in Subsection B2, and the differential equation
satisfied by ®, , in Subsection

Since the action of the maximal parabolic subgroup P™* on L?(C) is of
a simple form (see (Z37)-(Z310)), Theorem BTl gives an explicit action
of the whole group G on L?(C) because G = Pmax | [ Pmaxq, Pmax,

Theorem BTl immediately yields two corollaries about the Plancherel
formula and the reciprocal formula of our integral transform.
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Corollary 5.1.2 (Plancherel formula). Let S : L2(C) — L?(C) be an inte-
gral transform whose kernel function is given by K((, (') (see (BLI)). Then
S is unitary:

[Sull 2y = llullz2(c)

Since the group law w3 = 1 in O(p, q) implies 7(wq)? = id on L?(C), we
immediately obtain the following corollary to Theorem B.ITl which can also
be viewed as giving the inversion formula S~! = S.

Corollary 5.1.3 (Reciprocal formula). Retain the notation as in Corollary
[ETA. The unitary operator S is of order two in L*(C). Namely, we have
the following reciprocal formula for u € L*(C):

= [ K@ ([ K@ Ou@ne) dne),

Remark 5.1.4 (Comparison with the Schrodinger model of the Weil rep-
resentation). In the case of the Schrédinger model of the Segal-Shale—Weil
representation w of the metaplectic group Mp(n,R), the corresponding ‘in-

version’ element wjy acts on L*(R™) as e@ JF, where J denotes the Fourier
transform. We note that (wf))4 gives the unique non-trivial element &y in the
kernel of the metaplectic covering Mp(n,R) — Sp(n,R), and w(&y) = —id.
This fact reflects the identity F* = id on L?(R™). Thus, the above two corol-
laries can be interpreted as the counterparts to the Plancherel formula and
the equality F* = id of the Fourier transform F on R".

Remark 5.1.5. In [71, Corollary 6.3.1], we gave a different proof of the
same Plancherel and reciprocal formulas in the case ¢ = 2 based on analytic
continuation of holomorphic semigroup of operators.

This section is organized as follows. In Subsection B2 we analyze the
integral transform (BI2) by means of the (singular) Radon transform. In
particular, we prove that the integral transform (BI2) is well-defined in the
sense of distributions for v € C§°(C). The key ingredient of the proof of
Theorem BTl is the restriction from G to K’ = K N M (see Subsection
23) and is to show the (I, k)-th spectrum of the unitary inversion operator
m(wp) coincides with the radial part Tjj of m(wp) when restricted to each
K'-isotypic component 3! (RP~1) ® H*(R?~1) (see Lemma [FEZT]). The latter
operator Tj; was studied in details in the previous section (see Theorem
ETT). Subsection is devoted to the formula giving spectra of a K'-
invariant integral operator.
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5.2 Radon transform-analog of the plane wave expansion

This subsection studies the kernel K((,¢’). The subtle point in defining
K(¢,¢’) is that the distribution ®,, 4(¢) is not locally integrable near ¢ = 0,
whereas the level set (¢,(’) = t is not a regular submanifold in C' x C' if
t = 0. In fact, @, ,(t) involves a linear combination of distributions =1 (¢)
and t7% (k = 1,2,..., 2229 a5 we shall see in Subsection on the one

2
hand, and the differential form

dQ(¢) A dQ(¢') Ad((¢. ) — 1)
of ¢, ¢’ vanishes if (¢, (") belongs to the submanifold

Y = {((,¢) € C x C: R = R(I, (")}

Here, we note that Y C {(¢,{’) : (¢,¢’) = 0}.

Our idea to give a rigorous definition of K (¢, (') is factorize the transform
(ET2) by using the (singular) Radon transform.

Let ¢ denote the Dirac delta function of one variable. The Radon trans-

form of a function ¢ on RPT9=2 is defined by the formula (see for example
[15, Chapter I]):

(R = [ el¢)alt — (¢.Cdc' (521)
Rp+g—2
for ¢ € RPT4=2\ {0}, t € R.

The Radon transform Ry is well-defined, for example, for a compactly
supported continuous function ¢. More generally, Ry makes sense if ¢
is a compactly supported distribution such that the multiplication of two
distributions ¢(¢’) and 6(¢t — (¢, (’)) makes sense.

Now we recall the injective map (see (EZ2ZZT))

T:L*C) — &' (RPYI2) o ud(Q)

yields a compactly supported distribution Tu if u € C§°(C). In this context,
what we need here is the following result:

Let C}(IR) denote the space of compactly supported functions on R with
continuous derivatives up to k.

Lemma 5.2.1. Suppose u € C§°(C).
0) The Radon transform R(Tw)((,t) is well-defined and continuous as a
function of (¢,t) € C' x (R\{0}). Moreover, there exists A > 0 such that

Supp R(Tu) C {(¢,t) € Cx (R\{0}) : ¢ < A[C},
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where (] == (B + -+ Cngqu)%. In particular, R(Tw)(C,t) vanishes if |t|
is sufficiently large for a fixed ¢ € C.

1) If p,qg > 2 and p+ q > 8, then R(Tu)((,t) extends continuously to
t =0 and R(Tu)(¢,-) € CE(R) where k = %’_8.

2) If min(p,q) = 2, then R(Tw)((,t) is bounded on C' x (R\ {0}).

3) If p,q > 2 and p+ q = 6 (namely, (p,q) = (3,3)), then there exists
C =C(¢) > 0 such that

[R(Tu)(C, )] < C log [¢]]
if t is sufficiently small.
Proof. See [38]. O

We note that R(Tu)(,t) is well-defined for (¢,t) € (RPT9\ {0}) x (R
{0}), but we need here only the case where ¢ € C.
In order to justify the right-hand side of (BIZ) for u € C§°(C), we

consider
(Su)(Q) = /O K6 ¢yl (¢
s [ Baal(GONTUCIS by @D
e [ [ @l DT ¢
R J((,¢)=t

. / By o () R(Tw)(C, 1)t (52.2)
R

Lemma 5.2.2. The right-hand side of (B2Z2) is well-defined for u € C5°(C).

The above lemma defines a linear map
5: 05 (C) = C=(0),

and defines K (¢, (") as a distribution on the direct product manifold C' x C'.
In Subsection [F4L we shall see that the image is contained in L2(C), and S
extends to a unitary operator on L2(C), which in turn equals the unitary
inversion operator m(wy).

Proof. 1t follows from Theorem which we shall prove later and from
the definition (L)) of the distribution ®,, ,(¢) that ®,, ,(¢) has the following
decomposition:

Py q(t) = Pph(t) + PpEE(D),

where ®58(t) and ®528(¢) are distributions on R such that
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1) @, 2(t)[t]~¢ is a locally integrable function on R for any sufficiently

small € > 0,
2)

0 if min(p,q) = 2,

p+q—6
. 2 (_1)]?*1 5(k—1) " i 2 both
By 4~ D i g0 @) if p.a> 2 both even,

k=1
len (k=10 '

=2 ki ! f 2 both odd.
W;Qk(m_k)l I p,q> O o

We note that @;{Eg(t) # 0 only if p,q > 2 and p + ¢ > 8. Combining with
Lemma B2l we see that the right-hand side of (BZ2) is well-defined in all
the cases. U

Remark 5.2.3. The plane wave expansion gives a decomposition of the
Fourier transform F on L?(R™) into the one-dimensional integral transform
(Mellin transform) and the Radon transform, namely:

(Fu)(C) = en(¥, (Ru)(C, ),

where ¢, = (%)% and U(t) := eV~ (e.g. [T5, Chapter I, §1.2]). In this
sense, the formula (BZ2) can be regarded as an analog of the plane wave
expansion for the unitary operator m(wg) on L*(C).

5.3 Spectra of a K’-invariant operator on S?~2 x S92

The expansion into spherical harmonics
= D
LS~ Y T H(RY)
=0

gives a multiplicity-free decomposition of O(n) into its irreducible represen-
tations (see Appendix [[H]), and consequently, any O(n)-intertwining opera-
tor on L2(S"1) acts on H'(R™) as a scalar multiplication owing to Schur’s
lemma. The scalar is given by the Funk—Hecke formula (see [[Il, §9.7], see
also [31, Lemma 5.5.1]): for an integrable function h on the interval [—1, 1]
and for ¢ € H'(R"),

[ oo = (o)
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where the eigenvalue ¢, (h) is given by

=232 |
I'(n—2+1)

~n—2

/_ @G (@)1 - )T da, (5.3.1)

Cl,n(h) =

Here, 6’1” (x) stands for the normalized Gegenbauer polynomial (see Subsec-
tion [Z4)).

Likewise, any K’-intertwining operator on L?(SP~2x S972) acts on H'(RP~H®
H*(RI71) as a scalar multiplication for each k,I € N (we recall K’ ~
O(p—1) xO(g—1)). In this subsection, we determine this scalar for specific
intertwining (integral) operators. In particular, the scalar in Example
will be used in the proof of our main theorem (Theorem BEIT]).

We begin with a general setup for a K'-intertwining operator on L?(SP~2x
S8972). Let h be an integrable function of two variables on [—1,1] x [~1,1].

We consider the following integral transform:

By, : C(SP72 x §972) — C(8§P7% x §972),

o(w,n) — h((w, "), (n, ') (W', 7' )dw'dn’. (5.3.2)

SP—2x59-2
Then, By, becomes a K'-invariant integral operator on L?(SP~2 x §9-2).

Lemma 5.3.1. By, acts on each K'-type H'(RP~!) @ H*(RI™1) by a scalar
multiplication of oy (h) € C. The spectrum oy i (h) is given by the following
formulas.

1) If min(p,q) = 2, say q = 2, then for k =0,1,

pfgﬂpTig ! 1 ~p=3 p—4
a(h) = ﬁ/_l(szh)(x)q T 2)(1—a) ' dr,  (5.3.3)

where we set
(Uph)(x) == h(z, 1) + (=1)*n(x, —1). (5.3.4)
For k> 2, oy (h) = 0.
2) If p,q > 2, then

op+a—67 2=2 1 1

L(p—3+0I(g—-3+k)

1 1 ~p=3 ~q=3 pd -
X /_1 /_1 h(x,y)Cl 2 (x)Ck2 (y)(1 —532)7(1 —y2)7dxdy. (5.3.5)

ajk(h) =

o8



Proof. 1) If ¢ = 2, then SP~1 x §971 = §P=1[[SP~! (disjoint union), and
HF(RI™Y) = 0 if k > 2 (see Subsection [[H). Then, the formula (E33) is
essentially the Funk-Hecke formula (E3) for SP~1L.

2) Applying (BE3]) to each factor, we get (B30)). O

Here, we give an example of the explicit computation of the spectrum
i (h).

Example 5.3.2 (Riesz potential). Consider the following Riesz potential
for ReA > —1:

(z + )
159 =
A (.%', ) F(}\
(z+y)”* .
>0,
F()\ + 1 i ele+y) (5.3.6)
if e(x+y) <0,
where e = £1. Then, the spectrum ozl,k(hf) for the K'-intertwining operator
Bhf amounts to

1—A, b=z I+k ptq—4
O‘l,k(hf) = /\+p+q74+21+k - /\Qer—(iljzk F(A/\Jr;iklak) A—l—k+2
I( 5 L) ()0 (=57)

+1 I+k
(&) D (3 2t sin (Atghs ) i (M=l 1) g, (),
T
where we set
piges  D(HART(—25)
")/17]{()\) = 21_>\7T 2 by l+k—4 AMp—1+l—k\ " (537)
I( +p+q-21-+ ) +p 2+ )

Proof of Example [Z32A. Use (E30). We postpone the actual computation
of the integral (the first equation of o%(hf)) until Appendix (see Lemma

[0 with ¢ = 252, v = 52). In the second equation of ay(hy), we have
used the funct10na1 equation I'(z)I'(1 — 2) = Sinzrm). O

We define a kernel function hy(z,y) = hY%(x,y) with parameter X as
follows:

r(-) (z + y)i if p,q > 2 both even,
ha(z,y) = ———— A A
T(A + =) (faz i’;* + (xsi: i’jr— if p.g > 2 both odd.

(5.3.8)
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Proposition 5.3.3. Let Re A > —1. For a kernel function h) (see (B33)),
the spectrum oy i (hy) gwen in Lemma B3 amounts to

(_1)z+[§}7rp+2ﬂ F(l-i—/;—)\)r(—q—i—?)—zl—k—)\)

apk(hy) = (5.3.9)

A A I+k—4 Ap—1+1—k
2 F( +p+Q-2-+ )F( +p 2+ )

(—1)FHE g P p(Lek=d ) p(mptsslikd

= . 5.3.10)
A —4+I+k+A —1—l+k+A (
2 F(p—l—q 4;—-&- + )T(4 1 2+ + )

Proof. The second equation (B3I0) follows from the identity (L) of
gamma functions. Let us show the first equation (B3). In terms of hf\E

defined in (B3Z), we rewrite hy (see (B3H)) as

. - hj\f if p, g both even,
A= p+q—4\ _: X ht hy .
(A + B=) sin(—Ar) () T smOwy i Py g both odd.
(5.3.11)

Since ay, is linear, i.e., oy x(ah + bg) = acy i (h) + by (9),a,b € C, by

(E311), we have
i (hy) = Cr(N) kA,

(see (B370)). Here,

O () e sin ’\_lgk+27rsin )‘+q72171+k7r 1 if p, ¢ both even,
tk(Y) = sin(—Ar) L G 6 4 both odd
tan(Am) sin(Ar) b, q ’
Hence, Proposition is proved by the following claim: ]
Claim 5.3.4. -
1)+
iat) = L)

Proof. Let us first consider the case where both p and ¢ are even. Then, the

two integers — — k 4+ 2 and ¢ — 1 — [ + k have different parities. Hence,
DY A l+ﬂ
¢—2singmecos gm  (—1)"" 2
Cr () = (—1)+52 2 2™ _
L) = (=1) sin A7 2

Next, suppose both p and ¢ are odd. Then,

1
1 + (_1)l+k _ ) tandn’
tan(Ar)  sin(A)

A
—tan 57,
1 oin2 A _pyazl

i A=l—k+42 s Aq—1-Il+k o _j4azlsin® 5w (-1) 3 A
sin A= R 2 g gin A= T (-1) T e = Ca— tan 5,

1 - Py 144

sin(=A) (c1)- e T

sin A\ 2 tan%ﬂ’
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according as [ 4+ k is even (upper row) and odd (lower row). Thus we have

)i
Crr(A) = ( )2
in either case. Hence, Claim B34l is verified. O

Let T be the triangular domain in R? given by
T:={(z,y) eR?:x<1,y<1,0<z+y},

and define a function gy(z,y) with parameter A\ € C by

q—4

(@+y)P1—a2)7 (1-y2) (2,y) €T,
0 (x,y) ¢ T.

Lemma 5.3.5. 1) For Re\ > —1, gy is a distribution of compact support,
and with holomorphic parameter \. That is, (gx, ) is holomorphic in {\ €
C:Re)\ > —1} for any p € C°(R?).

2) g\ extends meromorphically to all A € C. That is, (gx,¢) is a mero-
morphic function with respect to X € C for any o € C*®(R?).

(5.3.12)

e

Proof. The first statement is clear because gy € L'(R?) if ReA > —1. For
the second statement, we rewrite g, as

\ p—4 p—4 q-4 q—4
azy)=(e+yi( -z Q+2)* (1-y)* 1+y)" .
Then, Lemma follows from Bernstein’s theorem [4]. O

5.4 Proof of Theorem B.1.1]

As in LemmaB.Z7] we shall denote by S the map u(¢) — [ K(¢, ¢ u(¢")du((’).
Since S commutes with the K’-action (K’ ~ O(p — 1) x O(q¢ — 1)), S pre-
serves each K'-isotypic component of L?(C) given in the decomposition (see

ETT):
12(0)~ YU 2R, %rpﬂ_‘r’dr) 2 HU(RP) @ HF(RT).
1,k=0

On the other hand, we have seen in Theorem ELTT] that 7(wg) also preserves
each K’-isotypic component, and accordingly has a decomposition:

[e.e]
® . .
m(wo) = ) Tip®@id@id,
1,k=0
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where T}, is a unitary operator on L?(R;, %rp+q_5dr) whose kernel K (t)

is explicitly given in (EET2).
We shall show the equality S = m(wg) by restricting to each (I, k) com-
ponent, namely,

Lemma 5.4.1. For each l,k € N, we have
S|L2 (R+,rp+q_5d7“)®9'fl (Rp—l)@%k(Rq—l) — T‘[’k ® ld ® ld . (541)

Instead of proving Lemma BZT], we shall provide Lemma BZ2] on the
spectra ag j, and the kernel functions K7 j, which turns out to be equivalent
to Lemma .40l For that purpose, we set

hy i (z,y) = Cp.g@p.o(r7' (z +y)), (5.4.2)

where ¢, 4 and @), ; are defined in ([C33)) and (C24). Then, by the definition
ETT) of K(¢, ), we have

K1) (02 )) = enatonalr G’y + (1)
= o (.. (1),

Suppose f(r)u(w,n) € LRy, rPH9=2dr) @ HY(RP~!) @ H*(RI~!). Then, it
follows from Theorem ELTTI(2) that

((T1r ® id @id)(fu)) (rw, )
= (Tix f)(r)u(w,n)

/ Ky i (rr!) ()T dr u(w, n).
On the other hand,
S(fu)(rw, )

-/ K((n> C>(fU)(C) u(¢)
T A B e R e e

- 5/0 (B, ) f ()= 0dr”.

Since By, ,u = oy (hy,)u by Lemma E3T] we have
1 o0
S(fu) (rw, 7’77) - 5 / al,k(hr,r/)f(rl)rlp—’—q_SdT’/u(w, 77)
0
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Thus, in light of Theorem BT (2), (BZJ) is equivalent to showing the
following formula between kernel functions:

Lemma 5.4.2. We have
al,k(hr,r/) = KL]C(TT',).

The proof of Lemma B42 will be given in the following two Subsections.

5.5 Proof of Lemma (min(p, q) = 2)
Suppose ¢ = 2. By the definition ([CRA) of ¢, 2(t), the definition (RZZ) of

hy+ amounts to:
by () = cp, 2(1) (TT (x+y)).

Since @Q(t) is a locally integrable function supported on t > 0 (see
2
([CZT) and Theorem B2T]), we have from the definition (B3) of the oper-

ator Uy: for —1 <z <1,
(Ughyp)(x) = cp,ﬂ) L (4 1) + (- 1) Cp, 2<I> L' (z = 1))
2

= cp2¢> L(rr! (x +1))

p+2)
( ) (rr')—¥(x+1)—¥J%(2 2! (z + 1)).

SEn
Applying the formula (B33), oy (h,,+) amounts to
2#(_1) (p—1)2(p+2) Il s
Val(p—3+1)
1 ~P—9 —
/ Jo1(2¢/2r (@ + )G, % (2)(1+2)7 (1 —2)"7 da
-1 2

—4(-1) (=1)+2)

= (—1)% Ky ().

Q k (hr,r’) =

(rr) "2 Jy_s 4 (A7)

Here, the second equality follows from ([ZZI0) with o = 2v/2r1’ and v =
1%4, and the last equality follows from (ELIZ]). Since p is even if ¢ = 2,
the right-hand side is equal to Kjx(rr’). Hence, Lemma is proved for

q:2' D
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5.6 Proof of Lemma (p,q > 2)

First, we give an integral formula of Mellin-Barnes type for h, ,(z,y) (see
EZ2)) by means of hy(z,y) (see (3)): Suppose p,q > 2.

Claim 5.6.1. Let v > —1 and L be a contour that starts at v— +/—1oo and

. : +q-4  ptq—6
ends at y++/—100 and that passes the real azis in the interval (— 74—, - 2=,
Then, we have

Ry () = L(2r7”)’\h,\(x,y)d)\. (5.6.1)

“p.g
2my/—1
Proof. By the definition (B3ZJ) of hy(z,y) = hY%(z,y) and the integral
formulas (EZ2) and EZZ) of \I/Lq s(t) and Wpie-6(t) respectively, we

2

have
+
Ul e (—5(952 y)) p,q even,
2

S hk (z,y)d\ = s(x
\Ilp+gfs (#) P, q odd,

vt

for s > 0. In either case, it follows from the definition (L) of @, ,(¢) that

A s(z +y)
277\/_ ha(, y)d\ = QPQ(T). (5.6.2)
Hence, we get ClaimbG.1l by the definition (BZ2) of h, . (z,y). O
Thus,
c
By ) = —224_ hy) (2rr ) AN
o o (Por ) /T Lal,k( ) (@2rr')
P—q — —q+3+l—k—=\
_ (_1)l+ 2 F(H_l; A)F( Q+'; ) (T’T'/))\d)\
7.‘.\/__1 I F()\+p+q-2|-l+k—4)r()\+p—21+l—k)
= Ky i (rr').

Here, in the second equality, we applied Proposition B.3.3] and then used
. q—1 (p=1)(p+2) p—q .

the equality (—1)”[(121}(—1) PR (=1)""2" | which follows from the

congruence equality:

(p=Dp+2) [q—l} P—q

= 2
5 5 5 mod

under the assumption that p + ¢ is even. The last equality follows from
Lemma X2
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6 Bessel distributions

We have seen in the previous section (see Theorem BIT]) that the unitary
inversion operator m(wg) : L2(C) — L?(C) is given by the distribution kernel
K (¢,¢’) which is the composition of the restriction of the bilinear map

CxC—-R,  (G¢)= ()

and Bessel distributions (see ([LZJ) — ((CZ3])) of one variable. In this section,
we analyze the distribution kernel from three viewpoints: integral formulas,
power series expansion (including distributions such as ) (z) and k),
and differential equations.

The results of Subsection are not used for the proof of our main
results, but gives a heuristic account on why K((,(’) is essentially of one
variable, and why the Bessel distribution arises in K({,¢’). Subsection
can be read independently of other subsections.

6.1 Meijer’s G-distributions

In this subsection, we give a definition of Meijer’s G-distributions which
have the following two properties:

1) They are distributions on R.

2) The restrictions to the positive half line {z > 0} are (usual) Meijer’s
G-functions (see Appendix [Z0]).

Let m, n, p and g be integers with 0 < m < g and 0 < n < p. Sup-
pose moreover that the complex numbers a1, ...,a, and by, ..., b, fulfill the
condition

aj —by #1,2,3,... (J=1,....,nk=1,...,m).

This means that no pole of the gamma function I'(b; — A) (j = 1,...,m)
coincides with any pole of I'(1 —ap + A) (k=1,...,n). We set

q p p—q
= E b; — E i+ — + 1. 6.1.2
g Jj=1 ’ jfla]—'— 2 ! ( :

Throughout this section, we assume c¢* > 0. If ¢* = 0 then we also assume

p—q<0 or p—gq>Rep. (6.1.3)
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It is easy to see that the condition (EI3) allows us to find v € R such that
v>—-1 and (¢—p)y> Rep. (6.1.4)

Remark 6.1.1. The conditions (BI3l) and v > —1 will not be used when
we define (usual) Meijer’s G-function as an analytic function in x > 0 (see
([L82)). They will be used in showing that the Mellin—Barnes type integral
EIR) gives a locally integrable function if we take an appropriate contour

L (see Proposition LA (3)).

We now take a contour L which starts at the point v — /—1oo and
finishes at v + v/—1oc. Later, we shall impose the following conditions on
L:

L does not go through any negative integer. (6.1.5)

L leaves b; (1 < j < m) to the right, and a; —1 (1 < j < n)
to the left. (6.1.6)

We note that the condition (B8] implies:

L does not go through any point in
{bj+k:1<j<mkeNjU{a;—-1-k:1<j<nkeN}. (ELI)’

With these parameters, we define a meromorphic function of A by

T(b; — A) [T T(L—a; + )
1 j=1

F;n’n<)\‘ al,...,ap> —

6.1.7
q bl,...,bq ( )

e

P
T(1—b;+A) [I Tlaj— A
Jj=n+1

<.
I
3
t

For Re A > —1, we set
A N (z>0) . 0 (x> 0)
o (@ <0), Tz (z<0).

Then, :(;j\r and 2 are locally integrable functions of the variable z in R, and
extend to distributions with meromorphic parameter A in the entire complex

plane (see Appendix [Z]).

Proposition 6.1.2. Let L be a contour satisfying (GLH) and (GG .
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1) The Mellin-Barnes type integral (cf. [, §1.19]):
— ~m,n Alyeeny CLp
Glas)r = Gpg (90+ bl,...,bq>L

at,...,0p

1
= Fm’n()\ ‘
27T\/—1/L P bl,...,bq

1s well-defined as a distribution on R.
Its support is given by

)akar (6.1.8)

suppG(zy ) = {x € R: 2 > 0}.

2) If the contour L satisfies (BEI0)), then the restriction of G(x4)r to
the positive half line {x € R : © > 0} is a real analytic function, which
coincides with the (usual) G-function Gy (3: Zl’ o ’Zp> (see (LE2D) for

Tyeves
definition). !

3) If the contour L is contained in the half plane {A € C : Re A > —1},
then G(z4)r is a locally integrable function. More precisely, there exists
€0 > 0 such that G(xy)r 21 is locally integrable for any e with 0 < € < €.

Likewise, we can define the distribution
aly...,0Q
Glx_), =Gm" (:c, ’ p)
(z-)e = Gpg bi,... by /L

at,...,0p

1
= Fm’”<)\
271'\/—1/[/ P4 bl,...,bq

by using the same contour L, and the support of G(x_)r, is equal to the
negative half line {x € R: z < 0}.

):c’ld)\

Remark 6.1.3. The distribution G(x4 )1, depends on the choice of the con-
tour L even when we assume L satisfies the conditions (E10) and (EIH).
In fact, if L and L' are contours satisfying E1H) and I8, then G(zy),
may differ from G(x4)p by a distribution supported at 0, namely, a finite
sum of Dirac’s delta function and its derivatives. This is because the distri-
bution .T}i has simple poles at A = —1,—=2, ..., and consequently, its residues
(see (L) and ([[LI2)) may appear when we move the contour L across
negative integers. For the uniqueness of the G-distribution, we need to im-
pose an additional constraint on the contour L. We shall work with concrete
examples for this in Subsection [LA where we use Cauchy’s integral formula
for distributions with meromorphic parameter.
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In order to prove Proposition B2, we need an asymptotic estimate of
the I'-factors in the integrand of (GIF) as follows:

Lemma 6.1.4. For any € > 0, there exists a constant C > 0 such that

at,...,0p

bi, ... b

rp (2|

; )‘ < Ce*ﬂc*\ImM ’Im)\’ReﬁH-(p—q)V—l-H

for any N € L such that |Im \| is sufficiently large. Here, ¢* and u are
defined as in (ELT) and @), and v = }\mlll Re \.
€

[Im A|—o0
Proof. Fix a € C. By Stirling’s asymptotic formula (RS of the gamma
function, we have
D(a — A)| = Cq [Im AR 7R3 o= 3N (1 4 O(jIm A7),
’P(l a4+ )\), _ Ca ‘Im/\‘—Rea-‘rRe)\-‘r% 6_%|Im>\|(1 + O(]Im)\‘_l)),

as |Im A| tends to infinity with Re A bounded. Here, the constant C, is given

by
C, = \/%67% sgn(Im )\)|Ima|.

By the definition (EI7) of 'y ()\ ‘ Zl’ o ’Zp >, we now get the follow-
15+, 0q
ing asymptotic behavior:

at,...,0p

FV@‘ bi,... b,

q

)‘ — ' mA[f e 5 A1 4 O(jIm A1),

as [Im A| tends to infinity, where C’ is a constant depending on Ima; and
Imb;, and

- I 1
s:;Re(bj - A- §)+;Re(—aj+)\+§)

g 1 & 1
- > Re(5 —bj+A) - > Re(a; = A= 2)
j=m+1 J=n+1
=Rep+ (p—qg)ReX—1,
t=m+n—(qg—m)—(p—n)

= 2c*.

As Re A converges to v when A € L goes to infinity, we get Lemma, O
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We are ready to give a proof of Proposition

Proof of Proposition 2. 3) We begin with the proof of the third state-
ment. Suppose L is contained in the half plane {A € C: ReA > —1}. We
need to show the integral (B8] gives rise to a locally integrable function.
The non-trivial part is an estimate in the neighborhood of x = 0. Let us
consider the interval 0 < z < 1.
Since the contour L has the property:
vy= lim ReA> -1,

AEL
[Im A\|— o0

the assumption L C {A € C: Re\ > —1} implies § > —1, where we set

0 := inf Re \.
AEL

Hence, we get
|xj‘_|§x6 for0 <z <1

On the other hand, it follows from Lemma [ET4] that

e ()\ ‘ ai, ... ,ap)‘ < Ce_ﬂc*|1m1>\| if ¢ > 0’
P4 bi,...,bg /| = | ClImA| 7' if ¢* =0,

when |[Im A| is sufficiently large. Here, we used the inequality Reu + (p —

q)y < 0 (see (ELZ)) in the second case. Hence, T'p5" ()\ ‘ Zl’“"zp) is
1y---50q

absolutely integrable on L in either case. Therefore, the integration (EIJ)
converges, giving rise to a function of & which is bounded by a scalar multiple
of % on the interval 0 < x < 1, whence a locally integrable function of z.
Thus, G(z4 )z is locally integrable. Similarly, if we set

e:=14+0 (>0),

then for any 0 < € < €y, 2 9 is locally integrable, and consequently

G(x4 ) 21 ° is locally integrable. Hence, the third statement of Proposition
is proved.
1) We divide the integral (ELF) into the sum of the following two inte-

! C

where L’ is a contour contained in the right half plane {\ € C: Re A > —1},
and C' is the closed oriented curve given by L — L’ (see Figure GILTI).
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Figure 6.1.1

Then, the second term gives a locally integrable function of x by 3), and
the third term is well-defined as a distribution because C' is compact and
the integrand is a distribution of x that depends continuously on A as far as
A lies in C. Hence, the first statement is also proved.

2) This statement is well-known. See Appendix [[fland references therein.

O

6.2 Integral expression of Bessel distributions

In this subsection, we apply general results on Meijer’s G-distributions de-
veloped in Subsection to special cases, and the Mellin—Barnes type inte-
gral expression for the distribution kernel of the unitary inversion operator

7T(’U)0).
Let m be a non-negative integer. We take a contour L such that

1) L starts at v — v/—1o0, passes the real axis at some point s, and ends

at y ++/—1co.

2) -1<yand —-m—1<s< —m.
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Likewise, we take a contour Ly (with analogous notation) such that
3) —1 <y and —1 < 59 < 0.

For later purpose, we may and do take v = . See Figure

Figure 6.2.1

Then, we consider the following Mellin—Barnes type integrals:

(1) = 27T\]>__1 . F(AFJ:AJE - (2t)}d), (6.2.1)
T (1) = %;__1 /L - (AF+(_1A+) (0} (6.2.2)
Pm(t) 1= 27r\]>—_1 . F(AFJ:AJE m) <tz£12123\;\) + si(j(?;)> da, (623)
V() = QW;—T /L F(AF+(_1A+) m) (tﬁ?ﬁ) + sif?jrl)) dx. (6.2.4)

We shall see that these integrals are special cases of (EI8]) and define distri-
butions on R. The next theorem is the main result of this subsection, which
will be derived from Proposition by applying the reduction formula of
Meijer’s G-functions.
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Theorem 6.2.1. 1) &, (t) and ®,,(t) are locally integrable functions on R.
Furthermore, for a sufficiently small € > 0, ®F (t)[t|7¢ and ®,,(t)[t|~¢ are
also locally integrable.

2)
+(4) — Bt _m (=Dt (k=1)
(1) = B (1) §:2Wnp—kﬂ5 (t). (6.2.5)
k=1
wmu):Qm@y—%§:§¥%%%%¢k. (6.2.6)

See ([CIX) in Appendiz for the definition of the distribution t=*. In par-
ticular, U} and U, are defined as functionals on the space Ci" *(R) of

compactly supported functions on R with continuous derivatives up to m —1
if m>1.

We shall prove Theorem after Lemma below.

Before regarding the integrals (E2ZI)—(EZ4]) as those for distributions,
we consider the classical cases, namely, their restrictions to R \ {0}, which
are analytic functions.

Let L; (i = 1,2,3) be contours that start at 7; — v/—1oc and end at
7 + /=100, and pass the real axis at some point s;. We assume

m
-5 <M 51 <0,
m
—§<72, So < —m,
s3 < —m.

Then, we have the following integral expressions of Bessel functions. Al-
though the results are classical, we shall give a proof as a preparation for
passing from Bessel functions to Bessel distributions. We shall derive these
integral expressions by applying those of Meijer’s G-functions (see Appendix
[ZHl see also Proposition 2)):

Lemma 6.2.2. 1) Fort >0,

T (2V2t) = (2t)™ % Jp (2V21)
1 (=}
C2ry/—1 ), TA+m+1)

(2t)% d\. (6.2.7)
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2) Fort >0,

Yo (2V/28) = (2t) % ¥, (2V/21)
1 (=) (20}

= onv/=1 J, T+ m + 1) tan(mn) ™ (6:2.8)
3) Fort <0,
K (2V/2[t]) = (21t) 7% Kn(24/2]1])
_ o Ly (o2 d. (6.2.9)

4/=1 Jp, T(A+m +1) sin(w))

Proof of Lemma. Each of the first equalities is by the definition of the nor-
malized Bessel functions Jy,, Y, and K,, given in (CZ3), [ZZH), a
([CZ4)), respectively. Let us verify the second equalities (the integral formu—
las for the Bessel functions).

1) By the reduction formula ([[ZEIT) of the G-function G§), we have

(2t)72 T (2V2t) = GE3(2t | 0, —m)

for t > 0. Then, by the integral expression (ZG.2)) of the G-function G, we

have
1 INCDY!

27'['\/—]. I F(1+m—|—)\)

for ¢ > 0. Hence, (E27) is proved.
2) By the reduction formula ([ZEI4) of the G-function G293, we have

—m—1
(2t) 72 Vi (2V2t) = GT (275‘ mee 1>,

—m,0,—m — 5

092t | 0,—m) = (2t)*d\

for t > 0. Then, by Example [[6.2), we have

1

_m__

G20 Qt‘ 2
13( —m,O,—m—%

1 T(—m — AT(=))
C2my/=1 Jp, T(m+ 3+ N (=m—1 -

Now, ([E23]) is deduced from this formula and the following identity:

(26) dA.

F(=m—-ANI'(A+1+m)
Dim+32+MN0(-m—3—\)  tanmA

for any m € Z.
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Here, the last identity is an elementary consequence of the formula I'(2)['(1—

_ T
Z) ~ sinwz”

3) By the reduction formula (ZEIZ) of the G-function G233, we have

m 1
(21¢)) ™% Ko (2/218]) = 5G33(21] | 0,-m).
Suppose ¢t < 0. Then, again by the integral expression (ZE2) of G329, the

right-hand side amounts to

1
4y =1 Jp,

Then, (B2Z3) follows from the identity:

D(=A\)T(—m — A)(2t) dA.

. (_1)m+1ﬂ.
F(/\ + 1+ m)F(—m — )\) = sin(—ﬂ'()\ + m)) - sin A

O

Thus, all the statements of Lemma are proved.

The integrals in Lemma do not depend on the choice of L; (i =
1,2,3) as ordinary functions on R\ {0}. However, as we mentioned in
Remark B3] they may depend on the choice of L; as distributions on R
because the poles of the distributions ¢} are located at A = —1, -2, -3, ....

To avoid this effect, we need to impose more constraints on the contours
L;. Thus, let us assume further —1 < s; and —m — 1 < s; (i = 2,3).
Moreover, we assume —1 < «; (j = 1,2). That is, we shall assume from now
that the integral paths L; (i = 1,2,3) are under the constraints:

— 1<, —-1<s1 <0, (6.2.10)
—1 <9, -—m—1<sy < —m, (6.2.11)
-—m—1<s3<—m. (6.2.12)

Then, the right-hand sides of (G2Z7)—(EZ3) define distributions on R, which
are independent of the choice of the integral paths L; (i = 1,2, 3).

Proof of Theorem [ZZ1]. The first statement is a special case of Proposition

612 3).
Let us show the second statement. The contour L used in (E2Z2) and

([E2A) meets the constraints (EZZIT) and (E2ZI7), and can be used as Lo
and L. Likewise, the contour Lo used in (E2ZJ)) and ([EZ3)) can be used

as Li. Further, we shall assume that the contour L coincides with L when
|Im A| is sufficiently large.
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The integrand of (EZT]) has poles at A = —1,

—2,...,—m inside the
closed contour Lo — L, and its residue is given by

INEDY) o (=pkt _
,\r:e—sk;l“()\ +1+m) (20)3 = 2k(m — k)! AU

for k = 1,2,...,m by (CIJ]). Therefore, by Cauchy’s integral formula, we

have
1 B INEY) A
2/ —1 (/Lo /L> F'A+1+4+m) (2t)3dA
m -1 k—1
=2 2’§(m)— RN
k=1

as distributions. Hence, (B221)) is proved.

Next, let us prove (GZH). We recall from ([ZI3]) that the Laurent ex-

pansion of the distribution t} at A = —k (k=1,2,...) is given by

A 1 (—pk! (k—1) —k
+:A+k:(k—1)!5 O+t
t)‘ L

= BT RGD D)+t F + -

Combining with the Taylor expansions at A = —k (k= 1,2,...

,m):
sinmh = (—Dfr(A+ k) + -,
tanmTA =m7(A+ k) + -,
L(-x2*
where by = %, we have
ren (e e
F(A+1+m) \ tan(w\) = sin(mA)
b (D)D) 4 (—1)FsED (1)) 1
B w(k —1)! (A + k)2
bo(t3F + (=1)F %) b ((=1)F1s*-D () + (—1)ksE-D(@) | 1
+< . ™ * m(k—1)2 )\—f—k—i_.“

C(k=Dleh 1
C2k(m— k)T A+ k

+0(1).
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Therefore, by (E2Z3]) and E2Z4]), we have

N ey (e e
U (t) — @ (t) = 2mv/—1 (/L N /Lo> F'A+1+m) (tan(wt\) * sin(wA)) ax

k-1
:_Z:IQk((m—k))!wt :

Hence, (EZ0) is proved. Now, we have completed the proof of Theorem
0.2, 1] |

Remark 6.2.3. We shall use the symbols

~ m
2

Tm(23/205) = (26)1 2 Jm(24/281), (6.2.13)
R (2/205) = (26); 7 Kn(20/264), (6.2.14)
Vi (20/200) = (20) 2 Vi (2:/200), (6.2.15)

to denote the distributions defined by the right-hand sides of (EZX)—(G2Z3l)
and by the contours L; (i = 1,2,3) satisfying [E2ZI0)-B2ZT2), respectively.

It is noteworthy that J.,(2y/2ty) is locally integrable, but K, (2v/2t5)
and ?m(Q\/Qt—,) are not. Then, by the above proof of Theorem [GZ1, we
have

O (1) = Jm(2/2t4)
= (20)1 7 T (24/285), (6.2.16)
Tt = T - DM
m(t) = JIm(2/2t4) — 1; P (m — k)] )
= (20), 2 Jm(20/205) — o~ D 51 (1) (6.2.17)
T Um * ; 2k(m — k)! ’ -
- (_ )m+1 .
Uo(t) = Vi (20/205) + K (20/260)

m 2(_1)m+1 T m
= (20); 2 Vi (2¢/2t1) + = (2t)_ 2 Ky (24/2t2).  (6.2.18)
6.3 Differential equation

As defined in Introduction, the kernel function K(¢,(’) is given by means
of the (modified) Bessel distribution @, 4(t). In this subsection, we shall
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give a heuristic account on why the Bessel function arises in the kernel
function. Loosely, it turns out from the L | -intertwining operator (see (2221)
for the definition of Ly = M A) that the kernel function K(¢,¢’) should
be a function of one variable (¢, (') because generic L. -orbits on C' x C
are of codimension one (see Lemma [E32). Instead of using the Casimir
operator, our idea is to make use of the differential equation arising from
Ad(wg)n™a* = nmax (see (ZZJ])). This argument gives a differential equation
of second order since n acts on L?(C) as differential operator of second order.
The result here gives a useful information about K(¢,¢’). In fact, we used
Proposition as a clue to find the explicit form of K((,¢’). However,
we did not use the results of this subsection for the actual proof of our main
theorem. We hope that the heuristic argument here will be helpful to find
the integral kernel of the inversion m(wg) of the minimal representation of
other groups.

Let 6 : g — ‘g=! be the Cartan involution of G. Since g € G = O(p, q)
satisfies ‘gl .9 = I, , where I,,, = (Iop _(?[q>7 we have tg~! = p7qglpfc}.
Since wg = I, 4, we get

0(g) = wogwy . (6.3.1)

We let L, = M{"**A act on C by
me'f . ¢ = etm¢

for m € M¥>* ~ O(p —1,q — 1) and a = e'¥ € A (see Subsection for
notation).

Lemma 6.3.1. The kernel function K((,(') of the unitary operator m(wg)
satisfies the following functional equation:

K(¢, ¢ = KOOI foralll € Ly. (6.3.2)

Proof. Building on the unitary representation (7, L2(C)), we define another
unitary representation 7% on L?(C) by the following twist:

m(g) = m(0(g)).

Then, (G23)) implies that m(wg) : L?(C) — L?(C) is an intertwining opera-
tor from (7, L?(C)) to (7%, L?(C)). In particular, we have,

7(1) o m(wp) = w(wo) o w(l) for any I € L. (6.3.3)
For [ = m € M, we recall from (Z33) that
(m(m)u)(¢) = u(‘m¢) for ¢ €C.
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Hence, for any u € L?(C), we have

/ K(0(m)¢, ¢Yu(¢)du((') = / (G C"Yu(tm¢")dp(C").
C C

Since dp is M"®*-invariant, the right-hand side is equal to

B ¢t
Since u is arbitrary, the kernel function must coincide:
K(t0(m)C,¢) = K(C,'m™ ).
Replacing t0(m)¢ with ¢, we have
K((,¢) = K(m¢,'m™'¢’) for any m € MT™.
Thus, ([E32) holds for | € MP*. For | = a := e'F € A, we recall from

(E3) that

ptg—4

(m(@)u)(C) = e~ "2 "u(e™"() (C€C).
Since 7%(a) = 7(a™'), the equation (E33) amounts to

m(wo) = m(a) o w(wp) o w(a).

Hence, for any u € L?(C), we have

G = e om0 [ Rt et aulc,
By the formula (Z2Z3]) of the measure du in the polar coordinate, we have
dp(¢") = e V() for ¢ =e7'¢".
Thus, the right-hand side equals [, K (e~"¢, e'¢")u(¢")du(¢’). Hence, we have
K(¢, )= K(e ¢, el¢) foranytcR
and therefore
K(, )= K(0(a)¢,al’) for any a € A.

Now, Lemma is proved. O
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Now let M"** act on the direct product manifold C'x C' by the formula:
MM xCxC—CxC, (1,¢,¢)— (0()¢,1¢).
Furthermore, we define the level set of C' x C by
Hy={(¢,¢)eCxC:(¢¢)=t}, teR

with respect to the standard positive definite inner product (-, -) on RPT472,
Then we have:

Lemma 6.3.2. 1) The level set H; is stable under the M**-action.
2) Moreover Hy is a single M"**-orbit for any non-zero t.

Proof. 1) For ¢,¢' € RPT472 (C RPT) and | € MM ~ O(p — 1,9 — 1), we
have

(01, 1¢") = (wolwy ¢, 1¢")
= "¢"Mlwolwy ¢
= "Cwowy ¢

= (¢, ¢)-

Hence, H; is M"®*-stable.
2) We replace (p — 1,¢ — 1) by (p,q), and consider the G-action on

Ci={(Cor Gptq1) i G+ G 1= = = (g1 =0}

in place of the M action on C (this change allows us to use the no-
tation N{*** and N™® in Subsection EZ3). Then, we recall from (EZ33)

that G acts transitively on C' and the isotropy subgroup at ep + ep4q—1 =
{(1,0,---,0,1) is given by MPPaxN™ax (see (ZZH)). Let us consider the

orbit of G(MMax Nmax) — pfmax N on € n view of ([Z33), we have

t
0 xo — "rwob -Q(b)
T P - 0 + W 2 ’

Tp+q—1 Tptq—2 + ' TWob Q(b)
for b = t(by, -+ ,bprg—2) and = = Y(z1, -+ ,Tprq_2) € RPTI2 If 24 +
Tpirg—1 # 0 and Y(zg, - ,Tprq—1) € C, we set

ho— —z _ (To — Tptg—1)T
o + Tpyqg-1 Q(x)

79



Then, we have

B Ty To O(z) 1 20 + Tprg_t
" ’ - ! - 2(z0 + Tp+q-1) "= 2
Lptq-1 Tp+q—1 -1 1
Hence, the second statement is proved. O
Thus it follows from Lemma 3T and Lemma B3 that K (¢, (') | CxC\Ho
is of the form
K(¢.¢) =) (6.3.4)

for some function ¥(¢) defined on R\ {0}.

By lifting the inversion relation Ad(wg)n™®* = nmax (see (ZZJ)) in the
Lie algebra g to the actions on L?(C)g, we get the differential equation
satisfied by ¥. More precisely,

Proposition 6.3.3. U(t) satisfies the following ordinary differential equa-
tion on R\ {0}:
U p+q—4dY

— +2¥ = 0. 6.3.5
dt? 2 dt * ( )

Proof. Tt follows from Ad(wo)N; = ¢;N; (see [(ZZZ)) that

m(wp) o dn(N ;) = €jdm(N;) o m(wy). (6.3.6)

We recall from ZZH) that Tu = ud(Q) for u € L*(C) and from (Z313)
that D; is a differential operator on RPT4~2 Then, by diagram (Z312),

(E3H) implies:
T on(wo) o dn(Nj)u = ¢;D; o T om(wo)u, u € L*(O)k. (6.3.7)

Now we recall from (B34) that the kernel function of m(wg) is given by
K(¢, ') =9((¢,¢")). Therefore, (E31) equals

Q) [ ¥ ENRVTTGUEN(C)
=D, (5(@(0) | . Cul¢)an(c)). (638)
where 0(Q(()) stands for the delta function §(Q) with respect to the variable

(. Here, the left-hand side follows from (ZZ31T]). Let us show that the right-
hand side of (B3] is equal to

—VEI8QU) [ (16:¢7 (6. ¢ + IR D)) Gl aut):
C
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Claim 6.3.4. For 1 < j <p+q—2 and for any function f on R, we have

D, (3QUENFUCCD)
= —VTIggaQ (16 O (6 O + P2 pc, ).

Sketch of Proof. The actual computation consists of a differentiation such
as (%_ (6(@({))f(<(, C’))), which can be computed by using, for example, the

following formula (see [14, Chapter III, §2.2]),

_Qen
6(Q(C)) - F()\'F 1) ‘)\:,1'
U
Now since the equation ([E3H) holds for all u € L?(C) g, we have
20((¢, ) = - (16, i N+ PEE=Rw g, ).
Hence, ¥ satisfies the differential equation (E33)). O
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7 Appendix: special functions

We have seen that various special functions arise naturally in the analysis
on the minimal representations. Some of their fundamental properties (e.g.
integral formulas, differential equations, etc.) have been used in the proof of
the unitary inversion formulas. Conversely, representation theoretic prop-
erties are reflected as algebraic relations (e.g. functional equations) of such
special functions. Further, different models of the same representation yield
formulas connecting special functions arising from each model.

For the convenience of the reader, we collect the formulas and the prop-
erties of special functions that were used in the previous sections.

7.1 Riesz distribution xf‘r

A distribution f) on R with parameter A € C is said to be a distribution
with meromorphic parameter X if the pairing

(fr )

is a meromorphic function of A for any test function ¢ € C§°(R). We say
fx has a pole at A = Ag if (f\, ) has a pole at A = A\ for some ¢. Then,
taking a residue at A = )\g, we get a distribution:

Co'R) = C, @ res (fx, ),
A=

which we denote by res f.
A=Xo

By Cauchy’s integral formula, if C'is a contour surrounding A = Ag, then
we have

A1;6§0<fA7(P> = ﬁ/(}(f%@d/\,

and in turn we get an identity of distributions:

1
- dA.
I8 == /C 15

A classic example of distributions with meromorphic parameter is the Riesz
distribution :cﬁ‘r defined as a locally integrable function (and hence a distri-
bution):

Ty =

A {:c’\ (x >0)
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for A € C such that ReA > —1. Then, J:ﬁ‘r extends meromorphically to the
entire complex plane, and all the poles are located at A = —1,—2,.... The
residue is given by

PN G D
JTes 17 = =1 0 (x) (7.1.1)
for k =1,2,3,.... To see this, we set
N pk=1)
¥ ©0) k-1
o () = p(r) — e
Sl
Then,

(2, ¢) = i M /1$’\+k_1dx + /1 2 on(z)dz
(k=1 Jo 0

k=1
o0
+ 2 o(z)dx
1
N
1 o#=1(0) YA
— - d
kzl)\'f'k (k—1)! +/0 vhen(w)dy
o
+ / 2 o(z)dx
1
The first two term has a simple pole at A = —k with residue

ED0) D
= (S @),

the second term is holomorphic if Re A > —N — 1 because ¢y (z) = O(zV),
and the last term is an entire function of A because ¢ is compactly supported.
Hence, (L)) is proved. Likewise,

A {W (x <0)

7)o @=0)

x

extends a distribution with meromorphic parameter A and all the poles are
located at A =0,—1,—2,.... They are simple poles with

(k=1)
res = 0 (@) (7.1.2)

A=—k (k=1
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We write the Laurent expansions of xj\r and 2} at A= —k (k=1,2,3,...)
as follows:

-1 k—1
oy = S 0@ 4 4 Ok Baitlogay 4, (719
1
T A—Ma(’f—l)(gs) +2 P+ A+ Ek)aFloga_ +--- . (7.1.4)

Then, xjrk and z=% are tempered distributions supported on the half lines

xz > 0 and x < 0, respectively. We note that they are not homogeneous

as distributions. Then, the sum x% + (—1)*z becomes a distribution with

holomorphic parameter A in the entire complex plane because
A A
-1 =0
s e+ (D7)
for k=1,2,3,.... We now define a distribution
= (2} + (—DMY) |, (7.1.5)

This distribution is homogeneous, and coincides with xjrk + (=1)kak .
For k =1, 2! is the distribution that gives Cauchy’s principal value:

(x71 ) = 13?8 </;+/OO) @dm.

This formula is valid for any ¢ € Co(R). Likewise, 2% extends to a func-
tional on the space Cg_l(R) of compactly supported functions on R with
continuous derivatives up to k — 1. See the textbook [14] of Gelfand and
Shilov for a nice introduction to these distributions.

7.2 Bessel functions

For v > 0, the series

2\ (F1)(5)Y
Toz) = (5) 2 JIT( T 1)

=0

converges in the entire complex plane. Its sum J,(z) is called the Bessel
function of the first kind of order v (see [B3l, §3.54]).

We set
Jy(z) cosvm — J_,(2)

sin v

Y, (z) =
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If v is an integer, say v = m, then this definition reads as

Yon(2) = lim Jy(2) cosvm — J_V(z)'

v—m sin v

Y, is known as the Bessel function of the second kind or Neumann’s function.

V=1lvm V=1
I(z)=e" > Ju(e 2 z)

v (3)23'
=-(3) g

J=0

7r
= —v - IV
Ky(z) = 5o (L) = L(2))
solve the differential equation
d*u du
2 2 2
@—i-z%—(z +v )U—O

I,(z) is known as the modified Bessel function of the first kind, and is real
when v € R and z > 0.

K, (z) is known as the modified Bessel function of the third kind or Bas-
set’s function. Clearly we have

K_,(2) = K,(2).

We call Y, I,,, and K, simply as Y -Bessel, I-Bessel, and K -Bessel functions.
The K-Bessel function satisfies the following formula (see [9, IT, §7.11

(22)): o
(53) B = ()" " K (2).

zdz
This formula may be stated as

(_%>mku(z) = [?V-l-m(z)

in terms of the normalized K-Bessel function ([LZZH). By the change of
variables z = 2e™%, the m = 1 case amounts to:

%(e_mfﬂ,@e—x)) = —ae K, (2¢77)

+2e” DT (2e77). (7.2.1)
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The K-Bessel functions K, (z) reduce to combinations of elementary
functions if v is half of an odd integer. For n € N we have

_(T\E -~ ()1
Koy = (52) " X 5 ey

- () (R

For instance, if n = 0, we have

K

1
2

(2) = (;—)% e 2, (7.2.2)

The following renormalization is sometimes convenient:

_ . 0 (_1)i(2)2
)= Gt =3 PR LT (723
- P ©° 2)2j

)= (3R = 1 o (124
Y, (2) = (%)*Vyy(z), (7.2.5)
K (2) = (%)*VKV(Z)‘ (7.2.6)

By the Taylor expansion as above, we see that both J,(z) and I,(z) are
holomorphic function of z in the entire complex plane.

J,(z) and Y, () are linearly independent of each other (whether v is an
integer or not) and form a basis of the space of solutions to the following
differential equation:

d*u du
Tos +(1/+1)% +u=0. (7.2.7)
For m =1,2,3, ..., the infinite sum expressions of Y, (z) and K,,(z) (or

Yon(2) and K, (z)) at z = 0 are given in [0, II, §7.2, (31) and (37)], which
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may be stated as follows:
~ 1N 2, o (k—1)!
V()= -+ Z\—2k
0= -3t

2 ~
= Tn(2) log(3)
1 & Zoy ¥(m+14+1) + P +1)

7 lzo(—l)l(Q) e (728)
Rn(2) = %;(_1)mk(%)2kH

+ (1) I (2) log ()

F oY) w<m+§!(+ ml)+ +l)z!/)<z+1>_ 729)

Here, the function (z) is the logarithmic derivative of the gamma function:

__dlogT'(z) T'(2)
Wle) = dz  T(2)°

Th ¢ function is meromorphic with simple poles at z =0,—1,—-2,....
Next, we summarize the asymptotic behaviors of the Bessel functions:

Fact 7.2.1 (see [Il, Chapter 4], [563, Chapter VII]). The asymptotic behaviors
of the Bessel functions at x = 0,00 are given by

1) As x tends to 0, J,(z),I,(x) = O(x").

Forv >0,

~ T —2v
K,(z) = % (%) +o(x™) asx tends to 0. (7.2.10)
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2) As x tends to infinity

UG o G V%), eIV & (a, )
I,(x) Sra par (22)7 + 5y jgo (22:)
L — (1,4)
Ky (@) ~ \/%e (1 + ; (2@])

In particular, we have

(

argz| < ),

(larg x| < m),
(-2 < <)
_ I‘ pa—

5 <argr < om),

3
(jargal < 5.

~ 1
K,(2z) = g e 2 x_”_%(l + O(E)) as x — 0o.

Here, we have used Hankel’s notation:

() = (~1y) ET iz + )

(402 —12)(4a% — 3%) -+ (4a? — (2§ — 1)?)

223 j1

Finally, we list some integral formulas for the Bessel functions:

B1 (the Mellin transform of K-Bessel functions, see [16, p684]). For Re(u+

1+v)>0and Rea >0,

l+p+v

1+pu—v

/ oMK, (ax)dr = 24 Lo P 5 )T(
0

Equivalently, we have

<~ 1 1
/ ﬁKAmmx:?4a*4m—§$m ;3—
0
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B2 Formula of the Hankel transform due to W. Bailey [B] (see also [I0,

§ 19.6 (8))).

/0 1T, (at) J, (bt) K ,(ct)dt
22720 T (3(A+ 4 v — p)T(5(A+ p+ v +p))
N AT+ D0(v + 1)

1 1 a? b
X F4(§()\+M+V—P)a5()\+M+V+P)§M+1,V+1;—C—2,—c—2)~
(7.2.12)

Here, F} is Appell’s hypergeometric function of two variables (see (ILZ4)).
B3 (see [10, §7, 14.2 (36)]) For Re(aw+3) >0 and Re(p £t pu+v +1) > 0,

2°F21(1 — p) / - K, (at) K, (Bt)tPdt
0

1 —p 14+v—p— 2
:apiyilﬁygFl( Trtp p, ty_p p§1—p§1_ﬁ_2)
2 2 o
1+v+pu—p 1+v—p—p _ l1—v+p—p _  l—v—p—p

In particular, we have

/OOO K, (26) 225 Lt = F(3)2F(‘;§(;‘§<3 — (7.2.13)

7.3 Associated Legendre functions

The associated Legendre functions on the interval (—1,1) is defined as the
special value of the hypergeometric function:

1 1+2\% 1—=z
Ph(z) = F(l_M)<1_x>22F1(—y,y+1;1—M; ). (7.3.1)
The associated Legendre functions satisfy the following functional relation:
d
— (=25 PA=0)) = (1 —a?) ™" P (), (73.2)

which is derived from the following recurrence relation (see [16, §8.733 (1)]):

(1 —2?) Pl () = —V/1— 2P (a) — e Ph (x).

Integral formulas for the associated Legendre functions:
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L1 (see [16, p803]) Formula of the Riemann-Liouville integral: ReA < 1,
Rep>0,0<y<1,

ﬁ /Oy(y—x)“_l(56(1—90))_%133(1—290)@ = (y(1-9) T TR (1-2).
(7.3.3)
L2 (see [16, p798]) For 2Re A > |Rep,
L T\ + BT\ - )
Jme e = )

7.4 Gegenbauer polynomials
Definition of the Gegenbauer polynomials: For [ € N, we define

(=)' D2+ DT+ 3) (L —a®) 5+ d
28 T (p+1+ 1) I da!

Cl(z) = (1 —a2?)PH3). (1.4.0)

Slightly different from the usual notation in the literature, we adopt the
following normalization of the Gegenbauer polynomial:

Cl(x) := D(n)C¥ (). (7.4.2)
By using Gauss’s duplication formula
2u—1,_—1 1
D(2p) = 2% w3 T ()T + ), (7.4.3)

the definition (IZZI) may be stated as

_ 1\l T 1 I 1
Crle) = 22£+})11;(1%€Lu++13f%) - I2)7M+§% ((1—a?)7z). (7.4.4)

The special value at = 0 is given by the limit formula (see [0, §3.15.1

(14)]):
QCOS(ZQ).

l
On the other hand, the special value at [ = 0 is given by

Ch(x) =T(p).

C?(cos ) = lin% L(pu)Cl' (cosb) = (7.4.5)
n—
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Connection with Gauss’ hypergeometric function (see [9, §3.15 (3)]):

Here, the second equation is derived from the formula of quadratic transfor-
mation for hypergeometric function (see [9, §2.11 (2)]):

1 1
2F1(a’b;a + b+ 5,4.%(1 - I’)) = 2F1(2a7 2b,a + b+ 5,(E)

By using Kummer’s transformation formula for the hypergeometric func-
tions:

o1 (a, B;7;2) = (1 — 2)Y 2Pl (v — o,y — B 5 2),

one can obtain the following relationship between the Gegenbauer polyno-
mials and the associated Legendre functions.

" \/—F(Qlu + l) 2y 2 H _ T
Cr(z (x) = 72#*5{‘([ N 1)( P;H—l——( x), 1<z <1, (7.4.7)

I3
2

Integral formulas for the Gegenbauer polynomials:

Gel (Orthogonality relations; see [0, §3.15.1 (17)]) For Rep > —

LS 0 if | # m,
/ CZM(JI)C#L(JI)(I — ;L'2)M_%dx = {21_2”71'F(l+2u) 1 7& .
-1 Trran Hi=m

(7.4.8)

Ge2 (see [10, §7.321]) For Rep > —

! L1 e A m2AT (2u + 1)
/_1(1 — %) 3e O (@) dae = T _('_/f) )a “Jui(a).
(7.4.9)

Ge3 (see [BI, Lemma 8.5.2]) For a € C, Rev > —1,and l € N,

/11 TV F O 2 (@) (1 +2)5 (1 — 0)de =
23 (—1)\\/aT (2w + 1+ 1)
ar ]!

Jopto141(V20).  (7.4.10)
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Ge4 For Rev > —% and Re A > —1,

1 ~ 1

/ (2 + 1) CL ) (1 — y?)" by

_ VI ERIOH D)
V=3 k!

o[>

v — —]/—l
tiip MV () (T401)
2

This formula (ZZIT) is essentially the integration formula (Z33]) for the
associated Legendre functions. For the sake of completeness, we give a
proof:

The left-hand side of (ZZITI)
T (2v +k) (! v_1 1y
SYTRBED [ i By by @D

2”7%]{! —x
AL AT (2w + k) [ v 141 A1,
= o /0 (=005 (55 ~t) P2 (1 20)dt

AL AT (20 + )TN+ 1) /1 — a2\ 53+5+1 _—a—v—1
_ VL l/k-'i- J'(A+1) ( 4% ) 2732 4PV_:\/§_; 2 (_g) by [Z33)
. 2

= the right-hand side of ([LZIT]).

7.5 Spherical harmonics

A spherical harmonics f of degree j = 0,1,2, ... is the restriction to the unit
sphere S™~! C R™ of a homogeneous harmonic polynomials of degree j in
R™. Equivalently, f is a smooth function satisfying the differential equation:

Agm-1f=—=j(j+m—2)f.

The space of spherical harmonics of degree j is denoted by

TUR™) = {f € C°(S™ ) : Agnr f = —j(j +m —2)f}.
When m =1, it is convenient to set:

HORY) :=cC1, HYR!):=Csgn, FI(RY:=0 (j>2).

The following facts are well-known (see [20}, Introduction], [49]):

H1 For f € 39(R™), f(~a) = (—1)7 f(x).
H2 O(m) acts irreducibly on 3’ (R™).
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H3 37 (R™) is still irreducible as an SO(m)-module if m > 3.

H4 H/(R?) = CeV~19% @ Ce V=10 j > 1 as SO(2)-modules, where § =
tan=1 £ (2,7y) € R2.

x’

H5 3/(R™) ‘O (m—1) = _o H{R™ 1) as O(m — 1)-modules.

H6 The Hilbert space L?(S™ 1) decomposes into a direct sum of the space
of spherical harmonics:

2(sm Yy = S a0 (R
=0

@ .
Here, Z stands for the completion of the algebraic direct sum 72, 77 (R™).

Let (xg,z) € R™ 2 € R™! be a coordinate of R™. Then this branching
law H5 is explicitly constructed by the O(m — 1)-intertwining operator

I 90(R™TY — 96 (R™)

as follows:

Fact 7.5.1. (e.g. [{9, Chapter III]) For 0 <i < j and ¢ € 3 (R™ 1), we
define a function I, ;¢ on S™ L by

(I, (6)) (w0, 2) = r:cw(‘ ,)c ), (7.5.1)

Here, él”(z) is the normalized Gegenbauer polynomial (see (ILZZA)). Then,
1) I ;(¢) € 3 (R™).

Z—>]

2) I_)] gives an injective O(m — 1)-homomorphism from H'(R™™1) to
I (R™).

3) (norm)

25=m=2r T (m — 2+ i + j)
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Proof. We use the following coordinate:
[—1,1] x §™72 = 8™ (1) = w = (r,V1—1r2p). (7.5.3)

Then, the standard volume form dw on the unit sphere S™! is given by
m—3
(1 —72)"2 dndr. Therefore,

1 m—2 ,
m i e R m=3
I () 172 (5m1y :/1/Sm2(1—r2) 6 PIC; 2 T () P(1—r) " dndr.

Now, apply (CZ3). O
We illustrate the intertwining operator I;; by the two important cases,
i =0and ¢ =j:
Example 7.5.2. 1) The case i = 0. Then,

~m—2

(o2 ;1) (w0, z) = C; 2 (20) (7.5.4)

is the generator of O(m — 1)-invariant vectors in 37 (R™), where 1 is the
constant function on S™1.
2) The case i = j. Then, we have simply

" (6)(wo,x) = r<m>rxw¢<§,>. (7.5.5)

7.6 Meijer’s G-functions

Let m,n,p and ¢ be integers with 0 < m < ¢, 0 <n <p and

c* ::m+n—]%20.

Suppose further that the complex numbers ay,...,a, and by, ..., b, fulfill
the condition:
a; —by #1,2,3,... (=1,...nsk=1,...,m). (7.6.1)

Then, Meijer’s G-function of order (m,n,p,q) is defined by the following
integral (see [9, §5.3], [39} I, §1], [43, §8.2]): for = > 0,

m,n ai, -+, Qp
Gpg (x by, -, bq>
. [IT®; =N TIT(1—aj+N)
i=1 i=1 A
= A, (7.6.2)
2my/—1 / 4 P
" POIL T =b;+2) 1T T(aj—A)
j=m+1 J=n+1
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where an empty product is interpreted as 1.
The contour L starts at the point y—+/—100 (7 is a real number satisfying
[CE3) below if ¢* = 0), leaving all the poles of the integrand of the forms

to the right, and all the poles of the forms
A=aj—1l,a;j—2,a; —3,... (1<j<n)

to the left of the contour and finishing at the point v 4+ v/—100.
Here, the condition on the real number ~ is given by

(¢ —p)y > Rey, (7.6.4)

where we set
q

P
,u::ij—Zaj—Fz%—f—l.
j=1 j=1

It follows from the asymptotic behavior of the gamma factors (see Lemma
ET) that the integral (CE2) converges and is independent of ~ if one of
the following conditions hold:

1) ¢* >0, |argz| < c*m;

2) ¢* >0, |argz| =c*m, (¢ —p)y > Rep.

In particular, the G-function extends holomorphically to the complex
domain |argz| < ¢*m if ¢* > 0.

The G-function is symmetric in the parameters aq,...,a,, likewise in
Apg1y---50p, N b1, ..., by, and in bpyy1, ..., by
Obvious changes of variables in the integral give
s, ym,n ai, 5 Gp\ _ ~mmn a+s, -, ap+s
Gy (x by, -, bq>_Gp,q (x by4s, -, bq+s>’
e 1—by. . 1—5b
Gman SC_l ay, s ap) — g (.’E 15 , q).
p,q< by, -, by ap l—ay, -, 1—a,
The G-function Gpg" (ac 6;;1’ o ’Zp ) satisfies the differential equation
1y--+50q
(see [9, §5.4 (1)]):
bod tod
_1)p—m-n 2 _ 2, —
(( 1) lel[l(xdm a; +1) Jl;[l(xdx bz))u =0. (7.6.5)
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If p < g, the only singularities of ([LEXH) are x = 0,00; x = 0 is a regular
singularity, * = oo an irregular one. For example, G34(z | by,bg,bs,bs)
satisfies the fourth order differential equation:

H Ju = 0. (7.6.6)

The condition ([ZEJ]) implies that none of the poles of I'(b; — ) (j =
1,2,...,m) coincides with any of the poles of I'(1 —a + \) (k=1,...,n).
Suppose further that

bj—br #0,+1,42,... (1<j<k<m).

Then the integrand (as an ordinary function for > 0) has simple poles
at the points ([Z63). (We note that as a distribution of 2, 2* has simple
poles at A = —1,—2,—3,..., and the analysis involved is more delicate; see
Subsections Bl and [£21) For p < g, by the residue calculus, we obtain (see
B9 I, (7)]):

m,n ay, --+, ap

Gp,q (x bi, -, bq)
H D(b; — b) T1 D(1+ by — ay)
m 7=1 j=1

- Z ;#k ) %

F=l P(L+by—b;) I T(a;—br)

J=m+1 j=n+1
k;

Xqu_1(1+bk—a1,.. 1+bk—ap,1+bk—b1’ 1+bk_bq7( )pmnx)

(7.6.7)

Here, ,F;, denotes the (usual) generalized hypergeometric function:

8
B

aj(aj+1)-~(ozj+k:—1)

pFoloa,...,ap; B, ..., Byx) = .
Bi(Bj+1)--- (B +k—1)

i
o
=

NE
1:@ T
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Similarly, for ¢ < p, if a;j —ap #0,£1,£2,... (1 < j <k <n), we have

m,n at, ) ap
Gpy (x by, -, bq>
n n
[1 Mok —aj) T[T T(b; — ar +1)
n J=1 j=1
— ]#k xakfl
p
k=1 Iaj —ap+1) I T(ax—0b;)
j=n+1 J=m+1
k
X qu_l(l +by—ag,...,1+ bq —ag; 1 + a1 — ag, o 1+ ap — ag; (—l)q_m_nx_l).
(7.6.8)
For p < ¢, it follows from ([LG6.7) that
m,n ai, -+, GQp _ min(Reby,...,Rebn,)
G (x e bq) O] ) (7.6.9)

as * — 0 (see also [9 I, §5.4.1 (8)], but there is a typographical error:
max Re by, loc. cit. should be min Reby,). On the other hand, the asymptotic
expansion of Gpg'(z) (p < q) for large > 0 that we need in this paper is

the following case:
Fact 7.6.1 ([39, VII, Theorem 17]). Let m,p and q be integers satisfying
0<p<qg—2 and p+1<m<qg—1.

Then the G-function G;’}éo(x) possesses the following asymptotic expan-
sion for large x > 0:
GIO(z) ~ A™OH, o(2el0=™TVT) L AMOp (e(m=aymy/=T)

Here, Hp4(z) is a function that possesses the following expansion (see
B9, I, (25)]):

qg—p—1
L 27) 2 M M
prq(z) = exp ((p—Q)Zq*P) 2 (27) + 11 + 22 +oe |,
q—p 2a—p 2ap
where My, M>, ... are constants, and 6 is given by
1 (p—g+l a _
9.:q_p< : +;bj—;aj . B9 T, (23)).

97



The coefficients A™9 and A™} are given by

Am,O — (_277-\/__)7”*(1 ef(bm+1+“'+b‘1)ﬂ\/jl, [39, II, (45)],
A0 = (2 /—T) 1 bttt m L [39, I1, (46))].

Example 7.6.2. For (m,n,p,q) = (2,0,1,3), ¢* =0. We take v such that
1
v > 3 Re(by + by + b3 — aq).

Then, we have an integral expression:

T(by — \)
G20 a1 ) )\d)\
BG b1, ba, bs 2m/_ 1—%+MN ESVEES

where the integral path L starts from v — /—100, leaves by, bs to the right
and ends at vy + v/—1oo (see Figure [7.0.1]).

v+ +v—1oo

v —V—Tool
Figure 7.6.1

Example 7.6.3. If p =0, the G-function is denoted by Gg?c’lo(:c | b1,...,0q).
The G-function that we use most frequently in this paper is of type G2
Again, we have ¢* = 0. Then, we have an integral expression:

= A)(b2 = )

G2 (z | by, by, b3, b
0a( | b1, b2, b3, ba) = %M__ 1—@+A)u—m+A)

2,
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where L starts from v — v/—1oo, leaves by, by to the right, and ends at
v+ vV—1oo (see Figure[7.0.1) for v € R such that

1
v > Z(Re(bl + b2 + b3 + b4) - 1).

In Subsection B0, we need the following lemma on the asymptotic be-
havior:

Lemma 7.6.4. The asymptotic behavior of the G-functions G2 (z | by, b, 1—
v —b1,1 —~ —by) are given as follows:
1) As  tends to 0, G3Y(x | by, by, 1 —7 — by, 1 — — by) = O(a™n(br:b2)),
2) As x tends to 0o,
Goa( [ b, bg, 1 —~ — b1, 1 =7 —by)
1 1—4y

(427 — (v + b1+ +1) Y1+ Piz™2 + Par~ 4 --)
= ———=x 8 cos(dxri — —) T2 T
\/% v 1 2 4 1 2

- 1
e sirl(élaci —(v+ b +b+ Z)ﬂ) (Qlac_i Qo 4 ).
(7.6.10)
Here, P,--- ,Q1,--- are the constants independent of x.

Proof. 1) This estimate is a special case of ([LG3).
2) We apply Fact [L60] to the case

(m7p7 q) = (27 074)7 (b17 b27 b37 b4) - (b17 b27 1-— Y- b17 1- S b2)
Then, the coefficients A%}, A%} and the constant § amount to
1

A20 _ _% e(2y—2+b1+b2)n\/—_1 A20 _ - 67(2772+b1+b2)7r\/7_1

4dm ’ 4dm ’
1 — 4y
0= .

8
The expansion of H074(:cei27“/__1) is given by
3
1o - 2m)2 M
H074(.’E€i27r\/jl) _ e$(4x171 44“’7r)\/j1x% <( 77)2 + 1 _ 4 )
2 v—1x1

Hence, G23(z) has the following asymptotic expansion:

3
2

1 _
_ %6(49047T(’Y+b1+b21))\/71x1847<(2ﬂ-) + Ml - +>
4 2 N/ —1lx2
3
i e(4x%—ﬂ(7+b1+b2—%))\/jlx% ((27T) 2 _ Ml - 4+ .. >’
472 2 /gt
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which is expressed as the right-hand side of (I[ZEI0) by virtue of the formulas
e™ =1 4 ememV=1 — 9cog(er) and eV — em VL = 9/ “Tsin(enr). O

Finally, we list the reduction formulas of G-functions that are used in
this paper:

G | a,b) = 22 @) J,_y(222) 9,§5.6(3)], (7.6.11)
GU(x | a,b) =222 K, ,(222)  [9,85.6(4)], (7.6.12)
Gil(e | a,at Loyt %) = 27y, (d2T) [9,85.6(11)], (7.6.13)
_1
G (m ‘ N 1) = 220y, (222) 9, §5.6(23)]. (7.6.14)
a,b,a — 3

7.7 Appell’s hypergeometric functions

Appell’s hypergeometric functions (in two variables) Fy, Fy, F3, Fy are de-
fined by the following double power series:

! (Oé)m n( ) ( /)TL m,n
Fl(a,ﬁ,ﬁ avaxvy) = m;() (’y)m+nm'n' 'y, (771)
By(a, 3,6 ,7,72,y) = Z ((z‘?ym ?())’;f'nenxmy”, (7.7.2)
m,n=0 o

Fy(a, o, 3,8, viz,y) = ) (@) ()0 (B)m () T (7.7.3)

'7)m+nm! n!

m,n=0
0

Ley) = (Dmsn(B)min m, n
F4(O‘7B7’Ya7 ,.’E,y) T m;:() (V)m(’)//)nm' n'x Y. (774)

Apl Reduction from F3 to Fy (|9, §5.11, (11))):

F3(a7a,7ﬁ7ﬁ/7a + Oé/;q,',y) = (1 - y)_6,F1(a,ﬁ,5/,Oz + CU,;-%'7 Y g 1)
(7.7.5)

Ap2 Reduction from F3 to oF ([9 §5.10, (4)]):

Fy(a,y —a, B,y — Biviz,y) = (1 — )" PR (. B, vs 2 + y — 2y).
(7.7.6)
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Ap3 Reduction formula of Fy ([9, §5.10, (8)]):

oG T —y
Rl gt e By T —y)
Zﬂ—yfﬁﬂm&1+a—&:%%%@) (7.7.7)

Ap4 Single integral of Euler’s type for Fy ([9, §5.8.2, (5)]): For Rea > 0
and Re(y — a) > 0,

Fl(a,ﬁ,ﬁl,')/;l',y) =

L lua_l —u y—a—1 —ux -8 —u —g ”
F(a>F<7—a)/o (1= ) (1 =~ ue) (L — uy) (57.8)

Ap5 Double integral of Euler’s type for F3 ([9, §5.8.1, (3)]):

I'(y)
BLE)T(y—6-0)
X //D PP (1 = — o) PN — ) (1 = vy) Y dudv

Ref > 0,Red > 0,Re(y — 38— 3) >0, (7.7.9)

F / / . —
3(0470475757%%@ F(

where D = {(u,v) € R? : > 0,v > 0,u+v < 1}.

7.8 Hankel transform with trigonometric parameters

This subsection presents an integral formula (IZZJ]) on the Hankel trans-
form with two trigonometric parameters. In the conformal model [33] (i.e.
the solution space to the Yamabe equation) of the minimal representation,
K-finite vectors can be explicitly expressed in terms of spherical harmonics
(e.g. Gegenbauer’s polynomials). On the other hand, in the L2-model (the
Schrodinger model) which is obtained by the Fourier transform of the con-
formal model (or the N-picture in a terminology of representation theory),
it is not easy to find explicit K-finite vectors. The formula ([ZXT]) bridges
these two models and gives an explicit formula of K-finite vectors in the
Schrodinger model (see the proof of Lemma BZ7).

Since we have not found this formula in the literature, we give a proof
here for the sake of completeness, generalizing the argument in [B5, §5.6,
5.7].
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Lemma 7.8.1. The following integral formula on the Hankel transform

holds:
o tsind tsin¢
g, ———— ) J, | ———— | K, (t)dt
/0 "\ cosf + cos ¢ cos 0 + cos ¢ ®)
2V—1

NG

Proof. By Baily’s formula ([CZI2) of the Hankel transform, the left-hand
side of ([ZEI)) equals

M(p+v+1) 2*sin”fsin” ¢
P(v+1) (cosf + cos)rtv

il
I'(w— v+ 1)(cos @ + cos ¢) sin* O sin” ¢ Cuirlf (cos ¢) (7.8.1)

sin ¢ 9
cos 6 +Cos¢) )
(7.8.2)

sin 6

x F. 1 1; 1 1: — 2
alp+Lp+v+Lip+1lv+1; (cose+cos¢)’ (

Here Fy denotes Appell’s hypergeometric function (see (ILZA)). Thus, the
proof of Lemma [LXT] will be completed if we show the following:

Claim 7.8.2. We have

sin 0 sin ¢
Filu+1 Lu+ v+~ () ()’
ap+Lpt+v+Lip+lv+1; (c089+cos¢) ’ cos&+cos¢) )
9 pAvHL Py, — nr 1) ~ptd
_ (cos @ + cos ¢) (b—v+DI'(v + )C fﬁ(cosqb). (7.8.3)
on—v+l /x I(p+v+1) g

O

Claim is essentially a restatement of [35, Lemma 5.7]. For the
convenience of the reader, we include its proof here.

Proof of Claim [T.8.3 We recall a quadratic transformation for hypergeo-
metric functions (see [9, § 2.11 (32)]):

oF1 (o, 351+ a—(;2)=(1— z)‘%ﬂ(%,#;l fa-G; (1—_74;2)
(7.8.4)
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Combining the reduction formula (ZZ7) with ([Z84), and using the sym-
metry of a and b; (¢, z) and (d,y) in Fy(a,b;c,d;x,y), we have

e — ] —r Y
B fol —et by o=y

B
(et g e

y(1—2)(1 —y)
(1—azy)?

1—a+ﬁ;4 )
(7.8.5)

Consider the change of variables from (z,y) to (6, ¢) by the following iden-
tities:

T B sin 6 2 Y B sin ¢ 2
1-z)(1-y) <00s0+cos¢> -1 -y) <00s9+cos¢>
)

such that (z,y) = (0,0) corresponds to (6,¢) = (0,0). Then, a simple

computation shows

1—ay 2 4y(1 —x)(1 —y)

_ oy
(1—$)(1—y) N cos9+cos¢v (1_$y)2 = sin” ¢.

Now, we set
a=pu+1, B=p+v+1,

in (ZX3A). Then, the left-hand side of (ZX3]) amounts to

2 —pmvl pu+v+1l p—v 9
_ F' — ; 1;si . 7.8.6
(Cos&—i—cosqﬁ) £ 2 ’ 2 v+ 1;sin” ¢) ( )

By using ([ZZ0]), L) is expressed as
(cos 0+ cosqS)“J”'+1 Mp—v+1)I2v+1) s
2 T(p+v+ 1)+ 3) 77

(cos ).

By using Gauss’s duplication formula ([ZZ3]), we get Claim. O

7.9 Formula for the fractional integral

The following formula is used in Subsection B3 where we find explicit eigen-
values of intertwining operators on L?(SP~2x S972) by using the Funk-Hecke
formula (see Example B32).
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Lemma 7.9.1. For Repy,Rev > —%,Re)\ > —1 and I,k € N, we have the
following formula for the fractional integral:

/ / x; f fC”( 2)CL(y)(1 — 223 (1 — y?)" 2 dwdy

_ D2 ATAN+p+v+1)
- A +k A -k - —I— ’
F( +2u+212/+ + +2)F( +2u+2 +2)F(/\+2z/ 2l+k+2)r(/\ l2k+2)

(7.9.1)

where
(£D)**r2 D (2u 4+ DT(2v + k)

b= e k!

1 a constant independent of .

Proof. The left-hand side of ([ZIT]) amounts to
1,
T+ y) v—1 ~ _1
/( ﬁm )1~ ) Hdy) O (a) (1 — 22~ Fda
VAl (2v + k)
22!
9y 43
_E eIy 4 MERu+ ) / R R AL TaN
C(p+1+3) k! _1

A= D2 + DT (20 + )TN+ p+ v+ 1)

B IE! 1“(”2*”2;“”€+2 )F(A+2u+2lfk+2)r( A+2u3l+k+2)r( A715k+2) :

1 ~
[ (a=asip i o)) - s s
—1

2

Hence, the right-hand side of ([Z31]) follows. Some remarks on each equality
are given in turn:

First equality follows from Gddlin Appendix [Z4

Second equality. First, we made use of the integral by parts because

we have (see (ZZ1))

Cl(x)(1 — a?)H~

ol
I

(-1t Tu+)yr d _1
ST g _l<(1_x2)u+l 2).
22HL N T (41 + 1) da

Then, we applied the functional relation

d! Ajv 1l —p—1 Ny it el
%((1_‘7”2)2““3%—”;2(—56)):(1_x2)2+2 2+4PV+k—V% 2 (—x),

which follows from the iteration of ([Z32).
Third equality. We applied the integral formula (L34 after changing
the variable z — —x. U
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