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Abstract

We discuss a class of generalized divided difference operators which
give rise to a representation of Nichols-Woronowicz algebras associated
to Weyl groups. For the root system of type A, we also study the con-
dition for the deformations of the Fomin-Kirillov quadratic algebra,
which is a quadratic lift of the Nichols-Woronowicz algebra, to admit a
representation given by generalized divided difference operators. The
relations satisfied by the mutually commuting elements called Dunkl
elements in the deformed Fomin-Kirillov algebra are determined. The
Dunkl elements correspond to the truncated elliptic Dunkl operators
via the representation given by the generalized divided difference op-
erators.

Introduction

The rational Dunkl operators, which were introduced in [5] for any finite
Coxeter group, constitute a remarkable family of operators of differential-
difference type. The Dunkl operators are defined to be the ones acting on
the functions on the reflection representation V' of the corresponding Weyl
group W. For the root system of type A,,_1, the Dunkl operators Dy,..., D,
are defined by the formula
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where s;; is the transposition of ¢ and j. They are S,-invariant and mutually
commute. The Dunkl opearotors play an important role in the representa-
tion theory and in the study of integrable systems. Here we would like to
mention only a remarkable result, due to Dunkl, that the algebra generated
by truncated Dunkl operetors is isomorphic to the coinvariant algebra of the
corresponding finite Coxeter group [5], [2]. A trigonometric generalization
of Dunkl operators has been proposed by Cherednik [4], and an elliptic one
by Buchstaber, Felder and Veselov [3]. The basic requirement for such gen-
eralizations is that the operators to be constructed are bounded to pairwise
commute. Another important property of rational Dunkl operators, namely,
their W-invariance, may be broken for generalizations.

For a crystallographic irreducible root system R, Buchstaber, Felder and
Veselov [3] have determined the conditions on the functions f,(z), @ € R, so
that the operators

Ve=0c+ ) (0.8 fal(e,7))s0

acER

satisfy the commutativity condition [V¢, V,| = 0 for all £,n7 € V. Here, we
denote by R, the set of positive roots and by s, the reflection corresponding
to a root a. Under the assumption of the W-invariance of V¢, they proved
that the solutions of the functional equation for f, must be rational unless
R is of type B,. Without the assumption of the W-invariance, some elliptic
solutions given by Kronecker’s o-function may appear. If R is of type A,,
such functions exhaust the general solution.

The present paper contains two main results. The first one is concerned
about the existence of a representation given by the generalized divided dif-
ference operators for the (certain extension of) Nichols-Woronowicz algebra
By, corresponding to a Weyl group W. Our second main result describes
relations among the Dunkl elements in the elliptic extension of the Fomin-
Kirillov algebra introduced originally in [7]. In particular, we describe the
relations among truncated elliptic Dunkl operators of type A, _;. By anal-
ogy with Dunkl’s theorem mentioned above, one can consider the algebra
generated by truncated elliptic Dunkl operators of type A,_; as an elliptic
deformation of the cohomology ring of the flag variety Fl,,. We also prove an
elliptic analogue of the Pieri rule in the elliptic extension of Fomin-Kirillov
algebra. These results can be considered as further generalizations of those
obtained in [6], [15], since the latter correspond to certain degenerations of
the elliptic case, see Section 4 for details.



The Nichols-Woronowicz algebra B(M) is a braided analogue of the sym-
metric algebra, which is defined for a given braided vector space M. Nichols
[14] studied graded bialgebras generated by the primitive elements of de-
gree one. The braided Hopf algebra B(M) satisfying such a condition was
called Nichols algebra by Andruskiewitsch and Schneider [1]. The algebra
B(M) has been constructed also in the theory of the differential forms on
quantum groups due to Woronowicz [16]. Woronowicz constructed B(M)
as a braided symmetric (or exterior) algebra based on the construction of
his (anti-)symmetrizer. The Nichols-Woronowicz algebra provides a natu-
ral framework for the braided differential calculus, which was developed by
Majid [11].

In this paper we are interested in the Nichols-Woronowicz algebra as-
sociated to a particular kind of braided vector space called Yetter-Drinfeld
module. See [2] for more details of general construction of B(M). In our case,
we use a C-vector space My, spanned by the symbols [o] = —[—a], a € R,
with the braiding ¢ : M$? — M3?, [a] ® [8] — [s4(8)] ® [a]. The algebra
Bw = B(Myy) of our interest is defined to be the quotint of the tensor algebra
of My, by the kernel of the braided symmetrizer.

Milinski and Schneider [13] and Majid [12] have pointed out that the al-
gebra By, for W = S, is a quotient of the Fomin-Kirillov quadratic algebra
&, defined in [6]. The algebra Bg, is conjectured to be isomorphic to &,.
Fomin and the first author introduced the algebra &, to construct a model
of the cohomology ring of the flag variety Fi,. In [2], Bazlov has reformu-
lated their construction of the model of the cohomology ring in terms of the
Nichols-Woronowicz algebra By, and generalized it to arbitrary finite Cox-
eter groups. The braided differential operators on the algebra By,, which
were used by Majid [12] for root system of type A, play an essential role in
Bazlov’s construction. His construction also has an important implication on
the representation of By, since the braided differential operators act on the
coinvariant algebra of W as the divided difference operators d, = (1—s,)/a,
a € R.

In Section 1, we discuss the conditions for the generalized divided differ-
ence operators

D, = fa((@,f)) + ga((c“7£))306

to give rise a representation of By,. These conditions are interpreted as func-
tional equations for f, and g,. We prove that the operators corresponding to
the W-invariant solutions described in [3] define a representation of By, . Ko-



mori [10] studied when the operators D,, satisfy the Yang-Baxter equation.
Since the generators [a] of the algebra By, satisfy the Yang-Baxter equation,
our operators also correspond to special part of the solutions found in [10].

In order to get a more general class of solutions like elliptic functions,
we have to loose part of defining relations of By,. In Section 2 we introduce
a deformed version én(@/),]) of the Fomin-Kirillov quadratic algebra, which
is defined for a given family of meromorphic functions v;;(z), 1 <i,5 <mn,
1 # j. The algebra g’n(wij) admits the representation by the operators D,
only when 1;;(2) is given by the Weierstrass p-function or its degenerations.
In this case, the operator D, exactly corresponds to the general solution for
A,,_1-system obtained in [3, Theorem 16].

Our second main result is the study of relations among the Dunkl elements
in the elliptic extension é’n(ww) of the Fomin-Kirilov algebra. The Dunkl el-
ements 60,...,0, € é’n(wzj) are mutually commuting elements defined by
0; = >_,lij]. The images of the Dunkl elements, via the representation
[a] — D, become the so-called truncated (or level zero) elliptic Dunkl oper-
ators, cf [3]. It is well-known that the (truncated) rational or trigonometric
Dunkl operators can be obtained as certain degenerations of the (truncated)
elliptic Dunkl operators. The identities among the Dunkl elements in &, (1);;)
are also satisfied by the corresponding truncated elliptic Dunkl operators or
their degenerations. In the context of Schubert calculus, the Dunkl elements
describe the multiplication by the classes of standard line bundles in the co-
homology ring of the flag variety. The formula of the elementary symmetric
polynomials in the Dunkl elements in the Fomin-Kirillov algebra reflects the
Pieri formula. In Section 3 we give a formula for the deformed elementary
symmetric polynomial Fj(6; | i € I) in the algebra &,(1;;).

The algebra gn(zb”) has degenerations to variants of the deformation of
the Fomin-Kirillov algebra. In particular, the multiparameter deformation £?
studied in [6] and [15], and the extended quadratic algebra &, (R)[t] defined in
[9] after the specialization t = 0 can be regarded as degenerations of £, (¢);;).
In Section 4 we show that our algebra recovers the Pieri formulas in the
corresponding degenerations.



1 Representation of Nichols-Woronowicz al-
gebra

Let us consider the reflection representation V' of the Weyl group W. Denote
by R C V the set of roots for the Weyl group W. Fix R, the set of positive
roots in R. Let {ay,...,a,} C R, be the set of simple roots. The Weyl
group W naturally acts on the space M = M (V) of meromorphic functions
on V¢. We also denote by M the space of meromorphic functions on C.

We discuss the generalized Calogero-Moser representaion of the Nichols-
Woronowicz algebra By, for the Weyl group W. The Nichols-Woronowicz
algebra By, = B(Myy) is associated to the Yetter-Drinfeld module My, gen-
erated by the symbols [a], @ € R. Define the operator D, o € R, acting on
M by

D, = fOt((avf)) + got((avf))saa §ev,

where s, is the reflection with respect to «, and f,, go. € My. We assume

that f_,(2) = —fa(—2) and g_o(2) = —ga(—2) so that D_, = —D,.

Lemma 1.1 The divided difference operator 0, = (1 — sa)/(c, &) gives a
well-defined representation of By, on P.

Proof. From the construction of the model of the coinvariant algebra Py in
2], we can see that the natural action of the braided differential operator T)a
on Py coincides with the divided difference operator d,. Since P = PV ® Py,
we can extend P"-linearly the action of By on Py to that on P.

Lemma 1.2 [f [a] — D, defines the representation of By, then f, must be
an odd function, and

9a(2) = fa(2)9a(2),
where ¢o(2)pa(—2) = 1.

Proof. The condition D? = 0 is equivalent to the equations

fa<z)2 + ga(—2)ga(2) =0
and
9a(2) - (fa(2) + fa(=2)) = 0.
The second equation shows that f, is odd. Define the function ¢, (z) by

_ 9a(2)
¢a(2) B fa(z).




Then the first equation can be written as

¢a(z)¢a(_z) =1

We take the standard realization of the root systems of type A, and B,
as follows:

RA) ={ij=e—e | 1<ij<ni#j}
R(Bn) = {lj =€ _Ejai_j: 6i+6jai = 6i| 1 S Za] S TL,i %3}7
where (€1, ..., €,) is an orthonormal basis of V.

Proposition 1.1 Suppose that R is not of type Ay or Bs. If the operators
D, give a representation of By, then fo(2) = ko/z and go(2) = £kae*?/z,
where k., are W-invariant constants and the choice of the signature £ is
independent of roots a.. The constants A\, are obtained as N\, = A(") from
an element A € V*. Conversely, the operators D, corresponding to the above
solutions give the representation of Byy.

Proof. When R is of type Ay, we have the functional equations

Ji2(x —y) fas(y — 2) + fas(y — 2) far(z — @) + fa1(z — @) fra(w —y) =0, (1)
g12(x = y)ga3(r — 2) + gas(y — 2)ga1(y — ) + g31(2 — x)g12(2 —y) = 0. (2)

If fio is regular at the origin, then we have fi12(0) = 0 since fi2 is odd. We
have fo3(x — z) f31(2 — ) = 0 by putting = y in the equation (1), and hence
f12, fo3 and f13 must be constantly zero. So we may assume fio, fo3 and fi3
have a pole at the origin. Now the equation (1) shows

fa(z—2) "+ fra(z —y) ™'+ fas(y —2)7' = 0.

Therefore we have .
f12(37) = f23(93) = f13($) = E

for some constant k. From Lemma 1.2, we can write

giy(z) = Ko@)

X

where ¢;;(x)¢;j(—z) = 1. From the results in [3, Theorem 16], we can con-

clude that
k.e)\ijr

gij(x) = £ —




where A5+ Xo3+A31 = 0. When R contains Bs as a subsystem, the argument
works well. If R contains the subsystem {£12, 412, +1, +2} of type B, we
have the functional equations

fro(z —y) fi(x) = fo(y) f2(x — y) + fa(z +y) f2(y) + fi(2) fz(z +y) =0, (3)
g2z = y)g1(y) — 92(y)912(x + y) + gra(z + ) g2(—2) + 1 (2)gra(—2 + ) = 0. (4)
Since R is not of type A; or By, R contains a subsystem of type A;. We may

assume that fi2, fi3, 912 and gg5 are determined from the subsystems of type
Ay in R as follows:

k ket2® kerE®
Ji2(7) = fz(z) = = gr2(x) = , g(r) = :

T

Then the functional equations (3) and (4) can be written as

1 1 1 1
+ )+ | ——-+ =0, (5
(5t o) ao+ (-4 ) B =0 6)
eMz2(z—y) eMz2(z+y) e Mz +y) e z(—z+y)
- + )+ ——gi(x) =0. (6
p—y 91(y) " 92(y) Ty g2(—1) o 91(x) (6)

Hence we get /
fita) = fow) = =

from the equation (5). The equation (6) is written as

(ZL’ + y)eA12(w—y)¢1_(y) — ((L‘ _ y)e)\lg(x_t,_y) ¢2(y)

Y )

—(x — y)exwﬂnw —(z+ y)ekﬁ(—xw)qﬁl_(x)
x x
=0. (7)
We obtain, by taking the limit y — 0,
e (1) + 2y (—x) = M2 + 2(¢)(0) — 65(0) — 2X12)),
and by taking the limit x — 0,
e M2 (y) + M2 (y) = 12Y(2 + (¢ (0) + 65(0) — 2)53)).

7



After eliminating ¢2(y) and ¢o(—x) from the equation (7), we have

o~z +iz)e ¢r(x) 1 ¢h(0) — Az — Mg
)

2

T €T T
— o (2tAn)y é1(y) B i B @ (0) — Mg — Az
y? Y2 Y

This means that the both sides must be a constant C. Hence, we have
¢1(x) = P21 4 (¢ (0) — Mg — A\g)z + Cz?).
From the condition ¢;(x)¢1(—z) = 1, we get
$1(0) = A2 + Ay, C=0.

Therefore we conclude that

k/ Ax ]{], Aox
‘ ) 92(37) ==+ ‘ )
xT

gi(x) ==+

where /\1 = )\12 + )\ﬁ, /\2 = —)\12 + )\ﬁ
When R, = {ay, a1 + ag, 201 + 3ae, ag + 22, ag + 3, e } is of type G,
we have the quadratic relation in the algebra By, as follows:

[aq]on + ag] + [a1 + as][2a + 3] + [200 + 3as][an + 2]

+[061 + 20&2][0&1 + 3&2] + [041 + 30(2][042] = [ag] [al].

This equation shows that the constants (\,),cr, are subject to the following
constraints

)\al—i-ag - 3A0¢1 +)\a2; )\2a1+3a2 - 2/\a1 +)\a27 )\a1+2a2 = 3>\a1+2/\a27 )\a1+3a2 - )\al +/\a2-

This means that A, = A(y") for some X € V*.
Consider the multiplication operators

e = ez'{:l >\(XZ7TZ('£)

and

e+ = ( H /6)622‘:1 )‘aiﬂ-i(s),

BERL



where 7; is the fundamental dominant weight corresponding to «;. For the
operator D, = k(1 — e*(@8s.)/(a, ), we have

D, =k,e0d,0e .

For the operator D, = ko(1 + e*@8s,)/(a, ), we have

-1
D, =kqe;o00,0e .

Namely, D,, is conjugate to d, up to a constant k,. Hence the operators D,
give rise to a representation of By, from Lemma 1.1.

Proposition 1.2 If R is of type By, then By is a 64-dimensional algebra
defined by the following relations:

(1) [12* = [12]_=[1]* = [2]* =0,

(i) [12)[12] = [212], [1][2] = [2)[1, _ _
(iii) [12][1] = [2][12]+[1[12]+[12][2] = 0, [1][12]—[12][2] + [12][1]+ [2][12] = 0,
(iv) [12][0]E2](0) + [A2][u)a2)) + 22 + Q2Rp) = o,

(v) [[2])[12] = [r2][a)[r2][j.

The relations above were considered in [8] and [13]. The algebra defined by
these relations is a finite-dimensional algebra with the Hilbert polynomial
(1+t)*(14¢*). Milinski and Schneider [13] and Bazlov [2] have shown that
these relations are also satisfied in the algebra By,. They also checked that
the algebra By, has dimension 64. Hence, the relations above exhaust the
independent defining relations for the algebra By, in By case.

Proposition 1.3 Let R be of type Bs.
(i) The functions f, must be as follows:

A
fl(ﬂ?) = fQ(x) = SH(CLZE, k))
B
fi2(z) = fiz(z) = m,

where A, B, a, k are arbitrary constants, and k = (1 — k)/(1 + k), ¢ =

(1+k)/v/—1.

(ii) If one assumes the W-invariance w o Dy 0o w™" = D), w € W, then
ga(x) = ifa<$)7

9



where the choice of the signature is independent of .
(i) If the functions f.(2) are chosen as in (i) and go(x) = £V f (2),
A € V* then the operators D, give a representation of Byy.

Proof. (i) This follows from the 4-term quadratic equations and [3, Theorem
6]. The relation

[12][1] — [2][12] + [12][2] + [1][12] = O
implies
fio(x —y) fi(x) = fo(y) fra(z — y) + fa(x +y) f2(y) + fi(2) fa(z +y) = 0.

From the equations

(frz(@ —y) + fs(—2 +y)g1(z) = 0, (f1(y) — fa(y))gr2(z —y) =0,

we have fio = fi3 and f; = fo. Hence the functions fi» = fi3 and f1 = fo
are the solutions found in [3] in the invariant case, i.e.,

A
f1($)=f2($):m»

B
fi2(z) = frz(z) = saear f)

(ii) The W-invariance shows g12(2) = gi3(2) and ¢1(2) = ¢2(z). Moreover,
the functions g, (z) must be odd functions. On the other hand, we may set
9a(2) = fa(2)Pa(2) with ¢n(2)pa(—2) = 1 from Lemma 1.2. Since both of
fo and g, are odd functions, ¢, must be even function. Hence, we have
ba(z) = 1

(iii) In this case, we can check that the operators D,, satisfy all the relations
listed in Proposition 1.2 by direct computation.

2 Representation of quadratic algebra

Definition 2.1 For a given family of functions ¢;;(2) = —pji(—2), ¥i;(2) =
Vji(z) € Mo, 1 <i,j <n,i# j, the algebra 5~n(<,0ij, ;) is a C-algebra gen-
erated by the symbols (ij) and functions f(§) in M subject to the relations:
(1) ()" = vy — ),

(if) (ij)(kl) = (k) (ij) for {1, 5} N {k,1} =0,

(iii) (i5)(ik) + (FR) (k1) + (ki) {ij) =0,

(iv) ((27) — (i — 25)) [(E) = f(s558) (i) — pij(mi — ;).

10



Remark 2.1 The algebra MS” of S,-invariant functions is contained in the
center of &,(pi;,1i;). Hence &,(pij,1i;) has a structure of the M*"-algebra.

In this section we consider when the quadratic algebra én<(,0ij,1/]ij) has a
generalization of the Calogero-Moser representation. For A € C\ Z + Zr,
define the function o,(z) = o(z|7) by the formula

_ (2 = A)1(0)
”@*‘m@mp»’

where 1(z) is Jacobi’s theta function
00 1

Di(z) =— Y exp <27r\/—_1 ((z+ S+ %) + 5+ %)2)) .

\]

n=—oo

Proposition 2.1 The algebra gn(goij, Vi) has the generalized Calogero-Moser
representation if and only if v;j(z) = a/z and the functions 1;; have one of
the following forms:

(1)

Yij(2) = g — K(p(bz) — p(Ai — Aj)),
) A i 2(b( Ai + )
A sin Z—= A+ A
Vialz) = 2 sin?(bz) sin(b(h — A;))
(iii) Ak K«
wij<z> = 2 + ()\Z _ )\j)g‘

Here, A = a?, K and b are parameters.

Proof. If the generalized Calogero-Moser representation
(i) = Dij = fij(@i — 25) + gij (2 — x;)s45

is well-defined for the algebra &,(wij,vi;), then ¢;;(2) = fi;(2) must be a
rational function a/z as we have seen in the proof of Proposition 1.1. The
functions g;; are also determined from [3, Theorem 16]. Hence the operator
D;; must be one of the following:

(1)

a ) (@
D,; = — + kox,—a, (b(z; — xj))e(az i) (i ])Sija
i J

11



(i)

D.. — a k sin(b(zi —z; — A + X)) elai—aj)(@i—zj) o
Y- sin(b(x; — ;) sin(b(N; — A;)) b
(iii)
a 1 1
D, = k _ (i) (@i=y) g
J $i—$j+ (IZ’—IL’J‘ /\i—)\j>e SJ
In case (i), we have
A
bij(zi — x5) = D) = ————5 — K(p(b(z; — ;) — p(\i = X))
(i x])

with A = a?, K = k?. We also have the desired result in cases (i) and (ii) in
a similar way.

Remark 2.2 The trigonometric solution (ii) is obtained from the elliptic
solution (i) by taking the limit 7 — +o00y/—1 and replacing A\; by bA;. The
rational solution (iii) is obtained from the trigonometric solution by taking
the limit b — 0 after replacing K by Kb

Under the assumption of Proposition 2.1, the functions ¢;;(2) are deter-
mined to be the rational function a/z. In the rest of this paper, we denote
just by gn(wij) the quadratic algebra SNn(goij,wij) with ¢;;(2) = a/z. If we
introduce a new set of generators [ij] = (ij) — a/(x; — z;), then the algebra
En(1i;) is defined by the following relations:

()" (1] = (i — 25) = Af (@i — 25)?,
i)' [i7][kL) = [R1][ig] for {4, 7} O (k. 0} = 0,
(i) [i]jk] + [k]1ki] + killif] = O,

(iv)' [i71£(6) = £ (51,8l

3 Subalgebra generated by Dunkl elements

In this section, the functions 1;; are assumed to be chosen as in Proposition
2.1 (i) with K = b =1 for simplicity. .
We define the Dunkl elements 6; in the algebra &, (¢;;) by the formula

0: = _lij].
J#i
We can easily see the following from the defining quadratic relations for

Entij)-

12



Proposition 3.1 The Dunkl elements 0y, ...,60, commute pairwise.

In the rest of this section, we discuss the structure of the commutative
subalgebra generated by the Dunkl elements 6, ..., 0, over M®" in the al-
gebra c‘?n(wzj) We use an abbreviation z;; := z; — z;, A;j := A, — A; in the
following.

Lemma 3.1 ([6, Lemma 7.3]) For distinct i1, ..., i, one has the following
relation in the algebra gn(ww) for k > 3.

Z[ia ia-‘rl][ia ia+2] e [Z‘a Zk] ) [Z.a il][ia 22] e [ia Z.a—l] =0. (8)

a=1

Proof. The proof is done by induction on k. For k = 3, the relation (8) is
just the 3-term relation

[21 22][12 13] + [712 23] [23 Zl] + [23 21][7,1 ZQ] - O

Let Qx(i1,...,ix) denote the left-hand side of the above relation. By using
the 3-term relation

lia k1]l ik] = [ix—1 ik][ia Th—1] — [ia T&][ik—1 k],

we get
k
> lia tas)[ia fara] -+ [ia ik - [fa i1][ia 2] - [ia Fa-1]
a=1
k—2
= Z Ga tat1] -+ [la Th2] - ([ik—l k) [ta th—1] — [la W) [ik-1 Zk}) g i) [ia ta—1]
a=1
+ [th—1 ) [Gh—1 1] - - - [ih—1 Th—2] + [0k ©1][ik t2] - - - [ik 1]
= (i1 ) Qr—1(i1, .. - ik—1) — Qr—1(t1, . - -, Th—2, i) [Ir—1 %] = 0.
Lemma 3.2 For distinct iy, ..., ik, m, one has the following relation in the
algebra &, (1) for k > 2.
k
(=" “[ia mfiayr m] -+ [ig m] - [iy m)[iz m] - -+ [ia—1 m][ia m]
a=1

= " 0Niam)lia fat]lia dara] -+ [ia i8] - lia 0]fia i2) - [fa iaa]  (9)

13



Proof. The proof is done by induction on k. For k = 2, we have

= (lia mlin 2] = lir iallia m] ) i m] + [iz o] ([i2 mlfin 2] = [ )l )
= —[ir o) (Vi m (i, m) — A2 %) + Wiy m(Tiy m) — Az, i o]
= <¢wnixmwﬂ-—¢nnxanﬂ>ﬁliﬂ
= (p(Amvn)—'@QMlm)>Uliﬂ-
Let Py(iq,..., ir;m) denote the left-hand side of the relation (9). Here we
show only the relation

P.(1,2,...,k;m) = Zp(/\am)[a a+1llaa+2]---lak]-lal]la2] - ]laa—1],

a=1

since the general relations can be proved in similar manner. By using the
quadratic relation [iy_1 m|[ix m] = [ix m|[ix_1 @] — [ix—1 ix][ix—1 m] and the
assumption of the induction, we obtain

P(1,..., k;m)
= [k—1k]  P1(1,..., k—2k—1,m)— P.1(1,..., kE—2k;ym)-[k—1Ek]|

= [k:—1k]-ip()\am)[aa+1]---[ak:—1]-[@1]---[@@—1]
—ip()\am)[aa—l—1]---[ak—2][ak]-[al]---[aa—l}-[k—lk:]
— o)k E 2] [k~ 2k — 1 &

- }:puwmaa+u~¢ak—mgk—1mmk—1y{amm—1kDmn-nma—u

ot )k = LRk = 1 1] [k — 1k —2]
+ o(Mem) [k L[k 2] -+ [k k= 2][k k — 1]

= > oOamllaat 1] fak=2(lak-1)ak])la1]-[aa—1]

T ot m)lk = LRIk =11 [k — 1k —2

14



+ o(Nem) [k L[k 2] --- [k k= 2][k k — 1]

= Y pQam)laa+1aa+2---[ak]-[al)fa2)-[aa—1]

(S
=,
@
=,
=
IS
&)
+
@
=
=
S
=,
@
=)

N—

o+ (1] (2] [4m] 1] + (2] 4] (1rn] [2m] + (4] L] [2m] 4] ) 34
= 34 (0Oum)12)[13] + o) 23][21] + p(hs)31)32))
[

|
+(pOum) [12]014] + pOham) RAI1] + 9 (i) 41][42]) 34

= —pAam)[12]([34][13] — [14][34]) — p(Aam ) ([34][23] — [24][34])[21]
—9(A3m)[34][31][32] — o (Aam)[41][42][43]
= —pAm) [12][13][14] = ©(A2m)[23][24][21] — ©(Asm)[34][31][32] — p(Aarm ) [41][42][43]

Remark 3.1 Lemma 3.2 is a deformed version of [6, Lemma 7.2] and [15,
Lemma 5.3]. Though the identity (9) looks similar to the one in [15, Lemma
5.3], they are different formulas. In our case, [ij]* = ¥y;(z;) — Aasi_jQ is not
central, and [ij]* # p(\;).

For a subset I C {1,..., n} with #I = 2k, define the function ¢(I) =
¢(z;|1 € I) by the following formula:

¢<[) = Z H p(xaib'L)?

where the summension is taken over the choice of pairs (a;,b;), 1 < i < k,
such that I = {ay, ..., ag, by, ... bp}, a1 < -+ < apand a; < b;. We also define

15



the deformed elementary symmetric polynomial Ei(I) = Ex(X;|i € I) by
the recursion relations:

Eo(I) =1, B(IU{j}) = E(I) + Bt (DX + ) p(Nij) Era(I )\ {i}).

i€l

Theorem 3.1 One has the following formula in the algebra g’n(d)m) ;

[k/2]
w(0: | i€ 1) Z Z (1) Z[Ch bi] - - [ak—ar br—al, (10)
1=0 IoCI,#Io=2l ()

where (x) stands for the conditions that a; € I\ lo; b; € I; ay,...,ax_o are
distinct; by < -+ < bp_q.

Corollary 3.1

_ o1 I #lo=k o(lp) if k is even,
Bl 0n) = { ’ (;) if k is odd.

Proof of Theorem 3.1. Denote by Fy(I) the right-hand side of the fomula
(10). For I C {1,...,n} and j & I, we will show the recursive formula

F(IU{j}) = Fo(I) + 0;Feci (1) + > _ p(Nij) Faea (I \ {i}).

i€l

Let J = {j1 = j,...,ja} be the set {1,...,n} \ I. For L = {ly,...,l,} C
{1,...,n} and r € L, we define

(L) = > Ty ) ] g 7

wWESm

In order to show the formula above, we use the following decompositions
which are similar to those used in [15]. In the following, the symbol I; - -+ Iy C,,
I means that I,...,I; C I are disjoint and #1; + - - - +#I; = m. Here, some

of I,...,I; may be empty. Let us consider the decompositions:
k/2]
E(l) = Y > o > An i d2) - (Ta | ja)
=0 IoCol 114..Idck,211\10
= /414_/42

16



k/2]

E(u{ih) = > > o PR CARICAR YR CARN)

1=0 I,CyIU{j} I’ T Ch_an (TU{GH\I

= By + By + Bs,
[(k—1)/2]
0;Fa () = Y [is] > Y o) D> (I 1a) - (10| da)
s#j =0 I{cyl I I Cro1— I\

— Cl+02+03+04,

where A; is the sum of terms with I; = 0; A, is the sum of terms with
I, # 0; By is the sum of the terms with j & IoU I, U---UI}; By is the sum
of terms with j € I, U--- U I}; Bs is the sum of terms with j € I[; C} is the
sum of terms with s € I'\ (I U Iy U---UI)); Cy is the sum of terms with
se lfU---UIjuUJ; Csis the sum of terms with s € Iff; Cy is the sum of
terms with s € I]. Then we can see that A; = By, Ay +C) =0 and By = (s
by the same argument in [15].

Note that the formula in Lemma 3.2 holds only for k£ > 2. For any subset
K ={ky,... ky,} with j € K, we have

Do USRI+ Y o)L [ sHLE N\ LA {s} | 4)

seK LCK\{s}

= D | UslsACEN s +Dis] D Thaq 31 Rupe J]

seK WESm Ky (1) 7S

o) (BN LTI+ D e (L [ sHEE N\ L\ {s} | 1)

LCK\{s},L#0

= Doz ) (K \{s} [ 7)

seK

from Lemma 3.2 and [ij]2 = ¢;;(zi;) — Av;;* = —(p(xi;) — p()\i;)). This shows

v

Cy+Cy + Z ©(Nij) Fe—a (1 \ {7})
[(k—1)/2

-2 Z PG AN G RS D DI AV R AR

Cgl] SG]” I”--~I,’1’Ck,1,gl[\l(’)’
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[(k=1)/2]

+ 33 0@ S el ) (I st ) - (T | da)

=0 I(/)/CQLI Iiln'fgck_l_glf\[g SEI{I
[(k—1)/2]
= = > > e >, (0 1 gl - (g | ga))
=1 I(/)/CQl[,jEIé/ Ii/-~I£i/Ck,211\I(/)/,Ii/75@
[(k—1)/2]
+ > o) >, (1 1 g - (g | ga))
I=0  IfCoyal,jely I I Croo1—2I\Ig
[k/2]
= > > o) D () (17 ] a)
=1 I{/Col jer I I Crp— o INIY
= Bas.

Example. One has the following formula for E5(6,, 09, 03) in 55(%]‘) :
010205 4+ p(A23)01 + p(A13)02 + p(Ai2)b3 =

> “lar bi[as bo)[as bs]+thra(w12) ([34]+[35])+ s (215) ([24] +(25])+1)as (2s) ([14]+[15]),
)

where (%) stands for the condition that {ai, as,a3} = {1,2,3}; by, by, b3 €

{4, 5} and bl S bg S bg.

4 Degenerations

Some variants of the cohomology ring of the flag variety
Fl, = SL,(C)/(upper triangular matrices)

have the model as the commutative subalgebra in deformations of the quadratic
algebra &,. We see how the deformations of &, used for the constructions of
the model of the cohomology rings can be recovered as degenerations of our
algebra gn(q/),])

Let T C SL,(C) be the torus consisting of the diagonal matrices. We
identify the polynomial ring R = Z[z1, ..., x,] with the T-equivariant coho-
mology ring Hr(pt.). The authors introduced the extended quadratic algebra
£.(R)[t] to construct a model of the T-equivariant cohomology ring Hy(Fl,,)
in [9]. In case 1;;(2) = 0 for any distinct ¢ and j, the algebra gn(wij =0)

18



is defined by the relations [ij]* = 0, [ij][kl] = [kl][ij] for {i,j} N {k,I} =0,
[i7][gk] + [7K][ki] + [ki][ij] = O and [ij]x; = z;[ij]. Since these relations are
same as the defining relations for the algebra EN (R)[t]|t=0 introduced in [9],
the C-subalgebra of E,(1i; = 0) generated by [ij]’s and z, . .., 2, is isomor-
phic to &,(R)[t]|i=o. The subsequent result shows that the elements

i
generate a commutative R-subalgebra of gn(z/)w = 0) ®pgs, R which is iso-
morphic to the T-equivariant cohomology ring Hr(F1,).

Proposition 4.1 ([9, Corollary 2.2]) Let I be a subset of {1,...,n}. In the
algebra &,(¢;; = 0), one has

NCARXN)) Z Z H Z ar bi] - - [ak—m bk—m], (11)

m=0 IoCm I i€ly (*)
where (x) stands for the conditions that a; € I\ Iy; b; € I; ay, ..., a5, are

distinct; by < -+ < bg_p,. In particular, one has

ex(0],...,00) =ep(z1,..., 1), 1<k<n.

r'n

Proof. The idea is similar to the proof of Theorem 3.1. Denote by F}(I) the
right-hand side of (11). For j & I, we will show that

Fr(1U{j}) = Fe() + Fy (D)(; + 6;).

We use the same notation as the one used in the proof of Theorem 3.1. Let
us consider the decompositions:

F() = Z Z (H ;) Z (L [ )KLz | g2) -+ (La | Ja))

m=0 IpCmI i€y I1..1gCr_mI\Io

= A,1+A/2’

Fauy) = > >, (=) > €5 12)E 1) (L] ja)

m=0 I} Crn TU{j} €I} Ib.. 1,Chpm(TU{iH\I}
!/ !/ /
= By + By + Bj,

Fame = S S (M) S @iy () s

m=0If/Crnl i€}l  I}d)Cro1—mI\IY s#j

= C1+Cy+Cy+ (Y,
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where A is the sum of terms with I; = 0; A} is the sum of terms with
I, # 0; By is the sum of the terms with j & IoU I, U---UI}; B} is the sum
of terms with j € I, U--- U I}; Bj is the sum of terms with j € I[; C7 is the
sum of terms with s € I'\ (I U I/ U---UI)); C} is the sum of terms with
se lfU---UIjUJ; Cf is the sum of terms with s € [J; C} is the sum of
terms with s € I{. Moreover, we decompose F}_,([)z; as follows:

Dz = i oIz > «r1id- (2 | jahay

m=01§CmI i€l I{.1]Cp_1_mI\Ij

- D/1+D/2’

where D] is the sum of terms with I{ = () and D) is the sum of terms with
I # 0. As before, we can easily see that A} = By, A,+C} =0 and B = CY.
It is also clear that B = Dj. Since the relations [ij]? = 0 are assumed, the
degenerate version of the formula (9), which is same as [6, Lemma 7.2], holds

n én(qu)m = 0) .
Z[ia m[igr1 m| - [ix m] - [ix m][ia m] - - [ia—1 m][io m] =0, for k> 1.

a=1

This formula implies Cj = 0. Finally, the following computation completes
the proof:

C3+ D,
k—1
= > > (I= > @la) (i lia) ) sl
m=11[/CpI i€lll I{.1]Cp_1_mI\I} self

I D R A A

m=0 1§/ Crl i€IJ I} .0 Cp1—mI\I 1] #0

=— i o= D IR CAFNITICARS B G AR

m=1[/CpI i€l I{..I}Crp_1-_mI\Ij s€Ij

+ i > (II=) > > w (I \ (AN s Ll z) - (2 la)

m=0 [}/ Cond €I I} I Cpo1—mI\IY I} #0 s€I}

= 0.
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Let us consider another kind of degeneration. Consider the elliptic solu-
tion obtained in Proposition 2.1 (i). If we put K = xd? and \;; = dA;;, then
we have

(1521(1) ¢ij (l’l]) = A$;2 + KA;jz.

In this situation, the functions [ij]* = v;;(z;) —Axi_jQ become central param-
eters HAi_jz. Then the C-algebra generated by the brackets [ij] in gn(@bij =
/<;A;J2) is isomorphic to the multiparameter deformation of &, introduced in
6, Section 15], which is denoted by £P in [15], under the identification of the
parameters p;; = pji = /{Ai_j?. In this case, the functions ¢(I) are constantly
zero, so Theorem 3.1 is reduced to the following;:

Proposition 4.2 ([6, Conjecture 15.1], [15, Theorem 3.1]) Assume that the
functions 1;; are chosen as in Proposition 2.1 (iii) with K = kd*, \jj = A5
In the limit 6 — 0, one has

Ey(0,i € I;p) =Y lar bi] -+ ag by,
()

where (x)" stands for the conditions that a; € 1; b; & I; ay, ..., a are distinct;
by < --- < by
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