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Abstract. Intersection sheaves are usually defined for a proper flat surjective mor-

phism of Noetherian schemes of relative dimension d and for d + 1 invertible sheaves

on the ambient scheme. In this article, the construction is generalized to the equi-

dimensional proper surjective morphisms over normal separated Noetherian schemes.

Applications to the studies on family of effective algebraic cycles and on polarized en-

domorphisms are also given.
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Introduction

Let π : X → Y be a flat proper surjective morphism of Noetherian schemes of relative

dimension d. For invertible sheaves L1, . . . , Ld+1 of X, we can associate an invertible

sheaf IX/Y (L1, . . . ,Ld+1) of Y which satisfies suitable conditions similar to those satisfied

by the fiber integral of Chern classes:
∫

π
c1(L1) ∧ · · · ∧ c1(Ld+1).

Especially, if π : X → Y is a morphism of algebraic k-schemes smooth over a field k, then

c1(IX/Y (L1, . . . ,Ld+1)) = π∗ (c1(L1) · · · c1(Ld+1))
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in the Chow group CH1(Y ), where π∗ is the push-forward homomorphism CHd+1(X) →

CH1(Y ). In particular, IX/Y (L) is the norm sheaf of L in case d = 0, and

IX/Y (L1, . . . ,Ld+1) ≃ IH/Y (L2|H , . . . ,Ld+1|H)

if L1 ≃ OX(H) for an effective relative Cartier divisor H of X with respect to π. The

sheaf IX/Y (L1, . . . ,Ld+1) is called the intersection sheaf, the intersection bundle, or the

Deligne pairing (when d = 1). For the Picard groups Pic(X) and Pic(Y ), we have a

homomorphism Symd+1 Pic(X) → Pic(Y ) by IX/Y . In [4], Problème 2.1.2, Deligne posed

a problem of constructing IX/Y as a functor PIC (X)d+1
is → PIC (Y )is satisfying natural

properties on multi-additivity and base change. Here PIC (X)is denotes the Picard cate-

gory whose ‘objects’ are invertible sheaves on X and whose ‘morphisms’ are isomorphisms

of invertible sheaves. The intersection sheaf IX/Y can be defined a priori as a symmetric

difference of detR π∗(L) for invertible sheaves L (cf. Remark 2.5 below; [5], page 34),

but there is a problem of sign related to det. The problem was solved for projective

morphisms in [6], [8], [18], and [5] by several methods.

The flatness assumption is important for the functorial properties. In this article, we

do not consider the functoriality but the construction of intersection sheaves for non-flat

morphisms. More precisely, we shall construct intersection sheaves for proper surjective

equi-dimensional morphisms f : X → Y over normal separated Noetherian schemes Y .

The following is obtained in Section 3 (cf. Theorems 3.11 and 3.20; Propositions 2.7, 2.15,

and 3.17):

Theorem. Let Y be a normal separated Noetherian integral scheme and π : X → Y

a projective equi-dimensional surjective morphism of relative dimension d. Let U be a

Zariski-open subset of Y such that codim(Y \ U) ≥ 2 and π−1(U) → U is flat. Then the

intersection sheaf

Iπ−1(U)/U(L1|π−1(U), . . . ,Ld+1|π−1(U))

defined for invertible sheaves L1, . . . , Ld+1 ∈ Pic(X), naturally extends to an invertible

sheaf IX/Y (L1, . . . ,Ld+1) of Y . In particular, IX/Y induces a natural homomorphism

Symd+1 Pic(X) → Pic(Y ). Moreover, it satisfies the following properties:

(1) Suppose that, for any i, there exists a surjection π∗Gi → Li for a locally free sheaf

Gi on Y of finite rank. Then there is a surjection

Φ: Syme1(G1) ⊗ · · · ⊗ Symed+1(Gd+1) → IX/Y (L1, . . . ,Ld+1),

where ei is the intersection number

i(L1|F , . . . ,Li−1|F ,Li+1|F , . . . ,Ld+1|F )

for the generic fiber F of π.
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(2) Let g : Y ′ → Y be a dominant morphism of finite type from another normal sep-

arated Noetherian scheme Y ′, f ′ : X ′ = X ×Y Y
′ → Y ′ the pullback of f , and

g′ : X ′ → X the pullback of g. Then

IX′/Y ′(g′∗L1, . . . , g
′∗Ld+1) ≃ g∗ IX/Y (L1, . . . ,Ld+1).

By the strong assumption on Y , the sheaf IX/Y is first defined as a reflexive sheaf of

rank one, but after certain discussion, it will be shown to be invertible. By the invert-

ibility, we can prove that, for the equi-dimensional morphism π : X → Y , if X is normal

and Q-factorial (i.e., every Weil divisor is Q-Cartier), then so is Y (cf. Theorem 3.15).

The surjection Φ above can be regarded as the homomorphism giving the resultant:

For sections vi ∈ H0(Y,Gi) and its images si ∈ H0(X,Li), Φ(ve11 ⊗ · · · ⊗ ved+1) is the

resultant of sections s1, . . . , sd+1, up to unit. In particular, Φ(ve11 ⊗ · · · ⊗ ved+1) does not

vanish at a point y ∈ Y if and only if div(s1) ∩ · · · ∩ div(sd+1) ∩ π
−1(y) = ∅.

The intersection number i(L1,L2, . . . ,Ld;F) for invertible sheaves Li and coherent

sheaf F is defined on projective varieties defined over a field, where d = dim SuppF . As

an analogy of it, we can define the intersection sheaf IF/Y (L1, . . . ,Ld+1) by replacing X

with a coherent sheaf F with dim(SuppF)/Y = d. Moreover, we can define IF/Y as a ho-

momorphism Grd+1
F K•(X) → Pic(Y ) for the λ-filtration {F iK•(X)} of the Grothendieck

K-group K•(X) = K0(X). In particular, for a locally free sheaf E on X of rank r and for

a Chern polynomial P = P (x1, . . . , xr) of weighted degree d+1, we have the intersection

sheaf IF/Y (P (E)) = IF/Y (P (c1(E), . . . , cr(E))). A similar result to Theorem above also

holds for the intersection sheaves IF/Y (η) for η ∈ Grd+1
F K•(X). Especially, we can prove

that if E is a locally free sheaf of finite rank generated by global sections and if P is nu-

merically positive for ample vector bundles (cf. Definition 2.19) in the sense of [9], then

IF/Y (P (E)) is also generated by global sections (cf. Proposition 2.21, Corollary 3.18).

Suppose that f : X → Y is an equi-dimensional surjective morphism of normal pro-

jective varieties over a field. If the invertible sheaves Li ∈ Pic(X) are generated by

global sections, then so is the intersection sheaf IX/Y (L1, . . . ,Ld+1). There are similar

numerical properties (e.g. ampleness) on the intersection sheaves (cf. Theorems 4.4, 4.7):

For example, if Li are all ample (resp. nef and big), then so is IX/Y (L1, . . . ,Ld+1). If

X ⊂ V ×Y for a projective variety V and if Li are the pullbacks of very ample invertible

sheaves of V by the first projection X → V , then we can show that the intersection sheaf

defines the Stein factorization of the morphism Y → Chow(V ) into the Chow variety of

V , which associates a general point y ∈ Y the algebraic cycle cyc(π−1(y)) of V for the

fiber π−1(y) (cf. Section 4.2). By the property, we have the notion of Chow reduction

(cf. Proposition 4.14, Definition 4.15) for a dominant rational map X ···→Y of normal

projective varieties , and also the notion of special MRC fibration (cf. Theorem 4.18) for
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uniruled complex projective varieties generalizing the notion of maximal rationally con-

nected (= MRC) fibration (cf. [3], [16], [10]) defined for smooth varieties. The following

results on endomorphisms are proved in Theorem 4.19 and Corollary 4.20:

(1) If f : X → X is a finite surjective morphism of a normal complex uniruled pro-

jective variety X, then f descends to an endomorphism h : Y → Y of the base Y

of the special MRC fibration X ···→Y .

(2) Here, if f is a polarized endomorphism, i.e., f ∗A ≃ A⊗q for some q > 0 and an

ample invertible sheaf A, then the endomorphism h is also polarized.

The motivation of this article is a question by D.-Q. Zhang on a similar result in [25],

Proposition 2.2.4 on the endomorphisms of complex normal projective uniruled varieties,

where the intersection sheaf is used for proving (2), but the notion of intersection sheaves

is defined only for flat morphisms in the paper [25]. The results above solve the question.

The results in Section 4.3 are used in a joint paper [19] with D.-Q. Zhang.

It is hopeless to give a similar definition of the intersection sheaves IX/Y for a proper

equi-dimensional surjective non-flat morphism X → Y over a non-normal base scheme

(cf. Remark 3.5). In order to extend the notion of intersection sheaves to the non-normal

case, we must add some additional data. For example, [1] treats the intersection sheaves

associated to analytic families of cycles parametrized by a reduced complex analytic space,

where the definition of the analytic family requires more than the equi-dimensionality.

This article is organized as follows: After preparing basics on K-groups in Section 1, we

define and study the intersection sheaves IF/Y in Section 2 for Y -flat coherent sheaves

F on X. We use essentially the same argument as in [6], [18], and the description of

Chow varieties in [17]. In Section 3, we consider the case where Y is a normal separated

Noetherian integral scheme, and prove basic properties including the invertibility and the

base change property. We apply these fundamental results obtained in Sections 2 and 3

to projective varieties over a field or the complex number field C in Section 4. We prove

some numerical properties of the intersection sheaves, give a relation to the morphisms

into Chow varieties, and finally have some of results on polarized endomorphisms of

projective varieties answering the question of D.-Q. Zhang.
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1. Grothendieck K-groups

We recall elementary properties of Grothendieck K-groups (cf. [13], [2]). Let X be a

Noetherian scheme. Let K•(X) (resp. K•(X)) be the Grothendieck group on the locally

free sheaves (resp. coherent sheaves) on X. For a locally free (resp. coherent) sheaf

F , let cl•(F) = cl•X(F) (resp. cl•(F) = clX•(F) ) denote the corresponding element in

K•(X) (resp. K•(X)). Note that K•(X) is the K0 group in the K-theory. The tensor

products with locally free sheaves give K•(X) a ring structure and give K•(X) a structure

of K•(X)-module so that the canonical homomorphism φ : K•(X) → K•(X), which is

called the Cartan homomorphism, is K•(X)-linear. Here, cl•(OX) is the unit element 1 of

the ring structure of K•(X), and φ : K•(X) → K•(X) is regarded as the multiplication

map by φ(1) = cl•(OX) ∈ K•(X). If X is a regular separated Noetherian scheme, then

φ : K•(X) → K•(X) is isomorphic by the existence of global locally free resolution for

coherent sheaves (cf. [13], Exp. II Proposition 2.2.3 and Exp. II Corollaire 2.2.7.1).

The ring H0(X,Z) of locally constant Z-valued functions is a direct summand ofK•(X),

in which a projection ε : K•(X) → H0(X,Z) (called the augmentation map) is given by

cl•(E) 7→ rank E for locally free sheaves E . The λ-ring structure of K•(X) is introduced

by setting λp(cl•(E)) = cl•(
∧p E) for locally free sheaves E . The augmentation map ε is a

λ-homomorphism with respect to the natural λ-ring structure of H0(X,Z). The operator

γp associated with the λ-ring K•(X) is defined by γp(x) = λp(x+ p− 1) for x ∈ K•(X).

The λ-filtration {F pK•(X)} of K•(X) is defined as follows: F pK•(X) = K•(X) for

p ≤ 0, F 1K•(X) = Ker(ε), and F pK•(X) for p ≥ 2 is generated by

γk1(x1)γ
k2(x2) · · · γ

kl(xl)

with xi ∈ Ker(ε) and
∑
ki ≥ p. Then K•(X) is a filtered ring, i.e., F pK•(X)F qK•(X) ⊂

F p+qK•(X) for p, q ≥ 0. For GriF K
•(X) = F iK•(X)/F i+1K•(X), we have

Gr0
F (X) ≃ H0(X) and Gr1

F (X) ≃ Pic(X),

by [13], Exp. X Théorème 5.3.2, where Pic(X) denotes the Picard group of X.

On the other hand, K•(X) also has a natural filtration {F p
conK•(X)}, which is called the

coniview filtration, is defined as follows (cf. [13] Exp. X Remarque 1.4 and Exp. X Exemple

1.5): F p
conK•(X) is generated by cl•(F) for coherent sheaves F with codim SuppF ≥ p.

We have another natural subgroup FpK•(X) ⊂ K•(X) for p ≥ 0, which is generated

by cl•(F) for the coherent sheaves F with dim SuppF ≤ p. Note that, K•(X) =
⋃
p≥0 FpK•(X) does not hold unless dimX is bounded. If X is of finite type over a

field and if X is of pure dimension n, then F p
conK•(X) = Fn−pK•(X). The following

properties are known (cf. [13], Exp. X Corollaire 1.1.4 and Exp. X Théorème 1.3.2):
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• GrpFcon
K•(X) = F p

conK•(X)/F p+1
con K•(X) is generated by cl•(OZ) for the closed

integral subschemes Z of codimension p.

• GrFp K•(X) = FpK•(X)/Fp−1K•(X) is generated by cl•(OZ) for the closed integral

subschemes Z of dimension p.

• F pK•(X)F q
conK•(X) ⊂ F p+q

con K•(X) and F pK•(X)FqK•(X) ⊂ Fq−pK•(X) for any

p, q ≥ 0. In particular, we have φ(F pK•(X)) ⊂ F p
conK•(X), and φ(F pK•(X)) ⊂

Fn−pK•(X) if dimX ≤ n.

Convention. For the sake of simplicity, we write

F p(X) = F pK•(X), F p
con(X) = F p

conK•(X), Fp(X) = FpK•(X),

Gp(X) = GrpF K
•(X), Gp

con(X) = GrpFcon
K•(X), Gp(X) = GrFp K•(X),

G•(X) =
⊕

p≥0
Gp(X), G•

con(X) =
⊕

p≥0
Gp

con(X), G•(X) =
⊕

p≥0
Gp(X).

Then, G•(X) is a graded ring; G•
con(X) and G•(X) have graded G•(X)-module structures

by Gp(X) ⊗ Gq
con(X) → Gp+q

con (X) and Gp(X) ⊗ Gq(X) → Gq−p(X). We denote by

G(φ) : Gp(X) → Gp
con(X) the homomorphism induced from the Cartan homomorphism

φ : K•(X) → K•(X).

Remark. Suppose thatX is an n-dimensional smooth algebraic variety defined over a filed.

Then φ : K•(X) → K•(X) is isomorphic and F p
con(X) = Fn−p(X) ⊂ K•(X). Moreover,

K•(X) has a structure of filtered ring by φ and by {F p
con(X)}, i.e., F p

con(X)F q
con(X) ⊂

F p+q
con (X) for any p, q ≥ 0 (cf. [13], Exp. 0 App. II Théorème 2.11, Corollaire; and Exp. VI

Proposition 6.6). Since φ(F p(X)) ⊂ F p
con(X), G(φ) : G(X) → Gcon(X) is a surjective

ring homomorphism; however G(φ) is not necessarily isomorphic.

Let f : X → Y be a morphism of Noetherian schemes. Then the λ-ring homomorphism

f ∗ : K•(Y ) → K•(X) is defined, which maps cl•Y (E) to cl•X(f ∗E) for a locally free sheaf

E on Y . Here, f ∗F p(Y ) ⊂ F p(X), and hence f ∗ : Gp(Y ) → Gp(X) is induced. For a

morphism g : Y → Z to another Noetherian scheme Z, we have (g ◦ f)∗ = f ∗ ◦ g∗.

If f is proper, then the group homomorphism f∗ : K•(X) → K•(Y ) is defined, which

maps clX•(F) to
∑

(−1)i clY •(R
i f∗F) for a coherent sheaf F . Here, f∗Fp(X) ⊂ Fp(Y ),

since dim Supp Ri f∗F ≤ dim SuppF for any i for any coherent sheaf F on X. In par-

ticular, f : Gp(X) → Gp(Y ) is induced. For a proper morphism g : Y → Z to another

Noetherian scheme Z, we have (g ◦ f)∗ = g∗ ◦ f∗. We have the following projection

formula: If f : X → Y is proper, then

(I–1) f∗(x · f
∗y) = f∗x · y

for any x ∈ K•(X) and y ∈ K•(Y ). This follows from the usual projection formula

Ri f∗(F⊗f ∗E) ≃ Ri f∗F⊗E for coherent sheaves F on X and locally free sheaves E on Y .
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As a result, we infer that f∗ : K•(X) → K•(Y ) is K•(Y )-linear and f∗ : G•(X) → G•(Y )

is G•(Y )-linear.

Suppose that f is flat. Then f ∗ : K•(Y ) → K•(X) is induced (cf. [13], Exp. IV 2.12)

which is compatible with f ∗ : K•(Y ) → K•(X). Here, f ∗F p
con(Y ) ⊂ F p

con(X) for any p. If

g : Z → Y is a proper morphism, then for the fiber product W = Z ×Y X and for the

natural projections p1 : W → Z and p2 : W → X, we have the base change formula

(I–2) f ∗g∗(z) = p2∗p
∗
1(z)

for z ∈ K•(Z) (cf. [13], Exp. IV Proposition 3.1.1). If f is proper, flat, and of relative

dimension d, then we have f∗F
p+d
con (X) ⊂ F p

con(Y ) by the formula:

dimOX,x = dimOY,f(x) + dimOX,x ⊗OY,f(x)
k(f(x)),

where k(f(x)) denotes the residue field of OY,f(x). For an open immersion j : U →֒ X

and for the closed immersion i : Z →֒ X from the complement Z = X \ U , we have the

following natural exact sequence (cf. [13], Exp. 0 App. II Proposition 2.10):

(I–3) K•(Z)
i∗−→ K•(X)

j∗
−→ K•(U) → 0.

An algebraic cycle Z =
∑
niZi of X is a finite linear combination of closed integral

subschemes Zi of X with integral coefficients ni. If the coefficients ni are all non-negative,

then Z is called effective. If dimZi = k (resp. codimZi = k) for all i, then Z is called a

cycle of dimension k (resp. of codimension k). The group of algebraic cycles of dimension

k (resp. codimension k) is denoted by Zk(X) (resp. Zk(X)).

Definition 1.1. For a coherent sheaf F , we define an effective algebraic cycle by

cyc(F) :=
∑

W⊂SuppF
lW (F)W,

where all the irreducible components W of SuppF are taken, and lW (F) denotes the

length of the OX,η-module Fη for the generic point η of W . If dim SuppF ≤ k, then we

set

cyck(F) :=
∑

dimW=k,W⊂SuppF
lW (F)W ∈ Zk(X).

If codim SuppF ≥ k, then we set

cyck(F) :=
∑

codimW=k,W⊂SuppF
lW (F)W ∈ Zk(X).

We write cyc(V ) = cyc(OV ) for closed subschemes V .

We have natural homomorphisms cl• : Zk(X) → F k
con(X) and cl• : Zk(X) → Fk(X)

defined by cl•(Z) =
∑
ni cl•(OZi

), where Z =
∑
niZi for closed integral subschemes

Zi and ni ∈ Z. Then, cl•(cyck(F)) ≡ cl•(F) mod F k+1
con (X) and cl•(cyck(G)) ≡ cl•(G)

mod Fk−1(X) for coherent sheaves F and G with codim SuppF = dim SuppG = k.
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Remark. Suppose that X is a smooth quasi-projective variety over a field. The Chow

group CHk(X) (resp. CHk(X) ) is defined as the quotient group of Zk(X) (resp. Zk(X) )

by the rational equivalence relation. Here, CHi(X) ≃ CHn−i(X) for i ≥ 0, since Z i(X) =

Zn−i(X). Then CH(X) =
⊕n

i=0 CHi(X) has a graded ring structure by the intersection

theory, which is called the Chow ring of X. The map cl• : Zk(X) → F k
con(X) defined

just after Definition 1.1 induces G(cl•) : CHk(X) → Gk
con(X) and a ring homomorphism

G(cl•) : CH(X) → Gcon(X).

Definition 1.2 (Chern class). Let X be a Noetherian scheme. For x ∈ K•(X), the p-th

Chern class of x for p ≥ 0 in the K-theory is defined to be

cp(x) := γp(x− ε(x)) mod F p+1(X) ∈ Gp(X),

where ε is the augmentation map. For a locally free sheaf E , we write cp(E) = cp(cl•(E)).

Remark (cf. [13] Exp. 0 App. II §5). Suppose that X is an n-dimensional smooth quasi-

projective variety over a field. Then we have the map of the i-th Chern class ci : K
•(X) →

CHi(X) for 0 ≤ i ≤ n. The Chern class ci(x) and the Chern class ci(x) in the K-theory

for x ∈ K•(X) is related by

G(cl•)(ci(x)) = G(φ)(ci(x)).

Definition 1.3. Let X be a Noetherian scheme. For an invertible sheaf L, we set

δ(L) = δX(L) := 1 − cl•X(L−1) ∈ F 1(X).

Furthermore, for invertible sheaves L1, . . . , Ll on X, we set

δ(L1, . . . ,Ll) = δ
(l)
X (L1, . . . ,Ll) := δ(L1) δ(L2) · · · δ(Ll) ∈ F l(X).

Remark 1.4.

(1) δ(L ⊗ L′) = δ(L) + δ(L′) − δ(L,L′) for two invertible sheaves L and L′.

(2) δ(L) mod F 2(X) = c1(L) ∈ G1(X) for an invertible sheaf L. In fact,

δ(L) − γ1(cl•(L) − 1) = 1 − cl•(L−1) − (cl•(L) − 1) = (cl•(L) − 1)(cl•(L−1) − 1)

= γ1(cl•(L) − 1)γ1(cl•(L−1) − 1) ∈ F 2(X).

In particular,

δ(L1, . . . ,Ll) mod F l+1(X) = c1(L1) · · · c
1(Ll) = cl(L1 ⊕ · · · ⊕ Ll).

(3) We have the following explicit expression:

δ(L1, . . . ,Ll) =
∑l

k=0
(−1)k

∑
1≤i1<···<ik≤l

cl•
(⊗k

j=1
L−1
ij

)

= 1 −
∑l

i=1
cl•(L−1

i ) + · · · + (−1)l cl•(L−1
1 ⊗ · · · ⊗ L−1

l ).
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Remark. The determinant map det : K•(X) → Pic(X) is defined by det(cl•(E)) = det E

for locally free sheaves E . We note that

det(xy) ≃ det(x)⊗ε(y) ⊗ det(y)⊗ε(x)

for x, y ∈ K•(X). Since det is trivial on F 2(X) by [13], Exp. X Lemma 5.3.4, a homo-

morphism G1(X) → Pic(X) is induced by det. Its inverse is given by the first Chern

class c1 : Pic(X) → G1(X).

Definition 1.5. Let F be a coherent sheaf and E a coherent locally free sheaf on a

Noetherian scheme X. Let σ be a section of E and let σ∨ : E∨ = Hom(E ,OX) → OX

denote the dual of σ : OX → E .

(1) The zero subscheme V (σ) of the section σ is a closed subscheme defined by

Coker(σ∨) = OV (σ).

(2) σ is called F -regular, if, for any point P ∈ V (σ) and for a local trivialization

EP ≃ O⊕r
P , the germ σP ∈ EP corresponds to an FP -regular sequence. In other

words, the natural Koszul complex

[· · · →
∧p

(E∨) →
∧p−1

(E∨) → · · · → E∨ σ∨

−→ OX → 0]

defined by σ∨ induces an exact sequence

(I–4) · · · → F ⊗
∧p

(E∨) → F ⊗
∧p−1

(E∨) → · · · → F ⊗ E∨ → F → F ⊗OV (σ) → 0.

(3) Suppose that E = L1⊕· · ·⊕Ll for invertible sheaves L1, . . . , Ll and σ is given by

sections σi of Li. Then, we define V (σ1, . . . , σl) := V (σ). Similarly, (σ1, . . . , σl) is

called F -regular if so is σ.

Lemma 1.6 (cf. [11], Théorème 2). Let E be a locally free sheaf of rank r on X.

(1) For the formal power series λt(x) :=
∑
p≥0 λ

p(x)tp ∈ K•(X)JtK for x ∈ K•(X),

λ−1(E) := λ−1(cl
•(E)) = λt(cl

•(E))|t=−1

is well-defined as an element of K•(X), and is equal to (−1)rγr(cl•(E) − r). In

particular, cr(E) = λ−1(E
∨) mod F r+1(X).

(2) Let F be a coherent sheaf and σ an F-regular section of E. Then,

(I–5) λ−1(E
∨) cl•(F) = cl•(F ⊗OV (σ)).

In particular,

cr(E) cl•(F) ≡





cl•(F ⊗OV (σ)) mod F k+r+1
con (X), if codimF ≥ k,

cl•(F ⊗OV (σ)) mod Fk−r−1(X), if dimF ≤ k.
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Proof. (1): For x ∈ K•(X), formally, we have

λ−1(x) = λt(x)|t=−1 =
∑

p≥0
(−1)pλp(x).

The formal power series γt(x) :=
∑
p≥0 γ

p(x)tp is related to λt(x) by λt(x) = γt/(1+t)(x).

By the property: λp(cl•(E)) = γp(cl•(E) − r) = 0 for p > r, and by the calculation

λt(x) = λt(x− r)λt(r) = γt/(1+t)(x− r)(1 + t)r =
∑

p≥0
γp(x− r)tp(1 + t)r−p,

we have λ−1(E) = (−1)rγr(cl•(E) − r). The other formula follows from the equality

cr(E) = (−1)r cr(E∨).

(2) is derived from the exact sequence (I–4). �

Remark. If E = L1 ⊕ · · · ⊕ Lr for invertible sheaves Li on X, then, by Remark 1.4,

(−1)rγr(cl•(E∨) − r) = λ−1(E
∨) = δ(L1, . . . ,Lr).

Definition 1.7 (Intersection number). Assume that X is a scheme proper over Spec k

for a field k. For the the structure morphism pX : X → Spec k, the composite

K•(X)
pX∗−−→ K•(Spec k) ≃ H0(Spec k,Z) = Z

maps cl•(F) to the Euler characteristic χ(X,F) for a coherent sheaf F . In particular,

it induces the homomorphism deg : G0(X) = F0(X) → Z, which maps cl•(F) for a

skyscraper sheaf F to dim H0(X,F). The intersection number i(η; ξ) ∈ Z for η ∈ Gl(X)

and ξ ∈ Gl(X) is defined to be the image of the natural homomorphism

Gl(X) ⊗Gl(X) → G0(X)
deg
−−→ Z.

If η = c1(L1) · · · c
1(Ll) for invertible sheaves L1, . . . , Ll, then we write i(L1, . . . ,Ll; ξ)

for i(η; ξ). For a coherent sheaf F with dim SuppF = l and a closed subscheme V of

dimension l, we write

i(η;F) = i(η; cl•(F)) and i(η;V ) = i(η; cl•(OV )).

Remark. For L1, . . . , Ll ∈ Pic(X) and ξ ∈ Gl(X), we have

i(L1, . . . ,Ll; ξ) = deg (δX(L1, . . . ,Ll)ξ) .

For a coherent sheaf F with dim SuppF = l, i(L1, . . . ,Ll;F) is just the coefficient of

x1x2 · · ·xl of the Snapper polynomial PF(x1, . . . , xl) ∈ Q[x1, . . . , xl] defined by

PF(m1, . . . ,ml) = χ(X,L⊗m1
1 ⊗ · · · ⊗ L⊗ml

l ⊗F)

for m1, . . . , ml ∈ Z.
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Lemma 1.8. Let X be a reduced Noetherian scheme and I = {Xi} the set of irreducible

components of X. Let rki : K•(X) → Z be the homomorphism defined by

rki(cl•(F)) = lXi
(F) = lengthOX,ηi

(Fηi
)

for coherent sheaves F and for the generic point ηi of Xi. Then
∑

rki : K•(X) →
⊕

I Z

induces an isomorphism G0
con(X) ≃

⊕
I Z.

Proof. If F is a coherent sheaf with codim SuppF > 0, then rki(F) = 0 for any i; Thus
∑

rki induces G0
con(X) →

⊕
I Z. For the surjective homomorphism Z0(X) → G0

con(X),

the composite Z0(X) →
⊕

I Z is just an isomorphism. Thus, G0
con(X) ≃

⊕
I Z. �

Definition 1.9. Let X be a Noetherian scheme with a morphism X → Y to an integral

scheme Y . For a coherent sheaf F of X, we denote by Ftor/Y the unique maximal coherent

subsheaf F ′ such that SuppF ′ does not dominate Y . We denote by Ft.f./Y the quotient

sheaf F/Ftor/Y . In case X = Y , then we write Ftor = Ftor/Y and Ft.f. = Ft.f./Y . The

sheaf Ftor is called the torsion part of F . If Ftor = 0, then F is called torsion free.

Lemma 1.10. Suppose that X is a normal separated Noetherian scheme. Then there is

an isomorphism d̂et : G1
con(X)

≃
−→ Ref1(X) into the group Ref1(X) of reflexive sheaves of

rank one on X with the natural commutative diagram

G1(X)
det

−−−→ Pic(X)

G(φ)

y
y

G1
con(X)

d̂et
−−−→ Ref1(X).

Remark. The group structure of Ref1(X) is given by the double-dual (∨∨) of the tensor

product, where F∨ = HomOX
(F ,OX) and F∨∨ = (F∨)∨ for an OX-module F . Note

that Ref1(X) is isomorphic to the Weil divisor class group CL(X) by D 7→ OX(D) for

Weil divisors D. Here OX(D) is a subsheaf of the sheaf of germs of rational functions on

X defined by

ϕ ∈ H0(U,OX(D)) ⇔ div(ϕ) +D|U ≥ 0

for any open subset U , where div(ϕ) stands for the associated principal divisor.

Proof. We may assume that X is integral. For a coherent sheaf F , we can associate a

reflexive sheaf D(F) of rank one as follows:

• If F is a torsion sheaf, i.e., rk(F) = lX(F) = 0, then D(F) := OX(Div(F)) for

the Weil divisor

Div(F) = cyc1(F) =
∑

prime divisors Γ⊂SuppF
lΓ(F)Γ.
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• If F is torsion free, then

D(F) :=
(∧rk(F)

F
)∨∨

.

• For a general coherent sheaf F , we define

D(F) = (D(Ft.f.) ⊗D(Ftor))
∨∨ .

We shall show D(F) ≃ (D(G) ⊗D(H))∨∨ for any exact sequence 0 → G → F → H → 0

of coherent sheaves: Let K be the kernel of Ft.f. → Ht.f. and C the cokernel of Ftor → Htor;

then we have an exact sequence

0 → Gt.f. → K → C → 0.

Thus, it is enough to show D(F) ≃ (D(G) ⊗D(H))∨∨ in the case where H is a torsion

sheaf and F is torsion free. For the generic point η of a prime divisor Γ, Gη → Fη is written

as a homomorphism h : O⊕r
X,η → O⊕r

X,η for r = rkF = rkG. Thus, lΓ(H) is just the length

of OX,η/ det(h)OX,η for the determinant det(h). Hence, D(F) ≃ (D(G) ⊗D(H))∨∨.

Therefore, D gives rise to a homomorphism K•(X) → Ref1(X), which we write d̂et.

Note that d̂et is zero on F 2
con(X). The homomorphism cl• : Z1(X) → G1

con(X) is surjec-

tive, and the composite Z1(X) → Ref1(X) is the canonical surjection which maps a Weil

divisor D to OX(D). In order to prove the induced homomorphism d̂et : Gn−1(X) →

Ref1(X) to be isomorphic, it suffices to show that cl•(Z) = 0 ∈ G1
con(X) for a divi-

sor Z with OX(Z) ≃ OX . Let Z = Z1 − Z2 be the decomposition into effective divi-

sors Z1, Z2 containing no common prime components. From the equality cl•(OZi
) =

cl•(OX) − cl•(OX(−Zi)) for i = 1, 2, we have

cl•(Z) = cl•(OZ1) − cl•(OZ2) = φ(cl•(OX(−Z2)) − cl•(OX(−Z1))) = 0.

Finally, we compare with the other isomorphism det : G1(X) → Pic(X). For x =

cl•(E) − r ∈ G1(X) for a locally free sheaf E of rank r, we have det(x) = det(E). On the

other hand, d̂et(φ(x)) = D(E) ≃ det(E). Thus, d̂et is compatible with det. �
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2. Intersection sheaves for flat morphisms

Let π : X → Y be a locally projective morphism of Noetherian schemes and let F be

a coherent sheaf on X which is flat over Y . We assume that Y is connected. Thus, the

relative dimension

d := dim(SuppF)/Y = dim Supp(F ⊗Oπ−1(y))

for y ∈ Y is constant.

Assumption 2.1. For π : X → Y , we assume that π is a projective morphism and the

following (A) or (B) is satisfied:

(A) π is flat.

(B) Y admits an ample invertible sheaf (cf. [12], Définition 4.5.3).

In this section, we shall define the intersection sheaf IF/Y (η) for η ∈ Gd+1(X) under

Assumption 2.1. Also we shall study the basic properties of the intersection sheaves.

Note that π∗F is locally free if Rp π∗F = 0 for any p > 0. Using a π-ample invertible

sheaf A, we can show:

Lemma 2.2. For a locally free sheaf E of finite rank on X, under Assumption 2.1, there

is an exact sequence

0 → E → E0 → · · · → Ed → 0

such that Ei are locally free sheaves of finite rank and Rp π∗(F ⊗ Ei) = 0 for any p > 0

and any 0 ≤ i ≤ d.

Proof. There exists a positive integer k such that Rp π∗(F ⊗A⊗k) = 0 for any p > 0 and

the natural homomorphism

π∗π∗(E
∨ ⊗A⊗k) → E∨ ⊗A⊗k

is surjective. We shall construct E0 as follows:

In the case where π is flat, we choose the integer k so that it satisfies also the condition:

Rp π∗(E
∨ ⊗A⊗k) = 0 for any p > 0. Then π∗(E

∨ ⊗A⊗k) is locally free. We set

E0 := π∗
(
π∗(E

∨ ⊗A⊗k)∨
)
⊗A⊗k.

Then, E is regarded as a subbundle of E0 by the dual of the surjection above, and Rp π∗(F⊗

E0) = 0 for any p > 0.

In the case where Y admits an ample invertible sheaf H, we have a surjection

O⊕N
Y → π∗(E

∨ ⊗A⊗k) ⊗H⊗l



14

for some positive integers l, N . We set

E0 := π∗(H⊗l)⊕N ⊗A⊗k.

Then, E is a subbundle of E0 and Rp π∗(F ⊗ E0) = 0 for any p > 0.

Considering the same procedure to the quotient bundle E0/E , and repeating, we have

a long exact sequence

0 → E → E0 → · · · → Ed−1

of locally free sheaves such that Rp π∗(F ⊗ Ei) = 0 for any p > 0, 0 ≤ i ≤ d− 1. We set

Ed to be the cokernel of Ed−2 → Ed−1. Then, Ed is locally free and

Rp π∗(F ⊗ Ed) ≃ Rp+d π∗(F ⊗ E) = 0

for any p > 0. Thus, we have an expected exact sequence. �

Therefore, we have a well-defined homomorphism πF
∗ : K•(X) → K•(Y ) by

πF
∗ (cl•(E)) :=

∑
(−1)i cl•(π∗(F ⊗ Ei))

under Assumption 2.1. Here, for any x ∈ K•(X), we have

φ(πF
∗ (x)) = π∗(x cl•(F))

for π∗ : K•(X) → K•(Y ) and the Cartan homomorphism φ : K•(Y ) → K•(Y ).

Remark. Lemma 2.2 shows that R π∗F is a perfect complex even if π is only a locally

projective morphism or if Y does not admit ample invertible sheaves. Thus, πF
∗ is defined

as a homomorphism from K•(X) to the K-group K•(Y )perf of the category of D(Y )perf

of perfect complexes on Y (cf. [13], Exp. IV, Section 2).

Lemma 2.3. Let h : Y ′ → Y be a morphism from another Noetherian scheme Y ′, X ′ =

X ×Y Y
′, and let q1 : X ′ → X and q2 : X ′ → Y ′ be natural projections. Then F ′ = q∗1F

is flat over Y ′, and the equality

qF
′

2∗ (q∗1x · q
∗
2y

′) = h∗(πF
∗ (x)) · y′

holds in K•(Y ′)perf for x ∈ K•(X) and y′ ∈ K•(Y ′). If π is flat or if Y and Y ′ admit

ample invertible sheaves, then the same equality holds in K•(Y ′).

Proof. We may assume that y′ = 1 by the projection formula

R q2∗(F
′ ⊗ E ′ ⊗ q∗2G

′) ≃ R q2∗(F
′ ⊗ E ′) ⊗ G ′

for locally free sheaves E ′ on X ′ and G ′ on Y ′. Since F is flat over Y , F ′ = q∗1F is also

flat over Y ′ and is quasi-isomorphic to L q∗1F . There is a natural base change morphism

Θ: Lh∗ R π∗(F ⊗ E) → R q2∗(L q
∗
1(F ⊗ E)) ≃qis R q2∗(F

′ ⊗ q∗1E)
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for a locally free sheaf E on X. It is enough to prove that Θ is a quasi-isomorphism.

If Ri π∗(F ⊗ E) = 0 for any i > 0, then Θ is a quasi-isomorphism by the upper semi-

continuity theorem applied to the coherent sheaf F⊗E flat over Y . Hence, by Lemma 2.2,

if π is flat or Y and Y ′ admit ample invertible sheaves, then Θ is a quasi-isomorphism for

any locally free sheaf E . There exist open coverings {Yα} of Y and {Y ′
α} of Y ′ such that

Y ′
α ⊂ h−1(Yα) and that Y and Y ′ admits ample invertible sheaves. Thus, Θ restricted

to the derived category of Y ′
α is a quasi-isomorphism for any α. Hence, Θ itself is also a

quasi-isomorphism. �

Definition 2.4. Let L1, . . . , Lk be invertible sheaves of X, where k ≥ d + 1. Under

Assumption 2.1, we define

iF/Y (L1, . . . ,Lk) := ε
(
πF
∗ δ

(k)
X (L1, . . . ,Lk)

)
∈ H0(Y,Z) = Z for k ≥ d,

IF/Y (L1, . . . ,Lk) := det
(
πF
∗ δ

(k)
X (L1, . . . ,Lk)

)
∈ Pic(Y ) for k ≥ d+ 1,

where ε : K•(Y ) → H0(Y,Z) = Z is the augmentation map and det : K•(Y ) → Pic(Y )

is the determinant map. We call iF/Y (L) the relative intersection number and IF/Y (L)

the intersection sheaf for L = (L1, . . . ,Lk). If F = OX , then we write iX/Y = iF/Y and

IX/Y = IF/Y .

Remark 2.5. By Remark 1.4, we can write

IX/Y (L1, . . . ,Ld+1) =
⊗

I⊂{1,...,d+1}

(
det(R π∗L

−1
I )

)(−1)♯I

,

where LI = Li1 ⊗ · · · ⊗ Lik for I = {i1, . . . , ik} with ♯I = k > 0, and LI = OX for

the empty set I = ∅. A similar but different formula is written in [5], page 34 (cf. [6],

Section IV.1).

Remark. There is also the augmentation map ε : K•(Y )perf → H0(Y,Z) and the deter-

minant map det : K•(Y )perf → Pic(Y ), which are lifts of the same maps from K•(Y ),

respectively. In fact, ε is defined by ranks of locally free sheaves, and the existence of

det is proved by Knudsen–Mumford [15]. Therefore, even if π is only a locally projective

morphism and even if Y has no ample invertible sheaves, one can define the relative

intersection number iF/Y (L) and the intersection sheaf IF/Y (L) by using ε and det from

K•(Y )perf .

Lemma 2.6. ε(πF
∗ (x)) = 0 for any x ∈ F d+1(X). In particular, iF/Y gives rise to a

homomorphism Gd(X) → G0(Y ) ≃ Z. Furthermore, iF/Y (x) = i(x|F;F ⊗ OF) for any

fiber F of π and for any x ∈ Gd(X).
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Proof. By Lemma 2.3, ε(πF
∗ (x)) = i(x|F;F ⊗OF) for any x ∈ F d(X). So, we may assume

Y to be Spec k for a field k. Then ε(πF
∗ (x)) = i(x;F) = 0 for x ∈ F d+1(X), since

x cl•(F) ∈ F d+1(X)Fd(X) ⊂ F−1(X) = 0. �

Proposition 2.7. Let L1, . . . , Lk be invertible sheaves on X with surjective homomor-

phisms π∗Gi → Li for locally free sheaves Gi of finite rank on Y . If k ≥ d + 2, then

IF/Y (L1, . . . ,Lk) ≃ OX . If k = d+ 1, then there is a surjection

Φ: Syme1(G1) ⊗ · · · ⊗ Symed+1(Gd+1) → IF/Y (L1, . . . ,Ld+1),

where ei = iF/Y (L1, . . . ,Li−1,Li+1, . . . ,Ld+1) for 1 ≤ i ≤ d+ 1.

Proof. Let q(i) : P
(i)
Y := PY (G∨

i ) → Y be the projective space bundle associated to G∨
i ,

P
(i)
X := X ×Y P

(i)
Y , and let p

(i)
1 : P

(i)
X → X and p

(i)
2 : P

(i)
X → P

(i)
Y be natural projections.

For the tautological line bundle O(1) of P
(i)
Y with respect to G∨

i , we have a natural

homomorphism

p
(i)∗
1 L∨

i → p
(i)∗
1 π∗G∨

i = p
(i)∗
2 q(i)∗G∨

i → p
(i)∗
2 O(1),

and thus a global section σ(i) of p
(i)∗
1 Li⊗p

(i)∗
2 O(1) which defines an effective Cartier divisor

B(i) = div(σ(i)) on P
(i)
X . ThenB(i) → X is a projective space bundle isomorphic to PX(K∨

i )

for the kernel Ki of π∗Gi → Li. Let q : PY → Y be the fiber product PY = P
(1)
Y ×· · ·×P

(k)
Y

of the projective space bundles, PX := X×Y PY ≃ P
(1)
X ×X · · ·×XP

(k)
X , and let p1 : PX → X,

p2 : PX → PY , and π(i) : PX → P
(i)
X for 1 ≤ i ≤ k be natural projections. Then

V :=
⋂k

i=1
π(i)−1

(B(i)) ≃ B(1) ×X · · · ×X B
(k).

The sections σ(i) give rise to a global section σ of the locally free sheaf

E =
⊕k

i=1
p∗1Li ⊗ p∗2O(1)(i),

where O(1)(i) is the pullback of O(1) by PY → P
(i)
Y . Furthermore, V coincides with the

zero subscheme V (σ) of σ (cf. Definition 1.5). Since V is smooth over X, we infer that

σ is a regular section of E . Moreover, σ is p∗1F -regular, since V → X is flat. Hence, by

Lemma 1.6, we have

cl•(OV ) = λ−1(E
∨) = δ

(k)
PX

(
p∗1L1 ⊗ p∗2O(1)(1), . . . , p∗1Lk ⊗ p∗2O(1)(k)

)
.

Note that

p
p∗1F
2∗ (p∗1x · p

∗
2y

′) = p
p∗1F
2∗ (p∗1x) · y

′ = q∗πF
∗ (x) · y′
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for x ∈ K•(X) and y′ ∈ K•(PY ) by Lemma 2.3. Thus

p
p∗1F
2 (cl•(OV )) − q∗πF

∗ δ(L1, . . . ,Lk)

≡
∑k

i=1
q∗πF

∗ δ
(k−1)
X (L1, . . . ,Li−1,Li+1, . . . ,Lk) · δ(O(1)(i)) mod F 2(PY )

≡
∑k

i=1
iF/Y (L1, . . . ,Li−1,Li+1, . . . ,Lk) δ(O(1)(i)) mod F 2(PY ).

Since det : K•(PY ) → Pic(PY ) is trivial on F 2(PY ), we have an isomorphism

(II–1) det p
p∗1F
2∗ (cl•(OV )) ≃ q∗ IF/Y (L1, . . . ,Lk) ⊗

⊗k

i=1
(O(1)(i))⊗ei

for ei = iF/Y (L1, . . . ,Li−1,Li+1, . . . ,Lk). Note that

dim(Supp p∗1F ∩ V )/Y = dim(Supp p∗1F ∩ V )/ SuppF + d = dim PY /Y − k + d.

If k > d, then p2(Supp p∗1F ∩ V ) 6= PY and moreover, p2(Supp p∗1F ∩ V ) does not contain

any fiber of q : PY → Y . Therefore, by the same arguments as in [17], Chapter 5, §§3–4

(cf. [7], [15]), we have an effective Cartier divisor

D = DF ,L = Div(p2∗(p
∗
1F ⊗OV ⊗A))

on PY for an invertible sheaf A of PX such that

Ri p2∗(p
∗
1F ⊗OV ⊗A) = 0

for any i > 0. Here, D does not depend on the choice of A, D is a relative Cartier divisor

with respect to q : PY → Y , i.e., D is flat over Y , and SuppD ⊂ p2(Supp p∗1F ∩ V ). By

construction, we have an isomorphism

det p
p∗1F
2∗ (cl•(OV )) ≃ det(R p2∗(p

∗
1F ⊗OV )) ≃ OPY

(D).

Hence, if k > d + 1, then D = 0 and iF(L1, . . . ,Li−1,Li+1, . . . ,Lk) = 0 for any i; thus

IF/Y (L1, . . . ,Lk) ≃ OY by (II–1). Assume that k = d+ 1. Then (II–1) implies that

q∗ IF/Y (L1, . . . ,Ld+1) ⊗
⊗d+1

i=1

(
O(1)(i)

)⊗ei

has a non-zero global section defining the divisor D. The section induces a section of

IF/Y (L1, . . . ,Ld+1) ⊗
⊗d+1

i=1
Symei(G∨

i ),

and, equivalently, a homomorphism

Φ:
⊗d+1

i=1
Symei(Gi) → IF/Y (L1, . . . ,Ld+1).

It remains only to show that Φ is surjective. The composition of

⊗k

i=1
O(−1)(i) → q∗

⊗d+1

i=1
Symei(Gi)
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and q∗Φ is an injection between invertible sheaves whose cokernel definesD. In particular,

q∗Φ is surjective outside D. Since D does not contain any fiber of q, we conclude that Φ

is surjective. �

Remark 2.8. Let D = DF ,L be the effective Cartier divisor of PY = P(G∨
1 ) ×Y · · · ×Y

P(G∨
d+1) in the proof of Proposition 2.7. In view of the proof, we infer that, for a point

y ∈ Y , the effective divisor D|q−1(y) is characterized by the following two conditions:

(1) For 1 ≤ i ≤ d, let O(1)(i) be the pullback of the tautological invertible sheaf of

PY (G∨
i ) with respect to G∨

i . Then

Oq−1(y)(D|q−1(y)) ≃
⊗d+1

i=1
(OY (1)(i))⊗ei .

(2) Let vi be a non-zero element of Gi⊗k(y) for 1 ≤ i ≤ d+1. For v = (v1, . . . , vd+1),

let [v] be a point of q−1(y) corresponding to the surjections v∨i : G∨
i ⊗k(y) → k(y).

Let vXi be the global section of Li ⊗ Oπ−1(y) defined by π∗Gi → Li, and vX :=

(vX1 , . . . , v
X
d+1) as a global section of (L1⊕· · ·⊕Ld+1)⊗Oπ−1(y). Then [v] 6∈ SuppD

if and only if V (vX) ∩ SuppF = ∅ for the zero subscheme V (vX) ⊂ π−1(y).

Remark. Assume that Y = SpecA for a ring A, X = PdA, F = OX , and Li = OPN (mi)

for some mi > 0. Then, for Gi = H0(X,Li) ≃ Symmi(A⊕(d+1)), the homomorphism Φ in

Proposition 2.7 defines the resultants : An element vi ∈ Gi is regarded as a homogeneous

polynomial of degree mi with coefficients in A. Then

Φ(ve11 ⊗ · · · ⊗ v
ed+1

d+1 )

is the resultant of v1, . . . , vd+1 up to unit (cf. [5], Section 6.1).

Lemma 2.9 (cf. [6], Section III).

(1) IF/Y (Lτ(1), . . . ,Lτ(d+1)) ≃ IF/Y (L1, . . . ,Ld+1) for any τ ∈ Aut({1, . . . , d+ 1}) ≃

Sd+1.

(2) For another invertible sheaf L′
1, one has an isomorphism

IF/Y (L1 ⊗ L′
1,L2, . . . ,Ld+1) ≃ IF/Y (L1,L2, . . . ,Ld+1) ⊗ IF/Y (L′

1,L2, . . . ,Ld+1).

(3) If σ1 is an F-regular section of L1 and if F ⊗OB1 is flat over Y for B1 = V (σ1),

then

IF/Y (L1, . . . ,Ld+1) ≃ IF⊗OB1
/Y (L2|B1 , . . . ,Ld+1|B1).

(4) If d = 0, then IX/Y (L) is the norm sheaf of an invertible sheaf L on X, i.e.,

IX/Y (L) ≃ det(π∗OX) ⊗ det(π∗L
−1)−1 ≃ det(π∗L) ⊗ det(π∗OX)−1.
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Proof. (1) follows from Definition 1.3, and (2) from Remark 1.4 and Proposition 2.7.

(3): The section σ1 induces an exact sequence

0 → F ⊗L−1
1 → F → F ⊗OB1 → 0.

Thus, we have equalities

δ(L1) cl•(F) = cl(F ⊗OB1),

δX(L1, . . . ,Ld+1) cl•(F) = i∗ (δB1(L2|B1 , . . . ,Ld+1|B1) cl•(F ⊗OB1))

in K•(X) for the closed immersion i : B1 ⊂ X. Hence, the expected isomorphism is

derived.

(4) follows from Remark 1.4, (2). �

We recall the following well-known result on Segre classes (cf. [6], Section V):

Lemma 2.10. Suppose that X = PY (E) for a locally free sheaf E of rank r on Y . Then

for the tautological line bundle O(1) with respect to E, one has

π∗(δ(O(1))l) =





1, if 0 ≤ l < r;

δ(det E), if l = r.

Furthermore, the following equality holds for any i ≥ 0:

∑r

k=0
γr−k(cl•(E∨) − r)π∗(δ(O(1))i+k) = 0.

In particular, for i ≥ 0,

si(E) = π∗(δ(O(1))r+i−1) mod F i+1(X) ∈ Gi(X)

can be regarded as the i-th Segre class of E.

Proof. The first assertion follows from

Rp π∗O(−l) =





0, for l < r or p < r − 1;

det E∨, for l = r and p = r − 1,

since

δ(O(1))l =
∑l

i=0
(−1)i

(
l

i

)
cl•(O(−i)).

Let G be the cokernel of the natural injection O(−1) → π∗E∨. Then

γt (cl
•(G) − (r − 1)) = γt (cl

•(π∗E∨) − r) γt (cl
•(O(−1)) − 1)−1 .

The left hand side equals the polynomial

λt/(1−t)(cl
•(G) − (r − 1)) =

∑r−1

p=0
λp(G)tp(1 − t)r−1−p
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of degree r − 1. The right hand side equals
(∑r

i=0
γi(π∗ cl•(E∨) − r))ti

) (∑
j≥0

δ(O(1))jtj
)
,

so the coefficient of tr+i for i ≥ 0 equals
∑r

k=0
γr−k(π∗ cl•(E∨) − r) δ(O(1))i+k.

By taking π∗, we have the second expected equality. Comparing with the Chern classes

cp(E∨) = γp(cl•(E∨) − r) mod F p+1(Y ), we have
∑m

k=0
cm−k(E∨) sk(E) =

∑m

k=0
γm−k(cl•(E∨) − r)π∗(δ(O(1))r+k−1) mod Fm+1(Y )

=
∑r

k=0
γr−k(cl•(E∨) − r)π∗(δ(O(1))m−1+k) mod Fm+1(Y )

= 0

for m > 0. Thus, si(E) is the i-th Segre class. �

The following is proved essentially by an argument in [6], Section V.

Proposition 2.11. If x ∈ F d+2(X), then πF
∗ (x) ∈ F 2(Y ). In particular, IF/Y (x) :=

detπF
∗ (x) gives rise to a homomorphism Gd+1(X) → G1(Y ) ≃ Pic(Y ).

Proof. By definition, F k(X) is generated by elements of the form ξ = γi1(x1) · · · γ
il(xl)

for positive integers ij with i1 + · · ·+ il = k, where xi = cl(Ei)− ri for a locally free sheaf

Ei of rank ri. Thus, ξ mod F k+1(X) is written as the product ci1(E1) · · · c
il(El) of Chern

classes. Chern classes are expressed by Segre classes. Thus, Gk(X) is generated by the

products sj1(E1) · · · s
jl(El) of Segre classes. Let ri be the rank of the locally free sheaf

Ei. For the product p : P = PX(E1) ×X · · · ×X PX(El) → X of projective space bundles

over X, and for the pullback O(1)(i) of the tautological line bundle O(1) on PX(Ei) by

P → PX(Ei), we have

sj1(E1) · · · s
jl(El) = p∗

(
δ(O(1)(1))r1+j1−1 δ(O(1)(2))r2+j2−1 · · · δ(O(1)(l))rl+jl−1

)

mod F j1+···+jl+1(X)

for j1, . . . , jl ≥ 0 by Lemma 2.10. If
∑
ji > d + 1, then

∑
(ri + ji − 1) > dimP/Y + 1,

and hence,

Ip∗F/Y
(
δ(O(1)(1))r1+j1−1 · · · δ(O(1)(l))rl+jl−1

)
= OY ,

by Proposition 2.7. Therefore, πF
∗ (F d+2(X)) ⊂ F 2(Y ). �

Lemma 2.12. Let h : Y ′ → Y be a morphism from a Noetherian scheme Y ′, X ′ =

X ×Y Y
′, and F ′ = q∗1F for the natural projection q1 : X ′ → X. Assume that Y ′ admits

an ample invertible sheaf when π is not flat. Then one has an isomorphism

h∗ IF/Y (η) ≃ IF ′/Y ′(q∗1η)



21

for any η ∈ Gd+1(X).

Proof. Proposition 2.11 above and the base change formula

qF
′

2∗ (q∗1x) = h∗(πF
∗ (x))

for x ∈ K•(X) shown in Lemma 2.3 imply the equality

qF
′

2∗ (q∗1η) = h∗(πF
∗ (η))

in G1(Y ′) = Pic(Y ′). Thus, the required isomorphism is obtained. �

The following Lemma 2.13 and Corollary 2.14 are similar to the projection formulas

shown in [6], Proposition IV.2.2 (b), and [18], Propositions 5.2.1 and 5.2.2.

Lemma 2.13. Let ψ : Y → S be a projective surjective flat morphism to a connected

Noetherian scheme S with the relative dimension e = dimY/S, and G a locally free sheaf

on Y of finite rank. Suppose that F is flat over S and that S admits an ample invertible

sheaf when π is not flat. Then, there exist isomorphisms

IF⊗π∗G/S(ηπ
∗θ) ≃ IG/S(c

1(IF/Y (η))θ) and IF⊗π∗G/S(η
′π∗θ′) ≃ IG/S(θ

′)⊗iF/Y (η′)

for η ∈ Gd+1(X), η′ ∈ Gd(X), θ ∈ Ge(Y ), and θ′ ∈ Ge+1(Y ).

Proof. The assertion follows from the projection formula

πF⊗π∗G
∗ (xπ∗y) = ψG

∗ (πF
∗ (x)y)

for any x ∈ K•(X) and y ∈ K•(Y ). This is derived from the quasi-isomorphism

R(ψ ◦ π)∗ (F ⊗ π∗G ⊗ (E ⊗ π∗V)) ≃qis Rψ∗

(
(G ⊗ V) ⊗L R π∗(F ⊗ E)

)

for any locally free sheaves E on X and V on Y of finite rank. �

Corollary 2.14. For θ ∈ Gd(X) and an invertible sheaf M on Y , one has an isomor-

phism

IF/Y (θ c1(π∗M)) ≃ M⊗iF/Y (θ).

Proof. Apply the second isomorphism in Lemma 2.13 to θ ∈ Gd(X) and c1(M) ∈ G1(Y )

in the case where ψ is the identity map of Y . �

Proposition 2.15. Let E be a locally free sheaf on X of rank d+1 admitting a surjection

π∗G → E for a locally free sheaf G on Y of finite rank. Then iF/Y (cd(E)) ≥ 0 and there

is a natural surjection

Φ: SymiF/Y (cd(E))(G) → IF/Y (cd+1(E)).
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Proof. We shall prove by essentially the same argument as in Proposition 2.7. Let q : P :=

PY (G∨) → Y be the projective space bundle and O(1) the tautological invertible sheaf

associated with G∨. Let PX be the fiber product X ×Y P, and let p1 : PX → X and

p2 : PX → P be the natural projections. Pulling back the natural injection O(−1) → q∗G

to PX , we can consider the composite

p∗2O(−1) → p∗2q
∗G = p∗1π

∗G → p∗1E

and hence a section σ of p∗1E ⊗ p∗2O(1). The zero subscheme V = V (σ) is isomorphic to

PX(K∨) for the kernel K of π∗G → E . Since V → X is smooth, the section σ is regular

and furthermore p∗1F -regular. Thus,

cl•(OV ) = λ−1 (p∗1E
∨ ⊗ p∗2O(−1)) = (−1)d+1γd+1 (cl•(p∗1E

∨ ⊗ p∗2O(−1)) − (d+ 1))

and cl•(F ⊗OV ) = cl•(F) cl•(OV ) by Lemma 1.6.

Claim 2.16.

det p
p∗1F
2∗ (cl•(OV )) ≃ q∗ IF/Y (cd+1(E)) ⊗O(1)⊗iF/Y (cd(E)).

Proof. We set l = cl•(O(−1)) ∈ K•(P), y = δ(O(1)) = 1 − l, and x = cl•(E∨) ∈ K•(X).

Then

λ−1(p
∗
1x · p

∗
2l) =

∑
k≥0

(−1)kp∗1(λ
k(x)) · (p∗2l)

k =
∑

k≥0
p∗1(λ

k(x)) · p∗2(y − 1)k

=
∑

0≤j≤k≤d+1
(−1)k−j

(
k

j

)
p∗1(λ

k(x)) · p∗2y
j

=
∑d+1

j=0
p∗1

(∑d+1

k=j
(−1)k−j

(
k

j

)
λk(x)

)
· p∗2y

j.

By Lemma 2.3, we have

p
p∗1F
2∗ (cl•(OV )) =

∑d+1

j=0
q∗πF

∗

(∑d+1

k=j
(−1)k−j

(
k

j

)
λk(x)

)
· yj

≡ q∗πF
∗ (λ−1(x)) + q∗πF

∗

(∑d+1

k=1
(−1)k−1kλk(x)

)
· y mod F 2(P).

Hence, Claim 2.16 follows from the equality:

(II–2) ε
(
πF
∗

(∑d+1

k=1
(−1)k−1kλk(cl•(E∨))

))
= ε(πF

∗ cd(E)).

We shall show (II–2) as follows: Comparing the coefficients of td on the both side of the

equality

γt(x− (d+ 1)) =
∑d+1

k=0
λk(x)tk(1 − t)d+1−k,
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we have

γd(x− (d+ 1)) =
∑d

k=0
(−1)d−k(d+ 1 − k)λk(x)

= (−1)d(d+ 1)
∑d+1

k=0
(−1)kλk(x) − (−1)d

∑d+1

k=1
(−1)kkλk(x)

= (−1)d(d+ 1)λ−1(x) + (−1)d
(∑d+1

k=1
(−1)k−1kλk(x)

)
.

Here ε(πF
∗ λ−1(x)) = ε(πF

∗ cd+1(E∨)) = 0 by Lemmas 1.6 and 2.6. Thus, we have the

equality (II–2) by

ε(πF
∗ cd(E)) = (−1)dε(πF

∗ cd(E∨))

= (−1)dε(πF
∗ γ

d(x− (d+ 1))) = ε
(
πF
∗

(∑d+1

k=1
(−1)k−1kλk(x)

))
. �

Proof of Proposition 2.15 continued. We infer that p2(Supp p∗1F ∩ V ) does not contain

any fiber of q : P → Y by dim(Supp p∗1F ∩ V )/Y = N − 1 = dim P/Y − 1. Thus, by

arguments in [17], Chapter 5, §§3–4, we have an effective relative Cartier divisorD = DF ,E

on P with respect to q such that D ⊂ p2(Supp p∗1F ∩ V ) and

det p
p∗1F
2∗ (cl•(OV )) = OP(D).

By Claim 2.16, we have a global section of

q∗ IF/Y (cd+1(E)) ⊗O(1)⊗iF/Y (cd(E)).

Restricting it to a fiber of q, we infer that iF/Y (cd(E)) ≥ 0. The global section gives a

surjection

Φ: SymiF/Y (cd(E)) G → IF/Y (cd+1(E)).

by the same argument as in the proof of Proposition 2.7. �

Remark 2.17 (cf. Remark 2.8). Let D = DF ,E be the effective relative Cartier divisor of

P = PY (G∨) in the proof of Proposition 2.15. From the proof, we infer that, for a point

y ∈ Y , the effective divisor D|q−1(y) of the fiber q−1(y) of q : P → Y is characterized by

the following two conditions:

(1) For the tautological invertible sheaf O(1) of the projective space q−1(y), one has

Oq−1(y)(D|q−1(y)) ≃ O(1)⊗iF/Y (cd(E)).

(2) Let v be a non-zero element of G⊗k(y). Let [v] be a point of q−1(y) corresponding

to the surjection v∨ : G∨⊗k(y) → k(y). Let vX be the global section of E⊗Oπ−1(y)

defined by π∗G → E . Then [v] 6∈ SuppD if and only if V (vX) ∩ SuppF = ∅ for

the zero subscheme V (vX) ⊂ π−1(y).
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Lemma 2.18. If E = L1 ⊕· · ·⊕Ld+1 for invertible sheaves Li and if G = G1 ⊕· · ·⊕Gd+1

for locally free sheaves Gi of finite rank with surjections π∗Gi → Li, then the natural

surjection

Syme(G) → Syme1(G1) ⊗ · · · ⊗ Symel(Gl)

to a component is compatible with the surjections Φ in Propositions 2.7 and 2.15, where

ei = iF/Y (L1, . . . ,Li−1,Li+1, . . . ,Ld+1) and e = iF/Y (cd(E)) =
∑d+1

i=1
ei.

Proof. Let V be the locally free sheaf
⊕d+1

i=1 O(1)(i) on PY = PY (G∨
1 )×Y · · · ×Y PY (G∨

d+1),

where O(1)(i) is the pullback of the tautological invertible sheaf by PY → PY (G∨
i ).

Then there is a birational morphism µ : P(V) → PY (G∨) for the projective space bun-

dle ̟ : P(V) → PY such that the tautological invertible sheaf of P(V) associated to V

is just the pullback of the tautological invertible sheaf of P(G∨) by µ. Let Γi ⊂ P(V)

be the projective subbundle associated with the quotient locally free sheaf V/O(1)(i) for

1 ≤ i ≤ d+ 1. Then Γi is a Cartier divisor such that

O(Γi) ⊗̟∗O(1)(i) ≃ µ∗O(1) and µ(Γi) = PY (G∨/G∨
i ) ⊂ PY (G∨).

For a point y ∈ Y , let v = (v1, . . . , vd+1) be a non-zero element of G ⊗ k(y), where

vi ∈ Gi ⊗ k(y). Then [v] ∈ PY (G∨) ×Y y is not contained in µ(Γi) if and only if vi 6= 0.

Let D0 = DF ,L be the effective relative Cartier divisor on PY defining Φ in the proof

of Proposition 2.7. Let D1 = DF ,E be the effective relative Cartier divisor on PY (G∨)

defining Φ in the proof of Proposition 2.15. Then,

̟∗D0 +
∑d+1

i=1
eiΓi ∼ µ∗D1

and µ∗(̟
∗D0) = D1 over PY (G∨) \

⋃d+1
i=1 µ(Γi), by Remarks 2.8 and 2.17. Hence,

̟∗D0 +
∑d+1

i=1
eiΓi = µ∗D1

since the invertible sheaves O(1)(i) are linearly independent in Pic(PY ). The push-forward

on Y of the natural injection

̟∗
(⊗d+1

i=1
(O(1)(i))⊗ei

)
→֒ µ∗O(1)⊗e

is just the injection
⊗d+1

i=1
Symei(G∨

i ) →֒ Syme(G∨).

Hence, two Φ are related by

Φ: Syme(G) →
⊗d+1

i=1
Symei(Gi)

Φ
−→ IF/Y (L1, . . . ,Ld+1). �



25

Definition 2.19 ([9]). Let P = P (x1, x2, . . . , xr) ∈ Z[x1, . . . , xr] be a weighted homoge-

neous polynomial with the weight of xi being i. If

i(P (c1(E), . . . , cr(E));X) =
∫

X
P (c1(E), . . . , cr(E)) > 0

for any projective variety X defined over a field and for any ample vector bundle E of

rank r on X, then P is called numerically positive for ample vector bundles.

Fact 2.20. If P ∈ Z[x1, . . . , xr] is a weighted homogeneous polynomial of weight xi being

i, then P is expressed uniquely as
∑
λ aλPλ for the Schur polynomial Pλ associated with

the ‘partition’ λ and aλ ∈ Z. Fulton–Lazarsfeld [9] showed that P is numerically positive

for ample vector bundles if and only if P 6= 0 and aλ ≥ 0.

Proposition 2.21. Let P ∈ Z[x1, . . . , xr] be a numerically positive polynomial of degree

d + 1 for ample vector bundles. Let E be a locally free sheaf on X of rank r generated

by global sections, and F a coherent sheaf on X flat over Y . Then IF/Y (P (E)) :=

IF/Y (P (c1(E), . . . , cr(E))) is generated by global sections.

Proof. We may assume that P is a Schur polynomial Pλ. By [14] and [9], there is a

smooth projective morphism q : W → X and a locally free sheaf H on W of rank N such

that H is generated by global sections and

q∗ cN(H) = P (c1(E), . . . , cr(E)) ∈ Gd+1(X).

Thus, IF/Y (P (E)) ≃ Iq∗F/Y (cN(H)), which is globally generated by Proposition 2.15. �
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3. Intersection sheaves over normal base schemes

We shall define the intersection sheaves for non-flat equi-dimensional locally projective

morphisms defined only over normal separated Noetherian schemes. Let us fix a normal

separated Noetherian scheme Y . For the sake of simplicity, we assume that Y is integral.

Let π : X → Y be a proper surjective morphism from a Noetherian scheme X. We fix a

non-negative integer d.

Definition 3.1. Let V(d)
π (X) be the set of closed integral subschemes Z of X such that

dim(Z ∩ π−1(y)) ≤ d for any point y ∈ Y with dimOY,y ≤ 1. We define K(d)
π (X) to be

the subgroup of K•(X) generated by the images of K•(Z) → K•(X) for all the closed

integral subschemes Z ∈ V(d)
π (X). We also define Coh(d)

π (X) to be the set of coherent

sheaves F on X such that any irreducible component of SuppF belongs to V(d)
π (X).

Note that, for a closed integral subscheme Z, if π(Z) = Y and if dim(Z ∩ π−1(∗)) ≤ d

for the generic point ∗ of Y , then Z ∈ V(d)
π (X).

Lemma 3.2. If ξ ∈ K(d)
π (X), then

π∗(F
d+1(X)ξ) ⊂ F 1

con(Y ) and π∗(F
d+2(X)ξ) ⊂ F 2

con(Y )

for the push-forward homomorphism π∗ : K•(X) → K•(Y ).

Proof. Replacing X with a closed subscheme in V(d)
π (X), we may assume that X is in-

tegral. Since F d+i(X)ξ ⊂ F d+i
con (X), it suffices to show π∗F

d+i
con (X) ⊂ F i

con(Y ) for i = 1,

2. This is derived from the assertion for i = 1, 2 that codimπ(Z) ≥ i for any integral

closed subscheme Z of X with codimZ ≥ d + i. Let x be the generic point of Z. Then

dimOX,x ≥ d+ i. For y = f(x), if dimOY,y ≤ 1, then dimOY,y ≥ i by

dimOX,x ≤ dimOY,y + dimOX,x ⊗ k(y) ≤ dimOY,y + d.

Thus, the assertion is verified for i = 1, 2. �

Definition 3.3. Let ξ be an element of K(d)
π (X). By Lemma 3.2, one can define

iξ/Y (θ) := rkY (π∗(θξ)) ∈ Z and Iξ/Y (η) := d̂et (π∗(ηξ)) ∈ Ref1(Y )

for θ ∈ Gd(X) and η ∈ Gd+1(X). The iξ/Y (θ) is called the relative intersection number

and Iξ/Y (η) is called the intersection sheaf.

Convention.

(1) If θ = δX(L1, . . . ,Ld) mod F d+1(X) and η = δX(L1, . . . ,Ld+1) mod F d+1(X)

for invertible sheaves L1, . . . , Ld+1 on X, then we write

iξ/Y (θ) = iξ/Y (L1, . . . ,Ld), Iξ/Y (η) = Iξ/Y (L1, . . . ,Ld+1).
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(2) If ξ = cl•(F) for a coherent sheaf F belonging to Coh(d)
π (X), then ξ ∈ K(d)

π (X),

and we write iF/Y (·) = iξ/Y (·) and IF/Y (·) = Iξ/Y (·).

(3) If ξ = cl•(V ) for a closed subscheme V whose irreducible components all belong to

V(d)
π (X), then iξ/Y and Iξ/Y are written by iV/Y and IV/Y , respectively. Similarly,

if ξ = cl•(Z) for an algebraic cycle Z whose irreducible components all belong to

V(d)
π (X), then iξ/Y and Iξ/Y are written by iZ/Y and IZ/Y , respectively.

Remark. For a closed immersion ι : X →֒ X ′ into another proper Y -scheme X ′, and for

θ′ ∈ Gd(X ′), η′ ∈ Gd+1(X ′), we have

iξ/Y (θ′|X) = iι∗(ξ)/Y (θ′) and Iξ/Y (η′|X) = Iι∗(ξ)/Y (η′).

Thus, the definitions of iF/Y , iV/Y , iZ/Y , IF/Y , IB/Y , and IZ/Y above cause no confusion.

Example 3.4. Assume that OX ∈ Coh(d)
π (X) and d = 0; in other words, π : X → Y

is generically finite. Then IX/Y (L) for an invertible sheaf L on X is nothing but the

reflexive sheaf
(
d̂etπ∗L ⊗ d̂et(π∗OX)∨

)∨∨
≃
(
d̂et(π∗OX) ⊗ d̂et(π∗L

−1)∨
)∨∨

.

If X is normal and L = OX(D) for a Cartier divisor D, then IX/Y (L) ≃ OY (π∗D). In

fact, we have an isomorphism
(
d̂et(π∗OX) ⊗ d̂et(π∗OX(−∆))∨

)∨∨
≃ OY (π∗∆)

for an effective Weil divisor ∆ of X, and applying it to effective Weil divisors D1, D2

with D = D1 −D2, we have the isomorphism above (cf. Remark 1.4).

Remark 3.5. In this Section 3, we assume that the base scheme Y to be normal. If Y

is only a separated integral scheme, then the intersection sheaves IX/Y (L1, . . . ,Ld+1) are

not naturally defined for an equi-dimensional morphism π : X → Y of relative dimension

d and invertible sheaves Li on X. For example, we consider the following situation: Let

Y be a nodal rational cubic plane curve defined over C and π : X → Y the normalization.

Let P ∈ X be a point not lying over the node of Y . One can consider the push-forward

π∗(P ) as a divisor of Y . So, the intersection sheaf IX/Y (O(1)) for the invertible sheaf

O(1) on X ≃ P1 is expected to be the invertible sheaf OY (π∗P ). However, if P ′ ∈ X is

not lying over the node, then π∗(P ) is linearly equivalent to π∗(P
′) only when P = P ′.

Hence, we have no natural definition of IX/Y (O(1)).

Lemma 3.6. Let F be a coherent sheaf belonging to Coh(d)
π (X). Then

IF/Y (η) ≃ I(Ft.f./Y )/Y (η)

for any η ∈ Gd+1(X) (cf. Definition 1.9).
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Proof. Since cl•(F) = cl•(Ftor/Y ) + cl•(Ft.f./Y ), it is enough to show that

π∗(η cl•(Ftor/Y )) ∈ F 2
con(Y )

for any η ∈ Gd+1(X). This follows from an argument in the proof of Lemma 3.2. In fact,

Ftor/Y is defined on π−1W = X ×Y W for a proper closed subscheme W ⊂ Y and

π∗(F
d+1(X) cl•(Ftor/Y )) ⊂ Image(F 1

con(W ) → F 2
con(Y )). �

Remark 3.7. In order to study the intersection sheaf IF/Y (η) for F ∈ Coh(d)
π (X), we may

assume that Ftor/Y = 0 by Lemma 3.6. Thus, we may remove the irreducible components

of X which do not dominate Y , i.e., we may replace OX with (OX)t.f./Y . Hence, we may

assume that there is an open subset U ⊂ Y with codim(Y \ U) ≥ 2 such that π and F

are flat over U . In particular, we have

iF/Y (θ) = iFt.f./Y |π−1(U)/U

(
θ|π−1(U)

)
= i(θ;Ft.f./Y ⊗Oπ−1(y)),

IF/Y (η) ≃ j∗ IFt.f./Y |π−1(U)/U

(
η|π−1(U)

)

for y ∈ U , θ ∈ Gd(X), η ∈ Gd+1(X), and for the open immersion j : U ⊂ Y .

Remark 3.8. If π is projective, F is flat over Y , and Assumption 2.1 is satisfied, then

IF/Y (η) defined in Definition 3.3 coincides with the intersection sheaf IF/Y (η) treated in

Section 2. In fact, this is derived from that

φ(πF
∗ (x)) = π∗(x cl•(F)) and d̂et φ(y) = det(y)

for any x ∈ K•(X) and y ∈ K•(Y ). Even if we assume only that π is locally projective

and F is flat over Y , we can define IF/Y (x) for x ∈ F d+1(X) by

IF/Y = det ◦πF
∗ : K•(X) → K•(Y )perf → Pic(Y ).

Then IF/Y (x) is also isomorphic to the intersection sheaf IF/Y (cl•(x)) defined in Defini-

tion 3.3 by similar formulas

φperf(π
F
∗ (x)) = π∗(x cl•(F)) and d̂et(φperf(y)) = det(y)

for the Cartan homomorphism φperf : K
•(Y )perf → K•(Y ) and y ∈ K•(Y )perf . The latter

formula follows from Lemma 1.10 and an argument in [15], Chapter II (cf. [17], Chapter 5,

§3).

Lemma 3.9. Let τ : Y ′ → Y be a dominant morphism from another normal separated

Noetherian integral scheme Y ′ such that codim τ−1(B) ≥ 2 for any closed set B ⊂ Y of

codimB ≥ 2. Let X ′ be the fiber product X ×Y Y
′, and let p1 : X ′ → X and p2 : X ′ → Y ′
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be the natural projections. For a coherent sheaf F of X belonging to Coh(d)
π (X) and for

η ∈ Gd+1(X), one has an isomorphism

Ip∗1F/Y ′(p∗1η) ≃
(
τ ∗ IF/Y (η)

)∨∨
.

Proof. We may replace Y with a Zariski open subset U such that codim(Y \ U) ≥ 2,

since the isomorphism of the reflexive sheaves follows from that on τ−1(U). Thus, we

may assume that Y is regular and τ is flat. Applying the flat base change formula

(I–2): τ ∗π∗(x) = p2∗p
∗
1(x) for x = η cl•(F), we have the expected isomorphism, since

p∗1 cl•(F) = cl•(p
∗
1F). �

The following corresponds to Corollary 2.14:

Lemma 3.10. For ξ ∈ K(d)
π (X), θ ∈ Gd(X) and an invertible sheaf M on Y , one has

an isomorphism

Iξ/Y (θ c1(π∗M)) ≃ M⊗iξ/Y (θ).

Proof. We set x = θξ and y = c1(M). Then the assertion is derived from π∗(x)

mod F 1
con(Y ) = iξ/Y (θ) and from the projection formula (I–1): π∗(xπ

∗y) = π∗(x)y. �

We shall show that the intersection sheaf IF/Y (η) is invertible under certain conditions.

The following is one of such results:

Theorem 3.11. Let π : X → Y be a proper surjective morphism onto a normal separated

Noetherian scheme Y . Let F be a coherent sheaf on X such that dim(SuppF∩π−1(y)) ≤ d

for any y ∈ Y .

(1) If L1, . . . , Ld+1 are invertible sheaves of X such that π∗π∗Li → Li is surjective

for any i, then IF/Y (L1, . . . ,Ld+1) is an invertible sheaf.

(2) If π is locally projective, then IF/Y (η) is invertible for any η ∈ Gd+1(X).

The proof is given after Lemmas 3.12 and 3.14.

Lemma 3.12. Let F be a coherent sheaf on X belonging to Coh(d)
π (X) and let E be

a locally free sheaf on X of rank d + 1. Let σ be an F-regular section of E. Then,

IF/Y (cd+1(E)) ≃ OY (D) for the codimension one part D of the effective algebraic cycle

π∗ cyc(F ⊗OV (σ)). Moreover,

cl•(D) ≡ cl•(π∗(F ⊗OV (σ))) ≡ π∗ cl•(F ⊗OV (σ)) mod F 2
con(Y ).

Proof. By Lemma 1.6, we have

cd+1(E) cl•(F) ≡ cl•(F ⊗OV (σ)) mod F d+2
con (X).
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Since cl•(cyc(F ⊗OV (σ))) = cl•(F ⊗OV (σ)) and since cyc(F ⊗OV (σ)) does not dominate

Y , we have

cl•(D) ≡ π∗ cl•(F ⊗OV (σ)) mod F 2
con(Y ),

equivalently, IF/Y (cd+1(E)) ≃ OY (D). Since codim Supp Ri π∗(F ⊗OV (σ)) ≥ 2 for i > 0,

we have

cl•(π∗(F ⊗OV (σ))) ≡ π∗ cl•(F ⊗OV (σ)) mod F 2
con(Y ). �

Remark 3.13. In the situation of Lemma 3.12, if π−1(y) ∩ Supp(F ⊗ OV (σ)) = ∅ for a

point y ∈ Y , then IF/Y (cd+1(E)) is invertible at y, since y 6∈ SuppD.

Lemma 3.14. Let V be a Noetherian scheme over a Noetherian local ring A and L an

invertible sheaf of V generated by finitely many global sections σ0, . . . , σN . Suppose that

the residue field k(A) = A/mA is an infinite field. For coherent sheaves F1, . . . , Fk of V ,

there exists a global section σ of L such that σ ∈
∑N
i=0Aσi ⊂ H0(V,L) and σ is Fi-regular

for any 1 ≤ i ≤ k.

Proof. For 1 ≤ i ≤ k, let Ji be the set of point η ∈ V with depth(Fi,η) = 0; in other

words, Ji is the set of associated primes of Fi. Let W (η) be the closure of {η} for η ∈ Ji.

Then, a global section σ of L is Fi-regular if and only if σ|W (η) 6= 0 as a section of L|W (η)

for any η ∈ Ji. Let {W1, . . . ,Wl} be the set {W (η) | η ∈
⋃
Ji}.

By the finite global sections σ0, . . . , σN , we have a morphism ψ : V → PNA such that

ψ∗O(1) ≃ L. It is enough to find an element σ ∈ RN
A := H0(PNA ,O(1)) such that {σ = 0}

does not contain ψ(Wj) for any 1 ≤ j ≤ l.

We may replace A by the residue field k(A). In fact, if we find a global section

σ̄ ∈ RN(k(A)) = H0(PNk(A),O(1)) ≃ RN(A) ⊗A k(A) which does not vanish along ψ(Wj)

for any j, then a lift σ ∈ RN(A) of σ̄ also does not vanish along ψ(Wj). Thus, we assume

A to be a field k.

Let Lj ⊂ RN(k) be the vector subspace consisting of elements vanishing along ψ(Wj).

Then Lj is a proper subspace. Since k is infinite, we can find an expected element σ in

RN(k) \
⋃
Lj. �

We shall prove Theorem 3.11.

Proof of Theorem 3.11. (1): By a flat base change (cf. Lemma 3.9), we may assume

that Y = SpecA for a local ring A. If the residue field k(A) is finite, then we replace

A with the localization B = A[x]m of the polynomial ring A[x] at the maximal ideal

m = mA[x] + xA[x]. Then SpecB → SpecA is flat and the residue field k(B) = k(A)(x)

is infinite. Thus, we may assume that k(A) is infinite.

Now, Li are all generated by global sections. Applying Lemma 3.14 successively,

for the closed point y ∈ Y , we can find global sections σi ∈ H0(X,Li) such that
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(σ1, . . . , σd+1) is F -regular and Supp(V ∩π−1(y)) = ∅ for V = V (σ1, . . . , σd+1). Therefore,

IF/Y (L1, . . . ,Ld+1) is invertible at y by Lemma 3.12 and Remark 3.13.

(2): An element of Gd+1(X) is expressed as a homogeneous polynomial of Chern classes

of degree d+ 1 for suitable locally free sheaves of finite rank. Since the Chern classes are

represented by Segre classes, it suffices to consider the case where η = sl1(E1) · · · s
lk(Ek)

for the Segre classes sl(Ej) of locally free sheaves Ej. Let p : P → X be the fiber product

of all P(E∨
j ) over X, and let Lj the pullback of the tautological invertible sheaf O(1) with

respect to Ej for any j. Then

η = p∗(c
1(L1)

N1+l1 · · · c1(Lk)
Nk+lk)

for Nj = rank Ej − 1 by Lemma 2.10. Therefore,

IF/Y (η) = Ip∗F/Y (c1(L1)
N1+l1 · · · c1(Lk)

Nk+lk).

Thus, we are reduced to the case where η = c1(M1) · · · c
1(Md+1) for M1, . . . , Md+1 ∈

Pic(X).

As in the proof of (1), we can localize Y . Hence, we may assume that X admits a

relatively very ample invertible sheaf with respect to π. Thus, by the linearity of IF/Y ,

we may assume that Mi are all relatively very ample. Then the assertion follows from

(1). �

As an application of Theorem 3.11, we have:

Theorem 3.15. Let π : X → Y be an equi-dimensional locally projective surjective mor-

phism between normal separated Noetherian integral schemes. If X is Q-factorial, then

so is Y .

Proof. Let E be a prime divisor of Y . We shall show that some positive multiple of E is

Cartier. Thus, we may assume π to be projective by localizing Y . Let A be a π-ample

invertible sheaf on X and set θ = c1(A)d ∈ Gd(X) for d = dimX/Y . Then iX/Y (θ) > 0.

Since π is equi-dimensional, there exists uniquely an effective Weil divisor D on X such

that π∗E = D on π−1(U) for an open subset U ⊂ Y with codim(Y \ U) ≥ 2. By

assumption, kD is Cartier for some k > 0. Thus, IX/Y (θ c1(OX(kD))) is an invertible

sheaf by Theorem 3.11. On the other hand,

IX/Y (θ c1(OX(kD)))|U ≃ OY (iX/Y (θ)kE)|U ,

by Lemma 3.10. Hence, iX/Y (θ)kE is Cartier. �

The following is a result analogous to Lemma 2.13.
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Lemma 3.16. Let ψ : Y → S be a proper surjective morphism to a normal separated

Noetherian integral scheme S of relative dimension e = dimY/S, and G a torsion free

coherent sheaf on Y . Assume that

• π, ψ, and ψ ◦ π are locally projective morphisms, and

• dim(SuppF ∩ π−1(y)) ≤ d and dim(SuppF ∩ π−1ψ−1(s)) ≤ d+ e for any y ∈ Y

and s ∈ S.

Then there exist isomorphisms

IF⊗π∗G/S(ηπ
∗θ) ≃ IG/S(c

1(IF/Y (η))θ) and IF⊗π∗G/S(η
′π∗θ′) ≃ IG/S(θ

′)⊗iF/Y (η′)

for η ∈ Gd+1(X), η′ ∈ Gd(X), θ ∈ Ge(Y ), and θ′ ∈ Ge+1(Y ).

Proof. Let U be an open subset of Y such that codim(Y \ U) ≥ 2 and that G is locally

free on U . Then, every irreducible component of Y \ U belongs to Ve+1
ψ (Y ), and

π∗(x cl•(F ⊗ π∗G))|U = π∗(x cl•(F))|U cl•(G|U)

for any x ∈ K•(X). If x ∈ F d+1(X) represents η, then, c1(IF/Y (η)) = π∗(x cl•(F))

mod F 2
con(Y ), since IF/Y (η) is invertible by Theorem 3.11. If x ∈ F d(X) represents η′,

then iF/Y (η′) = ε(π∗(x cl•(F))). Thus,

ψ∗π∗(ηπ
∗θ cl•(F ⊗ π∗G)) = ψ∗(c

1(IF/Y (η))θ cl•(G)) = c1(IG/S(c
1(IF/Y (η)θ))),

ψ∗π∗(η
′π∗θ′ cl•(F ⊗ π∗G)) = iF/Y (η′)ψ∗(θ

′ cl•(G)) = iF/Y (η′) c1(IG/S(θ
′)).

These equalities induce the expected isomorphisms. �

The following is a generalization of Theorem 3.11, (1). This is proved by an argument

analogous to Propositions 2.7 and 2.15 in Section 2. In particular, the proof is independent

of that of Theorem 3.11.

Proposition 3.17. Let G be a locally free sheaf on Y of rank N + 1 and E be a locally

free sheaf on X of rank d+ 1 admitting a surjection π∗G → E. Let q : P = P(G∨) → Y be

the projective space bundle, O(1) the tautological invertible sheaf on P with respect to G∨,

and let p1 : PX → X and p2 : PX → P be the natural projections from PX = X ×Y P. Let

F be a coherent sheaf on X such that dim(π−1(y) ∩ SuppF) ≤ d for any point y ∈ Y .

Then IF/Y (cd+1(E)) is invertible and iF/Y (cd(E)) ≥ 0. Moreover, there exist an effective

relative Cartier divisor D on P with respect to q : P → Y , an isomorphism

(III–1) OP(D) ≃ q∗(IF/Y (cd+1(E))) ⊗O(1)iF/Y (cd(E))

and a surjection

Φ: SymiF/Y (cd(E)) G → IF/Y (cd+1(E)).
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Proof. By replacing X with a closed subscheme, we may assume that SuppF = X. Thus,

dimπ−1(y) ≤ d for any y ∈ Y . From a natural injection O(−1) → q∗G, considering the

composition

p∗2O(−1) → p∗2q
∗G = p∗1π

∗G → p∗1E ,

we have a global section σ of p∗1E ⊗ p∗2O(1). Then V (σ) is isomorphic to V = PX(K∨)

for the kernel K of π∗G → E . Since V → X is smooth, the closed immersion V ⊂ PX is

locally of complete intersection. Thus, the section σ is OPX
-regular, and furthermore it

is p∗1F -regular, since V is flat over X. Thus, we have

cd+1(p∗1E ⊗ p∗2O(1)) ≡ cl•(OV ) mod F d+2(PX),

cd+1(p∗1E ⊗ p∗2O(1)) cl•(p
∗
1F) ≡ cl•(p

∗
1F ⊗OV ) mod F d+2

con (PX)

by Lemma 1.6. Taking p2∗, we have the following equality in G1(P):

p2∗(cl•(p
∗
1F ⊗OV )) = p2∗

(
cd+1(p∗1E ⊗ p∗2O(1)) · cl•(p

∗
1F)

)

= p2∗p
∗
1(c

d+1(E) cl•(F)) + p2∗p
∗
1(c

d(E) cl•(F)) · c1(O(1))

= q∗π∗(c
d+1(E) cl•(F)) + q∗π∗(c

d(E) cl•(F)) · c1(O(1)).

Since q is flat, we have

d̂et(q∗π∗(c
d+1(E) cl•(F))) ≃ q∗ d̂et(π∗(c

d+1(E) cl•(F))) ≃ q∗ IF/Y (cd+1(E)),

q∗(π∗(c
d(E) cl•(F))) ≡ iF/Y (cd(E)) cl•(OP) mod F 1

con(P).

Here, we use the fact that the pullback of a reflexive sheaf by a flat morphism is also

reflexive. Therefore,

d̂et (p2∗(cl•(p
∗
1F ⊗OV ))) ≃ q∗ IF/Y (cd+1(F)) ⊗O(1)iF/Y (cd(E)).

Let D be the codimension one part of p2∗ cyc(p∗1F ⊗OV ). Then SuppD = p2(V ) and

OP(D) ≃ d̂et (p2∗(cl•(p
∗
1F ⊗OV ))) .

In particular, the isomorphism (III–1) is derived. For an arbitrary point y ∈ Y , SuppD =

p2(V ) does not contain the fiber q−1(y), since

dim p2(V ) ∩ q−1(y) ≤ dim(V ∩ p−1
1 π−1(y)) ≤ N − 1.

Hence, q∗ IF/Y (cd+1(E)) is invertible at a point of q−1(y) \ SuppD by (III–1) and Re-

mark 3.13. Thus, IF/Y (cd+1(E)) is invertible at y and D is a relative Cartier divisor with

respect to q. Moreover,

iF/Y (cd(E)) = degOP(D)|q−1(y) ≥ 0.
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The effective divisor D defines a global section of

q∗
(
q∗ IF/Y (cd+1(E)) ⊗O(1)iF/Y (cd(E))

)
= IF/Y (cd+1(E)) ⊗ SymiF/Y (cd(E)) G∨

and the expected homomorphism Φ by the natural pairing Syml(G) ⊗ Syml(G∨) → OY .

The surjectivity of Φ follows from the same argument as in the proof of Proposition 2.7.

�

Remark. If F is flat over Y , then, by construction, the surjection Φ in Proposition 3.17

is isomorphic to the surjection Φ in Proposition 2.15.

By Proposition 3.17 and by the argument of Proposition 2.21, we have:

Corollary 3.18. Let F be a coherent sheaf with dim(SuppF ∩ π−1(y)) ≤ d for any

y ∈ Y , and let E be a locally free sheaf on X of rank r generated by global sections. If

r = d+1, then IF/Y (cr(E)) is an invertible sheaf generated by global sections. Moreover,

if P (x1, . . . , xr) is a numerically positive polynomial of degree d + 1 for ample vector

bundles, then IF/Y (P (c1(E), . . . , cr(E))) is also an invertible sheaf generated by global

sections.

Proposition 3.19 below gives a base change property related to the flattening of F . In

particular, we have another proof of Theorem 3.11, (2) and Proposition 3.17 in the case

of projective morphisms π. The proof uses results in Section 2.

Proposition 3.19. Let F be a coherent sheaf on X such that dim(SuppF ∩π−1(y)) ≤ d

for any point y ∈ Y . Let τ : Y ′ → Y be proper surjective morphism from a Noetherian

integral scheme Y ′, X ′ the fiber product X ×Y Y
′, and let p1 : X ′ → X and p2 : X ′ → Y ′

be the natural projections. Assume that

• π : X → Y is a projective morphism,

• F ′ := (p∗1F)t.f./Y is flat over Y ′,

• Y and Y ′ admit ample invertible sheaves when π is not flat.

Then, the following assertions hold for any η ∈ Gd+1(X):

(1) For any closed irreducible curve C contained in a fiber of τ ,

IF ′/Y ′(p∗1η)|C ≃ OC .

(2) Assume that η = cd+1(E) for a locally free sheaf E of rank d + 1 on X with a

surjection π∗G → E for a locally free sheaf G of finite rank on Y . Then IF/Y (η)

is invertible and the surjection

Φ′ : SymiF/Y (cd(E))(τ ∗G) → IF ′/Y ′(p∗1 cd+1(E))
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on Y ′ appearing in Proposition 2.15 descends to a surjection

Φ: SymiF/Y (cd(E))(G) → IF/Y (cd+1(E)).

(3) IF/Y (η) is an invertible sheaf with an isomorphism

IF ′/Y ′(p∗1η) ≃ τ ∗ IF/Y (η).

Proof. (1): Let W be the scheme theoretic inverse image p−1
2 (C) = X ′ ×Y ′ C. Then,

IF ′⊗OW /C(p∗1η|W ) ≃ IF ′/Y ′(p∗1η) ⊗OC

by Lemma 2.12. Here, p∗1η|W = 0 ∈ Gd+1(W ) by p1(W ) ⊂ π−1(y) and dim(π−1(y) ∩

SuppF) ≤ d for {y} = τ(C). Thus, the intersection sheaf on C is trivial by Proposi-

tion 2.11.

(2) The surjection Φ′ defines a morphism

ϕ : Y ′ → PY (SymiF/Y (cd+1(E)) G)

over Y so that IF ′/Y ′(cd+1(E)) ≃ ϕ∗O(1) for the tautological invertible sheaf O(1). Then

ϕ(Y ′) → Y is a finite morphism by (1). By Remark 3.7, we may assume that F is flat

over an open subset U ⊂ Y with codim(Y \U) ≥ 2. Then IF/Y (cd+1(E)) is invertible on

U and there is a surjection

ΦU : SymiF/Y (cd(E))(G)|U → IF/Y (cd+1(E))|U .

We infer that τ ∗(ΦU) and Φ′|τ−1(U) are isomorphic to each other by the proof of Propo-

sition 2.15 and Remark 2.17. Therefore, ϕ(Y ′) → Y is an isomorphism over U . Since Y

is normal and ϕ(Y ′) is integral, we have ϕ(Y ′) ≃ Y . Hence, Φ′ descends to a surjection

Φ: SymiF/Y (cd(E))(G) → M

to an invertible sheaf M with M|U ≃ IF/Y (cd+1(E)). Thus, M ≃ IF/Y (cd+1(E)).

(3): As in an argument in Proposition 2.11 or Theorem 3.11, (2), we may assume

that η = c1(L1) · · · c
1(Ld+1) for π-ample invertible sheaves Li such that π∗π∗Li → Li is

surjective and Rp π∗Li = 0 for any p > 0. If π is flat, then π∗Li are locally free. If not,

then Y admits an ample invertible sheaf, hence there exist surjections Gi → π∗Li from

locally free sheaves Gi of finite rank. Therefore, the assertion follows from (2) above. �

The base change properties in Lemma 3.9 and Proposition 3.19 are generalized to:

Theorem 3.20. Let π : X → Y be a locally projective surjective morphism over a normal

separated Noetherian integral scheme Y , and F a coherent sheaf on X with dim(SuppF∩

π−1(y)) ≤ d for any point y ∈ Y . Let τ : Y ′ → Y be a dominant morphism of finite

type from another separated Noetherian integral scheme Y ′. Let X ′ be the fiber product
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X ×Y Y
′, p1 : X ′ → X, p2 : X ′ → Y ′ be the natural projections, and let F ′ be the sheaf

(p∗1F)t.f./Y ′. Then

IF ′/Y ′(p∗1η) ≃ τ ∗ IF/Y (η)

for any for any η ∈ Gd+1(X) provided that one of the following conditions is satisfied :

(1) F ′ is flat over Y ′, τ is proper surjective with OY ≃ τ∗OY ′, and p2 satisfies As-

sumption 2.1.

(2) Y ′ is normal.

Proof. First, we treat the case (1). We may assume that F is flat over an open subset

U ⊂ Y with codim(Y \ U) ≥ 2. Then

IF ′/Y ′(p∗1η)|τ−1(U) ≃ τ ∗(IF/Y (η)|U)

by Lemma 2.3 and Remark 3.8; in other words, the invertible sheaf

N := IF ′/Y ′(p∗1η) ⊗ τ ∗ IF/Y (η)−1

is trivial on τ−1(U). By Proposition 3.19 and by OY ≃ τ∗OY ′ , we infer that M := τ∗N

is an invertible sheaf on Y and N ≃ τ ∗M. Here, M is trivial on U . Hence, M ≃ OY

since Y is normal and codim(Y \ U) ≥ 2. Therefore, N ≃ OY ′ , and the expected base

change formula is obtained.

Second, we consider the case (2). We may replace Y ′ with an open subset whose

complement has codimension greater than one. Hence, we may assume that F ′ is flat

over Y ′ also in case (2). By Nagata’s completion theorem, Y ′ is realized as an open

subset of an integral scheme Y ′ proper over Y . Let Y ′′ → Y ′ be a flattening over Y ′

of the pullback of F in X ×Y Y ′. Then, it is enough to show the same base change

formula for X ×Y Y
′′ → Y ′′. Precisely speaking, we are reduced to prove Lemma 3.21

below. In fact, the sheaf IF ′/Y ′(p∗1x) is isomorphic to IF ′/Y ′(p∗1η) if Y ′ is normal (cf.

Remark 3.8). �

Lemma 3.21. Under the same situation of Theorem 3.20, instead of the conditions (1),

(2), assume that

(3) p2 is locally projective, τ is proper surjective, and F ′ is flat over Y ′.

Let x ∈ F d+1(X) be an element representing η and set

IF ′/Y ′(p∗1x) := det pF
′

2∗ (p
∗
1x)

for the homomorphisms pF
′

2∗ : K•(X ′) → K•(Y ′)perf and det : K•(Y ′)perf → Pic(Y ′).

Then, there is a finite birational morphism ν : Y ′
1 → Y ′ from a separated Noetherian

integral scheme Y ′
1 such that

ν∗
(
IF ′/Y ′(p∗1x)

)
≃ ν∗τ ∗ IF/Y (η).
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Proof. Let U ⊂ Y be an open subset U ⊂ Y such that Ft.f./Y is flat over U and codim(Y \

U) ≥ 2. Then,

IF ′/Y ′(p∗1x)|τ−1(U) ≃ τ ∗(IF/Y (η)|U)

by Lemma 2.3 (cf. Remark 3.8). We set

N := IF ′/Y ′(p∗1x) ⊗ τ ∗ IF/Y (η)−1.

Then N has a rational section s which is nowhere vanishing on τ−1(U). By Proposi-

tion 3.19, there is an open covering {Yα} of Y such that N is trivial over τ−1(Yα). Let

Y ′ → Y0 → Y be the Stein factorization of τ . Then, for the morphism τ0 : Y ′ → Y0,

M := τ0∗N is invertible and N ≃ τ ∗0M. Thus, s descends to a rational section s0

of M which is nowhere vanishing on h−1(U) for the finite morphism h : Y0 → Y . Let

µ : Y1 → Y0 be the normalization. Then µ is a finite morphism since h∗µ∗OY1 is the

double-dual of h∗OY0 . Hence, µ∗(s0) is a nowhere vanishing section of µ∗M, since Y1 is

normal and codim(Y1 \ µ
−1h−1(U)) ≥ 2. Let Y ′

1 be the unique integral closed subscheme

of Y1 ×Y0 Y
′ which dominates Y ′. Then ν∗N is trivial for the finite birational morphism

ν : Y ′
1 → Y ′. �

The following gives a base change property by not necessarily dominant morphisms

from normal schemes.

Proposition 3.22. Let π : X → Y be a projective surjective morphism over a normal

separated Noetherian integral scheme Y , and F a coherent sheaf on X with dim(SuppF∩

π−1(y)) = d for any point y ∈ Y . Let ν : B → Y be a morphism from a normal separated

Noetherian integral scheme B and µ : X ×Y B → X the induced morphism. Then there

exist a coherent sheaf F̂B on X ×Y B and a positive integer e such that Supp F̂B ⊂

µ−1(SuppF), dim(Supp F̂B ∩ (X ×Y {b})) = d for any b ∈ B, and

ν∗ IF/Y (η)⊗e ≃ I
F̂B/B

(µ∗η)

for any η ∈ Gd+1(X).

Remark. If F is flat over Y , then one can take e = 1 and F̂B = ν∗F , by Lemma 2.12.

Proof of Proposition 3.22. Let τ : Y ′ → Y be a projective birational morphism from an

integral scheme Y ′ which gives a flattening of F/Y . For the fiber product X ′ = X×Y Y
′,

let p1 : X ′ → X and p2 : X ′ → Y ′ be the natural projections. Here, F ′ = (p∗1F)t.f./Y ′

is flat over Y ′. There is a closed integral subscheme B′ ⊂ Y ′ ×Y B such that τB :=

τ ×Y idB : B′ → B is surjective and generically finite. We set ν ′ to be the morphism

B′ ⊂ Y ′ ×Y B → Y ′. Let W and W ′ be the fiber products X ×Y B and X ′ ×Y ′ B′,

respectively. Let πB = π×Y idB : W → B, q1 : W ′ → W , q2 : W ′ → B′, and µ′ : W ′ → X ′
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be the induced morphisms. Note that the induced morphism W → X is µ. For the sheaf

F ′
W ′ := µ′∗F ′, we have

IF ′

W ′
/B′(µ′∗p∗1η) ≃ ν ′∗ IF ′/Y ′(p∗1η) ≃ τ ∗Bν

∗ IF/Y (η)

for any η ∈ Gd+1(X) by Lemma 2.12 and Theorem 3.20. On the other hand,

c1(IF ′

W ′
/B′(µ′∗p∗1η)) = q

F ′

W ′

2∗ (µ′∗p∗1η) ∈ G1(B′).

Since B is normal, τB is a finite morphism over an open subset of B whose complement

has codimension greater than one. Hence, τB∗F
2
con(B

′) ⊂ F 2
con(B) for the homomorphism

τB∗ : K•(B
′) → K•(B). Therefore, the natural homomorphism ν ′∗ : G1(B′) → G1

con(B) is

induced and the following equalities in G1
con(B) make sense:

τB∗q
F ′

W ′

2∗ (µ′∗p∗1η) = πB∗q1∗((µ
′∗p∗1η) cl•(F

′
W ′)) = πB∗((µ

∗η) cl•(R q1∗ cl•(F
′
W ′)).

Now, Supp(Ri q1∗(F
′ ⊗ OW ′)) does not dominate B for any i > 0. Hence, for the sheaf

F̂B := q1∗F
′
W ′ on W , we have

c1(ν∗ IF/Y (η))τB∗(cl•(OB′)) = τB∗ c1(IF ′

W ′
/B′(µ′∗p∗1η)) = πB∗((µ

∗η) cl•(F̂B)) = πF̂B
B∗ (µ∗η)

in G1
con(B). Therefore,

ν∗ IF/Y (η)⊗e ≃ I
F̂B/B

(µ∗η)

by τB∗(cl•(OB′)) = e cl•(OB) ∈ G0
con(B) for the rank e of τB∗OB′ . The remaining asser-

tions follow from SuppF ′
W ′ ⊂ µ′−1p−1

1 (SuppF) and dim(SuppF ′
W ′)/B′ = d. �

The following is an application of Theorem 3.20:

Proposition 3.23. Let π : X → Y be a locally projective surjective morphism of k-

schemes for a field k such that Y is a normal separated Noetherian integral scheme, and

let F be a coherent sheaf on X with dim(SuppF ∩ π−1(y)) ≤ d for any point y ∈ Y .

Let T be a normal separated Noetherian integral k-scheme, FT the sheaf p∗1F for the first

projection p1 : X ×k T → X, and η̃ an element of Gd+1(X ×k T ). For a k-valued point

t ∈ T (k), put Xt := X×k{t}, Yt := Y ×k{t}, Ft := FT⊗OXt, and ηt := η̃|Xt ∈ Gd+1(Xt).

Then,

IFT /Y×kT (η̃)|Yt ≃ IFt/Yt(ηt).

Proof. By taking a flattening of F/Y , and by Theorem 3.20, we may assume that F is

flat over Y . Then the assertion follows from Lemma 2.3. �
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4. Intersection sheaves for varieties over a field

In what follows, we shall work in the category of k-schemes for a fixed field k. A

variety (over k) is by definition an integral separated scheme of finite type over Spec k.

We shall study the intersections sheaves for morphisms X → Y of normal projective

varieties. In Section 4.1, we study some numerical properties of IX/Y . In Section 4.2,

for a family Z of effective algebraic cycles of pure dimension of X parametrized by Y

(hence, Z is a cycle of X×Y ) and for an ample invertible sheaf A of X, we show that the

intersection sheaf IZ/Y (p∗1A, . . . , p
∗
1A) is just the pullback of an ample invertible sheaf

by the morphism to the Chow variety of X determined by Z/Y . An application to the

study of endomorphisms of complex projective normal varieties is given in Section 4.3.

4.1. Numerical properties of intersection sheaves. Let π : X → Y be a proper

surjective equi-dimensional morphism from a projective variety X to a normal variety

Y . Note that Y is proper over Spec k. We set d = dimX/Y and m = dimY . Then the

intersection sheaf IX/Y (η) for η ∈ Gd+1(X) is also defined as π∗ φ(η) mod F 2
con(Y ) =

Fm−2(Y ) for φ : Gd+1(X) → Gd+1
con (X) = Gm−1(X) and π∗ : Gm−1(X) → Gm−1(Y ).

The base space Y is projective by the following, which is an analogue of [22], Théorème

2 on Kähler spaces:

Theorem 4.1. Let π : X → Y be a proper surjective morphism from a projective scheme

to a normal algebraic variety defined over a field. Suppose that π is equi-dimensional.

Then Y is projective.

Proof. Let A be a very ample invertible of X. We set η = c1(A)d+1 ∈ Gd+1(X) for

d = dimX/Y . Then IX/Y (η) = IX/Y (A, . . . ,A) is an invertible sheaf generated by

global sections by Corollary 3.18 (cf. Lemma 2.18). We shall show that IX/Y (η) is ample.

For this, it is enough to prove that the intersection number IX/Y (η)C is positive for any

irreducible curve C ⊂ Y . Let ν : B → C be the normalization and µ : X ×Y B → X the

induced finite morphism. Then there exist a coherent sheaf F̂B on X×Y B and a positive

integer e such that dim Supp F̂B = d+ 1 and

ν∗ IX/Y (η)⊗e ≃ I
F̂B/B

(µ∗η)

by Proposition 3.22. Hence,

e IX/Y (η)C = deg I
F̂B/B

(µ∗η) = i(µ∗η; F̂B) = i(µ∗A, . . . , µ∗A; F̂B) > 0. �

In order to calculate the intersection sheaves IX/Y (η), we may replace X with the

normalization. In fact, we have:



40

Lemma 4.2. Let ν : X̂ → X be a finite surjective morphism from another projective

variety X̂. Then

I
X̂/Y

(ν∗η) ≃ IX/Y (η)⊗e

for any η ∈ Gd+1(X) and for the degree e = deg(f).

Proof. Since e is the rank of ν∗OX̂
, we have ν∗ cl•(OX̂

) = e cl•(OX) in G0
con(X), which

proves the formula. �

In Lemma 4.3 and Theorem 4.4 below, we shall give sufficient conditions for an inter-

section sheaf IX/Y (η) to be ample or nef.

Lemma 4.3. Let η be an element of Gd+1(X) such that i(η;W ) ≥ 0 for any closed

irreducible subset W ⊂ SuppF of dimension d+ 1. Then IX/Y (η) is nef.

Proof. For an irreducible curve C of Y , let B → C be the normalization. Then, by

Proposition 3.22, there exist positive integer e and a coherent sheaf F̂B of X ×Y B such

that

e IX/Y (η)C = i(µ∗η; F̂B) = i(η;µ∗F̂B) ≥ 0

for the induced finite morphism µ : X ×Y B → X. �

Theorem 4.4. Let π : X → Y be an equi-dimensional proper surjective morphism of

normal projective varieties defined over a field. Let θ be an element of Gd(X) for d =

dimX/Y . For an invertible sheaf L of X, the intersection sheaf M := IX/Y (θ c1(L))

satisfies the following properties :

(1) If L is algebraically equivalent to zero, then so is M.

(2) If L is numerically trivial, then so is M.

Assume that i(θ;W ) ≥ 0 for any closed subscheme W ⊂ X with dimW = d. Then the

following properties are also satisfied :

(3) If L is nef, then so is M.

(4) If L is ample and if iX/Y (θ) > 0, then M is ample.

Proof. Let k be the algebraic closure of the base field k. Let Y be the normalization of a

closed integral subscheme of Y ⊗k k which dominates Y . Then, by Lemma 3.9, it suffices

to show the assertion for the pullback X ×Y Y → Y of π. Hence, we may assume from

the beginning that k is algebraically closed.

(1) follows from Proposition 3.23.

(2): i(θ c1(L);W ′) = 0 for any closed subscheme W ′ ⊂ X of dimension d + 1, since L

is numerically trivial. Hence, MC = 0 for any irreducible curve C ⊂ Y by the proof of

Lemma 4.3.
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(3): By Lemma 4.3, it suffices to show

(IV–1) i(θ c1(L);W ′) ≥ 0

for any closed subvarietyW ′ ⊂ X of dimension d+1. If L is very ample, then dimW ′∩A =

d for a general member A ∈ |L| (cf. Lemma 3.14). Hence,

i(θ c1(L);W ′) = i(θ;W ′ ∩ A) ≥ 0.

Thus, (IV–1) holds if L is ample. Even if L is only nef, L⊗N ⊗A is ample for any ample

invertible sheaf A of X and for any N > 0. Thus

0 ≤ i(θ c1(L⊗N ⊗ A);W ′) = Ni(θ c1(L);W ′) + i(θ c1(A);W ′)

for any N > 0. Hence, (IV–1) holds for any nef invertible sheaf L.

(4): Let A be an ample invertible sheaf on Y . Then L⊗b ⊗ π∗A−1 is ample for some

b > 0. Thus,

IX/Y (θ c1(L⊗b ⊗ π∗A−1)) ≃ M⊗b ⊗ IX/Y (θ c1(π∗A))−1 ≃ M⊗b ⊗A⊗(−iX/Y (θ))

is nef by (3) (cf. Lemma 3.10). Hence, M is ample. �

In Lemma 4.5 and Theorem 4.7 below, we shall give sufficient conditions for an inter-

section sheaf IX/Y (η) to be effective, big, or pseudo-effective.

Lemma 4.5. Let B ⊂ Y be a closed subset of codim(B) ≥ 2 and Z an effective algebraic

cycle of X \π−1(B) of codimension d such that any irreducible component of Z dominates

Y \B. Let θ ∈ Gd(X) be an element such that

φ(θ|X\π−1(B)) = cl•(Z) ∈ K•(X \ π−1(B)).

If D is an effective Cartier divisor on X which does not contain any irreducible component

of Z, then the intersection sheaf IX/Y (θ c1(OX(D))) has a non-zero global section.

Proof. Let Z =
∑
niZi be the irreducible decomposition. Then

IX/Y (θ c1(L))|Y \B ≃
⊗

IZi/Y \B(L|Zi
)⊗ni .

If M is an invertible sheaf on Y , then H0(Y,M) ≃ H0(Y \B′,M) for a closed subset B′

with codim(B′) ≥ 2. Thus, by replacing Y with Y \ B′ for certain closed subset B′ ⊃ B

with codim(B′) ≥ 2, and X with Z, we are reduced to prove the existence of a non-

zero global section of M = IX/Y (OX(D)) for a finite surjective morphism π : X → Y

of not necessarily projective varieties, where Y is normal, and for an effective Cartier

divisor D on X. We may also assume that X is normal by Lemma 4.2. Then, the

assertion follows from the property that the push-forward π∗D is effective and from the

isomorphism OY (π∗D) ≃ IX/Y (OX(D)) (cf. Example 3.4). �
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Definition 4.6 (cf. [23]). Let N be an invertible sheaf on a normal projective variety X

defined over an algebraically closed field, and W ⊂ X a closed subset. If the following

condition is satisfied, then N is called weakly positive outside W :

• For an ample invertible sheaf A on X, an arbitrary point x ∈ X \W , and for any

positive rational number ε, there exist a positive integer m with mε ∈ Z and an

effective divisor D such that OX(D) ≃ N⊗m ⊗A⊗mε and x 6∈ SuppD.

Theorem 4.7. Let π : X → Y be an equi-dimensional proper surjective morphism of

normal projective varieties defined over an algebraically closed field with d = dimX/Y .

Let N1, . . . , Nd be invertible sheaves on X which are weakly positive outside π−1(B) for

a closed subset B ⊂ Y of codim(B) ≥ 2. For an invertible sheaf L of X, the intersection

sheaf M := IX/Y (N1, . . . ,Nd,L) satisfies the following properties :

(1) If L is pseudo-effective, then so is M.

(2) If L is big and if iX/Y (N1, . . . ,Nd) > 0, then M is big.

(3) If all the Ni and L are nef and big, then M is also nef and big.

Proof. (1): Let A be an ample invertible sheaf on X and ε a positive rational number.

Then there is an effective divisor ∆ such that OX(∆) ≃ L⊗l ⊗A⊗lε for some l > 0 with

lε ∈ Z. By the weak positivity, there exist also positive integers m1, . . . , md and effective

divisors D1, . . . , Dd such that

• miε ∈ Z and OX(Di) ≃ N⊗mi
i ⊗Amiε for any 1 ≤ i ≤ d,

• codim(V ∩ ∆ ∩ π−1(Y \B)) = d+ 1 for the intersection V = D1 ∩ · · · ∩Dd, and

• V ∩π−1(Y \B′) → Y \B′ is a finite surjective morphism for a closed subset B′ ⊃ B

with codim(B′) ≥ 2.

Hence, IX/Y (OX(D1), . . . ,OX(Dd),OX(∆)) has a non-zero global section by Lemma 4.5.

Taking the limit ε→ 0, we infer that M is pseudo-effective.

(2): L⊗b ⊗ π∗A−1 has a non-zero global section for an ample invertible sheaf A and a

positive integer b. Hence, by the same argument as in the proof of Theorem 4.4, (4), we

infer that M⊗b ⊗ A⊗(−k) is pseudo-effective for k = iX/Y (N1, . . . ,Nd) by (1). Thus, M

is big.

(3) is a consequence of (2) above and Theorem 4.4, (3). �

4.2. Morphisms into Chow varieties. Let X be a projective variety, Y a normal

variety, and let p1 : X × Y → X and p2 : X × Y → Y be the natural projections. Let us

fix a non-negative integer d.

Definition 4.8. Let Z =
∑
niZi be an effective algebraic cycle of X × Y , where ni > 0

and Zi is a closed integral subscheme of X × Y . The cycle Z is called a family of
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effective algebraic cycles of X of dimension d parametrized by Y if p2 : Zi → Y is an

equi-dimensional surjective morphism of relative dimension d for any i. We denote by

SuppZ the reduced scheme
⋃
i Zi.

Let Z =
∑
niZi be a family of effective algebraic cycles of X of dimension d parametr-

ized by Y . For a point y ∈ Y , Zi ×Y y is a closed subscheme of X ⊗k k(y) of pure

dimension d, where k(y) denotes the residue field of OY,y. Thus, for the associated cycles

cyc(Zi ×Y y), we can define the algebraic cycle Z(y) to be
∑
ni cyc(Zi ×Y y).

Let τ : Y ′ → Y be a surjective morphism from a normal variety Y ′. Then one can

consider the pullback τ ∗Z as follows: Let {Z ′
i,j} be the set of irreducible components of

Zi ×Y Y
′ such that Z ′

i,j dominates Y ′. Let li,j be the length of Zi ×Y Y
′ along Z ′

i,j, i.e.,

li,j = lZ′

i,j
(OZi×Y Y ′).

We set τ ∗Z to be the cycle
∑
i,j nili,jZ

′
i,j. Then, τ ∗Z is a family of effective algebraic

cycles of X of dimension d parametrized by Y ′. By Lemma 3.6 and Theorem 3.20, we

have:

Lemma 4.9. For any η ∈ Gd+1(X), there is an isomorphism

Iτ∗Z/Y ′(p∗1η) ≃ τ ∗ IZ/Y (p∗1η).

We shall show the following:

Theorem 4.10. Let X be a projective variety, Y a normal projective variety, and Z a

family of algebraic cycles of X of dimension d parametrized by Y . Then, there exist a

proper surjective morphism ϕ : Y → T into a normal projective variety T with connected

fibers and a family ZT of algebraic cycle of X of dimension d parametrized by T such that

(1) Z = ϕ∗ZT ,

(2) ϕ∗ IZT /T (p∗1η) ≃ IZ/Y (p∗1η) for any η ∈ Gd+1(X),

(3) IZT /T (p∗1A1, . . . , p
∗
1Ad+1) is ample for any ample invertible sheaves Ai on X,

where p1 denotes the first projection X × Y → X or X × T → X.

The proof is given after Lemmas 4.11 and 4.12.

Lemma 4.11. Let B ⊂ Y be a connected closed algebraic subset and F ⊂ X the image

p1(SuppZ ∩ (X ×B)). Suppose that dimF = d. Then SuppZ ∩ (X ×B) = F ×B as an

algebraic subset of X × Y .

Proof. We write S = SuppZ. By construction, there is a natural inclusion S∩(X×B) ⊂

F ×B. In order to show the converse inclusion, we may assume B to be irreducible since

B is connected. Furthermore, we can reduce to the case where Zi → Y is flat for any i
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as follows: We can find a birational morphism Y ′ → Y from a normal projective variety

Y ′ which gives a flattening of Zi → Y for any i. Let Z ′
i be the irreducible component of

Zi ×Y Y
′ flat over Y ′. Then Z ′

i → Zi is surjective since it is birational. Let S ′ be the

union
⋃
i Z

′
i. Then S ′ ∩ (X ×B′) ⊂ F ′ ×B′ for B′ = B ×Y Y

′ and for the image F ′ ⊂ X

of S ′ ∩ (X × B′) by the first projection X × Y ′ → X. Here, F = F ′ since S ′ → S is

surjective. Thus, if S ′ ∩ (X × B′) = F × B′, then we have S ∩ (X × B) = F × B by

considering the image by X × Y ′ → X × Y .

Therefore, we may assume that B is irreducible and Zi → Y is flat for any i. Let

{Vi,j} be the set of irreducible components of Zi ∩ (X × B). Then p2(Vi,j) = B and

dimVi,j = dimB + d, since Vi,j → B is flat at the generic point of Vi,j. Let Fi,j be the

image p1(Vi,j). Then the natural inclusion Vi,j ⊂ Fi,j × B is just the equality, since the

both sides are irreducible subvarieties of X × Y with the same dimension. Therefore,

Zi ∩ (X × B) = Fi × B for the union Fi =
⋃
j Fi,j, and finally, S ∩ (X × B) = F × B by

F =
⋃
Fi. �

Let A1, . . . , Ad be very ample invertible sheaves on X. Then we can consider the

intersection sheaf M := IZ/Y (p∗1A1, . . . , p
∗
1Ad). Here, M is generated by global sections

by Corollary 3.18. Let ϕ : Y → T be the Stein factorization of the morphism

Φ|M| : Y → |M|∨ = P(H0(Y,M)) = Proj(Sym H0(Y,M))

associated with the linear system |M|. In other words, ϕ is the canonical morphism

Y → T = Proj
⊕

l≥0
H0(Y,M⊗l).

Lemma 4.12. For an integral closed subscheme B ⊂ Y , ϕ(B) is a point if and only if

SuppZ ∩ (X × B) = F × B for a closed subset F ⊂ X. In particular, the morphism ϕ

does not depend on the choices of very ample invertible sheaves Ai.

Proof. By Lemma 4.11, the latter condition is equivalent to dim p1(SuppZ∩(X×B)) = d.

Let τ : Y ′ → Y be a projective birational morphism from a normal projective variety Y ′

which gives a flattening of Zi → Y for any i. Then τ ∗M ≃ Iτ∗Z/Y ′(p∗1η) by Lemma 4.9.

Thus ϕ ◦ τ is associated with the family τ ∗Z of algebraic cycles parametrized by Y ′.

Hence, we can replace Y with Y ′ in order to show the assertion. Therefore, we assume

from the beginning that Zi → Y is flat for any i. Then,

M|B ≃ IZ×Y B/B(p∗1η)

by Lemma 2.12.

If dim p1(SuppZ ∩ (X ×B)) = d, then p∗1η cl•(Z) = 0 ∈ Gd+1
con (Z ×Y B); hence, M|B is

numerically equivalent to zero, and ϕ(B) is a point.



45

If dim p1(SuppZ ∩ (X × B)) ≥ d + 1, then there is an irreducible curve C ⊂ B such

that dim(SuppZ ∩ (X×C)) = dim p1∗(SuppZ ∩ (X×C)) = d+1 by Lemma 4.11; hence

degM|C = i(p∗1η;Z ×Y C) > 0,

which implies that ϕ(B) is not a point. �

We are ready to prove Theorem 4.10:

Proof of Theorem 4.10. Let ZT,i ⊂ X×T be the image of Zi by idX ×ϕ : X×Y → X×T ,

and let ZT be the cycle
∑
niZT,i. Then the natural inclusion Zi ⊂ ZT,i ×T Y is an

equality of algebraic sets by Lemma 4.11. Hence the second projection p2 : ZT,i → T is

a surjective equi-dimensional morphism of relative dimension d; thus ZT is a family of

algebraic cycles of X of dimension d parametrized by T . Let U ⊂ Y be an open dense

subset such that ϕ : Y → T is flat along U . Then ZT,i ×T U is reduced. Hence, the

inclusion Zi ⊂ ZT,i ×T Y is an isomorphism over U . Thus, the equality ϕ∗ZT = Z in (1)

follows. The isomorphism (2) follows from (1) and Lemma 4.9. The condition (3) follows

from (2) and Lemma 4.12. �

Remark 4.13. We fix a closed immersion X →֒ Pn into an n-dimensional projective space

Pn and set A = O(1)|X . Let Rn be the vector space H0(Pn,O(1)). We set θ = c1(A)d ∈

Gd(X) and η = c1(A)d+1 ∈ Gd+1(X). Furthermore, we set

e := iZ/Y (p∗1θ) = iZ/Y (p∗1A, . . . , p
∗
1A) = iZ/Y (p∗1O(1), . . . , p∗1O(1)),

M := IZ/Y (p∗1η) = IZ/Y (p∗1A, . . . , p
∗
1A) = IZ/Y (p∗1O(1), . . . , p∗1O(1)).

Then by Propositions 2.7 and 3.17 (cf. Lemma 2.18), we have a natural surjection

⊗d+1
Syme(Rn) ⊗k OY → M.

By construction, the associated morphism

ψ : Y → P

(⊗d+1
Syme(Rn)

)

is just the morphism to the Chow variety Chowd,e(X) ⊂ Chowd,e(P
n) of d-dimensional

algebraic cycles of degree e corresponding to y 7→ Z(y). Therefore, ϕ : Y → T is just the

Stein factorization of ψ.

Proposition 4.14. Let π : X ···→Y be a dominant rational map from a projective variety

X to a normal projective variety Y . Then there exist a normal projective variety T and

a birational map µ : Y ···→T satisfying the following conditions :

(1) Let ΓT ⊂ X × T be the graph of the composite µ ◦ π : X ···→Y ···→T . Then

ΓT → T is equi-dimensional.
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(2) Let µ′ : Y ···→T ′ be a birational map to another normal projective variety T ′

such that ΓT ′ → T ′ is equi-dimensional. Then there exists a birational morphism

ν : T ′ → T with µ = ν ◦ µ′.

Proof. There exist many birational maps µ′ : Y ···→T ′ to normal projective varieties T ′

such that the graph ΓT ′ ⊂ X × T ′ of µ′ ◦ π : X ···→T ′ induces an equi-dimensional

morphism ΓT ′ → T ′. For example, a flattening of π creates such a rational map. For the

rational map µ′ : Y ···→T ′, let us consider the intersection sheaf

M′ = IΓT ′/T ′(p∗1η)

for η = c1(A)d+1 ∈ Gd+1(X) for an ample invertible sheaf A on X. Then M′ is nef

and big by Theorem 4.4, since p1 : ΓT ′ → X is birational. By Theorem 4.10, there is a

birational morphism ϕ : T ′ → T to a normal projective variety T such that ΓT → T is

equi-dimensional for the graph ΓT ⊂ X × T of X ···→T ′ → T , and M′ ≃ ϕ∗M for the

ample invertible sheaf

M := IΓT /T (p∗1η).

We shall show that X ···→T and M are independent for the choice of X ···→T ′. Let

µ′′ : Y ···→T ′′ be another birational map such that ΓT ′′ → T ′′ is equi-dimensional for

the graph ΓT ′′ ⊂ X × T ′′ of µ′′ ◦ π. By replacing T ′′ by the normalization of the graph

of the birational map T ′ ···→T ′′, we may assume that there is a birational morphism

τ : T ′′ → T ′ with µ′ = τ ◦ µ′′. Then,

M′′ := IΓT ′′/T ′′(p∗1η) ≃ τ ∗M′

by Lemma 4.9. Thus, the composite ϕ◦τ : T ′′ → T ′ → T is defined only by the invertible

sheaf M′′. Therefore, T and the birational map Y ···→T are uniquely determined up to

isomorphism. �

Definition 4.15. The rational map X ···→T in Proposition 4.14 is called the Chow

reduction of X ···→Y .

4.3. Endomorphisms of complex normal projective varieties. In this section, we

assume k to be the complex number field C. We shall study surjective endomorphisms

f : X → X of a normal projective variety X.

Lemma 4.16. Let π : X → Y , π′ : X ′ → Y ′, τ : Y ′ → Y , and τ ′ : X ′ → X be surjective

morphisms for projective varieties X, X ′, Y , and Y ′ such that

(1) π ◦ τ ′ = τ ◦ π′,

(2) Y and Y ′ are normal,

(3) π is equi-dimensional of relative dimension d,
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(4) for an open dense subset U ′ ⊂ Y ′, the induced morphism π′−1(U ′) → X ×Y U
′ is

a finite surjective morphism of degree e.

Then for any η ∈ Gd+1(X), one has an isomorphism

IX′/Y ′(τ ′∗η) ≃ τ ∗ IX/Y (η)⊗e.

Proof. Let f : X ′ → X ×Y Y
′ be the induced morphism, and let p1 : X ×Y Y

′ → X and

p2 : X ×Y Y
′ → Y ′ be the natural projections. Then

f∗ cl•(OX′) − e cl•(OX×Y Y ′) ∈ Image(K•(W ) → K•(X ×Y Y
′))

for a closed subscheme W with p2(W ) ∩ U = ∅. By the proof of Lemma 3.6 and by

Theorem 3.20, we have

IX′/Y ′(τ ′∗η) ≃ IX×Y Y ′/Y ′(p∗1η)
⊗e ≃ τ ∗ IX/Y (η)⊗e. �

Proposition 4.17. Let f : X → X be a surjective endomorphism of a normal projec-

tive variety X. Let π : X → Y be an equi-dimensional surjective morphism of relative

dimension d to a normal projective variety Y such that π has connected fibers and that

π ◦ f = h ◦π for a surjective endomorphism h : Y → Y . Let A be a nef and big invertible

sheaf on X and let M be the intersection sheaf IX/Y (c1(A)d+1) = IX/Y (A, . . . ,A).

(1) If f ∗A ≃ A⊗q for an integer q, then h∗M is Q-linearly equivalent to M⊗q.

(2) If f ∗A is numerically equivalent to A⊗q for an integer q, then h∗M is numerically

equivalent to M⊗q.

Proof. Note that f and h are finite morphisms. In fact, f ∗ induces an automorphism of

NS(X)⊗ Q for the Néron–Severi group NS(X); thus an ample divisor of X is Q-linearly

equivalent to f ∗ of a Cartier divisor. The induced morphism (f, π) : X → X ×Y,h Y is

a finite surjective morphism, since π has connected fibers. Thus, deg f = e deg h for

the mapping degree e of (f, π). Therefore, we can apply Lemma 4.16, and obtain an

isomorphism

(IV–2) IX/Y (f ∗η) ≃ h∗ IX/Y (η)⊗e

for any η ∈ Gd+1(X). Let us consider the case where η = c1(A)d+1. Then M = IX/Y (η)

is nef and big by Theorem 4.4. In both cases (1) and (2), f ∗A is numerically equivalent

to A⊗q. Thus, IX/Y (f ∗η) is numerically equivalent to M⊗qd+1
by Theorem 4.4, and

deg f = qd+m for m = dimY . Hence, M⊗qd+1
is numerically equivalent to h∗M⊗e by

(IV–2), which implies that deg h = qm1 for q1 = qd+1e−1. Furthermore, e = qd and

deg h = qm by deg f = e deg h. In particular, h∗M is numerically equivalent to M⊗q. In

case (1), from (IV–2), we have

(h∗M⊗M⊗(−q))⊗e ≃ OY . �
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Theorem 4.18. Let X be a complex projective variety. Then there exists a rational map

π : X ···→Y into a normal projective variety Y such that

(1) Y is not uniruled,

(2) The second projection p2 : ΓY → Y for the graph ΓY ⊂ X × Y of π is equi-

dimensional,

(3) a general fiber of ΓY → Y is rationally connected,

(4) π is a Chow reduction.

Moreover, π : X ···→Y is uniquely determined up to isomorphism.

We call the rational map π : X ···→Y the special MRC fibration.

Proof. Let M → X be a resolution of singularities. Then we have a rational map

f : M ···→S called a maximal rationally connected fibration (MRC fibration, for short)

satisfying the following conditions (cf. [3], [16], [10]):

• S is a non-singular non-uniruled variety

• f is holomorphic along f−1(U) for an open dense subset U ⊂ S,

• a general fiber of f is a maximal rationally connected submanifold of M .

Moreover, the maximal rationally connected fibration is unique up to birational equiva-

lence, i.e., if µ : M ′ ···→M is a birational map from a non-singular projective variety M ′

and f ′ : M ′ ···→S ′ is a maximal rationally connected fibration of M ′, then f ◦ µ = ν ◦ f ′

for a birational map ν : S ′ ···→S. Let π : X ···→Y be the Chow reduction of the rational

map X ···→M ···→S. Then π is uniquely determined up to isomorphism and satisfies

the required conditions. �

Theorem 4.19. Let f : X → X be a surjective endomorphism of a normal complex

projective variety X. Let π : X ···→Y be the special MRC fibration. Then there is an

endomorphism h : Y → Y such that π ◦ f = h ◦ π.

Proof. Let X ···→Y1 → Y be the Stein factorization of the composite π ◦ f : X ···→Y ;

we set π1 : X ···→Y1 and τ : Y1 → Y . Then a general fiber of π1 is rationally connected,

and the graph ΓY1 ⊂ X ×Y1 induces an equi-dimensional morphism p2 : ΓY1 → Y1. Thus,

there is a birational morphism ϕ : Y1 → Y such that π = ϕ ◦ π1 by Proposition 4.14 and

by Theorem 4.18. Let η = c1(A)d+1 ∈ Gd+1(X) for an ample invertible sheaf A of X and

for d = dimX/Y . Since ΓY1 → ΓY ×Y Y1 is a finite surjective morphism over an open

dense subset of Y1, by applying Lemma 4.16, we have

IΓY1
/Y1(p

∗
1η) ≃ τ ∗ IΓY /Y (p∗1η)

⊗b
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for some b > 0, where p1 denotes the first projection ΓY1 → X or ΓY → X. On the other

hand, by a property of the Chow reduction (cf. Theorem 4.10), we have

IΓY1
/Y1(p

∗
1η) ≃ ϕ∗ IΓY /Y (p∗1η).

Hence, ϕ is a finite morphism, since IΓY /Y (p∗1η) is ample on Y and τ is finite. Therefore,

ϕ : Y1 ≃ Y , and the endomorphism h = τ ◦ ϕ−1 : Y → Y satisfies π ◦ f = h ◦ π. �

Remark. In Theorem 4.19, if f is étale, then h is induced from the push-forward morphism

Chow(X) → Chow(X) given by Z 7→ f∗Z. However, if f is not étale, h is not necessarily

induced from the push-forward morphism.

Corollary 4.20. Let X be a normal complex projective variety admitting a surjective

endomorphism f : X → X such that f ∗H ≃ H⊗q for a nef and big invertible sheaf H and

a positive integer q. Let π : X ···→Y be the special MRC fibration. Then there exist an

endomorphism h : Y → Y and a nef and big invertible sheaf M on Y such that π◦f = h◦π

and h∗M ≃ M⊗q. Here, if H is ample, then one can take M to be ample.

Proof. We have h by Theorem 4.19. The intersection sheaf M′ = IΓY /Y (p∗1 c1(H)d+1) is

nef and big by Theorem 4.4. If H is ample, then so is M′, since π is a Chow reduction

(cf. Theorem 4.10). Then a suitable power M of M′ satisfies the required condition by

Proposition 4.17. �

Remark. An assertion similar to Corollary 4.20 is proved in [25], Proposition 2.2.4. How-

ever, the proof there is sketchy. For example, it uses the intersection sheaves, which are

defined only for flat morphisms in [25], but there are no explanation how to reduce to

flat morphisms.

References

[1] D. Barlet and M. Kaddar, Incidence divisor, Intern. J. Math. 14 (2003), 339–359.
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[18] E. Muñoz Garcia, Fibrés d’intersection, Compo. Math. 124 (2000), 219–252.

[19] N. Nakayama and D.-Q. Zhang, Polarized endomorphisms of complex normal varieties, preprint

2007.

[20] M. Raynaud, Flat modules in algebraic geometry, Compo. Math. 24 (1972), 11–31.

[21] M. Raynaud and L. Gruson, Critrès de platitude et de projectivité, Techniques de 〈〈 platification 〉〉
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