Graph equation for line graphs and m-step graphs
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Abstract

Given a graph G, the m-step graph of G, denoted by S,,(G), has the same
vertex set as G and an edge between two distinct vertices u and v if there is
a walk of length m from u to v. The line graph of G, denoted by L(G), is a
graph such that the vertex set of L(G) is the edge set of G and two vertices
u and v of L(G) are adjacent if the edges corresponding to w and v share a
common end vertex in G. In this paper, we characterize connected graphs G
satisfying graph equation S,,(G) = L(G).
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1 Introduction

Throughout this paper, we only consider simple graphs. Given a graph G, the
following two notions of well-known graphs can be defined: The m-step graph of G,
denoted by S,,,(G), has the same vertex set as G and an edge between two vertices
u and v if there is a walk of length m from u to v. The line graph of GG, denoted by
L(G), is the intersection graph of the edge set of G. That is, the line graph of G is
a graph such that the vertex set of L(G) is the edge set of G and two vertices u and
v of L(G) are adjacent if the edges corresponding to u and v share a common end
vertex in G. For all undefined graph-theoretical terms, see [2].
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Graph equations are equations in which the unknowns are graphs. Since many
problems and results in graph theory can be formulated in terms of graph equations,
graph equations have been studied by many authors (see [3] for surveys of the
literature of graph equations). Especially, graph equations seeking a solution graph
G whose line graph L(G) is isomorphic to another graph structure built from G
have been widely studied. For example, Akiyama et al. [1] studied graph equations
for line graphs and nth power graphs and Simi¢ [6] studied graph equations for line
graphs and nth distance graphs. The authors may refer to [4] and [7] for the work
on S, (G).

In this paper, we study graph equation for line graphs and m-step graphs. We
characterize the graphs whose m-step graphs and whose line graphs are isomorphic.
If S,,(G) is isomorphic to L(G) for a graph G, we say that G satisfies S,,(G) = L(G).

A graph with exactly one cycle is said to be unicyclic.

Proposition 1.1. If a connected graph G = (V, E) satisfies S;,(G) = L(G), then G
1s unicyclic. Especially, if m is even, the length of the cycle contained in G s odd.

Proof. Since S,,(G) = L(G), V(S,(G)) = V(L(G)). By definition, |V (S,,(G))| =
V| and |V(L(G))| = |E| and so |V| = |E|. Since G is connected, it is true that G
contains exactly one cycle C.

Suppose that m is even. If the length n of C'is even, then G is a bipartite graph.
Then any two vertices the distance between which is odd are disconnected in S,,(G)
and so S,,(G) is disconnected. However, L(G) is still connected and we reach a
contradiction. Thus the length of C' must be odd. O

We call a cycle of length > 4 without a chord a hole. Now we present a simple
but useful property of L(G) for a unicyclic graph G:

Proposition 1.2. Suppose that a connected graph G is a unicyclic graph having
cycle C'= vgeqvy - - - vp_1€,09 for m > 5. Then L(G) has a unique hole eyeq - - - ey ey.

Proof. Since C'is a hole, it is true that ejes - - - e,eq is a hole in L(G). If fifo - fin
is a hole in L(G), then zgzy - - - ;170 is a hole in G where x;_; and x; are the end
vertices of f; for ¢ = 1,..., m. (Identify z,, with zy). Since C' is the only cycle of
G, we have m =n and z; = v; for i =0, ..., n — 1. Thus L(G) has a unique hole,
which has length n. O

Note that E(S,,(G)) C E(Sm2(G)) for any positive integer m. To see why, take
an edge e = zy in S,,(G). Then there exists an (z,y)-walk W of length m in G.
Let z be the vertex immediately preceding y in W. Then Wzy is an (x,y)-walk of
length m + 2. Thus e is an edge of S,,12(G).



We denote by dg(u, v) the distance between u and v in a connected graph G and
by diam(G) the diameter of G.

Lemma 1.3. Suppose that G is a connected unicyclic graph with diam(G) > 4.
Then diam(S,(G)) < diam(G) — 2 for odd m > 3.

Proof. Take two vertices u, v in G. Since E(G) C E(S,,(G)) as noted above, we
have dg,, () (u,v) < dg(u,v). If dg(u,v) < 2, then dg,, () (u,v) < da(u,v) <2 <
diam(G)—2. Now suppose that dg(u,v) > 3. Let uvyvy - - - v;_1v (Identify v, with v.)
be a shortest (u,v)-path in G. Then [ > 3, and u and v3 are adjacent in S,,(G) since
m is odd. Therefore, dg,, () (u,v) < dg(u,v) — 2. Thus, dg,, () (u,v) < diam(G) — 2
for any u, v in G and so diam(S,,(G)) < diam(G) — 2. O

Given a cycle C' of a connected graph G, we call a path of G C-avoiding path
if its internal vertices are not on C. A spiked cycle is a connected graph whose
non-pendant vertices form a cycle.

For a vertex v of a graph G, we denote by Ng(v) (resp. Ng[v]) the set of vertices
adjacent to v in G (resp. the set of v and vertices adjacent to v in G) or the subgraph
of GG induced by the those adjacent vertices.

Theorem 1.4. Let m be an odd integer greater than or equal to 3. Then for a
connected graph G, G satisfies S, (G) = L(G) if and only if G is either a 3-cycle or
a 4-cycle.

Proof. The ‘if” part is obviously true. Now we show the ‘only if’” part. Since a path
of G of length [ as an induced subgraph corresponds to a path of L(G) of [ — 1 as an
induced subgraph, diam(G) < diam(L(G)) + 1. By Proposition 1.1, G is unicyclic.
If diam(G) > 4, then,by Lemma 1.3, diam(L(G)) > diam(G) — 1 > diam(S,,(G)),
which contradicts the hypothesis that S,,(G) = L(G). Thus diam(G) < 3. This
implies that G is a spiked cycle with a cycle C of length from 3 up to 7, or a
unicyclic graph with a 3-cycle C' such that only one vertex x on C' has degree > 3
and a longest C-avoiding path starting at x is unique and has length 2.

If C' is a 5-cycle, a 6-cycle, or a 7-cycle, then C'is a hole in L(G) while C has a
chord in S,,(G) since any two vertices at distance 3 in G are adjacent in S,,(G).

If C is a 4-cycle, then the degree of each vertex on C'is 2. For otherwise, there
is a vertex v of degree at least 3 on C', and the neighbors of v on C' and a neighbor
of v not on C form an independent set of size 3 in S3(G). Thus the edge clique
cover number of Ng,e[v] is at least 3. It is impossible for L(G) = S,,(G) since it
is known that the edge clique cover number of the closed neighborhood of a vertex
in a line graph is at most 2. Hence G itself is 4-cycle if C' is a 4-cycle.

Now consider the case where C' is a 3-cycle. Since diam(G) < 3, S,,(G) is a
complete graph for odd m > 3. If there is a vertex x not on C' that is joined to



a vertex y on C' by an edge e, then e is not adjacent to the edge joining the two
vertices on C' other than y in L(G). Thus it is impossible that S,,(G) = L(G).
Therefore G has to be a 3-cycle. O

Now it remains to characterize a connected graph G satisfying S,,(G) = L(G)
for an even integer m. We begin by presenting the following theorem:

Theorem 1.5. Let G be a connected graph. If S,,(G) = L(G) for an even integer
m > 4, then the girth of G s 3.

Proof. By Proposition 1.1, G contains a unique odd cycle C' = vgvy - - - v;_1v9. Sup-
pose that [ > 5. We will reach a contradiction. Since G is Cy-free,

EL@)= Y (degg<“>)

veV(Q)

where deg(v) denotes the degree of v in G.
Since E(S3(G)) C E(S,(G)) for even m, S,,(G) has at least

3 (degg(v)) (%)

veV(Q)

edges. However, since C' is not a 6-cycle, S,,,(G) contains edge vyv, that is not
counted in (x). This implies that |E(S,,(G))| > |E(L(G))|, which is contradiction.
Thus, [ < 3. O

We have characterized a connected graph G satisfying S,,(G) = L(G) for an
odd integer m. Now it remains to characterize a connected graph G satisfying
S (G) = L(G) for an even integer m. We consider a connected graph G with girth
greater than 3 in Section 2 and a connected graph G with girth 3 in Section 3.

2 Graph with girth> 3 satisfying S,,(G) = L(G) for even m

Theorem 1.5 tells us that if a connected graph G with girth greater than 3 satisfies
Si(G) = L(G) for even m, then m = 2. Thus, it is sufficient to consider the case
where m = 2.

Proposition 2.1. Suppose that a connected graph G is a unicyclic graph having
cycle C' = vpeqvy - - - vy_1€,09 for n > 5. Then So(G) and L(G) have unique holes
VoUg * * * Up_1 V103 - = * Up_oUgy and eqes - - - e,eq, respectively.



Proof. Let C' = vpevies -+ - vp_1€,v0 (n > 5). Then delete an edge e, on C' from G.
Then the resulting graph G —e,, is a tree. Phelps [5] showed that the 2-step graph of
a tree with at least 2 vertices has exactly two components and is chordal. It is easy
to see that vgvs - - - v,_1 and vyv3 - - - v,_o are paths of length at least one as induced
subgraphs of S3(G — e,,) which belong to different components of So(G — e,,). Note
that

E(SQ(G)) = E(SQ(G — Gn)) U {{L‘Un_l | x € Ng(’l}o)} U {y’Uo | Yy < Ng(vn_l)}.

Thus S2(G) has hole C* = vgvg - - - v, 10103 * * - Uy _20p. Any vertex in Ng(vg) (resp.
N¢(v,-1)) other than vy (resp. v,_o) forms a triangle with v; and v, (resp. vy and
Up—2) in S3(G). Hence C* is the only hole in Sy(G).

By Proposition 1.2, L(G) contains a unique hole ejes - - - e,e5. O

Proposition 2.2. If a connected graph G has girth greater than 3 and satisfies
S2(G) = L(G), then G is a spiked odd cycle.

Proof. By contradiction. Suppose that there is a connected graph G such that
S2(G) = L(G) and G is not a spiked odd cycle. Since S3(G) = L(G), there exists
a bijection ¢ from V(S3(G)) to V(L(G)) such that uv € E(S2(G)) if and only if
o(u)p(v) € E(L(Q)) for vertices u, v in G. By Proposition 1.1, G has a unique
odd cycle C' = vpeqvy ... €p_10p_1€,09 (n > 5). Let P = xyx9- -2 be a longest
C-avoiding path which shares an initial vertex z; with C. Then k > 3 by the
assumption that G is not a spiked odd cycle. Without loss of generality, we may
assume that vy = z;. By Proposition 2.1, Sy(G) and L(G) have unique holes Cy =
VgUg * + * U101 U3 + -+ Up 2V and Cy = eqey - - - epeq, respectively. Then Sy(G) = L(G)
implies that ¢p(V(Cy)) = V(Cy). It is easy to check that

r = max{dg,c)(v,w) |ve V(Cy),w e V(G)\ V(C)}

| dsyey(vr, ) if kis odd;
| dsye)(vo, z) if K is even;

_n—l+ E
2 2

and
s = max{dp(e, f) | e € V(Cs), f € E(G) \ V(C2)}
= drc)(emt1)/2: Th—1Tk)
n—1
= kE—1).
ey

Since ¢(V(C4)) = V(Cy), we have r = s. Thus |k/2| = k—1. However, k—1 > |k/2]
for k > 3 and we reach a contradiction. O
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Figure 1: A spiked odd cycle G not satisfying S (G
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Figure 2: A spiked odd cycle G satisfying S»(G) = L(G).

It is natural to ask whether or not the converse of Proposition 2.2 is true. It
is not true as we can see from Figure 1. However, the spiked odd cycles of certain
types such as the one in Figure 2 satisfy S2(G) = L(G):

Theorem 2.3. Let G be a spiked odd cycle with cycle C' = vgvy -+ Up_1vg (n > 5)
and a; be the number of pendant vertices adjacent to vertex v; for each i =0, ...,
n—1. Suppose that there exists k € {0,...,n—1} such that either ag = a, as = aj41,

sy Up—1 = Q4 (n—-1)/2, A1 = Q4 (n41)/2, - - -5 An—2 = k4 (n-1) OT G0 = Ak, A2 = Qk—1,
Ay = Ag—2, ..., Ap—1 = Ak—(n—1)/2, A1 = Qk—(n41)/2; - - -, Un—2 = Ap_(n—1) Where the
subscripts are reduced to modulo n. Then G satisfies So(G) = L(G).

Proof. Let C' = vpejvieg - - - vp—1€,09. We denote by wy, ..., w;,, the pendant ver-
tices adjacent to v; in G and by fi1, ..., fis, the edges v,w;, ..., v;w,,,, respectively.
Suppose that ag = ax, az = agy1, -+ Aol = Argpn-1)/2, G = Apg(ni1)/2; -

Un—2 = Gt (n—1)- We define a map ¢ from V(595(G)) to V(L(G)) as follows:

€l (i if 7 is odd;
<Z5(’Uz) _ { k+(i+1)/2

Cht(ntit1)/2  if 1 s even;

and if w;; exists, then

B ka/Q’j if 7 is even;
¢(wu) - { fk+(n+i)/2,j if 7 is odd;



where all the subscripts are reduced to modulo n. It is easy to check that ¢ is a
bijection.

To show that ¢ is an isomorphism, take an edge zy in Sa(G). If both are vertices
on the hole in Sy(G), then & = v; and y = vi42. If @ is odd, then ¢(v;) = exryit1)/2
and @(vit2) = €rt(iy3)/2, and they are adjacent in L(G). If i is even, then ¢(v;) =
Cht(ntit1)/2 and @(Vit2) = €rt(ntits)/2, and they are adjacent in L(G). If one is on
the hole while the other one is not, then we may assume that v = v;_; and y = wj;
for some j € {1,...,a;}. Then ¢(v;_1) = exyis2 and @(wij) = frtisz; if @ is even,
and ¢(vi—1) = €rtmtiy/2 and ¢(wij) = frt(ntiy 2, if ¢ is odd. In both cases, ¢(x)
and ¢(y) are adjacent in L(G). Finally suppose that none of z and y is on the hole
in S3(G). Then & = w;; and y = w;j. Then ¢(w;i;) = foyisz; and o(wijr) = fryijoj
if i is even, and ¢(wi;) = fetmtiy/z; and (W) = frt /e, if ¢ is odd. In both
cases, ¢(x) and ¢(y) are adjacent in L(G).

Now take an edge ef in L(G). Suppose that e and f both are on the hole. Then
e=¢ and f =e€4;. Let A={k+j (modn)|j=1...,k+(n—1)/2}. If
{i,i+ 1} C A, then ¢(voi-r)—1) = € and ¢(va—k)41) = €i1, and it is true that
Va(i—k)—1 and va(_ky41 are adjacent in So(G). If exactly one of ¢, i 4+ 1 belongs to A,
then either i = k or i = k + (n —1)/2 (mod n). Now it is true that ¢(v,_1) = ey,
d(v1) = epr1, O(Vn—2) = €rpm-1)/2, and G(vo) = €rir(mi1)/2 and that v, and v
are adjacent and so are v,_o and vy in S5(G). If neither i nor i + 1 belongs to
A, then ¢(vo(i—g)—n—1) = €; and G(Vagi—k41)-n-1) = €it1. It is true that vo;_g)—n_1
and Va(i—k+1)-n—1 are adjacent in Sy(G). Suppose that e is on the hole while f
is not. Then e = ¢; and f = f;,_;; for some j € {1,2,...,a,.4} or f;; for some
j € {1,2, Ce ,ai}. If {7, — 1,’&} C A, then (b(UQ(i_k)_l) = €4, ¢(w2(i_k_1)7j) = fifl’j,
¢(W2(i—k),j) = fij, and it is true that vy;_j)—; is adjacent to both wy;_t—1); and
Wa(i—k),; 0 So(G). If exactly one of i — 1, i belongs to A, then either i = k + 1 or
i = k+(n+3)/2 (mod n). It is true that ¢(vy) = ext1, ¢(wo;) = frj, P(w25) = frt1js
and it is true that v; is adjacent to both wp; and wy;. In addition, it is true that
P(v2) = €rt(m3)/2, O(W1j) = frr(mr1)/25, P(Ws5) = fet(nts)/2, and that v, is adjacent
to both wy; and ws;. If neither ¢ — 1 nor 4 belongs to A, then ¢(va;—g)—n—1) = €; and
A(Wo(imk-1)-n-1,) = fi-1j, and @(Wagi—k)—n;) = fij, and it is true that voi_p)—n_1
is adjacent to both wy(_t—1)—n,; and wo_g)—n ;. Suppose that neither e nor f is on
the hole in L(G). Then e = f;; and f = f;». Then if i € A, then ¢(wai—k) ;) = fij
and ¢(w2(i—k),y) = fiy7, and it is true that woi_y); and wy;_p) ; are adjacent in
So(G). If i & A, then ¢(wagi—k)—n;) = fij and ¢(Wai—k)—nj7) = fijr, and it is true
that wa(i—k)—n,; and wa_g)—n ;7 are adjacent in S»(G). Hence we have shown that ¢
is an isomorphism.

In the case where ay = ag, ay = ap_1, a4 = ap_2, ..., U1 = Ap_(n-1)/2,
a1 = Qk—(n+1)/2; -+ Gn—2 = Ak_(n—1), We define a map ¢ from Sy(G) to L(G)



as follows: o
b(v;) = { €k—(i—1)/2 if 7 is odd;

Ch—(nti—1)/2 if 7 is even;

and if w;; exists, then

R =Y if 7 is even;
vlwy) = { Fooniiy2; if i is odd.

Then by applying a similar argument as above, we can show that 1 is an isomor-
phism. Hence in any case, G satisfies S2(G) = L(G). O

In fact, it is also a necessary condition for a connected graph G with girth greater
than 3 satisfying S»2(G) = L(G):

Lemma 2.4. Let G be a spiked odd cycle with cycle C' = vovy - - - v,_1v9 (n > 5) and
a; be the number of pendant vertices adjacent to vertex v; for each i =0, ..., n—1.
Then if G satisfies So(G) = L(G), then there exists k € {0, ..., n—1} such that either
ap = A, G2 = Ag41, ---, Ap—-1 = Qg4 (n-1)/2, A1 = Qg4 (n+1)/2, -+, An—2 = Qk4(n-1)
or ap = Qg, A2 = Qg—1, A4 = Ag—2, ..., Gp_1 = Ak—(n—1)/2, A1 = Ak—(n+1)/2; - - -
Up—2 = Q—(n—1) Where the subscripts are reduced to modulo n.

Proof. Since S3(G) = L(G), there exists an isomorphism ¢ from S»(G) to L(G).
We denote v;_1v; by e;. By Proposition 2.1, S3(G) and L(G) have unique holes
VIU3 * * * Up_9UgUg * - U101 and epyi€gyo - - - epery1, respectively. Thus for some k,
either i odd
Ck4-(i+1)/2 1T 7 18 odd;
o(vi) = { ek+in+ll)/2 if 7 is even; (+)
or
€k—(i—1)/2 if 7 is Odd,
Ch—(nti—1)/2 if 1 is even;

o) = { (s4)

where all the subscripts are reduced modulo n.

Now the maximal cliques containing v; in Sa(G) are Ng(v;_1) and Ng(v;41) sizes
of which are a;_1 +2 and a;;1 + 2, respectively. Similarly, we can check that the sizes
of maximal clique containing e; in L(G) are a;_; + 2 and a; + 2. Since the sizes of
maximal cliques containing each of two corresponding vertices under isomorphism
must be the same, the following are true: If ¢ satisfies (x), then

D BTG if 7 is odd;
itl — AP .
Apt(n+it1)/2  if 2 1S even;

or
Ajoti/2 if 7 is even;

a; = AP
At (n+i)/2 1 @ is odd.



Similarly, if ¢ satisfies (#x), then

o — Ap—i/2 if 7 is even;
e ak,(nﬂ-)/g if 7 is odd.

0J

Now we are ready to characterize a connected graph G with girth greater than
3 satisfying graph equality S5(G) = L(G):

Theorem 2.5. Let G be a connected graph G with girth greater than 3. Then
G satisfies So(G) = L(G) if and only if G is a spiked odd cycle such that for some
ke {0,...,n—1}, either ag = ax, G2 = Qpt1, - - ., Gno1 = Qo (n—1)/25 1 = At (n+1)/25

<oy Gp—2 = Qg4 (n-1) OT Qo = Ak, G2 = A1, @4 = A2, --., Qp-1 = Ak—(n-1)/2,
a1 = Agp—(nt1)/2, -+ -5 An-2 = Agp_(n—1) where the subscripts are reduced to modulo
n, C' = vovy - v,_1v9 (n > 5) is the cycle of G, and a; is the number of pendant
vertices adjacent to vertex v; for each i =10, ..., n—1.

Proof. The ‘if’ part is just Theorem 2.3. To show the ‘only if’ part, assume that
S2(G) = L(G). Then by Proposition 2.2, G is a spiked odd cycle and Lemma 2.4
completes the proof. O

3  Graph with girth 3 satisfying S,,,(G) = L(G)

In Sections 1 and 2, we characterized a connected graph G satisfying graph equa-
tion S,,(G) = L(G) for an odd integer m > 3 and for an even integer m with girth
greater than 3. Now to complete the characterization of a connected graph satis-
fying S,,(G) = L(G) for m > 2, it remains to characterize a connected graph G
with girth 3 satisfying graph equation S,,(G) = L(G) for an even integer m. By
Proposition 1.1, a connected graph G with girth 3 satisfying 5,,,(G) = L(G) is still
unicyclic.
For a unicyclic graph with girth 3, the following holds:

Lemma 3.1. Given a connected unicyclic graph G with girth 3, a vertex e of L(G)
is a cut vertex in L(G) if and only if e is neither incident with a pendant vertex nor
on the cycle in G.

Proof. To show the ‘only if’ part, suppose that e is an edge incident with a pendant
vertex v. Then the neighbors of e form a clique in L(G) and so L(G) —e is connected.
Suppose that e is on the cycle in G. Let e; and ey be the edges on C' which are
adjacent to e. Then every neighbor of e in L(G) is adjacent to either e; or es. Since
vertices e; and ep are connected in L(G) — e, it is true that L(G) — e is connected.



To show the converse, take an edge f = xy that is neither incident with a pendant
vertex nor on the cycle. Since f is not incident with a pendant vertex, there exist
vertices w and z distinct from x and y such that x is adjacent to w and y is adjacent
z. Since f is not on the cycle, it is true that wzyz is the only path between w and z.
This implies that the vertex sequence wz, f, yz in L(G) is a unique path between
wz and yz. Thus deleting f from L(G) disconnects vertex zw from vertex yz and
so f is a cut vertex of L(G). O

For a vertex v € V(C) of a graph G, we let dg(v,C) = min{dg(v,w) | w €
V(C)}
Lemma 3.2. If a connected unicyclic graph G with a 3-cycle C = xyzx has a C-
avoiding path length at least 2 starting at x, then diam(L(G)) > k+1 where k is the

length of a longest C-avoiding path and l is the length of a C'-avoiding path starting
at y or z.

Proof. 1t is true that
dzam(L(G)) Z dL(G)(e, f) = dL(G)(e, C) -+ dL(G)(f; C) = ]{3 + l

for edges e and f incident to pendant vertices on a longest C-avoiding path starting
z and a C-avoiding path starting y or z, respectively. Thus we have diam(L(G)) >
k+1 O

Lemma 3.3. Suppose that G is a connected unicyclic graph with girth 3 and has a
C-avoiding path of length at least 2. Then if m is even, then

diam(5,(©) = | ] + 1+ | ]

m m
where k is the length of a longest C-avoiding path.

Proof. Let C' = xyzz and P be a longest C-avoiding path starting at . Let P =
xxy - T Then k > 2 by the hypothesis. It is not difficult to check that x; and
x_1 are farthest vertices in S,,(G) with

k k
dsm(g) (a:k,a:k_l) = dsm(g)(xk, C) + 1+ dsm(g)(xk_l, C) = ’VE-‘ + 1+ {EJ .

Given a graph G, we denote the edge clique number of a graph G by 0g(G).

Lemma 3.4. Suppose that a connected unicyclic graph G with cycle C = xyzx
satisfies S (G) = L(G) for an even integer m. If G has a C-avoiding path P with
an end vertex x on C, then m = 2 and the degree of each of y, z is 2.

10



Proof. Tt follows from Lemmas 3.2 and 3.3 that m < 3 and [ < 2 where [ is the length
of a C-avoiding path starting at y or z. Since m is even, we have m = 2. If [ > 1,
then one of y or z is adjacent to a vertex w not on C'. Without loss of generality, we
may assume that w is adjacent to y. In addition, we denote by v the vertex on P
at distance 2. Then y, w, v are neighbors of x in S3(G). However, no two of these
vertices belong to the same edge clique in S»(G) and so 0g(Ns,c)(x)) > 3, which is
impossible for a line graph. This completes the proof. O

From Lemma 3.1 and Lemma 3.4, the following proposition follows:

Proposition 3.5. If a connected unicyclic graph G with a 3-cycle C' satisfies Sp,(G) =
L(G) for an even integer m, then any C-avoiding path with an end vertex on C' has
length at most 2.

Proof. By contradiction. Suppose that there exists a C-avoiding path of length > 3
with an end vertex x on C. Let P be the set of paths of length > 3 from z to a
pendant vertex. Let y, z be the other vertices on C'. By Lemma 3.4, m = 2, and y
and z have degree 2. Thus, by Lemma 3.1, the set of cut vertices of L(G) equals

U B(P)\ {er}

pPeP

where ep is an incident with the pendant vertex on P. Thus the subgraph of L(G)
induced by its cut vertices is connected.

Let P = xxyxs---xp for some k > 3. Then every walk between x5 and x3 in
S5(G) contains xy and so 1 is a cut vertex of S3(G). In addition, every walk between
x1 and x5 in S3(G) contains x and so z is a cut vertex of S3(G). On the other hand,
since any vertex adjacent to y or z is a pendant vertex, the neighbors of y form a
clique, and so do the neighbors of z. This implies that neither y nor z is a cut vertex.
However, every walk between = and z; in S3(G) contains either y or z. Thus the
subgraph of Sy(G) induced by its cut vertices contains two disconnected vertices
and ;. Hence the subgraph of Sy(G) induced by its cut vertices is disconnected.
However, we have shown that the subgraph of L(G) induced by its cut vertices is
connected, which contradict the hypothesis that S2(G) = L(G). O

Lemma 3.6. Suppose that a connected unicyclic graph G with cycle C = xyzx
satisfies Sy (G) = L(G) for an even integer m. If P is a longest C-avoiding path
with an end vertex x on C, then any C-avoiding paths of length 2 with an end vertex
x shares an edge incident to x with P and there is no pendant vertex adjacent to x.

Proof. By contradiction. Suppose that there exist a C-avoiding path ) of length 2
that is edge-disjoint from P. By Proposition 3.5, the length of P is 2. Let P = xww.
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Figure 3: A graph obtained from identifying a vertex of a 3-cycle with a pendant
vertex of K 4.

Let u be the other end vertex of @) than x. Then u, v, y are neighbors of x in S(G)
which form an independent set. Hence §5(Ng, ) (x)) > 3, which is impossible for a
line graph.

Suppose that there exists a pendent vertex u adjacent to x. By Lemma 3.1, xw
is the only cut vertex of L(G). Since x is on every walk connecting w and v in
S2(@), x is a cut vertex of Sy(G). Since S3(G) = L(G), = corresponds to xw under
any isomorphism from Sy(G) to L(G). However, the degree of x in S3(G) is k + 2
while the degree of zw in L(G) is at least k + 3 where k is the number pendant
vertices adjacent to w. Hence we reach a contradiction and so there is no pendant
vertex adjacent to x. O

Now we are ready to characterize a connected graph G with girth 3 satisfying
S (G) = L(G).
Theorem 3.7. Let G be a connected graph with girth 3. Then G satisfies Sy, (G) =
L(G) for an even integer m if and only if
(1) G is a 3-cycle, or

(2) m = 2 and either G is a spiked odd cycle with a 3-cycle or G is a graph
obtained from identifying a vertex of a 3-cycle with a pendant vertex of Ki,,.
(see Figure 3 for an illustration).

Proof. The ‘only if” part immediately follows from Proposition 3.5 and Lemmas 3.4
and 3.6. If (1) is true, then it is obvious that S,,(G) = L(G). Now suppose that
(2) holds. Suppose that G is a spiked odd cycle with a 3-cycle. Let vyv1v9v9 be the
3-cycle of G and P; be the set of pendant vertices adjacent to v; for ¢+ = 0, 1, 2.
Define a map ¢ from V(G) to E(G) as follows:

©(v;) = v410;12 (the subscripts are reduced modulo 3);
For each = € P,

o(x) = vz
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Then it can easily be checked that ¢ is a bijection such that uv € E(Sy(G)) if and
only if p(u)p(v) € E(L(G)).

Let G be a graph G obtained from identifying a vertex of a 3-cycle with a pendant
vertex of K ,. Then it is easy to check that S(G) and L(G) both are the graphs
obtained from identifying one end of e of K, — e and a vertex of K,,. Thus we have
shown that the ‘if” part is true. O
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