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1. INTRODUCTION

In early 1980’th, the first named author, in the study of the period map associated
with a primitive form [S3, S4], found certain differential geometric structure on the base
space of a universal unfolding of an isolated hypersurface singularity. He called it the flat
structure because that the structure contains a flat metric (bi-linear form) on the tangent
bundle of the base space as its basic ingredient.

The finding of the flat structure was inspired from the same structure already found
by the same author on the quotient variety of a finite reflection group [S1] [S-Y-S| where
the invariant functions were called the flat invariants (c.f. [Du-Z],[S7],[S9],[Sat]). The
introduction of these flat structures was motivated from the study of period map [S6],
where one needs a particular coordinate system on the deformation parameter space,
called the flat coordinates (see [S10] and its references for the classical examples).

The same structure was found by B. Dubrovin in his study of 2-dimensional topo-
logical field theories [Du] in order to study WDVV equations and their relation with
integrable systems. The structure is axiomatized under the name of a Frobenius manifold
structure because of the Frobenius ring structure on the tangent bundle (see [Hel], [Mal],
[Sab]). In the present paper, for simplicity, we shall call a manifold with a flat structure,
or, equivalently, a manifold with a Frobenius structure a Frobenius manifold.

As we observed, there are several constructions of Frobenius manifolds (c.f. [Mal]).
There are roughly three classes of geometric origins: invariant theories of Weyl groups,
quantum cohomologies and deformation theories of complex varieties. Frobenius mani-
folds coming from different classes look, at a glance, different, however, they sometimes
happen to coincide. Actually, mirror symmetry gives isomorphism between the Frobenius
manifold from the quantum cohomology of a variety and that from the deformation theory
of another variety. It is interesting to study the isomorphism since it provides unexpected
information such as number of curves in the variety [CDGP].

By homological mirror symmetry conjecture by Kontsevich [Kol, these isomorphisms
of Frobenius manifolds are expected to be derived from equivalences of triangulated (or
A-) categories, in particular, it is expected that we can construct Frobenius manifolds
from deformations of these categories in a unified way.

Although the original construction in [S3, S4] of the flat structure by the use of
a primitive form is formulated only to the deformation space of germs of hypersurface
isolated singularities, the construction itself, using the semi-infinite Hodge structure, is of
general nature. It can be applied as the prototype to many other settings including the

one in homological mirror symmetry, and has inspired several works on the semi-infinite
Hodge theory ([G], [Bal, [Ba-Ko], [Do-Sab 1], [Do-Sab 2], [He2], [I], [Ka-Ko-P], [Ko-So]).
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Since this way of construction of the Frobenius manifold was not stated explicitly in
the literature, the present paper tries to fill this lack of literatures. Namely, in section 2
of the present paper, we recall the axioms of the Frobenius manifold. In sections 3-6, we
recall the construction and the definition of the primitive forms by a use of semi-infinite
Hodge structure, and then in section 7 we show how a Frobenius manifold structure is
deduced form a primitive form.

Acknowledgment. The authors express their gratitude to Ron Donagi for his in-
vitation and support to contribute the present paper. This work is partly supported by
Grant-in Aid for Scientific Research grant numbers 16340016, 17654015 and 17740036
from the Ministry of Education, Culture, Sports, Science and Technology, Japan.

2. FLAT STRUCTURE AND FROBENIUS MANIFOLD STRUCTURE

In the present section, we recall the axioms of the Frobenius manifold structure,
i.e. that of the flat structure, on a manifold M. For simplicity, we shall call such M a

Frobenius manifold. Then, we state some of the immediate consequences of the axioms.

2.1. Axioms. ([Du])

Definition 2.1. Let M = (M, Oy) be a connected complex manifold of dimension p
whose holomorphic tangent sheaf is denoted by 7p;. A Frobenius manifold structure of
rank p on M is a tuple (n,o0,e, F), where 7 is a non-degenerate Oy;-symmetric bilinear
form on 7y, o is Oy-bilinear product on 7, defining an associative and commutative
O\ -algebra structure with the unit e, and E is a holomorphic vector field on M, called

the Euler vector field, which are subject to the following axioms:

e The product o is self-adjoint with respect to n: that is,
n(0o0d,0")=n(s,8008"), 76,8,0 €Ty, (2.1)
e The Levi-Civita connection V/: Ty — Ty ® Q) with respect to n is flat: that is,
(M5, Vsl =57 V0,0 € Ty (2.2)
e The tensor C: Ty — Endp,, Ty defined by Csd':=3§ 00" (6,0'€Tyy) is flat: that is,
V/C =0. (2.3)
e The unit element e of the o-algebra is a V/-flat holomorphic vector field: that is,
Ve =0. (2.4)
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e The product o and the metric 7 are homogeneous of degree 1 and 2 — d (d € C),

respectively, with respect to Lie derivative Lg of Euler vector field E: that is,
Lieg(o) =0, Lieg(n) =(2—d)n. (2.5)

2.2. Flat Coordinates and Flat Potentials.

Let us consider the space of horizontal sections of the connection V/:
TL={6 €Ty | Vsd=0 "8 €Ty}

which is, due to (2.2), a local system of rank p on M such that the metric n takes constant

values 1(6,8") for V6,8 € T]\J;. Since T]\’; is abelian under the bracket product, we have:

Definition 2.2 (Flat coordinates). At each point of M, there exists a local coordinate
system (%o, ...,t,—1), called flat coordinates, such that

i) e=0y and ii) 0;:= a%- (t=0,---,u—1) span T]\]; over C,
Note 2.3. The vector field e = 0y is sometimes called a primitive vector field, or a

primitive derivation, in connection with the theory of primitive forms.

Let us state a consequence of the axiom V/C'=0 (2.3), implying the existence of the

“potential” for the flat metric 1 in the following sense:

Proposition 2.4 (Potential). At each point of M, there exists a local holomorphic
function F, called the flat potential, satisfying

n(0; 0 9;,0k) = 1(0;, 05 0 O) = 0;0;06F, Vi, jk=0,...,u—1, (2.6)

for any system of flat coordinates. In particular, one has

77’L'j = 7”]((9“ (9]) = 80818JF ]

2.3. Spectrum, Exponents and Weight.

Let M be a Frobenius manifold of rank p. The gradient V/ E' of the Euler vector field
E is a tensor in Endp,, 7). From Axioms, one sees easily that it is flat: V/(V/ E) = 0, and,
hence, it induces a C-endomorphism of the flat subspace 7, A’; In the sequel of the present
paper, we shall assume that the endomorphism is semi-simple. Let 1—qo,--- ,1—q,1 be
the eigenvalues of the endomorphism at any point (independent of the point due to the
connectivity of M), where we normalize ¢y = 0 since V/,E = e. By using suitable flat
coordinates (t°,--- ,#*~1) such that V/9,E = (1 — ¢;)9;, the Euler vector filed is expressed
as B = S {(1 — ¢)t' + r;}0,, for suitable constants r; depending on the choice of the

center of the flat coordinates.
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Definition 2.5 (Spectrum, Weight and Exponents). Suppose V/ E is semi-simple.
(i) The set {qo,q1,--.,qu—1} is called the spectrum.

(ii) Let us fix a non-negative integer w € Z, called a weight of the manifold M.
Depending on a choice of a weight w, we define the minimal exponent by r :=
(w—d)/2 € C and the set of exponents by the eigenvalues r + qo, - - - , 7+ g,—1 of
the endomorphism N:=—V/E + (r+1) -idz,, (see section 7 for the meaning of r
and N).

3. UNIVERSAL UNFOLDING OF ISOLATED SINGULARITIES

In the following sections 3-6, we introduce the concept of a primitive form.

In the present section, we define a universal unfolding of an isolated singularity and
give its basic properties. As we shall see, the concept of a universal unfolding already
induces an algebra structure on the tangent bundle of its base space and a concept of the
Euler vector field on it. The fiber dimension of the unfolding shall give the weight in the
definition of the exponents in Definition 2.4. However, the minimal exponent and the flat

metric will be introduced later in section 6 depending on a choice of a primitive form.

3.1. Universal Unfolding.
Let f(z) = f(zo,-- ,x,) be a holomorphic function defined on a neighborhood of
the origin in C*™! with f(0) = 0. Assume that

O@nﬂ,o/(g—ci,...,;i)

is of finite rank, say u, over C. This is equivalent to that the function f defined on C*™! 0

has an isolated critical point at the origin 0, or equivalently, the germ of the hyper surface

Xo:={f=0} C (C™""1 0) at the origin has at most an isolated singular point at the origin.
The universal unfolding of f is an extension F of f defined on C"™! x CH* extended

by p dimensional parameter ¢ € C* defined as follows, where we denote by

p:CIxCr — C", (1) — ¢

the projection map from the total space to the parameter space.

Definition 3.1 ( R. Thom [Th]). A holomorphic function F' defined on a neighborhood
X of the origin (0,0) of C"*1 x C* is called a universal unfolding of f, if it satisfies:

(i) Fly-1(0) = [ in a neighborhood of the origin in p~*(0) ~ C"**.

(i) There exists an Ogg-isomorphism

oF oF
7@,0 —>p*(9ccn+1x<cu,o/(

oxy’ " Oy,

) . §—oF (3.1)
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where 0 is a lifting on C™* xCH of a vector field § with respect to the projection p.

Fact 3.2. For any germ of holomorphic function f defining an isolated singularity at the

origin, there exists a universal unfolding.

Proof. Choose a system of holomorphic functions 1 =: ¢o(z), ¢1(), ..., ¢,—1(z) forms a
C-linear basis of Ocmlﬂ/(%, - 887’;) and set a function

F(z,t) = f(z) +Zti “di(z),

defined in a neighborhood of (0, 0), where (f,...,?,_1) is a coordinate system of C*. [

Let F'(z,t) be a universal unfolding of f. By fixing a domain X and a range Cs of
F and a (small) open set S C C* of the unfolding parameters ¢ € C*, we consider the
map o= (F,p) : X — Csx S, which defines a flat family of hyper surfaces where the fiber
over 0 is isomorphic to the singularity Xo:={f=0} and generic fibers are somethings of

X containing vanishing cycles to the singularity. This is achieved as follows. Let us fix

Euclidean norms | - || on C**! x C*, C and C*. For positive real numbers r,§ and €, put
Se={teC ||l <€} (3.2)
Cs :={weC||w| <o} (3.3)
Xrge={(z,t) € C" x C" [ [|(z. )| <7 [ F(z. )] <} N p(Se)
(3.4)

For the choice 1 > r > § > ¢ > 0 of the radius, we have
(i) p: Xyse — Se is a smooth Stein map, which is topologically acyclic.

(ii) The holomorphic map
1 Xege — Csx S, (z,0) = (w,t) = (F(z,1),1) (3.5)

is a flat Stein map, whose fibers are smooth and transversely to 0.X, s, at each
point of 30X, s.. The fiber ¢™1(0)N X, 5. over 0 has only an isolated singular point

isomorphic to X and is contractible to a point.

We study some basic properties of the family ¢ (3.5) in the following 3.2, 3.3 and
3.4. At each step and also at the study of de Rham cohomology groups in section 4, we
need to choose the constants r, 9 and e suitably. Since it is cumbersome to state about

the choice at each time, we fix the constants once for all and put X := X, 5. and § := S..
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3.2. Critical Set C and Product Structure on 7g.
Let the setting be as in 3.1. Let us denote by C the critical set of the family (3.5),
or, equivalent to say, the relative critical set of F' with respect to the projection p. That

is, C is the support of the sheaf:

oF oF
O =0 (——) 3.6
¢ . / 0o oz, (3.6)
The assumption that f has an isolated singularity implies C N p~1(0) = {(0,0)}, and,
hence, p|c is a proper finite map. Actually, g—;, ey aaTi form a regular sequence at the

origin and C is Cohen-Macaulay of dimension equal to that of S so that C — S is a flat
finite cover. Therefore, p.O¢ is a locally free sheaf on S of rank p.

The universality (ii) of the unfolding F', implies the the following Og-isomorphism:
Ts ~ p.Oc, 6 — 6F|c. (3.7)
By this isomorphism, the tangent bundle 75 naturally obtains an Og-algebra structure.

Definition 3.3 (Product on 7g). We shall denote by o the induced product structure
on 75. Namely, for §,9" € 7g, we have

(608 Fle = 3F|c-0'Fle. (3.8)
o is called the residual product.

Note 3.4. Originally [S 2,3,4,5], the product o was denoted by * and called the *-product.

Note 3.5. Consider the complex (A*7Tx,s, dFA) of Oyx-modules with Oy in degree 0:

0 — A" Tys LA N T g T8 B8 T s TR O — 0, (3.9)
Since g—fo, ceey % form a regular sequence, the complex (3.9) is quasi-isomorphic to
p*O)( /p* (dF A\ TX/S) =~ p*Oc. (310)

3.3. Primitive Vector Field and Euler Vector Field.

Through the isomorphism (3.7), we introduce two particular vector fields on S.

Definition 3.6. The vector field g on S corresponding to the unit 1 € O¢ is called the

primitive vector field. That is, 5A0F|c = 1. The vector field F on S corresponding to
F|c € O¢ is called the Euler vector field. That is, (EF)\C = Flc.
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3.4. Discriminant Locus and Milnor’s Fibration Theorem.

The image of the finite map ¢|c is a one-codimensional analytic subvariety (i.e. a
divisor) in Cs x S, which we shall denote by D and call the discriminant locus of the
unfolding F'. The following is due to J. Milnor and H. Hamm (c.f. [Mi]):

Theorem 3.7. The restriction p|x\,-1(p) s a locally trivial fibration, whose general fiber

0~ 1(t) for t € S\D is homotopic to a bouquet of ju copies of n-sphere S™. O

Corollary 3.8. Fiz a point (wg,t) € OCs x S and set X, ;= p~'(t) and B, := ¢~ (wo, ).
Then one has

Hn+l(Xt7 Bt, Z) ~ Hn(Bt7 Z) ~ 7. (311)

O

This leads us to study relative de Rham cohmology groups of the family (F,p: X — S)

as the residues of the forms on X, and, hence, to a primitive form.

4. FILTERED DE RHAM COHOMOLOGY GROUPS

We study the relative de Rham cohmology group of the family p : X — S in a
non-classical manner. That is, compared with the classical de Rham theory, we introduce
an auxiliary formal variable §,,. This variable was necessarily introduced in [S5] in order
to define the higher residue pairings (see section 5.) on the filtered de Rham cohomology
groups. Due to this new variable, the study of the classical Hodge theory switches to the
study of the semi-infinite Hodge theory (c.f. Givental [G], Barannikov [Ba], Barannikov-
Kontsevich [Ba-Ko|, Hertling [He2], Iritani [I], Katzarkov-Kontsevich-Pantev [Ka-Ko-P],

Kontsevich-Soibelman [Ko-So], and others).

4.1. Filtered de Rham Cohomology Group Hp.
Let the setting (F,p: X — S) be as in section 3. Let us consider the complex:

(%5110, ][0u], 0, dass +dFA) (4.1)

of sheaves on X', where dy /g is the classical de Rham differential relative to the morphism
p:X — S, 0, is a formal variable which commutes with the wedge product and with the
differentiation dx/s, and we set Q% /g[[0,']][0u] := Q% /s ®os Os[0,,']][0]-

Since p is a Stein map and the singularities of the family ¢ are isolated, the direct
image Rp, of (4.1) is pure n + 1-dimensional, that is, its only non-vanishing cohomology
group is

R™ . (% 5([0,, ][0l 6, d + dFA). (4.2)
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Definition 4.1. We set
Hp = R, (Q% /s1[0, N[0w], 6, dys + dFA) (4.3)

and call it the filtered de Rham cohomology group of the universal unfolding (F,p : X —
S).

The direct image Rp. of the truncation (Q% 5[0, '110,%, 05" d +dFA) of the complex

w o Cw

(4.1) for k € Z is again pure n + 1-dimensional and its cohomology group

HEH ~ R, (08, Jsl0M 105K, 8, d + dFA) (4.4)

w Y w

is a Og|[0!]]-free module of rank . One can show further that they are naturally

submodules of Hz so that they form an increasing and exhaustive filtration of Hg

e HE YV eHT e HY cHY ¢ H (4.5)
UHe? =Hp and [(H:" = {0} (4.6)
€L €L

such that Hg is complete with respect to the filtration.

The multiplication of ¢,, induces an Og-isomorphism
St HG e 1Y (4.7)

The kth graded piece gr® (Hp) := H(ka)/ H%ﬁk*l) of the filtration (4.5) is isomorphic to

Qp = p*Qg:;; /D« (dF N Q}/S) (4.8)
by a homomorphism 7*) := 7(® o §& = where r® is given by the natural short exact
sequence:

1) o 40 1
0 — Hp C Hy — Qp — 0. (4.9)

Note 4.2. Let 7 is the natural projection: C x S — S. The Og{d,'}-free module
Ho == m(R"@. (2% c,x5)) Was first considered by Brieskorn [B], where he further in-
troduced two Og{d,'}-free modules Hy := 7T*(go*(Q}/CéXS)/d(go*(Q}_/éaxs))) and Hj =
(P (78, 5) /A A d( (3¢, 5))) such that

Ho C Hy C Hy,

where H;j is known as the Brieskorn lattice.
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We have the isomorphisms of the Brieskorn lattices with the filters of the filtered de
Rham cohomology groups as follows (see [S5] 3.)

Ho ®ogosty Osll0n' ] =~ HE?,
Ho ®ogisaty Osllon'l] = MY,
Ho Qogisaty Osllog'll = My

where we set Og{d.;'} := Os®cC{d,;'} and C{d,'} is the ring of convergent power series
in §;;'. This gives the geometric significance to the filtered cohomology group Hp (as the
de Rham cohmology group of the Milnor fibration (3.3)).

Like ', H Y and H | every Og[[6;!]]-modules treated in this paper are com-
pletions of some Og{d_*}-modules, This holomorphicity plays an important role when we

shall construct primitive forms in section 6.

Note 4.3. Comparing (3.10) with (4.8), we observe that ¢ is a p.O¢ module of rank 1.

That is, by choosing a form ¢ € I'(X, Q}?é), we have Og-isomorphisms of three modules:
73‘ >~ p*Oc >~ QF, 0 +— gFlc = gF|c<, (410)

where the last isomorphism in (4.10) depends on the class of ¢ in Qp. This means that

the Og-module 7y is equipped with the three structures:

(i) Lie algebra structure on 7g with the unit vector field and Euler vector field,
(i) associative commutative algebra structure coming from that on p.Oc,
(iii) non-degenerate Og-symmetric bilinear pairing coming from the residue pairing
on Q (c.f. [Hal):
P1¢2dxg N - - - Ndxy,
nr(wi,ws) = Resy/s OF OF (4.11)
o0 " oz

for the classes of w; = ¢g1dxg A -+ Adz, and wy = ¢adrg A -+ ANdx, in Qp.

These are the first approximation of the flat structure on 7g (i.e., we have a Frobenius
“algebra” structure). In order to assert the integrability of metric 1, we need to choose and
lift the class of ( in Qg to a good object in H%O), which is the primitive form, introduced

in section 6.

4.2. Gaufi-Manin Connection.
Likewise classical de Rham cohomology groups, we introduce the Gauss-Manin con-

nection on the filtered de Rham cohomology group H g, where the covariant differentiation
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is defined not only for the vector fields on S but also for the derivation of the formal vari-

able d,,'. Namely, let us consider the following Og[[d,']] free-module of rank u + 1:

d
Tai_,xs = Os[10, == & Os[16,']] @0, Ts. (4.12)
which naturally carries the Lie algebra structure by extending that on 7g and by letting
7 commute with Ty, where we note that -6, = —4,°.

Definition 4.4. We define a connection, which we call again the GaufS-—Manin connection,

AVA: 7?&1_1><S X HF — HF (413)
S
by letting, for 6 € 7g and ¢ = [pdxo A -+ Adx,] € Hp,
V(= {(F(Lz)qﬁ—kﬁ) dxo/\~~-/\dxn} : (4.14a)
6w ddy,
Vs =0y [(6,'0¢ + 0F@)dzo A - A day) . (4.14Db)

From the definition, we immediately have the followings:

Proposition 4.5. (i) The Gauss-Manin connection is integrable:
Vs, V] =Vis, 76,0 € Z‘\?;lxs' (4.15)
(ii) The Gauss-Manin connection satisfies the following transversality condition:
VT HY — w1, (4.16)

(iii) The covariant differentiation V _a_ preserves the filters
V. (HE;’“)) c HGM, (4.17)

dow

This implies, V_a_ = —62V _a_ has a pole of order 2 at 6,;' = 0.
dsgt

4.3. Degeneration of Hodge to de Rham.
It will be very important to consider H%) as a deformation of a sheaf on the formal
line A(ls,l over the parameter space S when we shall construct a primitive form. By the

Corollary 3.8 of Milnor’s fibration theorem, we have the following:

Proposition 4.6. Hg) is flat over Ogl[6,,']]. In particular, at each pointt € S, Hg)h
gives a vector bundle of rank j over Al_, whose generic fiber is isomorphic to H" ™ (X;, By)
and the fiber at 6, =0 is isomorphicwto H™(By). O

'In the original formulation [S3, S4], the covariant differentiation with respect to the variable d,, was

not explicitly used, but implicitly by the use of the formula (4.14a) and the higher residue pairings (see

section 5, [S5]). In the present paper, we make the use of that covariant differentiation explicit.
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Note 4.7. This seems to be one of the motivation to formulate the Hodge to de Rham
degeneration conjecture in the semi-infinite Hodge theory for Calabi—Yau A..-categories
(c.f. [Ko-So]).

5. HIGHER RESIDUE PAIRINGS

In this section, we claim an existence of a non-degenerate Os[[0,,']][0,] pairing on
the filtered de Rham cohomology group Hp, which we call the higher residue pairing,

since it extends the classical residue pairing (4.11) to the infinite sequences.

5.1. Definition and Existence of Higher Residue Pairings.

Let (F,p: X — S) be as in section 3 the data of a universal unfolding of f, and
let Hp be its filtered de Rham cohomolgy group given in section 4. To state the result,
let us fix a notation: for P=3%", , ppok € Og|[0,,']][0], define P*:=3", , pr(—d,)" such
that P=(P*)*.

Theorem 5.1 (K. Saito [S5]). There exists a unique, up to a constant factor, Og-bilinear

form:
Kr: Hy x Hp — Og[[6,]][6] (5.1)

satisfying the following properties:
(i) For all wy,ws € Hp,
Kp(wi,ws) = Kp(ws, wi)". (K1)
(ii) For any P € Ogl[6,,']][04) and for all wi,ws € Hp,
PKp(wy,wp) = Kp(Pwi,ws) = Kp(wi, Prwy). (K2)
(iii) The following diagram is commutative:
Kp HY x HY —— 6,771 05[[6,1]]
r<o>xr<o)l lmOd 6" 2056w ]
e Qp X Qp —— Os,

(iv) For all wy,wy € Hp,

d
EKF(Wl,WQ) = KF(Vﬁwl,WQ) —l—KF(wl,Vﬁwg). (K3)

(v) For all wy,wy € Hp and for any 6 € Tg,

(5K(w1, CUQ) = K(ngl, WQ) + K(Wl, V(;u)g). (K4>



FROM PRIMITIVE FORMS TO FROBENIUS MANIFOLDS 13
We define K}k) for k € 7Z by the k-th coefficient of the expansion in 9,

Kp(wi,w) =Y K& (wi,ws)d," " 7F, (5.2)
k
and call it the k-th higher residue pairing.

Remark 5.2. The conditions (K3) and (K4) together are equivalent to say that Kp is

flat with respect to the Gau3~Manin connection V.

6. PRIMITIVE FORMS

In the present section, we introduce the concept of a primitive form and show its

local existence. Let (F,p: X — S) be a universal unfolding of f.

6.1. Definition and Existence of Primitive Forms.
For an element () € T'(S, H;?)) and k € Z, we put (F) := (6,))7%¢® € I'(S, Hg,_k)).

Definition 6.1 (K. Saito [S3, S4]). An element (¥ € T'(S, Hg)) is called a primitive
form if it satisfies the following five conditions:

(i) ¢ induces an Og-isomorphism
Ts ®o, Os[[0,' | > He'. D 0w 8,5 = D Vs V-0t (P1)
k=0 k=0

(ii) For k > 1 and for all §,¢" € Tg,
K®(Vs¢D vy =0. (P2)
(iii) There exists a constant r € C such that
vﬁc(O) — VEC(_I) _ TC(_I)- (P3)
(iv) For k > 2 and for all §,¢', 0" € T,
K®(V;Vs(2 Ve (Y) = 0. (P4)
(v) For k > 2 and for all §,¢" € T,
K® (vﬁvgd—l), wd-”) —0. (P5)
Theorem 6.2 (M. Saito [SM]). There exists a primitive form ¢(©).

The construction of a primitive form ¢(© consists of two steps. The first step is to
show the existence of “a primitive form at the origin”. Let us denote by H;O), Qy, Ky and
etc. the restrictions of HE,?), Qp, Kr and etc. to 0 € S.
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Lemma 6.3. One has a basis {vo,...,v,_1} of H;O) over C[[6,,1]] satisfying the following
conditions:
(1) The class [vy] € Qs of vy generates Q5 over p,Ocli—o.
(ii) The values K¢(vi,vj) fori,j =0, ,p— 1 belongs to Co," .
(iii) There exist matrices Cy € M(p, C) and Ny € M(p, Q) with Ny diagonal, whose

eigenvalues {a, ..., o1} of Ny coincides with the exponents of the singularity
f, such that

Voo 0= Cy — 50 No, (6.1)
where U :="*(vy, ..., v,1). u

Remark 6.4. In this first step, one should choose and fix exponents of f, which is one

of most delicate issue in the construction of a primitive form.

Note 6.5. In order to prove the above Lemma, we have to solve the Riemann-Hilbert-
Birkhoft problem: we have to show the existence of a flat vector bundle H; of rank
over P = A(lial U {0, =0} = Alal U Aj such that O(Hf|A;;1) o~ H;O) and O(Hyly )
has logarithmic poles along ¢, = 0, i.e., vd/d5wO(Hf|A§w) C 6;10<Hf|A§w)' This is done
by choosing a good opposite filtration S to H}O), that is, a subspace S C H; satisfying
Hy = HY @S, 6,5 C S, Ki(S,5) € §,"'C[6,] and Va/as,S C 6,'S. Then, the
vector space spanned by {vg,...,v,_1} is obtained as the intersection H;O) No,'S. The
notion of the above opposite filtration is implicitly used in [SM], and is now the basic

of the construction of primitive forms for general settings (c.f. [Ba], [Hel], [Do-Sab 1],
[Do-Sab 2], [Sab])

The second step is to extend the above basis {vo,...,v,-1} of H;O) over CI[[d,,']] to

a basis of H(Pg) over Og[[6,1]]. One needs to show the following Lemma:

Lemma 6.6. One has a basis {(o, ..., (1} of H%O) over Og[0,,']] such that

(i) Glim=o =v; foralli=0,...,p— 1.
(ii) There exists a matriz Cp € M(p, (S, Og)) with Cpli—o = Cy such that

V_o (= Cr(—6,"NoC, (6.2)

where  :="(Co, . .. 1)
(iii) For any 0 € Tg, there exists a matriz Cs € M (u, (S, Og)) such that

0,'Vs¢ = CsC. (6.3)
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Once we have the above two Lemmas, we obtain a primitive form ¢ as ¢,.

Remark 6.7. For a given universal unfolding of an isolated singularity, the primitive
form may not unique (up to a constant factor). For instance, simply elliptic singularity
admits a one-parameter family of primitive forms ([S3]). It is still an open question to
determine the space of all primitive forms for a given universal unfolding. The above
construction depends on a choice of (the phases) of exponents, where some “wild” choice
of exponents is still allowed. One expects that certain “tamed” class of primitive forms
are to be constructed through an (infinite dimensional) Lie algebras, and some works are
in progress ([K-S-T 1, K-S-T 2, K-S-T 3],[S8],[T1, T2]).

7. CONSTRUCTION OF FROBENIUS MANIFOLD STRUCTURES VIA PRIMITIVE FORMS

Let (F,p: X — S) be a universal unfolding of f. In the present section, we construct
a Frobenius manifold structure on S depending on a choice of a primitive form ¢(©),

First, we give some direct consequences of the notion of primitive forms.

7.1. Important Properties of Primitive Forms.
Let us fix a primitive form ¢(°). Note that, by (P1),

Ty~ Qp = p,Oc, 6 3F|c-rO(¢0) = F e, (S1)
is an Og-isomorphism.
Proposition 7.1. The bilinear form (again denoted by ng) on Tg defined by
e Ts x Ts — Os, (6,8") = mp (rO(Vs¢T), rO (VD)) (7.1)
18 symmetric and nondegenerate. 0
The property (P2) implies the following:

Proposition 7.2. For §,0" € Tg, we have

Kp(VsCY, VacY) € 6,77 10s. (7.2)

Moreover, the conditions (P1), (P2) and (P4) imply the following:

Proposition 7.3. There exists a connection V] : Tg X Tg — Tg such that

VsV (TP = Vs (0 + Vg (02 (52)

Similarly, the conditions (P1), (P2) and (P5) imply the following:
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Proposition 7.4. There exists an Og-endomorphism N : Tg — Tg such that

VﬁvaC(_l) = Vies(TY = VasC?, 6 €Ts. (S3)

Therefore, we obtain the following the main result of the present paper:

Theorem 7.5. Let (F,p : X — S) be a universal unfolding of f. Choose a primitive
form ¢, Then (np, 0,8, E) is a Frobenius manifold structure of rank p with dimension
d=n+1-2r.

The proof is an easy consequences of Propositions 7.1-7.4 together with flatness of
higher residue pairings with respect to V. It is the direct consequence of the abstract
notion of higher residue parings and primitive forms, we write down the proof of Theorem

down to the earth.

7.2. Identity Vector Field.
Set ¢’ = &y in (S2) and comparing it with (S2). Then, we obtain the following

properties:
Proposition 7.6 (Flatness of the Identity).

Vb = 0. (7.3)

Proposition 7.7 (Homogeneity of the Identity).

7.3. Flatness of Gaufl—Manin Connection.
Flatness of Gau—Manin connection V together with equations (S2) imply the fol-

lowing Lemma:
Lemma 7.8. For ,0',0" € Tg, we have
Vs, V] Vr(Y = V551 V(¥
5o (808 —8o(d0d") =0
— V(0 08") +60(Vybd") — Vg (808" — 8 o (V") =1[6,606" . (7.5)
Vs(M56") — M 5:(M50") = V5,510"
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By this Lemma, we have the following three consequences:
Proposition 7.9 (Connection V/ is Flat and Torsion Free).
V5, Vsl =51, 0,0 € T,
V50" — V50 =1[6,0"], 0,8 € Ts.

Proposition 7.10 (Product o is Potential).

VC =0,

where we denote by C' the Oz, -linear map C : Ts — Tg ® Qf defined by Csd' :

0,0 € Tg.
Proposition 7.11 (Product o is of degree 1).
Lieg(o) = o,

namely,
[E,6008 —[E,§]0d —d0[E, 8] =008, 4,0 €Ts.

17

On the other hand, the flatness of GauB—Manin connection V together with equa-

tions (S3) imply the following Lemma:
Lemma 7.12. For §,0" € Ty, we have
W&v%}vm@:o

Eo(dod)=0do0(FEod)
— N(od)+Vs(Eod)=FEoVs+0oN()+dod
V/sN(&') = N(Vsd')

By this Lemma, we have the following two consequences:

Lemma 7.13. For § € Tg, we have

N(0) = =V/sE + (r + 1)0.

(7.11)

(7.12)
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Proposition 7.14 (Gradient of the Euler Vector Field V/E is Flat).
V/N = 0.

7.4. Flatness of the Higher Residue Parings.

The property (S2) with the flatness VK = 0 imply the following two:

Proposition 7.15 (Product o is np-invariant).

np(600,8") =np(d,0'0d"), §,0,8" € Tg,

Proposition 7.16 (Connection V/ is metric).

577F(5/,5”) — nF(V/éal,éll) + nF(él,V/(Sé//), (5’ 5/’5// E %’

The property (S3) with the flatness d/dé,, Kr = 0 imply the following:

Lemma 7.17 (nr is homogeneous).

(n+1)nrp(6,8") = nr(N(9),8") +nr(d, N(0), 6,0" € T.

Combining this with Lemma 7.13, we have
Corollary 7.18 (d =n+1—2r).

Lieg(np) =(2—(n+1—=2r))np.

We have verified all axioms of Frobenius manifold.

APPENDIX

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

It is expected from homological mirror symmetry conjecture that one can construct

Frobenius manifolds from deformations of Calabi—Yau A, -categories in a unified way. As

is already written in Introduction, although the original construction, explained in this

paper, of the Frobenius manifolds based on filtered de Rham cohomology groups, higher

residue pairings and primitive forms is formulated only to universal unfoldings of isolated

hypersurface singularities, several notion and the idea of this construction is of general
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nature. It has inspired and motivated the semi-infinite Hodge theory for Calabi—Yau A
categories (c.f. [Ka-Ko-P], [Ko-So]).

We shall give a list in which readers can find the way how objects in the original

construction will be generalized and rewritten in this categorical language.

objects in this paper || generalization
(f,Cnth A A.-category
(compact, smooth, Calabi-Yau)
Jr HH*(A,A) Hochschild cohomology
(Qsr, dfN) (Ce(A, A),b) Hochschild chain complex
Q HH.,(A,A) Hochschild homology
d B Conne’s differential
ot u parameter of degree 2
Hy HP,(A) periodic cyclic homology
H;O) HC,(A) negative cyclic homology
Qr[[0,] HH, (A, A)[[u]] Hodge to de Rham
= H;O) = HC, (A) spectral sequence
= —u?d flat connection on HC, (A)
with poles of order 2 at u =0
Ky ? higher residue pairings
Js L Q HH*(A,A) primitive form
S HH,(A,A) (at the origin 0 € S)

If one takes A in the list as the dg enhancement of the category of singularity, then one

recovers all objects given in the left column. As a result, the way of constructing Frobenius

manifolds for isolated hypersurface singularities and that of Barannikov—Kontsevich [Ba]

[Ba-Ko]| for Calabi-Yau manifolds are unified.
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