STRANGE DUALITY FOR PARABOLIC SYMPLECTIC
BUNDLES ON A POINTED PROJECTIVE LINE

TAKESHI ABE

ABSTRACT. We prove the strange duality for parabolic symplectic bundles on
a pointed projective line.

1. INTRODUCTION

Let C be a smooth projective curve over C. Global sections of a line bundle on
moduli of vector (or more generally principal G-) bundles on C are called generalized
theta functions as an analogue to ordinary theta functions on the Jacobian of C. In
this paper we study the so-called strange duality for symplectic bundles, which is a
duality of two vector spaces of generalized theta functions on two different moduli
of symplectic vector bundles.

For line bundle L on C, a symplectic (resp. orthogonal) bundle with values in
L on C is a vector bundle F on C' together with a non-degenerate skew-symmetric
(resp. symmetric) bilinear form F ® E — L. We denote by Ma,.(C;L) (resp.
No,.(C; L)) the moduli stack of symplectic (resp. orthogonal) bundles with values
in L of rank 27 on C.

A tensor product of two symplectic bundles is an orthogonal bundle. So we have
the tensor-product morphism

(1.1) T 1 Mo (C; O¢) X Mas(Ciwe) — Naps(Cywe).

Let P be the pfaffian line bundle on Ny4.s(C;wc), that is, the square-root of the
determinant line bundle, and let ©® be the canonical section of P. We have an
isomorphism

TP ~EY REY
where Ejy,. and 2y, are the determinant line bundles on My, (C; O¢) and M, (C;we).
The section 70 gives rise to the duality map

(1.2) H (M, (C;00), 257, ) — H (May(Ciw0), 257, ) -

We call this map a strange duality map for symplectic bundles. Beauville ([B06])
conjectured that the map (1.2) is an isomorphism. (The strange duality conjecture
for ordinary bundles has been proved by Belkale ([Bel08], [Bel07]) and Marian-
Oprea ([M-0]).)

In [A], the author generalized the strange duality map for symplectic bundles
to parabolic symplectic bundles. Let p), ... p("™) be points of C. A parabolic
symplectic bundle with values in L of rank 2r on the pointed curve (C;7) is a
symplectic bundle E with values in L of rank 2r on C' together with, for each
1<j<m,aflag

Elyw DEY >...0EY S EY =0
J)

by isotropic subspaces El(j) with dim Ez( = i. We denote by M, (C, ;L) the
moduli stack of parabolic symplectic bundles with values in L of rank 2r on C.
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When each point p?) is labeled by an r-term non-increasing sequence AV) = (s >
)\(13) > > /\57) > 0) of non-negative integers less than or equal to s, we can define
a parabolic analogue of the morphism 7:

T(C;l_\)) : M2r(07 7; OC) X M2S(C7 7 : w(?)) - N47‘5(C;WC')~
We have an isomorphism of line bundles

— -k
_)pr':(5§A)|E:'(7“§A )
C;N) T TMa “Mas

T(

where Eg\z[:) and ES\Z[S\*) are certain line bundles on the moduli stacks (cf. Defini-
tion 2.5). Then as in the non-parabolic case, the section T(*CW)G induces a duality
map '

— 4 —
13 H (M27.<aﬁ;oc>,z<§f>) L (M%(aﬁ;wc(?)),agz;ﬁ >),

which we call the strange duality map for parabolic symplectic bundles. The strange
duality conjecture for parabolic symplectic bundles is the following.

Conjecture 1.1. The map (1.3) is an isomorphism.

The main result of [A] is that if the strange duality conjecture for parabolic
symplectic bundles holds for a 3-pointed P, then it holds for a generic pointed curve
of any genus. In this paper we prove affirmatively the strange duality conjecture
for parabolic symplectic bundles for any pointed P!.

1.1. The rank-level duality of conformal blocks. In the theory of conformal
blocks, there is a phenomenon called the rank-level duality. Let g be an affine Lie
algebra, and fix a positive integer [, the level. To points p = (p(l), . ,p(m)) of P!
and integrable representations A= (A ... A™) of level I of g, one can asso-

ciate a finite dimensional vector space VIP,ng(?; X)) called the conformal block. The
rank-level duality is a duality of certain two conformal blocks. In [NT], Nakanishi
and Tsuchiya proved that a certain conformal block of ET[\Z of level r is dual to a
certain conformal block of g[: of level [. As mentioned in [NT, §6], one can consider
the rank-level duality of conformal blocks of sp,. and sp,,. There is a one-to-one
correspondence between the set of integrable representations of level I of sp,,. and
the set of Young diagrams of type <(r,s) (cf. §3.3.2). (See §2.1 for the terminology
on Young diagrams.) We identify by this correspondence an integrable representa-
tion of level [ of sp,, and the corresponding Young diagram of type <(r,s). Fix
points p = (p(I,...,p"™) of P! and Young diagrams A = (A A of
type <(r,s). When both m and Y2 | [AU)] are even, we can define the rank-level
duality map (cf. §3.4)

(1'4) V]lflpzﬁ(?§ K)V ; V{gflpZST(?Q X>*)levelzr-

level=s

By [L-S], the vector space of global sections of a line bundle on a moduli stack
of parabolic G-bundle is isomorphic to a conformal block of the affine Lie algebra
g, where G is a simple, simply-connected affine algebraic group and g = Lie(G).
For G = Sp, by this isomorphism, the strange duality map for parabolic symplectic
bundles is equal to the rank-level duality map of conformal blocks of sp (cf. §4).

1.2. Outline of the proof of the main result. The main result of this paper
is that the strange duality map for parabolic symplectic bundles on a pointed
projective line is an isomorphism. The strange duality and the rank-level duality
are equivalent, so we prove the rank-level duality of conformal blocks of sp.
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We follow closely the line of proof of the rank-level duality of conformal blocks of
sl in [NT]. We use the degeneration method, and a key fact used in the argument
is the compatibility of the factorization and the rank-level duality map. Given a
nodal curve C; U Cy with C; and C, isomorphic to P! and intersecting only one
point u. Let p(, ... p® be points of C; \ {u}, and ¢V,...,¢® be points of
C2 \ {u}. The factorization theorem claims that a conformal block on the pointed
curve (O U Cy; p U Q) is a direct sum of tensor products of conformal blocks on
(C1; P U{u}) and Co; ¢ U{u}). By the compatibility of the factorization and the
rank-level duality map, we mean that by the factorization the rank-level duality
map of conformal blocks of sp,, and spy, on (C; U Cy; p U ) decomposes as a
direct sum of tensor products of rank-level duality maps of conformal blocks of sp,,.
and spy, on (C1; p U {u}) and Co; ¢ U {u}). This implies that if the rank-level
duality maps are isomorphisms on both (Cy; p U{u}) and (Cy; ¢ U{u}), then the
the rank-level duality map on (C; U Cy; p U ¢) is an isomorphism.

When m = 4, A® = (1,0,...,0) and A = (0,...,0), the conformal blocks
appearing in (1.4) have dimension one. So we prove that the rank-level duality map
is an isomorphism by showing that it is non-zero (Proposition 6.3). The general
case follows from this special case by a degeneration argument similar to that in
[NT].

1.3. This paper is organized as follows.

In Section 2.1, 2.2, 2.3, we prepare the terminology on Young diagrams, flag
varieties and Grassmannians. In Section 2.4, 2.5, 2.6, after we define parabolic
symplectic bundles and the moduli stack of them and fix notation of line bundles
on the moduli stack, we recall the strange duality map for parabolic symplectic
bundles formulated in [A]. In Section 3.1 we recall the definition of conformal
blocks. In Section 3.2 we recall the factorization theorem of conformal blocks. In
Section 3.3 we compute the dimensions of some conformal blocks. In Section 3.4
we formulate the rank-level duality maps of conformal blocks of sp,, and sp,,. In
Section 3.5 we show the compatibility of the factorization and the rank-level duality
map. In Section 4.1 we recall the isomorphism of a space of generalized thetas and
a conformal block. In Section 4.2 and 4.3 we show that by the isomorphism the
strange duality map is nothing but the rank-level duality map. In Section 5.1 we
recall the definition of the KZ connection. In Section 5.2 we show that if the rank-
level duality map is an isomorphism for a pointed projective line, then so is it for
all pointed projective lines. In Section 6 we prove that the rank-level duality map
is an isomorphism.

2. STRANGE DUALITY FOR PARABOLIC SYMPLECTIC BUNDLES

In this section we recall the formulation of the strange duality for parabolic
symplectic bundles.

2.1. Young diagrams. We gather here the terminology on Young diagrams used
in this paper.

For positive integers r and s, a Young diagram A is said to be of type <(r,s) if
the number of rows of A is less than or equal to r and that of columns of A is less
than or equal to s.

By associating to a non-increasing sequence s > Ay > --- > A, > 0 of non-
negative integers the Young diagram whose i-th row has A; boxes, we obtain a one-
to-one correspondence between the set of all r-term non-increasing sequences A\; >
-+ > A > 0 of non-negative integers with A; < s and the set of all Young diagrams
of type <(r,s). By this correspondence, we use the terms “Young diagram” and
“non-increasing sequence of integers” interchangeably.
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For a Young diagram A = (A\; > --- > ;) of type <(r, s), we denote by A the
Young diagram of type <(s,r) that is obtained from A by interchanging rows and
columns. For example, if A is the Young diagram (4, 2,1) of type <(3,4), then Ais
the Young diagram (3,2,1,1) of type <(4, 3).

For a Young diagram A = (A > -+ > A;) of type <(r,s), we denote by °A
the Young diagram (s — A, > s — A1 > -+- > s — A\q) of type <(r,s). The
Young diagram A* of type <(s,r) is defined to be A, Tt is easy to see that if
A=A >---> X )and A* = (g > -+ > pg), then

{M+r+r—1,. .. A+1 U{u+s,uo+s—1,...,us +1} ={1,2,...,7 + s}.

For a Young diagram A, we denote by |A| the number of boxes in A.

2.2. Symplectic flag varieties. Let S be a scheme, P a line bundle on S, £
a vector bundle of rank 2r on S, and 7 : £ ® £ — P a non-degenerate alternate
bilinear form. A full flag of £ by isotropic subbundles means a filtration by isotropic
subbundles € D &, D -+ D & D & = 0 with rank &; = 4. (Here by “isotropic” we
mean that the restriction of 7w to &; ® &; is zero.)

Let FI(£) — S be the flag variety parameterizing full flags of £ by isotropic
subbundles. Let

E)rey2EDE1D---DEDE =0

be the universal full flag by isotropic bundles. Given a tuple of integers ¢ =
(¢1,---.4r), we denote by Opy(g)('¢) (or simply O(¢)) the line bundle @;_; (Eil_l/é'il)@q'i
on F1(&).

Let Sp(€) be the group scheme over S, which parameterizes symplectic auto-
morphisms of £. If £ D &, D ... & D & = 0is a full flag by isotropic subbundles
and a : &€ — £ is a symplectic automorphism, then £ D a(&,) D --- D a(&) D
a(&) = 0 is again a full flag by isotropic subbundles. This gives rises to a left
action of Sp(€) on F1(£). The action lifts to the action of each filter &; of the
universal full flag by isotropic subbundles. Hence the vector bundle pT*OF1(5)<7)
on S becomes a (left) Sp(€)-module, where pr : F1(£) — S is the projection. The
following proposition is well-known.

Proposition 2.1. Assume that S = Speck with k an algebraically closed field of
characteristic zero. The k-vector space HO (F1(€),0(7q)) is non-zero if and only if
g1 >+ > q, > 0. By the correspondence

(a1,---, ) < H® (F1(€),0(7)),

there is a one-to-one correspondence between the set of all finite dimensional ir-
reducible representations of the symplectic group Sp(£) and the set of all ¢ =
(Q17"'7Q7‘) thhql > 2>2q 20,

For later use, it would be convenient to prepare here numbering of the filters of
a full flag by isotropic subbundles with respect to a Young diagram.

Notation 2.2. Let A = (s > Ay > --- > A, > 0) be a Young diagram of type
<(r,s). Given a full flag of £ by isotropic subbundles

Ee:EDE D---DE DE =0,

weputIF?(é‘.) =& fors+l—-N<i<s+l+1— XAy for0<i<r+s.
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2.3. Orthogonal Grassmannians. Let (V,(—, —)y) be a 2n-dimensional k-vector
space with a non-degenerate symmetric bilinear form. We assume that n is even.
Let OGr, (V) be the orthogonal Grassmannian parameterizing isotropic subspaces
of V of dimension n. Then OGr, (V) has two connected components OGr;! (V)
and OGr,, (V); U and U’ € OGr, (V) lie in the same connected component if and
only if dimU NU’ is even.

On OGr,(V), there is a short exact sequence

0—-U—-V®00gr,(v)— <2—0

given by the universal subbundle ¢/ and the universal quotient bundle Q. There is
a unique square root of the line bundle det Q, which we denote by (det Q)‘X’%.

2.4. The morphism pup. Let (E,(—,—)g) and (G,(—,—)¢g) be k-vector spaces
with a non-degenerate alternate bilinear form of dimension 2r and 2s respectively.
We endow the tensor product F ® G with the non-degenerate symmetric bilinear
form (—, —)gea given by (e®g, ¢’ ®¢ Veea = (e,¢)g- (9,9 )a. Let OGras(EQG)
be the orthogonal Grassmannian parameterizing isotropic subspaces of E ® G of
dimension 2rs. We name the connected components of OGrsy,s(E ® G) such that
OGrj, (E®G) > E®U for an s-dimensional isotropic subspace U of G.

Let A be a Young diagram of type <(r,s). For full flags by isotropic subspaces

Ee:EDE,.D..E1DEy=0 and Ge:GDGsD...Gy DGy=0,

we put
T.+s * *
Ha (Ba,Ga) i= Y (BB @ FY (Ga) + FMEL) 9 F) (Ga)) C E® G,
=0

where we used Notation 2.2. You can easily check that us(E.,G,) is a 2rs-
dimensional isotropic subspace of E ® G. So associating pi(FEe,Ge) to (Ee, Ge),
we obtain a morphism

HA - FI(E) X Fl(G) — OGr27-3(E ® G)

Lemma 2.3 ([A], Lemma 3.2.1). We have Imuy C OGr3, (E ® G) if |A| is even,
and Impp C OGr,,.,(E® G) if |A| is odd.

2.5. The moduli stack of parabolic symplectic bundles. In this section we
shall define a moduli stack of parabolic symplectic bundles, and introduce notation
for line bundles on the moduli stack. We shall work over an algebraically closed
field k of characteristic zero.

Let C be a smooth projective curve of genus g, p", ..., p™ be distinct smooth
points of C, and L a line bundle on C. Put p := (p(M),...,p("™).

Definition 2.4. We define the moduli stack M,,.(C, p’; L) as follows. For an affine
k-scheme T, an object of the groupoid Mo, (C, p’; L)(T) is the following data:
e a locally free Ocxp-module £ of rank 2r,
¢ a non-degenerate alternate bilinear form £ ® & — pri L,
e for every point pU) (1 < j < m), a full flag of £U) := El ) xT by isotropic
subbundles
ED gD 5 5. 5D 50—,

Isomorphisms of the groupoid Ma,.(C, p’; L)(T) are defined obviously.

An object of Ms,.(C,p’; L)(T) is called a parabolic symplectic bundle with values
in L on C parameterized by T, and an object of M,,(C,p’; L)(Speck) is simply
called a parabolic symplectic bundle with values in L on C.
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Let
(gunw gunw ® gunw N pTCL gunw (1 < ,] < m))

be the universal object of the moduli stack Ma,.(C,p’; L).

Definition 2.5. Let n be an integer. Let each point p(/) (1 <j <m) be given a
: —
tuple of mtegers AV = ()\g ), .. )\9)), and put A := (AW, ... A(™). We denote

by = A)

=M, (C, ;L) OF simply Z( A) the line bundle

r unw ®)\(
(det Rpr, &) * " g ® ® ( (au)
* ynw(])J_

j=1i=1
on Moy, (C,p’; L), where pr is the projection C' x My,.(C, p’; L) — Mo, (C, p’; L).
For later use, we introduce notation for orthogonal bundles as well.

Definition 2.6. An orthogonal vector bundle with values in L on C is a vector
bundle F' on C together with a non-degenerate symmetric bilinear form F®Q F — L.

We denote by Na,(C; L) the moduli stack of rank 2¢ orthogonal vector bundles
with values in L on C.

Consider the special case where L = we. The moduli stack No(Chwe) is a
disjoint union of the open and closed substacks N (C;we) and N, (C;we). Here
an orthogonal vector bundle F' with values in w¢ lies in the component N;t (Cswe)
if and only if dim H?(C, F) is even.

If Fvn#v is the universal orthogonal vector bundle on C x Not(C;we), then the
line bundle D := (det Rpr, F “"“’)v on Nyt (C;we) is called the determinant bundle,
where pr : C' x No(C;we) — Now(Ciwe) is the projection. The determinant line
bundle D has a canonical square root P, the pfaffian bundle (cf. [L-S, Proposition
7.9]). Moreover the pfaffian bundle P has a canonical section © called the pfaffian
divisor whose square ©%? is the canonical section of the determinant bundle (cf.
[L-S, Section 7.10]).

2.6. Strange duality for parabolic symplectic bundles. In this section we
recall from [A] the formulation of the strange duality for parabolic symplectic bun-
dles.

Let C and p®™,... p(™ be as in Section 2.5. Assume that each point p7)
(1 <j <m) is given a Young diagram AY) of type <(r,s).

For a rank 2r parabolic symplectic bundle

E:= (E,E@E—»OC,EEj) EWSEWS...5EYSEY 01 < §m)>
and a rank 2s parabolic symplectic bundle
G = (G,G@G—»wc(ﬁ’),GEj) G S5ED 5. 56 56V =01 <)< m)) :
let K be the kernel of the morphism

m (4) ()
(2.1) E®G— @ %
j=1 ,UA(J')(Eo] 7Goj )
where the vector space (E(j) ® G(j)) JHAG) (EEJ), GEJ)) is considered to be a skyscraper
sheaf at pl). (Recall that EU) := E| ) and G .= G|, , and see Section 2.4 for
the definition of py .)
The alternate bilinear forms of £ and G determine a symmetric bilinear form

(E®G)®(E®G) — w(p) of EQG. You can check easily that the restriction to K
of this symmetric bilinear form gives rise to a symmetric bilinear form K@ K — w¢.
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Since deg K = 4rs(g — 1), it is non-degenerate. Thus K is an orthogonal bundle
with values in we on C'. We define the morphism

(22) : MQT(Ca ?7 OC) X MZS(Cv ?;WC’(?)) - N4TS(C;WC)

T(ciK)
by (E,G) — K. We have the following lemmas.

Lemma 2.7 ([A], Lemma 4.2.1). If Y™ [AD)] is even, then Imr, C N/ . (Ciwe).

_ (CiX)
If ijz1 |AU)| is odd, then ImT(C;X) C N, (Ciwe).

Lemma 2.8 ([A], Lemma 4.2.2). Let P be the pfaffian bundle on Nys(Ciwe).
Then we have an isomorphism

x o =(s5K) =(r;X")
(23> T(C,X)P - ._‘]\/127'(07?§OC) ‘_‘]\/[25(077%’-’6'(?))

of line bundles on Mo, (C, P'; Oc)x Moy (C, D ;we (D)), where A+ = (A= A,

If © is the canonical section of the pfaffian bundle P (cf. Section 2.5), then
© induces the duality map

T ®)
(2.4)

0 —. ) 25 ) o = o (F)), 2R
H (M27‘(C7 D3 OC)? HM%«(C,F;O())) —H (MQS(C7 p ,OJC(p ))’ '_'M2s(c7?§w0(?))>

of vector spaces of global sections. The source and the target have the same di-
mension (cf. [A, §6]).
The following is the strange duality for parabolic symplectic bundles.
Conjecture 2.1. The morphism (2.4) is an isomorphism.
Remark 2.9. The (—1)-multiplication is an automorphism of parabolic symplectic
bundles. It induces the multiplication by (—1)2 1A’ on the fibers of the line bun-
— S;X — T;X* . -
dles :g\/lzr()cj’;(’)c) and :ngs(c),?_;gc(?))' Thus if Z;”:l |AGD)|is odd, tlien the vector
spaces H° (MQT(C7 7;0¢), E(S;A)> and H (M25(07 iwe(D)), E(”A*)) are zero.
So the conjecture is trivially true.
Remark 2.10. Take a smooth point p(™*t1 e C \ 7, and label it by the empty
— — —
Young diagram () = (0 > --- > 0). Put p’ = P U {p™*tY} and A = A U{D}.
By associating to an object

—

— ) —
G= (G,G@G —we(p), G (1<j<m+ 1)) € Moy (C, p';we(p)))

the object
(G'7G/ ©G —we(P),GY (1<j< m)) € My (C, Pywe (7))

where G’ := Ker(G — G|p<m+1)/G§m+1)), we have a morphism

—

—
g Ma2s(C,p"swe(p')) = Mas(C, Piwe (D))
Let
= —
[+ M (C,p';Oc) — Ma,(C, p; Oc)
be the morphism that forgets the filtration at p(™*+1). We have

Y Y e A
EEM ~2EM) g gErAT) o gmAT)

)
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and the diagram

— — —  Tciah
(2.5) Mo, (C, p';0c) x My (C, p'swe(p')) — Nars(Ciwe)
=
T(ei®)

Mo, (C, D' Oc) x Moy (C, Piwe(P)) — Naps(Cwe)

commutes. This induces a commutative diagram

-\ V —,
(2:6)  H* (M (C, 75 00), 50 —— H (Mo (€, Bsw0(3)), 201 )

(f*)VTN g*J/N

H° (MQT(C P Oc),E SA,))V —HY (Mzs(c7?;wc(_’>))75(r;ﬁ*)) ,

where the horizontal arrows are strange duality maps. Here f* and ¢g* are isomor-
phisms since f and g are flag-variety bundles.

By this, in order to see whether the strange duality map is an isomorphism or
not, we may add an extra point and label it by the empty Young diagram.

3. CONFORMAL BLOCKS

In this section we recall basic facts about conformal blocks. Our references are
(B96], [S], [TUY].
We use the following usual notations for Lie algebras.

e g is a simple Lie algebra, and b is a fixed Cartan subalgebra.

e (G and T are the corresponding simple, simply-connected Lie group and its
maximal torus.

e h* D R(g,h) is the root system, and we fix a basis {ay,...,a,}.

e h* D P is the weight lattice, and P; is the set of dominant weights.

e For A € P,, V) denotes the finite-dimensional irreducible g-module with

highest weight A. A highest vector, unique up to scalar, is denoted by vy.

(—,—) is the normalized Killing form (i.e. (Hg, Hg) = 2 for long roots ().

By this we identify b and h*.

6 is the highest root of R(g,h), and p is the half-sum of the positive roots.

For Il e N, P, :={X € Py |\(Hy) <l}.

g = (p,0)+ 1.

3.1. Definition of conformal blocks. Let g be the affine Lie algebra
9:=9®C((z)) &Cc,
where c is a center and the bracket is given by
(X @[, Y @g]:=[X,Y]® fg+ (X|Y)Res(gdf) - ¢

Put g, :=g®2C[[2]], - = g® 2z !C[z Y and p:=g® Ccd 9.

To each A € P}, we can associate an integrable g-module Hﬁ()\; 1) of level I, which
is characterized by the property:

The subspace annihilated by gy is isomorphic to Vy as a g-module.

We sometimes simply write H(\) for H8();1) when g and [ are clear from the
context. The construction of H(A) is as follows. By letting gy act trivially on
V, and ¢ by [ -Idy,, Vi becomes a p-module. Put V(A) := U(g) @u(p) Va. Let
Z(\) € V()\) be the g-submodule generated by (X ® z~1)!"AHe)+1y, - Then
H(A) :=V(N)/Z(N). We identify V), with the subspace 1 ® Vi C H(A).
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Let C be a proper connected nodal algebraic curve over C, and p», ... p(™
smooth points of C'. We assume that each irreducible component of C' contains at
least one of p. Put U := C'\ {p(M,...,p("™}. Note that by the assumption, U is
affine. We fix a formal parameter O¢ i) =~ C[[z]] at p¥). For f € O(U), f,o €
C[[2:]] denotes the Laurent expansion of f at p(). For N = (AW Ay e pEm

— —
put H(X) = HOAD)® .- @ H(A™). The Lie algebra g @ O(U) acts on H( X ) by

(1) (X@f) 1@ @vy)i= Y 1@ ®X® L)@ @ vn.

1<i<m

The dual conformal block VE(7p'; T) is defined to be H+ /(g ® O(U))H, and
the conformal block VCM(W; X}) with level [ is defined to be the dual vector space
of ch(ﬁ; X)) When g is clear from the context, we drop g from the notation and
simply write Vo (7'; T) and Vg(?; 7)

In the definition of conformal blocks, we used infinite-dimensional representations
H, of g. We can replace some of them by finite-dimensional representations of g
as follows. Assume that each irreducible component of C' contains at least one of

P, pm. Put U= C\ {p®,. ., p™} and N = (A®@, ... A(™). The Lie
algebra g ® O(U’) acts on Vi) ® H()\') by
(X@f) (1@ @vm) =f(p)(Xv1) @02+ D vy

+ > 0@ @ (X f0)0i @ @ v,

2<i<m

(3.2)

Since the subspace Vy 1y € H(A(") is annihilated by g, this action is the restriction
—
to the Lie subalgebra g ® O(U’) of the action of g ® O(U) on H(\) = HAD) ®
—
H(X\). So we have the morphism

— — — — — —
Ve(P; A) =H(A)/(g@0(U))H(A) = (Vaw @H(XN))/(g@0(U")) (Vam @H(X)).
By [B96, Proposition 2.3] and [S, Proposition (2.3.4)], this morphism is an isomor-
phism.

3.2. Factorization theorem. Assume that C is a union of connected nodal curves
C; and C5, and that C; and Cs intersect at only one point u, which is a node.
Let p, ..., p(™) be smooth points of C;, and ¢, ..., ¢ smooth points of Cs.
We assume that each irreducible component contains at least one marked point.
Put U := C\ {pW,....p0" ¢® ... ¢, U =\ {pD,...,pt™} and Us :=
Co\{qW,...,q"™}. Let

n:C:=CiUCy — C=0C,UC,y

be the partial normalization at u. Put {uy,us} :=n~!(u) with u; € C;.
—
Fix A\ € PP and W € P®. For v € Py, let v, € V,, @ V,« be a non-zero
element annihilated by g, uniquely determined up to scalar. Consider the injection
induced by 7,

(3.3) Hy @Hy = Hy @V, @ Ve @ Hy.

Here the vector spaces V,, and V,« are regarded as associated to the points u; and
ug respectively.

Asin (3.2), H>®V, and V- @ H; have the action of the Lie algebras g®Oc, (U1)
and g ® O, (Uz). As in (3.1), Hy ® Hy has the action of g®@ Oc(U). We have a

canonical injective map

g2 O0c(U) = (9@ Oc, (U1)) ® (8 ® Oc,(Uz))
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and the injection (3.3) is compatible with the actions of the Lie algebras.
So we have a natural morphism

— —
Ve(P UG AUT) = Vo, (P U{urh A U{r}) @ Ve, (U {uzhs @ U {v™}).
The following theorem is call the factorization theorem.

Theorem 3.1 ([TUY]Proposition 2.2.6). The morphism

(3:4) Ve(FUT: XUT) = € Vo, (FUlun s X U{rh) @ Ve, (TU{uh TU{'))
veP

is an isomorphism.

3.3. Dimension of conformal blocks. In this section we calculate the dimensions
of some conformal blocks on a pointed P!.

Let s ~ sl be the Lie subalgebra generated by Hy, go and g_g. A g-module
V decomposes as V = &;V® with V) a direct sum of sl;-modules isomorphic to
SiC2.

The following description of conformal blocks on a 3-pointed P! is important.
Proposition 3.2 ([B96] Proposition 4.3). Fiz 3 points a,b,c on P!, and \,u,v €
P,. The conformal block \/']P,T1 (a,b,c; A\, p,v) is canonically isomorphic to the space
of g-equivariant linear maps ¢ : Vo @ V,, — V. such that the composite

VP @ V@ SV @V, - VY = (V)
is zero if p+q+1r > 2l.

3.3.1. The case g = soan with level one. Let V be a 2N-dimensional vector space
with a non-degenerate symmetric bilinear form Q. The Lie algebra so(V) is

so(V):={f:V =V |Q(f(v),w) + Qv, f(w)) = 0}.
If we choose a basis {e1,...,ean} of V such that Q(e;,e;) = Q(enti,enyj) =0
and Q(e;,ent;) = 6;; for 1 < 4,5 < N, then the Lie algebra so(V') is identified
with
S50oN = {X € Maton xon ‘tXMQN + Mon X = 0},

(0 | Iy
= (2112).
Let h C soan be the diagonal Cartan subalgebra. Put H; := E;; — Enti N+is
and let {L;} C h* be the dual basis, i.e. < L;, H; >= §;;. The roots of sosy are
{£L;+L;};<j. Take R* :={L;+ L,};<; as the positive roots. Then the root basis
is

where

Ly—Ly, Lo~ L3,...,Ly_1— Ly, Ln_1+ Ln.
The highest root 0 is Ly + Ly. The weight lattice P is
{(a1L1+...anLn)/2 | a; € Z and a; = aj(mod 2)}.

Puta=(L1+ - -+Ly-1+Ln)/2and 8= (L1 + -+ Ly—1 — Ly)/2. Then we
have
Pl = {Oaleaaﬁ}'

The representation V7, is the standard representation C2V, and the representations
Va, V3 are called half-spin representations (cf. [FH, §20]).
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Proposition 3.3. Take three points a,b,c on P and weights \, p,v € {L1,, 3}.
Then for the conformal block ngZM(a,b, ¢\, V) of level one, if N is even

1 ) ={L
dimVslozNT(a,b, e A,,U/7U) — Zf {)\7,L'L7V} { laavﬁ} ,
P 0 otherwise

and if N is odd
1 if{)\,M,V}:{Llaaya} OT{Ll,ﬂ,ﬂ} )

dim V;loQNT(a? b, ;A ) = {0 otherwise

Proof. We give the proof only for the case N even. The irreducible decompositions
of the tensor products of the sopny-modules Vi, , V, and V3 are as follows:

VL1 ® VL1 ~ VL1+L2 @ V2L1 EB ‘/E)

Vi, @ Va2 Vi4a® Ve, Vi, @VaxVp 130V,

Vi ®@ Vi =~ Vao ® Bl eV gt Lnar Ve @V = Vag @ O 2V, 1ot Ly

Vo ® V5 = @év:/f_le1+"'+LN—2i+1'
This and the fact that V) ~ V, and V' ~ Vj for N even ([FH, Exercise 19.5])
imply that dim V]PiUZNT(a, b,c; \, i, v) = 0 unless {\, u,v} = {L1,, 8}. In the case
{\p, v} ={L1,a, 5}, the composite

ViY@ V® - Vi, @ Va - VY — (V)

is zero since C2®C? ~ S2C2@C as sly-modules. Hence dim ngzNT(a, b,c; L1, a, 3) =
1.
The proof of the odd case, which is not used in this paper, is left to the reader. [

Corollary 3.4. Assume that N is even. Take points p™V), ... p2at20) on P Then
we have
dim V]P?102NT(p(1)7 o 7p(2a+2b); 0420’, ﬂQb) = 1.

Proof. By induction on the number of points, this follows from the above proposi-
tion and the fact that the dimensions of conformal blocks obey the fusion rule (cf.
[B96, Part I1]). O

3.3.2. The case g = sp,,.. Let V be a 2r-dimensional vector space with a non-
degenerate alternate bilinear form (—, —). The Lie algebra sp(V) is

sp(V) :={f:V = V|(f(v),0) + (v, f(w)) =0}.
If we choose a basis {e1,...,es-} of V such that (e;,e;) = (e,4;,€74;) = 0 and

(ei,er1j) = d;; for 1 < i, <r, then sp(V) is identified with
5P, 1= {X € Matayx2r |tX<]2r + Jop X = 0} 5

0 | I,
JQ’I’ - (Ir 0 ) .

Let h C sp,, be the diagonal Cartan subalgebra. Put H; := E;; — Erqj ryi,
and let {L;} C h* be the dual basis, i.e. < L;, H; >= ¢;;. The roots of sp,, are
{:l:LZ :l:Lj}i<j U{2Li}1§i§7' Take R+ = {Lz +Lj}i§j U {Ll —Lj}i<j as the pOSitiVB
roots. Then the root basis is

Ly— Lo, Lo —Ls,...,Ly—1 — Ly, 2L,.

The highest root 6 is 2L;. The weight lattice P is {a1L1 +...a.L.|a; €Z}. A
weight A =a1Lq + ...a,L, is dominant if and only if a1 > --- > a, > 0.

where
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We have
Pl :{a1L1+...arLr €P+|ar Sl}
So there is a one-to-one correspondence between P; and the set of all Young dia-
grams of type <(r,1).
The representation Vi, is the standard representation C?". For @ = (a; >
.-+ > a, > 0), the sp,,-module H*(F1,0(@)) in Proposition 2.1 is isomorphic to
VarLi+-+a, L, All the spy -modules are self-dual, i.e., VY ~ V.

Proposition 3.5. Fiz the level I. Take three points a,b,c on P!, and two weights
A i € Py Then the dimension of the conformal block V]Pip”T(a7 b,c; Ly, A, ) of level
lis 1 if the Young diagram p is obtained from A by adding or deleting one box, and
0 otherwise.

Proof. By [L], for A € P,, we have
Vi, @~y W,

where v runs through all Young diagrams that are obtained from A by adding or
deleting one box. This proves the part “ 0 otherwise” in the proposition. Assume
that the Young diagram g is obtained from A by adding or deleting one box. For a
5p,,-equivariant linear map ¢ : Vi, ® Vi — V,(~ VMV), the composite

V) e\ = Vi, @V = (V)Y — (V)Y
is zero since C? ® S'C? does not contain S'C? as an sly-submodule. Hence by
Proposition 3.2, we have dim V;IP2T‘T(a, byc; L1, A\, 1) = 1. O

3.4. Rank-level duality of conformal blocks for (sp,,,sp,,). In this section
we define the rank-level duality map for conformal blocks of sp,, and sp,,.

Let Wy, and Wh, be vector spaces of dimension 2r and 2s equipped with a non-
degenerate alternate bilinear form. Put N := 2rs. The tensor product Wy :=
Wa, ® Was has the non-degenerate symmetric bilinear form determined by (z ®

Y, r® y/)W2N = (.13, 'r/)Wzr (ya y/)W2s'

Let L : sp(Wa,.) — s0(Wa, ® Was) and R : sp(Was) — so(Wa,. @ Wag) be the
morphism of Lie algebras given by sp(Wa,) 3 ¢ — ¢ ®@idw,, € s0(Wa2, ® Wy,) and
sp(Was) 2 ¢ — idw,, ® ¥ € s0(Wa, ® Wa,). We define the morphisms

L sp(Way) (= sp(War) © C((2)) @ C - ¢) — 50(Wan ) (= s0(Wan) ® C((2)) @ C - ),

R+ sp(Was) (= 5p(Was) ® C((2)) @ C - ¢) — s0(Wan) (= s0(Wan) @ C((2)) & C - ¢)
by
Lip® f(z) +a-¢) = L(p) ® f(2) +sa-c,
R @ f(2)+a-c)=R(¥) @ f(2) +ra-c.
Then L and R are morphisms of Lie algebras.
Fix symplectic bases {ei,...,es.} C Wa, and {g1,..., 82} C Waq, ie.,
(ei,e;) = (erqi,eryj) =0, (ej,€r15) = —(erqj,€) =0;; forl<i, j<r;
(8i,8)) = (8s+i:8s+5) =0,  (8i:8s4j) = —(8s+;:8:) =05 for 1 <i,j<s.

Let {fi]l <1 < N} be the set {e; ® g;|1 < i < 2r, 1 < j < s}. Determine
fni1,...,fon by the equalities

(fi7fN+j)W2N = 57;j and (fN+i7fN+j)W2N =0 forl < i,j < N.

By these bases, we identify sp(Wa,), sp(Was), so(Way) with spy,., spy,, S0on Te-
spectively.
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We identify P of sp,, with the set of Young diagrams of type < (r,s), and P.
of sp,, with the set of Young diagram of type <(s,r).
As in Section 3.3.1, we denote by a and [ the weights

Li+--+Lya+Ly and Ly+---+Ly-1—Ln
of the Lie algebra sosy respectively.
By the morphism
L + R: @ ® @ — 509N,
a 50ay-module can be regarded as a (sp,, @ sp,,)-module. If you regard the in-

tegrable 50oy-modules H*°2¥ (a; 1) and H°2¥ (3;1) as (sp,, @ 5p,,)-modules, then
they decompose as follows:

Theorem 3.6 ([Has] Theorem4.2, Theorem 3.2). We have isomorphisms of (spa, ®
§Po.)-modules

(3.5) HON (a31) ~ P HP2r (A; 5) @ HP2s (A% 7)
|A]:even

(3.6) Mo (B31) . P HPer (Ars) @ HP2 (A7),
|A:0dd

where A runs through all Young diagrams of type < (r,s) with |A| even in (3.5),
and with |A| odd in (3.6).

Moreover, by restricting these isomorphisms to the subspaces annihilated by 5/02\N+,
@+, fﬁj-;s+, we have isomorphisms of spsy,. B 5Py, -modules:

(3.7) Vorr @ Va® Vi
|Al:even

(3.8) Vi~ @ Va® Vi
|Al:0dd

This theorem implies that there is a unique (up to scalar) non-zero morphism
PP (A 8) @ HP2 (A% ) — HOV ((~1) A ),
of sp,, @ spy,-modules, where we understand that
HEN (151) := H™N (a;1) and  HT2N (—1;1) := HEON (5; 1),

Fix smooth points p™), ... p(®) on a projective nodal curve C of arithmetic genus

0, and Young diagrams A ... A of type <(r,s). Put U :=C\ {pM,...,p(®)},
— —
7= (pW,...,p@), A= (AD, . A®)and A* = (AD* . A®*) Assume
that U is affine. Taking a tensor product of non-zero morphisms of sp,, @ sp,.-
modules v
HP2r (AD); §) @ HP2s (A" 1) — 102 ((—1)A71 1)

for 1 <1i < e, we have

(39) {® ’H5’P—2\r (A(Z)’ S)} {é']_{ﬁhs A( )* } N ®H502N |A(i)|; 1)

i=1 i=1
By (the tensor product of ) the formula (3.1), the Lie algebra (8pa, BSPss) @O (U)
acts on the source of (3.9), and the Lie algebra soay ® Oc(U) acts on the target of
(3.9). The morphism (3.9) is compatible with these actions. Hence (3.9) induces a
morphism

(3.10) VEPe (B3 K) @ VEP (B3 K7) — VE (73 ©),
(=

where € := ((—1)|A(1)‘ .
aand —1=0.)

1) A )|). (Recall that here we understand that +1 =



14 TAKESHI ABE

Taking the dual, we have
(3.11) Ve (B 7€) - V(B K) @ Ve (B K.
Now assume that both e and Z;Zl |AU)| are even. Then by Corollary 3.4, we have
dim V5N (P 7€) = 1.
Hence the morphism (3.11) induces the morphism
(3.12) V(B R)” - v (7 A,
This map is called a rank-level duality map.

3.5. Compatibility of factorization and rank-level duality. In this section
we show that the factorization isomorphism (3.4) is compatible with the rank-level
duality map. This is not a new result. It is the commutative [NT, (2.14)]. In terms
of generalized theta functions, the compatibility is also proved in [A].

Let C = C7 Uy be a projective nodal curve of arithmetic genus 0 with each
C; connected, and C7 and Cb intersecting at only one point u transversely. Let
p™M ..., p{"™) be smooth points of C; \ {u}, and ¢, ... ¢™ smooth points of
Cy \ {u}. Let

n:C:=CUC, —C=CUCs
be the partial normalization map at u, and put {u1,us} :=n=1(u) with u; € C;.

We assign a Young diagram A() of type <(r,s) to each p(*) for 1 <i < m, and

') to each ¢U) for 1 < j < n. Assume that

m n

S AD=3"TY| (mod 2),

i=1 j=1

and put n = (—1)x% 1AM put

m n

HETJ_;T(Z;S) = ®H5/";‘(A(i); s), HS/’J;(F);S) = ®H5/”;(F(j);s),
i=1 j=1
HP2 (A7) o= Q) HP (A% ), HP2 (T 5) o= R HPo (D)% ),
i=1 ]*1
HsozN ®H502N A(i)\; 1)’ HsozN ®H502N F(ﬂ\; 1)

Let
) P (A 5) @ HEP2 (AD*, ) — poan (—1)IAV1 1),
PU) L HFar (D), 5) @ HFP2e (D% 1) — H=o2n (= 1)1 1)

be non-zero morphisms of (sp,, @ sp,,)-modules.
If A is a Young diagram of type <(r, s), we have an isomorphism V4 =~ (V)" of
spy,~-modules. Hence there is a unique (up to scalar) nonzero morphism

(3.13) C—-Va®Va
of sp,,-modules. Similarly we have morphisms
(3.14) C — Va» @ Vy-
(3.15) C—-V,aV,

of spy,-modules and soyn-modules respectively. (Here recall our convention that
for sogn-modules Vi =V, and V_; = Vj3.)
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Now consider the diagram

(®p™)
—_— SN ® e
HoP2r (A s) @ HP2s (A% 1) (@) H2N (€75 1)
(3.16) & —_— &
— —_— T —
Hspm(r 5) ® HP2s ( r= 7") H502N(€2’ 1)
— — f — N
HP2r (A s) @ HP2s (A% 1) Hoo2N (€15 1)
& &
VaA® Vys VT7
VA ® VA* Vn
— ® — /\®
HoPr (T 5) @ HoP2s (T 7) HoN (653 1),

where A runs through all Young diagrams of type <(r,s) with (—1)I4l = 5, and the
vertical arrows are induced by (3.13), (3.14) and (3.15), and the lower horizontal
arrow is induced by (3.7) or (3.8).

Lemma 3.7. The above diagram is commutative, if necessary, after adjusting the
non-zero morphism Vi @ Va= — V,, of (sp,, @ spy,)-modules by scalar.

Proof. The morphism (3.15) induces an isomorphism V,, — an of s0oy-modules.
Composing it with the isomorphisms (3.7) or (3.8), we have an isomorphism

(3.17) @ Vi® Vg >~ @ (Va® VA*)V

Ast. ()M =1 Ast. ()M =9
of (8p,, @ sp,ys)-modules. This is a direct sum of isomorphisms
Va @ Var — (Va @ Vax)”
of (spy, @ spy,)-modules, which is induced by the tensor product of (3.13) and

(3.14). O

Put /== PUlw}, ¢ = TU{us}, A := AU{A}, T := TU{A}, ¢ := &U{n}.
The diagram (3.16) induces the following diagram:
(3.18)

= = —
Ve, (PUTAUT) @ Va2, (PUT; A" u D) —= VTR, (P U

Vﬁpzr(_f _7) V5p25 (_/>_7*) V502N (_/) € )
C1 9 Ch ) Cq » “1
D, ® ® ® —_ ®
V5F'2r —/> —l> V5p25 _/) _/)* V502N _/> /
Cs (q ) ) > (qv ) Cs (q762)

Assume that both m and n are odd. Then both the source and the target of the
right vertical arrow are 1-dimensional, and it is an isomorphism. So we have the
compatibility of the rank-level duality map and the factorization.
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Proposition 3.8. We have a commutative diagram:

(3.19)
VL (PUg A UT) Ve (P U AT UTY)
- — - —
VéfQ"'T(p/;A')* Véfst(p/; /*)
69A st (=4l =g ® 69A s.t. (—1)‘A‘ =n T(®_> 0
5po, T SPas . *
VEPet (¢ T Veret(q/s 1)

where the vertical arrows are factorization isomorphisms, and the horizontal arrows
are rank-level duality maps.

4. STRANGE DUALITY IS RANK-LEVEL DUALITY

In this section we first recall the isomorphism of a space of generalized thetas
and a conformal block. Then we shall show that by the isomorphism the strange
duality for parabolic symplectic bundles is the rank-level duality for (sp,,.,sps).

4.1. Isomorphism of spaces of generalized thetas and conformal blocks.
In this section we recall the isomorphism of a space of generalized thetas and a
conformal block. Here we give a rather sketchy explanation. For details, see [L-S]
(especially §8.9).

We use the notation listed at the beginning of Section 3.

Let G be the simple and simply connected algebraic group with T.G = g. Let
T be the maximal torus with T,(T) = b, and B the Borel subgroup such that
T.B = b @ @a>0 Ja-

Let C be a smooth projective curve, and pV), ..., p{"™) points of C. Let PV, ... p(m™)
be parabolic subgroups containing B. A parabolic G-bundle! of type P = (PM, ..., Pm)
on a pointed curve (C; p = (p, ..., p(™)) is a G-bundle F on C together with an
element o) € E(G/PW)|, ;) for 1 < j < m. Denote by Mg‘”"(?;?) the moduli
stack of parabolic G- bundles of type P on (C; D).

Fix a point p € C'\ {p ..,p™} and an isomorphibm 5(-;7, ~ C[[z]]. Put
U :=C\{p}, D := Spec OCp and D* := Spec Frac((’)c p)-

Let LG be the loop group of G, which is by definition the C-group defined by
R — G (R((2))). The subgroup L+G of LG is defined by R — G (R][z]]). We
denote by Qg the quotient C-space LG/LTG. Put

QPar( ) = Q¢ x HG/P(j)
j=1
Given ® € G (C((2))) and a¥) € G/PY) for 1 < j < m, if we glue two trivial G-
bundles Gx D and GxU on D* by ® : Gx D|p~ — G x U|D* we obtain a parabolic

G-bundle of type P on (C;P). If we substitute ®B for & with B € G (CJ[[2]]),
then we obtain an isomorphic parabolic G-bundle. So we have a morphism

71 QF(B) — MEer (3 P).

—

The C-group LcG defined by R — G (R® (9( )) acts on QL™ (P) from the left,
and we have LCG\QP‘““(—)) MEar(p; P ) ([L-S, Theorem 8.5]).

IThis is call a quasi-parabolic G-bundle in [L-S]
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By [L-S, Proposition 8.7], we have

Pic 4" (P) = ZOo, (1) x [ Pic(G/PY).

j=1
By [L-S, Theorem 1.1], the map
7™ Pic ME (7; ]_—7)) — Pic Q@‘"(J_D))

is bijective if G is of classical or G type.
As explained in [L-S, §4], there exists an extension of LG by Gy,

OHGmeaHLGHO

such that Lie(LG) = g. We can express that Qg = EE/EZ* The line bundle

Og. (1) has a LG-linearization. So the vector space H%(Qg,Og, (1)) becomes a
g-module. There is an isomorphism

(4.1) H(Qc, 0o, (1)) ~ HE(0;1)*

of g-modules. (See [L-S, §4] for details.)

Fix a positive integer [, and N o= WD Nm)y ¢ Pﬁam, Assume that each
A9 considered as a character of T, extends to a character of the parabolic subgroup
PU). We denote by £_,(; the line bundle on G/PUY) associated to the character

. . - . Par/—. D
—\0) . PU) — C*. We denote by L(l; X) the line bundle on ME* (p’; P) such
—
that 7*L(l; X) = Og, (1) ® @]L, L_- In this paper, we are concerned with the
case of G being of type C or D. If G is of type C, then £(1; 6)) is the determinant

line bundle. If G is of type D, then L£(1; 6>) is the pfaffian line bundle (cf [L-S,
Theorem1.1]).

The line bundle W*E(Z;T) on Qg”(l_j) has a LcG-linearization. The vector
space of global sections

(42)  H(QEY(P),m"L(; X)) = H(Qq, Ogu () @ éHO(G/P(j)»ﬁ_w)

Jj=1

becomes a g ® O(U)-module by differentiating the LoG-action, which, by (4.1),
turns out to be canonically isomorphic as a g ® O(U)-module to

HE(0:)" ® @) Vi
j=1

where the g ® O(U)-module structure is given by
(X202 @ @pm)=(X£)0) Q01 @ @ om

Y )1 @@ (X)) @+ @ .

j=1
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We have isomorphisms

(4.3)
HO(MZGT(?;?),EU; T)) HO(QPaT ® ®L‘ \G ) LcG
LoG
~ { H(Qg, 0(1)) @ QH(G/PY, L i)
j=1
m a®0(U)
~ { H(Qq, 0() @ QH(G/PY),L_50)
j=1
m 8®0O(U)
~ S HI(0;1)" @ ® N
As explained in Section 3.1, we have isomorphisms
(4.4)
9®0(U) g@0(U\{p™",....p"™})

m

HO(0;1)* ®M S LHI(0;0)* ® CION2NY

3

a®O(C\{p",....p"™})

[N

Combining the isomorphisms (4.3) and (4.4), we have an isomorphism

(4.5) HO(ME (T5 P), £(; X)) = V& (T3 X).

4.2. Reformulation of the strange duality for parabolic symplectic bun-
dles. In this section we reformulate the strange duality in terms of Sp-bundles,
not vector bundles with a non-degenerate alternate form. We use the notation in
Section 3.4. Moreover we assume that fy = e,11 ® gs.

We denote by (Wa,)stde, (Was)stae and (Wan)stde respectively the standard fil-
trations

<ep,...,ep >D<€1,...,€,_1 > DO< e}, eg >D< ey >D 0,
< g1y 8s >D< 81, .., 851 > - D< g1,82 >D< g1 >D 0,
<fy,....fxy >D<fy,.. 1> D<fy, £ >D<f; >D0.

Let B, and Bsys be the subgroups of Sp(Wa,.) and Sp(Ws;) that stabilize the
filtrations (Wa; )stde and (Was)stde respectively. Let B C SO(Way) be the subgroup
that stabilizes the filtration (Waon)stde- For a Young diagram A of type <(r,s),
we denote by Py C SO(Way) the stabilizer group of the maximal isotropic vector
subspace jip ((War)stdes (Was)stde) C Wan. By the assumption that fy = e, ®gs,
both the parabolic subgroups Pg,....0) and F(q g,...,0) contain the Borel subgroup B.
We write Py and P_; instead of P,....0) and P g,... 0) respectively.

Let

.....

¢ : Spin(Wan) — SO(Way)
be the canonical covering map. Let

t: Sp(WQT) X Sp(Wgs) — SO(WQN)
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be the tensor morphism. Since the symplectic groups are simply connected, there
is a unique morphism
EZ Sp(WQT) X Sp(WQS) — Spin(WgN)
such that cot = t. In the following, for a subgroup H C SO(Way), H denotes
c H(H).
For a Young diagram A of type <(r,s), let
(4.6)

s = Sp(Way)/ Bay x Sp(Was)/Bag — Spin(Wan)/P(_1ya = SO(Wan)/P_1ya

be the morphism determined by the commutative diagram

Sp(Wa,)/Ba; x Sp(Was )/ Bas s SO(W2N>/P(71)|A\

lz (*)lz

FI(WQT) X FI(W2S) = OGr(il)‘A‘ (WQN),

where (x) is the SO-equivariant isomorphism such that 1 — g, 0)((War)stde, (Was)stde)
if [A] is even, and 1 +— (10, 0)((War)stdes (Was)stae) if |A] is odd.

Let (C; ) = (p™,...,p"™) be a smooth projective curve with smooth points.
Each point pU) is assigned a Young diagram AY) of type <(r, s).

. 4 —_—

Put € := (M ... ™) with ) = (—1)|Am‘, and P. := (P.,..., P.om)),
—_— —_—
B27‘ = (327"7 ey Bgr) and Bgs = (Bgs, ey Bgs). Let

— — —
(AT) ol M (T By) x MED (75 Bod) — MES, (73 F)

be the morphism of stacks that associates to a pair
<E7 {aj € E(SPQT/B%")‘])U) }1§j§'m ; F7 {b] € F(Sp2s/B28)‘p(-7‘) }1§j§m)
the object

(B xc PISpina), {iinon((as.t0)) € (B xc FSviman/Pin)},_ ).

. . p . .
Assuming that m is even, let us compare Tox) the above and To Ry (2.2).

)

Given an object
N
(E7 {a’j € E(Sp2r/BQT)|p(j) }1§j§m) € Mgs; (?7 B2r>7

by considering the standard representation of Sp,,. and the isomorphism Sp,,./ B, =~
F1(C?") given by 1 — (W, )stde, We obtain a parabolic symplectic bundle (in the
sense of Definition 2.4). Conversely, from a parabolic symplectic bundle, we can

—
construct a parabolic Spy,.-bundle of type Bs,. Thus we have as isomorphism

(4.8) ME (T3 Bay) = My, (C, 5 Oc).

. . . Iy Par (—. D\ :. ¢ .
By the isomorphism, the line bundle £(s; A) on Mgy (P’; Bay) is isomorphic to
the line bundle Z(*4) on M,,.(C, P’; O¢).
Since we are assuming that m is even, we can take a square root of the line bundle
1 1\ ®2
we (7). We fix a square root (we(P))®? and an isomorphism ((wc(?))@)z) ~
we (7).

Then the above construction plus tensoring by (we (7))
morphism of stacks

o — —
(49) MSPSQZ (7; BQS) = M2S(Oa p ;wC(p ))

®% . . .
gives rise to an iso-
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Given an object

3 D ar o
w10y (R {e e Fspinn P} _ ) € M, (7P

by considering the standard representation of SO, and the isomorphism (x), we
obtain an orthogonal bundle F(Wn) with values in O¢, together with, for each
1 < j < m, a maximal isotropic subspace UU) C F(WQN)|p(j). By associating to
the object (4.10) the orthogonal bundle with value in we

m

Ker F(WQN)_)@F(WQN)‘];U)/U(J') ® (we(P)%7,

Jj=1

D=

we obtain a morphism of stacks

€1 MEY (B PL) = Non(Ciwe).

Spin

By construction, the diagram

—-— — TeE) -
(4'11) Mgg; (?1 B2r) X Mgé: (?7 BZS) I Mggig,zN (?7 Pe)
5 |
T o=

(c;0)

M2r(07 ?5 OC) X MQS(Cv ?H«UC(?)) - N2N(C§ WC)

is commutative, and £*P ~ L£(1; € ), where P is the pfaffian bundle, and we under-
stand +1 = o and —1 = 3 as before.
By Lemma 2.7, we have

I, €9
Im¢{ C Noy™ (G we).

Now we assume moreover that C' = P! and H;ﬂ:l ¢U) = 1. Then by Corollary 3.4,

the dimension of the conformal block V" >" T(ﬁ; “€) of level one is one. So we have

dim HO(MEe (T3 B, L(1;7€)) = 1.

Sping n

Lo — — —

Abbreviating MES (7'; Bar), MEST (5 Bas), MES (D5 Pe), Moy (C, P Oc)

and Mo, (C, P ;we (D)) to ./\/lglf;, MSPg;, Mg&;w, Moy, and Ms, respectively, we
have a commutative diagram

’

T =

(C;A)
-

(4.12) HOMES" L(s; X)) @ HOMES  L(r; K)) HO(MEgn L L(157€)

w= X

HO(My,, 2 8)) @ HO(My,, E0587))

where O is the canonical section of the pfaffian bundle.
Lemma 4.1. The pull-back £*© is not zero.
Proof. We find a parabolic Spin,y-bundles
F = (F.0; € F(Spingy/Peoy) o (1< j < m))

such that the pfaffian section © does not vanish at &(F). We assume that () = 1
for1§j§2a,ande(j):—1f0r2a<j§m.
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Consider the SOsn-bundle F := Wy ®@c Opr. We define the maximal isotropic
subspaces Uy, Ul ,U_, U’ of Wyn by
Uy :={f1,...,In} U_’,_ ={fnt1,...,fan}
U_:={f1,....fn_1,fon} U :={fni1,...,fan_1,fN}
To each point pl¥) we assign a maximal isotropic subspace UW) of F|p(j) so that

U is Uy for 1 < j <a, Ul for a < j <2a, U_ for 2a < j <m/2+a, and U’ for
m/2+a < j < m. Then the vector bundle

Ker | F — ®F|p<j)/U(j) @ wp (P)

Jj=1

is a direct sum of Op1(—1), so its HY is zero. This means that the pfaffian section
O does not vanish there.

It remains to show that the SOx-bundle F' comes from a Spin,y-bundle, but
this is clear because it is a trivial bundle. O

By the lemma, £* is an isomorphism. So we have a commutative diagram
A () -
(4.13) HO (MEer £(s5 X)) —=HO (ME £ K))
HO (M27‘7 E(é’X)) HO (MQS, E(T;X*)) B

1

\

where () is induced by T(’C'X)*,
T(C;X)*, that is, it is the map (2.4).

The map () is a reformulation of the strange duality map for parabolic sym-
plectic bundles in terms of Sp-bundles.

and the lower horizontal arrow is induced by

4.3. Strange duality is rank-level duality. In the previous section, when m
(the number of marked points) is even, we reformulated the strange duality for
parabolic symplectic bundles on (P'; ) in terms of parabolic Sp-bundles. In this
section we show that the reformulated strange duality map (f) in (4.13) is equal to
the rank-level duality map (3.12).

Proposition 4.2. Let (P*; P = (pM,...,p"™) be a pointed P*. Let AY) (1 <j <

m) be a Young diagram of type <(r,s). Assume that both m and > 7", |AD)| are
even. Then the following diagram is commutative.

(414)  HOME (3 Ba), £l K)Y — = HOMEy (75 Bau), £ K1)
Vb (75 R VPl (7 X,

where the lower horizontal arrow is (3.12), and the vertical arrows are (4.5).

By this proposition and the commutative diagram (4.13), we know that the
strange duality map (2.4) is an isomorphism if and only if the rank-level duality
map (3.12) is an isomorphism.

We denote by v the morphism

v QSpQr X QSP25 - QSpinm\r

induced by t : Sp,,. X Spy, — Spiny .
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For the proof of the proposition, we need the following lemma:

Lemma 4.3. For a Young diagram A of type <(r,s), we have a commutative (up
to scalar) diagram:
(4.15)

e~ HI *
HO (Sping,y /P11, O(1)) — = H(Sp,, /Bay, O(A)) ® HO(Spy,/ Bas, O(A¥))

l: i=

V(i1)\1\| Vi® Vg,

where the lower horizontal arrow is a nonzero (sp,, @ sPo,)-module homomorphism,
which is unique up to scalar by (3.7) or (3.8).

Proof. The non-trivial part is the surjectivity of u/,*. This follows from [A, Corol-
lary 3.3.2]. O

Before starting the proof of Proposition 4.2, we observe the following;:
By [Has, Theorem 2.4b (i) and Theorem 4.2], we have a (sp,, @ sp,,)-module
homomorphism

HEPor (05 5) © HP2 (0;7) — H™2N (0;1)

such that vg ® vg — vg. So we have a commutative diagram

(416) QSpZT X QSp25 z QSpinQN

| !

P (1P (0:5)) x P (HP2: (057) ) — P (M5 (0:1)),
where the right vertical arrow is defined by
QSpin,y = LSpingy/L*Spinyy 3 [g] = [g-vo] € P (H@ (0; 1)) ,

and the left vertical arrow is defined similarly.
This induces a commutative diagram

(4.17) HO(Qsp, . O(s)) ® HO(Qsp, , O(r)) < HO(Qspin, - O(1))

- ;

HP2r (0;5)* @ HP2:(0;7)* HEO2N (0;1)*

| o

(C(UQ ®U0)* — (C(Uo)*.

Now let us begin the proof of the proposition.
Proof of Proposition 4.2. The commutative diagram

SN — vxITL, W, ) —
(4.18) QLar (Byy) x QB4 (By,) ————= Qbar  (P)

Sping n

’ i
Tl R) —

— —
MEST (T Boy) x MES™ (35 Bay) ~——= MES (73 P.)
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induces a commutative diagram

(4.19)
H°(Qsy, , O(5)) H°(Qsy, , O(r)) " H°(Qspin,  O(1))
® @ ® e ®
;'n:lHO(SPQT/BQM O(A(]))) ®;’n:1HO(Sp2$/BQS7 O(A(j)*)) ®;‘H=1HO(Spin2s/Pe(j) ) O<1))

| |

HO(MPGT7£(S,X)) ®H0(MPGT,£(T,K)*)) HO(MPar L(I’E))7

Spa, Spas Sping

*

where (+*) is a tensor product of (¥) and y/,;,". By the commutative diagrams
(4.15) and (4.17), we have a commutative diagram

(4.20)
H(Qsp,, . O(s) H(Qs, . 00) ) H(Qspin,, . O(1)
® o ® ® —— ©
®;'n:1HO(Sp2r/B2T70(A(]))) ®T:1HO(Sp2$/32$7O(A(j)*)) ®;n:1HO(Spin2s/PE(j)’O<1))
HEPar (035)* HPae (0;7)" HE (0;1)"
® ® ® ®
Ry Vi QL1 Vs RV
HPar (055)" HPz (0;)" HEPz (0;)”
/i@ ® A® ®
®;,n=17-[spzr (A(j); s)* ®;n=17-{5p23 (A(j)*; r)* ®}VL:1H502N(6(.7); 1)*
C(vo)* C(vo)* C(vo)*
®  ® @ X
®YL HoP2r (AD); s)* UL HoP2s (A py* YL HEo2N (e9);1)*,

Combining the commutative diagrams (4.19) and (4.20), and tracing back the con-
struction of the isomorphism (4.5), we obtain the commutativity of the diagram
(4.14). 0

The following corollary claims that to see whether the rank-level duality map is
an isomorphism or not, we may add even number of points and label them by the
empty Young diagram:

Corollary 4.4. Let (P1; 7 = (pM,...,p"™)) and A= (AD, ... A be as in
Proposition 4.2.

Let pm+ . plm) € PN\ be an even number of points, and A1) . A(m)
be the empty Young diagrams. Put

— , N ,
P =W, p™M)) and A =AW, .. AT,
Then the rank-level duality map

—

Hflp”T(?;X)v _ V];PZST(?. A%

)

is an isomorphism if and only if

E VALY N e
Vpr 27 (p" s A)Y — Vi 2 (' A™)
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18 an isomorphism.

Proof. This is a consequence of Proposition 4.2 and Remark 2.10. O

5. KZ CONNECTION

In this section we recall the KZ connection on a family of conformal blocks. We
show that the rank-level duality map is compatible with the connections. This
implies that if the rank-level duality map is an isomorphism for a pointed P!, then
so is it for all pointed P!. In the non-parabolic case, this is proved in Belkale [Bel07].

We use the notation listed at the beginning of Section 3. Fix the level [.

5.1. KZ connection. For X € g, we put X(n) := X ® 2. The normal ordering
o ¢ is defined by

X(n)Y(m ifn<m
e X(n)Y(m)s =43 (X(n)Y(m)+Y(m)X(n)) ifn=m
Y (m)X(n) if n >m.
We put
R 1 dim g
8= ST (k)T (n — k)2,
G 2
where {J1,J? ...} is an orthonormal basis of g with respect to the normalized
Killing form.
Put
Bp i ={(21,...,2m) € A™ | z; # 2z }.
Let u be the affine coordinate of A! C P! = A U {c0}. Let
7n:P' x B,, — By,
be the projection, and p¥) be the section of 7 given by
B 3 (21,5 2m) = (25, (21, s 2m)) € P! x By,.
Put & := u — z;, then & vanishes along the section pl) with order one. If h is

a meromorphic function on a neighborhood of the section p) having poles only
along p@), then h can be expanded to a Laurent series with respect to &, which we
denote by t;(h) € Og,, ((&5))-

Let A = (AD) ... At™) € PP™ We can extend straightforwardly the defini-
tion of dual conformal blocks and conformal blocks for a fixed curve given in Section
3.1 to a family of curves, and we obtain a family of dual conformal blocks and a fam-
ily of conformal blocks, which we denote by Vi - /B (7; K) and V]P?ITX B (7; X)
respectively. These are vector bundles on B,,.

The KZ connection on the vector bundle Vg /B, (7; K)) is defined as follows.
First we define a connection on H(X) ®0p, = HAD) ¢ - @cH(A"™)@c Op,,
by

~ of

V% (1@ Qpm®f) =1 @ ® pm @ 2—
Bz aZj

+01® - ®LE 0;® @ pm® f.
Then by V¥, , the subsheaf (8@ O x B, \ 7)) H(N)® Op,, is mapped into

Oz,
J
itself. So we have a connection

~ — —
\v V]Pglem/Bm(?; A)— V]P?lem/Bm(?; A) ®og,, Qle.

This is a flat connection and is called the KZ connection ([KZ]).
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The dual connection of V9 on VnglTX By /B (7P X) is also denoted by V9.

5.2. Compatibility of the connections for (sp,, ®sp,,, 504,5). We can construct
the morphism (3.10) for the family 7 : P! x B,,, — B,, of m-pointed projective lines,
and obtain

1) VP (B K) ®oy, ViF

-
PLX By /Bm ;SB,,L/B,,,L(?; A*) — Vi, (P;7€).

P'X By /Bm
The source has the flat connection VP2r ®id+id®V57’;s, and the target has \VALET
Proposition 5.1. The morphism (5.1) is compatible with the connection.

Proof. Let
HoPar (As)® HoP2s (A7) — HEN (=) 1)
be a non-zero (@ @ sqa/;s)—m/o\dule homomorphism. By [Has, Proposition 4.1 (i)],
for Vo @ 6 € HP2r(A; s) ® H P25 (A*; 1), we have
L () @0+ @ L% (0) = LY (0 26).
Now the proposition follows from this equality and the definition of the KZ con-

nection. 0

Corollary 5.2. If the rank-level duality map (3.12) is an isomorphism for an m-
pointed Pt, then it is an isomorphism for any m-pointed P*.

Proof. Let
— —
(5:2) Vi (B A)Y ®op, VEH L (FE) - Vel g (B A7)

be the family of the rank-level duality map. Both the source and the target have
flat connections, and the map is compatible with the connections. If we locally take
flat frames of the vector bundles, the map (5.2) is expressed by a constant matrix.
Hence the rank of the map is constant over B,,. O

6. PROOF OF THE RANK-LEVEL DUALITY FOR (§pg,, 5pP,)

In this section we prove the following theorem. The proof is similar to that of
the rank-level duality for (sl,,sl;) in [NT].

Theorem 6.1. Let (P, = (p™M,...,p"™)) be an m-pointed P*, and A =
(AD ... A be an m-tuple of Young diagrams of type <(r,s). Assume that
both m and 27:1 |AU)| are even. Then the rank-level duality map

(61) V];lper(?; X)\/ N V]Pip%T(?; K*)
is an isomorphism.
First we start with the case m = 2.

Proposition 6.2. If m = 2, then the rank-level duality map (6.1) is an isomor-
phism.

Proof. When m = 2, the dimension of the conformal block is one if A(V* = A2
and zero otherwise. So we have only to prove that the rank-level duality map is
non-zero if AMW* = A By Proposition 4.2, it suffices to prove the corresponding
strange duality map is non-zero.

For this, in view of the definition of the strange duality map, we have only to
find a pair of parabolic symplectic bundles

(E, G) S MQT(IPla ?7 OC) X MQS(]P)la ?7 wpt (?))
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such that the canonical pfaffian section © does not vanish at the point T R)
Nyps(PL; wpr).
Let

(E,G) €

2r 2s
E:@Opl'ei and G:@Opl'gi.
i=1 i=1
The symplectic forms are given by

6.2) (e;,€;) = (€ryi,€ryj) =0, (e €r45) =6y 1< Z}j‘ <r
(8i,8j) = (8s+i:8s15) =0, (8i,8s15) =0;5 1<4,5<s
We put
e =e 1<i<2o, gM=g 1<i<2s
(6.3) e =e.yi e, =e; 1<i<y

g§2) = Bs+i» gii)z =fi 1<i<s.

For j = 1,2, we define the the filtrations of E|,; and G|, by

2r
Elyw =@ Ce; o< el ..ol 55 o<e ) >o<el!) >0

=1
(6.4) ;
Gl,o =P Cei o< g? gl so . ocg gl S50 gl S0,
i=1

Let E and G be the parabolic symplectic bundles with these parabolic structures.
Then the orthogonal bundle T(Pl_X)(E, G) becomes a direct sum of Op1(—1) (cf.
Figure 1 and 2), so it has no global sections.

€2
€4

X | X | *| %

€3

81 82 83 86 85 84

FIGURE 1. The isotropic subspace jipa) (Elye,Glym,) for
(r,8) = (2,3) and A = (2, 1).

* (3]

* * €9

* * * * €y

* * * * * €3

g1 82 83 86 85 84
FIGURE 2. The isotropic subspace jiye (Ely@e,Gly2,) for

(r,8) = (2,3) and A = (2,1).

This means that the canonical pfaffian section © does not vanish at

(PL;A) (Ea G)

Next we treat a special case with m = 4.
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Proposition 6.3. Let (P*, p = (p(), p) p®) p™))) be a 4-pointed P*, and A=

(A AP AG) AD)Y g 4-tuple of Young diagrams of type <(r,s) such that A®) =

(1>0>--->0) and AW = (0>0>--->0). Assume that ijl |A(j)| 1S even.
Then the map (6.1) is an isomorphism.

Proof. By Proposition 4.2, it suffices to prove that the corresponding strange duality
map is an isomorphism. By Remark 2.10, we may ignore the point p*. In this
case, by Proposition 3.5, the dimension of the target and the source of the duality
map is one if A is obtained from A by adding or deleting one box, and zero
otherwise. We may assume that A(®) is obtained from A by adding one box in
the a-th row from the top and in the b-th column from the left.

As in the proof of Proposition 6.2, we have only to find a pair of parabolic
symplectic bundles (E, G) on a 3-pointed P* such that the canonical pfaffian section

© does not vanish at the point T(PI;X)(E, G) € Nyps (Pt wpr).
Let

2r s 2s
E:®Opl'ei and G:@Oplgz@ @ Opl(l)gl
=1 i=1

1=s+1

(@)

[

()

The symplectic forms are given by (6.2), and for j = 1,2, e;”’ and g;”’ are defined

by (6.3). We put

(3) 3 (3) (3)
€] = €, el(z ) = €1, €.71 =€rta, €14 = €rt1,

e(.s):ei fOI' 'L'E{1,---a2r}\{17a’r+1’T+a}7

?

3 3 3
g =g 8% =guriin 8501, = 82 85 = gor1bs

g® =g for ic{l,...,25}\{s+1—b,s25+1—b2s}.

We define the the filtrations of El,;) and G|, by (6.4). If we let E and G be the
parabolic symplectic bundles with these parabolic structures, then the orthogonal

bundle T(Pl;/—\*)(E, G) becomes again a direct sum of Op1 (—1). O

In the next proposition we shall consider the m-pointed case where all the marked
points except two of them are labeled by the Young diagrams (0 > 0> --- > 0) or
(1>0>--->0),

Proposition 6.4. Let (P',p) and A be as in Theorem 6.1. Assume that, for
3 <Vj <m, AY is either (0>02>--->0) (i.e. the empty Young diagram) or
(1>0>--->0). Then the rank-level duality map (6.1) is an isomorphism.

Proof. By Corollary 4.4, we can add or delete points labeled by the empty Young
diagram. If A1) is the empty Young diagram for all 3 < j < m, then the proposition
follows from Proposition 6.2. We may assume that m > 4, and that for 3 < j <
m/2+1, A9 is (0>0>--->0),and for m/2+2<j<m, (1>0>--->0).
We proceed by induction on m.

If m = 4, then the proposition follows from Proposition 6.3. Let m > 6. We
make P! degenerate to an m-pointed nodal curve C; U Co with C; and Cs iso-
morphic to P! and intersecting transversely only one point u such that under the
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degeneration, the points p(1), p(3) p(m/2+2) on P! specialize to points on Cj, de-
noted also by p), p®) p(m/2+2) and the other marked points to points on Cs.

Cy

Put

o= W, p® pMm242y and 5 =T\ i
A= (AW, A® A2y and Ay = A\ A,

By induction hypothesis, for any Young diagram I’ of type < (r,s) with |T'| =
Zj’:l |AG)| (mod 2), the rank-level duality maps

— —

VEPr Y (57 U {uls Ay U{THY — VEPT (57 U () A U (D)),
— —

VEE (B3 U {ud; A U{THY — VERT (53 U {uds A" U {T7))

are isomorphisms.
By the compatibility of the rank-level duality and the factorization (Proposition
3.19), the rank-level duality map

port (= N Past (. A
Vélécz(?, A)v - VSI@CQ(?7 A7)
is an isomorphism. Since the property that the rank-level duality map is an iso-

morphism is an open property, the proposition holds for a generic m-pointed P!.
By Corollary 5.2, it holds for all m-pointed P*'. O

In the proof of Proposition 6.4, we derived the fact that the rank-level duality
on the generic fiber is an isomorphism from the fact that it is an isomorphism on
the special fiber. This was possible because the property that the morphism is an
isomorphism is an open property.

Contrarily, in (one of the steps in) the proof of Theorem 6.1, we shall show that
the rank-level duality map is an isomorphism on the special fiber by proving that it
is an isomorphism on the generic fiber. Roughly speaking, we shall argue as follows.
We consider a certain family C — T of pointed nodal curves with labels by Young
diagrams over a 2-dimensional scheme 7" with a point o € T. On T, we have the
family of rank-level duality maps

— —
VT R)Y = Ve (1A
between the families of conformal blocks. We prove that it is an isomorphism over
T\{o}. From this it follows that the rank-level duality map must be an isomorphism
over the point o as well, taking into account the fact that the family of conformal
blocks is a vector bundle on 7" by virtue of [TUY].

In the proof of Theorem 6.1 we need a family C — T of nodal curves of arithmetic
genus zero with sections ¢V, ..., ¢, +M . r® s 52 having the following
properties (#):

e For each t € T, the points qgl),...,qi“),rgl),...,rt(b),sgl),sf) € C; are

distinct smooth points.

e T is a variety of dimension 2. There are curves Dy and Dy on T with the
following properties.

e For each t € T\ (D1 U Dy), C; is smooth, i.e., isomorphic to P!.
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e For cach t € Dy \ Dy, C; = C; UC, with C; isomorphic to P!, ¢, s € ¢4
and () € Cy.
e For each t € Dy \ Dy, C; = C; Uy with C; isomorphic to P, ¢ e C; and
s ) e Cy.
e Foreacht € DiND,y, C; = C1UC,UCs with C; isomorphic to P!, CinC; #10
if and only if |i — j| <1, ¢ € Cy, s € Cy and () € Cs.
Such a family can be constructed explicitly by blowing up P! x A? suitably (cf.
Remark 6.5).
Now let us move on to the proof of Theorem 6.1.

Proof of Theorem 6.1. The first step is the most essential part of the proof.
Step 1. We prove the theorem when m = 4 and A® is the empty Young diagram.
Fix odd integers a and b with a > |[A()| and b > |[A®)|. Let

(c-Tg? (1 <j<a)r® (1) <b),50,52)

be a family of nodal curves of arithmetic genus zero and its sections having the
properties (#) above. We label the sections ¢, 7@ s by Young diagrams Ag),
Agf), Agl) of type <(r, s) as follows:

i (1>20>--->
A§)={ N

) for1<i< |A(1)|
(0=0>--->0)

for [A\M| <i < a,

A —

(a

(1>0>--->0) forl1<i<|A®)]
(0>0>--->0) for [A®|<i<b,
A =A® and AD =AW (=(0>-.->0)).

On T, we have a family of rank-level duality maps

p Ve (TUTUF A UA UA)Y = Vi (G U7 UF A UL UAL).
For each t € T'\ (D1 U Ds), C; is smooth, hence p; is an isomorphism by Proposition
6.4. For t € Dy \ D2, we have C; = C U Cy with ¢, s e ¢y and r® e Cy. Put
{u} := C; N Cy, and let T be a Young diagram of type <(r,s) with || = |A®)|
(mod 2). Then for both pointed nodal curves with labeling by Young diagrams

(CnTUF UukA UK U{TY) and  (Co T U{uh AT UATY),

the rank-level duality maps are isomorphisms by Proposition 6.4. From this and the
compatibility of the rank-level duality map and the factorization, it follows that p;
is an isomorphism. Likewise for ¢t € Do\ D1, p; is an isomorphism. Then p must be
an isomorphism because p is an isomorphism outside of the codimension 2 subset
DN Dy and the families of conformal blocks are vector bundles by virtue of [TUY].

For t € Dy N Dy, we have C; = C; U Cy U C3 with ¢ e €y, s) e Cy and
r) € C3. Put {u} := C; N Cy and {u'} := Cy N C3. The rank-level duality map
pt s, by the factorization, a direct sum of tensor products of the rank-level duality
maps

(6.5) VSR (q U {ul Ay U{TYHY = VET (T U {u}; A" U (T,
(6.6) VEPr'(F U {u,u'}; AL UL, T — VEPT(F U {u, w1 A7 U (T, 1Y),
(6.7) Veb (7 U ') AU - VEP T (7 U {u') A U{D7),

where T’ and T” are Young diagrams of type <(r,s) such that |T'| = |[AM)| (mod 2)
and |I'| = |[A®)| (mod 2). Since p; is an isomorphism, each direct summand, the
tensor product of the above three rank-level duality maps, is an isomorphism. In
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particular, take I' = A and T" = A(®). Then conformal blocks appearing in (6.5)
and (6.7) are nonzero. (This follows from Proposition 3.5 using the fusion rule of
dimensions of conformal blocks.) Hence the map (6.6) must be an isomorphism.
Step 2. We prove the theorem when m = 4.

Take extra points p(®), p(®) € P! \ 7 and label them by the empty Young diagram.
We make P! degenerate to a nodal curve C; U Cy with C; isomorphic to P' such
that the points p(), p@ p®) on P! specialize to points on Cy, and p®, p®, p(®) on
P! to points on Cy. By abuse of notation, the specialization of the point p(*) e P!
to Cy U Cy is also denote by p(). Put {u} := C; N Cy.

By Step 1, for a Young diagram I of type <(r,s) with [I'| = >_,_, , |AD| (mod 2),
the rank-level duality maps for the 4-pointed P! with labeling by Young diagrams

(€1 (0D, 92, ), w); (AD, AP, 0,T) ),
(02; (@, p@ p©® u); (A® AD g, F))
are isomorphisms. hence again by Proposition 3.19, the rank-level duality map for
(Cruc T up®,p @)K u 0.0}
is an isomorphism. So the rank-level duality map for
(P57 U B, 0O} X U{0,0})

is an isomorphism if (P*; 7 U{p®), p(®)}) is generic. By Corollary 4.4, the rank-level
duality map for a generic 4-pointed P! is an isomorphism. By Corollary 5.2, it is
an isomorphism for all 4-pointed P!.

Step 3. The general case follows again by degeneration method and induction
on m. Make (P'; ) degenerate to a pointed nodal curve (C; U Cy; p') with C;
isomorphic to P* such that p(M),p® p3) e ¢} and p\¥) € C; for 4 < j < m. Then
argue as in Step 2. O

Remark 6.5. We remark that a family C — T of nodal curves of arithmetic
genus zero together with sections ¢V, ... ¢ M . r® 1) §2) having the
properties (#) can be constructed explicitly by blowing up P! x A? suitably.

Let pr : P! x A2 — A? be the second projection. Let (z1,29) be the affine
coordinate of A2, u be the affine coordinate of Al ¢ P! = AlU{oc}. Put v/ = u—1.
Let {aq,...,aq}, {f1,..., 0} and {71,72} be sets of distinct complex numbers with
~vi # 0,1 for i = 1,2. We define closed subschemes of P! x A% by

Li:u=2z =0, Lo:u =2 =0,
39w = a2, FO s u = Bz, 59y = ;.

Let bl : B — P! x A? be the blowing-up along the subscheme L; Ul Ly. Let
¢, r® s be the strict transforms in B of ¢,7®, 5%, We denote by 7 the
composite pr o bl : B — A2. Then over the origin o € T, ¢, 7" () give distinct
smooth points of the fiber. Take a Zariski open neighborhood o € T' C A? small
enough that for each t € T, 9, r(®, s() give distinct smooth points of the fiber By.
If we let D; := {z; = 0} C T, then the family C := 7~ !(T) — T has the properties
(#).
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