On L-functions over function fields:

Power-means of error-terms and distribution of L’/L-values

Yasutaka Ihara and Kohji Matsumoto!

1 Introduction

1.1 - Let K be a function field of one variable over a finite field F,. For a non-principal
Dirichlet character xy on K, consider the L-function L(s,x) and the partial L-function
Lp(s,x) associated to each finite set P of primes of K. Consider the differences

Fols.0) = S(s,0) — 72(s:X) (5 (s, x) == T2, ete.)
on Re(s) > 1/2. If P = P, = {p; N(p) < y} and y — oo, we know that each of
Ip(s,x), fp(s, x) tends to 0. But unless Re(s) > 1, the convergence (say, for each fixed s)
cannot be expected to be uniform in y. The speed of convergence should depend on the
size of the norm of the conductor of x. We shall prove that, nevertheless, for each case of
gp = fp or fp and for each positive integer k, the average

(1.1.1) {fp(s’ x) = log L(s, x) — log Lp(s, x) (log : asuitable branch)

(1.1.2) AVE, (moanlgr, (5, )%
tends to 0 as y +— oo uniformly with respect to integral ideals f and s € C such that
Re(s) > 1/2 + € (Theorem A, §2.2). Here, x runs over the (suitably normalized) non-
principal characters mod f. The proof is based on the ideas and techniques used in [3]
applied to the situation of the function field case.

As an application (of the case of f(s, x)), we shall give a sharpened version of Theorem
7 of [1], to the effect that the function M, (z) constructed there is, in fact, the density
function for the distribution of values of {L'(s, x)/L(s,x)}y in a strong sense. Here,
s € C is fixed with o = Re(s), and x runs over a suitably normalized family of Dirichlet
characters on K with prime conductors. The only conditions for ¢ is, now, o > 1/2
(instead of o > 3/4 as was in [1]). Also, the "too narrow” assumption in Theorem 7 (i)
for the test functions ® is now considerably loosened (Theorem B in §2.3).

An application of the case of fp(s, x) to the study of distribution of values of {log L(s, x) }
(including some number field cases) is in progress and left to future publications.

1Y Thara, (P.E.) RIMS, Kyoto University, Kyoto 606-8502, Japan; ihara@kurims.kyoto-u.ac.jp

K.Matsumoto, Graduate School of Mathematics, Nagoya University, Chikusa-ku, Nagoya 464-8602,
Japan; kohjimat@math.nagoya-u.ac.jp




2 The main results

2.1 — Preliminaries. The basic notations are as follows.

K : a function field of one variable over a finite field F,
Poo : a prime divisor of K.

These are fixed once and for all. The Landau and the Vinogradov symbols O and <
will usually depend on K and p,, but these dependences will be suppressed from the
notations.

f : an integral divisor # (1) on K which is coprime with p,

It : the group of divisors of K coprime with f,

G = It/ (poo){(); & = 1(mod £)},
where (p..) denotes the subgroup of Iy generated by p.., and («) for each « € K* denotes
the principal divisor generated by .

ig : Iy — Gy the projection,

Gy : the character group of G¢, with the unit element Y.

A word about the role of the “infinite prime divisor” p... Recall that the principal
divisors are all contained in the kernel of the degree-homomorphism ¢ +— Z which is
surjective; hence we must divide I¢, not only by {(«)} but also by a cyclic subgroup
generated by an element of degree > 0 such as p.,, to make the quotient finite. In
terms of classfield theory, this corresponds to that the maximal abelian extension of K
with conductor f is infinite because it contains all the constant field extensions but if we
impose that a given prime p., should decompose completely, then the extension will be
finite, with the Galois group Gp.

For each y € G¢ and an integral divisor D on K, we define x(D) = x(ig(D)) if
(D,f) =1, and x(D) = 0 otherwise. In particular, we have x(po) = 1, and x(p) = 0 for
all p| f. We shall consider Dirichlet L-functions associated with each x € Gy. A few words
to explain our choice of notations. First, since L-functions with imprimitive characters
will also be treated, we shall include f inside the symbols in order to indicate the precise
modulus. Secondly, mainly for the sake of compatibility of notations with those of [1]
(related to Theorem B), we shall use the basic L-symbols for L-functions without the pu.-
factor (1 — N(pso)™*)~L. (As regards Theorem A, our concern is solely on the “difference”
between the local and the global L-functions, so it does not matter whether we include
or exclude one particular Euler factor from local or global L-functions, as long as we do
it simultaneously. We shall exclude the p.-factor from both.) Thus, we define, for each
X € Gfi

(2.1.1) L(s, ., £) = J] 1 =x(p)N(p) ™),

pFPoo



which converges absolutely on Re(s) > 1 and extends to a meromorphic function on
C. Let £, denote the conductor of x, and x* the primitive character mod f, associated
with x. Then L(s, x,f) is obtained from L(s, x*,f,) by multiplying the product of (1 —
X (p)N(p)~*) over those prime factors p of f that do not divide f,. And by A. Weil [5], if
X is primitive and x # xo, then L(s, x,f,)(1 — N(poo)™*) "' is a polynomial of u = ¢~* of
degree 2g — 2 + deg £, whose reciprocal roots have absolute values ¢'/?. From these, it is
clear that our L(s, x,f) (x € Gt \ o) is an entire function of s having zeros only on the
vertical lines Re(s) = 1/2 and Re(s) = 0. In any case, it is holomorphic and non-vanishing
on Re(s) > 1/2. Finally, our choice of the branch of log L(s, x, f) on Re(s) > 1/2 will be
the unique holomorphic branch that tends to 0 when Re(s) — +oo.
For any positive integral power y of ¢, set

(2.1.2) P = P, = {p : primedivisors # p,onK, N(p) <y},
and for each x € Gy, define the local L-function by

(2.1.3) Lp(s,x,£) = [ [(1 = x(p)N(p) ™).

pepP

This is holomorphic and non-vanishing on Re(s) > 0, and we define its logarithm by

(2.1.4) log Lp(s, x, £) = = "log(1 — x(p)N(p)~*),

pepP

where the branch of log in each summand is chosen to be the principal branch.

We shall consider the differences between the global and the local functions

f(37Xaf7 y) = 10gL<37X7f) - IOngy(S,X,f),
(2.1.5) / . v,
f (S7X7f7y) = 7(87X7f) - LPZ ($7X7f)7

for Re(s) > 1/2, and write as

f'(s,x:£,9) (Case1),

2.1.6 Xt y) = s
(2.1.6) s by {f(s,x7f7y)=foof’(saxaf»y)d8 (Case2),

where the last integral is along the horizontal line from +o0o to s (the initial point is +o0,
because of our choice of the branches of log L(s, x, f) and log Lp, (s, x,f)). In each case,
g(s, x,f,y) is a holomorphic function of s on Re(s) > 1/2. First let us pay attention to
the following elementary estimations.



Proposition 2.1.7 Let € > 0. Then
(i) For o =Re(s) > 1/2+¢,

(log N (£))y'/*~ (Casel),

XE )| <
(s, x: £,9)] {(logN(f))yl/Q_”/logy (Case?2).

(ii) For o = Re(s) > 1+,

l1—0c
y (Casel),

, ,f, < _
\9(8 X y)\ {yl ”/logy (CaseQ),

independently of £ and .

The proof will be given in §3.2. Thus, lim,_.« (s, x, f,y) = 0 holds in each case, but
the uniformity of convergence with respect to the conductor f is known only for ¢ > 1.
(In fact, as an application of our second main result Theorem B, we can actually prove in
Case 1 that the convergence is not uniform in x when o < 1; see Corollary 2.3.4 below.)
Our first main result asserts that the average of powers of |g(s, x,f,y)| over non-trivial
characters modulo f converges to 0 uniformly, i.e., independently of f, and also of those
s with o = Re(s) > 1/2 +e.

2.2 — The first main result.

We shall fix 0 < € < 1/2, and a positive integer k& € N. Consider only such s € C that
satisfies

1
(2.2.1) 5 Te < o = Re(s).

Hereafter, the symbols < and O will depend only on € and & (in addition to K, po).
Note that

1+e¢
2

(2.2.2) o< —g <0.

Theorem A  For any integral divisor f # (1) of K with (f,p.) = 1, any y which is a
positive integral power of q, and for any s € C with o = Re(s) > 1/2 + ¢, we have

(2.2.3) A (s, £ )| " <y Fo log y (Casel),
2. vg. o lg(s, x, £, 2
SxeGe 1915 Xo 1, Y Y 1 (Case?2),

X7X0
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where Avg denotes the average over x € G \ {xo}, and < depends only on k, e. In
particular, this average tends to 0 as y — oo uniformly in £ on Re(s) > 1/2 + .

Remarks 2.2.4 (i) Since

aj +---al 1/q< a4+ -ap \VP
n - n

holds for any aj,---a, > 0 and p > ¢ > 0, it follows that the exponent £k in the above
theorem may be replaced by any positive real number.

(ii) It is unlikely that the implicit constant in (2.2.3) can be chosen to be independent
of k. If it were so, then (since the left hand side of (2.2.3) tends to

Max, c¢19(s, X £,9)]
XFX0

as k +— 00), one would obtain the uniformity of convergence g(s, x,f,y) — 0 without
averaging over Y.

(iii)) When f is a prime divisor, we may replace x € G, X # Xo in Theorem A by
X € Gr, f, = f. This can be checked easily by using the arguments in §3.6.

2.3 — The second main result.

By applying Theorem A for Case 1, we shall give a substantial improvement of The-
orem 7 of [1]§6.1. Namely, let K and p., be as above, with an additional assumption
deg(pso) = 1. Let M,(2), M,(z) (¢ > 1/2, z € C) be the associated ”M-function” and its
Fourier dual, constructed in [1]. Let f run over the prime divisors # p, of K, and for each
f, let x run over the Dirichlet characters on K with conductor f satisfying x(ps) = 1.
In other words, x runs over Gy \ G(l). (In [1], such a family of characters was called the
?Case A family” in the function field case.) For each such x, we write L(s, x) = L(s, x, f)
(and later, also Lp(s,x) = Lp(s, x,f) for P = P,) * Define the weighted average Avg,,
as in [1]§4.1. In this paper, we shall prove the following:

Theorem B The notations being as above, let s € C be such that o = Re(s) > 1/2.
Then the equality

23.1) aved (600) = [ Ml

2In [1], we used a less traditional notation and wrote as L(x, s), Lp(X, s).
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holds for any continuous function ® on C with at most polynomial growth. In particular,
the case ®(w) = 1, (w) = exp(iRe(zw)) gives

(2.3.2) Avg, Y. (%(S,x)) = M,(2)

for any 0 > 1/2 and z € C. Finally, the equality (2.3.1) holds also when ® is the
characteristic function of either a compact subset of C or the complement of such a
subset.

Remarks 2.3.3 (i) In [1]§6 Theorem 7, our assumptions on ¢ and ¢ were both more
restrictive. The present improvement is in a sense along the line suggested in loc.cit.
Remark 6.5.20. But it went beyond this; we shall not even need Fourier analysis developed
in loc.cit. Chap. 5. With Theorem A at hand, it suffices to continue the naive argument
of loc.cit. Chap. 4. We should add, however, that this stronger argument works only
in the function field case where we can use the Weil Riemann Hypothesis for function
fields. Another point to be added is that the result of [1]Theorem 7(iii), which dealt with
a special case ®(2) = z%2° (for o > 1/2), will be needed as a basis of the proof of the
present Theorem B.

(ii)) Theorem B does not hold when ® is the characteristic function of an arbitrary
measurable subset A of C. Indeed, for each fixed s, the set {L'/L(s, x)}, is countable,
and if we take as ® the characteristic function of this set, then the left hand side of (2.3.1)
is 1 while the right hand side is 0.

Corollary 2.3.4 Fiz s € C such that 1/2 < Re(s) < 1. Then (i) the point set

(2.3.5) {%(3=X)}x

is everywhere dense in C; (ii) the convergence

L L
o0 = Tl =)

(2.3.6) -

s mot uniform in x.

Proof (i) By Theorem B, it suffices to show that when 1/2 < o = Re(s) <1,

(2.3.7) / M, (2)|dz| > 0
|o—zol<r



holds for any zg € C and r > 0, or equivalently, that the spectrum of the measure
M,(z)|dz| is the whole complex plane.? Now, with the notations of [1]§2, M, p, (z) con-
verges to M,(z); hence the general argument in [2] Theorem 3 shows that this spectrum
is equal to the set-theoretic limit of the spectrum of M, p,(2)|dz|. By [1]§2.1, the latter
consists of all those points of C that can be expressed as a sum over p € P, of points on
the circle |z — ¢, p| = 4, where ¢, , = —(log N(p))/(N(p)* — 1) and r,, = N(p)7|copl-
Since ) 75, = 00 for 0 <1 (and 3, ¢yp < 00 for o > 1/2), this limit set must be the
whole complex plane. This settles the proof of (i).

(ii) In particular, |L'/L(s, x)| is unbounded. But since [L, /Lp, (s, x)| for each fixed
y (and s) is bounded, the difference

Ly I
’LPy (57X) - Z(S7X)|
is unbounded. In particular, the convergence (2.3.6) cannot be uniform in . O

3 Proof of Theorem A

3.1 — The integral expression. Let y € G\ {xo} and y = ¢" (m € N). Recall
that g(s, x,f,y) denotes either one of

, L Lp,
(3.1.1) fis,x, fy) = f(s,x,f) ~In (s,x,f) (Case 1),
(3.1.2) f(s,x.£,y) =log L(s, x,f) —log Lp,(s, x, f) (Case?2).

In each case, g(s, x, f,y) is a holomorphic function on Re(s) > 1/2. And being a function
of ¢7*, it is vertically periodic.

Now, when Re(s) > 1, we obtain directly from the absolutely convergent Euler prod-
uct expansions (2.1.1) for L(s, x,f) and (2.1.3) for Lp, (s, x,f) (and from our choice of
the branches of their logarithms), the following absolutely convergent Dirichlet series

expansions; first,
fexfy) = x(p')

N(p)>y, p#hoo N ()
r>1
and then, by differentiation,
—x(p") log N(p)
fl(s,x.fy) = :
( ) Z N(pr)s

N(p)>y, p#Poo
r>1

3We can actually show, by the same argument as in [2](Remark after Theorem 9), a slightly stronger
result that when 1/2 < o < 1, the support of M,(z) is also the whole complex plane. But this is not
needed here.



Rewrite these expansions in the form
(3.1.3) (s.x. £,y Zx N(D)™  (Re(s) > 1),
where D runs only over the integral divisors # (1) of K such that (D,f) = 1, and

or XS i

when D is of the form D = p" (p # poo, N(p) >y, r > 1), and a(D,y) = 0 otherwise.
Note that

(3.1.5) a(D,y) =0 (if N(D) <vy).
Note also that the series (3.1.3) is absolutely convergent on Re(s) > 1, while if we collect

all terms with the same norm N(D), the series thus obtained, which is a power series of
q~*°, is absolutely convergent on Re(s) > 1/2, being holomorphic on |¢~*| < ¢~ /2.

Now let X > 1 be a real parameter to be fixed later.

Proposition 3.1.6 (i) On the domain Re(s) > 1/2 + €, one can express g(s,x,f,y) as
the difference

(3.1.7) g(s,x,f,y) = Int, — Int_

of two holomorphic functions

1

(318) ]nt-i- - ITLt+(S X’f7y7X) _/ F(w)g(s + w?X7f7y>dew)
2 Re(w)=

where ¢ is any positive real number satisfying ¢ > Max(0,1 — o), and

1
(3.1.9) Int_ =1Int_(s,x,f,y,X) = —/ C(w)g(s +w, x, f,y) X dw.
2m Re(w)=—¢/2

(ii) Inty has a Dirichlet series expansion

N(D)

(3.1.10) Int, = ZX a(D,y) exp(— <T)N(D)‘S

over the integral ideals D, which is absolutely convergent for any x € Ge and any s € C.
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Proof First, we claim that

1
(3111) g(&Xafay) = _/ F(w)g(8+w7X7f7y)dew>
B

2

where B is the positively oriented rectangle bordering
(3.1.12) —€/2 < Re(w) <, Im(w)| <T

(T > 0). This is clear, because the integrand is holomorphic in w on (3.1.12) except for
a simple pole at w = 0 with the residue g(s, x, f,y). (In fact, since € < 1/2, the only pole
of I'(w) on (3.1.12) is w = 0, and since Re(s +w) > Re(s) —€/2 > 1/2 +¢€/2 > 1/2,
g(s +w, x, f,y) is holomorphic on (3.1.12).)

To prove (i), let us estimate the integrand on —e/2 < Re(w) < ¢; [Im(w)| > T'. First,
| X% < X¢ (because X > 1); secondly, g(s + w, x,f,y) is holomorphic and vertically
periodic, hence bounded; thirdly,

I (w)] < [Tm(w)|~/2 exp(—F |m(w)))

for |Im(w)| > 1. Now (i) follows directly from these by letting 7" — oo in (3.1.11).
(ii) By (3.1.3), the Dirichlet series expansion

(3.1.13) g(s +w,x.f.y) =Y x(D)a(D,y)N(D) ™"

is absolutely convergent on Re(w) = ¢, and the convergence is uniform with respect to
Im(w) (note here that o + ¢ > 1). Therefore,

(3.1.14) Int, = QL I'(w) (Z X(D)a(D,y)N(D)_s‘w> X"dw
T JRe(w)=c D
— ZX(D)a(D,y)N(D)_S <2Lm/a( ~ r(w)N(D)—wadw>.
But since
(3.1.15) = F(w)a "du =e™* (a, ¢ > 0),

2mi Re(u)=c

we obtain the desired Dirichlet series expansion (3.1.10). Because of the exponential
factor, this converges absolutely for any s € C and any x € G¢. This can be seen easily
by noting that a(D,y) < log N(D), and that the number of D with N(D) = ¢" is < ¢"
(cf. §3.7). 0



We are going to estimate

AVgXEGf ’g(S, X f7 y) ‘2k
X#X0
by estimating each of
k k
AVgXEGf’[TLt—P ) Avgxeéf‘jnt+|2 .
X#X0 X#X0

As for the former, in our function field case where the Weil Riemann Hypothesis is valid,
we do not need to average over x but a direct estimation of |Int_| for each x by using
Proposition 2.1.7(i) will suffice. As for the latter, we shall use Proposition 3.1.6(ii) and
the orthogonality relation for characters.

As for the choice of the parameter X, the larger (resp. smaller) the better as regards
the estimation of the former (resp. the latter). The choice X = N(f)?, with 8 > 0 will
suffice for the former, and with 5 < 1/2k for the latter, as we shall see.

3.2 — Estimation of |[Int_|. In what follows, we shall write
logy (Case 1),

3.2.1 l(y) =

( ) (v) {1 (Case 2).

Lemma 3.2.2 Let 0 = Re(s) > 1/2+¢€. Then

(3.2.3) [Int_| < X~*(log N(£))y' =~ (logy) “6(y).

Proof By definition,

1
(3.2.4) Int_. = — F(w)g(s +w, x, f,y) X dw.

2m Re(w)=—¢/2

But when Re(w) = —¢/2,

exp(—7|Im(w)]) (Im(w)| = 1),
(3.2.5) [(w) < {1 (|Im(w)| < 1).
Hence
3.2.6 I'(w)|dw 1.
(3:26) Lo Tl <

10



As for g(s +w, x, f,y), since Re(s + w) =0 —€/2 (> (1 +€)/2), by Proposition 2.1.7 (i)
(to be proved below) we have

e, -
(3.2.7) l9(s +w, x, f,y)| < (log N(£))y = 7 (logy) " £(y).
So, Lemma 3.2.2 is reduced to Proposition 2.1.7 (i).

Proof of Proposition 2.1.7 (i) (Case 1) Let x* € Gfx be the primitive character
associated with x. By [1] Lemma 6.5.2, we have

(3.2.8) (s )" B )| < (log N(£) + 1)y < (log N (£))y"/* 7.

(In fact, when N(ps) < y, the left hand side of [1](6.5.4) is equal to that of (3.2.8).
When N (ps) > y, their difference is < (log N(poo)) N (Poo) 7 < N(Poo) 7 <y 7.) So, it
suffices to prove that the difference |f'(s, x,f,y) — f'(s, x*, £y, y)| is also bounded by the
quantity on the right most side of (3.2.8). But by definition,

(329 Pl fin) = s o) = 30 AT
et X*(p)
N(p)>y

(Primarily, this equality is for Re(s) > 1, but the right hand side being a finite sum and
hence holomorphic on Re(s) > 0, this must hold on Re(s) > 1/2.) Therefore,

log N
(s fy) = s xS Eay)l <> = (p)1<< > NmY

N
plf, 1fy (p) plE,N(p)>y
N(p)>y
<y 1< (log N(£))y'/*

plf

the last < being by e.g. [1] Sublemma 3.10.5. This settles Case 1.
(Case 2) This case follows directly from Case 1 by integration. In fact,

(3.2.10) f(s,x.f,9) /f s, x.f,y)d / f'(s +u,x.f,y)du;

hence

(log N(f))y'/*—
logy

Y

(s Eay)] < / (s, x, £, ) du < (log N(£))y/2~7 / Y =
0 0

as desired.
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(ii)(Case 1) For o > 1+,

log N (p) /°° _ y' =7 _

/! f < - Ud - € i

’f(87X7 73/)‘_ : : N(p)a_1<< y y 0'—1<< Y ’
N(p)>y Y

as desired. (As for the justification of the estimation using the integral, which is standard
in the number field case but may not be so in the function field case, use §3.7(3.7.9).)
(Case 2) This follows from Case 1 in the same manner as in (i). O

3.3 — Estimation of Avg|Int |*.
We are going to prove the following

Lemma 3.3.1 Let o = Re(s) > 1/2+¢€. Then

(3.3.2) Avgxeéf|fnt+|2k < ((qy)(lf%)k + (log N(f))N(f)*ly*%”X%) ((y)?*.

XFX0
This proof will be carried through in §3.3-3.6. First, recall (Proposition 3.1.6 (ii)):

(3.3.3) Inty = Int, (s, x,f,y, X ZX a(D,y) exp(—

which is absolutely convergent for any y € G and any s € C. Define Int+(§, X, f,y, X)
also for x = xo by this series. First, let us consider the average over all y € Gy including
Xo- Then the orthogonality relation for characters gives directly:

(334) S = AVgXeG |Int+(8 X5 7y7 |2k Z| Z Ak‘ D y ) |27
ceGe (D,f)=1
ig(D)=c
where

(335)  AwD,y)= > a(Diy)--a(Dy,y)exp

D=D;---Dy,

(_N(Dl) + ~+N(Dk)) .

X

Sublemma 3.3.6 Put

(33.7) a(D,y) = > Ja(D1,y) - Dy,y)|-

D=D; Dy,

12



Then

(i)

1/k
(3.3.8) |Ak(D,y)| < ax(D,y) exp (—%) .
(ii) ax(D,y) = 0 if N(D) < (qy)*, and for general D,
0 k ase
(3:3.9) a(D,y) < {(11 s ((((jjase 12))7

Proof (i) Since the arithmetic mean is no less than the geometric mean, we have
S N(D;) > EN(D)'*: hence (i) is obvious.

(ii) The first statement is because if N(D) < (qy)* and D = D;...Dy, then N (D;) < qy
for at least one 4, but since y is an integral power of ¢ this means N(D;) < y; hence
a(D;,y) = 0 by (3.1.5). The inequality (3.3.9) for Case 1 is given in [1] §3.8. In Case
2, let D = H?:lpz” be the prime factorization. We may assume that A < k and that
N(p;) > y for all i, for otherwise ay(D,y) = 0. Then, by definition, ax(D,y) is nothing

but the coefficient of H?Zl x;" in the power series

(3.3.10) (= > _log(1 — )

on h independent variables z1, ..., z,. Since k is fixed, the number of possible values of h
is limited. So, it suffices to see that for each k > 1 the coefficients in the power series

(3.3.11) DIESL

are bounded. But since

n—1
L2 2
> () 1255 pt < —(logn+1),
p=1

(as is shown in [4]?) it follows directly by induction on k > 1 that the coefficient of 2™ in
(3.3.11) is < (2logn +2)*1/n <, 1. O

“4Incidentally, or rather, accidentally, the same inequality was used in [4] for a different purpose.
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Now rewrite (3.3.4) as

(3.3.12) S=>"

ceGy

> ADyND) T+ Y AD.y)N(D)
ig(D)=c ig(D)=c
N(D)<N(£) N(D)>N(f)

Here and in what follows, in order to simplify indications under the summation sign,
we shall omit writing (D,f) = 1 when the other conditions include “ig(D) = ¢”. The
former is considered automatic under the latter. Now, in (3.3.12), the first inner sum over
{D; i¢(D) = ¢,N(D) < N(f)} has at most one term Ag(D.,y)N(D.)~® by Proposition
3.3.16(ii) below. Here, when such a term exists for a given class ¢ (¢: small in the sense of
[1]86.8), D. denotes the unique integral divisor satisfying i¢(D.) = ¢ and N(D.) < N(f).
This gives

(3.3.13) S <2(8 + S2),

with

(3.3.14) Si= Y [A(Dey)’N(D) ™ = > |A(D,y)PN(D)™,
c: small N(D)<N(f)

(3.3.15) So=> (> [A(D,y)|N(D) )
ceGs  ig(D)=c
N(D)=N(f)

We shall estimate Sy, Sy separately, using Sublemma 3.3.6 and the following

Proposition 3.3.16 Let n be any positive integer. Then:

(i) The number of integral divisors D of K with N(D) < ¢" is Ok (q").

(ii) Let ¢ be any fived element of Gg. Then the number of integral divisors D satisfying
N(D) = q" and ig(D) = ¢ cannot exceed Max(1,¢q"**/N(f)). In particular, when q" <
N(f), there is at most one such divisor D.

Proof (i) is well-known; see §3.7.

(ii) Suppose that ¢ contains at least one such divisor Dy. Then any integral divisor
D satistying N(D) = ¢" and i¢(D) = ¢ must be of the form («)Dy, with some a € K*
satisfying the congruence o = 1 (mod f). (Since DDy ' has norm 1, its (p..)-component
is trivial.) Such an element « is uniquely determined by its divisor and hence by D,
because the group of units in K is F* and hence the only unit congruent to 1 (mod f)
is 1. Put f = a — 1, so that () = f. The integrality condition for D in terms of «
is () = Dy*, which is equivalent to (3) = Dy*, because Dy is integral. Therefore, the
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condition for D is (3) = fDy'. But such 8 form a linear space over F, of dimension at
most Max(0, degDy — degf + 1) (cf. e.g. [5] p.7, Prop. 4). O

We shall also need the following formula for the cardinality of Gfy:

e MO T (1 L
(3.3.17) (Gl = deg(poo) = H (1 N(lﬂ))

(hg: the class number of K), and its consequence

N(f)

(3.3.18) g N

< |Gs| < N(£).

(As regards (3.3.17), the product of the first two factors on the right hand side gives the
index of the subgroup of Gt represented by principal divisors, and the rest gives the index
of the multiplicative group F(a = 1(modf)) in the group of all elements of K> that
are coprime with f. As for the estimations (3.3.18), the second < is obvious, because we
have fixed K and p..; the first follows from the estimation

(3.3.19) 11 (1 - ﬁy < logy,

N(p)<y

which is standard at least in the number field case (see (3.7.6) below)).
3.4 — Estimations of 5;, S.

Estimation of S;. By the definition of S; and by Sublemma 3.3.6, we obtain a
simplified bound

(3.4.1) S1 <) an(D,y)*N(D)™™,

irrelevant of N(f) and X. (This may look “too rough”, because what characterized the
partial sum S; was the condition N(D) < N(f). But once we have used the strong “at
most one term” property mentioned above, what remains is only to drop the condition
N(D) < N(f) in order to obtain an estimation independent of f. Also, X is irrelevant
here. We only use exp(—kN(D)Y*/X) < 1 to derive |A,(D,y)| < ax(D,y).) Therefore,
by putting N (D) = ¢" and using Proposition 3.3.16(i) and Sublemma 3.3.6 (ii), we obtain

(342) Sl <<k Z gikqu*ZO)n,

q">(qy)*
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where £, =n (Case 1), =1 (Case 2). From this follows easily that
(3.4.3) St e (qy) 20 (y)*
Indeed, if we write (qy)* = ¢", the right hand side of (3.4.2) is

&) 00
g%fq(lfQU)N Z<£N+i/£N)2kq(172o)i < g?\l;q(lfmf)N Z(l + Z-)qufQGi <. €<y)2k<qy)(1f2a)k.
=0 =0

Estimation of S;. We shall first estimate the quantity

(3.4.4) Se=" > |AD,y)IND)

ig(D)=c
N(D)=N(f)

for each ¢ € Gg. If we write N(D) = ¢, then Ai(D,y) = 0 for ¢" < (qy)*, and
|Ar(D,y)| < (F exp(—kq™'*/X) for any n, by Sublemma 3.3.6. By Proposition 3.3.16(ii),
the number of D satisfying both N (D) = ¢™ and i¢(D) = ¢ is < ¢"/N(f). Therefore,

(3.4.5) S < N(f) 'Y,
where
(3.4.6) S = Z q"F exp(—kq"* /X )g
q*=(qy)*
< D (q" =" g exp(—kg* /X)L
q">(qy)*

< Y / = exp(—kt'/* ) X)e(t)*dt
< / 7 exp(— ke X)0(0)

where, as before, {(t) =logt (Case 1), = 1 (Case 2). Now we shall show that

(3.4.7) o) <y (y)* (t > y").

In Case 2 where () = 1, this is obvious. In Case 1 where ((t) = logt, the derivative of
t=90(t)* is (k — o logt)(logt)*~1t=°~1 and at this zero, the value of t=7£(t)* is e *(k/o)*.

Therefore, when log(y®) > 1, t=94(t)* is monotone decreasing on ¢ > y*, and hence (3.4.7)
holds. When log(y?) < 1, then the maximal possible value of t=7¢(t)* is e ™*(k/o)* < 1,
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while in this case y~*7((y)* > e *4(y)* > (e71logq)* > 1. Therefore, (3.4.7) holds in all
cases.

Therefore,
(3.4.8) S < yhe(y)k /000 exp(—kt'/*/ X)dt
But since the integral in (3.4.8) is k' *I'(k) X* < X*, we obtain
(3.4.9) S <y R (y) X
Therefore,
(3.4.10) 5y = (S < GV ()18
c€Gy

< N(f)—1812 < N(f)—ly—2k:a'X2k€<y)2k

3.5 — Proof of Lemma 3.3.1. Now by (3.3.13),(3.4.3),(3.4.10), we obtain

(3.5.1) S = Avg, g, 1 Int 4| < ((qy) 2% + N(£) "y 27 X2F) £(y)**.
So, it remains to verify that
(3.5.2) A= Avgxeéf|]nt+|2k - Avgxeéf|lnt+|2k

X#X0

< (log N(£))N(£) 71y =7 X4 (y)**

This (log N(f))-factor comes from the possible difference between N(f) and |G| when f
contains many prime factors. To check (3.5.2), note first that

(3.5.3) A < |Gy Max ¢ | Int o [,
This and (3.3.18) gives
(3.5.4) A < (log N(£))N(f)""Max, ¢ [Tt [**.
Hence it remains to prove
(3.5.5) [Int | <y 7X - L(y).
But by Propositions 3.1.6(ii), 3.3.16(i) and by Sublemma 3.3.6 (for k£ = 1), we have
(3.5.6) [Int | <) (D, y)|exp(=N(D)/X)N(D)~
D

< Z log" " exp(—q"/X).

q">qy

This last quantity is nothing but S’ for £ = 1; hence (3.4.9) gives (3.5.5). This settles the
proof of Lemma 3.3.1.
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3.6 — The final stage. Finally, since |g(s, x, f, y)|** = |Int, —Int_|?* < |Int, |+
|Int_|*, we obtain from Lemmas 3.2.2, 3.3.1,

(3.6.1) Avgxeéf|g(s,x,f,y)|2k < (I + 11+ 1I1)x (y)*,
XF#X0

where
I = (X~“(log N(£))?y' "2 (logy) )"

I = (qy)" 2%,
IIT = (log N(£))N(F)~1y~2ko X2

(3.6.2)

~

Now choose X by the equality
(3.6.3) X#Fe = N(f).

Then, clearly, I, 11 < y(*t< 29 and

(3.6.4) II] = (logN(f))N<f>—e/(2k+e)y—2ko < y—2ka < y(1+5—20)k'
Therefore,
(3.6.5) Avg, e lg(s, X, Y2 < f(y)yite20dk,

X#X0

This settles the proof of Theorem A.

3.7 — Supplements on function field analogues of some well-known estima-
tions for sums over the primes. As before, fix any given function field K of one
variable over F,. For any positive integer n, denote by A, (resp. B,) the number of
integral (resp. prime) divisors of K will degree n. The following estimations should be
well-known and have been frequently used, but for the sake of self-containedness, we shall
give them indications for proofs. The Landau symbol O below depends on K, ~ means
that the limit of the ratio as n — oo tends to 1, and log is the natural logarithm (not the
one with the base ¢q).

Before treating sums over primes, let us give Proposition 3.3.16(i) a simple proof. It
asserts that the number of integral divisors of K with norm < ¢" is O(¢"). But since
the values of such norms are restricted to integral powers of ¢, this is equivalent (only in
the function field case!) to that the number of integral divisors of K with norm = ¢ is
O(q"), i.e., to

(3.7.1) A, = 0O(q").
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This proof is very simple. Let (x(s) be the Dedekind zeta function of K. Then, as a
formal power series of u = ¢~° over Z,

o0

— ™) Bm — P(u)
L0 =™ = ey

m=1

(3.7.2) Crl(s) = A" =

where P(u) is a polynomial. Since the coefficient of u” in the power series expansion of
(1 —u)(1—qu))~tis < ¢", and the polynomial P(u) depends only on the field K, (3.7.1)
follows immediately.

Now we list some basic estimations related to sums over primes with restricted norms
(in terms of restricted degrees) that are more or less relevant. They are:

(3.7.3)  iB ~ (1—q )¢,

(3.7.4) Z B; ~ (L—g ") ' (g"/n),
(3.7.5) zn:Bi/qi = logn+ O(1),
(3.7.6) ﬁ(l ¢ )P <« .

To prove these, we need to know more about the zeros of P(u). As in the number
field case where these 4 formulas correspond to the well-known estimations of ¥ (x), m(z),
> nmy<e V()7 and [y <. (1 = N(p)~")~" respectively, we do not need as strong as the
Riemann hypothesis. But let us use the Weil Riemann Hypothesis for function fields to
make the arguments much simpler. It asserts that

g9
(3.7.7) P(u) =[] - mu)(1 - 7u)
v=1
(g: the genus), with
(3.7.8) Im,| = |7, = ¢"/? (1<v<yg).

The key basic formula for all the above estimations is

m

q
7. B =1 m/2y.
(3.7.9) m m+0(q )
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To prove (3.7.9), put

g
(3.7.10) Np =) dBy=q"+1=) (x)'+ 7).

dlm v=1

By the first defining equality, N,, gives the number of F m-rational points of the corre-
sponding curve, and the second equality is obtained from the last equality in (3.7.2) by
taking the logarithmic derivative with respect to w and by comparing the coefficients of
u™ ! (cf. e.g. [5]). Now, (3.7.10) and (3.7.8) give

(3.7.11) Ny =q™ +O(¢™?) = O(¢™),

while the Mobius inversion formula gives

(3.7.12) mBy =Y () Nopya;
dlm
hence
(3.7.13) mBy = Nl < D Nppa <Y _q™'* <mg™?.
dlm, d>2 d=2

Hence by combining with (3.7.11), we obtain |mB,, — ¢"| < mq™/?, i.e., (3.7.9).

This decomposition (3.7.9) of B, reduces the proof of each formula above to elemen-
tary calculus.

4 Proof of Theorem B

4.1 — We shall apply Theorem A for Case 1 to prove Theorem B.
First, consider the case where the test function ® on C belongs to class C! (as a
function of two real variables) and has a compact support. Then clearly,

(4.1.1) /yq>(z)||dz| < o0,

(4.1.2) |D(21) — P(22)] < |21 — 22

(Here and in what follows, the integral will be over the whole complex plane C unless
otherwise specified.) Now, Theorem A for Case 1 for £ = 1 and the Schwarz inequality
give

Lp, L
413 lim Ave A | ZPrig vy E 0 P
( ) e Vg;gffff Ln, (s,%x) L(S’X> (uniformly in f)
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(see also Remarks 2.2.4 (iii)); hence by (4.1.2),
Ly, L : .
(4.1.4) yhl& Avg>§€fo<I) (E(s,x)) = Avg>§e§f® (f(s,x)) (uniformly in f).

Therefore, by the definition of Avgy (e )<, ([1]§4.1), we also obtain immediately the uni-
form convergence in m; namely,

(4.1.5)
L, L
lim Avgy g y<m® “(5,X) | = Avene)<m® | = (5, X) (uniformly in m).
Yy—oo pr X/ = L

This is the first (and the main) point. Secondly, we already know ([1](4.4.3)) that

(4.1.6) lim Avg e )<m® ( ) /Mapy w)|dw|

holds for each y > 1, and thirdly, since lim, .o, M, p,(w) = My(w) uniformly on C (ibid
Theorem 2 (i)), and since ¢ satisfies (4.1.1), we have

(4.1.7) lim [ M, p, (w)®(w)|dw| = /M w)|dw].

Yy—oo

Therefore,

L L,
(4.1.8) lim Avgye)<m® (f(s,x)) = lim lim Avgy <, ® (L—Py(s,x)>

m—00 m—0o0 Yy—00

= lim lim Avgy )< (ID( ) /M w)|dwl,
Y—00 M—00 LPy

which settles the proof of Theorem B for this case.

4.2 — Now we consider the case where ® belongs to C' and has at most polynomial
growth, i.e., when

(4.2.1) [(2)] < [2f* (Il = 1)

holds for some k > 1. Let
(4.2.2) 1=) E.(z)
r=1

be a partition of unity by C'-functions E,(z) on C satisfying 0 < F,(z) < 1 and

(4.2.3) Supp(E,) C{r—1<|z| <r+1},
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for the support of E,(z). (A word of caution: this expression may give an impression that
the point z = 0 should lie on the boundary of Supp(E}), but it is not; the condition for
r =1 is simply Supp(E;) C {|]z| < 2}.) For any R € N, put

R
(4.2.4) EM=3"FE (<1),
r=1
R
(4.2.5) ®, = E,, o =% ", =
r=1
Thus,
- — lim @
(4.2.6) d(2) Zlcpr(z) Jim ¢(z).

Since each ®)(z) belongs to C' and is compactly supported, the result of §4.1 can be
applied which gives

(4.2.7) lim Avgy, (D(R) ( ) /M z)|dz|
for any o = Re(s) > 1/2. We claim now that
(4.2.8) ]%im M, (2)®B) (2)|dz| = /M z)|dz|.

To prove this, first note that |®(®(z)| < |®(z)|. Also,

(4.2.9) Supp(® — &) C {z € C;|z| > R}
Therefore,
(4.2.10)
‘/M — o (2))|dz|| <2 M, (2)|®(2)]]dz] < M, (2)|z[*|dz|
|2[>R |2|>R

by our assumption (4.2.1). But since M, (z) = O(|z|™") for any N ([1] Theorem 2 (iii)),
in particular for N = k + 3, this tends to 0 as R — oo. This proves (4.2.8).

Now we shall prove that

(4.2.11)
L L
Rh—r»Iolo AvgN(fX)Smcp(R) <f(S’X)> = AvEn (£ )<m® (f(s, X)> (uniformly in m),
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which, together with (4.2.7)(4.2.8), proves

(4.2.12) lim Avgy e, )< @( ) /M z)|dz|

m—00

in the present case of ®. (First apply lim,, . to (4.2.11), note that the order of two
limits can be changed, then use (4.2.7), and then (4. 2 8).)
To prove (4.2.11), observe first that (4.2.1) and (4.2.9) give

(4.2.13) |®(2) — @B (2)| < ch®(2)]2]*,

where ch'® denotes the characteristic function of |z| > R. Moreover, we have
L/

(4.2.14) AvgN(fX)Smch(R) (f(s, X)) < R (uniformly in m).

In fact, since

/ 2%k

(4215) H!LE%O AVgN(f )<m L (S7X) - Mgk & <1
([1] Theorem 7(iii) for ¢ > 1/2 (fixed) and a = b = k), we have
I 2%

(4.2.16) AVEN (£ )<m f(s, X)| <1 (uniformly in m).
On the other hand, we have the obvious inequality

I/ / 2k
(4.2.17) ch® [ =(s,x) | R* < |=(s,x)

L L
Therefore,

I/ / 2k
AvgN(fX)Smch(R) (f(s, X)) R* < AVgN(fX)Sm Z(S’X) <1 (uniformly in m),

whence (4.2.14).

Therefore, by (4.2.13)(4.2.14)(4.2.16) (noting also that ch? = chg) and the Schwarz
inequality we obtain
_(Sv X)

r m (L m (L g
Aveiagen (2 (F060) =0 (F150) )| < Avgvigyn (ch< (Fen) x| )

2% 1/2
) < R7F.

Since this estimation is uniform in m, this settles the proof of (4.2.11), and hence also of
(4.2.12) in the present case of ®.

L/

L/
L

L/
< <AVgN(fX)<mCh(R) (f(s,x)) X AVE Nt ) <m |7 (5, X)
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4.3 — The general case

Now let ® be any continuous function satisfying |®(z)| < |2|* (]z| > 1) with some
k > 1. Then, for any € > 0, there exists a C'-function ®; satisfying |[® — ®;| < ¢
everywhere. For such &, we have

AVEN (£ )<m (CD (%(S,x)) - (%(sw)))‘ <e (any m),

(4.3.2) /Mg(z)@(z) — Oy (2)|]|dz| < e/Mg(z)|dz| =e.

AVgN(fX)qu)( ) /M |dZ|
Avg e <m(I)1< ) /M z)|dz|

for m sufficiently large, by §4.2. Therefore, (4.3.3), which is independent of the choice of
®,, must be 0; hence Theorem B is proved also in this general case.

It remains to deal with the case where ® is the characteristic function of either a
compact set or of its complement, and clearly it suffices to deal with the former. Let A be
any compact subset of C and ch4 denote its characteristic function. Then for any € > 0,
there exist two continuous real valued functions ¢, ¢ on C with compact supports such
that

(4.3.1)

Hence

(4.3.3)

(4.3.4) < 2e + < 3e

and that the support of ¢o — ¢; has volume < e. Put C, = Max,ccM,(z) (< 00). Then
clearly,

/M )(cha(w) — ¢1(w))|dw| and /Mg(w)(qﬁg(u}) — cha(w))|dw| < Cye.
Therefore, by Theorem B for ® = ¢, ¢5 and (4.3.5) we obtain
: L
[ Matwldul = Coe < [ Ma(w)on(w)ldul = im Avg o (- 50))
A
L — L
< lim Avg (g, ) <mCha (f(s,x)) < lim Avg g, ) <mCha (f(s,x)>

L/
< lim AvE (g, )< (f<s,x>) - / My (w) ()| duw] < / M, (w)|dw] + Ce
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Since € > 0 is arbitrary, the equality

m0o0

: L
(4.3.6) lim Avgy g )<mCha <f(s,x)) = / M, (w)|dw|
A

must hold.
This completes the proof of Theorem B.
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