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ABSTRACT. The purpose of the present paper is to show that mor-
phisms between the generic fibers of truncated Barsotti-Tate group
schemes over mixed characteristic complete discrete valuation rings
with perfect residue fields extend in a “tame-blind” fashion — i.e.,
under a condition which is unaffected by passing to a tame exten-
sion — to morphisms between the original truncated Barsotti-Tate
group schemes. The “tame-blindness” of our extension result al-
lows one to verify the analogue of a result of Tate for isogenies of
Barsotti-Tate groups over the ring of integers of the p-adic com-
pletion of the maximal tamely ramified extension field.
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0. INTRODUCTION

The purpose of the present paper is to show that morphisms between
the generic fibers of truncated Barsotti-Tate group schemes over mixed
characteristic complete discrete valuation rings with perfect residue
fields extend in a “tame-blind” fashion — i.e., under a condition which
is unaffected by passing to a tame extension — to morphisms between
the original truncated Barsotti-Tate group schemes.

Throughout this paper, let R be a complete discrete valuation ring,
k the residue field of R, K the field of fractions of R, K an algebraic

closure of K, Ty & Gal(K/K), and v, the valuation of K such that
v,(p) = 1. Assume, moreover, that K is of characteristic 0, and k is of
characteristic p > 0 and perfect. Let ex be the absolute ramification
index of K.
By a result of Tate obtained in [11], for (p-)Barsotti-Tate groups (i.e.,
p-divisible groups) G, ‘H over R, every Z,|I'k]-equivariant morphism
1
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T,(G) — T,(H) of p-adic Tate modules arises from a morphism G — H
of Barsotti-Tate groups over R (cf. [11], Theorem 4). Now one can
consider the question of whether or not such a result can be generalized
to finite level, i.e., whether or not for finite flat commutative group
schemes GG, H over R, any morphism G®r K — H ®p K of the generic
fibers extends to a morphism G — H of the original group schemes
over R. For instance, a result of Raynaud obtained in [9] yields an
affirmative answer to this question if exr < p—1 (cf. [9], Corollaire 3.3.6,
1). On the other hand, one verifies immediately that this extension
question cannot be resolved in the affirmative without some further
assumption. Indeed, let K be the finite extension field of the field
Q, of p-adic rational numbers obtained by adjoining a primitive p-
th root of unity to Q,, G the kernel y, of the endomorphism of the
multiplicative group scheme G,, over R given by raising to the p-th
power, and H the constant group scheme Z/(p) of order p over R.
Then it is easily verified that although there exists an isomorphism
1y @r K = Z/(p) @r K of group schemes over K, there is no nontrivial
morphism of group schemes over R from pu, to Z/(p) if p > 3.

In the present paper, we consider the following “Extension Problem”:

(Extension Problem) : Find a sufficient condition for
a morphism between the generic fibers of finite flat com-
mutative group schemes over R to extend to a morphism
between the original group schemes over R.

In particular, in the present paper, we consider the following “Tame-
blind Extension Problem”:

(Tame-blind Extension Problem) : Find a suffi-
cient condition which depends only on v,(ex) for a mor-
phism between the generic fibers of finite flat commu-
tative group schemes over R to extend to a morphism
between the original group schemes over R.

Our main result yields a solution to this “Tame-blind Extension
Problem” in the case where the morphisms in question are morphisms
of truncated Barsotti-Tate group schemes (cf. Theorem 3.4):

Theorem 0.1. Let G, H be truncated (p-) Barsotti- Tate group schemes

over R, fx: G ®@r K — H ®r K a morphism of group schemes over

K, n a natural number, and " ©o g vp(ex) (cf. the expression

“p(Drywy)+1/(p—1) " in the statement of [2], Colloraire to Théoreme
3). Assume that one of the following conditions is satisfied:

(i) The cokernel of the morphism G(K) — H(K) determined by
[ is annihilated by p", and 4€;2" +n < Iv(H), where Iv(H) is
the level of H.
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(ii) The kernel of the morphism G(K) — H(K) determined by fx
is annihilated by p", and 462" +n < Iv(Q), where Iv(G) is the
level of G.

Then the morphism fx extends uniquely to a morphism over R.

The following result follows immediately from Theorem 0.1 (cf. Corol-
lary 3.6, (iii)):

Corollary 0.2. Let G, H be truncated Barsotti-Tate group schemes
over R, and Isomg(G, H) (respectively, Isomy (G @r K, H @ K)) the
set of isomorphisms of G (respectively, G ®r K) with H (respectively,
H®p K) over R (respectively, K). Then if 45" < 1v(G), Iv(H), then
the natural morphism

Isomp(G, H) — Isomk (G ®p K, H ®g K)
is bijective.
Note that a number of results related to the above “Extension Prob-

lem” such as the result of Raynand referred to above have been obtained
by various authors. Examples of such results are as follows:

Let G, H be finite flat commutative group schemes over
R, and fx: G ®r K — H ®r K a morphism of group
schemes over K. Then the following hold:

(B) Let € be the smallest natural number which is > log, (pex / (p—
1)). Then by a result of Bondarko obtained in [1], one can ver-
ify that if there exists a morphism f;: G ®r K — H ®@p K
of group schemes over K such that fx = p6113<0n o fr, then the
morphism fx extends to a morphism G — H of the original
group schemes over R (cf. [1], Theorem A). That is to say, any
morphism between the generic fibers of finite flat commutative
group schemes over R extends to a morphism between the orig-
inal group schemes after composition with the endomorphism
given by multiplication by p<™.

(L) Let h be a natural number. Then by a result of Liu obtained in
[5], one can verify that there exists a natural number €} de-
pending on ex and h such that if G is a truncated Barsotti-Tate
group scheme of height h, and fx = pe%?h o fx for a morphism
frr: G®r K — H ®r K of group schemes over K, then the
morphism fx extends to a morphism G — H of the original
group schemes over R (cf. [5], Theorem 1.0.5).

Theorem 0.1 is weaker than the above two results (B) and (L) in
the sense that the class of group schemes considered in Theorem 0.1
are strictly smaller than the class of group schemes considered in the
above two results. On the other hand, Theorem 0.1 is stronger than
the above two results in the sense that
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whereas the invariants g™ and g, that appear in the

above two results depend on ey, our invariant €2 de-
pends only on vy,(ex).

It seems to the author that one of the reasons why the conditions
for extending the morphisms in question in (B) and (L) depend on ex
(ie., as ex /p*(¢x) grows, the conditions become more stringent) is as
follows:

In the arguments of [1], [5], which appear to build on
Tate’s original argument, one must measure various in-
tegral structures by means of a “ruler graduated in units
of size 1/ex”. Thus, as the size 1/ex of the units de-
creases (i.e., as ex /p** %) grows), it becomes more diffi-
cult to control the extent to which the integral structures
1M qQUEStion converge.

1/6[(
—
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——

]./(EK/

Figure 1: rulers graduated in units of sizes 1/ef, 1 /e

From this point of view, the argument established in the present
paper is an argument that does not rely on the use of a “ruler graduated
in units of size 1/ex”.

The “tame-blindness” of our extension result allows one to verify the
analogue of the result of Tate referred to above for isogenies of Barsotti-
Tate groups over the ring of integers of the p-adic completion of the
maximal tamely ramified extension field (cf. Corollary 3.8). Note that
this analogue does not follow from (B) and (L):

Corollary 0.3. Let K'™ (C K) be the mazimal tamely ramified ex-

tension field of K, (K*™)" (respectively, K) the p-adic completion of

K™ (respectively, K), (R™)" the ring of integers of (K™)", and
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I (gtmy &f Gal(K /(K'™)"). (Thus, by restricting elements of T (gmy
to the algebraic closure of (K'™)" in K, one obtains a natural iso-
morphism of I (gumyn with the corresponding absolute Galois group of
(K™)".) Let G and H be Barsotti-Tate groups over (R™)", T,(G)
(respectively, T,(H)) the p-adic Tate module of G (respectively, H),
and TIsog pumr (G, H) (respectively, Isogp< T,(G), T,(H))) the set of

A
p

(
Ktm)/\
morphisms ¢ of Barsotti- Tate groups over (R™)" (respectively, Zy|I' (gmn]-
equivariant morphisms ¢) from G (respectively, T,(G)) to H (respectively,
T,(H)) such that ¢ induces an isomorphism T,(G) ®z, Q, — T,(H) Rz,

Q,. Then the natural morphism
ISOg(Rtm)A (g, H) — ISOgF(Ktm)/\ (Tp<g), Tp (H))
18 bijective.

The present paper is organized as follows: In Section 1, we study the
relationship between discriminants and cotangent spaces of finite flat
group schemes. In Section 2, we review truncated p-adic Hodge theory
for finite flat group schemes as established in [2] and prove lemmas

needed later by means of this theory. In Section 3, we prove the main
theorem and some corollaries which follow from the main theorem.
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NOTATIONS AND TERMINOLOGIES

Numbers. The notation N will be used to denote the set or (additive)
monoid of nonnegative rational integers. The notation Z will be used
to denote the set, group, or ring of rational integers. The notation Q
will be used to denote the set, group, or field of rational numbers. The
notation Qs will be used to denote the set or (additive) monoid of
positive rational numbers. If [ is a prime number, then the notation
7, (respectively, ;) will be used to denote the l-adic completion of Z

(respectively, Q).

Group schemes. In the present paper, by a finite flat group scheme
over a scheme S we shall mean a commutative group scheme over S
which is finite and flat over S, and by a finite flat subgroup scheme of
a finite flat group scheme G over S we shall mean a closed subgroup
scheme of G which is finite and flat over S.
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Let GG be a finite flat group scheme over a connected scheme S. Then
we shall refer to the rank of the locally free Og-module ¢,Oq, where
¢: G — S is the structure morphism of G, as the rank of G over S.
We shall denote by rankg(G) the rank of G over S.

Let G be a finite flat group scheme over a scheme S, and n a natural
number. Then we shall denote by ng: G — G the endomorphism of
G given by multiplication by n. Note that ng is a morphism of group
schemes over §S.

Let f: G — H be a morphism of finite flat group schemes over a
scheme S. Then we shall denote by Ker(f) the group scheme over S
obtained as the fiber product of f and the identity section of H. We
shall refer to Ker(f) as the kernel of the morphism f. Note that since
H is separated over S, the kernel Ker(f) is a closed subgroup scheme
of G.

Let G be a finite flat group scheme over a scheme S, and H C G
a finite flat subgroup scheme of G over S. Then a quotient of G by
H, which is a finite flat group scheme over S, exists (cf. e.g., [8],
Théoreme 1, (iii)). We shall denote by G/H the quotient of G by H.
Note that we have a natural morphism of group schemes G — G/H
over S which is finite and faithfully flat; moreover, the kernel of this
morphism G — G/H coincides with H C G.

Let Gy, G5 be group schemes over a scheme S. Then we shall denote
by

Homgp/g(Gl, Gg)

the set of morphisms of group schemes over S from G to Gs.

Let G be a finite flat group scheme over a scheme S. Then we shall
write GP the Cartier dual of G, i.e., the finite flat group scheme over
S which represents the functor over S

T ~~ Homgp/T(G Xg T, Gm,T) .

Note that for a morphism of finite flat group schemes f: G — H over
S, it is easily verified that if f is faithfully flat, then the morphism
of finite flat group schemes fP: HP? — GP over S induced by f is
a closed immersion; moreover, if f is a closed immersion, then the
morphism fP: HP — GP is faithfully flat. Indeed, since GP, HP are
finite and flat over S, it follows from [3], Corollaire 11.3.11, that by
base-changing, we may assume that S is the spectrum of a field. On
the other hand, since f is a closed immersion, it is verified that the
morphism ['(GP,Ogn) — T'(HP,Oyp) determined by fP is injective.
Thus, it follows from [12], Theorem in 14.1, that f is faithfully flat.
Let

O—>G1L>G2£>G3—>0

be a sequence consisting of finite flat group schemes over a scheme S.
Then we shall say that the above sequence is exact if f; is a closed
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immersion, and f, determines an isomorphism G/G; — G3. (In par-
ticular, fs is faithfully flat, and the kernel of fs coincides with G; C GS.)
Note that if the sequence of finite flat group schemes over S

O—>G1LG2£>G3—>0

is exact, then the sequence
p I ~p I’ D
0 — Gy — Gy — G —0

is also exact.

Let G be a group scheme over a scheme S, and M an Og-module.

Then we shall write t5,(M) & e /s @0 M, where eq: S — G'is the

identity section of G, and refer to t},(M) as the M-valued cotangent
space of G; moreover, we shall write tg(M) o Homog (€625, M)
and refer to t¢(M) as the M-valued tangent space of G.

1. DISCRIMINANTS AND COTANGENT SPACES

In this Section , we study the relationship between discriminants and
cotangent spaces of finite flat group schemes.

Throughout this paper, let R be a complete discrete valuation ring,
k the residue field of R, K the field of fractions of R, K an algebraic
closure of K, and v, the valuation of K such that v,(p) = 1. Assume,
moreover, that K is of characteristic 0, and k is of characteristic p > 0
and perfect.

Definition 1.1. Let G be a finite flat group scheme over R.

(i) We shall denote by discg(G) C R the ideal of R obtained as

the discriminant of the finite flat R-algebra I'(G, Og) over R.

Moreover, we shall write Dr(G) o vp(discr(G)).

(ii) We shall write dg of dimg (% (k)) and refer to dg as the dimen-
sion of G.

Lemma 1.2 (Finiteness of cotangent spaces). Let G be a finite
flat group scheme over R. Then the R-module t§,(R) is of finite length
and generated by exactly dg elements.

Proof. The assertion that t7,(R) is of finite length follows from the
étaleness of G @r K over K; moreover, the assertion that ¢ (R) is
generated by exactly dg elements follows from the definition of dimen-
sion. U

Definition 1.3.

(i) Let M be an R-module of finite length. Then if M # 0, then
there exists a unique element

EBdimk(M®Rk‘)
(alv to 7adimk(M®Rk)) € Q>O
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such that a; < a; if 7 < j, and, moreover, there exists an
isomorphism

dimk(M®Rk)
M~ @ R/(p).
i=1
We shall write
def
Lr(M) = {a1, -, @dimy(mozk) } S Qso
def def
for M # 0, Lr({0}) = {0}, and |[M|r = ZaeLR(M)a € Q0.
Moreover, for an integer n, we shall write M, = n (respec-
tively, M, < n; respectively, M p < n; respectively, M > n;
respectively, M p > n)if a = n for any a € Lgr(M) (respectively,
max(Lr(M)) < n; respectively, max(Lgr(M)) < n; respectively,
min(Lgz(M)) > n; respectively, min(Lg(M)) > n).
Note that it is immediate that if M # 0, then v,(lengthy(M)) =
| M.
(ii) Let G be a finite flat group scheme over R. Then it follows

from Lemma 1.2 that t},(R) is of finite length. We shall write

L(tf) et Lp(ts(R)) and |t et |t&(R)|r. Moreover, for an inte-

ger n, we shall write t}, = n (respectively, tf, < n; respectively,
ts, < n; respectively, tf, > n; respectively, tf, > n) if tE(R)R =n
(respectively, tg(R)R < n; respectively, t&(R)R < m; respec-
tively, @R > n; respectively, @R >n).

Proposition 1.4 (Discriminants and cotangent spaces). Let G
be a finite flat group scheme over R. Then the following hold:

Dg(G) (= (vy(discr(G))) = rankg(G) - t5] .

Proof. By the transitivity of discriminant, we may assume without loss
of generality that G is connected. Then it follows from [6], Lemma 6.1,
that there exists an isomorphism of R-algebras

F(G> OG) ~ R[tlv T 7tdc]/(q)17 T 7®dg) ;

where the t;’s are indeterminates, and (®q, - - - , g4, ) is aregular R[ty, - - ,t4,]-
sequence. Thus, it follows from [7], Theorem 25.2, that there exists a
natural exact sequence of R[tl, -+, tq,]-modules

(@1, , Py, —>@ (G,0¢) - dt; — Qg — 0.

Therefore, the assertion follows from [6], Corollary A. 13, together with
the definition of t(R). O

Lemma 1.5 (Isomorphisms of finite flat group schemes). Let G,
H be finite flat group schemes over R, and f: G — H a morphism of
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group schemes over R. Then f is an isomorphism if and only if the
following two conditions are satisfied:

(i) The morphism G @r K — H ®p K over K induced by f is an
1somorphism.
(i) [t ] < Jt& .

Proof. By the definition of discriminant, we have that Dg(G) < Dgr(H).
Thus, this follows immediately from Proposition 1.4. 0J

Lemma 1.6 (Exactness of sequences of cotangent spaces). If a
sequence of finite flat group schemes over R

0— Gy — Gy — G3—0
18 exact, then the sequences of R-modules

0 — 15, (R) — 15, (R) — 15, (R) — 0

0 — t6,(K/R) — t6,(K/R) — tg,(K/R) — 0

are also exact. In particular, for a morphism of finite flat group schemes
f: G — H over R, if f is a closed immersion (respectively, faith-
fully flat morphism), then the morphism tj;(R) — t&(R) induced by
f is surjective (respectively, injective), and the morphism to(K/R) —
tg(K/R) induced by f is injective (respectively, surjective).

Proof. To prove Lemma 1.6, it is immediate that it is enough to show
that the sequence

0 — 15, (B) — t5,(R) — 15, (R) — 0

is exact.
By the transitivity of discriminant, together with Proposition 1.4,
we obtain that

DR(GQ) = rankR(Gg)- |t*G?| = rankR(Gl)-DR(G3)+rankR(G3)-DR(G1)

= rankgp(G2) - (|tg, | + [ta,])

thus, we obtain that |t | = [tg, |+ [t5,]. On the other hand, by defini-
tion, the exact sequence of group schemes appearing in the statement
of Lemma 1.6 induces an exact sequence of R-modules

Therefore, by the above equality [t,| = [t§,| + [t&,], the first arrow
t5,(R) — tg, (R) is injective. This completes the proof of the assertion
that the sequence in question is exact. 0]
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2. REVIEW OF TRUNCATED p-ADIC HODGE THEORY

In this Section, we review truncated p-adic Hodge theory for finite
flat group schemes as established in [2] and prove lemmas needed later
by means of this theory.

We maintain the notation of the preceding Section. Moreover, let R
. . o def o def
be the ring of integers of K, I'x = Gal(K/K), and Q = Q%/R.
Definition 2.1.

(i) Let S be a connected scheme. Then we shall say that a finite
flat group scheme G over S is a p-group scheme if its rank over
S is a power of p.

(ii) Let n, h be natural numbers. Then we shall say that a finite
flat group scheme G over R is of p-rectangle-type of level n with
height h if G(K) is isomorphic to @, Z/(p") as an abstract
finite group (cf. Figure 2). Moreover, we shall denote by 1v(G)
the level of G, and by ht(G) the height of G.

height [1=2Z/(p)

le;el

Figure 2: The group of K-valued points of
a group scheme of p-rectangle-type

Remark 2.2.

(i) Any connected finite flat group schemes over R are p-group
schemes.

(ii) If G is of p-rectangle-type, then the Cartier dual G of G is also
of p-rectangle-type. Moreover, Iv(G) = Iv(GP) and ht(G) =
ht(GP).

The following lemma follows immediately from definition, together

with Lemma 1.2:

Lemma 2.3 (Bound for the lengths of cotangent spaces). Let
G be a finite flat group scheme over R of p-rectangle-type. Then tf. <
W(G). In particular, |t§| < dg - Iv(G).

Definition 2.4. We shall write 2" oy vp(er), where ek is the
absolute ramification index of K.
Note that since as is well-known that

vp(Drwy) <1—(1/ex) + vplex),
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where W (k) C R is the ring of Witt vectors with coefficients in &, and
Dr/wky C R is the different of the extension R/W (k) (cf. e.g., [10],
Chapter III, Remarks following Proposition 13), we obtain that

v(Drwi) +1/(p—1) < ™.

The following proposition follows from [2], Corollaire to Théoreme
3, together with [2], Théoréme 1":

Proposition 2.5 (Existence of functorial morphisms). Let G be

a p-group scheme over R. Then there exists a functorial morphism of
R[I'k|-modules

¢a: G(K) ®z, R — tn(R) ® ta(Q),

where the kernel and cokernel are annihilated by pebf}on; moreover, there
ezists a natural isomorphism of R[I k|-modules

(K/a)(1) — Q,

where
def

a={a€K|-v@rmww)—1/(p—1) <uva)} CK.
Lemma 2.6 (Bound for the orders of kernels and cokernels).
Let G, H be p-group schemes over R, f: G — H a morphism of group
schemes over R, and n a natural numbers. Then the following hold:
(i) If the kernel of the morphism G(K) — H(K) induced by f is
annihilated by p™, then the cokernel (respectively, kernel) of the
morphism
th(R) — tL(R) (respectively, ty,p(R) — tyn(R))
induced by f is annihilated by peggn:n' B
(i) If the cokernel of the morphism G(K) — H(K) induced by f is
annihilated by p™, then the kernel (respectively, cokernel) of the
morphism
ty(R) — tL(R) (respectively, tfp(R) — tyn(R))

Fon
€ +n .

induced by f is annihilated by p

Proof. First, we prove assertion (i). Now we have a commutative dia-

gram:
via fP

HP(K)®z, R GP(K)®z, R

¢HD J{ l(bGD

ti(R) @ tyo(Q) . te(R) & tgn ().

Since the cokernel of the top horizontal arrow (respectively, right-hand
vertical arrow) is annihilated by p" (respectively, pe%n), the respective
cokernels of the morphisms

ty(R) — to(R) i tyo(Q) — teo(Q)
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determined by f are annihilated by pE"+7. Thus, the kernel of the
morphism t},,(R) — t5;»(R) determined by f is annihilated by PRt
This completes the proof of assertion (i). Moreover, by taking “(—)P”,
assertion (ii) follows from assertion (i). O

Lemma 2.7 (Orders of generators of cotangent spaces). Let G
be a finite flat group scheme of p-rectangle-type of level > 2e5™ over
R, and a € L(t%) (c¢f. Definition 1.3, (ii)). Then 0 < a < &2 or
W(G) — ér < a < Iv(G) (¢f. Figure 3).

€F0r1

lv(G)
Figure 3: t5(R)

Proof. If tf, < €™ then the assertion is immediate; thus, we may
assume that p'&" - t5(R) # 0. By the definition of L(t), to prove
Lemma 2.7, it is immediate that it is enough to show that
pF a5 (R) > W(G) — 26
(cf. Definition 1.3, (i)); thus, we prove this assertion.
Since the kernel and cokernel of the morphism

¢er: Ag & GP(R) @z, R — Tg

def -

= to(R) ®ten(Q)
. . on . ¢ on .
are annihilated by p&" . the composite Ag < Te — pE" Ty s

surjective, and the natural surjection Ag — p*¥" - Ag (# 0, since

Fon

. . ?
2¢Fon < 1v(@)) factors through this composite Ag <5 Ty — p" - Tg,
i.e., we obtain a sequence of surjections:

Fon

Ko AG (7& 0) .
Therefore, by the definition of the term “of p-rectangle-type”, it is

Fon

easily verified that p°x - t’&(R)R > Iv(G) — 2k, This completes the
proof of Lemma 2.7. Il

Ag — pK" Ty — p*

Definition 2.8. Let GG be a finite flat group scheme over R, M a
module, and n a natural number.
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(i) We shall write

d2, < dimy((pK" - t5(R)) @r k) (< dg)
(cf. Figure 4).

(—:E(On
1 (o]
(] dg; 1= R/(p)
l Fon
| €K
———

¥4

g

lv(G)
Figure 4: dg,

Note that it follows from the proof of Lemma 2.7 that if G is of
p-rectangle-type of level > 2¢50", then dg, + d2,, = ht(G).
(ii) Then we shall say that z € M is n-primitive if the following
condition is satisfied:
plx=0andx &p- M.
Note that for an R-module M of finite length, M has no
n-primitive element if and only it M =0 or M, >n+ 1.

Remark 2.9. For a finite flat group scheme G of p-rectangle-type of
level > 2e8™ over R which is not étale, the following conditions are
equivalent:
() tg, > efon
(i) t5 > Iv(G) — ekem.
(iii) d% = dg.
(iv) t5(R) has no (€52 — 1)-primitive element.
Indeed, the assertion that (i) is equivalent to (ii) (respectively, (iii);
respectively, (iv)) follows from Lemma 2.7 (respectively, Lemma 2.7;
respectively, the definition of (¢52" — 1)-primitive element).

Lemma 2.10 (Facts concerning modified dimensions). Let G, H
be finite flat group schemes of p-rectangle-type over R, f: G — H a
morphism of group schemes over R, and n a natural number. Then the
following hold:

(i) If the kernel of the morphism G(K) — H(K) is annihilated by
p*, and 3€i"+n < W(G), WV(H), then dg, < dyy and dg,, < d5;p.
(ii) If the cokernel of the morphism G(K) — H(K) is annihilated by
p", and 32 +n < W(G), W(H), then d3; < dg and d5;, < dg.
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Proof. First, we prove assertion (i). Let L o min{lv(G),1v(H)}. Then
it follows from Lemma 2.6 that the respective cokernels of the mor-
phisms

Fo

15 (B) ©n BJGE) — R 15(R) @ BRI

Fon

(p=

Fon

(p%" tio (K/R)@rR/(p"K") — (0K 1o (K/R)@rR/(p"K")
induced by f are annihilated by pfhf?n*”; moreover, it follows from
Lemma 2.7 that (p" - t5(R)) @ R/(p* 2K") (respectively, (p%" -
tir(R)@rR/(p"~2K"); respectively, (0" -too (K/R)) @ R/ (p"~2K");
respectively, (pK" - tyo(K/R)) ®r R/ (pY~2K")) is a free R/ (p==2K")-
module of rank dg, (respectively, d%; respectively, dZ,p; respectively,
d>p). Therefore, since ;" +n < L — 22", we obtain that dg, < d%
and d¢,p < dy;p. This completes the proof of assertion (i). Moreover,

by taking “(—)P”, assertion (ii) follows from assertion (i). O

Lemma 2.11 (Freeness of cotangent spaces of certain group
schemes). Let G be a finite flat group scheme of p-rectangle-type over
R. Then if dg + dgp = ht(G), then t5(R) is free over R/(p™(@)).

Proof. To prove Lemma 2.11, it is immediate that it is enough to
show that |t5,| = Iv(G) - dg, i.e., it is enough to show that Dg(G) =
PV (G) - dg by Proposition 1.4. Now it follows from Propo-
sition 1.4; Lemma 2.3 that Dg(G) < pV@MG@y(G) - dg. More-
over, again by Proposition 1.4; Lemma 2.3, we obtain that Dr(GP) <
pVE DNy (GF)-dgp. On the other hand, it follows from [9], Proposition
9 in Appendice, that Dg(G) + Dr(GP) = rankg(G) - v,(rankg(G)) =
PV (G) - ht(G). Thus, since dg + dgp = ht(G), we obtain that
DR(G) = pr(G)'ht(G)1V<G) : Clg. ]

Lemma 2.12 (Isomorphisms of group schemes of p-rectangle-type).
Let G, H be finite flat group schemes of p-rectangle-type of level > 3€5on
over R, and f: G — H a morphism of group schemes over R. Assume
that t5(R) is free over R/ (p™D), and t}; > 5. Then f is an isomor-
phism if and only if the morphism G @gr K — H ®@r K over K induced

by f is an isomorphism.

Proof. The “only if” part of the assertion is immediate; thus, we prove
the “if” part of the assertion. Since the morphism G ®r K — H ®pg
K over K induced by f is an isomorphism, we obtain that 1v(G) =
lv(H) and dg = dy (cf. Remark 2.9; Lemma 2.10). Thus, it follows
from Lemma 2.3 that |t};| < Iv(G) - dg. On the other hand, since
t5,| = v(Q) - d, we obtain that |t3;] < |t%|. Therefore, it follows from
Lemma 1.5 that f is an isomorphism. O

Finally, we review the notion of truncated Barsotti-Tate group schemes.
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Definition 2.13 (cf. e.g., [4], Définition 1.1). Let S be a connected
scheme. Then we shall say that a finite flat group scheme G over S is
truncated (p-) Barsotti-Tate (of level > 2) if there exist natural numbers
n and h such that the following condition is satisfied:

n > 2 and G is of rank p™. Moreover, for any natural
number m < n, the morphism G — Im(p{), where
Im(pf) is the scheme-theoretic image of p{%, determined
by pi is faithfully flat (thus, Ker(p®) is flat over S), and
the finite flat group scheme Ker(p) over S is of rank
pmh'

For a truncated Barsotti-Tate group scheme G over S, and a natural

number m, we shall write G[p"] o Ker(pg).

Remark 2.14.
(i) Any truncated Barsotti-Tate group schemes are of p-rectangle-
type.
(i) If G is truncated Barsotti-Tate, then the Cartier dual G” of G
is also truncated Barsotti-Tate.

Lemma 2.15 (Freeness of cotangent spaces of truncated Bar-
sotti-Tate group schemes). Let G be a truncated Barsotti-Tate group
schemes over R. Then dg+dgp = Wv(G). In particular, by Lemma 2.11,
t5(R) is free over R/(p™(©)).

Proof. This follows from a similar argument to the argument used in
the proof of [11], Proposition 3. O

Remark 2.16. The assertion that t5(R) is free over R/(p™¥(@) can
be also proven by means of [2], Proposition 10, together with Proposi-
tion 2.17 below.

Proposition 2.17 (Existence of certain Barsotti-Tate groups).
Let G be a truncated Barsotti-Tate group scheme over R. Then there
exists a Barsotti-Tate group G over R such that G is isomorphic to
Ker(pr(G): G —G).

Proof. This follows from [4], Théoreme 4.4, (e). O

3. PROOF OF THE MAIN THEOREM

In this Section, we prove the main theorem, i.e., Theorem 3.4 below.
We maintain the notation of the preceding Section.

Lemma 3.1 (Split injections of R-modules). Let M, N be R-
modules of finite length, f: M — N a morphism of R-modules, and m
a natural number. Then the following hold:

(i) If M and N are free over R/(p™), and the morphism M @grk —
N ®g k induced by f is injective, then f is injective, and the
image of f is a direct summand of N.
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(ii) Assume that the following conditions are satisfied:
(1) The morphism M ®@gr R/(p™) — N &g R/(p™) is injective,
and its image is a direct summand of N @r R/(p™).
(2) The morphism p™ - M — p™ - N is injective, and its image
1s a direct summand of p™ - N.
Then f s injective, and the image of f is a direct summand of

N.

Proof. Assertion (i) is immediate; thus, we prove assertion (ii). By as-
sumptions (1), (2), it is 1mmed1ate that f is injective. By means of this
injectivity of f, we regard M as an R-submodule of N. First, observe
that, by [7], Theorem 7.14, to prove assertion (ii), it is enough to show
that for any r € (1/ex)-N, where ef is the absolute ramification index
of K, the natural inclusion p" - N < (p” - M) N N is an isomorphism.

If » < m, then it follows from assumption (1) that the natural
inclusion p” - N — (p" - M) N N is an isomorphism. Assume that
m < r. Since (p" - M)NN C (p™-M)NN C p™- N, we ob-
tain that (p" - M) NN C (p’" M. (p™ - M)) N (p™ - N). Now since

(p - (™ - M) (p™ - N) S p™ - (p" - N) =p"- N by assumption
(2), it follows that (p" - M) N N C p" - N. This completes the proof of
assertion (ii). O

Lemma 3.2 (Split injections of tangent spaces). Let G, H be
finite flat group schemes over R, and f: G — H a morphism of group
schemes. Assume that the following three conditions are satisfied:
(i) The morphism G @g K — H ®p K determined by f is an
1somorphism.
(ii) G is of p-rectangle-type, and 2€5™ < Iv(G). (Thus, by (i), H is
also of p-rectangle-type, and 2¢5™ < 1v(H).)
(iii) The morphism

ta(K/R) @p R/ (p" ") — tu(K/R) @p R/(p"" )
(cf. Figure 5) determined by f is injective, and its image is a
direct summand of ty(K/R) ®g R/(pE"t1).
Then the morphism
def

Ng © to(K/R)@RR/(pMD~%") — Ny <t (K/R)@pR/ (PO~ K")

(c¢f. Figure 6) determined by f is injective, and its image is a direct
summand of Ny .

Proof. 1t follows from Lemmas 2.7, together with (ii), that pE"-Ng and
pK" - Ny are free over R/(p"(©~26&"): moreover, by (iii), the morphism
-Ny) ®rk

determined by f is injective. Thus, it follows from Lemma 3.1, (i),
that the morphism p&" - Ng — p&" - Ny is injective, and its image

( Fon Fo n

NG)®R]€—>(
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is a direct summand. On the other hand, again by (iii), the morphism
Fon

Ng ®r R/(pK") — Ny ®r R/(p°<") is injective, and its image is a
direct summand. Therefore, the assertion follows from Lemma 3.1,

(ii).

EE(O“
S
I (1= R/(»)
l | 61;((’“
———
1 |
da | [ | |
) IVZFG) ’
Figure 5 : t¢(K/R) ®p R/(p" )
6Fon
K
L '
I []=R/(p)
| | ekon
—N—
[ |
de | l

g

lv(G)
Figure 6 : Ng

g

Lemma 3.3 (Non-existence of (e52" — 1)-primitive elements of
the cotangent spaces of certain group schemes). Let G, H be
truncated Barsotti-Tate group schemes over R, X a finite flat group
scheme over R, G xg H — X a morphism of group schemes which is
faithfully flat, and n a natural number. Assume that the following four
conditions are satisfed:

(i) The composite
fa:G— GxpH— X,
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where the first arrow is the morphism induced by the identity
section of H, determines an isomorphism G(K) = X (K).

(ii) The kernel of the morphism H(K) — X(K) induced by the
composite

fHIH—>GXRH—>X,

where the first arrow is the morphism induced by the identity
section of G, is annihilated by p".
(iii) The image of the morphism

Fon

to(K/R) @ R/ ()" D") — tx(K/R) @ R/ (P D~5")
(cf. Figure 6) determined by fq is a direct summand of tx (K/R)®pg
RJ(HO )
(iv) 4€om +n < Iv(H). (Note that since v(H) —n < Iv(G) by
assumptions (i), (ii), it follows that 4¢5™ <1v(G).)
Then t(R) has no (e52™ — 1)-primitive element.

Proof. Assume that there exists an (52" — 1)-primitive element w €
t% (R). Then by the following steps, we obtain a contradiction.
(Step 1) We shall write

def

Mg < Homp(to(K/R) @r R/(p9~%"), K/R) ®r R C t5(R) ;

def

My = HOHIR(tx(K/R) Xr R/(pr(G)_EFI‘(OH)a K/R) Or E - t;{(ﬁ)
(cf. Figure 7).
Fon

€

lv(X)
Figure 7: My
Then the following hold:
(1-1) The surjection
My — Im(fg: Mx — Mg)

determined by fa splits. -
(1-ii) Ker(p¥(@=&": t5(R) — t(R)) = My.
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(1-iii) p<" - 5 (R) C My.

Proof. Assertion (1-1) follows from assumption (iii). Assertion (1-ii)
follows from the existence of the exact sequence

0 — Mx — t%(R) — HomR(pr(G)fe%n-tX(K/R), K/R)®rR — 0
(cf. the definition of Mx). Assertion (1-iii) follows assertion (1-ii),
together with Lemma 2.3. O

(Step 2) There exists an element wy € t(R) such that p¥ ="ty =

fir(w).

Proof. Since p" 1w = 0, we obtain that p&" 1 (w) = 0, i.e., f5;(w) €
Ker(px"~1: t4,(R) — t3(R)) = pVUD=<"+1 . t* (R) (cf. Lemma 2.15).
Thus, such an element exists. O

(Step 3) There exists h €HP(K) ®z, R such that the image of h via
the morphism

(¢f. Proposition 2.5) is (p°<"wy, 0); moreover, there exists x eXP(K)®z,
R such that the image of x via the morphism X (K)®z, R — HP(K)®2,
R induced by fy is p™h.

Proof. This follows from the fact that the cokernel of ¢y p (respectively,
the morphism XP(K) — HP(K) induced by fy) is annihilated by p*s"
(respectively, p" [cf. assumption (ii)]). O

(Step 4) We shall write (n,7) o dxp(r) € t%(R) © txn (), and

wy def , pr(H)—%??“_”“n € t5%(R). Then the following hold:

(4-1) w1 € p - t5%(R); in particular, wy # 0.
(4-i1) p(@-WH)+2" 4010, — (. (Note that since Iv(H)—n < Iv(G)
by assumption (i), 0 < 2680 —1 < Iv(GQ) —Iv(H) 426522 +n—1.)
(4-ili) The image fj;(wy) € t5(R) of wy in t5(R) vanishes.

Proof. Assertion (4-i) follows from the assumption that w is (e5" — 1)-
primitive, together with the assumption that 1 < Iv(H) — 25 —n 41
(cf. assumption (iv)). Assertion (4-ii) follows from the assumption
that w is (ef" — 1)-primitive, together with pV(@ . 5 (R) = 0 (cf.
assumption (i), also Lemma 2.3). Assertion (4-iii) follows from the fact
that the images of w and pV) =2 =n+1y in ¢% (R) are pVH) ="+,
(cf. Steps 2 and 3). O

(Step 5) fe(w) € prUD=2w" 15 (R).
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Proof. Since pM(@-WUD+26"tn=1 fx (1)) — 0 (cf. Step 4, (4-i1)), f&(w1) €
—lv 6Fon n— x (D * (D v _ EFOD—TZ % (D

Ker(pt(@=MI#2an=1: 11 (R) — 15(R)) = ph72a" =+ 15, (R)

(cf. Lemma 2.15). O

(Step 6) fi(wi) & p*<" 1 t5(R).

Proof. Since pV(@-WUH)+26%n=1, — () (cf. Step 4, (4-ii)), it follows
from Step 1, (i-ii), together with assumption (iv), that w; € Mx C
t%(R) (cf. Step 1). Moreover, since the morphism t(R) — t&(R) @
t3;(R) induced by the faithfully flat morphism G'x g H — X is injective
(cf. Lemma 1.6), it follows from Step 1, (1-i), together with Step 4,

(4-iii), that we obtain an isomorphism
My ~ Ker(f¢: Mx — Mg) @ Im(f¢: Mx — Mg),
and
wi = (0, f&(wy)) € Ker(f: Mx — Mg) & Im(f: Mx — Mg) ~ Mx .

Therefore, it follows from Step 4, (4-1), that f&(w1) & p-Im(f5 : Mx —
Mg); moreover, since

PRG(R) C p R Im(f: £ (R) — t5(R)) € plm(fe: My — M)
(cf. Lemma 2.6, (i), together with Step 1, (1-iii)), we obtain that
fé(wn) & PR H5(R). -

By Steps 5 and 6, together with the assumption that 2€5" + 1 <
Iv(H) — 2eE" — n + 1, we obtain a contradiction. This completes the
proof of Lemma 3.3. O

Theorem 3.4 (Extension of morphisms between generic fibers
I). Let R be a complete discrete valuation ring whose residue field
(respectively, field of fractions K) is of characteristic p > 0 (respectively,
0) and perfect, K an algebraic closure of K, v, the p-adic valuation
of K such that v,(p) = 1, ex the absolute ramification inder of K,

hon ©oy vp(ex), G and H truncated Barsotti-Tate group schemes

over R, frx: Gk o G®r K — Hg g ®r K a morphism of group

schemes over K, and n a natural number. Assume that one of the
following conditions is satisfied:

(i) The cokernel of the morphism Gg(K) — Hg(K) determined
by fx is annihilated by p"*, and 4e5™ +n < Iv(H). (Note that
since Iv(H) < Iv(G) + n, it follows that 45" < 1v(G).)

(ii) The kernel of the morphism G (K) — Hy(K) determined by
fx is annihilated by p", and 4¢5™ +n < Iv(G).

Then the morphism fx extends uniquely to a morphism over R.
Proof. By taking “(—)P” if necessary, we may assume that condition

(i) is satisfied. Moreover, if H? is étale over R, then the assertion is
immediate; thus, we may assume that H” is not étale over R.
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Let G be a Barsotti-Tate group over Rsuch that G ~ Ker(pV(©: G —
G) (cf. Proposition 2.17), and G Y Ker( v(@+e"+1: G G). Then
the endomorphism p?u of G factors through G C G , and the result-
ing morphism fits into the following ezact sequence

Fon+1
~ via ;zf)~

0— Gp*"—G % G—0

(cf. Definition 2.13). Now we shall denote by gx the composite

First, I claim that to prove Theorem 3.4, it is enough to show that
gr extends to a morphism over R. Indeed, since the morphism G—G
is faithfully flat, the morphism I'(G, Og) — F(é, Og) is injective, and
its image is a direct summand. In particular, we obtain that

[(G,0q) = T(G,05) N (T(G,0q) ©r K) .

Now if gk extends to a morphism g : G — H over R, then by the
construction of g, the morphism I'(H,Oy) — I'(G, Og) determined
by ¢ factors through I'(G, Oz) N (I'(G,0q) ®r K); in particular, the
morphism I'(H,Oy) — T'(G, Og) determined by g factors through
I'(G,O¢). This completes the proof of the first claim.

For a natural number m < Iv(G) (= Iv(G)+€52"+1), we shall denote
by X,, the scheme-theoretic image of the composite

é}([ ](lﬂ( GK[ ]XKHKééXRH.

Then it is easily verified that X, C GxpHis a finite flat subgroup
scheme of G X H over R, we have closed immersions

X CXoC--C Xy CXE X o CGxpH

v(G)— Iv(G)

and the composite
Xy — GxpgH2L G (respectively, X, — GxpH 22 H)

factors through the subgroup scheme G [p™] C G (respectively, H|[p™] C
H) of G (respectively, H). Now to prove Theorem 3.4, it is enough
to show that the composite X — G xp H =% G is an isomorphism.

(Indeed, then the composite
G X S GxpH 2 H

is a morphism of the desired type.) Therefore, the rest of the proof of
Theorem 3.4 is devoted to the proof of the assertion that the composite

~ pry = . . .
X — G xp H = @ is an isomorphism.
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Now I claim that the morphism Xron,q — G[p"+1] determined by
the composite Xeg(onﬂ NYE xp H 2 G is an isomorphism. Indeed,
this claim is verified as follows: Let Yuron,, C GlpE"1] xpz H be
the finite flat subgroup scheme of é[peionﬂ] X r H obtained as the
scheme-theoretic image of the section of G[pE" 1] x n H 2% G[pr"+1]
determined by the identity section of H. Then since Gg[pc ] C
Ker(gk), it is immediate that X, ron ) @R IS coincides with Yron ) @p K
in (G xgr H) ®@g K. Therefore, we obtain that )(1;(cmrl = Y};(on_i_l in
G xg K. In particular, the morphism in question is an isomorphism.
This completes the proof of the second claim.

By taking “(—)P”, we obtain a commutative diagram

PrlDl lfc
GP xp HP — XP

Pr2DT TfH
HD P—— HD,

where the middle horizontal arrow is faithfully flat, the top right-hand

vertical arrows f¢ induces an isomorphism of group schemes G£ = XP
over K, and the kernel of the morphism H”(K) — XP(K) determined
by the lower right-hand vertical arrows fy is annihilated by p™ (cf.

condition (i)); moreover, for a natural number m < lv(G), we obtain a
commutative diagram

éD é[pm]D

jo | |

X — (Xm)D

Y

where the horizontal arrows are faithfully flat.
Now I claim that the morphism

ton (K/R) ®r R/ (9%") — txo(K/R) @ R/(pR")

is injective, and its image is a direct summand of t x» (K /R)Qr R/ (p"1);
in particular, it follows from Lemma 3.2 that the morphism

téD (K/R) ®r R/(plv(é)_e%n) — txp (K/R) Qr R/( (G Fon)

is injective, and its image is a direct summand of t o (K/R)®@ g R/ (p¥ (@) k™).
Indeed, this claim is verified as follows: It follows from Lemmas 1.6;
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2.3 that we obtain a commutative diagram

go(K/R) —— tgo(K/R) @g R/(p"H) —— ooy (B/R)

| l l

txo(K/R) —— txo(K/R) @r R/(p""") —— tx,, yo(K/R),
K

where the horizontal arrows are surjective. Now since G is trun-

cated Barsotti-Tate, the right-hand top horizontal arrow ¢z, (K/R) ®p

R/(pE"+1) — t~[ Fon+1]D(K/R) is an isomorphism (cf. Lemma 2.15);

on the other hand, it follows from the second claim that the right-hand
vertical arrow té[pgggnH}D(K/R) — t(XC%nH)D(K/R) is also an isomor-

phism. This completes the proof of the third claim.

Next, I claim that t5, > e%on Indeed, since H” is not étale, it fol-
lows from condition (i ) together with Lemma 2.10, (i), that X? is not
étale. Thus, the above claim follows from the thlrd claim, Lemma 3.3,
together with Remark 2.9. This completes the proof of the fourth
claim.

Thus, it follows from the fourth claim, together with Lemma 2.12,
that the morphism GP — X D hence also the morphism X — G in

question is an isomorphism. ThlS completes the proof of Theorem 3.4.
O

Remark 3.5. Let K™ (C K) be the maximal tamely ramified ex-
tension field of K, (K'™)" the p-adic completion of K" and R™
(respectively, (R™)") the ring of integers of K™ (respectively, (K™)").
Then it follows from the fact that the absolute Galois groups of K™
and (K*™)" are naturally isomorphic, together with the faithfully flat-
ness of the morphism R™ — (R™)", that any finite flat group scheme
(respectively, truncated Barsotti-Tate group scheme; respectively, mor-
phism of finite flat group schemes) over (R*™)" descends to a finite flat
group scheme (respectively, truncated Barsotti-Tate group scheme; re-
spectively, morphism of finite flat group schemes) over R*™. Therefore,
the following assertion follows from Theorem 3.4:

Let R be a complete discrete valuation ring whose residue
field (respectively, field of fractions K) is of character-
istic p > 0 (respectively, 0) and perfect, K an alge-
braic closure of K, v, the p-adic valuation of K such

that vy,(p) = 1, ex the absolute ramification index of

K, e@n gy vp(er), K™ the mazimal tamely rami-

fied extension field of K, (K™)" (respectively, K) the
p-adic completion of K™ (respectively, K), (R™)" the

ring of integers of (K™)", G and H truncated Barsotti-

Tate group schemes over (R™)", fx: Gk Yeoe (Rtm)A
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(K'™)N — Hy dof H®gemyn (K™)" a morphism of group
schemes over (K™)", and n a natural number. Assume
that one of the following conditions is satisfied:

(i) The cokernel of the morphism Gy (K) — Hp(K)
determined by fx is annihilated by p", and 4e5™ +
n <lv(H).

(i) The kernel of the morphism Gg(K) — Hy(K) de-
termined by fr is annihilated by p", and 452" +n <
v(G).

Then the morphism fx extends uniquely to a morphism

over (R™)".

Corollary 3.6 (Extension of morphisms between generic fibers
IT). Let R be a complete discrete valuation ring whose residue field
(respectively, field of fractions K) is of characteristic p > 0 (respectively,
0) and perfect, K an algebraic closure of K, v, the p-adic valuation
of K such that v,(p) = 1, ex the absolute ramification index of K,

K

def
6Fon s

2+u,(ex), and G and H truncated Barsotti-Tate group schemes

over R. Assume that 4¢5™ <1v(G), Iv(H). Then the following hold:

(i)

(iii)

Let K-Injx(G, H) (respectively, K-Inj,(G®r K, H®gr K)) the
set of morphisms ¢ of group schemes over R (respectively, K)
from G (respectively, GRrK) to H (respectively, H®g K) such
that ¢ induces an injection G(K) — H(K). Then the natural
morphism

K-Injp(G, H) — K-Inj,(Gor K, H®r K)
is bijective. o
Let K-Surjg(G, H) (respectively, K-Surj, (G ®@r K, H ®p K))
the set of morphisms ¢ of group schemes over R (respectively,
K) from G (respectively, G @ K) to H (respectively, H @ K)

such that ¢ induces a surjection G(K) — H(K). Then the
natural morphism

K-Surjp(G, H) — K-Surj (G ®r K, H®g K)

15 bijective.

Let Isomp(G, H) (respectively, Isomg (G ®@r K, H @ K)) be
the set of isomorphisms of G (respectively, G @g K) with H
(respectively, H @ K') over R (respectively, K). Then the nat-
ural morphism

ISOIHR(G,H) —_— ISOI’HK(G RRr K,H KRR K)

15 bijective.

Proof. This follows immediately from Theorem 3.4. U
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Corollary 3.7 (Points of truncated Barsotti-Tate groups). Let R
be a complete discrete valuation ring whose residue field (respectively,
field of fractions K) is of characteristic p > 0 (respectively, 0) and

perfect, K an algebraic closure of K, v, the p-adic valuation of K

such that vy(p) = 1, ex the absolute ramification index of K, €™ o

2 +v,(ex), K™ (C K) the mazimal tamely ramified extension field

of K, Tgem & Gal(K/K™), and G a truncated Barsotti-Tate group

scheme over R. Then the following hold:

(i) If G is of level > 4¢5™ and not étale over R, then G(K) €
G(K'™).
(i) If GP is connected, then the T gim-invariant part

(G(K) ®z, Zy(—1)) <
of the Zy|L rm]-module G(K)®z,Z,(—1) is annihilated by preR" L

Proof. First, we prove assertion (i). By replacing G by its connected
component, we may assume without loss of generality that G is con-
nected. Then if G(K) = G(K™), it is easily verified that there exist
a finite extension field K’ of K which is tamely ramified over K, an
étale truncated Barsotti-Tate group scheme H over the ring of integers
R' of K’, and an isomorphism of group schemes G @r K’ = H Qp K’
over K'. Thus, it follows from Theorem 3.4 that the isomorphism
GorK' = H®p K' over K’ extends to an isomorphism G ®z R = H
over R'. On the other hand, since G is connected, any morphisms
G ®r R — H over R’ must be trivial. Thus, we obtain a contradic-
tion. This completes the proof of assertion (i).

Next, we prove assertion (ii). If (G(K) ®z, Z,(—1)) s is not an-
nihilated by p*&"~1, then it is easily verified that there exist a finite
extension field K’ of K which is tamely ramified over K, an étale trun-
cated Barsotti-Tate group scheme H of level > 4e5" with height 1
over the ring of integers R’ of K’, and a morphism of group schemes
GP @p K! — H ®@p K’ over K’ such that the induced morphism
GP(K) — H(K) is surjective. Thus, it follows from Theorem 3.4 that
the morphism G ®@r K’ — H @ K’ over K’ extends to a morphism
GP@r R — H over R'. On the other hand, since G is connected, any
morphisms G” @z R' — H over R’ must be trivial. Thus, we obtain a
contradiction. This completes the proof of assertion (ii). O

Corollary 3.8 (Extension of morphisms of Tate modules of
Barsotti-Tate groups). Let R be a complete discrete valuation ring
whose residue field (respectively, field of fractions K) is of character-
istic p > 0 (respectively, 0) and perfect, K an algebraic closure of
K, K'™ (C K) the @axz’mal tamely ramified extension field of K,

(K*™)" (respectively, K) the p-adic completion of K™ (respectively,
K), (R™)" the ring of integers of (K'™)", and I (gm)n o Gal(K /(K™)").
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(Thus, by restricting elements of I'(gwmyn to the algebraic closure of

(K™)" in K, one obtains a natural isomorphism of T (g with the
corresponding absolute Galois group of (K™ )".) Let G and H be Barsotti-
Tate groups over (R™)", T,(G) (respectively, T,(H)) the p-adic Tate
module of G (respectively, H), and Isog g (G, H) (respectively,

Isogp T,(G),T,(H))) the set of morphisms ¢ of Barsotti-Tate groups
over (R™)" (respectively, Zy[T'(xmn]-equivariant morphisms ¢) from
G (respectively, T,(G)) to H (respectively, T,(H)) such that ¢ induces
an isomorphism Ty(G) ®z, Q, = T,(H) ®z, Q,. Then the natural
morphism

(Ktm)/\(

Isog gumyn (G, H) — Tsogr ., 2 (Tp(G), Tp(H))
15 bijective.
Proof. This follows from a similar argument to the argument used in
the proof of [11], Theorem 4, together with Remark 3.5. O
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