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Abstract

The Riemann-Wirtinger integral is a function defined by a definite integral on a
complex torus whose integrand is a power product of the exponential function and
theta functions. It was found as a special solution of the system of differential equa-
tions which governs the monodromy-preserving deformation of Fuchsian differential
equations on the complex torus [11], [12]. The main purpose of this paper is to give
an interpretation to this integral as the pairing between twisted cohomology and
homology groups with coefficients in rank-one local systems on the complex torus
minus finitely many points. The local systems contain a parameter corresponding
to the Jacobian of the torus. We also give an explicit description of the cohomology
groups valid for any value of the parameter. This result shall be applied to studies
on generalization of the Wirtinger integral, which is another integral representation
of Gauss’ hypergeometric function in terms of the power product of theta functions
[14].

1. Introduction.

The twisted de Rham theory developed by Aomoto [1], [3] has brought a unified treat-
ment, and a systematic way of generalization, of various hypergeometric integrals which
were invented and investigated by many authors. According to Aomoto, any such integral
is formed as a paring of a homology class and a cohomology class on a complex projective
space P" minus an effective divisor D (in most cases D is a union of hyperplanes) with
coefficients in a local system (or its dual) of rank one which is defined by a multi-valued
function on P™ ramified just along D. Moreover, knowing the structures of the corre-
sponding homology and cohomology groups (e.g., their vanishing or bases) enables us
not only to produce systematically a system of differential equations satisfied by such
integrals, and a system of fundamental solutions of such a system of differential equa-
tions, but also to determine the connection formulae and the monodromy representation
of such integrals [2], [4], [5].

In the recent paper [14], one of the authors gave a new derivation of the connec-
tion formulae and the monodromy representation for Gauss’ hypergeometric function
F(a,B,7,2) by investigating the behaviour of the following integral representation on
the complex torus, which we call the Wirtinger integral (see also [16]),
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by the action of modular transformations, where A(7) denotes the lambda function:
A7) = 01/63 (for the definition of theta functions, see Notation for theta functions be-
low). On the other hand, the other author found, in [11] and [12], the following integral,
which we call the Riemann-Wirtinger integral (cf. [13]),

1 :/e%ﬁcwo(u—tl)ﬁ B —ty)ms(u—t; \)du, =1, ,m,
Y

where we assume that ¢; +---4+ ¢, = 0 and A+ co7 +c1t1 + - + ¢ty + Coo = 0
for a complex number co, (A in (1) is not the lambda function), as a special solution
of the system of partial differential equations which is the integrability condition of the
monodromy-preserving deformation of Fuchsian differential equations with n singularities
t1,...,tn, on the complex torus. It may be considered as an analogue on the torus to
the hypergeometric solutions of the sixth Painlevé equation and the Garnier systems.
The Wirtinger integral appears when we restrict the configuration ¢4, ..., ¢, on the torus
to the two-torsion points: t1 = 0, to = —1/2, t3 = —7/2, t4 = —(7 + 1)/2, and the
parameter A to zero in the Riemann-Wirtinger integral (1). (Precisely, the integral (1)
diverges at A = 0. But we shall prove that we can avoid the divergence successfully.)
Then, it is an interesting problem to generalize the Wirtinger integral to the case where
the configuration is restricted to the N-torsion points on the torus (where N is an integer
greater than two) because it is plausible that the generalized Wirtinger integral solves a
Fuchsian differential equation defined on the modular curve of level N with singularities
at the cusps (see also [17]).

The purpose of this paper is to give a foundation for the connection problem and
the monodromy representation of the Riemann-Wirtinger integral (especially keeping the
generalization of the Wirtinger integral in mind) by studying the twisted cohomology and
homology groups on the complex torus minus 7 distinct points ¢y, ...,t, with coefficients
in a local system (or its dual) of rank one defined by the multi-valuedness of the function
T(u) = e2™V=1eotg(y — 1)t ... f(u — t,) and a one-dimensional representation of the
fundamental group of the complex torus. K. Ito [9] studied the twisted homology groups
with coefficients in the local system defined by a multi-valued function on the complex
torus minus four points. The present work may be also regarded as a generalization of
[9]. In Section 2, we study the twisted cohomology groups. Differently from the usual
theory of hypergeometric integrals on P™ defined by rank-one local systems, since there
exist non-trivial holomorphic line bundles with Chern class zero on the complex torus
(they are parameterized by the Jacobian of the complex torus), we need to consider the
tensor product of the local system defined by a multi-valued function and a holomorphic
line bundle with Chern class zero on the complex torus. Then the variable A in (1)
is a parameter runs over the Jacobian of the torus, and the (generalized) Wirtinger
integrals appear in the case where A = 0, namely the trivial bundle. The structure of
the cohomology groups depend on the value of A\. When \ # 0, we can take logarithmic
differential forms as a basis of the first twisted cohomology group. When A = 0, there
is no basis consisting of only logarithmic forms (see also [15]). But, whether X is equal
to 0 or not, we can describe the cohomology group by taking generators and a relation
among them appropriately (Theorem 2.6 and Corollary 2.7). In Section 3, we study the
twisted homology groups with coefficients in the local system dual to the one treated in
Section 2. We determine generators of twisted cycles and relations among them explicitly
by giving a cell decomposition (Theorem 3.1). In Section 4, regarding configurations of
n points t1,...,t, on tori and their periods 7 as independent variables, we describe a
natural connection on the twisted cohomology groups, i.e. the Gauss-Manin connection



[10] (Proposition 4.1).

Notation for theta functions. In this paper, we follow Chandrasekharan’s notation
for theta functions [6]:
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+00 )

Oa(u) = Oa(u,7) = D (—1)"e™V I T In
+00 )

O3(u) = O03(u,7) = Z eV In'T p2my/~Inu,

Then 0(u) is an odd function and 6 (u), 02(u), 03(u) are even functions. These functions
are related to each other as follows:
1

61 (u) = O(u + 3),

Oou) = —/ TV T (1 T

).

1
By(u) = eV 1/ 4w, 4 THL

We also use the following symbols: ¢’ = ¢'(0,7), 6; = 6,(0,7), i« = 1,2,3. We introduce
the following function:
O(u— N\’

s = Gy

Then s(u; A) has the quasi-periodicity

s(u+130) = s(w; A), s(u+730) = 2™V Ps(u; N).

2. Twisted cohomology groups.

Let H be the upper half plane. For 7 € H, we set I' = I, = Z + Z7, a subgroup of the
additive group C of complex numbers, where Z is the additive group of integers. The
fundamental group of the torus E = E, = C/I' is isomorphic to the group I'. Let A
be a complex number. We define a one-dimensional representation of the fundamental
group, which we denote by ey : I' 3 v — ey(y) € C* (C* denotes the multiplicative
group of non-zero complex numbers), by the assignment of generators of I' into C*:
ex(1) = 1, ex(r) = €2™V=1A. Let Ry be the local system of rank one on E determined
by this representation e). Let O be the sheaf of holomorphic functions on E. We set
Op.x = O ®c R), the tensor product of O and Ry. Let Ly be the line bundle on E
whose local sections are generated by the sheaf Op x. The sheaf O , is also denoted by
Og(L)) in a literature. Then we have

Lemma 2.1. Assume that A ¢ I'. Then H(E,Og ) = HY(E,Op ) = 0.
Proof. Let f be in H*(E,Og ). By definition, f(u) is holomorphic on E, satisfying the



relations f(u+1) = f(u) and f(u+7) = 2™V~ f(u). By the definition of s(u; —)), the
product f(u)s(u; —A) must be an elliptic function on F with at most a single simple pole
at u = 0, from which we have f = 0. Therefore H*(E,Og ) = 0. Now the Riemann-
Roch theorem holds: dim H*(E, O ) —dim HY(E,Og ) — ¢(Ly) = 1 — g, where ¢(L))
is the first Chern class of the line bundle Ly. Since we can take s(u;A) as a global
meromorphic section of Ly, we conclude ¢(Ly) = 0. Since g = 1 and H°(E,Og ) = 0,
we have dim H'(E, O ) = 0 by the Riemann-Roch theorem, which completes the proof
of Lemma 2.1. Q.E.D.

Let t1,...,t, be n distinct points of E, where n > 2. We set D = {t1,...,t,} and
M = M(t1, - ,tn,7) = E\ D. Let U = {U;};ca be an open covering of E. Without
loss of generality we may assume that U/ is a Leray open covering such that every open
set U; € U contains at most one point ¢ of D. Let us consider a collection p = {h;}iea,
where h; is a holomorphic section of Ly on U; if U; contains no point of D, or it is a
holomorphic section of Ly on U; — {tx} and may have an isolated singularity (i.e., a pole
or an essential singularity) at ¢ if U; contains a point ¢, € D. Such a collection p is
called a Mittag-Leffler distribution if, py,v denoting the restriction map of H°(U, O ,)
to H°(V,Op_) for U D V, the differences pu,u.nu, (hi) = pu;,u.nu; (h;) are holomorphic
on U; NU;. By a solution of ;1 we mean a global analytic section h of Ly holomorphic on
M such that the difference pg g, (h) — h; is a holomorphic section on U; for every ¢ € A.
Here we note that our definition of Mittag-Leffler distribution is a little wider than the
one given in [8]. Then we have

Lemma 2.2. If A ¢ I', every Mittag-Leffler distribution u has a solution.

Proof. We set hi|u,nu; = pu,,uinu; (hi). The collection {h;|v,~v, — hjlu.nu, }izj forms a
1-cocycle: {hi|v,nu, — hjlu.nu, bizs € ZYU,0p ). Since HY(E,Og ) = 0 by Lemma
2.1 and U is a Leray covering, there exists a local holomorphic section g; on every U;
such that hi|v,nu, — hjlv.inu, = giluinu, — gjlu,nu; - Then we have hi|u,nu; — gilvinu, =
hjlv.nu; — 95lvinu, - Gluing the local sections h; — g; over E, we have a global section on
E, which is the desired solution of u. Q.E.D.

When A € I', we may assume A = 0 without loss of generality.

Lemma 2.3. Assume that A = 0. Let ar (1 <k <n) be the residue of the 1-form h;du
at the singularity u = ty, if ¢t € U;. Then the Mittag-Leffler distribution p has a solution
if and only if >~}_, ax = 0.

For the proof, see [8], Chap.2, §18.

Let Opr be the sheaf of holomorphic functions on M and let Q}, be the sheaf of
holomorphic 1-forms on M. We define the sheaves Oy and Q3 on M by O, = Oy ®c R
and Q) = Q}; ®c R, where we denote the restriction of Ry to M by the same symbol
Ry by abuse of notation. Since R) is locally constant and without torsion, we have the
exact sequence of sheaves on M:

0—>RA—>(9>\i>Q§\—>O,

where d denotes the sheaf mapping induced by the differential d : Oy — Q3. Let
¢p be an arbitrary complex number, and cy,...,¢, (n > 2) be non-integral complex
numbers satisfying ¢; + -+ + ¢, = 0. We define a multi-valued function 7'(v) on M
by T(u) = e2™V=Ieoug(y — 1)1 .- Q(u — t,). We set w = d(logT(u)). We define
a connection V by Vo = dp + w A ¢. Then we have VV = 0 and V(1) = w. The
connection V defines a sheaf morphism Oy — Q3;, and therefore Oy — Qf. Let £
and £ be the local systems on M defined by the multi-valuedness of T'(u)~" and T'(u),



respectively: £ = CT(u)~" and £ = CT(u). They are dual to each other. In case where
we emphasize the dependence on the parameters ¢;’s contained in £ and £, we also write
L = L(co, - ,¢,) and L = L(cgy, -+ ,¢,). Since the local system L is locally constant
and without torsion, we have the following exact sequence on M:

(2) 0— L®c Ry — L& O) 2 Loc 0} — 0.

Let ¢ be a local section of @y. Then the assignment ¢ — T'(u)p defines a sheaf isomor-
phism Oy — L®cO,. Since d(T'(u)p) = T(u) Ve, the following diagram is commutative:

N v, ol

3) | |

LRc Oy —— L®c N,
id® d

where the vertical arrows represent isomorphisms. Combining this commutative diagram
and the exact sequence (2), we have the exact sequence

(4) 0— L&c Ry — 0y = QL —0,
from which we have the following long exact sequence of the cohomology groups:

0 —HO(M, L ®c Ry) — HO(M,0y) ~ HO(M,Q}) — HY (M, L ®c Ry) — H (M, 0y)
SHY(M, QL) — HA(M, L ®c Ry) — H*(M,0,) — H*(M, Q) — - |

Proposition 2.4. We have H' (M, L ®c Ry) = 0 for i # 1, and

HY(M, L ®c Ry) = H(M, Q) /V(H(M,0y)).

Proof. The local system L®c Ry has no global section on M but zero section. So we have
H°(M, L ®c Ry) = 0. Note that Oy and Q}\ are coherent O)/-modules. Since the open
Riemann surface M is Stein, we have H'(M,0,) = H'(M,Q}) = 0 (i > 0). Combining
these results with (3), we have the short exact sequence

0— HO(M,0,) - HO(M, QL) — H (M, L ®c Ry) — 0

and HY (M, L ®c Ry) =0 (i > 2), from which the proposition follows. Q.E.D.

Let KO be the sheaf of meromorphic functions on F, and KC! be the sheaf of meromorphic
1-forms on E. Let K = H°(E,K°) be the field of global meromorphic functions on E,
and K' = HY(E, IC~1) be the K%vector space of global meromorphic 1-forms on E. We
define sheaves K% (p = 0,1) on E by K% = KP ®c Ry. Let S (p = 0,1) be the sheaf
on M whose sections on an open set U C M form the C-vector space SP(U) = {s €
KP | s is holomorphic on U}. By definition, SY is a subsheaf of Oy, and S! a subsheaf
of Q},;. We define sheaves SY and S; on M by S) = S®®c Ry and S; = S' @c R,. Let
us consider the subcomplex of sheaves

(5) 08258 —o0



of the complex
(6) 0— 0y 50 —0.

The inclusion ¢ of (5) to (6) induces the natural homomorphism ¢, of the de Rham
cohomologies:

(7) Lot HY(M, 83)/V(H® (M, 8)) — H°(M,Q3)/V(H°(M,0y)).

Let Og(xD) be the sheaf of functions meromorphic on E and holomorphic on M,
and Q}(xD) be the sheaf of 1-forms meromorphic on E and holomorphic on M. We
set Ox(xD) = Op(xD) ®c Ry and Q}(xD) = QL(*D) ®c Ry. Since H'(M,S}) =
HOY(E,Q)(*D)) and H°(M,SY) = H°(E, O\(xD)), (7) is written by

(8) Lt HY(B,Q}(+D))/V(H°(E, Ox(+D))) — H°(M,Q})/V (H"(M, Oy)).
In fact we have

Proposition 2.5. For any A € C, ¢, is an isomorphism.

Proof. Since we have
L(cos €1y y¢n) ®c Ratmrin = L(cog+m,c1,...,cn) ®c Ry,

for m,n € Z, we may assume that A € P = {a7 + b|0 < a,b < 1} without loss of gener-
ality. For the proof we need the following claim:

(x) For ¢ € H:O(M, Q1), there exist ¢ € HY(E,Q} (D)) and Q. € H°(M,O,) such
that p =9 + VQ..

In fact, let ¢ be in H(M,}). Since the canonical line bundle of E is trivial, we may
set o = f(u)du, where f(u) is a section belonging to H°(M, O)) and may have isolated
essential singularities at w =t (k = 1,...,n). Let Py(u) be the principal part of the
Laurent expansion of f(u) at u = ti. Let us find a function Qg (u) single-valued around
u = ty, satisfying the equation P (u)du = VQy, that is, Py(u) = % + Qk%(log T(u)).
Here we may assume that Py(u) =3 a'P (u — t)™. By quadrature we have a gen-
eral solution of this equation: Qr = T'(u)~'[[T(u)Py(u)du + C|] for some constant C.
Since @y is single-valued at ti, the condition C' = 0 is necessary. Let us investigate the
behaviour of the solution Qx = Qx(u) with C' = 0 around u = t. Since ¢ is not an inte-
ger, the multi-valuedness of T'(u) around u = t;, comes from the factor (u — t;)°. Then
we can write T(u) = (u — t;)°* X (single-valued holomorphic function) around u = t.

Moreover, since we can write T'(u)Py(u) = ::J_OO P (u — tg)*T™ around u = ty, we
+o00 (k)
have /T(u)Pk(u)du = 2 ck—inin—f—l(u — 1) wwhich is of the form (u — t;)%* x

(single-valued analytic function which may have an isolated singularity at u = t) around
u = tj,. Consequently, the function Qy(u) = T'(u)~! [ T'(u)Py(u)du is a single-valued an-
alytic function around u = t; which may have an isolated singularity at u = ¢, and there-
fore can be expanded in Laurent series at u = t. We set Qx(u) = +°°_OO b%k)(u — )",

the Laurent expansion at u = t,. Moreover we set Qy—(u) = >, o b%k)(u — t;)™ and
Qu(u) =>",5 be) (u — tg)™. Substituting Qr = Q- + Qi+ into the original equation
above, we have Py = Q}_ + Q) + Qx— - (log T(u))" + Qi+ - (log T'(u))’. Since (log T'(u))’



has a pole of order one at u = ¢}, and Q4 has a zero of order one at u = t, the product
Qr+ - (logT'(u))" is holomorphic at u = t, and so is @), . Consequently, we see that in
the right-hand side of the preceding relation the sum Q},_ + Qx— - (log T'(u))" contributes
to the principal part Py. Therefore, setting VQx— = gi(u)du, we see that the principal
part of the Laurent expansion of gi(u) at u = ti is equal to Py. Let U = {U;};ca be a
Leray open covering of E such that every open set U; contains at most one point t; of
D. To conclude the proof of the claim (x), we consider the two cases: (i) A # 0 and (ii)
A=0.

(i) Assume A # 0. Let p = {Q4;}ien be a Mittag-Leffler distribution subordinate to
the open covering U consisting of local sections Q; of Ly on U; such that for every open
set U; containing t € D the section @Q); coincides with the branch containing Q_ — bék)
and for every open set U; not containing any point of D the section ().; is holomorphic.
Then, by Lemma 2.2, there exists a global analytic section Q. of Ly on E, holomorphic
on M such that the difference Qx_ — bék) — Q4 is holomorphic around u = t;. We note
that for every k the 1-form Pj(u)du — Vb(()k) — V@Q. is holomorphic at u = t, and that
the 1-form ngk) locally defined around u = t; has a pole of order one at u = t; with
residue b\, We set 1) = Sorey b s (u—ty, \)du € HO(E, Q) (*D)). Then the 1-form
fw)du—1 —VQ, is a global holomorphic section on E, and therefore by Lemma 2.1 we
have f(u)du =1 + VQ., which proves the claim (k).

(ii) Assume A = 0. Then the claim (x) follows if we apply Lemma 2.3 and the
reasoning of the proof of Lemma 2.2 in [15]. We omit the detail.

We are now in a position to prove the proposition with the aid of the claim (x). Let us
take [¢] € HY(M,Q3)/V(H(M, O,)) arbitrarily, where ¢ € H°(M,Q3). If we form [] €
HOY(E,Q\(*D))/V(H°(E,Ox\(xD))) from the element 1 € H°(E, QX (xD)) whose exis-
tence is guaranteed by the claim (x), then we have ¢, [¢)] = [p], which proves the surjectiv-
ity of 1. The proof of the injectivity of ¢, is as follows. For [¢] € HO(E,Q}(*D))/V(H’(E, Ox(xD))),
assume that 1, [y)] = 0. We set 1 = f(u)du, where f(u) is a section of HY(E, Oy (D))
may have poles at points of D if f(u) is not holomorphic there. The equation ¢,[1)] =0

is translated into the assertion that there exists a section g € H°(M,O,) such that

d d
f(u)du = Vg. The equation is rewritten as f(u) = d—g + g(u)d—(log T'(u)), from which
u u

we have the solution g(u) = T'(u)™! [T(u)f(u)du. By the same argument as when we
constructed @ from Py and investigated the behaviour of Q) at u = tj, we see that g(u)
isin HY(E, O\ (xD)), and [¢)] = 0 as the equality in H°(E, Q1 (xD))/V(H°(E, O\ (xD))),
which proves the injectivity of ¢,. Q.E.D.

Remark. Tt is well-known that this lemma is also proved algebro-geometrically by the
comparison theorem by Deligne, [7], II, Section 6.

Let D and D’ be the divisors on E defined by D = [t1]+ -+ [t,] and D’ = 2[t1] + [ta] +
-+ 4 [tn]. Then we have the following natural homomorphisms:

I:HYE,Q\(D)) — H(E,Q\(*D))/VH"(E, O\(xD)),
I': HY(E,Q(D") — HY(E,Q\(*D))/VH"(E, O (D)),
where, for a divisor F on E, we denote H°(E, QY (F)) = {f € HO(E,ICNZ;\) | (f)+F >0}

Theorem 2.6. In this setting, the following assertions hold:

(i) For A € P\ {0}, I is an isomorphism.



(ii) For A € P, I' is surjective and dim ker I’ = 1.

Proof. First, we prove (i). We introduce a filtration to the vector spaces H%(E, Q2% (xD))
(p=0,1) by the following:

Fy, = F,H(E, Q8 (xD)) = H(E,Q} (kD)), k=0,1,2,....
It is obvious that

F HY (B, Q% (D)) C F1HY(E, Q8 (xD)),

U FyH(E, Q% (+D)) = H°(E, O (+D)),
k=0
and
FyHY(BE,Q} (xD)) = H°(E, Q%) = 0.

For k£ > 1, it is easy to see that the set of n functions {%5@ —t;; A}, forms a
basis of Gri HY(E,Ox(xD)) = F}/Fy_,. From this fact and the assumptions ¢; ¢ Z
(i=1,...,n), we can check that the induced homomorphism

Gry V : Grj H(E, O (+D)) — Gry., H*(E, Q) (+xD))
is isomorphic. Hence we have
HY(E,Q\(*D))/VH°(E,0\(xD)) = FH(E, Q) (xD)) = H°(E, Q}(D)),

which concludes the assertion (i).
Next, we prove (ii). We introduce another filtration to H°(E, QF (xD)):

F/HY(E,Q%(xD)) = H*(E,Q} (D' + (k — 1)D)), k=0,1,2,....
For A € P, we define n + 1 functions ¢;(w;A) (j =0,...,n) by

wo(u; A) = —=As(u — t1; A),

0s
@1(U;A):%(U*t1;/\),

pi(w;A) =s(u—t;;A) —s(u—ti;A), j=2,...,n.

Then we see that FJH"(E, O\(xD)) = Cypo(u; ), and that {%gpi(u; A}, forms a
basis of Gr H°(E, O, (+D)). The induced homomorphism
Grl'V : Grf HY(E, 05(+D)) — Grf.  H°(E, Q) (D))
is isomorphic for £ > 1. Hence we have
H°(E,Q3(+D))/VH®(E, Ox(+D)) = F{H"(E, Q}(+D))/VF H (E, Ox(xD)).
Noting that Vg (u; A) # 0, we can conclude the assertion (ii). Q.E.D.

Corollary 2.7. For any A\ € P, we have dim H!'(M, £ ®c R)) = n. The set of n + 1
classes {[; (u; \)du]}™_, generates the C-vector space H' (M, L&c Ry ), and these classes
are subject to the unique relation [Vgo(u; A)] = 0. In particular, for A € P\ {0}, the set
of n classes {[s(u — t;; \)du]}_, forms a basis of H'(M, L ®c R)).



Figure 1: Cell decomposition of M.

3. Twisted homology groups.

Let £ and Ry be the local systems dual to £ and Ry respectively. The universal coefficient
theorem implies that the natural pairings H;(M, L ®c Ry) x H'(M,L ®c Ry) — C
(i =0,1,2) are non-degenerate. From the results of the last section, we have

Ho(M, L ®c Ry) = Hy(M, L ®c Ry) =0,

dim Hy (M, £ ®c Ry) = n.

In this section, we shall find generators of Hy (M, L ®c R,\) and relations among them.
We give a cell decomposition of M in Figure 1: A is a 2-cell, lo,la. ..., ln,loc, S2,- -+, Sn,
mg, M1, Mo, M3 are 1-cells, and the dots ’s stand for O-cells. By looking at the boundary
map for 1-cells, we see that the following n 4 1 elements generate the group Z; (M, £ ®c
Ry) of 1-cycles:

1— 6_2W\/j1Cm 1— 6271'\/—71(01—090)
Voo =Teg(t1,t1 +7) = loo + W—lm_l(mo +mg) + T P (m1 4+ ma),

1— 6—271'\/—100 9 7 6277\/—101 _ 6271'\/—100
— — Ty —lc1
Yo = reg(ti, t1+1) = lo+ Y P (mote mi)+ Y P (ma+m3),
v =reg(ty,t;) =1; — % mo + _1cl(m1—|—m2—|—m3) j=2 n
J » 7] J €27r /7161__1 627T /jlclf]_ ) gy lly
where we put ¢oo = —A—coT—c1t1—+ - —¢pty. On the other hand, the group By (M, ﬁ@c

RA) of 1-boundaries is generated by the single element

HA — (eQTr\/jCO _ 1),}/00 + (1 _ e—QWlecoQ),YO _ Ze_QTr\/jl(01+m+Cj)(1 _ 6271-\/—710]'),7]_.

Jj=2



Theorem 3.1. The twisted homology group Hi(M,L ®c R)) is generated by n + 1
twisted cycles Yoo, Y0, V2, - - - , Yo Subject to the unique relation

(eQijlco _ 1)700 + (1 _ e—Qﬂ\/leoc )’YO _ Ze—Qﬂm(C1+"‘+Cj)(l _ eQﬂ\/lej )’Y] —=0.

=2

4. Connection on H'(M, L ®c R)).
We put 7 = C" x H\ D7, where D7 is the divisor on C™ x H defined by
DTZ{(tl,...,tn,T) eC” XH|HZ7£] s.t. tl—‘r[‘:t]—‘r[‘}

Let f: M — T be the family of curves over 7 whose fiber over (t1,...,t,,7) € T is
M(t1,...,tn, 7). The local system £ ®c Ry on M extends naturally to the one on the
total space M under the constraint A + co7 + c1t1 + - -+ + cptn + coo = 0 for a constant
Coo € C, which we denote by the same symbol £ ®¢c R) for notational simplicity. The
coherent Or-module R! f, (L ®c Ry) ®c O is locally free and we have the isomorphism

9) R'f (L ®c R)) ®c O1 = £ Q)7 3 (*D)/V a1 [« Opmn(+D),

where V /7 = dp/7 +w. We wish to describe the connection on the right hand side of
(9) whose horizontal sections form the image of R! f.(L®c R)), namely the Gauss-Manin
connection on the de Rham cohomology [10].

Proposition 4.1. For a local section ¢(u; A)du of the sheaf f*Q}vt/T y(¥D), we define
differential operators V,, (i =1,...,n) and V, by

9%

dp
ot; !

Vi o(u; N)du = —(u; N)du + w; (u)p(u; N)du — c'a(u; A)du,

dy 1 0
a(u, A)du+ QWMEVM/T(‘D(U’ A),

where we put w;(u) = (9/0t;)1log T (u) and wo(u) = (0/97)log T(u). Then V,, and V.
define C-homomorphisms on f*Q}\/[/T,)\(*D) and V yg/7 fr O (xD):

V-o(u; A)du = g—@(u, A)du + wo(u)e(u; A)du — co
T

vti’v‘r : f*Q}Vl/’T,A(*D) - f*Q}Vl/T,A(*D)v
Viis Vo i Vayr e Omn(xD) — Va1 frOpma(xD).

Consequently, V¢, and V, induce differential operators on f, Q}\A/T \D) /N py1 [+ Opn (xD).
Proof. Note that ¢(u; A) has the following quasi-periodicity:

olu+ 1) = A), plu+7;A) = 62“/?1’\90(1“ A).

10



Therefore we have the following formulae:

dp Oy

at( u+ 1) = at(u)\)
wi(u+ 1)p(u+ 13 A) = w;i(u)p(u; A),
dp dp
a/\(u—i-l A) = 8/\(u A),
d¢ o2 .
ar (WA = IR SR (),

wilu+)p(u+738) = ™ wi(u) + 2mv/=Te)p(us A),

27 (9
8/\(’(1,4-7' A)=e F/\(a)\(u A) + 27/ —1o(u; \)),

from which we see that V¢, ¢(u; A)du is also a section of f, Q}\/I/T L(¥D). Besides, we have

0 0
Vi.Vamyr = (8t +wi(u) = cige)(dp/r +w)
ow
= VM/TV,‘,% - dM/Twl(u) + a
=VmrV,,

which implies that Vi, (V7 fxOma(xD)) C Va1 fxOma(xD). We can also prove
the assertions for V. in the similar way. Q.E.D.

For A € P\ {0}, we take the basis {s(u —t;; \)du}j_, of H'(M, L ®c Ry) and fix a basis
{71y, -+ 5V } of Hi(M, L ®c Ry). We consider the pairing

fi(j)(tl, vty T) =<5y, 5(u — i A)du > .

By the well-known procedure, this pairing is written by the integral:

D, e, T) :/ T(u)s(u — t;; N)du.
V()

)
fi
Then, by the action of the Gauss-Manin connection, it follows that £f() = :
£
(j = 1,...,n) form a fundamental system of solutions to a system of linear partial
differential equations with respect to the independent variables ty,...,t,,7. Such a
differential system is given by the following (see [12] for details):
5fi .
cﬂs(tﬂ - )f] + cjp( )fia J 7é 2,
0
f7 chﬁ ti; A) fie + (2mvV = CO—ZCW (te — t:)) i,
ti ki ki
277\/*18]01' :ani’“( (t; —tp)? — p(t; — t ))f-+zn:c @(t —tis N f
or k:12pz k P\ kzk:1ka>\k i k>

where we assume A+ coT+c1t1 + -+ -+ Cptn + coo = 0 and we put p(u) = €' (u)/6(u). This
is the system of differential equations satisfied by the Riemann-Wirtinger integral (1).
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