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Abstract

We give several equivalent combinatorial descriptions of the space of states for
the box-ball systems, and connect certain partition functions for these models
with the g-weight multiplicities of the tensor product of the fundamental rep-
resentations of the Lie algebra gl(n). As an application, we give an elementary
proof of the special case t = 1 of the Haglund—Haiman—Loehr formula. Also,
we propose a new class of combinatorial statistics that naturally generalize
the so-called energy statistics.
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1 Introduction

The purpose of the present paper is two-fold. First of all, we would like to give an
introduction to the beautiful Combinatorics related with Box-Ball Systems, and sec-
ondly, to relate the latter with the “Classical Combinatorics” revolving around trans-
portation matrices, tabloids, the Lascoux—Schiitzenberger statistics charge, Macdon-
ald polynomials, [30],[34], Haglund-Haiman-Loehr’s formula [8], and so on. As a
result of our investigations, we will prove that two statistics naturally appearing in
the context of Box-Ball systems, namely energy function and tau-function, have nice
combinatorial properties. More precisely, the statistics energy E is an example of
a generalized machonian statistics [21], Section 2, whereas the statistics 7 related
with Kostka-Macdonald polynomials, see Section 5.2 of the present paper.
Box-Ball Systems (BBS for short) were invented by Takahashi-Satsuma [42, 41]
as a wide class of discrete integrable soliton system. In the simplest case, BBS
are described by simple combinatorial procedures using box and balls. Despite its
simple outlook, it is known that the BBS have various remarkably deep properties;

e Time evolution of the BBS coincides with isomorphism of the crystal bases
[10, 5]. Thus the BBS possesses quantum integrability.

e BBS are ultradiscrete (or tropical) limit of the usual soliton systems [43, 28].
Thus the BBS possesses classical integrability at the same time.

e Inverse scattering formalism of the BBS coincides with the rigged configuration
bijection originating in completeness problem of the Bethe states [27, 37].

Let us say a few words about the main results of our paper.

e In the case of statistics tau, our main result can be formulated as a computation
of the corresponding partition function for the BBS in terms of the values of
the Kostka—Macdonald polynomials at t = 1.

e In the case of the statistics energy, our result can be formulated as an inter-
pretation of the corresponding partition function for the BBS as the ¢-weight
multiplicity in the tensor product of the fundamental representations of the
Lie algebra gl(n). We expect that the same statement is valid for the BBS
corresponding to the tensor product of rectangular representations.

We are reminded that a g-analogue of the multiplicity of a highest weight A
in the tensor product ®aL:1 Viawn, of the highest weight s, w,,, a=1,...,L,
irreducible representations V;_,, of the Lie algebra gl(n) is defined as

L

g-Mult [V,\ : ® ‘/;awra] = Z Kn,R Kn,A(Q)a
n

a=1

where K, r stands for the parabolic Kostka number corresponding to the se-
quence of rectangles R := {(s}*)}a=1. 1, see e.g. [21], [24].

2



e We give several equivalent descriptions of paths which appear in the description
of partition functions for BBS: in terms of transportation matrices, tabloids,
plane partitions. We expect that such interpretations may be helpful for better
understanding connections of the BBS and other integrable models such as
melting crystals [33], ¢g-difference Toda lattices [6], ... .

Our result about connections of the energy partition functions for BBS and ¢-
weight multiplicities suggests a deep hidden connections between partition functions
for the BBS and characters of the Demazure modules, solutions to the ¢-difference
Toda equations, cf.[6].

As an interesting open problem we want to give raise a question about an in-
terpretation of the sums Zn K, r Kpa(q,t), where K, 5(q,t) denotes the Kostka—
Macdonald polynomials [30], as refined partition functions for the BBS corresponding
to the tensor product of rectangular representations R = {(s.*) }1<a<n. See Conjec-
ture 5.18. In other words, one can ask: what is a meaning of the second statistics
(see [8]) in the Kashiwara theory [18] of crystal bases (of type A) ?

Organization of the present paper is as follows. In Section 2, we review neces-
sary facts from the Kirillov-Reshetikhin crystals. Especially we explain an explicit
algorithm to compute the combinatorial R and the energy function. In section 3, we
introduce several combinatorial descriptions of paths. Then we define several statis-
tics on paths such as Haglund’s statistics, energy statistics E and tau statistics 77°.
In Section 4, we collect necessary facts from the BBS which will be used in the next
section. In Section 5, we present our main result (Theorem 5.6) as well as several
relating conjectures. We conjecture that 7™° gives independent statistics depending
on one parameter r although they all give rise to the unique generating function up
to constant shift of power. In Section 6, we show that the energy statistics £ belong
to the class of statistics 7* (Theorem 6.3). Therefore 7° gives a natural extension

of the energy statistics F.

2 Kirillov—Reshetikhin crystal

2.1 A,S” type crystal

Let Wi be a U,(g) Kirillov-Reshetikhin module, where we shall consider the case
g = AY. The module W is indexed by a Dynkin node r € I = {1,2,...,n}
and s € Z-g. As a U,(A,)-module, Wi is isomorphic to the irreducible module
corresponding to the partition (s”). For arbitrary r and s, the module Wi is known
to have crystal bases [18, 17], which we denote by B™*. As the set, B™® is consisting
of all column strict semi-standard Young tableaux of depth r and width s over the
alphabet {1,2,...,n+ 1}.

For the algebra A, let P be the weight lattice, {A; € P|i € I} be the funda-
mental roots, {a; € P|i € I} be the simple roots, and {h; € Homgz(P,Z)|i € I} be
the simple coroots. As a type A, crystal, B = B™® is equipped with the Kashiwara



operators e;, f; : B— BU{0} and wt : B — P (i € I) satisfying

f0) =V = e;(¥))=b ifbV € B,
wt (f;(0) = wt(b) — a; if fi(b) € B
(hi, Wt (b)) = ¢;(b) — (D).

Here (-,-) is the natural pairing and we set &;(b) = max{m > 0 | &"b # 0} and
@;(b) = max{m > 0| f™b # 0}. Actions of the Kashiwara operators &, f; for i € I
coincide with the one described in [19]. Since we do not use explicit forms of these
operators, we omit the details. See [32] for complements of this section. Note that
in our case A,, we have P = Z"™! and a; = ¢; — €41 where ¢; is the i-th canonical
unit vector of Z"!. We also remark that wt(b) = (A1, , A1) is the weight of b,
i.e., \; counts the number of letters ¢ contained in tableau b.

For two crystals B and B’, one can define the tensor product B® B’ = {b® V' |
b € B,V € B'}. The actions of the Kashiwara operators on tensor product have
simple form. Namely, the operators ¢&;, f; act on B ® B’ by

o Eb@V if i(b) > (V)
&(b®b) { b el if pi(b) <e;(b),
S fb@  if i(b) > (V)
filb@ V) { b fibl if i(b) < &(V),

and wt(b® ') = wt(b) + wt(b'). We assume that 0 ® ' and b ® 0 as 0. Then it is
known that there is a unique crystal isomorphism R : B @ B"* 5= B™* @ B™.
We call this map (classical) combinatorial R and usually write the map R simply
by ~.

Let us consider the affinization of the crystal B. As the set, it is

AfE(B) = {bld]|b € B, d € Z}. (1)

There is also explicit algorithm for actions of the affine Kashiwara operators €,
fo in terms of the promotion operator [40]. For the tensor product b[d] ® V'[d] €
Aff(B)® Aff(B’), we can lift the (classical) combinatorial R to affine case as follows:

bld] @ V[d] < V[d — Hbe V)| @ bld+ H(b o)), (2)

where b@ b ~ b’ @b is the isomorphism of (classical) combinatorial R. The function
H(b®V) is called the energy function. We will give explicit forms of the combina-
torial R and energy function in the next section.

2.2 Combinatorial R and energy function

We give explicit description of the combinatorial R-matrix (combinatorial R for
short) and energy function on B™*® B"*". To begin with we define few terminologies
about Young tableaux. Denote rows of a Young tableaux Y by w1, 9s,...y, from
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the top to bottom. Then row word row(Y') is defined by concatenating rows as
row(Y) = y.yr—1...4y1. Let © = (x1,29,...) and y = (y1,¥2,...) be two partitions.
We define concatenation of = and y by the partition (z1 + y1, 22 + ya2, .. .).

Proposition 2.1 ([40]) b® ¥ € B™ ® B is mapped to Y ®be B" @ B
under the combinatorial R, i.e.,

bl 2 @b, (3)
if and only if
(b — row(b)) = (b« row(d")). (4)
Moreover, the energy function H(b® b') is given by the number of nodes of (b «—
row(b)) outside the concatenation of partitions (s") and (s'").

We define another normalization of the energy function H such that for b® b’ €
B ® Br’,s”

H(b®b) := min(r,r’) - min(s,s’) — H(b® b). (5)

For special cases of B @ B, the function H is called unwinding number and H
is called winding number in [31]. Explicit values for the case b® V' € B'! @ B%! are
given by

HbOeV)=xb<l), HbeV)=xb>V), (6)
where x(True) =1 and y(False) = 0.

In order to describe the algorithm for finding b and ' from the data (¥ «— row(b)),
we introduce a terminology. Let Y be a tableau, and Y’ be a subset of Y such that
Y’ is also a tableau. Consider the set theoretic subtraction § = Y\ Y. If the number
of nodes contained in # is r and if the number of nodes of 6 contained in each row
is always 0 or 1, then 6 is called vertical r-strip.

Given a tableau Y = (b’ «— row(b)), let Y’ be the upper left part of Y whose
shape is (s”). We assign numbers from 1 to r’s’ for each node contained in § = Y\ Y’
by the following procedure. Let #; be the vertical ’-strip of 6 as upper as possible.
For each node in ;, we assign numbers 1 through 7’ from the bottom to top. Next
we consider €\ 6y, and find the vertical 1’ strip fy by the same way. Continue this
procedure until all nodes of 8 are assigned numbers up to r’s’. Then we apply inverse
bumping procedure according to the labeling of nodes in . Denote by u; the integer
which is ejected when we apply inverse bumping procedure starting from the node
with label 1. Denote by Y; the tableau such that (Y; < uy) = Y. Next we apply
inverse bumping procedure starting from the node of Y] labeled by 2, and obtain
the integer us and tableau Y5. We do this procedure until we obtain u,y and Y.
Finally, we have

V= (0 wpgttprg 1+ -w), b= Yy (7)

Example 2.2 Consider the following tensor product:

AE
b = ; ;) ‘51 ®[304]e B> @ B*2.
NE




From b, we have row(b) = 235114, hence we have

1113145
213 2[215
3]4]« 235114 | =343,
4 5 4541

54

Here subscripts of each node indicate the order of inverse bumping procedure. For
example, we start from the node 4; and obtain

112]3]4] 1/1[3]4] 1]2]3 44
21315 2125 2135
314 — 1| =33 , therefore, Y] =13¢/40 , u =1
4 4]4 4]
19 9] O4)
Next we start from the node 45 of Y;. Continuing in this way, we obtain ugus - - - u; =
11
321421 and Vs = 5121 4| Since (0 — 321421) =2 2], we obtain
4155
314
213 1)1 213
%é§®34:22®i‘;’§, H;;)g@?,zl =3,
415 34 415

Note that the energy function is derived from the concatenation of shapes of b and

;o
v, ie.,

3 Combinatorics on the set of paths

3.1 Combinatorics
3.1.1 Transportation matrices and tabloids

Let n be a positive integer, o = (aq, -+ ,a,) and f = (B, .0,) be two compo-
sitions of the same size. Denote by M, («, ) the set of matrices M = (m; j)1<ij<n
such that

mm € ZZO’ me = Oy, me = Bj' (8)
i A

Remind that a tabloid of shape a and weight 3 is a filling of the shape a by the
numbers 1,2,--- ,n in such a way that the number of i’s appearing in the filling is
equal to ;. It is clear that the number of tabloids of shape a and weight  is equal
to the multinomial coefficient

(Br+ B2+ -+ Bn)!
BBl Bt



A row (column) weakly strict tabloid of shape a and weight (3 is a filling of the
shape a by numbers 1,2, --- ,n such that the numbers along each row (column) are
weakly increasing and f; is equal to the number of ¢’s appearing in the filling.

Example 3.1 Take a = (2,1,3,1), 5 =(1,3,0,2,1), then

5]

2[4]"

‘l\')l\D»—w-b

is a row weakly strict tabloid of shape o and weight (.

We denote by Tab(a, 3) the set of all row weakly strict tabloids of shape o and
weight (. It is well-known that there exists a bijection between the sets M, («, (3)
and Tab(a, #). Namely, given a matrix m = (m;;) € M, («, 3), we fill the row «; of

the shape o by the numbers 1™, 2™ ... n™in_ For example, let
00011
10000
02010
01000
4]5]
Then the corresponding row weakly strict tabloid is ; 274 To each tabloid T,
2

one can associate the reading word, namely the word obtained by reading the filling
of tabloid T" from the right to the left starting from the top row. For example, for
the tabloid T displayed above, w(T') = 5414222.

If weight u of a tabloid T is a partition, we define the charge ¢(T') of tabloid T
to be the charge ¢(w(T)) of the reading word. See page 242 of [30] for the definition
of the Lascoux—Schiitzenberger charge [29].

Example 3.2 Take standard tabloid

5

617]°

‘l\:)oar—w-lk

then
’lU(T) = 5342 1074633120

and therefore ¢(T) =3+2+0+4+3+1+4+0=13.



3.1.2 Plane partitions

Let X\ be a partition. A plane partition of shape X is a tabloid m of shape A\ such
that the numbers in each row and each column are weakly decreasing. For example,

4
4

5
4
3 Y

‘ww\]\]

is a plane partitions of shape (3,3,2,1).

A plane partition 7m has a three-dimensional diagram, consisting of the points
(i,7,k) with integer coordinates such that (i,j7) € A and 1 < k < 7(4,j), where
7(i,7) € m is the number that is located in the box (4, j) € . By definition, the size
|| of a plane partition 7 of shape A is |7 =} ;o\ 7(4, ).

Let a and 8 be two compositions of the same size. Denote by PP(«, 3) the set
of plane partitions 7 such that

Z (1,0 + k) = ZO‘J’ Z (1 + k1) = Zﬁj

k>0 >k k>0 >k
Finally, let us remind two classical results
(A) (P. MacMahon, see e.g. [30], page 81) Let [, m,n be three positive integers,
and B be the box with side-lengths [.m,n. Then
i+jtk—1

]__
> dm= 1] %

TCB (3,9,k)EB
(B) (Robinson—Schensted—Knuth, see e.g. [34], Chapter 3) There are bijections

M(a, ) 5 PP(a, B) s Tab(a, B).

3.2 Paths
3.2.1 BY! type paths

Let « be a partition of size n. A path p of type B>! and weight a = (ay, ag, -+, o)
is a sequence of positive integers ajas - - - a,, such that o; = #{jla; = i}. We denote
by P(a) the set of all paths of type BY' and weight a. A path p is called a
highest weight path if the sequence ayas - - - a, satisfies the Yamanouchi condition.
We denote by P, («) the set of all B! type highest paths with weight a. It is well
known that the total number of B! type paths of weight o = (ay, g, -+ , ) is
equal to the multinomial coefficient

(g +ag+ -+ ap)!
C(l!CYQ! tee Ckn!
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and there are bijections

P(a) —5 Mat,(a, 1") < Tab(a, 1").

Let us describe the general prescription to get the corresponding tabloid from a
given path. Let the path ajas---a, € P(«a), we recursively add letters to the
tabloid according to ai, as, -+, a, as follows. Starting from the empty tabloid,
assume that we have done up to a,_; and have gotten a tabloid 70~Y. Then we
add the letter i to the right of the a;-th row of 70~ and get T(®). For example,
the path p = 4221343 can be related to the following transportation matrix and row
strict tabloid

| W

_ o O O
O = O O
—_ o O O
O = O O
»—lCﬂl\'Jﬂk‘

o O = O
o O = O
oS O O =

3.2.2 General rectangular paths

More generally, we define path to be an arbitrary element of tensor product of
crystals B @ B™% @ ... ® B"*L, Recall that for type A%l) case, B™® is, as the
set, consisting of semi-standard tableaux over alphabet {1,2,---n + 1}, and tensor
product of crystals B ® B’ is, as a set, cartesian product of two sets B and B’.
Crystal graph structure on the set B ® B’ is is given according to [19]. Weight
A=A, -, Apqp1)ofapathb =0 Qb ® - ®by, € B @ B2 ®-..® B is
given by

A; = total number of letters ¢ contained in tableaux B™* ... B (9)

For example,

112

2 41l® 112 ® 1(1 €B3,2®BQ,2®B2,2
313 415

315

is a path of rectangular shape R = ((23), (2%), (2?)), and its weight is A = (4, 3, 3,2, 2).

Note that the number of standard (i.e., weight of (1V)) rectangular shape R =

{(r*)a=12... 1} paths is equal to the generalized multinomial coefficient

[31, N ,RJ - %7 (10)

where N = " 7,5,, and for any diagram A, H)(¢) denotes the hook polynomial
(see definition on page 45 of [30]) corresponding to diagram A.

Comments. Summarizing, one has the following (equivalent) combinatorial de-
scriptions of the set of (crystal) paths of type B*' @ B2 @ ... ® B'*» and weight
a = (aq,...,ar) as the set of



(a) transportation matrices My (a, s),

(b) row weakly increasing tabloids 7 (a, s),

(¢) plane partitions PP(a, s).
For the given path b; ® by ® ---® b, € B @ B2 @ ... @ B, the corresponding
element in 7 (a,s) is determined as follows. Staring from the empty tabloid, we
recursively add letters to the tabloid according to by, bs, - - -, b, as follows. Assume
we have done up to b;,_; and have gotten the tabloid 7¢~Y. Denote the number of
k contained in b; by xp. Then, for all k£, we add letters ¢ for x; times to the right of
the k-th row of 70~ and get T®,

Example 3.3 Consider the path

3[3]el1]1]2]3]®[1]3]®[2]3]3]

of type B? ® B @ B1? ® B3 and weight a = (3,2,6). The corresponding tabloid
and transportation matrix are

223‘ 0210
T=[2]4 , M=[0101
1/1]2]3]4]4] 2 11 2

To find the plane partition which corresponds to the tabloid 7" (or matrix M), one
can apply the Robinson—Schensted—Knuth algorithm [26] to the multi-permutation

(11122333333
-\ 22324112344

which corresponds to the tabloid 7. One has

1/1]2]2[3]4]4] [1
2[2[4 ,12[3]3
13 13

—_
—_

2|3[313]

RSK

Finally, the plane partition we are looking for, can be obtained from the pair of semi-
standard Young tableaux displayed above by gluing the Gelfand-Tsetlin patterns
that correspond to the Young tableaux in question:

7310 7310 7.7 43
5 2 1 73 1 5787871
4 2 ’ 41 4727171 "3
2 3 227105
R
26 8 11

The result is a plane partition from the set PP((2,4,2,3),(3,2,6,0)).
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Remark 3.4 For the reader’s convenience, let us recall the way to get the corre-
sponding Gelfand-Tsetlin patterns from given semi-standard tableaux. By looking
contents of semi-standard tableau 7', one can define a sequence of partitions

such that each skew diagram p® \ u~Y (1 <4 < n) is a horizontal strip, see e.g.,
Chapter I of [30]. Starting from the sequence of partitions (11), one can define the
corresponding Gelfand—Tsetlin pattern = := x(7T") by the following rule

#9(T) = shape(u™), (1 <i<n). (12)

It is known that thus obtained z indeed satisfies the defining properties of the
Gelfand—Tsetlin patterns.

Remark 3.5 One of the most remarkable property of the BBS is that the second
Young tableau' (of weight 3) obtained by means of the Robinson—Schensted—Knuth
algorithm, is conserved under the dynamics of the BBS [4] (see also [44, 1] for the
other connections between the simplest BBS and the RSK algorithm). Nowadays,
conserved quantities and linearization parameters (or angle variables) of the BBS are
completely determined in the most general settings [27], and, surprisingly enough,
they are elegantly described by the so-called (unrestricted) rigged configurations
20, 23, 22, 25, 38, 2.

3.3 Statistics on the set of paths

3.3.1 Energy statistics

For a path by ® by ® -+ - ® by, € B ® B™?% ® --- ® B"%L let us define elements
b;l) € B"% for © < j by the following isomorphisms of the combinatorial R;
b1®b2®"'®bifl®bi®"‘®bjfl®bj®"‘
~ b1®b2®---®bi_1®bi®---®b§j_l)®b;_1®---

~ bk @b @b @ @Y, ®, (13)

where we have written b, ® b§k+1) ~ b§k) ® by, assuming that bg-j ) = b;.
For a given path p =b; ® by ® --- R by, € B @ B"™>% ® --- ® B"-*L define
statistics E(p) by
E(p) =Y Hb:@b ™). (14)
i<j

Define the statistics maj(p) by

maj(p) = > H(b; @ b)), (15)

1<j

!Equivalently the upper part of the corresponding plane partition.
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For example, consider a path a = a1 ® ay ® - -+ @ a, € (B»)®L. In this case, we
()

have a;” = a;, since the combinatorial R act on B L@ BY! as identity. Therefore,
we have
L—1
maj(a) = Y (L —i)x(a; < ai1). (16)
i=1

Define another statistics tau as follows.
Definition 3.6 For the path p € B"™*1 ® B2 ® --- ® Bt define 7% by

7% (p) = maj(u” @ p), (17)

where ul" is the highest element of B™*.

We use abbreviation 7 for the statistics 71! on B! type paths a € (B»)®L ie.,
7(a) =maj(l ® a) = maj(a) + L (1 —61,4,), (18)

where a; denotes the first letter of the path a. This 7 is a special case of the tau
functions for the box-ball systems [28, 35] which originate as ultradiscrete limit of
the tau functions for the KP hierarchy [16].

Definition 3.7 For composition p = (p1, fa, -+ , fin), write py = Z;Zl i with
convention jujo) = 0. Then we define a generalization of T by

(@) = 3 7(ag), (19)

where
Q) = Qpup_q+1 ® Ay _qy+2 Q- Qpyy € (BLI)@Hi- (2())

Note that we have a = ap ® apg ® - - - ®@ ayy, i.e., the path a is partitioned according
to p. It is convenient to identify 7, as statistics on a tabloid of shape ;1 whose
reading word coincides with the partitioned path according to p. For example, to
path p = abcedefgh and the composition p = (3,2, 3) one associates the tabloid

clblal

eld .
hlglf]

3.3.2 Statistics charge

Let p be a path of type B!, denote by T'(p) the corresponding row strict tabloid and
by w(T'(p)) its reading word. Define the charge of a path p to be the charge of tabloid
T(p), i.e. the charge of the reading word w(7'(p)). For example, take p = 4221343.
Then w(T'(p)) = 4327561, and therefore, ¢(p) =3+2+1+4+3+3+0 = 16.

If ju is a composition, define c,(p) = >, c(pp)), where

Pli) = Puy—+1 Pug—y+2 * " Pugps

cf. Definition 3.3.
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Lemma 3.8 One has
Tu(p) + C#(p) = Z (( 9 > — M 51,p[f]>7
where p[f] denotes the first letter of the path py.

Proof follows from two simple observations that

) reon = (45). dl@n) )= L,

where L denotes the length of path p.

Comments. It follows from [28] that on the set of semi-standard Young tableaux,
i.e., on the set of highest weight paths, the statistics tau coincides with statistics
cocharge. Therefore, one can consider the statistics tau as a natural extension of the
statistics cocharge from the set of semi-standard tableaux to the set of tabloids, or
on the set of transportation matrices.

3.3.3 Haglund’s statistics

Tableaux language description For a given path a = a1 ® as ® --- ® ar, €
(BY1)®L associate tabloid ¢ of shape p whose reading word coincides with a. This
correspondence is the same as those used in the above explanation of 7,,. Denote the
cell at the i-th row, j-th column (we denote the coordinate by (7, 7)) of the tabloid
t by t;;. Attacking region of the cell at (7, 7) is all cells (4, k) with & < j or (i + 1, k)
with £ > 7. In the following diagram, gray zonal regions are the attacking regions
of the cell (4, j).

(i,J)

zd

Follow [8], define |Inv;;| by
|Inv;;| = #{(k,1) € attacking region for (i, 7) |tx > ti;}. (21)

Then we define
(@) = 3 v, (22)
(i,5)en
If we have t(;_1); < t;;, then the cell (i, j) is called by descent. Then define

Des,(a) = Y (i—j) (23)

all descent (4,7)

Note that (u; — j) is the arm length of the cell (i, j).
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Path language description Consider two paths a¥),a® € (B)®*, We denote
by e ®a® =a; ®a ® - ® as,. Then we define

o ktp—1

Tnv(,, (e, a Z Z (a < a;). (24)

k=1 i=k+1

For more general cases a) € (B"!)®" and a® € (B)®#2 satisfying 1 > o, we
define
Inv(#lyuz)(a(l)a @(2)) = InV(Hl,m)(&(l)’ 120a-42) @ a(2))' (25)

Then the above definition of |Inv,(a)| is equivalent to

Inv,(a)| = ZIDV(MJM+1)' (26)
i=1

For example, consider the following tabloid (a = 2312133212);

3[1]2]1]3]2]
2[1]2]3 ’

We associate the paths a®) = 231213 and a® = 1923212. Then

t =

[Inv (g4 (a)| = 10.

v ,m @) = xlar < az) + x(a1 < az) + x(ar < aq) + x(a1 < as) + x(a1 < ag) +
x(az < az) + x(az < ag) + x(az < as) + x(az < ag) + x(az < a7) +
x(as < ag) + x(asz < as) + x(as < ag) + x(az < ar) + x(az < ag) +
X(ag < as) + x(as < ag) + x(as < a7) + x(as < ag) + x(aq < ag) +
x(as < ag) + x(as < a7) + x(as < ag) + x(as < ag) + x(as < a1g) +
X(ag < a7) + x(ag < ag) + x(ag < ag) + x(ag < aig) + x(ag < a11)

= (1404+14+0+1)+(0+04+04+0+0)+(14+0+14+0+0)+

04+14+0+0+1)+(1+0+0+1+1)+(0+0+0-+0+0) = 10.

Consider two paths a() € (BY"1)®" and a® € (BY“!)®#2 satisfying p1 > po.
Denote a = ¢V @ a@. Then define

5}

Desguya(@) = S (k= (11 — p12) = Dx(a < aurn). (27)

k=p1—p2+1

For the tableau T of shape u corresponding to the path a, we define

Desu(T) = D, Desiu ) (0l @ agien). (28)

i=1
Definition 3.9 ([7]) For a path a, statistics maj, is defined by

maj,(a Zmaj (i @t ® - @ty ). (29)

and inv,(a) is defined by
inv,(a) = |Inv,(a)| — Des,(a). (30)
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If we associate to a given path p with shape p tabloid T, we sometimes write
maj,(p) = maj(7T) and inv,(p) = inv(T).

Example 3.10 For highest weight paths of weight (2,2,2) and shape (4,2), the
following is a list of the corresponding tabloids associated with data in the form
(maj, inv):

N}
N}
(\]
—
w
—_

1]1] (2,4) 2[1] (2,3) 2[1] (1,5)

113]2]1] (1,4) g 2/1]1] (0,6)

\)

4 Box-ball system

In this section, we summarize basic facts about the box-ball system which will be
used in the next section. For our purpose, it is convenient to express the isomorphism
of the combinatorial R

a®@b~V ®d (31)

by the following vertex diagram:

CL“*CL’,

b/

Successive applications of the combinatorial R is depicted by concatenating these
vertices.

Following [10, 5], we define time evolution of the box-ball system Tl(a). Let
ul(i)) = u§“) € B*! be the highest element and b; € B"*. Here the highest element

a)

ul( € B! is the tableau whose i-th row is occupied by integers i. For example,

111]1]1
Uf) =1212]2|2|. Define ul(? and b, € B™% by the following diagram.
3131313
b by br,
ul(%) ul(al) ul(f;) .......... ul(cg_l ul(aL)
by by b, (32)
ul(? are usually called carrier and we set ul(ff)) .= u{”). Then we define operator T,*)
by

T = =, @b, @ @b, (33)

Recently [36, 37], operators Tl(a) have used to derive crystal theoretical meaning of
the rigged configuration bijection.
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It is known ([27] Theorem 2.7) that there exists some | € Z~ such that

T =T = T(f) = - (= ). 3

If the corresponding path is b € (B"!)®L, we have the following combinatorial
description of the box-ball system [42, 41]. We regard |1|€ B! as an empty box of
capacity 1, and |i | € B! as a ball of label (or internal degree of freedom) ¢ contained
in the box. Then we have:

Proposition 4.1 ([10]) For a path b € (B")®E of type AV, TO(b) is given by
the following procedure.

1. Mowe every ball only once.
2. Mowe the leftmost ball with label n + 1 to the nearest right empty boz.

3. Mouwe the leftmost ball with label n+1 among the rest to its nearest right empty
box.

4. Repeat this procedure until all of the balls with label n + 1 are moved.
5. Do the same procedure 2—4 for the balls with label n.
6. Repeat this procedure successively until all of the balls with label 2 are moved.

There are extensions [14, 15] of this box and ball algorithm corresponding to gen-
eralizations of the box-ball systems with respect to each affine Lie algebra [13, 12].
Using this box and ball interpretation, our statistics 7(b) admits the following in-
terpretation.

Theorem 4.2 ([28] Theorem 7.4) For a path b € (B")®L of type AV, 7(b)
coincides with number of all balls 2,--- ,n + 1 contained in paths b, To(ol)(b), cee
(T8))E1(b).

Example 4.3 Consider the path p = a ® b where a = 4312111, b = 4321111. Then
we have

4312111 4321111
1141321 1114321
1114113 1111114
1111411 1111111
1111141 1111111
1111114 1111111
1111111 1111111
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Here the left and right tables correspond to a and b, respectively. Rows of left
(resp. right) table represent a, Técl,)(a), s (Tg))L(a) (resp., those for b) from top
to bottom. Note that we omit all frames of tableaux of B! and symbols for tensor
product. Counting letters 2, 3 and 4 in each table, we have 7(a) = 11, 7(b) = 7 and
77,7 (p) = 1147 = 18. Meanings of the above two dynamics corresponding to paths
a and b are summarized as follows:

(a) Dynamics of the path a. In the first row, there are two solitons (length two
soliton 43 and length one soliton 2), and in the second row, there are also two
solitons (length one soliton 4 and length two soliton 32). This is scattering
of two solitons. After the scattering, soliton 4 propagates at velocity one and
soliton 32 propagates at velocity two without scattering.

(b) Dynamics of the path b. This shows free propagation of one soliton of length
three 432 at velocity three.

5 Main results

5.1 Haglund—-Haiman—Loehr formula

Let H,(x;q,t) be the (integral form) Macdonald polynomials where 2 stands for
infinitely many variables x1, zs, - - - . Here H .(7;q,t) is obtained by simple plethystic
substitution (see, e.g., section 2 of [9]) from the original definition of the Macdonald
polynomials [30]. Schur function expansion of H u(23¢,t) is given by

I Q7 Z K)\ S Q7 8)\ ) (35>

where K Au(q, t) is transformation of the Kostka-Macdonald polynomials:

f{)hu(% t) = tn('u)K/\,u((L t_l)' (36)
Here we have used notation n(p) = > ,(i — 1)p;. Then the celebrated Haglund-

Haiman—Loehr (HHL) formula is as follows.

Theorem 5.1 ([8]) Let 0 : u — Zsq be the filling of the Young diagram pu by
positive integers Ziqg, and define x° = Hueﬂ To(u). Then the Macdonald polynomial
[flu(m; q,t) have the followmg explicit formula:

Z‘ q7 Z qlnv(a tmaJ (37>

o:p—Z>0

From the HHL formula, we can show the following formula.

Proposition 5.2 For any partition p and composition « of the same size, one has

Z qinvu(p)tmaju(p) = Z Kmakn,u(Qat)? (38>

pEP () nk|pl

where 1 runs over all partitions of size |u|.
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Proof. Indeed, [8], if two fillings o and ¢’ belong to the same s, orbit, then
Inv(o) = Inv(c’), Des(c) = Des(d”). O

Corollary 5.3 The Macdonald polynomaial ﬁu(:ﬁ; q,t) have the following expansion
in terms of the monomial symmetric functions my(x):

Hy(wq,t) =Y [ Y ¢™e®eman®) | my(a), (39)

AF[ul \peP(N)
where A runs over all partitions of size |ul.

To find combinatorial interpretation of the Kostka—Macdonald polynomials K Aul(q,t)
remains significant open problem. Among many important partial results about
this problem, we would like to mention the following theorem also due to Haglund—
Haiman—Loehr:

Theorem 5.4 ([8] Proposition 9.2) If u; <2, we have

Kaulg,t) = ) gmr®pman®), (40)
PEP+(N)

It is interesting to compare this formula with the formula obtained by S. Fishel [3],
see also [24].
Concerning validity of the formula Eq.(40), we give the following conjecture.

Conjecture 5.5 FExplicit formula for the Kostka—Macdonald polynomials

Kaulg t)= ) g™e@gmei®), (41)

PEPL ()

1s valid if and only if at least one of the following two conditions is satisfied.
(i) 1 <3 and py < 2.

(i) X is hook shape.

5.2 Generating function of tau functions

Our main result is an elementary proof for special case ¢t = 1 of the formula Eq.(38)
in the following form.

Theorem 5.6 Let a be a composition and p be a partition of the same size. Then,
Z gn®) = Z Ko Kyu(g,1). (42)

pEP(a) N
Conjecture 5.7 Let a be a composition and p be a partition of the same size. Then,

Dlizo Qi Z q ZKn,aKnﬂu(q,l). (4?))

peEP(a) nk|pl
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Here ) .., a; is equal to the number of letters other than 1 contained in each path

p € P(a).

Example 5.8 Let us consider case a = (4,1,1) and p = (4,2). The following is a
list of paths p and the corresponding value of tau function 7(4,9)(p). For example, the

top left corner means p =[1]®|1]@[1|®[1]®[2]®[3]and T(a,2)(p) = 3.

111123 3| 111132 2| 111213 2| 111231 3| 111312 2| 111321 3
112113 3| 112131 4| 112311 3| 113112 3| 113121 4| 113211 2
121113 4| 121131 5| 121311 4 |123111 5| 131112 4| 131121 5
131211 4132111 3211113 5211131 6211311 5213111 6
231111 7311112 5311121 6311211 5312111 6| 321111 4

Summing up, LHS of Eq.(43) is
¢ > W =g 4 4g + 707 + TP+ Tg+ 4
PEP((4,1,1))

In the RHS of Eq.(43), nontrivial contributions come from the following 4 terms:

Koy 410K 6),42)(0,t) + Ks1).01K5.1).04.2(0, 1)
+K(4,2),(4,1,1)f((4,2),(4,2) (g,t) + K(4,1,1),(4,1,1)K(4,1,1),(4,2) (g,1)
= 1-()+2 (" +¢" +at+q+1)
+1-(2¢" + ¢*t + ¢+ 2¢°t + ¢ + gt + %)
+1-(¢° + 't + ¢* + 2%t + ¢ + 2¢°t + qt* + qt)
= ¢+ {t+3)g" +(Bt+4)+ (U +3)@+ (P +4t+2) g+ >+ 2t + 1.

By setting t = 1, we get Eq.(43).

Proof of Theorem 5.6

Definition 5.9 Let pu be a composition and T be a tabloid of size |u|. Denote by
T the part of T which is filled by numbers from the interval (=141, ). Then

eu(T) =3 e(T). (44)
i>1
Lemma 5.10
> Kok (1,t)=> " ™), (45)
n T

where the sum in the right hand side runs over standard tabloids T of shape c.

Proof. Recall the following three formulas from [30], Chapter VI.

Formula 1.
Kypulg,t) = Kyt g gt (46)
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and thus

Z Z 1 g g, (47)

As a corollary of the formulas above,

Z KK (g, 1) = Z KKy (1, q71>qn(ul)~ (48)
n n

Formula 2.
Ju(z;1,t) = (¢, t) e (). (49)

Formula 3.

tn(X)( t
(t,t),ep(2) = ZH—()SA r,t) =Y Ky an)(t)S(x,t). (50)
pym A A
Therefore,

T L) =TT { Do Ko e, OSolat) | (51)

21 \AOkp!

X

1, We obtain

and after the plethystic change of variables X ——

ju(x; 1,t) = H Z Kk(i)v(lué)(t)SA(i) () (52)

i>1 \ MOk,

Claim 5.11

> Koy Bso (@ Ztc w0, (53)

ADbpf

where the second sum runs over all standard tabloids T of the size r, and &(T)
denotes either the charge of T', or the value of tau function on the path corresponding
to tabloud.

In the case ¢(T) = ¢(T") the charge of tabloid 7', this result is due to Lascoux—
Schiitzenberger; in the case of ¢(T') = n(u') — 7(T) this statement is a corollary of
Theorem 7.4 and Corollary 6.13 from [28], where identification of tau function and
cocharge is given.

Corollary 5.12

Ju(w;1,t) = Z Ztc w Dy (z (54)

Alu| T

where the second sum runs over the set of standard tabloids of shape X\, and ¢,,(T') =

S EHTO).
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On the other hand,
Ju(x;1,t) = Z (1, 1)s,(2)

= Z au(1, 1) ZKn,Am,\(:v)
— Z (Z Kn,u(1,t)Kn,A> my(x), (55)

A

and therefore

Y KL= W) (56)
n T

where the sum in the right hand side runs over the set of standard A-tabloids.
Finally,

Z KoKy (g, 1) = Z KoKy w(1,q” A = Z g eulT (57)
n n

where the the third sum runs over the set of all standard a-tabloids.
It remains to observe that according to Lemma 3.4,

5 n) -t =3 (1) = elow) =7 5 b 10,00 = mai, )

T %

5.3 Comments on generalizations of Section 5.2

In order to clarify nature of tau statistics, we consider possible generalizations of
the results in Section 5.2.

5.3.1 Regularization map and parabolic Kostka polynomials

The main objective of this Section is to give an interpretation of the energy statistics
partition function for the BBS as the value of a certain parabolic Kostka polyno-
mial, see e.g., [21, 24]. This observation allows to write a fermionic formula for the
parabolic Kostka polynomials in question, see e.g. [21], as well as appears to be
useful in the study of the BBS, see e.g. [28].

Definition 5.13 Let p be a path of type Q, B"** and weight A, define reqularization
p =reg(p) of the path p to be

reg(p) = (1---n — DA (1 Z‘)Am 102, (58)
where (1---1) :=1® --- ® 1, and we have omitted all symbols ®.

Let T be semi-standard Young tableau (i.e., highest weight) corresponding to the
regularized path p.
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Lemma 5.14 ([28], Lemma 7.2) Assume that all r; =1, then

7(p) = 7(p) + const = &T') 4 Const, (59)
where
Const = L(L — ) ( ) + Z ( ) + Z Afbaflp,
1<a<b<n
and L =75, m,.

Example 5.15 Let p; = 3332221, then
Py = 1212121113332221.

We have 7(p1) = 7, 7(p1) = 46, and 7(p1) — 7(p1) = 39. On the other hand, let
Dy = 3223123, then
po = 1212121113223123,

and 7(p2) = 14, 7(p2) = 53, so that 7(p2) — 7(p2) = 39, as expected. Time evolution

of py is

3223123

1 112 3 1 2

1 1112 31

1 11112 3

1 11111 2

1111111

1 1 11111
Corollary 5.16

Z Kn A = qu KA,(;{,)\) (q_1)7 (6O>

where C is a constant and partitions A and k are defined as follows; A = (Ay,--- | A\,),

and Ny =3 sitta, 1 =1, n; k= (K1, Kn), Ki = Y qniyp, 6= 1,00 ,n—1.

Proof. Indeed, we have

LHS = ) ¢»®) = ¢ ZqC(T = ¢ Kawn(a ), (61)
PEP(A)

where summation in the third term runs over all Littlewood—Richardson tableaux
of shape A and weight (k, \). O

Conjecture 5.17 Let Ry = (s;"")12... be a sequence of rectangles, then

Z KTI,Rl KTth (Q) = qCKA,(I@RQ)(qil)J (62>

n

where A denotes partition (ZaZi ra)si, K = (Zazz‘ﬂ Ta)si.
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It’s well-known that parabolic Kostka polynomials K g(q), where R = {(r2°},—12....
is a dominant (i.e., 7y > 79 > - ) sequence of rectangular shape partitions, satisfy
the so-called duality theorem

Kyr(q) = Ky p(qg " )g"™, (63)

where R’ denotes a dominant rearrangement of the sequence of rectangular shape
partitions {(sh*)}4=1,2.. and

n(R) = Z min(r,, 7) min(s,, ). (64)

1<a<b

Questions 1. Can one define a set P(Ry, Ry) of paths 7 of rectangular type Ry =
&, (ri*) and rectangular weight Ry = @), ("), and energy function e(m) such that

KKR17R2 (Q) = Z qe(w) = Z K’V],R1 KW7R2 (Q> (65>
™ n

Questions 2. Are there some “physical interpretations” of the duality theorems

Ky r(q) = ¢"W Ky r(q) (66)
and
KKpg, r,(q) = qn(R2)KKR’1,R’2 (") (67)
for polynomials K r(q) and K Kg, r,(q)?

5.3.2 Generating functions of generalized tau statistics

Let us consider generating functions of the generalized tau statistics:

PRAS

(p) = maj(u” ® p), (68)

where u” € B™* is the highest element and p € B ® --- ® B":%L. Let n be
a partition and R be a sequence of rectangles, denote by K, r(q) the correspond-
ing parabolic Kostka polynomial. For any partition A, let K, \ := K, (1) be the
corresponding Kostka number. Then we have:

Conjecture 5.18 Let R = {(r;,s:)E,} be a sequence of rectangles. Denote by Pg
the set of all paths (including non-highest elements) corresponding to the tensor
product of crystals B @ B™%2 ® ---® B"%L, Then,

Y TP =" Kyr(a Ky, (69)
PEPR, wt(p)=A ]

where s > max;{s;}, ¢, € Z.

In other words, the statistics 7* defines the essentially unique class of polynomials
although its definition depends on choice of u"”. As we see in the following example,
this is not obvious from definition of 7.
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Example 5.19 Let us consider the case A = (4,3,3,2,2) and B>? @ B*? @ B*.
Then we have total of 759 paths, and by direct computations, we have the following
summation over all 759 paths.

D g = " 48¢° +33¢° + 897 + 161¢° + 198¢° + 163" + 82¢° + 244

D g = g 48" 4 33¢" +89¢" + 161¢° + 198¢° + 163" + 82¢° + 24¢°
D g = ¢ 4+8¢" +33¢" +89¢° + 161" + 198¢" + 163¢° + 82¢° + 244"
D g = " 1+8¢° +33¢° + 897 + 161¢° + 198¢7 + 163" + 82¢° + 244
g = ¢*+8¢7 +33¢° + 89¢° + 161¢* + 198¢” + 163¢” + 82q + 24,

where s = 2,--- |5 and, in the last expression, 5 < r < 10. However, if we look at

specific paths, for example,

111 111
213 111 1]2 112
by =2]2|® ® : by =123|® ® ,
s 31417135 ETE 3141734
112 212
112 111 111 111
b3 =124|® ® , by =[3[3|® ®
G 313145 nriaEiEIEIE

Then we have

15 25 35 45 55 65 75 -85 95 105
by | 5 T 9 6 3 3 3 3 3 3
b| 4 9 8 8 2 2 2 2 2 2
bs| 7 7T 6 3 2 2 2 2 2 2
by 9 9 5 3 3 3 3 3 3 3

In particular, dependences of 7%(b) on r are different for each b.

Remark 5.20 We use the same notations of Conjecture 5.18. Then, as we will see
in Corollary 6.4 below, we have ¢, = ¢y for all » > I()), where [(A) is length of
weight .

5.4 Generating functions related with the energy statistics
on the set of rectangular paths

Let us consider generating function with respect to F statistics. This is a more

traditional problem compared with it for 7™%. Indeed, special cases of this problem

as well as its restriction to the set of highest weight paths were considered by several
authors, see, e.g., [31, 11, 32, 39] and references therein.

Conjecture 5.21 Let R = {(r;,s;)L,} is a sequence of rectangles. Denote by Pg
the set of all paths corresponding to tensor product of crystals B™*' @ B™% & ---®

B2t Then, i
Yo V=) K rlg) Ky (70)

PEPR, wt(p)=A nEA|
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Example 5.22 Let us consider the case A = (4,6, 3,1) and R = {(2,2),(2,2),(3,2)},
i.e., B*? @ B%? ® B%2. Then we have the following nine paths:

p E(p) p E(p)
12 11
;;®§§®23 10 ;5@033@22 9
304 374
11 12
THofEEe | o | BEee ] «
303 374
11 11
§§®%§®22 10 %?}9%2@22 11
304 303
11 11
§i®;§®22 11 §§®§;®22 12
303 374
11
T gelie] «
303

Therefore, the LHS of Eq.(70) is
q9 T 3q10 4 3q11 4 2q12.

On the other hand, non-zero contributions for RHS of Eq.(70) comes from

0| Kur(e) | Kua(9) ]
(6,4,3,1) | ¢°+ ¢'° 1
(6,5,2,1) || ¢ +¢ | ¢
(67474> qlo q
(67573) qll Q+q2

Summing up,

RHS (@ +¢"°) 14+ (@ +¢") 14+ (¢") -1+ (¢") -2+ ¢"7-2

q9+3q10+3q11+2q127

which coincides with the LHS.

6 Discussion: 7™° and E

So far in this paper, we have considered several statistics including generalized tau
statistics 7° and more traditional one E. Let us investigate several further aspects
of these two statistics. Our main results in this section are (i) to show that £ belong
to the class of statistics 7° and (ii) to show that 7"* stabilize when we increase the
value of r. The following proposition will be a key property.
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Proposition 6.1 Let b, ; be the integer at the i-th row, j-th column of the tableau
representation of b € B"™* | and let the highest element of B™* be u™*. Then we have

Hu?®b)=0 (71)
if r >byg and s > s
Note that b,s o is the largest integer in the tableau representation of b.

Proof. According to the algorithm presented in Proposition 2.1, we have to compute
the insertion b < row(u"*). This is worked out in Lemma 6.2 below, and shape of
the resulting tableau coincides with the concatenation of two tableaux b and u"™*.
Hence H(u™ ® b) = 0 due to Proposition 2.1. O

Lemma 6.2 Under the same assumptions of Proposition 6.1, the insertion

be—omrr---r---22-.-211---1. (72)
—_—— =\
gives the concatenation of tableauz u™* and b, i.e.,
1 L[| 1 by lbiol by
219 1...19 5271 6272 bz,s’
(73)
I O IR I br’,l br’,Q o br/,s’
rlro ol

Proof. This insertion procedure can be divided into two steps. First, we show

biy|bio| by 6 0 |- 48
B (bmrreeopee 58-2-586.--05) = | P2t P22 tbaw] 0 | 0 O | (ra)
—_— =
by i|bpal - Ny T | T | T T

where § = r — 7'+ 1 and § = § + 1. Note that we have § > 1 since (i) by the
semi-standard property of b, we have b,» ¢ > 1" and (ii) by the assumption r > b,/ ¢,
thus » — 7" > 0. Again from the assumption r > b,» o, we have

r—1i> by (0 <Vi<r) (75)

by the semi-standard property by_; ¢ < by . Consider the insertion (b «— rr---7).
From Eq.(75), we have r > r — (' — 1) > by_(_1),¢ = biy. Thus the first row of
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(b« rr---r)is by1bya---bygrr---r, and the remaining rows are identical to the
corresponding rows of b. If r = 1, this finishes the proof (i.e., by r > b, ¢ we have
by ¢ = 1), therefore let us consider the case r > 1. Assume that we have, for some
r>k>d6and k=k+1,

bialbia| big| k| k|| k
boi|boo|  |bag| k| k|| k
bo:(()(_rrrl%]%l%kkk): 7
S S S b*l b*2 b*s T r r
br/,l br’,2 T br’,s/

(76)
where * = r’—k+1. We insert (k—1) into this b°. From Eq.(75) and the assumption
k>4, wehavek > 6 =r—(r'—1) > by__1)¢ = b1, thus k—1 > by . Therefore
inserted (k — 1) bumps k at (s’ 4+ 1)-th column of b°. As the next step, we have
to insert k to the second row of b°. By the similar reasoning, it bumps (k + 1)
at (s + 1)-th column. In this way, insertion of (k — 1) causes downward shift of
(s’ +1)-th column of b° and addition of (k — 1) to the first row of (s’ + 1)-th column.
Similarly, we see that the second insertion of (k — 1) causes shift and addition of
(k — 1) to the (s’ 4+ 2)-th column. Continuing in this way, we see that successive
insertions (b° < (k — 1)(k —1)---(k — 1)) gives the tableau b° with replacement k
by k — 1. By induction, we can show Eq.(74).

Next, we consider the insertion of (§ —1)* = (§ —1)(6 — 1)--- (6 — 1) into b:

b= (b (6 —1)°). (77)

We denote the i-th row of b (resp. b) by b; (resp. b;). Although we independently
repeat insertions of (6 — 1) for s times, we can argue more systematically as follows.
Let us consider the first row of b:

51 - 61716172 te bl,s/ (55 e 5 . (78)

s

As we saw in the last paragraph, we have b; ¢ <0 from Eq.(75). Suppose there are
ki letters 0 in the first row of b, i.e., by y_j, 11 = b1 g—py42 = -+ = by ¢ = 0. Thus
there are (s + ki) letters ¢ in the first row of b. After inserting (0 — 1)®, precisely s
letters 6 are bumped and go down to the second row, and the first row becomes

Zz)l - bl,lbl’g e bLS'*kl (5 - 1)((5 - 1) e (5 - 1) 5(5 st (5 (79)
M T

In particular, k; letters § on the right of the first row of b are precisely reproduced

in the right part of b;.
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Now we have to consider the insertion of s letters § which are bumped from by
into the second row of b:

62 — b271b272"'b278/ (5+1)(5+1)"'(6+ 1). (80)

(. J/
~

S

Again, from Eq.(75), we have by ¢ < § + 1, and suppose that there are ks letters
(0 + 1) in the second row of b, i.e., ba g —ky41 = boy—gy42 = - = bay =0 + 1. After
inserting §°, precisely s letters (6 + 1) are bumped and go down to the third row,
and the second row becomes

by = bbby, 0688+ 1)+ 1) (5+1). (81)
—— ~ -

Again, k; letters (6 + 1) on the right of the second row of b are precisely reproduced
in the right part of bs.

As we see in the above discussions, this procedure can be continued recursively.
Let the number of 0 4 i contained in the (i + 1)-th row of b be k;y;. Then bis1 is

bit1,10i41,2 "+ i1~y £5 +i—1)(0+i—1)---(6+1i— 12&5 +0)(d+0)---(0+ z)/

~~ N~

s ki1

(82)
and the right k;yq letters (0 4 i) are copy of those originally contained in the right

of (i + 1)-th row of b. In this way, b contains copy of the letters in b.
As we have investigated insertion of (6 — 1), let us consider the insertion of
(6 —2)*=(6—2)(6 —2)--- (6 —2) into b. Consider the row b;. Suppose that there
are Iy letters (6 — 1) within the first row of b, i.e., by (4, 11,)41 = -+ = bgy—p, =6 — 1.
Thus there are total of [; + s letters 6 — 1 in the row by. Therefore, after insertion

of (§ — 2)*, the row b; becomes

biibra bra (o (5 —2)(6 —2) (6 —2) (5 —1)(6 —1) - (6 —1)85---6.
h e A e 3

(83)
In particular, I letters (6 — 1) and k; letters ¢ are copy of the corresponding letters
of the first row of b. As the result, s letters (0 — 1) are bumped from by. Therefore,

for the row by, we have to insert (6 —1)®, and again obtain copy of the letters § and
(6 + 1) contained in the second row of b. We can continue this procedure until the
bottom row of b. Therefore each row of the resulting tableau (b — (8 —2)*) contains
copy of at most two species of letters in the original b. We can recursively continue
insertions of (0 — 3)°, (6 —4)*, ---, 1°, and each insertion generates copy of part of
letters of b. Finally we get the result Eq.(73). O

The following theorem shows that the statistics E essentially belong to the class
of statistics 7.
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Theorem 6.3 Letp=b; by ®---®by, € B @ B"?% ®...-® B2 and denote
by N the largest integer contained in tableau representation of p. If r > N and
s > max;{s;}, we have

E(p) =C —7"(p), (84)
C= Zmin (ri,7;) - min (s;, s5). (85)

Proof. Recall the definition of 7™%
7% (p) = maj(u"* @ p), (86)

where maj is defined by Eq.(15) and u"* is the highest element of B™*. Within the

definition of 7% let us first consider the energy functions involving u™° and next
consider the remaining ones. As for the terms involving u™*, we have
TS N :
Hu"”®b;’)=0 (1<Vj<L) (87)

by Proposition 6.1. On the other hand, for the remaining contributions, recall that
b; € B"% and bg-zﬂ) € B"% ., Then from the definition of normalizations, we have

H(b; @ bSV) = min(ry, 7;) - min(s;, s;) — H(b; @ b7V, (88)
Combining both contributions, we obtain the sought relation. ([l

Corollary 6.4 Let p = b1 by ® - ® b, € B @ B2 ® -+ ® B2 and
denote by N the largest integer contained in tableau representation of p, and define
S = max;{s;}. Then we have

S (p) = () (59)
forallr > N and s > S.

Therefore Conjecture 5.18 means that we can define at most /V independent statistics
77%(p), where N is the largest integer contained in the path p, and these statistics
have essentially unique generating function.

Let us remark physical interpretation of 7»°. For the paths (including non-
highest elements) of shape B! @ BY? ®@ ... ® BLL and statistics 71 (S =
max;{s;}), there is a straightforward generalization of Theorem 4.2, see Section
4.1 of [28]. Under the same assumptions, 71 is identified with cocharge of the un-
restricted rigged configurations. It will be an interesting problem to find a physical
interpretation of the more general 77°(p).

Acknowledgements: The work of RS is supported by the Core Research for Evo-
lutional Science and Technology of Japan Science and Technology Agency.

29



References

1]

2]

[10]

[11]

[12]

[13]

[14]

S. Ariki, Some remarks on Agl) soliton cellular automata, J. Math. Sci. Univ.
of Tokyo 8 (2001) 143-156, arXiv:math/0008091.

L. Deka and A. Schilling, New fermionic formula for unrestricted Kostka polyno-
mials, J. Comb. Theor. Ser. A, 113 (2006) 1435-1461, arXiv:math.CO/0509194.

S. Fishel, Statistics for special ¢, t-Kostka polynomials, Proc. Amer. Math. Soc.
123 (1995) 2961-2969.

K. Fukuda, Box-ball systems and Robinson—Schensted—Knuth correspondence,
J. Algebraic Combin. 19 (2004) 67-89, arXiv:math/0105226.

K. Fukuda, M. Okado and Y. Yamada, Energy functions in box-ball systems,
Int. J. Mod. Phys. A15 (2000) 1379-1392, arXiv:math.QA/9908116.

A. Gerasimov, D. Lebedev and S. Oblezin, On g-deformed gl(l + 1)-Whittaker
function I, II, II, arXiv:0803.0145, 0803.0970, 0805.3754.

J. Haglund, A combinatorial model for the Macdonald polynomials, Proc. Nat.
Acad. Sci. USA 101 (2004) 16127-16131.

J. Haglund, M. Haiman and N. Loehr, A combinatorial formula for Macdonald
polynomials, J. Amer. Math. Soc. 18 (2005) 735-761, arXiv:math.CO,/0409538.

M. Haiman, Macdonald polynomials and geometry, New perspectives in geomet-
ric combinatorics (Billera, Bjorner, Greene, Simion and Stanley, eds.), MSRI
publications, 38 Cambridge Univ. Press (1999) 207-254.

G. Hatayama, K. Hikami, R. Inoue, A. Kuniba, T. Takagi and T. Tokihiro,
The AS\}) automata related to crystals of symmetric tensors, J. Math. Phys. 42
(2001) 274-308, arXiv:math.QA /9912209.

G. Hatayama, A. N. Kirillov, A. Kuniba, M. Okado, T. Takagi and Y. Ya-
mada, Character formulae of sl,-modules and inhomogeneous paths, Nucl.
Phys. B536 (1998) 575616, arXiv:math.QA /9802085.

G. Hatayama, A. Kuniba, M. Okado, T. Takagi and Y. Yamada, Scattering rules
in soliton cellular automata associated with crystal bases, Contemp. Math. 297
(2002) 151-182, arXiv:math/0007175.

G. Hatayama, A. Kuniba and T. Takagi, Soliton cellular automata associated
with crystal bases, Nucl. Phys. B577 (2000) 619-645, arXiv:solv-int/9907020.

G. Hatayama, A. Kuniba and T. Takagi, Factorization of combinatorial R ma-
trices and associated cellular automata, J. Stat. Phys. 102 (2001) 843-863,
arXiv:math/0003161.

30



[15]

18]

[19]

[20]

[21]

22]

G. Hatayama, A. Kuniba and T. Takagi, Simple algorithm for factorized dy-
namics of g,-automaton, J. Phys. A: Math. Gen. 34 (2001) 10697-10705,
arXiv:nlin/0103022.

M. Jimbo and T. Miwa, Solitons and infinite dimensional Lie algebras, Publ.
RIMS. Kyoto Univ. 19 (1983) 943-1001.

S.-J. Kang, M. Kashiwara, K. C. Misra, T. Miwa, T. Nakashima and
A. Nakayashiki, Perfect crystals of quantum affine Lie algebras, Duke Math.
J. 68 (1992) 499-607.

M. Kashiwara, On crystal bases of the g-analogue of universal enveloping alge-
bras, Duke Math. J. 63 (1991) 465-516.

M. Kashiwara and T. Nakashima, Crystal graphs for representations of the
g-analogue of classical Lie algebras, J. Algebra 165 (1994) 295-345.

S. V. Kerov, A. N. Kirillov and N. Yu. Reshetikhin, Combinatorics, the Bethe
ansatz and representations of the symmetric group, J. Soviet Math. 41 (1988)
916-924.

A. N. Kirillov, New combinatorial formula for modified Hall-Littlewood poly-
nomials, Contemp. Math. 254 (2000) 283-333, arXiv:math.QA /9803006.

A. N Kirillov, Bijective correspondences for rigged configurations (Russian)
Algebra i Analiz 12 (2000) 204-240, translation in St. Petersburg Math. J. 12
(2001) 161-190.

A. N. Kirillov and N. Yu. Reshetikhin, The Bethe ansatz and the combinatorics
of Young tableaux. J. Soviet Math. 41 (1988) 925-955.

A. N. Kirillov and M. Shimozono, A generalization of the Kostka—Foulkas
polynomials, J. Algebraic Combin. 15 (2002) 27-69, arXiv:math/9803062.

A. N. Kirillov, A. Schilling and M. Shimozono, A bijection between Littlewood—
Richardson tableaux and rigged configurations, Selecta Math. (N.S.) 8 (2002)
67-135, arXiv:math.CO/9901037.

D. Knuth, Permutations, matrices and generalized Young tableaux, Pacific J.
Math. 34 (1970) 709-727.

A. Kuniba, M. Okado, R. Sakamoto, T. Takagi and Y. Yamada, Crystal in-
terpretation of Kerov—Kirillov—Reshetikhin bijection, Nucl. Phys. B740 (2006)
299-327, arXiv:math.QA /0601630.

A. Kuniba, R. Sakamoto and Y. Yamada, Tau functions in combinatorial Bethe
ansatz, Nucl. Phys. B786 (2007) 207-266, arXiv:math.QA /0610505.

31



[29]

[30]

[31]

[35]

[36]

[37]

[38]

[39]

A. Lascoux and M. P. Schiitzenberger, Sur une conjecture de H. O. Foulkes, C.
R. Acad. Sci. Paris 286A (1978) 323-324.

I. G. Macdonald, Symmetric functions and Hall polynomials, 2nd edition, Ox-
ford Univ. Press, New York (1995) x+475 pp.

A. Nakayashiki and Y. Yamada, Kostka polynomials and energy functions
in solvable lattice models, Selecta Math. (N.S.) 3 (1997) 547-599, arXiv:q-
alg /9512027,

M. Okado, X = M conjecture, MSJ Memoirs 17 (2007) 43-73.

A. Okounkov, N. Reshetikhin and C. Vafa, Quantum Calabi-Yau and classical
crystals, Progr. Math. 244 (2005), 597-618, Birkhauser Boston, arXiv:hep-
th/0309208.

B. Sagan, The symmetric group: Representations, combinatorial algorithms,
and symmetric functions, 2nd edition, Graduate Texts in Mathematics 203,
Springer-Verlag, New York (2001) xvi+238 pp.

R. Sakamoto, Crystal interpretation of Kerov-Kirillov-Reshetikhin bijec-
tion II. Proof for sl, case, J. Algebraic Combin. 27 (2008) 55-98,
arXiv:math.QA /0601697.

R. Sakamoto, A crystal theoretic method for finding rigged configurations from
paths, J. Phys. A: Math. Theor. 41 (2008) 355208, arXiv:0708.3544.

R. Sakamoto, Kirillov—-Schilling-Shimozono bijection as energy functions of
crystals, Int. Math. Res. Notices (in press), arXiv:0711.4185.

A. Schilling, Crystal structure on rigged configurations, Int. Math. Res. Notices
(2006) Article ID 97376, 1-27, arXiv:math.QA /0508107.

A. Schilling, X = M Theorem: Fermionic formulas and rigged configurations
under review, MSJ Memoirs 17 (2007) 75-104, arXiv:math.QA/0512161.

M. Shimozono, Affine type A crystal structure on tensor products of rectangles,
Demazure characters, and nilpotent varieties, J. Algebraic Combin. 15 (2002)
151-187, arXiv:math/9804039.

D. Takahashi, On some soliton systems defined by using boxes and balls, Pro-
ceedings of the International Symposium on Nonlinear Theory and Its Applica-

tions (NOLTA *93), (1993) 555-558.

D. Takahashi and J. Satsuma, A soliton cellular automaton, J. Phys. Soc.
Japan, 59 (1990) 3514-3519.

32



[43] T. Tokihiro, D. Takahashi, J. Matsukidaira and J. Satsuma, From soliton equa-

tions to integrable cellular automata through a limiting procedures, Phys. Rev.
Lett. 76 (1996) 3247-3250.

[44] M. Torii, D. Takahashi and J. Satsuma, Combinatorial representation of invari-
ants of a soliton cellular automaton, Physica D92 (1996) 209-220.

33



	web-title.pdf
	RIMS1654

