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1. INTRODUCTION

This paper is largely concerned with constructing coarse moduli spaces for Artin
stacks. Roughly speaking, a coarse moduli space for an Artin stack X is the best
approximation of X by an algebraic space whose underlying space coincides with that
of X (see section 2). Coarse moduli spaces play the role of the bridge between the
geometry of Artin stacks and that of algebraic spaces and schemes. Even if we are
ultimately interested in stacks, the existence of coarse moduli spaces is useful in various
situations. In their influential paper ([17]), Keel and Mori proved the existence of
a coarse moduli space for an Artin stack whose objects have finite automorphism
groups. In particular, their theorem implies the existence of a coarse moduli space
for a Deligne-Mumford stack under a weak assumption. Let us turn our attention to
arbitrary Artin stacks. There are many Artin stacks which have positive dimensional
automorphisms. For instance, such examples arise from group actions on algebraic
spaces, moduli spaces of vector bundles and complexes on algebraic varieties, affine
geometry and so on. Hence it is desired to construct coarse moduli spaces for general
Artin stacks. However, we can readily find Artin stacks which do not admit coarse
moduli spaces. For example, the quotient stack [A!/G,,] arising from the natural action
of the torus G,, C A! on the affine line A! does not have a coarse moduli space. Thus
to construct coarse moduli spaces, we need to impose some condition on Artin stacks.

Let X be an algebraic scheme and G a reductive group acting on X. In his theory of
Geometric Invariant Theory ([22]), Mumford defined the notion of (pre)stable points
on X and proved that the quotient of the open subset of (pre)stable points by G exists
as a geometric quotient. In terms of stacks, it says that the open substack of the
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quotient stack [X/G] associated to the open set of (pre)stable points has a “coarse
moduli scheme”.

The main purpose of this paper is to introduce the notion of stability on an arbitrary
Artin stack and construct a coarse moduli space for the open substack of stable points.
By the universality of coarse moduli space its existence depends only upon the local
properties of each point. In addition, one of the reasons why the theorem of Keel and
Mori is useful, is that the finiteness of automorphisms is a local condition, and so it can
be checked pointwisely. Likewise, if p is a point on an Artin stack X', then the stability
(of the point p) introduced in this paper is defined by using local data around p. The
central notion introduced in this paper is GIT-like p-stability (cf. Definition 6.1). (The
letter “p” stands for “pointwise” and “potential”.) In its most naive form, the main
result of this paper states the following:

Theorem 1.1. Let X be an Artin stack locally of finite type over a perfect field. Then
GIT-like p-stable points form an open substack X9° and there exists a coarse moduli
map

T XY — X

such that X is an algebraic space locally of finite type. If X' — X is a flat morphism
of algebraic spaces, then the second projection X9 x x X' — X' is also a coarse moduli
map. (see Theorem 6.12 for detail.) Moreover, the followings hold:

(1) For any point x € X, there exists an étale neighborhood U — X such that X9 x x
U has the form [W/G] where W is an affine scheme and G is a linearly reductive
group. (cf. Corollary 6.13.)

(2) (characteristic zero). Let X be a scheme of locally finite type and separated over
an algebraically closed field k. Let G be a reductive group acting on X . Let X (Pre)
be the open subset of X consisting of pre-stable points in the sense of Geometric
Invariant Theory [22]. Let S be the maximal open substack of the quotient stack
[X/G] such that S admits a coarse moduli space which is a scheme. Then we have

(X (Pre)/G] NS = [X/G]* N S.

Moreover, [ X (Pre)/G] C [X/G]%®. (¢f. Theorem 7.1)

(3) (characteristic zero). The condition X = X9 is exactly characterized by the ex-
istence of a coarse moduli space and the local quotient property as in (1). (see
Theorem 7.8 for the precise statement.)

We would like to explain technical points concerning the constructions of coarse
moduli spaces. Our approach to the construction is basically a combination of three
ingredients. Namely, our construction is divided into three parts:

(i) rigidifications,

(ii) the theorem of Keel and Mori,
(iii) deformations of coarse moduli spaces.

The rigidification removes flat automorphism groups. This method has been discussed
by many authors (see for example Appendix, [19], [23], [1]). The method of defor-
mations of coarse moduli spaces is a technique which enables us to associate to a
deformation of an Artin stack a deformation of its coarse moduli space under a certain
condition. We develop this method in section 5. By these three methods, we construct
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coarse moduli spaces. As Theorem 1.1 (2) indicates, we will observe that these three
steps appear in the situation of Geometric Invariant Theory (cf. section 7). In fact,
one of sources of our idea came from our effort to understand the work [22]. It would
be worth mentioning that we also introduce the strong p-stability and p-stability in
the process of constructing coarse moduli spaces. Although p-stability seems technical
and ad hoc, we hope that the notion of strong p-stability is useful.

By using our main results, we present an application to the finiteness of coherent
cohomology of Artin stacks.

This paper is organized as follows: In section 2, we recall some basic facts and fix
some notation. In section 3, we introduce the notion of strong p-stability. In section
4, we prove the existence of coarse moduli spaces in the case of strongly p-stable case.
In section 5, we develop the method of deforming coarse moduli spaces and combine
it with the materials from section 3 and 4. In section 6, we then introduce the notion
of GIT-like p-stability and prove that the “package” developed in section 3, 4, 5 is
applicable to GIT-like p-stability, and so we deduce the existence theorem for coarse
moduli spaces. In section 7, we discuss the relationship with Geometric Invariant
Theory due to Mumford. In section 8, we give an application. In Appendix, for the
reader’s convenience we collect some results on limit arguments and rigidifications.

Acknowledgements. The author would like to thank H. Minamoto who helped him
to prove some lemmas and S. Mori who asked him the properties of coarse moduli
maps and it led him to section 8.

2. PRELIMINARIES

We begin with some notation, terminology and basic facts, which will be of use in
this paper.

We refer to the book [19] as the general reference to the notion of algebraic stacks.
We use henceforth the word “algebraic stack” instead of Artin stack. Similarly to this
reference, in this paper except Appendix, all schemes, algebraic spaces, and algebraic
stacks are assumed to be quasi-separated. Let S be a scheme. For an algebraic stack
p: X — S, the fiber X(U) over an S-scheme U is the subcategory whose objects
is objects that lies over U and whose morphisms are morphisms f where p(f) is the
identity of U. If U = Spec A we often write X'(A) for X(U). For any S-scheme T" and
any £,n: X — X, let

Isomy 1(§,7) : (X-schemes) — (sets)

be the functor which to any f:V — T associates the set of (iso)morphisms from f*¢
to f*n in X(V). Here we denote by f*¢ € X (V) (resp. f*n) the pullback of £ (resp.
1), that is, the image {(V — X) € X(V) (resp. n(V — T')). The functor Isomy (&, n)
is naturally represented by the fiber product X X ) vxsx,.a X, where A is diagonal.
In particular, it is an algebraic space separated and of finite type over T. If £ = 7,
then Isomy 5(£,7) is a group algebraic space over X. In this case, we write Auty (&)
for Isom,(&,€). If no confusion seems likely to arises, we abuse notation and write
Isom(§,n) or Isomy (£, ) or Isomy (&, ) for Isomy (&,n). If G is a flat group scheme
of finite and separated over a scheme S, then BG denotes the classifying stack of
principal G-bundles, that is, the quotient stack [S/G] associated to the trivial action.
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Let X be an algebraic stack over a scheme S. A coarse moduli map for X over S is a
morphism 7 : X — X from X to an algebraic space X over S such that the following
conditions hold.

1. If K is an algebraically closed S-field, then the map 7 induces a bijective map
between the set of isomorphism classes of objects in X'(K) and X (K).
2. The map 7 is universal for maps from X to algebraic spaces over S.

We shall refer to X as a coarse moduli space for X.

Let us recall the theorem of Keel and Mori ([17]): Let X be an algebraic stack X
locally of finite type over a locally noetherian scheme S. Assume that for any object
§ € X(T) over an affine S-scheme T' the automorphism group Auty (&) is finite over
T. Then there exists a coarse moduli map

T X — X,

where X is an algebraic space locally of finite type over S. Moreover, the natural
homomorphism Ox — 7,0y is an isomorphism, and 7 is quasi-finite and proper. If
X has finite diagonal, then X is separated over S. We shall henceforth refer to this
theorem as Keel-Mori theorem.

3. STRONG P-STABILITY

First of all, recall the notion of effective versal deformations (see [6, section 1], [19,
(10.11)]). Let X be an algebraic stack over a scheme S. Let K be an S-field, and let
& € F(K). An effective versal deformation of &, is an object £ € X'(A), where A is a
complete local ring with residue field K, and £ : Spec A — X which has the following
lifting property: For any 2-commutative diagram of solid arrows

Spec R/ — Spec A
oo X

where R is an artin local ring with residue field K, and [ is a square zero ideal of R,
there exists a dotted arrow filling in the diagram.

Proposition 3.1. Let S be a locally noetherian scheme and X an algebraic stack lo-
cally of finite type over S. Let p be a closed point on X in the sense of [19, (5.2)].
Then there exist a complete noetherian local S-ring A and an object £ € X (Spec A)
that has properties:

(1) The residue field K of A is of finite type over S, and the restriction {x of £ to K
represents the point p.
(2) € is an effective versal deformation of .

Proof.  Let ), denote the reduced closed substack associated to the closed point p.
Let f: X — X be a smooth surjective morphism from a scheme X. Then f~(},) is
a closed subscheme of X. Take a closed point € f~1()),). The residue field K(z) is

of finite type over S, and Spec K (z) — X represents p. Let ) x.« be the completion of
the local ring at . Then the induced morphism Spec Ox, — X is formally smooth
at the closed point x. Namely, Spec Ox , — & has the lifting property depicted above
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(see the definition of effective versal deformations). Thus, it gives rise to a desired
effective versal deformation. O

We shall refer to an object £ € X' (Spec A) with properties (1), (2) in Proposition 3.1
as an effective versal deformation on A for p.

Lemma 3.2. Let S be an excellent scheme and X an algebraic stack locally of finite
type over S. Let p be a closed point on X. Let A be a complete noetherian local S-
ring with the mazimal ideal m, and let an object & € X (Spec A) be an effective versal
deformation for p. Then there exist an affine S-scheme U, a closed point u on U, an
1somorphism @U,u =~ A, and a smooth morphism f U — X such that the restriction

of € to Spec @U’u 1s isomorphic to & via @U,u = A.
Proof. In virtue of Artin’s algebraization theorem ([6], cf. [19, (10, 10), (10, 11)],

[9]), there exist an affine S-scheme U, a closed point u on U, an isomorphism @U,u >~ A,
and a smooth morphism & : U — X such that the system {én}nZO is isomorphic to
{€ w0 in lim X (A/m"™t1). Here &, (resp. &,) denotes the restriction of £ (resp. &)
to Spec A/m" 1. Since X is an algebraic stack, thus there exists a natural equivalence
X(A) 2 lim X(A/m" ™). Therefore the restriction of ¢ to Spec @U,u is isomorphic to

3 0

Definition 3.3. Let S be a excellent scheme and X an algebraic stack locally of finite
type over S. A closed point p on X is strongly p-stable if there exist a complete
noetherian local S-ring whose residue field is of finite type over S and an effective
versal deformation £ € X (Spec A) for p, that has the following property (S):
There exists a flat normal closed subgroup F C Auty 4(£) whose quo-
tient Auty p(§)/F is finite over Spec A and the following compatibility
condition (C) holds: Let f, g : Spec B — Spec A be two morphisms of S-
schemes such that their pullbacks f*¢, g*¢ are isomorphic to each other.
Let Auty p(f¢) — Auty 4(£) and Auty 5(g°¢) — Auty 4(£) be the
induced morphisms, and let 7y C Auty 5(f*§) and F;, C Auty 5(g*¢)
denote the pullbacks of F respectively. Then for any isomorphism f*¢ —
g*¢ the induced isomorphism Auty p(f*¢) — Auty 5(g*¢) gives rise to
an isomorphism F; — Fy.

For the sake of simplicity, we shall refer to an effective versal deformation £ with
property (S) as a strongly p-stable effective versal deformation.

Remark 3.4. To verify the condition (C) in Definition 3.3, it suffices to check that
there exists one isomorphism f*¢ — ¢*¢ inducing an isomorphism Auty p(f*¢) —
Auty p(g*¢) that gives rise to Fy — F,. Indeed, the difference of two isomorphisms
a,b: f*éE =z g*€isbloa: f*¢ — f*¢. The automorphism b~toa : f*¢ — f*& gives rise
to an inner automorphism Auty p(f*§) — Auty p(f*¢) and it induces an isomorphism
Fy — Fy because Fy is normal in Auty 5(f*).

Remark 3.5. Let H — Spec A be a finite scheme over a complete local ring A. Let
H — Spf A be the formal scheme obtained by completion with respect to m-adic
topology, where m is the maximal ideal of A. Then H is finite over Spf A. However,
the converse is not true. Namely, the finiteness of H — Spf A does not imply that
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‘H — Spec A is finite. To see this, assume that A is a complete discrete valuation ring
with quotient field K. Then Spec K LI Spec A — Spec A is not finite. On the other
hand, the associated formal scheme Spf A — Spf A is finite.

Remark 3.6. As noted in Introduction, the letter “p” in the term “p-stable” stands
for pointwise and potential. It seems natural that a pointwise stability is defined by
using the language of deformation theory. In fact, the notion of effective versal de-
formations plays “the role of the completions of local rings” on algebraic stacks. Put
another way, we have Artin’s criterion, which provides (only one) powerful and system-
atic method for verifying algebraicity of stacks (cf. [7]). This criterion is described in
terms of deformation theory. Thus, our formulation fits in with Artin’s representabil-
ity criterion. (However, note that in this paper any algebraic stack is assumed to
have quasi-compact and separated diagonal.) Hence we make an effort to describe our
stability in terms of deformation theory.

Example 3.7. To give a feeling for the stability introduced in Definition 3.3, let us
give some typical examples.

(1) Every closed point on schemes and algebraic spaces is strongly p-stable. Let X
be an algebraic stack. Suppose that for any affine scheme Spec A and any object
§ € X(Spec A) the automorphism group space Auty 4(§) is finite over Spec A.
Then every closed point on X is strongly p-stable. These examples are in the
realm of Keel-Mori theorem.

(2) Let X be an algebraic space and X an fppf gerbe over X, that is, any point
x € X admits an fppf neighborhood U — X such that the pullback X xx U is
isomorphic to the classifying stack ByG with some fppf group algebraic space G
over U. Then every closed point on X is strongly p-stable.

(3) Let X be a reduced scheme of finite type over the complex number field C. Let
G be a reductive algebraic group over C, that acts on X. Let x be a closed point
on X. Suppose that z is pre-stable in the sense of [22, Definition 1.7]. Then the
image of x in the quotient stack [X/G] is strongly p-stable (we will see this in
section 7 in a more refined and generalized form).

(4) Let X be a projective scheme over a field k. Let G be an algebraic group over
k. Let Bung be a moduli stack of principal G-bundles on X. Let P be a G-
bundle on X. This stack Bung is algebraic (see for example [9, section 1]). Note
that for every G-bundle P over 7', the automorphism group scheme Autq, .. 7(P)
contains Cent(G) xj T, where Cent(G) is the center of G. Suppose that there
exists an effective versal deformation { € M(A) for P such that Aute,,. (£)
is finite modulo Cent(G) x; A. Then the point corresponding to P is strongly
p-stable.

4. COARSE MODULI SPACE (STRONGLY P-STABLE CASE)
The main purpose of this section is to prove

Theorem 4.1. Let S be an excellent scheme. Let X be an algebraic stack locally of
finite type over S. Then strongly p-stable points on X form an open substack X*t, and
there exists a coarse moduli map

T Xt — X,
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such that X 1is an algebraic space locally of finite type over S. Furthermore, the mor-
phism 7 is a quasi-finite and universally closed morphism and induces an isomorphism
Ox — m.Ox. If X! — X is a flat morphism of algebraic spaces, then X5 xx X' — X'
18 also a coarse modult map.

Let IX be the inertia stack of X. For an S-scheme Y, IX(Y) consists of pairs
(a,0), where a € X(Y), and o is an automorphism of a in X(Y). A morphism
(a,0) — (d/,0") in IX(Y) is a morphism f :a — o' in X(Y) such that 0’0o f = foo.
There is a natural forgetting representable morphism /X — X sending (a,0) to a.
It is isomorphic to the fiber product & Xa yxqxa X, where A : X — X xg & is
a diagonal morphism. The forgetting morphism /X — X is isomorphic to the first
projection pr; : X XA xxgsx,a X — X. Thus, the morphism /X — X is of finite type
and separated.

Let P : U — X be a smooth morphism from an affine S-scheme U. Let n € X(U) be
the object corresponding to P. Let Auty ;;(7) — U be the group algebraic space of the
automorphism group of 7. We have the natural isomorphism Auty ;;(n) — U xx [ X
over U.

Consider the following contravariant functor

F : (affine U-schemes) — (Sets)

which to any f : Y — U associates the set of normal closed subgroup spaces F C
Autyy(f*n) over Y, which have following properties (i), (ii), (iii):
(i) F is flat over Y.
(ii) Autyy(f*n)/F is finite over V.
(iii) If pry, pro : Auty y (f*n) Xrx Auty v (f*n) = Auty y(f*n) are the natural projec-
tions, then pry ' (F) = pry ' (F).

Proposition 4.2. The functor F is locally of finite presentation, that is to say, for
any inductive system

of finitely presented U-rings (cf. [21, Appendix A],[4, section 1]), the natural map
IT: lim F'(Spec Ay) — F(Speclim A))

18 an isomorphism.

Proof. Tt follows from the uniqueness part of Theorem A.1 that II is injective. Next,
we prove that II is surjective. Let f) : Spec Ay — U be the morphism associated to a
U-ring A,. Let £ € X(Spec A) be the object corresponding to the composite Spec A —
U — X. Let F — Spec A be a closed group subspace in Auty 4(§) — Spec A, that has
properties (i), (ii) and (iii). By Theorem A.1, there exist « € I and a closed subspace
Fo C Auty 4 (fin) which induces F in Aut y 4(&). In addition, by Proposition A.7 and
Proposition A.3 we may assume that F, is a normal subgroup space that is flat over
Spec A,. Consider the quotient Auty 4 (fin)/Fo. It is an (quasi-separated) algebraic
space of finite presentation over S, by [19, (10.13.1)]. Since Auty 4(£)/F is finite over
Spec A, by Proposition A.3 there exists an arrow o — p such that Auty 4 (fi1)/F,
is finite over Spec A,,, where F,, = F, x4, A,. This means that II is surjective. O
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Proof of Theorem /.1. Let p be a strongly p-stable closed point. Let A be a complete
noetherian local ring A whose residue field is of finite type over S, and let £ € X (Spec A)
be a strongly p-stable effective versal deformation on A for p. By Lemma 3.2, we may
assume that there exist an affine S-scheme U, a smooth morphism P : U — X, and a
closed point u such that Oy, = A and the restriction of P to Spec Oy, is €.

Let F be the functor defined above. Observe that F'(Spec A) is nonempty. Indeed,
¢ € X(Spec A) has the property (S) in Definition 3.3, thus there exists a flat normal
closed subgroup F C Auty 4(§) with property (S) in Definition 3.3. Clearly, it satisfies
the above conditions (i), (ii). It suffices to check (iii). Note that for any affine S-scheme
V, the set Auty 4(§) Xrx Auty 4(§)(V) consists of quintuples

(frg:V =3 SpecA, ¢: f*&—= fE ):g&=g*E, o f*E= g°¢)

where f*¢ and ¢g*¢ are the pullbacks of € by f and g respectively and ¢ = cogoo . The
first (resp. second) projection pry, pra : Auty 4(&) Xzx Auty 4(§)(V) — Auty 4(§)(V)

sends (f, g, ®,v,0) to (f,¢) (resp. (g,7)). Therefore pry*(F) (resp. pry'(F)) consists
of quintuples

(f,9:V = 8Specd, ¢: f7¢ = f7¢, g ¢ = g°¢ o f1E = g7¢)

such that ¢ € F (resp. ¢ € F). Thus to prove pr; ' (F) = pr, ' (F) it suffices to prove
the following: Let f,g : V = Spec A be two morphisms, and let ¢ : f*¢ = f*¢ be
an automorphism which lies in F(f : V — Spec A). Assume that f*¢ is isomorphic
to g*¢. Then for any isomorphism o : f*¢ — ¢*€, the composite 0 o ¢ o ¢! lies in
F(g : V — Spec A). We can check it by using the condition (C) in Definition 3.3.
Indeed, for an isomorphism o : f*¢ — ¢*¢, the induced isomorphism

Mx,v(f*f) - Mx,v(g*f)

sends ¢ to 0o ¢oo~!'. Therefore the condition (C) in Definition 3.3 implies pry ' (F) =
pry ' (F). Hence F(Spec A) is nonempty.

By the algebraic approximation theorem [5, (2.2)] and Proposition 4.2, there exists
an étale U-scheme W — U such that F(W) is nonempty. Then the composite C :
W — U — X is a smooth morphism. Let ¢« € X (W) be the object corresponding to
W — X. Then there exists the natural cartesian diagram

MX,W(L) N X

|

w X.

Since F'(W) is nonempty, there exists a normal closed subgroup F, C Auty y (¢) with
properties (i), (ii), (iii). Let ) be the image of W — X. It is an open substack of X.
Then the closed subspace F, descends to a closed substack F C [)Y that is flat over
Y. Here we claim that F is a subgroup in ), more precisely, F is stable under the
multiplication m : IY xy IY — 1), the inverse ¢ : [V — I), and the unit section
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e: Y — IY. To see m(F xy F) C F, consider the 2-commutative diagram

MX,W(L) Xw MX,W(L) — MX,W(L)

- ih

IY xy 1Y n IR

where the upper horizontal arrow is the multiplication of Auty y;,(¢). Since the inverse
image (h, h) ™' (F xy F) equals to F, xy F,, the morphism F, xy F, — F, descends to
F xy F — F. In a similar way, we can easily see that F is stable under i : [Y — I ).
Since the unit section W — Auty y,(¢) factors through F,, thus the composite L : W —

MX7W(L> — I factors through F. Note that L is isomorphic to W — Y 5 IY.
Since W — ) is essentially surjective, we conclude that e : ) — I factors through
F. Hence F is a subgroup of I).

By Proposition 3.1, for any closed point y on ) there exist a complete noether-
ian local S-ring B whose residue field is of finite type over S and an effective versal
deformation ( € Y(B) for y. Then F gives rise to a normal closed subgroup space
in Auty, 5(¢) with properties (i), (ii), (iii). Thus every closed point on ) is strongly
p-stable.

By Theorem A.8, there exists an fppf gerbe p : Y — )’ such that for any affine S-
scheme V' and any object a € (V) the homomorphism Auty,  (a) — Auty, (p(a)) is
surjective and its kernel is F Xy, V' C Auty, ,(a). Since Auty y(a)/(F Xy V) is finite
for any a € X(V'), thus the inertia stack 1)’ is finite over ). By Keel-Mori theorem
and Theorem A.8, there exists a coarse moduli maps )’ — Y’, and the composite
morphism Y — )’ — Y’ is also a coarse moduli map. Also, note that ) — )’ is a
quasi-finite and universally closed morphism by (iii) in Theorem A.8. Thus, )’ — Y
is so since ) — Y is proper and quasi-finite. Hence for any strongly p-stable closed
point x on X, there exists an open substack Y4 C X containing x, such that every
closed point on U is strongly p-stable, and it has a coarse moduli map. Therefore
strongly p-stable points form an open substack X°. Using the universality of coarse
moduli space, we conclude that X*! has a coarse moduli space X, that is an algebraic
space locally of finite type over S. Moreover, the coarse moduli map 7 : Xt — X is
quasi-finite and universally closed. To see that Ox — 7,0y is an isomorphism, we
may suppose that X is an affine scheme and 7 : X — X is a composite morphism
mop: X - X' — X, where X — X is an fppf gerbe, X’ — X is a coarse moduli map
such that Ox — 7,04 is an isomorphism. Then the natural morphism Oy — p,Ox
induced by the fppf gerbe p : X — X’ is an isomorphism. Hence Ox — 7,0y is an
isomorphism.

Finally, we will prove that for any flat morphism X’ — X of algebraic spaces,
Xt xx X' — X' is also a coarse moduli space. The claim is Zariski local on X. Thus,
we may assume that X*" — X is divided into X** — X*" — X, where X** — X*" is an
fppf gerbe and the inertia stack of X** is finite over X*". Then X% x x X' — X" x x X'
is an fppf gerbe and by Keel-Mori theorem X*' x x X’ — X’ is a coarse moduli map.
Hence X% x x X’ — X' is also a coarse moduli space. a

From the proof of Theorem 4.1, we also see:
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Corollary 4.3. If a closed point p on X is strongly p-stable, then every effective versal
deformation for p is a strongly p-stable effective versal deformation.

We will denote by X*! the open substack consisting of strongly p-stable points on
X.

Remark 4.4. In general, the coarse moduli map X* — X in Theorem 4.1 is not
separated. Let X = BG be the classifying stack of an affine group scheme G over
a field k. Then BG = BG*' and the structure morphism BG — Speck is a coarse
moduli map. Assume that G is not proper. Then BG is not separated over k.

Proposition 4.5. Suppose that X has a reduced open substack. Then X*' is not
empty.

Proof. By [15, 6.11], there exists a nonempty open substack )} C X such that the
natural projection IX xy ) — ) is flat. Then each closed point on ) is strongly
p-stable. O

Proposition 4.6. Let S be an excellent scheme. Let X be an algebraic stack locally of
finite type over S. LetT — S be a formally smooth morphism from a locally noetherian
scheme T. Then (X xgT) = X% xgT.

Proof. Let p be a closed point on X xg T and let P : Spec A — X xg T for p
be an effective versal deformation for p. Let ¢ be the image of p on X. Then the
composite () = prio P : SpecA — X xgT — X is an effective versal deformation
for ¢ since X xg T — X is formally smooth and representable. By Proposition 4.3,
if ¢ is strongly p-stable, then @ : Spec A — X is a strongly p-stable effective versal
deformation for ¢, and it is also a strongly p-stable effective versal deformation for p.
Hence if ¢ is strongly p-stable, then p is so. To see the converse, note that there exists
an isomorphism (IX) xgT = I(X xgT), where IX (resp. I(X xgT)) is the inertia
stack of X' (resp. X xgT'). Thus, if p is strongly p-stable, then by Proposition 4.3
P : Spec A — X xgT is a strongly p-stable effective versal deformation and this implies
that ) : Spec A — X is a strongly p-stable effective versal deformation for q. O

5. DEFORMATION OF COARSE MODULI SPACES AND P-STABLE POINTS

In this section, we give a construction of deformations of coarse moduli spaces, which
is one of key ingredients to a construction of coarse moduli spaces. Let

X();)X

|

Xo

be a diagram, where X; — X is a nilpotent deformation of an algebraic stack Aj
and 7 is a coarse moduli map which induces a natural isomorphism Oy, — m.Oy,.
We want to construct a coarse moduli space for X by deforming X, (under a certain
natural setting). We refer to such a construction as the deformation of a coarse moduli
space. Before proceeding into detail, it seems appropriate to begin by observing some
motivating examples:
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Example 5.1. Let X = Spec R be an affine scheme of finite type over a field k£ and
Xrea = Spec R/ the associated reduced scheme. Let G be a linearly reductive algebraic
group over k. Suppose that G acts on X, and it gives rise to an action on X,q.
Assume that these actions are closed. (An action is closed if every orbit is closed
after some extension of the base field (cf. [22, Defintion 0.8]).) Namely, every point
on X is stable in the sense of Geometric Invariant Theory [22]. Then the geometric
quotient for the action on X is Spec R“. Here R® denotes the invariant ring. On
the other hand, the geometric quotient for the action on X, is Spec(R/I)¢. We
can view Spec RY and Spec(R/I)% as “coarse moduli schemes” for the quotient stacks
[X/G] and [X,cq/G] respectively. Since G is linearly reductive, the natural map R% —
(R/I)¢ is surjective. Therefore the nilpotent deformation [X,.q/G] — [X/G] induces a
deformation Spec(R/I)“ — Spec R of the coarse moduli scheme Spec(R/I)“, and the
coarse moduli scheme for [X/G] can be obtained by deforming that of [X,eq/G]. This
is the reason why the stability in the Geometric Invariant Theory makes reference only
to the properties of underlying orbits.

Example 5.2. Let A? = Speck|z,y] be an affine space over a field k. Let G, =
Spec k[t] be an additive group. Consider the action of G, on A%, described by (z,y) —
(z,y +t). Set Xy = Speck[z,y]/(z) C A* and X; = Spec k[z,y]/(x*) C A% Then the
coarse moduli spaces of the quotient stacks [Xy/G,| and [X;/G,] are

Spec(k[z,y]/(x))% = Spec k

and

Spec(k(z,y]/(2*))%" = Spec k[z]/(2?)

respectively. In particular, (k[z,y]/(2?))% — (k[z,y]/(x))%" is surjective. Next con-
sider the action on A? given by (z,y) — (z,tx +y). In this case, the closed substack
[Xo/G,) in [A?/G,] is isomorphic to Spec k[y] x, BG, and its coarse moduli space is
Spec kly]. However, the natural map (k[z,y]/(2?))% — (k[z,y]/(x))% = k[y] is not
surjective.

From the examples in Example 5.1 and 5.2, to construct the deformation of a coarse
moduli space, we need to impose a lifting property on invariant rings. The purpose
of this section is to axiomatize the property in the framework of algebraic stacks and
construct the deformation of a coarse moduli space. Let X be an algebraic stack over
a scheme S. Let &) be a closed substack of X, which is determined by a nilpotent
coherent ideal sheaf 7. Suppose that there exists a coarse moduli map 7 : Xy — X
such that Ox, — 7Oy, is isomorphism, and for any flat morphism X; — Xj of
algebraic spaces & X x, X — Xj is also a coarse moduli map.

Proposition 5.3. For any étale morphism Uy — Xy from a scheme Uy, there exists
an étale (representable) morphism U — X such that U Xy Xy = Uy X x, Xy. That is,
there exists an étale deformation of pry : Uy xXx, Xo — Xy to X. Moreover, such a
deformation is unique up to unique isomorphism.

Proof. Without loss of generality, we may assume Z2 = 0. Let L(vox o Xo)/Xo and
Lv,/x, denote the cotangent complexes of pry : Uy X x, Xy — &y and Uy — X, respec-
tively (cf. [19, (17.3)], [24]). If pry : Uy xx, Xy — Uy is the first projection, then by
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[19, 17.3 (4)] we have

L(UOXXOXO)/XO = LprTLUo/XO = LPYTQUO/XO = 0.
According to the deformation theory of representation morphisms of algebraic stacks
24, Theorem 1.4], there exists an obstruction o € Ext?(L(r,« o X0)/Xo» PI5Z) Whose van-
ishing is necessary and sufficient for the existence of an étale deformation of pry to X.
Thus, there exists a desired étale morphism ¢ — X since Ext*(L 1, « Xy X0)/ X0 PT3L) = 0.
Furthermore, again by [24, Theorem 1.4] the vanishing ExtO(L(UOX Xy X0)/Xos PI5L) =
Ext" (L, x xyX0)/X0> P15Z) = 0 imply the uniqueness of such a deformation. O

In the above situation, we will refer to i — X (or simply U) as an étale morphism
associated to Uy — Xy, and write Xy for U.

Lemma 5.4. Let Uy — X, and U| — Xy be schemes that are étale over Xy. Let
Uy — Uy be a morphism over Xo. Then there exists a morphism Xy — Xy which
makes the diagram

Xy Xy
\ X, ‘ \ X
M
Uop U

2-commutative, where XU{) = Uj xx, X0 and Xy, = Uy xx, Xy. Such a morphism is
unique up to isomorphism.

Proof. Note first that Ay, — Up is a coarse moduli map. Applying Proposition 5.3
to Uy — Uy we have an étale morphism X}, — Ay associated to the étale morphism
Uj — Uy, that is, a unique deformation of Xy, — Xy,. Then the composite X’é —

Xy, — & is also an étale morphism associated to U] — Xj. Finally, the uniqueness of
Xy implies our assertion. O

Consider the following lifting property (L).

(L): For any étale morphism Uy — X, from an affine scheme Uy the natural map
I'(Xy, Ox,;) — (X, Oxy, ) s surjective, where A7y, denotes Up X x, Xo.

If (L) is satisfied, we say that X has the property (L) with respect to Xj.

Proposition 5.5. Assume that X has the property (L) with respect to Xy. Then there
exists a commutative diagram

Xo——X
iﬂ'(} lfr
XOHX,

where T is a coarse moduli map for X, which induces a natural isomorphism Ox —
m.Ox. Furthermore, Xqg — X is a nilpotent deformation and X 1is locally of finite
type. For any flat morphism X' — X of algebraic spaces, pro : X xx X' — X' is also
a coarse moduli map.

The proof proceeds in several steps.
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Lemma 5.6. Let U) — Uy be an étale morphism of affine schemes over Xy. Suppose
that the natural map I'(Xy, Ox,) — T'(&Xyy, Oxy,) = T'(Uo, Ovy,) s surjective, where
Xy, denotes Uy X x, Xo. Let U := Specl'(Xy,Ox,). Let U’ be a unique étale defor-
mation of Uy — Uy to U (¢f. [21, Theorem 3.23]). Let X}, = Xy Xy U'. Then there
exists a unique (up to unique 2-isomorphism) isomorphism X[/, — Xy of deforma-
tions of Xy = X Xx, Uy — Xy, to Xy. Furthermore, there exists a natural iso-
morphism I'(Xy, Ox,,) = T(U', Oy). In particular, the natural map I'( Xy, Ox,,) —
[( Xy, OXU(,)) = I'(Uy, Ovy) is surjective.

Proof.  'We prove the first claim. Note that by Lemma 5.4 there exists Xy — Xy
that can be viewed as a unique étale deformation of Xy, — Ay, to Xy. Thus by
Proposition 5.3 it suffices to prove that X}, X, Ay, is isomorphic to Xy; over Xy,
To see this, notice that there is a natural closed immersion Xy, — Xy Xy Uy over Uy.
This morphism is not necessarily an isomorphism. More generally, we have a diagram

XU(’) — X[/]/ Xy Ué E—— U[,)

b

Xyy —— Xy xy Uy —= U

where all squares are cartesian, and Ay, — Xy Xy Uy and Xyy — X[, <y Uf are closed
immersions. Since Xy, X (x, x,v) (X{ Xvr Up) is naturally isomorphic to Xy, X x, A,
thus we have Xy, xx, X7 = Xy, over Ug. This implies the first claim. Next we prove
the second claim. Let p : Z — X be a smooth surjective morphism from an affine
scheme Z. Then there exists an exact sequence

"
PTy o

(U, Op) = T( Xy, Ony) > T(Z,02) = T(Z Xy Z, Oz, 2).

Since U’ — U is flat, thus the exactness holds after base changing by U’ — U. This
implies the second claim because Xy =2 &},. a

Remark 5.7. By the above proof, the property that Ox — 7,04 is an isomorphism
is stable under flat base changes on X.

Let Xy¢ be the étale site, whose objects are affine schemes over X, and whose
morphisms are Xy-morphisms. Let O be a sheaf of rings, which is determined by

O(Uo) = O(Uo ad XO) = F(XU, OXU)

for any étale morphism Uy — X, in Xgg4. For any Uy — X, the natural morphism
OO0y — Xo) — Ox,(Uy — Xj) is surjective since X has the property (L) with
respect to Ay. By Lemma 5.6, for any morphism Uj — Uy in Xge, there exists a
natural isomorphism Ox,(Us) ®owy) OUy) = Ox,(Uy). Thus, the sheaf O induces a
deformation of the ringed topos associated to (Xo e, Ox,). Namely, it gives rise to a
deformation Xy <— X of the algebraic space Xj.

Lemma 5.8. There exists a morphism w: X — X that has the following properties:
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(a) The diagram
XO EEE—— X

|

XOHX

158 commutative;
(b) the natural morphism Ox — m.Ox is an isomorphism.

Remark 5.9. The diagram in Lemma 5.8 is not necessarily cartesian.

Proof. Let Z — X be an étale surjective morphism from an affine scheme Z. Let
Xz — X be an étale morphism associated to pry : Z X x Xg — Xy. Namely, there exists
a natural morphism Xy — Z. Let W — Xz be a smooth surjective morphism from a
scheme W. To construct a desired morphism X — X, it suffices to show that there
exists a morphism [W xx W = W] — [Z xx Z =% Z] of groupoids (cf. [19, (2.4.3)]).
To this end, it is enough to prove that there exists a morphism X, xy Xy — Z X x Z
which makes the diagram

XZ X)(XZ:;XZ

L

I Xx 4 _—=Z7

commute. If Zy — X, denotes the projection Z x x Xg — X, then pr; : X7 xy X7 —
Xz (i = 1,2) is an (étale) deformation of projection pr; : Xy Xx, (Zo Xx, Zo) —
Xz = Xo Xx, Zo (i = 1,2) respectively. Also, pr; : Z xx Z — Z (i = 1,2) is
an (étale) deformation of projection pr; : Zy Xx, Zo — Zo (i = 1,2) respectively.
Thus by Lemma 5.6, the projections Xz Xz, (Z xx Z) — Xz (i = 1,2) is naturally
isomorphic to pr; : Xz x Xz — Xz (i = 1,2). Hence we can obtain a desired morphism
Xz Xy Xz — Z xx Z. Finally, by the construction we have I'(Xz, Ox,) = I['(Z, Oy).
This means that Ox — 7,0y is an isomorphism. O

Lemma 5.10. The morphism m in Lemma 5.8 is a coarse moduli map for X. For
any flat morphism X' — X of algebraic spaces, pro : X X x X' — X' is also a coarse
moduli map.

Proof. First of all, it is clear that for any algebraically closed field K the morphism
7 induces a bijective map from the set of isomorphism classes of X(K) to X(K)
because m does. If X' — X is a flat morphism of algebraic spaces, then pry : Xy X x,
(X" xx Xo) — X' xx Xp is a coarse moduli map by our assumption. On the other
hand, the underlying map of pry : X xxy X’ — X’ can be identified with that of
pro @ Xp X x, (X' xx Xo) — X' xx Xo. Therefore, pry induces a bijective map from the
set of isomorphism classes of X xx X'(K) to X'(K) for any algebraically closed field
K. Thus, it remains to prove that for any flat morphism X’ — X, pry : X xx X' — X’
is universal among morphisms to algebraic spaces. Let f : X — W be a morphism to
an algebraic space W. What we have to prove is that there exists a unique morphism
¢ : X — W such that f = ¢ om. We first prove the case where W is a scheme.
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Claim 5.10.1. If W is a scheme, there exists a unique morphism ¢ : X — W such
that f = ¢ omw. For any flat morphism X' — X of algebraic spaces, the projection
pro: X Xx X' — X' is also universal among morphisms to schemes.

Proof of Claim. The composite Xy — X — W induces a morphism Xy — W. It is
enough to show that if U — X is an étale morphism from an affine scheme U, then there
exists a unique morphism U — W extending Uy := U xx Xy — Xg — W, such that
Xg 2 X xxU— X — Wisequal to Xy — U — W. Since U and U, have the same
underlying topological space, thus we have a map U — W as topological spaces. Thus
it suffices to construct a morphism of structure sheaves. To this end, we may assume
that W is affine. Since we have the morphism Ay — W, there exists a morphism
F'(W,0w) — I'(Xy, Oy, ) = I'(U,Op). Clearly, it gives rise to a desired morphism. The
uniqueness follows from the fact that U — W should arise from I'(W, Oy ) — I'(U, Oy)
associated to Xy — X — W. By Remark 5.7, for any flat morphism X' — X,
pra : X xx X’ — X’ induces a natural isomorphism Oxs — pro.Oxxx/. Therefore,
the above argument can be applied to pro : X xx X' — X'. O

Next we will show the case when W is an algebraic space by reducing it to Claim 5.10.1.
This part is done by a more or less well-known argument. But for the reader’s con-
venience we will present a proof here. Let V' — X be a smooth surjective morphism
from an affine scheme V', which gives rise to

pr;
R=V Xx Vv = V —- X.
Let X’ — X be a flat morphism of algebraic space. We will prove that the sequence
W(X/) — W(XI Xx V) = W(X/ Xx R)

isexact. Let X' =X xx X', V' = X'xxVand R = X' xx R.

We first prove that W (X’) — W(V”) is injective. Let Y — W is an étale surjective
morphism from an affine scheme Y. The fiber product Y; := Y Xy Y is quasi-affine
(cf. [19, (1.3)]). Let &, : X’ == W be two morphisms to W. Assume that £, n have
the same image in W (V). It suffices to show £ = n. Take an étale surjective morphism
X" — X' so that there exist lifts £, : X" — Y and g : X” — Y of £ and n respectively.

Since X" — X' is étale and surjective, it is enough to show that two composites

507770
X" =2 Y — W coincide. It is equivalent to proving that (§y,n) : X” — Y x Y factors

through the image of (pry,pry) : Y7 = Y xY. Put R = Rxx X", X" = &' xx X"
and V" =V’ xx» X”. Consider the commutative diagram

V// > X// > X// 5*0> Y

T

VI X/ XIHM/;
n

where the left and middle squares are cartesian diagrams. Notice that the morphism
V" — Y x Y induced by (&,m0) factors through the image of (pry,prg) : ¥y - Y x Y
since Y — W is étale surjective and &, n have the same image in W (V”). Denote by
a € Y1 (V") the image. Since we have the morphism X” — Y x Y induced by (&o,70),
thus prj(«) and pri(a) coincide in Y3 (R”). Since Y] is a scheme, by Claim 5.10.1 we see
that a comes from Y;(X"). Therefore, we conclude that W(X') — W (V') is injective.
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Next we will prove the middle exactness in W(X') — W (V') = W(R'). Let h :
V' — W be a morphism. Suppose that the two composites hopri,hopry: R — W
coincide. (Namely, it gives rise to a morphism X’ — W.) It suffices to show that
h arises from some X' — W. For ease of notation, we replace X/, X', V' and R’
by X, X, V, and R respectively. The morphism Xy — X — W induces Xg — W.
Take an étale surjective morphism X — Xy from an affine scheme X, so that there
exists a lift X) — Y of Xy — W. By [21, Theorem 3.23], there exists a unique étale
deformation X’ — X of X; — Xy. Then it is enough to construct f : X’ — Y and
g: X" := X' xx X' —Y; which makes the diagrams (é)

pri

X'—=Xx = V—V

pr2
O A R
pri
Y, —=Y, Y —W
pr2
commute, where V' :=V xx X’. We first construct f : X’ — Y. To this aim, notice
that Vy := X{xxV = X{xx, Vo — Vo := XoxxV factors through pro : Y xy Vo — V4.
Again by [21, Theorem 3.23], V' — V factors through pry : Y Xy V' — V. Thus, we
have f/: V! = Y Xy V — Y, which fits in with the right diagram of (&). Next we
will observe that f o pry, fopry : R = R xx X’ = Y coincide. Clearly, it holds
after restricting to R = R X x X{. This implies that two morphisms Rj = Ry xw Y
induced by Rj = Y coincide. The morphisms R' = R Xy Y induced by R’ = Y are
étale deformations of Ry = Ry X Y respectively. Thus by [21, Theorem 3.23] two
morphisms R = R Xy Y coincide. Hence f’ o pr; and f’ o pry coincide, and it gives
rise to X' := X xx X’ — Y. This induces I'(Y, Oy) — I'( X', Ox/) = (X", Ox). Let
f: X" =Y be the induced morphism. Next we construct ¢g : X” — Y;. By the above
construction, we have X’ — Y. It gives rise to a : X' xy X' — Y Xy Y because the
right diagram of (&) commutes. Note that by Lemma 5.6 (X’ x x X”) X y X is naturally
isomorphic to Xy x x, (X% x, X{), whose coarse moduli space is X{, x x, X{. Also, notice
XX xo X = (X' xx X') xx Xo. Applying the schematic case to X' xy X" — X' x x X’
there exists a unique morphism ¢ : X' x x X’ — Y X Y such that a = gon”, where 7"
is the natural morphism X’ Xy X’ — X’ xx X’. By the construction of f and g, they
make diagrams (&) commute. Hence we obtain a desired morphism ¢ : X — W. O

Proof of Proposition 5.5. We now obtain our Proposition 5.5 from Lemma 5.8 and
Lemma 5.10. O

Let X be an algebraic stack locally of finite type over an excellent scheme S. Let p
be a closed point on X'. We say that p is p-stable if there exist a quasi-compact open
substack U C X containing p, and a closed substack Uy C U determined by a nilpotent
ideal sheaf, that has the properties:

(i) p is strongly p-stable over Up;
(ii) U has the property (L) with respect to Up.

According to Theorem 4.1 and Proposition 5.5, we have:

Proposition 5.11. Let X be an algebraic stack locally of finite type over an excellent
scheme S. Then p-stable points form an open substack X°, and there exists a coarse
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moduli space
T X — X,

which induces a natural isomorphism Ox — w,Ox. Moreover, it is universally closed
and quasi-finite. If X' — X is a flat morphism of algebraic spaces, then X¥x x X' — X'
1s also a coarse moduli space.

Remark 5.12. Ultimately, we shall only be interested in GIT-like p-stability which
will be introduced in the next section and strong p-stability. The reason, however, that
we introduced the ad hoc notion of p-stability is to prove some properties of GIT-like
p-stable points. In addition, it seems that the machinery of p-stability will be useful
in the other situations.

In summary, our strategy of the construction of coarse moduli spaces is divided into
three parts:

(i) rigidification,

(ii) Keel-Mori theorem,

(iii) deformation of coarse moduli space.

In section 7, we will observe that these three steps appear in the situation of Geo-
metric Invariant Theory ([22]).

For the later use, we need:

Lemma 5.13. Let Xy — X be a closed immersion defined by a nilpotent ideal T.
Suppose that there exists a coarse moduli map my : Xy — Uy to an affine scheme, and
for any flat morphism Uy — Uy, the projection q = Xy; = Xy Xy, Uy — Uy is also a
coarse moduli map. Let U, — Uy be an étale surjective morphism of affine schemes.
Let Xy — X be an étale morphism associated to U) — Uy, that is, a unique étale
deformation Xy — X of Xy — Xy. Suppose that T'(Xyr, Ox,,) — F(XUé,OXUé) is
surjective. ThenT'(X,Ox) — I'(Xy, Ox,) is surjective. (In particular, the property (L)
is étale local property.)

Proof. By induction, we may and will assume that 7 is a square zero ideal. Let

J =1 ®oy, Oxy,- Since I'(Xyr, O, ) — ['(Xy;, Ox,,) is surjective and Uy is affine,
0

we have ['(Ug, R'¢.J) = 0. On the other hand, T'(Up, R'm.Z) @rwy.04,) T'(Up: Ovy) =

(U}, R'q.J). Since U] — Uy is étale and surjective, we see I'(Uy, R'm,Z) = 0. This

means that I'(X, Oy) — ['(AXp, Oy,) is surjective. O

6. GIT-LIKE P-STABILITY

In this section, we now introduce the notion of GIT-like p-stable points. In this
section, we will work over a perfect base field k. Let X be an algebraic stack locally
of finite type over k.

Definition 6.1. Let p be a closed point on X'. The point p is GIT-like stable if there
exists an effective versal deformation £ € X(A), which has the following properties:
(a) The special fiber of Auty 4(£) — Spec A is linearly reductive, that is, Auty 4(£) Xspec 4
Spec A/m is a linearly reductive algebraic group over Spec A/m, where m is the
maximal ideal of A.
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(b) If I denotes the ideal generated by nilpotent elements in A, then there exists
a normal subgroup scheme F in Auty 4(£) x4 Spec(A/I) which is smooth and
affine over Spec A/I, and whose geometric fibers are connected. Furthermore,
the quotient Auty 4(§) x4 Spec(A/I)/F is finite over A/I, and the compatibility
condition (C') as in Definition 3.3 holds for F C Auty 4(&§) xa Spec(A/T).

Remark 6.2. (i) Let K be a field and K’ D K an extension of fields. An algebraic
group G over K is linearly reductive if and only if so is G X gpec k Spec K’ over K.
Therefore, to verify (a) in Definition 6.1, it is enough to show that there exist a
field K and a morphism v : Spec K — X, such that v represents the point p and
Auty x(v) is linearly reductive over K.

(ii) According to [12, VIg Corollarie 4.4}, to check that a group scheme F is smooth
over a reduced scheme S, it is enough to prove that every fiber is smooth and F
is Zariski locally equidimensional over S.

(iii) The characteristic zero case is simpler than the general case. If G := Auty 4(£) xa
Spec(A/I) — Spec(A/I) is equidimensional, then by [12, VI Corollaire 4.4] the
identity component G° (cf. [12, VI Définition 3.1]) is a smooth open normal
subgroup, whose geometric fibers are connected. By [12, VIp Proposition 3.3],
the compatibility condition (C') holds for G°. Hence in characteristic zero, the
property (b) is equivalent to the property: G — Spec(A/I) is equidimensional,
GY is affine over Spec(A/I), and G/G° is finite over Spec(A/I).

(iv) Consider the case when X has finite inertia stack. Suppose that all closed
points on X are GIT-like p-stable. Then in characteristic zero, X is a Deligne-
Mumford stack ([10]), and in positive characteristic X' is a tame stack introduced
by Abramovich, Olsson, and Vistoli ([1]).

Proposition 6.3. Let Xy be the reduced stack associated to X. Let p be a GIT-like
p-stable point on X (or equivalently Xy). Then there exists an open substack Yy C
Xy containing p, which has a coarse moduli map my : Yo — Yy such that it induces
an isomorphism Oy, — 70.Oy,, and for any flat morphism Y, — Yy the pullback
Yo xv, Yy — Yy is also a coarse moduli map.

Proof. Let & : Spec A — X be an effective versal deformation for p, which satisfies
the properties (a) and (b) in Definition 6.1. Note that if Z denotes the ideal generated
by nipotent elements in Oy, then the ideal I of nilpotent elements in A is the pullback
of 7 via £ : Spec A — X because X is excellent. Then p is a strongly p-stable point on
Xy. Thus by Theorem 4.1 we obtain our Proposition. O

Let X be an algebraic stack locally of finite type over the base field k. According to
Proposition 6.3, we will denote by X9° the open substack of GIT-like p-stable points.
The main purpose of the remainder of this section is to prove Theorem 6.12, that is, to
show the existence of a coarse moduli map for X9 by applying the results developped
in section b.

Lemma 6.4. Let X be an algebraic stack locally of finite type over a perfect field k.
Let Xy be the reduced stack associated to X . Let X° be the open substack of GIT-like p-
stable points. Let X§° — Xy be a coarse moduli map (cf. Proposition 6.3) Let Uy — X
be an étale morphism from an affine scheme Uy. Let Xy — X9° be an étale morphism
associated to Uy — Xg. (See Proposition 5.3.) Suppose that Xy, = X§° x x, Uy has the
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form [Vo /G|, where Vi is an affine Uy-scheme and G is a linearly reductive algebraic
group over k, which acts on Vi over Uy. Then there exist a nilpotent deformation
Vo — V and an action of G on V', which extends the action on Vj, such that Xy is
isomorphic to [V/G].

Proof. 'We may and will assume Z? = 0. By our assumption, there exists a mor-
phism f : Ay, — BG correspoding to the principal G-bundle Vy — [V5 /G| = Xy,. To
prove our claim, we will show that there exists a dotted morphism filling the diagram

XUO —_— XU

BG.

Note that Xy, — BG is representable because it arises from the G-morphism Vj —
Spec k. According to [24, Theorem 1.5], an obstruction for the existence of a dotted
arrow lies in Extl(Lf*LBg/Speck,Z) = Extl(f*LBg/Speck,I), where L/ speck denotes
the cotangent complex. We claim

Ext'(Lf*Lpe/speck, L) = 0.
To prove our claim, we first show that Lpg/specr is of perfect amplitude in [0, 1].

Consider the composition Spec k — [Spec k/G] = BG — Spec k, where 7 is the natural
projection. Then we have a distinguished triangle

LUJ*I—BG/ Speck — I—Speck/ Speck — I—Speck/BG - Lw*I—BG/ Speck[l]-
Since Lgpeck/speck = 0, Lspeck/Be = Lw*Lpe)speck[l] (the symbol = means the ex-
istence of a quasi-isomorphism). The morphism w is flat surjective of finite type,
and thus it suffices to show that Lgpecr/pg is of perfect amplitude in [—1,0]. To
this end, consider the flat base change z : Speck Xpg Speck = G — Speck of
w : Speck — BG, we have z*Lgpeck/Ba = La/speck- Note that the morphism G —
Speck is complete intersection in the sense of [13, (19.3.6)] and thus by [16, Ch.
IIT (3.2.6)] the cotangent complex Lg/gpeck is of perfect amplitude in [—1,0], from
which we deduce that Lgpecr/pe is so. (If G is smooth, then Lg/speck is of per-
fect amplitude in [0].) Hence we conclude that Lpg)speck is of perfect amplitude in
0,1]. Since f is flat, thus Lf*Lpa/speck = f*La/speck is of perfect amplitude in
[0,1]. Thus we have RHom(f*Lac)speck, L) = RHom(f*Lpa)speck (’)XUO) @ T, and
RHom(f*Lea)speck: Oxy, ) 18 of perfect amplitude in [—1,0]. Note that [Vo/G] — BG
is an affine morphism. In addition, the push forward with respect to BG — Speck;, is
an exact functor from the category of quasi-coherent sheaves on BG to that of quasi-
coherent sheaves on Spec k. Therefore the global section functor on [V5/G] = Ay, is
exact. Taking account into local-global spectral sequence for Ext groups, we see that
Eth(Lf*LBg/ speck, L) = 0 and there exists the desired arrow Xy — BG. The pull-
back of the natural projection Speck — BG by Xy — BG gives rise to a principal
G-bundle V' := Speck Xpg Xy — AXy. Notice that V — Ay is a flat deformation of
Vo — [Vo/G] = Ay, to Xy. Thus V is affine. This means that Xy has the form [V/G]
where V' is affine, as desired. O

Remark 6.5. (i) From the above proof, we see that if G is a smooth algebraic group
over k, then Lpg)speck is of perfect amplitude in [1].
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(ii) Also, the same argument shows the following: Let A be a local k-ring with residue
field k and maximal ideal m. Let G be a linearly reductive algebraic group over
k. Let X — Spf A be a formal algebraic stack, that is, an inductive system of
algebraic stacks X, — Spec A,,, where A, = A/m""!. Suppose that Xy = BG =
[Spec k/G]. Then the system Xy — X} — Xy — --- X, < has the form

[Spec k/G]| — [Spec B1/G| — [Spec By /G| < -+ - [Spec B,,/G] — - -,

where B; is an artin local k-ring over A; for any . (To see this, replace f : Xy, —
BG in the proof of Lemma 6.4 by Id : Xy = BG — BG and apply the same
argument.) Furthermore, if G is smooth, we have Ext’(Lpg/x, (m"/m"1)|55) = 0
for i = 0,1, which deduces, by [24, Theorem 1.5], that the system of G-rings
{B;}i>0 is unique up to isomorphism.

Proposition 6.6. Let X be the reduced stack associated to X. Let X§° be the open
substack of GIT-like p-stable points and my : XJ° — Xo the coarse moduli map. Then
for any closed point p on X, there exists an étale neighborhood Uy — Xy and a closed
point u € Uy lying over p, such that (i) if k(u) denotes the residue field of u, then
Speck(u) — X, extends to a : Speck(u) — Xy, (i) Uy is an affine k(u)-scheme,
and (1) Xy, = X§° xx, Uy has the form [Vy/G], where Vy is finite over Uy, and
G — Speck(u) is the automorphism group of .

The proof of this Proposition proceeds in several steps: Lemma 6.7, 6.8, 6.9, Propo-
sition 6.10 and 6.11.

Lemma 6.7. Let L be a field. Let H — SpecA be a group scheme that is affine
and smooth over A, where A is a complete noetherian local L-ring with residue field
L. Suppose that the fiber of H over the closed point of A is linearly reductive, and
all geometric fibres of H — SpecA are connected. Then there exists an isomorphism
H — H x, Spec A of group schemes over Spec A.

Proof. Let H — Spf A be the formal group scheme associated to H — Spec A,
which we can view as a smooth deformation of H to Spf A. Note that H is linearly re-
ductive and thus higher group cohomology groups are trivial. Thus by the deformation
theory of group schemes [12, Expose III (3.7)], we see that exists a unique deformation
of H to Spf A, that is, Hx, Spf A, and thus there exists an isomorphism between H
and Hx, Spf A. Let Homa(H x 1, A, H) (resp. Homa(H, H x, A)) be a functor which
to any S — Spec A associates the set of homomorphisms H x; A x4 S — H x4 S
(resp. H x4 S — H X1, A x4 S) of group schemes over S. According to [12, Expose
XIX 2.6], H is a reductive group over Spec A (cf. [12, Expose XIX 2.7]). Then by [12,
Expose XXIV 7.2.3], Homa(H % A,H) and Homa(H, H x, A) are represented by
schemes locally of finite type and separated over A. By the above observation, there
exist inductive systems {Spec A/m"\"" — Homa(H x1, A, H)}ns0, {Spec A/m";T1 —
Homa(H,H x5 A)}n>o arising from the isomorphism H ~ Hxg Spf A. Here my
is the maximal ideal of A. Since Homa(H x5 A,H) and Homa(H,H x; A) are
schemes, these systems are uniquely extended to u : Spec A — Homa(H % A,H)
and v : Spec A — Homa(H,H x; A). Let us denote by v : H x; A — H and
v:H — H xj A the corresponding morphisms respectively (here we abuse notion).
The uniqueness also implies that u o v is the identity morphism H. Similarly, v o u is
the identity morphism of H x; A. This completes the proof. O
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Lemma 6.8. Let p be a GIT-like p-stable closed point. There exists an open substack
U C Xy containing p, that has the property: there exists a closed subgroup F C IU
such that F is smooth and affine over U, geometric fibers of F — U are connected,
and IU/F is finite over U.

Proof.  This proof is parallel to Proposition 4.2 and the first, second and third
paragraph of the proof of Theorem 4.1. Let £ : Spec A — X be an effective versal
deformation for p, which satisfies the properties (a) and (b) in Definition 6.1. By
Lemma 3.2, we extend the versal deformation £ to a smooth morphism P : U — X
where U is an affine scheme having a closed point u such that A =2 @U,u and £ = P|4.
Consider the following contravariant functor F' : (affine U-schemes) — (Sets) which to
any f:Y — U associates the set of normal closed subgroup spaces G C Auty y(f*n)
over Y with following properties (i), (ii), (iii):

(i) G is smooth and affine over Y, and geometric fibers are connected,

(ii) Autyy(f*n)/G is finite over Y,
(iii) if pry, pro : Auty v (f*n) X711 Auty v (f*n) = Auty y(f*n) are the natural projec-
tions, then pr;'(G) = pry ' (G).
As in the proof of Proposition 4.2, using a standard limit argument (cf. Appendix) we
see that the functor F is locally of finite presentation. By the approximation theorem,
there exists an étale neighborhood V' — U of w such that F(V') is not empty. As in the
proof of Theorem 4.1, this implies that there exist an open substack U C X containing
p and a closed subgroup F C IU that has the desired property. O

(The first setup): For simplicity, we will replace X§* and X by X and X respectively.
For any U — X, we write Ay for X xx U. Let p : Spec K — X be a geometric point
and ¢ : Spec K — X the composite of p and the coarse moduli map, where K is a
separable (algebraic) closure of k. Shrinking X by Lemma 6.8 we assume that there is
an closed subgroup F C IX, such that X /F is finite, ¥ — X is smooth and affine,
and all geometric fibers of F — X" are connected. Fix an étale neighborhood U — X
of ¢ : Spec K — X, where U is an affine scheme. There exists a rigidification Xy — Yy
associated to F (cf. Appendix A.8). Note that Yy has finite inertia stack and each
stabilizer is linearly reductive. Then according to [1, Proposition 3.2] (and its proof),
there exist an étale neighborhood U’ — U and a closed point v’ € U’ (the image of
Spec K — U’) such that (i) Speck(u’) — U’ extends to « : Speck(u') — Xy and
U’ is a k(u')-scheme, and (ii) if G, H and G denote I Xy X x,, o k(') = Auty,n(a),
F Xx,, . k(u') and G/H respectively, then the base change Yy = Yy xy U’ has the
form [W/G], where W is an affine scheme which is finite over U’ and has the trivial
fiber W x ¢ Spec k(u’) = Spec k(u'). For ease of notation, we replace U’ and v’ by U
and u respectively. Let L := k(u) be the residue field of w.

Lemma 6.9. There exists an étale neighborhood V-— U of q, such that (i) the mor-
phism Wy == W xg V. — Yy xy V lifts to Wy — Xy, and (ii) the group scheme
Wy X x, F — Wy is isomorphic to the constant group scheme H xp Wy — Wy

Proof. Clearly, we may assume that X is quasi-compact. Observe first that it is
enough to prove the case when the base field is algebraically closed (in particular,
L = K). Note that any algebraic extension of k is separable. In addition, X and X
is of finite presentation over k. Thus, standard limit arguments show that an étale
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morphism V' — U x; K with the desired properties always arises from some étale
morphism V' — U with such properties. Therefore we may and will assume that
k=L=K.

Next we prove that there exists an étale neighborhood V' — U that satisfies (i).
Let O be a strict henselization of the local ring of Op,. Since strict henselization
commutes with finite extensions of rings, thus W’ := W Xy SpecO is the disjoint
union of spectrums of strict henselian local rings, that is, W’ = II}_, Spec A;, where A;
is a strict henselian local ring with residue field K for all 7. Since u € U has the trivial
fiber Spec K, we see i = 1. We let W’ := Spec A. The rigidifying morphism Xy — Yy
is smooth, and thus there exists a lifting W' — Xy of W' — Yy. We can write
SpecO — U as Spec(colimyB,), where U, := Spec By — U are étale neighborhoods
of the (geometric) point u : Spec K — U. Note that Xy is of finite type over Yy .
Hence there exists some étale neighborhood U, — U such that W, := W xy U, — Vu
extends to W, — Ay

Next we will show that there exists an étale neighborhood U, — U, that satisfies
(ii). Let W denote the spectrum of the completion A of A with respect to the maximal
ideal. In other words, we also have W*° = Spec A®OO, where O is the completion of O
with respect to the maximal ideal of O. Then by Lemma 6.7, the group scheme W*®x y F
is isomorphic to W*® xx H over W°. Then considering the category of rings over A
and applying Artin’s approximation theorem, we see that there exists an isomorphism
of group schemes between W' x Xy, Fand H x g W' over W’. Applying Theorem A.2
and A.6 to the system {Uy}y_,, we conclude, by standard limit arguments, that
there exists U, — U, such that the group scheme W, x Xu, F — W, is isomorphic

tOHXKWHIHWHI. O

Since Yy = [W/G], we see that Wy xx IX /(Wy xx F) is embedded in Wy x, G.
Let G’ be the reduced scheme associated to G and set G’ := G'/H. The schemes G’
and G’ have naturally (smooth) group structures because L is perfect. Next we prove:

Proposition 6.10. There exists an étale neighborhood V- — U of q such that the group
scheme (Wy xx IX) Xy, x,6) Wy xp G') — Wy can be embedded into Wy xp G’
as the inverse image of (Wy Xy, IVu) Xwyx,q) (Wv Xi G") € Wy xp G' under

WV XLG/—>WV XLGI.

Proof.  (Step 0) As in the proof of Lemma 6.9, we may assume that the base field
is algebraically closed. Thus we will let £ = L = K. Moreover, by Lemma 6.9 we can
take an étale neighborhood V' — U that has the properties (i) and (ii) in Lemma 6.9.
For ease of notation, we may replace V by U.

(Step 1) First we observe that it suffices to construct the desired embedding over W°.
(For the notation W<, see the proof of Lemma 6.9. We will continue to use notation in
the proof of Lemma 6.9.) Assume that the group scheme G := (W® xx IX) X oy )
(W® x g G') — W* can be embedded into W*° x i G’. Consider the natural projection
W' x xG' — W' x x G’ and take the inverse image P of W/ x xIX /(W'xxF) C W' x G
in W’ xg G'. Let F be the functor which to any a : Z — Spec O associates the set
of isomorphisms of the group schemes from (Wz xx IX) Xy, x.cq) Wz xx G') to
a*P. Using Theorem A.2 and A.6 we easily see that F is locally of finite presentation.
Then we can apply Artin’s approximation to conclude that the group scheme (W’ x »
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LX) X (W ey (W' xG") can be embedded into W’ x xG’. By standard limit arguments,
we see that there exists an étale neighborhood V' — U of ¢ such that the group scheme
Wy xx IX) Xy xeay Wy Xk G') — Wy can be embedded into Wy xx G’ in the
desired way.

(Step 2) Next we prove that there exists an embedding of the scheme G into W* x x G,
that is, an isomorphism between G and P° := P xy»W*® as schemes. Note that W x y F
is isomorphic to W< xx H as group schemes. The quotient Q := G/(W® xy F) is a
(non-flat) finite group scheme over W°. We have Yy = [Wy/G] and thus Q is a closed
subgroup scheme of W*° xx G'. Let {Id = g¢1,92,...,9a} be the set of (K-valued)
points on G’. (Note that G’ is finite étale over K. Namely, G’ can be viewed as the
finite group {Id = ¢1,¢2,...,9,}.) The connected component of Q on which g; lies,
denoted by Q;, is isomorphic to the pullback of the diagonal W°¢ — W*® x W* by
(Idwe, g;) : W® — W® xx We. Therefore, each connected component of Q can be
identified with a closed subscheme in W°. Let us identify Q; with M;, where M; is a
closed subscheme of W°. Let b: G — Q be the projection. Note that this projection is
a principal H-bundle, and M; is the disjoint union of the spectrums of complete local
rings. (H is the identity component of G’.) Also, the principal bundle of a smooth
algebraic group over a strict henselian local ring is trivial. Therefore G is isomorphic
to H Xk Q as a scheme over W°. We will regard G as H Xk Q. (Here we do not take
care of group structures.) Thus, it is enough to prove that the group scheme G — W*
is isomorphic to the group scheme H X x Q — W¢ (here H x i Q equips with the group
structure arising from that of G’ in the natural way).

To this end, we fix some notation. We write W' for the formal scheme associated
to W and the adic topology on A arising from the maximal ideal. Let G (resp.
(H xx Q)") be the formal scheme obtained from G — W¢ (resp. H xx Q — W*®) by
completion over W'. Let Q; be the formal scheme obtained by completing along the
closed pomt of Q;. Applymg Remark 6.5 (ii) to the base change X — Spf Oof X - X
to Spf O we see that G is a closed formal group subscheme of G'X KW'

(Step 3) Next we will show that there exists a closed immersion of formal group schemes
o G — G'x KVV’

over W', which identifies G with (H x x Q). From (Step 2), it is clear that there exists
a closed immersion of formal group schemes ¢ G — GxxgW'. Moreover, we know the
existence of an isomorphism G = (H x5 Q)" of formal schemes. Thus, it is enough to
show that this immersion factors through G'x KW’ C Gx KW’ To this end, observe
first that the “1dent1ty component” of G is the closed subscheme H X W’ (in G'x W ).
The fiber of G — W’ over the closed point is G’ and its identity component is H. Hence
it is enough to prove that any smooth deformation of H to W' that is embedded in
GOx W', is HxxW'. Here G° is the identity component of G. In characteristic
zero, we have G° = H, thus our assertion is clear since “identity component” of
(H xx Q)" is a constant deformation of H to W', and any surjective endmorphism
of a noetherian local ring is an isomorphism. In positive characteristic, note that by
Nagata’s classification of linearly reductive groups (see for example [22, page 27]), H
is a torus. Moreover, G°/H is a linearly reductive group, thus by the classification in
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[1, Proposition 2.13] we see that G°/H is a diagonalizable group. Let H be a smooth
deformation of H to W that is embedded in GOx W'. (H is a constant deformation
of H.) Consider the composite homomorphism H — GOXxW' — (GO/H)x W',
where the second homomorphism is the natural projection. Since H is isomorphic to
Hx W' as formal group schemes, the composite H — (G°/H)xxW' comes from a
homomorphism of abelian groups. Namely, if H = Spec K[M] and G°/H = Spec K[N],

then the composite arises from a homomorphism N — M. However, any N — M is
the trivial homomorphism since M is free and N ®7Q = 0. This means HC HxxW'.

As in characteristic zero case, we deduce that H is equal to H XxW'. Using this, we
will show that ¢’ factors through G’ XxkW' C GxxW'. To see this, we may consider
the problem by restricting G to some open and closed subgroup of GXW,Q“ that is
smooth over QZ for each 1. (G is the union of such subformal schemes.) Namely, we may
assume that G is smooth over W, that is, we have an _isomorphism G G'xxW of
formal group schemes. Consider the composite po ¢ : G — Gx xW' — — (G/G")x W,
where p is the natural projection. It suffices to prove that the image of p o ¢’ is
trivial. In characteristic zero case, it is clear. In positive characteristic, we put G/G’ =
Spec K[N], where N is an abelian group whose order is a power of ch(k). For each
connected component C; of G choose a section s; : W’ — C;. Then the composite po ¢’
is uniquely determined by the images p o ¢/(s;). Note that the number of connected
components of G is prime to ch(k). Moreover, the identity component of G maps to
the unit of (G/G")x xW’, hence for each i, there exists a positive integer n, such that
po ¢ (s?) is the unit of (G/G')x W’ and n is prime to ch(k). Therefore, we see that
p o ¢'(s;) is the unit. This implies our claim. Hence we have the desired morphism ¢.

(Step 4) We then claim that ¢ is induced by an isomorphism G — H Xy Q of group
schemes over W°. For any i, let G} be a subgroup of G’, which is generated by g;.
(Here we regard G’ as a finite group.) Let G be the preimage of G under G' — G'.
For any i, set G; := G} Xk Q; via a fixed isomorphism G = H X Q of schemes. The
scheme G; can naturally be viewed as a closed and open subgroup scheme of G Xy Q;
(over Q;). (Note that at this point we do not claim that the group structure of G;
comes from that of G.) On the other hand, we denote by GX xQ; the formal group
scheme over Q; W’ , whose group structure arises from that of G. The formal group
scheme G;%KQZ — QZ is a closed and open subgroup scheme of (H X Q)A%W,Qi.
The morphism ¢ identifies the formal completion Gz of G; over QZ with G;f< KQi (as
a formal group scheme). We denote by ¢; the restriction of ¢ to G;. We will extend
¢; to an isomorphism G, — G} xx Q; of group schemes over Q;. (Note that the
target G Xk Q; has the group structure coming from G.) To this aim, consider the
functor Homzi(Gi, G Xk Q;) over the category of Q;-schemes, which to any 7" — Q;
associates the set of morphisms of schemes f : G; — G} x x Q; over Q;, such that (i) the
restriction to the identity component of G; is a homomorphism of group schemes, and
(ii) f commutes with the right actions of identity components of G; and G} X, Q; on
G; and G} x g Q; respectively. Note that the identity component of G; is isomorphic to
H x i Q; as a group scheme. In addition, since we have an isomorphism G; = G x ¢ Q;
of schemes, by choosing a closed point ¢; on each connected component of G} we can
take sections s; : Q; — G;. The functor Homgi(Gi,G; Xk Q;) is represented by a
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scheme over Q;. Indeed, a morphism f : G; — G} x x Q; with the properties (i) and (ii)
is uniquely determined by the restriction of f to the connected component of G; and
the image of sections {s;}; under f. Therefore, if G? denotes the identity component
of G;, then Homgq, (G?, G} xx Q;) xq, (Q; X (G})") represents Homgi(Gi, G Xk Qi),
where Homgq, (GY, G} xx Q;) is the hom scheme which to any 7' — Q; associates the
set of group homomorphisms G? xq, T' — G’ xx T, and r + 1 is the number of the
connected components of G;. By [12, Expose XXIV 7.2.3], Homg,(G?, G xx Q;) is a
scheme (locally of finite type and separated) over Q;. Thus, Homa(Gi, Gl x g Q;) is
represented by a scheme over Q;. The morphism ¢; induces an inductive system of
sections {Spec R;/m!*! — Homgi(Gi, G Xk Qi) }n>0, where Spec R; = Q; and m; is the
maximal ideal of R;. Since Homzi(Gi, G} Xk Q;) is a scheme, the system is uniquely
extended to a section Q; — Homzi(Gi, G xk Q;). It gives rise to a morphism ®; :
G; — G x i Q; that is an extension of ¢;. To check that ®; is a group homomorphism,
it suffices to show that ®; commutes with respect to group structures. It follows
from the facts that ¢; is a group homomorphism and the natural completion map
['(G; xq, G, OGiXQiGi) — I'(G; xq, Gy, OGZ-XQZ-G@-)A is injective (consider the compatibility
of ®; with group structures in terms of ring homomorphisms). For any i and j, the
intersection (G; Xq, (QiNQ;)) N (G, xq, (QiNQ;)) is a (reductive) smooth, affine group
scheme over Q; N Q;. Two morphisms ¢; and ¢; coincide in the intersection (after
associating the formal schemes), and thus taking into account the above argument, we
see that ®; and ®; coincide in (G; xq, (Q; N Q;)) N (G; Xq, (QiNQ;)). Therefore, ®;’s
are glued together, and thus we have an isomorphism G — H X g Q of group schemes
over W°. O

(The second setup): Taking into account Lemma 6.9 and Proposition 6.10, assume
further that there exists a lifting W — Xy of W — Yy = [W/G] such that:
(i) U is an affine scheme of finite type over L,
(ii) the pullback of 7 — X by the composite W — Xy — X is isomorphic to W x H,
(i) (W xx IX) Xy, q) (W x G') is embedded into W x, G’ as the inverse image
of (W xy, IVu) Xwx,a) (W xp G') CW x, G under W x, G' — W x G

Proposition 6.11. With the notation as above, Xy has the form [W/G].

Proof. Note first that we have the lifting ¢ : W — A and thus by Theorem A.8
(iii) there exists a natural isomorphism « : W Xy, Xy — W x BH over W. This
isomorphism is described as follows. Let p : Xy — Yy be the rigidifying morphism.
For any w: T'— W, an object which belongs to W xy,, Xy (1) amounts to data

{w: T -=Wn:T—Xy, 0:T — ISﬂyU,T(P(W),g(W)) = IsomXU,TO%g(w))/H}

where ¢ is the composite W — Xy — Yy. Then consider the principal H-bundle
Isomy, +(n,§(w)) X Isom y,, 7(1.6(w))/ H.0 T — T and denote by ¢y : T — BH the corre-

sponding morphism. Then « sends (w,n,0) to (w, ¢p). There exists the diagram
W x,G—W x, BH —W

| L

W Xu Yu
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where the right vertical arrow is determined by W — [W/G] and all squares are
cartesian. Note that W x;, G — W x BH is a morphism over W. We will prove the
claim:

Claim 6.11.1. The composite W X, G — W x, BH — BH factors through second
projection W x; G — G.

Before the proof of the above claim, assuming that the claim holds, we will complete
the proof of our Proposition. By the claim, W x ;G — W x BH arises from G — BH.
The fiber of W x;, G — W x;, BH over Spec L — W x SpecL — W x; BH is G —
Spec L. Here the first morphism Spec L — W X Spec L is determined by the unique
point on W lying over u € U, and the second morphism W x SpecL — W x;, BH
is defined by the identity of W and the natural projection Spec L — BH. Thus we
obtain the diagram

Wx,G——Wx,G——=W

-

W W x; BH —= Xy

where all squares are cartesian. This means that Ay is isomorphic to [W/G] where the
action of G on W is an extension of that of G. 0

Proof of Claim 6.11.1. To prove our Claim, it suffices to prove that the restriction
of Wx; G — W xp BH — BH to W x, G' factors through the second projection
W xp G' — G'. To see this reduction, it is enough to show that the morphism
¢ : W x; G'" — BH uniquely extends to a morphism W x; G — BH, and any
morphism 1 : G/ — BH uniquely extends to a morphism G — BH. To see this, set 7
and J are the ideals of Oy, & and Og determined by W x, G" and G’ respectively,
and assume that Z2 = 0 and J? = 0. By the deformation theory [24, Theorem
1.5, it suffices to check Ext’(Lé*Lpu)specr,Z) = Ext'(Lo*Lpm/specr,Z) = 0 and
Ext’(LY* Ly specr, J ) = Ext' (LY* gy specr, J) = 0. Notice that ¢ and 1 are flat.
(Any morphism X — BH factors through the natural projection Spec L. — BH after
replacing X with some fppf cover X’ — X.) Thus by the same argument in the proof
of Lemma 6.4, it suffices to see that Lppspec 1. is of perfect amplitude in [1]. It follows
from Remark 6.5 (i).

Next observe the morphism W x; G — W xy, Xy 2 W x; BH. Let (w,g) be
a T-valued point of W x G, where w : T — W and g : T — G. Considering the
cartesian diagram

WXLG%W

L

WXyU XUHXU

where the top horizontal arrow is the action of G, we see that the image of (w,g) is
described by

{w € W(T),gw € Xy(T), g € Tsomy, (@, &) (T)}
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where @ and gw denote the images of w and gw in Yy respectively, and for any f :
T" — T we identify Isomy, r(w,gw)(T") with {g' € G(T")| ¢'(f*w) = f*(gw)}. Thus
we have the diagram

P HMXU,T(W79W>

| |

where the square is cartesian, and the lower right horizontal arrow is a closed immer-
sion. The principal H-bundle P corresponds to the image of W x;, G — W x;, BH —
BH. Suppose g € G'(T). Let Isom), (@, gw) := Isomy, (@,gw) Xg,r (G' % T)
and Isomy, 7 (w, gw) := Isomy, 7 (w, gw) X1somy, (@) Isomy, 7(@, gw). Here we claim
that Isom’y ,(w,gw) — Isom), 5(@,gw) can be identified with the principal H-bundle
Isomy, 7(@, gw) X (g, 1) (G' < T') — Isomy, 5(w, gw). In particular, P depends only
on g € G'(T). To this end, we first consider the case when g : T" — G’ extends to
g:T — G and w = gw in Ay. If Stab'(w) := Isom), »(0,&) C G’ x; T, then
Isomy, (@, gw) is g - Stab’(w) in G’ x, T. Thus if G’ acts on W via G — G’ and
Stab’(w) denotes the stabilizer group scheme of w with respect to the action of G/, then

—_—

the inverse image of Isom), (@, gw) in G’ x T is §-Stab’(w). By our assumption and

the second setup (iii), we have Stab’(w) = Aut,, p(w)X Isomy, (@) IsomY, ,(w,w) over
T. In the general case, take an étale surjective morphism 7" — T so that 7" — T — G’
extends to g : 7" — G’ and w|p = gw|p in Ay. Then by the previous case and the
descent theory, there exists a dotted closed immersion

R pri 5 -
Isomy,, gy (W1 g1, G| ) —= Isomly | 7 (wlgv, gw|pr) — Isomly, p(w, gw)

pra2
i pri J/ \

G xp (T x¢T") G x;. T G' % T,

pra2

where the left and central vertical arrows are pullbacks of
ISOIIl/wa/XTT/ ((I)|T/><TT/, gZU|T’><TT/> C G, XL (T/ XT T/)

and Isom), 7(&|7, gw|r) € G' X T” respectively. This implies our Claim. O

Theorem 6.12. Let X be an algebraic stack locally of finite type over a perfect field.
Then the open substack X9° of GIT-like p-stable points has a coarse modult map T :
X9 — X, such that X is locally of finite type. Moreover, m is universally closed
and quasi-finite, which induces an isomorphism Ox — 7,Oxy. If X' — X is a flat
morphism, then the second projection X9° X x X' — X' is a coarse moduli map.

Proof. Let XJ° be the reduced algebraic stack associated to X9%. By Proposition 6.3
there exists a coarse moduli map 7 : Xj° — Xj. Then by Proposition 6.11, any point
on Xy has an étale neighborhood Uy — Xy, such that X¥* x x, Uy has the form [W/G],
where W) is an affine scheme which is finite over the affine scheme Uy, and G is a linearly
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reductive group. By Lemma 6.4, the étale deformation Xy — X9 of X§° x x, Uy — X§°
to X% has the form [W/G]. Since G is linearly reductive, thus

D (X, Ox,) = T(W, Ow)" — T(A" xx, Us, Oxgosc 1) = T(Wo, Owsy)©

is surjective. Applying Lemma 5.13 we conclude that the nilpotent deformation Xy —
X9 has the property (L) in section 5. Therefore according to Proposition 5.5, X% has
a coarse moduli map. By the construction, it is clear that 7 is universally closed and
quasi-finite. The last assertion also follows from Proposition 5.5. O

From Proposition 5.5, Theorem 6.12, Lemma 6.4, Proposition 6.6, we deduce

Corollary 6.13. Let X be an algebraic stack locally of finite type over a perfect field.
Let m : X9 — X be a coarse moduli map. Then every point on X admits an étale
neighborhood U — X such that X9° x x U — U has the form [W/G] where W is finite
over U, and G s a linearly reductive group acting on W over U. More precisely, U is
an affine scheme over a finite (separable) extention k' D k of fields and G is a linearly
reductive group over k', which acts on W over U so that the quotient stack [W/G| is
1somorphic to X9° X x U over U.

Motivated by Theorem 6.12 and Corollary 6.13, we propose a class of Artin stacks.

Definition 6.14. Let X be an algebraic stack locally of finite type over a perfect field
k. We say that X is of GIT-like stable type over k if X9 = X. In other words, X
is GIT-like stable type if the automorphism groups of all closed points are linearly
reductive and any closed point admits an open neighborhood & C X', such that the
inertia stack Il of the reduced stack associated to U has a closed subgroup JF; that
satisfies:

(i) Fo is smooth and affine over Uy, and all geometric fibers are connected,
(ii) the quotient IUy/Fy is finite.

7. COMPARING WITH MUMFORD’S GEOMETRIC INVARIANT THEORY

By an algebraic scheme over a field k we mean a scheme locally of finite type and
separated over a field k. In this section, we assume that the base field £ is algebraically
closed of characteristic zero except Theorem 7.8. The purpose of this section is to dis-
cuss the relationship between our GIT-like p-stability and Geometric Invariant Theory
due to Mumford ([22]). Let X be an algebraic scheme over k. Let G be a linearly
reductive group scheme over k. (An algebraic group over k is linearly reductive if and
only if it is reductive.) Let o : G X, X — X be an action on X. Let X (Pre) C X
be the open subset of X, consisting of pre-stable points in the sense of [22; Definition
1.7]. The main purpose of this section is to prove:

Theorem 7.1. Let [X(Pre)/G]| be the open substack of [X/G], associated to X (Pre).
Let [X/G19 be the open substack consisting of GIT-like p-stable points on [X/G]. Let
S be the mazximal open substack of [X/G], admitting a coarse moduli space that is a
scheme. Then

[X(Pre)/G]NS = [X/G]NS.

Moreover, we have [X (Pre)/G| C [X/G]?".
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Remark 7.2. According to Theorem 7.1, we may say that in a sense the notion of
GIT-like p-stability is an intrinsic generalization of pre-stability, that is, the “local
part” of Geometric Invariant Theory.

We do not know whether or not the geometric quotient of X (Pre) by G in the sense
of [22, Definition 0.6] is a coarse moduli space for [X (Pre)/G]. If it is so, then we have
[ X (Pre)/G] = [X/G]* NS. To check that the geometric quotient of X (Pre) by G is a
coarse moduli space, it is enough to show that a coarse moduli space for [X (Pre)/G] is
locally separated (it follows from [19, (A.2)] and the universality of the coarse moduli
space). In the case when the stabilizers of geometric points on X is finite, by Keel-
Mori theorem and [22, Proposition 0.8] one can deduce that a coarse moduli space for
[X (Pre)/G] is locally separated.

We first show [X (Pre)/G] C [X/G]%.
Proposition 7.3. Any closed point on [X (Pre)/G| is a GIT-like p-stable point.

To prove this Proposition, we may and will assume that X is affine, and the action
of G on X is closed (cf. [22, Definition 1.7]).

Lemma 7.4. Let p be a closed point on X (Pre). Then the stabilizer group is (linearly)
reductive.

Proof. According to Matsushima’s theorem (cf. [20, page 84]), an orbit is affine if
and only if the stabilizer is reductive. Since every orbit in X (Pre) is a closed set in an
affine open set, thus our claim follows. O

Let X; be the reduced affine scheme associated to X. The base field is perfect, and
thus G' Xy Xj is also reduced. Therefore, the action on X induces an (closed) action
0o : G xp Xog — Xy. Let Stab — X be the stabilizer group, which is defined to be the
second projection (G X Xo) X xox,x, Xo — Xo, where (00, pr2) : G x Xo — Xo Xi, Xo,
and Xy — X X Xp is the diagonal map. Let F be the identity component of Stab.
Note that F — X is Zariski locally equidimensional (cf. [22, page 10]) and geometric
fibers are connected and smooth because the base field is characteristic zero. Then by
[12, VIp Corollarie 4.4], F — Xj is a smooth open normal subgroup of Stab. Note
that the inertia stack 1[X,/G]| — [Xo/G] is described by

[Stab/G] — [Xo/Gl,

where G acts on Stab C G'x Xq by (h, x) — (ghg™!, gx) for any (h,z) € Stab C Gx X,
and any g € G. Thus F descends to an open subgroup stack [F/G] — [Xo/G] of the
inertia stack. Moreover, the affineness of Stab over X, together with the following
Lemma 7.5 implies that F is affine over Xj.

Lemma 7.5. The quotient Stab/F is finite over Xj.

Proof. Let x € X, be a closed point on X. Let G, be the stabilizer group of x.
The étale slice theorem of Luna ([20, page 96]) says that there exist a locally closed
affine G -invariant subscheme V' C X containing x, and the commutative diagram

(VxG))G, —= V|G, —= Z

| ]

Xo [Xo/G] —=Y,
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where all squares are cartesian, all vertical arrows are affine and étale, and Z (resp.
Y) are geometric quotients of V' (resp. Xy) by G, (resp. G). Here if V = Spec A
and Xy = Spec B, then Z = Spec A% and Y = Spec BY, and (V x;, G)/G, is the
quotient of V' x; G by the action of G, determined by h- (v, g) = (hv,gh™'). Using the
diagram, we want to reduce the problem to [V/G,]. Let Staby — V be the stabilizer
group scheme of the action of G, on V. Since Staby is equidimensional, thus Staby
contains G2 x;, V, where G? is the identity component of G,. To see that Stab/F
is finite over X, it suffices to show that Staby /(G2 x; V) is finite over V. We can
consider the action of G, on V to be the action of the finite group G, := G,/G%. Then
it follows from [22, Proposition 0.8] that the action of G, on V is proper. In particular,
Staby /(GY x; V) is finite over V. This completes the proof. O

Proof of Proposition 7.3. By Lemma 7.4, every closed point on [X (Pre)/G] has a
(linearly) reductive automorphism group. Let x € [X/G] = [X(Pre)/G] be a closed
point. Take a closed point ' € X lying over x. Let (’A)X,x/ be the completion of local
ring Ox s at 2’. Then Spec @X,x/ — [X/G] is an effective versal deformation for x.

And by Lemma 7.5, the restriction of the subgroup scheme F to Spec O x.o yields (b)
in Definition 6.1. O

Next we will show the converse:
Proposition 7.6. We have [X(Pre)/G] D [X/G]*NS.

Proof. We say that a point x € X is regular if it admits an open neighborhood
on which stabilizers have constant dimension. Let X" denote the open set of regular
points. Clearly, [X/G]%* C [X™/G]. Let V' C X be the open subset consisting
of points lying over [X/G]%. Let v : V — [X/G]% be the natural projection. Let
p: [X/G)?* — Z be a coarse moduli map. Let 2’ € [X/G]?® be a closed point and z
the image in Z. Suppose that z has a Zariski open neighborhood which is a scheme.
We will show that z has an affine neighborhood T such that v~'p~(T') is an affine
scheme. By Corollary 6.13, there exists an étale neighborhood U — Z of z, such that
[X/G]%® xz U — U has the form [W/H] — U where W is affine over an affine scheme
U, and H is a linearly reductive group over k. Then [W/H| — BH x; U is affine,
and BH x, U — U gives rise to an exact push forward functor from the category
of quasi-coherent sheaves on BH X U to that of quasi-coherent sheaves on U. If T’
denotes the image of U — Z, then we can conclude that (p o v), is an exact functor
from the category of quasi-coherent sheaves on v~!p~!(T”) to that of quasi-coherent
sheaves on T". Thus v~ 'p~(T") — p~*(T") — T’ is an affine morphism (notice that
v:V — [X/G]? is a principal G-bundle, in particular an affine morphism) . Take an
affine neighborhood z € T C T". Then v~'p~!(T) is affine. Since [X/G]?* C [X™¢/G],
by [22, page 10, line 19-20] the action on v~!'p~!(T) is closed. This implies our claim.

O

Proof of Theorem 7.1. Proposition 7.3 and 7.6 imply our claim. O

Remark 7.7. In the proof of Proposition 7.3, we can find the filtration as in Defini-
tion 6.1 (b).
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In the proof of Lemma 7.4 and 7.5, we observed the closed action of a (linearly)
reductive group on an affine scheme. From the observation, we have the following
characterization:

Theorem 7.8. Let X be an algebraic stack locally of finite type over a field k of char-
acteristic zero. Then X is of GIT-like stable type if and only if the following conditions
hold:

(i) There exists a coarse moduli map m : X — X, such that X is locally of finite
type. For any étale morphism X' — X of algebraic spaces, the second projection
X xx X' — X' is a coarse moduli space.

(ii) For any point x € X, there exists an étale neighborhood U — X, a finite extension
of k' D k fields, and a (linearly) reductive group G over k', such that U is an affine
K'-scheme and X x x U has the form [W/G|], where W is a scheme that is affine

over U and G acts on W over U.

Proof. The “only if” direction follows from Theorem 6.12 and Corollary 6.13. We
next prove the “if” direction. Taking into account Remark 6.2 (iii) we may and will
assume that the base field is algebraically closed. As noted above, by Lemma 7.4
and 7.5 it suffices to show that if [W/G] — U is a quotient stack as in (ii), then the
action of G is closed. Since [W/G] — U is a coarse moduli map, the action of G on W
is closed, that is, every orbit is closed. This completes the proof. O

Example 7.9. Contrary to the above case, strong p-stability can differ from Mum-
ford’s theory. We will present the simple example which illustrates it. Let P§ be the
projective sphere over the complex number field C. Let G = PGL(2,C) be the alge-
braic group that is the automorphism group of P¢. over C. The algebraic group G acts
on P¢ in the natural manner. Every affine open set U on P¢ is not G-invariant, that
is, G(U) # U. Thus every point on P{ is not pre-stable in the sense of Geometric
Invariant Theory. In fact, the stabilizer group is unipotent. Let Stab — P{ denote
the stabilizer group scheme over Pi.. Then we can easily see that Stab — P{ is flat.
Therefore, every (and only one) closed point on [Pg/G] is strong p-stable in our sense.
In this case, the coarse moduli space is Spec C.

8. APPLICATION
In this section, we discuss the finiteness of coherent cohomology as an application.

Proposition 8.1. Let X be an algebraic stack locally of finite type and GIT-like stable
type over a perfect field. Let w: X — X be a coarse moduli map. Let F be a coherent
sheaf on X. Then Rn°F is a coherent sheaf on X, and RmiF =0 for i > 0.

Proof.  Our claim is étale local on X. Thus by Corollary 6.13 we may assume
that X — X is of the form [W/G] — U, where W = Spec B is finite over an affine
scheme U = Spec A, and G is a linearly reductive group. A coherent sheaf F on [W/G]
amounts to a finite B-module M which is equipped with a G-action commuting with
the action on B. The direct image 7, F corresponds to M G Thus the rule F — 7w, F
is an exact functor because G is linearly reductive. Hence Rm:F = 0 for i > 0. It
remains to prove that R70F is a coherent sheaf on X. It is enough to show that M¢
is a finite A-module. Note that M is a finite A-module, and M is a sub A-module.
Since A is noetherian, M is a finite A-module. O
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Theorem 8.2. Let X' be an algebraic stack locally of finite type over a field k. Let
k O k be an algebraic closure, and suppose that X x k is GIT-like stable type over k
and its coarse moduli space X is proper over k. Let F be a coherent sheaf on X. Then
the cohomology group H'(X,F) is finite dimensional for i > 0.

Proof. We may assume that the base field is algebraically closed. Consider the
composition X 5 X — Speck, where 7 is a coarse moduli map. Taking account
into the finiteness theorem for algebraic space [18, IV Theorem 4.1] and Leray spectral
sequence for the composition, it suffices to prove that Rir,F is coherent for all 7. Thus
our claim follows from Proposition 8.1. O

For example, it has the following direct corollary.

Corollary 8.3. Let X be an algebraic stack of finite type over a field k. Suppose that
X xi k is of GIT-like stable type, where k is an algebraic closure of k. If a coarse
moduli space for X x,. k is proper over k, then X has a versal deformation (cf. [2,
Definition 4.1.1]).

Proof. By the proof of [2, section 4.2], it suffices to show the finiteness of coherent
cohomology. Thus, our claim follows from Theorem 8.2. O

Remark 8.4. If X is proper over k, the above corollary is due to Aoki (cf. [2, Theorem
1.3]).

Remark 8.5. The finiteness theorem of coherent cohomology for proper algebraic
stacks has been proved by Laumon and Moret-Bailly under some hypotheses (cf. [19,
(15.6)]). Later, Faltings proved the finiteness theorem for general proper stacks via a
surprising method of rigid geometry (cf. [14]). Recently, Olsson-Gabber proved Chow’s
lemma for algebraic stacks and reproved the finiteness theorem (cf. [25]).

We would like to stress that our theorem can be applied to algebraic stacks whose
stabilizers are linearly reductive and positive dimensional. To compare our result with
the previous theorems, consider a proper algebraic stack X — Spec A. Then the
diagonal X — & Xgpec 4 X is proper. Practically, in many cases, the proper diagonal is
a finite morphism. (In characteristic zero, it also implies that X" is Deligne-Mumford.)
Then if X has finite diagonal, then by Keel-Mori theorem X has a proper coarse moduli
space X. Therefore we may summarize the above as follows: The finiteness theorem
for proper stacks practically tells us that if an algebraic stack has finite diagonal and
a proper coarse moduli space, then it has the finiteness of coherent cohomology. The
main advantage of our finiteness result is that it is applicable to a certain class of
algebraic stacks whose stabilizers are positive dimensional.

Let X be an algebraic stack of finite type over a perfect field k. Suppose that
X is of GIT-like stable type over k. Let 7 : X — X be a coarse moduli map (cf.
Theorem 6.12). The coarse moduli space X is an algebraic space of finite type over k.
The remainder of this section is devoted to giving a criterion for the properness of X
over k, which is described in terms of X without making reference to X. We begin by
considering the condition which assures that X is locally separated.

Let p be a closed point on X. Since p is a GIT-like p-stable point, there exists
an effective versal deformation £ : Spec A — A& such that if I denotes the ideal gen-
erated by nilpotent elements of A, then there exists a normal subgroup scheme F;
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of Auty gpec a/1(lspecasr) — Spec A/I satisfying (b) in Definition 6.1. Let F be a
functor on the category of Spec A/I x; Spec A/I-schemes which to any (f,g) : T —
Spec A/I xj Spec A/I associates the set of sections Isomy (f*§, g*¢)/Fe(T). Let &y

be the reduced stack associated to X. Let Xy — X3¢ be the rigidification associated
to an algebraization of F; after replacing X by a neighborhood of p (see Proposi-
tion 6.3). Let p’ be the image of p in X — X™8.  Then the composite morphism
Spec A/T — Xy — X is an effective versal deformation for p’ since Xy — X' is
smooth. By the construction of the rigidification (cf. Remark A.9), the functor F is

represented by the natural morphism
Spec A/ X yris Spec A/I — Spec A/I xy, Spec A/I.
Now we prove:

Proposition 8.6. Suppose that the functor F' is proper over Spec A/I X, Spec A/I.
Then X™# is separated in a neighborhood of p'.

Proof. Without loss of generality, we may assume that X is reduced. Namely,
Xo = X and I = 0. It suffices to prove that there exists a smooth neighborhood
U — X" of p/, such that U is an affine scheme and U X yrie U — U x;, U is proper.
To show this, we need the following Lemma.

Lemma 8.7. Let X andY be schemes locally finite presentation over a quasi-compact
excellent scheme S. Let X — Y be a morphism over S. Let s be a closed point, and
let R = (’5575 be the completion of the local ring at s. Suppose that the morphism
X xXgSpec R — Y xg Spec R induced by Spec R — S is proper. Then there exists a
neighborhood W C S of s such that the induced morphism X xgW — Y xg W is
proper.

Proof. Let P be a functor on the category of S-schemes which to T' — S associates
the set consisting of one element if X xgT — Y xg T is proper, and associates the
empty set if otherwise. By Theorem A.2, we see that this functor is locally of finite
presentation. Then applying Artin’s approximation ([5]) we conclude that there exists
an étale neighborhood U — S of s, such that X xgU — Y x5 U is proper. Let W be
the image of U in S. It is an open set. By the descent theory, X x¢ W — Y xg W is
proper. (|

We continue the proof of Proposition 8.6. By Lemma 3.2, there exist an affine scheme
U, a smooth morphism w : U — X" and a closed point « € U such that A = @U,u and
€lspec 4 = W|spec 4 Consider the natural morphism U X yrigSpec A — U X Spec A over U.
Then applying Lemma 8.7 to this diagram, we see that there exists a neighborhood V' of
w such that the restriction V' X yngSpec A — V X, Spec A is proper. (The algebraic space
U X yrigSpec A is a scheme since it is quasi-finite and separated over U X, Spec A (cf. [19,
(A.2)]).) Applying Lemma 8.7 to the morphism V' X yxie U — V X U over U again, we
conclude that after shrinking the neighborhood V', the morphism V X yrie V. — V X, V
is proper. O

Corollary 8.8. Let q be the image of p on the coarse moduli space. Under the as-
sumption of Proposition 8.6, X is separated in a neighborhood of q.
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Proof. It follows from Keel-Mori theorem since by Proposition 8.6 X' has finite
diagonal after shrinking X, O

We say that p satisfies the locally separated property if there exist an effective versal
deformation ¢ : Spec A — X for p and a closed subgroup scheme F; as above, such
that F' (see Proposition 8.6) is proper over Spec A/I X Spec A/I, where I is the ideal
generated by nilpotent elements of A. From now on, we suppose that every point
satisfies the locally separated property. Namely, according to Corollary 8.8, the coarse
moduli space X is locally separated. Next we consider a criterion for X to be universally
closed over k.

Proposition 8.9. The coarse moduli space X is universally closed over k if and only
if X is universally closed over k, i.e., X satisfies a valuative criterion in [19, Théorem

7.3].

Proof. The “only if” direction is clear since 7 is a universally closed map. The “if”
direction follows from the easy fact: If X' is universally closed over k, and X — X is
surjective, then X — Speck is a universally closed map. O

Finally, we consider a valuative criterion for the separatedness of X.

Lemma 8.10. The coarse moduli space X 1is separated if and only if the image of
diagonal map X — X X, X 1s closed.

Proof. The diagonal X — X xj X is a quasi-compact immersion since X is locally
separated. Thus, X is separated if and only if the image of X — X X X is closed.
Suppose that the image Z of diagonal map X — X x; X is closed. Then the the image
of Zin X x; X is closed. Indeed, the composite map X x; X — X X, X — X X, X is
closed since X — X is universally closed. Conversely, assume that X is separated. Let
Z be the image of diagonal X — X xj; X. Since X — X is a coarse moduli map, thus
the image of diagonal map X — X x X set-theoretically coincides with the preimage
of Z under X x; X — X x; X. It follows that the image of diagonal map X — X x;, X
is closed. O

Proposition 8.11. The following conditions are equivalent:

(i) X s separated over k.

(ii) Let R be a valuation ring with quotient field K, and let o, B be objects in X (R)
such that there is an isomorphism a|x = B|k. Then the fiber of Isompg(a, 3) over
the closed point of R is nonempty.

Proof. We first show that (ii) implies (i). Since X is locally separated, thus by
Lemma 8.10 it is enough to prove that the image Z of the diagonal map A : X —
X xp X is closed. By [19, (5.9.4)], the underlying set of Z is a constructible set. It
suffices to show that Z is stable under specialization. Thus it is enough to prove that
if v is a generic point on X', and ¥ is a specialization of y = A(v), then there exists
a point v' € X lying over 3. According to [19, (7.2)] there exist a valuation ring R
with quotient field K, Spec K — X lying over v, and Spec R — X x; X such that the
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diagram

Spec K X

! |

SpecR —— X x, X

commutes, and the closed point of Spec R maps to v under Spec R — X X, X. Then
applying the condition (ii) to Isompg(a, 5) = Spec R X (xx,x) X — Spec R we see that
y’ belongs to Z.

We next show that (i) implies (ii). The image of (o, 3) : Spec R — X X X set-
theoretically belongs to Z since Z is closed by Lemma 8.10. Hence there exists a point
s € Isompg(a, B) lying over the closed point of Spec R. a

Remark 8.12. For an algebraic stack of GIT-like stable type, it seems that three
conditions: the locally separated condition, “universally closed condition” (cf. Propo-
sition 8.9) and (ii) in Proposition 8.11 are important. In a sense, three conditions
mean “virtual properness’ of X. In other words, under these conditions, X behaves
like proper in some contexts. For example, it seems that the class of such properness
provides a good setting in which one has a good theory of Riemann-Roch. We will
discuss these issues elsewhere in detail.

APPENDIX

Limit argument. Let Sy be a scheme (resp. quasi-separated algebraic space). Let [
be a filtered inductive system in the sense of [4, section 1] or [21, Appendix A]. Let us
consider functor

I — (quasi-coherent Og,-algebras)
sending « to A,. Let
S =lim S,

a€el

be the associated projective system of schemes (resp. quasi-separated algebraic spaces)
that are affine over Sy. (By [21, Appecdix A, Corollary 2| it is represented by a scheme
(resp. quasi-separated algebraic space).) We would like to recall the some results of
limits arguments in [13, IV (8.2)]. For our purpose, we need some assertions in the
case of algebraic spaces, though the generalizations are straightforward. However, we
could not find the appropriate literature, thus we decided that it is best to collect them
here.

Theorem A.1 (cf. EGA IV (8.6.3)). Assume that Sy is a quasi-compact and quasi-
separated algebraic space. Let' Y C S be a closed subspace. Then there exist A € [
and a closed subspace Yy C Sy such that S xg, Y\ =Y. Moreover, Yy C Sy is unique
in the following sense: If there exists another closed subscheme Yy, C Sy such that
S xs,, Yo =Y, then there exist A — p and N — p such that Yy xg, S, =Yy X5, Sy

Theorem A.2 (cf. EGA IV (8.10.5) (17,7.8)). Let Sy be a quasi-compact scheme. Let
Xy and Yy be schemes of finite presentation over Sy. Let X, — Y) be an Sy-morphism.
Consider the following properties: (i) an isomorphism, (ii) a closed immersion, (iii)
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quasi-finite, (iv) finite, (v) affine, (vi) flat, (vii) smooth, (viii) proper. If X xg, S —
Y\ xg, S has one or more properties (i)-(viii), then there exists an arrow X — p such
that X xg, S, — Y\ Xg, S, has the same properties.

Proposition A.3. Suppose that S, is a noetherian scheme for any o € I. Let f :
Xy — Sy be an algebraic space of finite type over Sy. Consider the following properties:
(i) affine, (1) flat, (iii) finite, (iv) smooth. If X := X, xg, S — S has one or more
properties (i)-(iv), then there exists an arrow A — v such that X, .= Xy xg, S, — S,
has the same properties.

Remark A.4. For (ii) and (iv), using étale descent theory we reduce them to the
case of schemes. We can obtain (iii) from Theorem A.2 (ii), (iii) and Chow’s lemma
for algebraic spaces ([18, IV 3.1]). The claim for (i) follows from Serre’s criterion for
algebraic spaces ([18, IIT 2.5]).

Proposition A.5. Suppose that S, is a noetherian scheme for any o € I. Let fy :
X\ — S\ is a scheme of finite type over Sy. Suppose that all geometric fibers of
Xy xg, S — S are connected. Then there exists an arrow X — p such that all geometric
fibers of Xy xg, S, — S, are connected.

Proof. Let E be the set consisting of points s € S,, such that f~!(s) is geometri-
cally connected. By [13, IV, 9.7.7], the set E is a constructible set in S\. Moreover,
if a point s € S\ does not lie in the image of S — Sy, then there exists A — X such
that s does not lie in the image of Sy, — S). On the other hand, the image of S — S
is contained in E. Therefore, using noetherian induction argument, we easily see that
there exists A — p such that the image of S, — Sy is contained in E. This completes
the proof. O

Theorem A.6 (cf. EGA IV (8.8.2)). Assume that Sy be a quasi-compact and quasi-
separated scheme. Let X, be a quasi-compact scheme and let Y, be a scheme of finite
presentation over S,. Let X,, = X, xg, S, andY, =Y, xg, S,. Let X = X, xg, S
and Y =Y, xg, S. Then the natural map

A= lln HOms/\ (XA7 Y)\) — HOHIS(X, Y)
A

15 bijective.

Proposition A.7. Assume that Sy be a quasi-compact and quasi-separated scheme.
Let G, — S, be a separated group algebraic space of finite presentation over S,.
Let H, C G, be a closed subspace such that H = H, Xg, S is a subgroup space of
G = G, xg, S. Then there exists an arrow o — p such that H, := H, xg, S, is a
subgroup space of G\, = Go X5, Sy. If H is normal in G, then H, x g, S, can be chosen
to be normal.

Proof. It suffices to show that there exists an arrow o — p such that H, has the
following properties: (i) the multiplication m : G, xg, G, — G, induces H, xg, H,, —
H,, (ii) the inverse i : G, — G, carries H,, to H,, (iii) the unit section e : S, — G,
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factors through H,,. Let us consider the property (i). Let

Ua Va

Pk

Ga xSa Goz l> Goc

be a commutative diagram where U, and V,, are quasi-compact schemes and two verti-
cal arrows are étale surjective morphisms. (Such a diagram exists.) It suffices to prove
that after the base change by some arrow o — p the pullback p~(H, X s, H,) maps to
¢ '(H,). Since H is a subgroup of G, in particular G xgG — G induces H xg H — H,
thus applying Theorem A.6 to p~'(H, Xs, Hy) — V. « ¢ '(H,) we see that there
exists an arrow o — p such that p~*(H, xg, H,) — V), factors through ¢~'(H,) C G,.
By a similar argument, we may assume that H,, has also the property (ii).
Next, consider the property (iii). Let

Wa *é>va

pok
Soz*e>Goz

be a commutative diagram where W, and V,, are quasi-compact schemes and two
vertical arrows are étale surjective morphisms. It suffices to prove that after the base
change by some arrow a — g the unit section W, — V,, factors through ¢~*(H,).
Again by applying Theorem A.6 to W, — V, « ¢ '(H,), we conclude that there
exists an arrow o — g such that W, — V,, factors through ¢ ' (H,) C G,.. By what we
have proven, we conclude that there exists an arrow o — p such that H, is a subgroup
space of G .
Finally, we will prove the last assertion. Consider the morphism

(ﬁ:GaXSaGa—’Ga

which sends (g1, g2) to gi1g29;'. A group subspace H, is normal in G, if and only
if ¢(Gy x5, Hy) C H, (scheme-theoretically). Thus by a similar argument using
Theorem A.6 to the above we easily see the last assertion. O

Rigidification. For the convenience, we would like to recall the rigidifications of
algebraic stacks, that has been discussed by many authors (see for example [1], [23],
[19]).

Let X be a quasi-separated algebraic stack locally of finite presentation over a quasi-
separated scheme S. Let G be a closed subgroup stack in the inertia stack IX — X,
that is flat and of finite presentation over X'. Namely, the multiplication IX x y IX —
IX induces G Xy G — G, the inverse IX — [IX sends G to G, and in addition the
unit section X — IX factors through G. Let V be an affine S-scheme. Let £ € X(V)
be an object and V' — X the corresponding morphism. It gives rise to a natural
morphism h : Auty () — IX. The inverse image G(&) := h™'(G) C Auty () is
a normal closed subgroup. (Every automorphism o : & — & gives rise to an inertia
automorphism Auty (§) — Auty ((£) and it sends h™'(G) to h='(G). Thus G(§) is

normal.)
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Theorem A.8. There exist an algebraic stack Y locally of finite presentation and a
morphism f : X — Y such that:
(i) f: X — Y is an fppf gerbe.
(ii) For any affine S-scheme V' and any object & € X(V'), the homomorphism of group
algebraic spaces

MX,V(&) - My,v(f(f))

is surjective and its kernel is G(&).

(iii) Let V' — Y be a morphism from an affine scheme V and let & € X(V) be the
corresponding object. Then there exists a natural isomorphism V xy X = By G(§)
over V', where By G(€) is the classifying stack of G(&).

(iv) Let g : X — W be a morphism of algebraic stacks such that for any object
£ € X, G(§) lies in the kernel of Auty y(§) — Autyy, 1 (9(§)). Then there exists
a morphism h :' Y — W such that h o f is isomorphic to g. It is unique up to
1somorphism.

(v) Y admits a coarse moduli space if and only if X has one. If they have, both coarse
moduli spaces coincide.

(vi) If X is a Deligne-Mumford stack, then ) is so.

Proof.  Assertions (i), (ii) (iii) are proved in [1, (A.1)]. To see (iv), (v) and (vi),
we should go back to the construction of ). Let )P be the fibered category defined
as follows. The objects of ) are those of X. Let ¢ : V/ — V be a morphism of affine
S-schemes. For any ¢ € X (V') and any & € X(V), we define the set of morphisms
Homy» (¢, &) over V' — V to be the set of sections of the quotient

Isomy v/ (€', ¢7€)/G(E)

where the action of G(¢’) is the natural faithful right action defined by the composition.
Then it is not hard to show that )? is a prestack. Let ) be a stack associated to the
prestack YP. It is showed in [1, (A.1)] that ) is an algebraic stack locally of finite
presentation over S with properties (i), (ii) and (iii). By the construction of )?,
clearly, the natural morphism X — )P is universal for maps from X to prestacks,
that kill G(&) for any object £ € X. Since ) is the associated stack, thus (iv) follows.
The “if part” of (v) follows from (iv) and (i). (Note that for any algebraically closed
S-field K, X — Y induces a bijective map X (K)/ ~— Y(K)/ ~. Here ~ means
“up to isomorphism”.) The “only if” part also follows from (iv). The last assertion
in (v) is clear. To see (vi), notice that for each object ¢ € X (V) the group space
Auty (§) — V is unramified because X is a Deligne-Mumford stack (cf. [19, (4.2)]).
For each object £ € X(V), G(¢) is flat and thus G(§) is étale over V. By (iii), we see
that X — ) is étale. Hence ) is a Deligne-Mumford stack. O

Remark A.9. The morphism X — ) is characterized by the universal property in
(iv). We refer to this morphism as the rigidification of X (or rigidifying morphism)
with respect to G. If objects €, € Y(V) arise from X' (V'), then the above proof reveals
that there exists an isomorphism

Isom,, (£, m) = Isomy v (£,1)/G(€).
Also, the algebraic space on the right side is isomorphic to G(n) \ Isom v (£,7).
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