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0 Introduction

The principal aim of this paper is to form a basis for the exact WKB
analysis of a Schrodinger equation

d2
(0.1) (@ — n°Q(x, 77)) =0 (n:alarge parameter)

with one simple turning point and with one simple pole in the potential
Q). As [Kol] and [Ko2| emphasize, the Borel transform of a WKB
solution of (0.1) displays, near the simple pole singularity, behavior
similar to that near a simple turning point. Hence it is natural to
expect that such an equation plays an important role in the exact
WKB analysis in the large. Such an expectation has recently been
enhanced by the discovery ([Ko4]) that the Voros coefficient of a WKB
solution of (0.1) with

(0.2) Q= % + % +n? % (cr,y : fixed complex numbers)

can be explicitly written down with the help of the Bernoulli numbers.
The potential @ given by (0.2) will play an important role in Section 2;
the Schrédinger equation with the potential @ of the form (0.2), that
is, the Whittaker equation with a large parameter 7, gives us a WKB
theoretic canonical form of a Schrodinger equation with one simple
turning point and with one simple pole in its potential. We note that
the parameter a contained in the Whittaker equation in Section 2 is an

infinite series a(n) = Zakn_k (a: a constant), and we call such an

k>0
equation the oo-Whittaker equation when we want to emphasize that

« is not a genuine constant but an infinite series as above.

In order to make a semi-global study of a Schrodinger equation with
one simple turning point and with a simple pole in its potential, we let
the simple pole singular point merge with the turning point and observe
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what kind of equation appears. For example, what if we let « tend to
0 in (0.2) with v being kept intact? Interestingly enough, the result-
ing equation is what we call a ghost equation ([Ko3]); we have been
worrying where we should place the class of ghost equations in regard
to the whole WKB analysis. A ghost equation has no turning point
by its definition (c¢f. Remark 1.1 in Section 1); still a WKB solution
of a ghost equation displays singularity similar to that which a WKB
solution normally has near a turning point. The singularity is due to
the singularities contained in the coefficients of n=% (k > 1) in the
potential Q. (See [Ko3] for details; there a ghost (point) is tentatively
called a“new” turning point.) In view of the above observation, we
regard a Schrodinger equation with one simple turning point and with
one simple pole in its potential as an equation obtained through per-
turbation of a ghost equation by a simple pole term aq(z, a)/x, where
a is a complex parameter and ¢(z, a) is a holomorphic function defined
on a neighborhood of (z,a) = (0,0). An equation obtained by such a
procedure is called an equation with a merging pair of a simple pole
and a simple turning point, or, for short, an MPP'T equation. Precisely
speaking, we call a Schrédinger equation (0.1) an MPPT equation if
its potential () depends also on an auxiliary parameter a and has the

following form
+ ?7—1 Ql(;fv CL) + 77_2 Q2<x7 CL)’

03 Q= =

where Q(x,a) (j = 0,1,2) are holomorphic near (z,a) = (0,0) and
Qo(x, a) satisfies the following conditions (0.4) and (0.5):

(04)  Qol0,a) #0if a 0,

(0.5)  Qo(z,0) = c(()o)a: + O(2?) holds with c(()o) being a constant
different from 0.
Clearly we find a ghost equation at a = 0; furthermore the implicit

QO(xa CL)
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function theorem together with the assumption (0.5) guarantees the
existence of a unique holomorphic function x(a) that satisfies

(0.6) Qo(z(a),a) = 0.
The assumption (0.4) entails

(0.7)  x(a) #0if a #0,
and the assumption (0.5) guarantees that, for a sufficiently small a(
0), z = z(a) is a simple turning point of the operator in question.

As the above naming “an MPPT equation” indicates, it is a coun-
terpart of an M'TP equation in our context. An MTP equation, i.e.,
a merging-turning-points equation introduced in [AKT4] contains, by
definition, two simple turning points that merge into one double turn-
ing point as the parameter ¢ tends to 0, whereas, in an MPPT equation,
a simple pole and a simple turning point merge into a ghost point where
neither zero nor singularity is observed in the highest degree (i.e., degree
0) in 7 part of the potential. The parallelism of these two notions is not
a superficial one. The reduction of an MPPT equation to a canonical
one is achieved in Sections 1 and 2 below in a way parallel to that used
in the reduction of MTP equation to a canonical one; first, in Section 1
we construct a WKB theoretic transformation that brings an MPPT
equation with the parameter a being 0 to a particular oo-Whittaker
equation, that is, the oo-Whittaker equation with the top degree part

of the parameter a(n) being 0 (i.e., a(n Zozkn ), and then in Sec-

k>1
tion 2 we construct the transformation of a generic (i.e., a # 0 ) MPPT

equation to the co-Whittaker equation in the form of a perturbation
series in a, starting with the transformation constructed in Section 1.
In Sections 1 and 2 we focus our attention on the formal aspect of the
problem, and the estimation of the growth order of the coefficients that
appear in several formal series is given separately in Appendices A and
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B. One important implication of the estimates given in Appendix B
is that they endow the formal transformation with an analytic mean-
ing as a microdifferential operator through the Borel transformation.
Furthermore, as is shown in Theorem 1.7 and Theorem 2.7, the action
of the resulting microdifferential operator upon multi-valued analytic
functions such as Borel transformed WKB solutions, is described in
terms of an integro-differential operator of particular type; its kernel
function contains a differential operator of infinite order in x-variable.
Thus it is of local character in z-variable, whereas it is suited for the
global study related to the resurgence phenomena in y-variable. (See
e.g. [SKK] and [K] for the notion of a differential operator of infinite
order. See also [AKT4] that has first used a differential operator of
infinite order in exact WKB analysis.) As the domain of definition
of the integro-differential operator may be chosen to be uniform with
respect to the parameter a (Remark 2.3), our results in Section 2 are
of semi-global character, as is noted in Remark 4.1. This uniformity is
one of the most important advantages in introducing the notion of an
MPPT operator. It is worth emphasizing that the uniformity becomes
clearly visible through the Borel transformation. In order to use the
results obtained in Section 2 for the detailed study of the structure
of Borel transformed WKB solutions of an MPPT equation, we first
study in Section 3 analytic properties of Borel transformed WKB so-
lutions of the Whittaker equation, and then in Section 4 we analyze
Borel transformed WKDB solutions of the co-Whittaker equation using
the results obtained in Section 3. The basis of the study in Section 3
is a recent result of Koike ([KKo4]), and the analysis in Section 4 makes
essential use of the estimate (B.3) of the coefficients {ay(a) }r>o of the

parameter a(a, n) = Zak(a)n_k; the effect of this infinite series that

k>0
appears in the co-Whittaker equation is grasped as a microdifferential



operator acting on Borel transformed WKB solutions of the Whittaker
equation. Combining all the results obtained in Sections 2 and 4 we
summarize in Section 5 basic properties of Borel transformed WKB
solutions of an MPPT equation with a # 0.

Acknowledgment.
We sincerely thank Professor T'. Aoki for the stimulating discussions
with him on the subject discussed in this paper.

1 Construction of the transformation to the canonical
form, I. — the case where a =0

The purpose of this section is to show how to construct the Borel
transformable series

(1.1) 2O&,n) = 2@y

k>0

and

(12 () =3 al"n "
k>0

with oz((]o) being 0, i.e.,

(1.2) o) ="y

k>1
so that the Schrodinger equation
(1.3)
d? Qo(7,0)  ; Q1(,0) 5 Qa(3,0)\ \ ~,-
<ﬁ_ 2( U(N )_|_77 1 1(N )_|_77 2 2(N2 )) w(ﬂf,T]):O
T T T T

with Qj(a?, 0) (j = 0,1,2) being holomorphic functions near the origin
that satisfy (1.5) below may be brought to a particular co-Whittaker

6



equation

: al?) N2 3
(1.4) (d— (b g M)) b(a,m) =0.

dx? 4 x 2

Here the adjective "particular” refers to the vanishing of oz(()o). The
Borel transformability of z(®) and o9, i.e., the growth order condi-
tions on their coefficients will be separately discussed in Appendix B.
Thus the first task is to establish Theorem 1.1 below, which relates
the potentials in (1.3) and (1.4); the relation (1.6) enables us to relate
(1.3) and (1.4) in an appropriate way, as we will expound after proving
Theorem 1.1.

Theorem 1.1. Let Q;(#,a) (j = 0,1,2) be holomorphic functions
defined on a neighborhood of (Z,a) = (

following condition is satisfied:

(15)  Qo(%,0) = c(go)i“ +O(2?) with cé ) being a constant differ-
ent from 0.

)

0,0), and suppose that the

Then there exist Borel transformable series £0(z,n) and o9 (n)
respectively giwen in (1.1) and (1.2) so that the following relations
(1.6) ~ (1.9) hold on an open neighborhood U of the origin & = 0:

(1.6) E71Q0(z,0) + a7 Q1 (7, 0) + n 25 2Q4(2, 0)

C(d2O@ )\ (1, a9 |, @(0,0)
_( dz ><Z+9€<o>(fl"ﬂ7)+77 20(z,n)?

(1.7) a;,({;o)(i) (k=0,1,2,---) is holomorphic on U,
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(1.8) 20)=0 (k=0,1,2,---),

(1.9) (dz" /di) (0) # 0.

Here {2(z,n); 2} stands for the Schwarzian derivative, i.e.,

B0 /did 3 <d2az(0) /dgz»2)2

1.10 — —
(1.10) 220 ;2 \ @z

Remark 1.1. The assumption (1.5) entails that Z'Qy(%,0) is holo-
morphic near x = 0 and that it does not vanish there. Thus MPPT
operator restricted to {a = 0} is exactly of the form of a ghost operator

([Ko3]). Hence the content of Theorem 1.1 is essentially the same as
[Ko3, Proposition 2.1].

Proof. We construct :1;/2O> inductively, and to facilitate the required

computation we introduce a series 2% (%, n) given by

(1.11) i 2Oz, n).
By setting

(1.12) v = @1(0,0),
we define Ry = Ry(%) by

(1.13) T7HQ(7,0) — ).
Then we find

(1.14) #72Q4(7,0) — y(dz'? /dz ) (2 V)2
= 7Y Ry — 29(d2/d7) (20)! — i (d2© /d.:i’)Q(z(m)_Q] .

Hence our task is to construct series (%(2, ) and ¥ (n) so that they



satisfy
(1.15)

QO(iv O) + 77_1(:21(957 O)

drON" (& a0\ r 0) /) (501
= (==) (T35 ) +77| — Rel@ +20(d=" /) (=)

1
+ (= /i) (=) — Sl gz}] .

Since we will choose zéo)(i‘) so that it does not vanish at the origin the
following relations (1.16) and (1.17) guarantee that the right-hand side
of (1.15) is well-defined on a sufficiently small neighborhood U of the

origin:

(1.16)
(=)
0)/~ 0)/~ 0)/~\ _(0)/~
_ (o A@ - @A)
Do\ D Ler )
(1.17)
Az !
)
B 1 | zio)(i‘)—kidzgo)/d:i’ .
_z(o)(i‘)—i—:ﬁdz(o)/d:i’ _z(o)(i‘)—kidz(o)/d:i’n L
0 0 0 0

Let us now compare the coefficients of n° in (1.15). Then we find

2
~ dxéo) T @(()0)
(1.18) Qo(2,0) = ( T Z+E :
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and hence we choose

(1.19) al” =0

and

(1.20) 2\ (7) :2/ \/55—1620(1,0) di.
0

It then follows from (1.5) that

(1.21) 290y =21/ £ 0.

Next, using (1.19) we obtain the following relation (1.22) by comparing
the coefficients of =1 in (1.15):

2
) 20 2.0 = (0) N0
1.22 7,0)=2—-20 1 = 0 1.
(122) G0 =2 1 20
Setting & = 0 in (1.22) we find that aﬁo) should satisfy
(1.23) ol = @1(0,0)/2(0).

Then we can find a holomorphic function f1(Z) which satisfies

i 0=\ (0
(1.24) Q1(#,0) - (dx‘gﬁ(x)> Z{;‘;(N — B fi(2).
0

z)

Thus it suffices to solve
1
dx(o) dx(o)
1.25 L =9 0 i
(125 ! ( No) )

to find a:§0> that satisfies (1.22). If we solve (1.25) with the initial
condition at £ = 0 being 0 on a sufficiently small disc U centered at

the origin, we obtain a;'go)(a?) that also satisfies the condition (1.8). The

construction of x]({;()) and 045{;0) (k > 2) can be inductively done on the
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same disc U in a similar manner. For example, the comparison of the
coefficients of 772 in (1.15) results in the following;:

(1.26) 0— (2 dxéo) dxgo) N <dx(10))2> x 5 dxéo) dx(lo) aﬁo)

dr dr Ndr) )3T dr dr L0
(0
SOy (0 0 0 2vd;9
() (S - e | - Rl
dz <0 <0 <0
2
dzéo)
- 1
NP [ N CONY
(0] >
0
Then we set £ = 0 in (1.26) to find
(1.27)
y—2
0 0 - 0 0 0 -
o = ("(O)7" |01 ((0) — 2:70) + Rll) — 5
<0

After choosing ozgo) as in (1.27) we can divide (1.26) by Z to find a
differential equation of the form

da:go)

(129 = ()

where f5(Z) is holomorphic on U. Thus we can find the required :z:go)(i)

by solving (1.28) with the initial condition xéo)(O) = 0. The construc-
tion of 045{;0) and :1;]({;0)(5:) can be performed in exactly the same manner:
first compute the coefficients of =% in (1.15), set Z to be 0 to find

04,20) so that we may divide the sum of the coefficients by z to find a

11



first order equation of normal form for a?,(go)(a?) with holomorphic coef-

ficients on U, and finally solve the differential equation with the initial
condition a:,(€0>(0) = 0.

Q.E.D.

As is well known in the exact WKB analysis (e.g. [KT2, Theorem
2.16 and Corollary 2.18]), the relation (1.6) between potentials enables
us to clarify the structure of WKB solutions of a general MPP'T equa-
tion restricted to {a = 0} in terms of WKB solutions of a particular
(ie., oz(()o) = () oo-Whittaker equation; the concrete statements are as
follows:

Theorem 1.2. In the situation considered in Theorem 1.1, the
infinite series 9 (&,n) and o9 (n) satisfy

X G)
(1.29) S(z,n) =<%) S@(z,m), " (n),n)

1 /d?2O(z,n) dz0(z,n)
_§< di? )/( di )
where S and S are formal series in n~! respectively beginning with
S_1(z)n and S_,(x)n which solve the Riccati equations

a0 3490 _pp(QED | AED) o Gl5,0)
and
dS 1 o 5(0,0
(1.31) S2+%:n2(1+ $<77)+n 2@2532 )))
and for which
G (7 dﬂ?(()o) (0)/ ~
(1.32) arg S_1(z) = arg (% S_1 (g (x)))
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holds (and hence S_i(%) and (daséo)/di“) S_l(xéo)(i)) themselves

coincide.)

Theorem 1.3. Let us consider the situation assumed in Theo-
rem 1.1, and let v be a WKB solution of the co-Whittaker equa-
tion

(1.33) (d_2 _ <1 4 04(0;(77) +2 Q(0, O))) b =0,

dx? 4 2

where o9 (n) is the infinite series constructed there; in particular
(1.34) ol = 0.

Then for the infinite series x\9(&,7n) constructed there we find

- O (F ~1/2
1) g = (1 d;’m) @0z ) )

satisfies the following MPPT equation restricted to {a = 0}:

( &7 2(Q0<afz,0> p QB0 ng@,m)) @ 0.

T T T2
See [KT2, Section 2] for the derivation of Theorems 1.2 and 1.3
from Theorem 1.1; although the situation considered in [KT2| is a
much simpler one (the situation where only one simple turning point
is relevant) the logical structure of the derivation is exactly the same.
The analytic meaning of Theorem 1.3 becomes much more transpar-
ent if we apply the Borel transformation to all the relevant functions

and equations; for example, the Borel transformed oco-Whittaker equa-
tion turns out to be a microdifferential equation

0? 1 1 o\ 0% 00,0
(157 (@— (G306 5~ >)w3<x,y>—o,

13



thanks to the estimate (B.3) in Appendix B of the growth order of
0420) (k > 1). Before embarking on the analytic study of the Borel
transformed relations, we present an important relation between the
infinite series &% () and S(z,n) in Theorem 1.2. For that purpose we
recall the definition of the odd part Syqq of a solution S of the Riccati
equation with n-dependent potential.

Definition 1.1. (|[AKT3, Definition 2.1]) Consider the following
Riccatr equation with n-dependent potential:

(1.38) S(z, n)+§ ) =17 ZQ

Let S%™) respectively denote the solution of (1.38) that begins with
+n\/Qo(x). Then the odd part Seaq of S is, by definition, given
by

1
(1.39) Sodd = §(S(+) — S<_>).

With the help of Definition 1.1, Theorem 1.2 immediately entails the
following

Corollary 1.4. For S and S in Theorem 1.2 their odd parts satisfy
the following relation

- da0) -
(140)  Saaaldm) = (5= Soaala @), V),

if the branches of S_1 and S_, are chosen so that (1.32) is satisfied.

Using this result we find the following

Proposition 1.5. ([Ko3, Proposition 2.1]) Let Soqq denote the odd
part of S in Theorem 1.2. Then we find

(1.41) B_eg godd = 7704(0).
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Proof. In view of the relation (1.40) it suffices to prove (1.41) for S
in Theorem 1.2. To verify (1.41) for S,qq, we study the concrete form
of solutions S™) and S=) of (1.31) whose top degree (i.e., degree 1
in n) parts are respectively given by +7/2 and —n/2. One can then
immediately see

1.42 5 = £

(1.42) 0o T =,

Here, and in what follows, the sign + is chosen correspondingly in each
formula. Next

1) (£ \2  d all Q2(0,0)
(1.43) 28 gt 4 (Sé )> +%S§) =2 >
entails
0) (+)
1.44 +5E — b
( ) 1 T + 72

with constants 5#). Similarly the computation of the coefficients of
(1 >1)in (1.31) entails
(0)

O‘l+2

(1.45) +55 + 3 s s 4 dws -
Jj+k=l
J.k>0

Since each S](~i> (7 > 0) is a sum of pole terms, (1.45) implies
oY

(1.46) +5®) = Jiz (multiple pole terms).
T

l+1

Thus the residue of Syqq = %(S(JF) — S at the origin is o), as is
expected. This completes the proof of the proposition.

Q.E.D.

We have so far studied the formal aspect of the problem; the growth
order conditions (B.3) and (B.4) (with a = 0) that {a;,(go)(a?)}kzo and
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{oz,(go)}kzo respectively satisfy enable us to obtain much deeper ana-
Iytic results. Applying the Borel transformation ([KT2]) to (1.35), we
find that ¢ (%, y), the Borel transform of (&, n), and wB(xé())(a?), Y),
the Borel transform of w(x(()o) (Z),n), are related by a microdifferen-
tial operator. This is one of the most important observations made in
[AKT1, Section 2], where a simple turning point problem was studied.
Following the presentation of [AY] and [AKT4], we formulate this fact
in Theorem 1.6 below as the existence of intertwining operators of a
Borel transformed MPPT operator with a = 0 and the Borel trans-
formed particular (i.e., oz(()o) = 0) oco-Whittaker operator; furthermore
the intertwining operators enjoy beautiful expressions which are most
amenable to the study of the exact WKB analysis. (Theorem 1.7.)

To state Theorem 1.6 and Theorem 1.7 we make some notational

preparations. First we let g(x) denote the inverse function of
(1.47) r = 2(%),

where a;(()o)(i) is the function given by (1.20), that is,

(1.48) v =y (g(x), ¥=glx (7))

The existence of g(x) is guaranteed by the condition (1.9). Then, by
rewriting the Borel transform A of an MPPT operator restricted to
{a =0}, ie,

82 QO(C%aO) 62 _Ql(ja()) 0 QQ(aNjao)

1.49 A=— - —~

(1.49) 012 T 0y’ T 0Oy 2
in (x,y)-coordinate, we find by (1.18) and (1.19)

(1.50)

- B dg _9 2 d2g/d£132 0
A‘jzg(m) - (@) [@ B ( dg/dx )6x]
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QO(Q(I)ao) 82 _Ql(g(l‘),O) d QQ(g(x)7O)

glz) Oy glz) Oy g9(x)
~dg\ 2| 0 d’g/dz*\ 0 1 O°
- (@) [@—(dg/dx) 199
~ (dg/dx)? 0  (dg/dx)® -
ON Q1(g(x), )8y o(2)? @2(g(),0)|.

We now define microdifferential operators L and M respectively by
(1.51)
I 0* (dQQ/de) 0

- Ox? dg/dx
_1 0?2 B (dg/dgj)Q - N o B (dg/da:)Q B i
4 Oy? 4(7) Q1(g(z),0) 2y 9@ 2(g(z),0)
and
_ 1 a0)ay)y & a(0,0)
(152) M=o — (7 + )83/2_ e

Then we have the following

Theorem 1.6. Let wy be an open neighborhood of x =0, and set

(1.53) Qo ={(x,y;&,m) € T*(C%gjjy);a: € wp,n # 0}
and
(1.54) O = {(z,y:€,m) € Qo;x # 0}

Then there exist microdifferential operators X and Y defined on
Qo that satisfy

(1.55) LX =YM
on 2 and that are invertible on 2.
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Proof. In this proof, and in what follows, we follow [A] in the usage
of terminologies and ideograms in symbol calculus; for example, for a
microdifferential operator X, o(X’) stands for its symbol, and for a
symbol s(z,y,&,n), : s(z,y,&,n) : designates the corresponding nor-
mal ordered product operator, and so on. As was first emphasized by
[AKT1],

(1.56)

O (2@, m).0) = (g (@) + 2@t 42 @ )
that appears in the right-hand side of (1.35) can be formally rewritten
as

) Y (Sl @) (5 vt )
k>1

n>0

)

x:xéo)(:i)
and hence its Borel transform is expressed in (z, y)-coordinate as

(158) (Z %(Zx,@(gm)(%)’“)n (f) V)

n>0  k>1

—cexp (Y2l (9@ ™)e) - vslay)
k>1

Having this expression in mind, we try to find operators X and ) in
the following form:

(1.59) X =:C(z,n) exp(r(z,n)f) :,

(1.60) Y =:C%x,n)exp(r(z,n)f) -,

where C(z,n), C*(x,n) and r(z,n) are symbols of microdifferential
operators respectively of order 0,0 and —1. As the notation indicates
we suppose they are free from (y,€). Let ri(z) denote the coefficient
of 7% in r; that is,

(1.61) r(z,n) = Zrk(a:)n_k.

k>1

18



Then, by the symbol calculus of the composition of operators, we find

(162)  o(LX) = o(L)o(X) + oe(L)ou(X) + % oee (D)o an(X).

Note that X is free from y and that
oP
oer”
Here and in what follows we use the subscripts x (resp., £) to designate
the differentiation by x (resp., £): r, = dr/dx, ry, = d*r/dx?, etc.
We also use the letter E as an abbreviation of exp(r(z,n)£). Under
these conventions we find

(1.63) (L)=0 if p>3.

(1.64)
o(LX)
B 1 9rx (%)2 ~ (gm)z A
= |6 3= TP S Qulg(a), On— <5 Qulg(x), 0) OB
Gux
+ (25 _ E) (CxE + rxfCE)
+ % 2)(CoB + 20,068 + Crou£E + Clr,6)°E)
= (1+r,)’CE%E + [2(1 +1,)Cy — iﬂ (14 7r,)C+ szC] ¢E
2 2
+[(= 37 - 2L utat). 00 — L Gulta).0))
_Jme Cm] E.
gz
In parallel with (1.64), by setting
(1.65) Bn) =na(n) =" ol **!

k>1
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n! xn—l—l xn+2
) 2 1 2
= (C*E)(f - 177 )
—(C*E) [Z 6(;7)77 (;T)n Z (n ;21)7 <_x7”)n}

(B - 1) — (B [A 0 D 0 D

T x 2 T

— (C*E) <€2 — %72 ~ i@z -G :T>2).

Hence we obtain the following relations by comparing the coefficients

of &'E (I =2,1,0) in (1.64) and (1.67):
(1.68) (1+7,)°C=C*

(1.69) (1+7.)(2C, — %0) + 1 C =0
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- 37 = gt 0 - L Qutgo. 0] 0 - L2, + .

- C*< B %”2 B i@f (@ 1@2)'

[f we set
(1.71) s(x,n) =x +r(z,n),
(1.69) is rewritten as follows:
Cy  1(9wm Su
(1.72) 525(%_5_35)'
Hence C' is fixed by ¢ and s aside from a constant multiple I':
(1.73) C'=T(g.)"*(s,) 2

As the arbitrariness of I' is absorbed by the freedom in choosing the
constant multiple of C* if we define it by (1.68), i.e.,

(1.74) C* = s2C.

Thus we may choose I' = 1 in (1.73) without loss of generality. Sub-
stituting (1.74) into (1.70), we obtain

Ly (9:) = (9:)° ~
(1.75) TR Q1(g(z),0)n + g(x)QQz(g(w),O)
_ofl s Bn N i (Yae s
_3$<477 + ; +82> C <gICx C'm).
Further (1.18) entails
Qo(7,0) 1 dalN? 1,
(176) = i=g(2) = 4( A7 ) —g(a) 4956(37)




Hence we may rewrite (1.75) as

Qo(g(ﬂﬁ)ao) 9 Q1(9($)70) Q2(9(1’)70)
(177) @ T g T g@p
=262 (12 + 22 1) - Dl
where
-2 —1 g:)sx<x)
(L78) Dlayn) = gale) *Clayn) ™ (T25Cula,n) = Coalen))

Thus our task is to find the series s(x,n) that satisfies (1.77), and we
want to find the required series in terms of z(%)(#, n) constructed in the
proof of Theorem 1.1, by somehow relating (1.77) with (1.6). In order
to relate (1.77) with (1.6), we substitute z = xé()) (7) into (1.77) so that
the relation is described in terms of the z-variable. To facilitate the
description of (1.77) in Z-coordinate, we introduce

(1.79) (@) = s(ay (7))
and
(1.80) C(a,m) = Clag (@), )
Then we find
(1.81)

ds _ (ds dey) _ (ds (49)"

di  \dz x:x(o)(j) di  \dz x:x(o)(i) dx x:xéo)(j) ’
and hence by (1.73) with I' =1

. ds\ —1/2

1.82 C(z,n) = (—) |
(152) @) = (&
On the other hand it follows from the definition (1.80) of C'(&, n) that
(1.83) Clw,n) = Clg(x),m),
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dC dg
1.84 _ (&=
d2C

dg 2 dC d’g
1.85)  Cupla) = | == (5%) - s

Thus the substitution of (1.84) and (1.85) into (1.78) shows

d*C )
T=g(z) I
d*C

di?
-1
- —C(.CU,U) (W ig(x)) .

We now use (1.82) to compute Cs; (= d>C'/dz?):

BPC 1/ds\-VY2 (i 3 (822
1.87 - (%) o))
(1.87) d7? ~  2\dz ( 5 2\%;
Then the substitution of z = xéo)(i‘) into (1.86) entails
(1.88)

N 1o d3\ V2 (8z:: 3 /5552 1.
D(z(z),n) =50(@,m) 1<d—;) (S —§<S~—) )—5{3;95}.

S

(1.86) D(z,n)=g,°C(z,n)~" (—

Now we substitute z = x(()o)(a?) into (1.77) and use (1.81) and (1.88) to
obtain

L

Qo

70> 2+Q1(~£INZ,O> Q2(§;70>

U
T 2

(1.89)

=

_(ds\2 (1 5 By g 1.
- (di») (477 T T iEae) T3k

Comparing (1.89) with (1.6) we find by (1.65) and (1.66) that the series

20(2,m) constructed in the proof of Theorem 1.1 gives us the series
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$(z,m) that satisfies (1.89). Furthermore the growth order condition
(B.4) in Appendix B guarantees that §(Z,n) is the symbol of a mi-
crodifferential operator of order 0. Therefore we obtain the required
symbol s(x,n) by setting

(1.90) s(x,n) = 8(g(x),n).

Note that the top degree part of s(x,n), i.e., so(x) is, by its definition,
33(()0) (g(x)) = z. Hence the series s given by (1.90) has the form (1.71).
Hence r(z,n) is the symbol of a microdifferential operator of order
—1. Furthermore the fact that so(x) = x together with (1.73) and
(1.74) entails that the highest degree in n parts, i.e., degree 0 parts
of C' and C* are both (g,)"/?, which never vanishes on a sufficiently
small neighborhood wy of the origin. This implies that C' and C* are
invertible on €2y, and hence X = CE and ) = C*E are also invertible
there. Since

(1.91) o(LX)=0c(YM)
holds on €2 by the way of constructing X and Y, we find
(1.92) LX =YM
on {2;. This completes the proof of the theorem.
Q.E.D.

Remark 1.2. As is evident from the above proof of Theorem 1.6, The-
orem 1.6 may be understood as a Borel-transformed version of Theo-
rem 1.3. Actually it follows from (1.59), (1.81) and (1.73) with I" being
1 that, if we write down the Borel transform of (dz®(z,n)/dz)~'/?
Y(z9(2,7m),n) in (x,y)-coordinate (not in (&, y)-coordinate) for a
WKB solution of (1.33), we then find XY pg(x,y) for the operator X

in Theorem 1.6.
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In stating Theorem 1.6 we have considered the relation (1.55) only
on ). This is just because operators L and M contain singularities
at x = 0. As is clear from the above construction, operators X and )
are well-defined on €)y. Furthermore, as we will show in Appendix C,
Proposition C.1 and Theorem B.1 in Appendix B entail Theorem 1.7
below. In stating the theorem, we let U (resp., S; (j = 1,2,--- ,N))
denote an open set (resp., an analytic hypersurface) given by the fol-

lowing:

(1.93) U= {(z,y) € C*|zl,|y| < o}
and

(1.94) Sj=A{(z,y) € Usy = s;(z)},

where ¢ is a sufficiently small positive number. We also define
N

(1.95) U*:U—({(m,y)EU;:U:O}U(,UlSj))
j:

Theorem 1.7. Let X be the microdifferential operator given by
(1.59). Then its action upon a multi-valued analytic function p(x,y)
defined on U* 1is represented as an integro-differential operator of
the form

)
(1.96) Xo(x,y)= | Klz,y—vy, 0/0x)p(x,y)dy,

Y0
where K(x,y,0/0x) is a differential operator of infinite order that
is defined on {(z,y) € C* |z| < C and |y| < C" for some positive
constants C and C'}, and 1y is a constant that fizes the action
of (0/0y)~! as an integral operator. (See Figure 1.1 below.) The
operator Y given by (1.60) also enjoys a similar expression.

Remark 1.3. When the operand ¢ is a Borel transformed WKB solu-

tion of a particular (i.e., oz(()o) = () oo-Whittaker equation, the relevant
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Figure 1.1.

singular points are only y = sy(z) = x/2 and y = ss(x) = —x/2
([Ko3]); that is, no fixed singularities are observed in this case. (See
[KT2, Future Directions and Problems] for the notion and importance
of fixed singularities (versus movable ones like the pair (s1(z), s2(x)))
as above.) On the other hand, the power of the expression (1.96) is
most manifest when we study the structure of a Borel trasformed WKB
solution near its fixed singular points, as we will do in Section 5. Hence
we do not discuss the action of operators upon Borel transformed WKB
solutions of an MPPT equation with a = 0 any more. One more rea-
son to avoid here the further discussion of WKB solutions of an MPPT
equation with a = 0, i.e., a ghost equation, is that we have not yet been
able to find a universal and canonical way (like that to be used in The-
orem 2.2 in the next section) of normalizing WKB solutions applicable
to all ghost equations. This is mainly due to the existence of infinitely
many simple poles in Syqq, as is shown in Corollary 1.4, and it stands
in total contrast to the situation of MPPT equation with a # 0, which
we will discuss in Section 2 and Section 5.

26



2 Construction of the transformation to the canonical
form, II. — the case where a # 0

The purpose of this section is to find a canonical form of an MPPT
equation, i.e., a Schrodinger equation obtained by the addition of a
term aq(x, a)/x to the potential of the ghost equation; to begin with
we present the following

Theorem 2.1. Let Qj(f,a) (7 =0,1,2) be holomorphic functions
defined on a neighborhood of (%,a) = ( 0), and suppose that

(21)  Qo(0,a) #0 if a # 0,

and

: ~0 x,0) =cy T+ olds with c emng a constant
(22)  Qu(#,0) = & + O(F?) holds with ¢’ being
different from 0.

Then there exist an open neighborhood U of £ = 0, an open neigh-
borhood V' of a = 0, holomorphzc functions x?( ) (4, k > 0) de-

fined on U and constants ozk f07“ which the following conditions
(2.3) ~ (2.8) are satisfied:

0
23 (ﬂ;)an¢m

(2.4) xlij)(O) =0 for every j and k,

(2.5) (T, a) = Zaz,&j)(i)aj is holomorphic on U XV,

J=0
(2.6) ai(a) = Z alij)aj is holomorphic on V,
7=0
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(2.7)  xz(z,a,n) = Zk;zo v(Z,a)n " and
a(a,n) =3~ ar(a)n™ are Borel transformable series,

(2.8)

i71Q0(%, a) + n a1t QL(E, a) + n 25 2Q0 (%, a)

— <ax(?§’n)> <1+—O‘(a’n) +n‘2—Q2(O’a) ) — %n‘z{az;i:}.

4 x(z,a,n) z(Z,a,n)?

In this section we only describe how to construct a:g >(£) and oz,(fj )
so that they formally satisfy (2.8); (2.5), (2.6) and (2.7) are proved in
Appendix B (Theorem B.1).

The construction of {:z:,ij )} and {oz,(gj )} makes use of the perturbation
in powers of a, starting with (¥(z,7) and ”(n) constructed in the

preceding section. We introduce z(Z, a, n) given by

(2.9) 7~ a(z, a,m)
to find (2.10) below in parallel with (1.15):
(2.10)
. A fdx (% ala,n)
Qo(ﬂfaa)+77 Ql(ajaa)_ % Z+ -
g2 <_R2(:%, a) +2Q2(0.0) = + Qs 0, a)@(%)z— %i‘{x; :c}) ,
where
(2.11) Ry(%,a) = (Qa(%, a) — Qa(0,a)) /7.

As (1.16) shows, (2(9)7! is a well-defined (formal) series in 7! thanks
to (1.21); hence 271 is a well-defined formal power series of a:

(2.12) 2l = (z(o) +azM a2 .. )‘1
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(1) (2)
()N S (Z c )
(z ) (1 a z(0)+az(0>+

2)

RS R )

Thus, if we let R denote the coefficient of 72 in the right-hand side of
(2.10), we find it can be formally expanded as a power series of a:

(2.13) R=RY9 4+ qRW 4+ 2R 4 ...

where

(J1)

T

(2.14) RW) is free from a and expressed in terms of zU0), z

L) 3) (0 < 50,71, J2, 3 < N) and 7;

furthermore (2.14) entails
(2.15) the coefficient R;M of n70 in R™) is expressed in terms
of £ and zlij ) and its derivatives with 0 < 7 < N and
0<k<I[—-2.
Here zlij ) stands for the coefficient of n=F of 20,
Theorem 1.1 shows that (¥ and 2(© = 712 satisfy (2.10) with
a = 0. The comparison of coefficients of a® in (2.10) leads to

210 ZL(Quld )+l )

oa a=0
_ (O) (1)
T 0y, 207 o) (), (02
, a0),0)

(0) -
—(z3) ~op 1 "R,

In what follows we let ng )(i‘) (k = 0,1) denote the following:

(217) ﬁ@@k(ﬁ,a) a:().
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Let us first pick up every coefficient of 7" in (2.16), including some
terms which actually vanish:

N 0 1 0 0 1
(2.16.0) Q(l)(@) 7 da:(() ) da:(() ) N 2()4(() ) da:(() ) da:(() )
o 0 2\ dz dz AU\ di o da

2 2
N da:éo) aél) dxéo) oz(()o)z(()l)
dx Zé()) dx Zé())? '
In the right-hand side of (2.16.0) the second term and the fourth term
(0)

vanish because oy’ vanishes by (1.19). Hence, by setting £ = 0 in
(2.16.0), we obtain

(2.18) Q(0) = alVz"(0).

Choosing oz(()l) as above, we find a holomorphic function h(Z) that sat-
isfies

~ (1) da:(()()) i ozél)
(2.19) Q (0) — o Zéo) = Th().

Hence, by dividing (2.16.0) by Z, we arrive at
1 dxéo) da:él) W)
—~ = h(Z).
2 dz dr

Then we solve (2.20) with the initial condition

(2.20)

(2.21) 257(0) = 0.

1) )

Thus we find a solution x(gl) such that zé = i‘_lajél is holomorphic
near & = 0 and that satisfies (2.16.0).

Next we collect terms of degree —1 in 5 in (2.16); this time we
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dispose of terms containing al”

o as afactor. Then we find
(2.16.1)
~1)
Q1 ()
_ @ daséo) dasgl) N dasgo) dasél) Lo dxéo) dxél) aﬁo)
2 dr  dx dr  dx dr  dzx Z(()O)

2
L9 dxé()) dasgo) oz(()l) N dxé()) ozi” B ozé”zf))
dz dx Zé‘)) dx Z(()O) ,0)2
PO
[ 4Ty 1 2
( dx > (02
0

0
2

@ dxéo) dasgl) N daséo) ﬁ

2 dr dx

dz (0)

20

T da:(o) dx(l)

1 09 dxéo) da:él) ago) L9 dxéo) da:(lo) aél)
2 dx dx dr dx zém dx

dx (0)
9 2
dxéo) oz(()l)zio) dxéo) ai‘”zé”
-\ dz 280)2 \ dz 02 |

_|_

20

<0
Hence (2.16.1) evaluated at & = 0 reads as follows:
(2.22)
Q"(0)
= zém(())ozgl)—k 25V

D )a® + 2:0 ()l — oV,

1?0

0) (1
0 — % <1 (O)—@() ()(O)
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0 1 1 0 0 1
=z (0)al” + 2" ()ar” + 2" (0)ay.

Since all terms in (2.22) are, except for z(()o)(())ozgl), values of functions
which have already been fixed, (2.22) fixes the constant ozi”. Further-

more this choice of ai” enables us to divide (2.16.1) by Z to find a
differential equation of the form

dx(l)(a?) _
L@ _

for a holomorphic function f(Z) defined near the origin. We then solve
(2.23) with the initial condition

(2.24) 20y =0

(2.23)

to obtain the required :zsgl)(a?). The treatment of terms of ! in (2.16)
can be done in a similar way; we first find

(2.16.0) (1>2)

N 0 , (1 0) 5 (0) 5 (1
2\ di dx zéo) dr dz

O\ 2 O\ 2 (0) (1
+ dx‘(ﬂ) al(>+Hl - dx‘(i) aé)zl(>+Kl +R",
dz ,0) dz ( L0 )2
0 0

where Fj etc. are respectively collections of terms of degree  in n=*
(0),.(1)

that originate from (z; x.’) etc. and that have been already fixed
(like (da\” /d) (da}” /d&) (j+k =1,0 < k < 1—1). In the above, in
order to manifest the origin of G; and K; we have included terms which
are actually 0, i.e., terms multiplied by oz(()o). Thus (2.16.1) assumes the
following form:

_ ©0) 5 (1) O\ 2 (1)
T (dxy” dz dx, o B
(2.25) 5 ( L ) + < - ) 0 + L =0,




where L; is a sum of terms which have already been fixed. Thus we
should, and really do, choose

1 1
(2.26) al) = — (W Ll> | .
<0 7=0

Then dividing (2.25) by & we obtain

1 dx(o) dx(l)
2.2 . — = h(z
(227) (2 da?) = ME)

with a holomorphic function h near the origin. Hence we can solve
(2.27) with the initial condition a;lm(()) = 0. Then the resulting func-

tion 51351) together with the constant &1(1) satisfies (2.16.7).

It is now evident that we can construct {oz,(fj ),x,(j )} for any (7, k)
by the same procedure. Actually the comparison of the coefficients of
a’¥ gives us an equation (Ey), and the computation of the coefficients
of n=! in (Ey) presents the equation (Ey,[) to be resolved. In the
equation (Ey,1), {:z:g), z](cj), oz?} are regarded to be known objects if
(i) j<N-1
or
(i) j=Nk<Il-1.

The concrete form of (Ey, 1) is as follows;

2
BN ONRE N EWUNCINGS
(2.28) 0= il N e B (known functions).

2 di  di di

Here we note that —QZ(N) is included among known functions when

[ is 0 or 1. Thus we first fix ozl(N) so that the equation (2.28) is di-

visible by Z, and then the equation for a:EN) obtained by the division

by & assumes the normal form. Thus we can solve the equation with

the initial condition a:l(N)(O) = 0. Thus we can construct z(Z, a,n)
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= ng)(a?)aj and «(a,n) Zak a’n" that satisfy (2.8).
J,k>0 7,k>0
The convergence of these series in a and their Borel transformability

concerning 7 are assured by Theorem B.1 in Appendix B.
Q.E.D.

Remark 2.1. (i) It is worth emphasizing that the growth order proper-
ties of {:1:,({;7 ) oz,(fj >} as j tends to oo and those as k tends to oo are sub-
stantially different despite the fact that the construction of {:z:g ), oz,(gj )}
can be done in a symmetric way with respect to indexes 7 and k; the
equation for :U?N) can be found by first writing down the equation (&)
through the comparison of the coefficients of n~! under the assumption
that all coefficients of =" (I’ <1 — 1) are known and then finding out
the required equation by the comparison of the coefficients of a'¥ in
(&) under the assumption that all the coefficients of a®’ / (N"< N-—-1)
in (&) are known. The asymmetry of the growth order is tied up with
the estimation of higher order derivatives contained in the seemingly
ancillary term n~?Z{x;z}/2 in (2.10). (See Remark B.2 in Appendix
B.)

(ii) It is also noteworthy that the convergence property (2.5) (with
k = 0) automatically entails the following geometric result: it follows

from (2.3) and (2.8) that the solution & = Zy(a) of the equation
(2.29) zo(Z,a) + dag(a) = 0,

whose existence is guaranteed again by (2.3) for |a| sufficiently small,
satisfies

(2.30) Qo(Zo(a), a) = 0.

Otherwise stated, the function z = x¢(Z, a) maps the simple turning
point of the given MPPT equation to that of the oo-Whittaker equa-
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tion. Note that it should be difficult to image such a picture only by
tracing the algebraic construction of x(, a,n) given above.

In parallel with the reasoning in Section 1, Theorem 2.1 gives us
several results on the structure of WKB solutions of a generic (i.e.,
a # 0) MPPT equation. Among other things, we first note Theorem 2.2
below. To obtain Theorem 2.2 we make essential use of the simple
turning point & = Zy(a); it is known ([AKT2, Proposition 1.6]) that
godd, the odd part of a solution S of the associated Riccati equation,
has singularities of square-root type near a simple turning point x =t
in general. Hence the integral

(2.31) / SodddZU

is well-defined ([KT2, (2.24)]), and we use this integral to define a
WKB solution ¥4 of an MPPT equation that is normalized at the
simple turning point in question, that is,

_ 1 T
(232)  Oi(Fa,1) = —— exp(:t/ Sodd(gz,a,n)d;z).
Sodd Zo(a)

As is shown in [KT2, Section 2], we can deduce Theorem 2.2 below
from Theorem 2.1 using the above normalization of WKB solutions.

Theorem 2.2. Let ¢, (%, a,m) be a WKB solution of an MPPT
equation (2.33) below, and suppose that it is normalized at its sim-
ple turning point as above.

23) (5 - Q)i an =0 (a0

where

SRR VI X X 2.
T T T
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satisfies (2.1) and (2.2). Then, for a sufficiently small a (# 0),
we can find a WKB solution 1, (x,n; a(a,n)) of the oo- Whittaker
equation

(2.35)
d’ o1 ala,n) _2Q2<Oaa>
(@ —1n <Z+T+” T) ¥ (z,m;ala,n) =0
that is also normalized at its simple turning point x = —4ag(a) so

that it satisfies the following relation:
0x(,a,n)

236) (.0 = (LY (02 0,0),ncala, ).

where x(T,a,n) and ola,n) are the series constructed in Theo-
rem 2.1.

The proof of Theorem 2.2 is essentially the same as that of Corollary
2.18 in [KT2|, and we omit it here. We call the attention of the reader
to the fact that normalization of the WKB solution 1)(&, n) is not fixed
in the corresponding result in Section 1, i.e., Theorem 1.3.

As there is no problem related to the normalization concerning solu-
tions of the Riccati equation, we can obtain the results similar to The-
orem 1.2 and Corollary 1.4 by using the series z(Z,a,n) and «a(a,n)
constructed in Theorem 2.1. For example we obtain the following The-
orem 2.3 as a counterpart of Corollary 1.4.

Theorem 2.3. Let S and S respectively be a solution of
dS 1 5(0
(2.37) S? 4 = =p? (_ X a(a, n) n ?7_2@2( ,a))

dx 4 x 2
and
-, dS -
(238) 52 + % - 77262(567 CL, 77)7
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and suppose that

- dralx
(2.39) arg S_1(Z,a) = arg (%Sl(ajo(i, a), ao(a))>
holds. Then they satisfy

(240)  Soaal, a, 1) = (dm(j’a’")) Soaa (#(2, a,m), ala,n), n).

dx
We refer the reader to [KT2, Section 2| for the proof.
Now we note the following important

Lemma 2.4. Let S be a solution of (2.37) whose top degree part
S_1(x,ap) is chosen so that it is positive for positive x and .

Then we find
(2.41) 7{ Soad (, (a, n),n)dz = 2miala, n)n,
v ()

where y(ap) designates a closed curve in the cut plane shown in
Figure 2.1 below.

|

L AVAVAVAVAVAVAVA
—4ap(a) 0
(o)
Figure 2.1.

Proof. By a straightforward computation we find

1 Jx+ 4oy
9.49 S — 4
( ) —1 2 T )
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7)) q
+ :
zr(x+4ag) Vv x + dag

Then we can readily find the concrete form of Sl(i) (I > 1) by the
induction on :

(2.44) =Y B0z + dag) 2,

where cﬁ)(l) are constants, p and ¢ are integers that satisfy

(2.43) SiF) =

N)I'Q

(2.45) p+q=2m, m=I[0+11---,1
Furthermore we see that the surviving constant cﬁ)(l) with p+¢q = 2

is only for p = ¢ = 1 and that
(2.46) A0 = ar.

By computing the residue at 0o of £77/%(x + 4ag) /2, we find

4
(2.47) % \/ el dx = 4micy,
(ap)

(2.48) % @ o

+ag) /@ (T + 4ag)

and

d
(2.49) f{( F x —0 if pt+qg=2m>A.
v(ag

T + 4oy V2
Therefore (2.43), (2.44) and (2.46) imply

(2.50) jl{ Sodddx = 2mic(n)n.
Y

Q.ED.

Combining Theorem 2.3 and Lemma 2.4 we obtain the following
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Proposition 2.5. Let S be a solution of the Riccati equation (2.38)
that s associated with a generic MPPT equation. Then with an
appropriate choice of the branch of S_1, we find

(2.51) ]{ Soad(Z, a,n)dE = 2mia(a, n)n,
5(a)

where Y(a) designates a closed curve in the cut plane shown in
Figure 2.2.

Figure 2.2.

In view of the logical structure of the discussions in Section 1, one
naturally expects that some intertwining microdifferential operators
between a generic MPPT operator and an oo-Whittaker operator may
be constructed with the help of the series z(Z, a,n) and a(a,n) con-
structed in Theorem 2.1. This expectation can be readily validated if

we introduce a holomorphic function g(z, a), instead of g(x) given in
(1.48), which satisfies

(2.52) v =wx(g(z,a),a), z=g(z(Z,a),a)

on a neighborhood of (z,a) = (0,0). The unique existence of such a
holomorphic function is guaranteed by (2.3), and hence we find

(2.53) g(x,0) = g(x).
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The proof of Theorems 2.6 and 2.7 below are essentially the same as
that of Theorems 1.6 and 1.7. Here we only repeat the definitions of
relevant operators for the convenience of the reader. First L designates
a Borel transformed generic MPPT operator expressed in (z,a,y)-
coordinate and then multiplied by (9g/0x)?. That is,

02 0%g/0x*\ 0O Jg\2 ~ 0
(254) L= ox? < dg/0x ) dr (%) Q(g(m,a),a,a—y),
In parallel with (1.52) we designate by M the Borel transformed oo-
Whittaker equation, that is,

O (1 ala,d/3y)\ &  @(0,a)
2.55 —— | - — :
(2:55) 0z? (4 * T ) 8y2 ?
Using the series x(Z,a,n) Zxk Z,a)n™" constructed in Theo-

rem 2.1, we define another series 7(z, a,n) by
(2.56) Zwk (9(x,a),a)n™".
k>1
Then, using the same reasoning as in the proof of Theorems 1.6, we

obtain Theorem 2.6 below with the help of Theorem B.1 in Appendix
B.

Theorem 2.6. There exist tnvertible microdifferential operators
X and Y with a holomorphic parameter a that satisfy

(2.57) LX =YM

near (x,a) = (0,0) with the exception of xn = 0. The concrete
form of operators X and Y are as follows:

(2.58) X = (%)1/2(1 + %) o exp (r(z,a,n)¢) -,
(2.59) Y= (%) 1/2(1 + %) e exp (r(z,a,n)§) :

40



Remark 2.2. In parallel with Remark 1.2, we see from (2.56) and
(2.58) that Theorem 2.6 is a Borel-transformed version of Theorem 2.2;
X1, p is the Borel transform of (0x(%, a,n)/0%) V2 ¥, (z(Z,a,n),n;
a(a, n)) written down in (zx,y)-coordinate (not in (Z,y)-coordinate),
where ¥, is a WKB solution of the oo-Whittaker equation (2.35).

Furthermore Theorem B.1 together with Proposition C.1 entails the
following

Theorem 2.7. The action of the maicrodifferential operator X
upon the Borel transformed WKB solution ¢ g of the oo- Whittaker
equation is expressed as an integro-differential operator of the fol-

lowing form:
y

(2.60) Xppp=[| K(x,a,y—y,0/0x)¢sp(x,a,y)dy,

Y0
where K(x,a,y,0/0x) is a differential operator of infinite order
that is defined on {(z,a,y) € C3; (z,a) € w for an open neighbor-
hood w of the origin and |y| < C' for some positive constant C'},
and yo is a constant that fizes the action of (0/0y)~" as an integral
operator.

Remark 2.3. Since ap(a) tends to 0 as a tends to 0, Theorem B.1
guarantees that we can choose w to be of the form wy x D, where

(2.61) D = {a € C;la| < ¢ for some positive constant d},
and

(2.62)  wy is a simply connected open set in C that contains the ori-
gin and the simple turning point of the co-Whittaker equa-
tion, i.e., z = —4ay(a), for every a in D.

Then the integral operator in the right-hand side of (2.60) acts on any

multi-valued analytic function defined on wy x D x {y € C; |y —yo| <

Y.
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3 Analytic properties of WKB solutions of the
Whittaker equation with a large parameter

In order to analyze WKB solutions of the co-Whittaker equation, which
plays a central role in subsequent sections as the canonical form of an
MPPT equation for a # 0, we first recall several basic facts about
WKB solutions of the Whittaker equation with a large parameter 7,
i.e., the equation:

(3.1) (d2 2(1+g_|_?7—27(7——;1))>¢_0’

dz? 4 x
where « (# 0) and vy are complex numbers. We refer the reader to
[KoT] for the details. As [Ko4] has recently found, the Voros coefficient
o(a, ~v;m) for (3.1) can be explicitly expressed in terms of the Bernoulli
numbers and its Borel transform ¢ z(a, ;) is concretely written down
by elementary functions. Here the Voros coefficient means, by defini-
tion,

(3.2) /OO (Soad — nS-1)dx,

4o

where S,qq designates the odd part of a solution .S of the Riccati equa-
tion associated with (3.1), that is,

dS I a o790y +1)
3.3 s+ 22 2<_ @ 2_)_
(3:3) * dr T \4 i T A x?
As we see in Theorem 3.1 below, the concrete form of ¢p(a,y;y)
enables us to find the singularity structure of Borel transformed WKB

solution of (3.1) through the relation

(3.4) V(. m) = (exp(@la 7:m) 5 ()
where ¥ (z,n) (resp., wioo)(x,n)) designates the WKB solution of
(3.1) that is normalized at the simple turning point x = —4a (resp.,
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at infinity); that is,

(3.5) Vi(z,m) = \/ﬁexp (/_za Sodddl‘)

and
(3.6)

P (x,m) = mexp(/_mnSldx—i—/oo (Sodd nS_l)da:).

An important property of gb(f")(x, n) is that it is Borel summable on
the condition that

(3.7)  the path of integration from oo to x in the right-hand side
of (3.6) never touches a Stokes curve of (3.1).

See [KoT] for the proof of the Borel summability of wa)(x, n). See

also [DDP1] and [DP] for the corresponding result for the Weber equa-

tion. Thus (3.4) implies that the computation of the alien derivative

of ¥, (x,n) is reduced to that of exp ¢(a,v;n). In order to compute

the latter one we first recall the concrete form of ¢ (v, y;y) and then

employ the alien calculus ([P], [Sa]) to obtain the required result.
Now, the result in [Ko4] tells us the following:

(3.8)  onla,7:y)
1 1 1
= — xply/a) + cosh (ﬂ) _° + —sinh (E)
2y \exp(y/a) —1 al oy 2 a
A straightforward computation shows that

39 onlariy) =5

1
64—7—#72)4—0(3;) near y =0

and that

(310) oo, v:iy)

43



= +0(1)

exp(2mmiy) + exp(—2mmiy) 1
dmmi Yy — 2mmia

near y = 2mmia (M : a non-zero integer).

Thus ¢p(a,v;y) is seen to be a single-valued analytic function with
simple poles located at y = 2mmiac (m # 0). The computation of the
alien derivative A¢ of such a series, i.e., a series whose Borel transform
is single-valued and only with simple poles, is exceptionally simple;

(311) A¢ — Z Ayszmagb

m>1

with
(3 12) Ay:2mma¢ -

(See [P] and [Sa].) Hence, by using the alien calculus, we find

exp(2mmivy) + exp(—2mmivy)
2m '

exp(2mmivy) + exp(—2mmivy)

(3 13) Ay:2m7ri04 (eXp ¢) - m

(See [P], [CNP] and [Sal.) For the convenience of the description of
several formulae below we introduce

v [x + 404
14 — —
<3 ) s <x) —4da o 1dx /4a da

Then, on the condition that (3.7) is satisfied, we find

exp ¢.

(3.15) A(expl(—y ) (@, m) = 0.
Hence we conclude that
(3.16)

Ay:—y+(ar)+2mma ( exp(—y+(@)n)(z, 77))
- Ay:—y+(x)—i—2m7rioz ( exp(—y+(af)77) eXp(gb(CE, s 77>)¢S—OO) (377 77))

44



_exp(2mmiy) + exp(—2mmiy)

2m

x (exp(—y. ()n) exp(é(a, 7)o (@, 7))
_ exp(2mmi7y) + exp(—2mmivy)

o (exp(=ys(z)n)bs(z,m))

holds if x is chosen so that the condition (3.7) may be satisfied.
Summing up the obtained results, we find the following

Theorem 3.1. Let ¢, (z,7n) denote the WKB solution of the Whit-
taker equation that is normalized at the simple turning point xr =
—4o as in (3.5). Then its Borel transform 1 p(x,y) is singular
at

(3.17) y=—y(z)+2mmic (m=0,£1,£2,---),

where y.(x) is the function given by (3.14), and its alien deriva-
tive there, i.e., Ny__y (o)1ommia¥+(T,7) satisfies the relation (3.18)
below for x that can be connected with a point at infinity by a path
that 1is contained in the interior of a Stokes region of the Whittaker
equation.

(318) (Ay:—y+(x)+2mm'ocw+)3(xa y)

_exp(2mmiy) + exp(—2mmivy)

— 2 ).
o ¢+,B(l’a Yy mﬂ?’&)
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4 Structure of WKB solutions of the co-Whittaker equa-
tion

As Theorems 2.1, 2.2 and 2.7 show, the WKB-theoretic canonical form
of an MPPT equation for a # 0 is the oo-Whittaker equation
(4.1)

(4 =+ 2242 4 o cla)) =0

where a(a, 1) satisfies the condition (B.3) and ¢(a) is Q2(0, ). Hence
the study of singularity structure of Borel transformed WKB solutions
of an MPPT equation for a # 0 is reduced to the study of the cor-
responding objects of the oo-Whittaker equation. Thus the analysis
of the oo-Whittaker equation is our next target, and by relating (4.1)
with the Whittaker equation

2 (8 C
12 (qm-r(3+2+0S) Jutema =0

we achieve the target. A crucial idea in achieving it is the use of
microdifferential operators which becomes possible thanks to the esti-
mate (B.3) of {ozk }. (See also (B.32.k.j).)

In what follows, to avoid technical complexities, we assume the fol-
lowing condition:

(4.3) <a(§io> (0,0) 0.

This is a natural strengthening of the assumption (2.1); actually by
using the Taylor expansion of Qy(#, a), one immediately sees that the
assumption (4.3) together with (2.2) entails (2.1). It is also clear from
(2.18) that (4.3) entails

(4.4) oy #0,
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and hence we find by using (2.6)
dog(a)

da a=0
Therefore we may employ a as an independent variable in substitution

(4.5) £ 0.

for a; thus we regard aj(a) (7 > 1) as functions of oy in what follows.

Now, in order to relate the Borel transformed WKB solution g
of the Whittaker equation (3.1) and the Borel transformed WKB so-
lution ?;B of the co-Whittaker equation, we rewrite a WKB solution
1;(33, n; a(ag, 1), c(ay)) of (4.1) in the following manner:

(4.6) 1 (z, m; (e, m), ()

_ <Z (arn™ +agn 2 4---)" 0" b (2, m: a0, c))

| n
pr n! oy

c=c(ag)’

where w(x, 1; a, ¢) designates a WKB solution of (4.2) with
(4.7) a = qy.

Then the estimate (B.3) that a;’s satisfy enables us to apply the Borel
transformation to (4.6); we then find

(4.8) Vp(z,y) = (A(@oagai)%}(l‘,y; 040,0)>

Y

Yy’ 0oy c=c(ayg)
where
(4.9)
d/0y) ! 0/0y) 24 ---)" on
1 ao)g’i :Z(Oﬂ(/y) +a(0/0y) P +---)" D
0y Doy n! oy

n>0

is a well-defined microdifferential operator on
(4.10) {(y,a0;m,0) € T*C% || < do, 1 # 0}

for some positive constant dg. In what follows we identify n and 6
respectively with the symbol o(9/0y) and the symbol o(9/day); using
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these symbols we may write

1 2 \"gn
(411) A::Z(O‘m to 4 ) 0"

n!
n>0

In parallel with the above treatment of Borel transformed WKB solu-
tions with the use of a microdifferential operator relevant to the pa-
rameter «, the Borel transform Vz(y) of the exponential of the Voros
coefficient of the oo-Whittaker equation can be expressed in terms of
the corresponding function of the Whittaker equation in the following
manner:

(4.12) Vis(y) = (Alag,8/dy,d/daw) ((exp d(ao,¢;n)) ) LZC(%).

Remark 4.1. Although the target variable is g, not x, we can use
the same reasoning as in Section 2 to see the concrete expression of
the operator A as an integro-differential operator; the right-hand side
of (4.8) and (4.12) should be understood as a multi-valued analytic
function acted upon by an integro-differential operator determined by
the microdifferential operator A. While the estimate (B.3) guarantees
the existence of a common domain of definition of the operator as
a tends to 0, the quantity ag(a) tends to 0 as a tends to 0. On
the other hand (3.17) means that a fixed singular point of ¥ p(x,y)
(“fixed”with respect to y = —y,(x)) is located at y = —y,(x) +
2mmic. Thus each individual fixed singular point of v p(z,y) is
contained, for sufficiently small @, in the domain of definition of the
integro-differential operator in question. Hence, in what follows, we do
not worry about the existence of a sufficiently large domain of definition
of the integro-differential operator; if necessary, we assume that a (or,
equivalently ) is sufficiently close to 0.

Using the results obtained in the preceding section for the Whittaker
equation we obtain the following
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Theorem 4.1. Let ¥, (z,1) and ¢(ala),y(a);n) respectively de-

note
1 & ~
(4.13) —— exp (/ Soddda:>
odd —4dagp(a)
and
(414) / <*§odd — ng_l)da:,
—4ap(a)

where S.qq designates the odd part of a solution S of the following
Riccati equation

(4.15) S2 4 % — G + @ PRI ; v(@)
with
(4.16) v(a)* 4+ v(a) = c(a).

Then the Borel transform &r’B(m,y) of 1 (x,n) and the Borel
transform Vg of the exponentiated Voros coefficient V = exp (¢(oz(a),
v(a);n)) satisfy the following relations:

(4.17)

(Ayz—y+(l‘)+2mﬂiaof&+) B(':U? y)

_ exp(2mmiy(ag)) + exp(—2mmiy(ayp))
2m

x cexp (= 2mmi(ag +asn 't +--1)) Uy plx,y — 2mmiag),

(418) (Ay:2mmaov)3(y)

_ exp(2mmiy () + exp(—2mmiy(ay))
2m
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x :exp ((— 2mmi(oq + om ) : Vily — 2mmiay),

where m = 1,2,3,---, and y. () denotes

1
(4.19) / JEE 2,
dag 4x

Proof. For the notational convenience let B~!p denote the inverse
Borel transform of p. (This is just to avoid the use of the sign Ap
when p is the Borel transform of a formal series x, although Ap is
sometimes used to mean Ay in references in alien calculus.) Then it
follows from (4.8) and the definition of the alien derivative that we

obtain

(4.20)
(Ayz—y+($)+2mma07’z+) B(:E, Y)

_ o 0
:(Ay:—y+(x)+2mma08 ! (-A(Of()a a_ya a—%)w“‘,B(x? Y; @, C))) B<x7 y)

c=c(ap)

o 0
= <A(Oz0, ay (904 ) ((Ay:—y+(x)+2mmao¢+)3 (517, Y, &o, C)) (37, y)) ‘c:c(ao).

Then it follows from Theorem 3.1 that the rightmost term of (4.20)
coincides with

(4.21) (A(ao,

o 0 ) [exp(2m7rify) + exp(—2mmivy)
8y’ 8040

2m

X Yy p(x,y — 2mmiog; ap, C)D

e=c(ag)
To relate this function with zﬁ+7 gz, y—2mmiag) we use the technique
of [AKT4]; we introduce the following coordinate transformation from

(y, ) to (g, ayp):

o — i
(122) {y Y — 2mmiqy

CNV() = ).
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Correspondingly 77 = ¢(9/97) and 0 = ¢(0/dév) are related with 7
and @ in the following manner:

(4.23) T )
0 = —2mmin + 6.
Using (7, ag)-variable, we then find

(4.24)

o 0
(A(&O’(‘? D — )4 5z, y — 2mmiag; ag, ))

c=c(ap)

~

| Z (1™t 4+ a2 + -+ )0 — 2mmin)"

pri n!
X ¢+,B(aja?j;&07c)) .
c=c(ay)
1 .~ l
— (.Z—'(am +ani )" Z k'l'e (—2mmin)" :
n>0 k+l=n
5.1>0
X ¢+,B(l’a?§;5¢0;c)) (o)
c=c(ag

1
( Z— —2mm 041-|—04277 -|— ))li

[>0

N

1 -
X Z—(am o ) 0"y (2, s &0’6)) g
7l c=c(a)
— ( . exp(—Qmﬂi(Ozl + 04277_1 - )) :
o 0
X A(Of07 aw 8&0)¢+B( a0, C)> c=c(ap)

—: exp(—2mmi(a; + asn 4 - - ) : QAL,B (z,y — 2mmiay).
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Combining (4.20), (4.21) and (4.24), we obtain (4.17). The proof of
(4.18) can be given in exactly the same manner.

Q.E.D.

5 Analytic properties of Borel transformed WKB solu-
tions of an MPPT equation for a # 0

In the preceding section we have seen that the Borel transform ¢ p of
a WKB solution of the co-Whittaker equation

(5.1)
L1 alan) | cla) |
(@ —n (Z + . + 1 ?)> ¢($a77704(a, 77)70(@)) =0
can be represented in the form
(5.2) (A(ao, 8/dy,d/0cn) o Bz, y; a, €)) o)
c=c(ag

where A is a microdifferential operator and 1y p is a Borel transformed
WKB solution 1y of the Whittaker equation

2
(5.3) <% — 2(% + % +n7? %)) vol(z,m; g, c) =0,
where g and ¢ are complex numbers. We note that we have changed
the notation (1, 1)) used in Section 4 to (1, ) for the convenience of
the presentation in this section. On the other hand, Theorem 2.2 shows
that the study of a WKB solution v (&, a,n) of an MPPT equation
for a # 0 can be reduced to that of a WKB solution ¢, of the oco-
Whittaker equation in that they are related as in (5.4) below with the
infinite series x(, a,n) and a(a,n) constructed in Theorem 2.1:
(5.4)

~ ox(z,a,n) —1/2 ~ _
¢+(fc,a,77)=( 97 ) Vi (2(Z,a,n),m;a,n), Q2(0,a)).
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Furthermore, as is noted in Remark 2.2, the growth order condition
(B.4) that {xx(Z, a) } x>0 satisfies has enabled us to rewrite (5.4) as the
following microdifferential relation between 1 p and ¢4 p:

(55) IE—F,B(xaaay) - X¢+,B(5an),
where

(56) X = (%(.x, a)) . (1 i %) e ()

with the notations in Section 2. (See (2.58).) In view of the concrete
expression (2.60) of X as an integro-differential operator, we find by
Theorem 4.1 that the singularities of ¢, p(x, a,y) are confined to

(5.7) y=—y.(x,a)+2mmiag(a) (m=0,£1,£2---)

in a sufficiently small neighborhood of the origin (x,a,y) = (0,0,0),
where

. 4
(5.8) yi(z,a) :/ \/x+ (a) dx.
_4a0(a) 41‘

Then it follows from the comparison of degree 0 part of (2.8) that the
corresponding point is expressed in (&, a, y)-coordinate as follows:

(5.9) y = —y.(z,a) + 2mmiag(a)

where

(5.10) Yy (2, a) = [E( | \/ QO(;E’Q) d7

with Zo(a) in (2.30) (i.e., the simple turning point of the MPPT equa-
tion in question.) Since the alien derivative of 1, p at the point is

given by (4.17), the application of the operator X entails the following
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Theorem 5.1. Let ¢, (%, a,m) be a WKB solution of a generic
(i.e.,a #0) MPPT equation that is normalized as in (2.32). Then

for each positive integer m the following relation (5.11) holds for
sufficiently small a(# 0):

(5.11)
<Ay_—y+(x a)+2mmicag(a ¢+) (37, a, y)

_ exp(2mmiy(a)) + exp(—2mmivy(a))
2m

—1

X exp (—2mmi(oq(a)+ as(a)n™ + -+ )): Ui (Z,a,y — 2mmiay(a))

where
(5.12) / /e ;“"
(5.13) fy( +v(a Q (0,a)
and
1 3
(514) O{j(a) = 2—7” %( )Sj_l(a?,a)da?
(a

with 4(a) being the closed curve in Figure 2.2 and with Sy desig-
nating the degree k part of Sodd, the odd part of S that satisfies

(5.15) S*+ — =n*Q(&, ).
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A Convergence of the top order part of the transforma-
tion which brings an MPPT equation to its canonical
form

In Appendix A and Appendix B, we give the estimates of the transfor-
mation

(A.1) (T, a,n) Z Z 90%7 )Jaln~

k=0 5=0
that appears in Section 2, which brings an MPPT equation
(A.2)

(dd; n (QO@ B n1—Q1(?’a)+nQQQ(?’Q)»&(@?)—O

T T2

8

to its canonical form

d’ 1 afa,n) (a)
A, — = ’ -2\ —
(A.3) (d:c2 U, (4+ 5 ) ) ¢lan) =0
with

(A4) ala,n) = Z Z alij)ajn_k.

Here we assume that Qj (7 = 0,1, 2) are holomorphic in a neighborhood
of (z,a) = (0,0) and satisfy

(A5) Q(0,0) =0,
(A6) %00,0) £
(A7) +(a) = (0, a).

We also obtain the estimates of a(a,n) in the course of the estimation
of x(x,a,n).
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The series z(Z, a,n) and a(a, n) are constructed so that they satisfy
(2.8), that is,

QO(«?N% ) —1 Ql(f a) X _2Q2(57, a)
— = Ui =2
a(a,

- Zg;) G+ . )+n‘2$> — l77_2{37;53'}-

For simplicity, we use the following notations: For multi-indices k =
(K1, k) and A= (Ap,---,A,) in Ny with Ng = {0,1,2,---}, w
define

W
A9 =N
j=1

(A.8)

il
(A.10) A=A

(A11) () =

N
—=
Q
N
N
Q
N
N
o

T am(h + 1)

For (\j, k;)-dependent (5 = 1,2, -+, i) quantities pij and o, we also
use the following notations:

1
) \
(A.12) A= Hp,i‘;.,
j=1
(
1 for u =0,
. p
(A.13) Z O = 9 Z Hamj for yp > 1.
|Rlu=l & u=1, j=1
L =1

In what follows azé) or functions related to it such as dmk / dz etc.

typically stands for pk We also use the notation Z p,i to mean
A=t
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imposing the constraint on A; exactly in the same way as in (A.13).
We denote the supremum of a function f(z) on {z € C;|z| < r} by

(A.14) | £l = sup | f(@)].

|z|<r

As in Section 2, we introduce z(Z, a,n) given by
(A.15) 2(&,a,m) =3 2(F,a,m).

The purpose of Appendix A is to confirm (2.5) and (2.6) for k = 0,
that is, to prove Proposition A.1 below. As we will see in Appendix B
the convergence of the series xo(Z,a) and «agy(a) plays a central role in
our subsequent discussions.

Proposition A.1. Let
(A.16) zo(ZT,a) = Z x(()j)(i)aj and ap(a) = Z oz(()j)aj
j=0 j=0

be the top order part (with respect to n=') of the transformation
and the coefficient of the canonical form constructed in Section 2
respectively. Then, xo(Z,a) and ag(a) converge in a neighborhood

of (Z,a) = (0,0).

Proof. To begin with, we briefly recall how to construct :céj ) and oz(()j )
Comparing the coefficients of n° in (A.8), we have

(A.17) Qulza) _ (83:())2 (1 + 0‘0@) |

X oz 4 X0

Further, by comparing the coefficients of a” in (A.17), we find
ON? /5 0
< (0), . dx, T o
A.18 = —+ —
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where Qk ) denotes the Taylor coefﬁment (Wlth respect to a) of Q. at
a =0 (cf. (2.17)). Our choice of :UO ) and ozo are as follows:

(A.19) ol = / QO

It follows from (A.6) that 330 ) thus chosen is holomorphic in a neigh-
borhood of 0 and satisfies

(A.20) 2\(0) =0,
120
(A.21) d% (0) # 0.

(4) (4)

By a similar procedure, we determine x5 and oy succesively in the
following way: first comparing the coefficients of a’ in (A.17), we have

(A.22)

o A9 q,:U2)
Q@)= Y St

. dr dx
J1tJ2+)3=m

J1) (A)

SETEEEDS %) Y y U

jl—i-jz =73 0 = m1n{1j2}\)\\u j2 (ZO )

Here, and in what follows, d,, , designates Kronecker’s delta (i.e., = 1 for

—2
p=qand = 0if p # ¢). By multiplying (A.22) by —22’60) (da:(()o)/di“)

and taking w = :céo)(a?) as a new independent variable, we can rewrite

(A.22) as follows:
d )

w— + 20 = 20U (w).

(A.23)
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Here the explicit form of ®U)(w) is given by the following:
(A.24)

. dx(jl) da?(jQ) G
<I>(9>(w) — Z dgu dz} Z %Jl
Jig?ﬁ?’? J1+75=73

> Z(ZO)

p=min{1.j}X],=j,

_ Z* NGy S‘ Y “Zo

ji‘l'jé:m H= mln{l ]2}|)\|M ]2
« dx (1) dxg (2) dx
__Z dw dw <d>Q0(>'
31+J2 m
We then define oz(()j ) by
(A.25) al) = dU)(0).

With this choice of oz((]j ) we solve (A.23) to obtain

| w ) (@) — oV
(A.26) 29 (w) = 2 / @) =%y
0

~

w

In view of the definition of ozéj ) we find that a:éj )(w) is holomorphic in
some neighborhood of {w € C; |w| < r} for some r > 0.
To verify the convergence of the series x¢(z,a) and ag(a), we use
the majorant series method; that is, we construct a majorant series
a) = Z AW of 2¢(z,a) and ag(a). Hence our task is to find a
720
sequence {AU)} ;>0 of complex numbers so that they satisty the follow-
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ing relation (A.27.5) for every j > 0:

( . Al)
Ck(()j) S T?
() ()
: x < AV,
(A.27.5) 7 I e -
day’ ¢ AV
) 0 = .
dw [r] r
\ 7]

To begin with, we choose A and AW so that they respectively satisfy
(A.27.0) and (A.27.1). To define AY) (j > 2) we introduce an auxiliary

constant C' so that the following relations may be satisfied:

A28 ||@)"| <o,

[7]

-1 -1
(A.20) daséo) daséo)
' dw ’ dzx ’

[7] [7]

—1
(")

ol

Since Qo(w, a) is holomorphic at (w,a) = (0,0) and (da:éo)/di“)(O),
z(()o)(O) # 0, we can find such a constant C' by taking (> 0) sufficiently
small. Using this constant C' we recursively define AY) by the following:

(A.30)

: : 4 )
A0 = 3 w S Al 22: 3 <§>“A<A>

J1+Jjo+iz=j §1+4h=7s p=min{1,55}\| =4’
1<3<5—-1 1]-{21 2J |M I2

TR (CN 40
Py Ay 2(7)A

J1+5h=i p=min{1,j5 }\|,, =3}
« AU AG2) A0
e 4 j+3_.
+Z —— AT
J1+J2=7
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By using the induction on j we prove that AY) satisfies (A.27.5).
Let us now suppose AY) satisfies (A.27.5) for 0 < j < m — 1. Then
by using (A.24), (A.28), (A.29) and (A.30) we find

(A.31)
- dm(jl) daf(j2) 0
Hq)() o T > ]
Jﬂ;%_ﬁn [r] [r] J1+35=7s3
x e

p=min{1,jo}\| = 12

£ lag"]

[7]

)

0

i+ dh=m p=min{ 1,5} A=, 7]
"U}‘ Z* dl’ojl) dx(()ﬂ)
dw
J1+Jz m [r] [r]
(0) dzy s (m)
+ ‘ Z = HQ W
0 7] dx . 0 ( ) [r]
A1) AU2) AU
S Z r2 Z 4
Jiiiii%%_? jﬁﬁl”

<SS (G

N:min{lajé}‘j\‘,u_jé

« AUD I
DYDY

5

()

Jitip=m
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r « AU AG2) A0)
. s Cm+3_

* 4 Z r2 * r
J1tJ2=m

Alm)

4
To deduce (A.27.m) from (A.31) we use the following

Lemma A.2. Let v(w) be a holomorphic function on D, = {w; |w]
<r}. We consider the following differential equation for u(w):

w )
where o is a constant. Then there exist a constant o and a holo-
morphic function u(w) on D, that vanishes at w = 0 so that (A.32)
and the following inequalities are satisfied:

(A.32) +2a = 2(w),

(A.33) o < vl
(A3 July < 4uvum,
(A35) [l el = F et

Proof. By setting w to be 0 in (A.32) we find

(A.306) a = v(0),

and then we define

(A.37) u(w) =2 / o) =
0 w

Then we easily see that u(w) is a holomorphic solution of (A.32) on
D, that vanishes at w = 0. For this choice of o and u(w), (A.33)
is clearly satisfied, and the first inequality of (A.35) is an immediate
consequence of the Schwarz lemma, because u(w) satisfies (A.38) below

62



as a solution of (A.32).

(A.38) H du

w_

o < 2||vlyy + 2la] < 4ol

7]
Since u(0) = 0, we also find the following:

/0 j—“(w)dw

A.39 <
(A30) < | [ 4

[r]
du

dw gy
< 4ol -

<r

We thus obtain the second inequality of (A.35) by using the Schwarz
lemma again.

Q.E.D.

By applying Lemma A.2 to ozém) and xém), we obtain (A.27.m). Thus
the induction proceeds. This means that we have confirmed that

(A.40) Ala) =) AVd]

J=0

is a majorant series of agp(a) and zo(Z,a). Hence what we should
show is the convergence of the series (A.40). The required convergence
follows from the implicit function theorem by the following reasoning:
first, by comparing the coefficients of a’, we observe that A(a) satisfies
the following equation:

(A.41)
0 1
+(A— A" (1 —(A—ANC/r 1)
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A (Ca)?

+&A—A@F+Mﬁ
r

r 1—Ca
Therefore if we define =(a, A) by
(A.42)
=(a, A) :=(A— AY — AWyg)
L4024 - 40 L
(47 = (AT))(4 - A7) (A= AU
1
(A — A0 1
(A= (i ATy )
A (Ca)?

1
O
T(A AT —4C r 1—0Ca’

then we find that A(a) is a solution of =(a, A) = 0. Since = is holo-
morphic in a neighborhood of (a, A) = (0, A?) and satisfies

(A.43) =(0, A9y =0, (g;) (0,A0) =140,

it follows from the implicit function theorem that =(a, A) = 0 has

a unique holomorphic solution satisfying A(0) = A near (a, A) =
(0, A©). Hence A(a) is convergent. This implies the convergence of
the series ag(a) and z(Z, a).

Q.ED.

B Estimation of the transformation which brings an
MPPT equation to its canonical form

The purpose of this subsection is to prove (2.5), (2.6) and (2.7), that
is, to prove the following
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Theorem B.1. Let

o0

(B.1) (T, a,m) = Zwk(ﬁz,a)n_k

k=0

be the transformation that brings an MPPT equation (2.33) to the
canonical form (2.35) with

(B.2) ala,n) = Z o(a)n™",
k=0

Then, x and « satisfy the following conditions for some positive
constants ro and Ap:

(i) xx and ap(k = 0,1,2,---) are holomorphic respectively on
{(Z,a);|2| <o, lal < ro} and {a;|a] < rof.

(ii) the following inequalities hold for k =1,2,---:

(B.3) sup |ag(a)| < k1AL,
|al<rg
(B.4) sup |zp(#,a)| < kA,
|Z],]al<rg
(B.5) sup Oz (Z,a)| < kIAL
. T ) -~ . 0
#lJal<ro | OF

In order to prove Theorem B.1, we use the following lemmas fre-
quently:

Lemma B.2. Forl,u e N=1{1,2,3,---} with u <, the following
inequality holds:

(B.6) SN <A (g1
|5\|u:l
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Proof. We shall verify (B.6) by induction on g > 1. For the case
=1, (B.6) is trivial. For u = 2, we have

(B.7)
) Alg!
Z )\1')\2':(l_1)' 2+ Z (l_l)l
A= e
A1,A0>2
- AA=1)---3
= (=1 <2+l_—1;(1_2)<1—3>---(l—“1>>
<2(1- 1) <1+—§j>

<4l — 1)
If we assume that (B.6) holds for 4 — 1 > 1, then we obtain

Bs) S A= 3 a3 A

I\ =l U+ A=l At A=l
U'>p—10,>1

< ) AT = p+2)I0
U+ X,=l
U'>p—1,7,>1

ek S S PV

U+ X =l—p+2
'>1,M,>1

<4 Yl —p+ 1)
Q.E.D.
Lemma B.3. For A = (Ay,---,\,) € Nj with N = {0,1,2,-- -},
the following inequality holds for C(X) given by (A.11):

(B.9) Yooy <.
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Proof. We first prove (B.9) for the case p = 2:

3\’ 1 1 3 1
B.10 — < i
( ) (27r2> Z A +1)2Ae+1)2 ~ 202 (1 + 1)?
AM+Ao=l
Since
(B.11) =
— (A+1
we have
(B.12)

(1+2)
Z (AL +1)2( A+ 1)2

AM+Ao=l

)\1+)\2 l AM+1 A +1

S

= + S

Z)\lJr XA;ZMﬂLl A2+ 1) ;Qﬁl)?

. l LAV 1/2
1 1

<9 - -
< Z)\+1 ;(Aﬁl)? ;(A2+1)2

2

I/\
ME% [
~

_’_

Then (B.lO) immediately follows from this. Since (B.9) is trivial for

the case p = 1, we obtain (B.9) for p > 2 by the succesive use of
(B.10).

Q.E.D.
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Proof of Theorem B.1. We rewrite (A.8) as (2.10), that is,
(B.13)

Qo(Z, a) tﬂ_jél(fa a)
&)
+177 (—1%2( a) + 23—;77 (d> a )--n 20 717,

Here Ry(%, a) is the function given by (2.11), that is,

(B.14) Ro(i,a) = Qu(2, “36 1a)

The choice (A.7) of v(a) guarantees that Ry(%,a) is holomorphic in
a neighborhood of (z,a) = (0,0). By comparing the coefficients of
n~*(k > 1), we obtain

(B.15)
0:,1Q1(7, a)
dazkl dZCkQ @k’l
B Z di di Z 20
k1+ko+ks=k Ky +kh=k3 v= mln{l k‘2}|/€|y—k’
rdrodx), X « dxy, AT,
TAT0GTk | T W _ 500
T9dr di 4 & az el
ki1+ko=k
dzkl 1
+ 27(&) Z di R S‘ Y %
k1+ko=k—2 T 20 v=min{1,ko}|k|,=k ~0
1+k2 2 }|Ry=Fk3

k3
. dzp, dzp, 1 * , 25
O D D DEND DEC CE b

k1+ko+ks=k—2 v=min{1,k3}|k|,=ks3
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x d?’a:kl dx - da:,.€ dzro\ "~
Y Do)yt (1
k1+ko=k—2 v=min{1,ko }|&|,=k2
. Z d2xk1d2xk2 dx =
dz? dz? \ dT
k1+ko+ks=k—2

S S S e ()

v=min{1,k3}|k|,=k3

_|_

=~

Further, by comparing the coefficients of a’ in (B.15) and taking w =
(0)

xy (Z) as a new independent variable, we have

dz) () dz) - (0) 4 (7)
(B.16) w— + 204 =2 P zy Oy,
where (I)](Cj) 1S
(B.17) o) = o) + o)) + oY)

and @lijl) (i =1,2,3) are defined as follows:

(B.18)
(j2)

: - dzy
DY VL

k1+ko=k—2 j1+j2+73+j4=)

ko
S ‘ * 2\
DS CE LD D
v=min{1,ko} ||y =Fs |5\|1/_j4

dzli‘?) dz( J3)

_ ¥ Z Z 7(Jl) - dg;

k1+ko+ks=k—2 j1+jo+i3+jati5=]J
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ks
PG ZREnGD LD DD S
|lv=F3 |\|,=js

v=min{1,k3}

X
d?’a:;l i)

2. > o

k=2 j1+j2+73=y
(
/%

Ky +ko—
x i (—U”((dwo)H) Yy
o |Rlv=F2 |\, =j3 a

v=min{1,ko}
2ol el
k1

Z Z‘_‘ dz? de

[\Dl&z

3
— -
k1+kot+k3=k—2 j1+jo+j3+ja=J
ks dr —py—9 (J3)
: dzo
X Z (—1) <V+1><(di> )
v=min{1,ks}
(
DD
[Flv=F3 ‘)‘|V—J4
+ (5],572}%2(])(10),
(B.19)
Oy =051Q1” (w)
dazkjl d£U< )

Z >
k1+/~f?2 k j1+j2=J
(I1) 7..(I2)
Sy oy St vy
— da’vj da’vj / / / / /

k1+ko+ks=k l1+la+I3=7
1<ks<k—1
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ky

x Y, (-1 DD
V= mln{lk} |&|,= /{:'2 |)\‘V_l’
* 4G g ()
oy oy e

k1+ko=k j1+Jjo+33+ja=J

S0 Y S

v=1 314-]5:]4 ‘H‘V k2|)\|y—]2
(B.20)
(1) 7..052)
q)kj,?, — Z dr  dT akjg (20 )(M)
J1t+J2+)3+74=)

J3<j—1
Z dl,ojl dﬂf( )

o dx  dx
J1tj2=
J2<j— 1

(J1) ;..(32)
Z Z dxy, dx/@ a(j3)(z—1)(j4)
di di " 0

k1+ko= k91+92;r93+94 =J
<J3

B Z dz§" dz (js)

— —Q
di di
n+ie+istia=y
1<j3

D IREITETICD Sl S
L i Rl ot

Here we denote the coefficients of a’ of zy” and (dxg/dz)”" respectively
by (2")9) and ((dzo/dz) )",
The above decomposition of CID( 7 into three parts CDIE;Z) (1=1,2,3)1s
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made so that we may dominate each term in Cbgz by constants of the

uniform form
(B.21) MY

where ¢; and M ,ij ) are described with the notations to be given later
in the following manner:

(B.22) C1 = 50/A,

(823) Co = 50,

(B24) C3 = B/C,

(B.25) MY = El(AeYFC(5)CI8,M.

We also note that @53{ is regarded to be 0 as a convention. As we

discussed in the proof of Theorem 2.1, oz,ij ) and x,ij ) are determined by

B2) o = (:70) *P0)

—2
) w 2 d (0) . .
B27) 2l = /0 = ( ;5; ) 200 (@) — ol | dw.

w

(4) (4)

We now estimate the growth order of ;" and a;” as j and k tend to
infinity, by using the induction on the double index (j, k) appropriately
ordered. Since we proved in Appendix A that > .. a:éj >(§7)aj and

D >0 oz(()] o are convergent near the origin, we can find constants Cy, B

and p so that the following relations (B.28) ~ (B.31) hold:

(B.28)
—1
Hx<o> L0 dz)) dz) <Z<o>) -1
O M 179 N || da H) dz |\ ]

[7]
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&) (df)l (¢“)1
T(w A = , Su — :
[7’] d’LU [r] |w|§r,|€|§p dﬂ?
sup (Z())_l‘ , sup |ag| < Cy,
[w|<rJal<p lal<p
(B.30)
() dzy) 0 || AG) ) ‘ -
A =] el Q] ||| YT < ccG)B,
| Al " "
(B.31)

()| < cren)B.

dzo\ ()
(%) )| -
[r]
We now try to show that the following dominance relation (B.32.k.5)
(k > 1,5 > 0) holds for some constants A, C' and d; which satisfy

(B.33) and (B.34) below:

[7]

(B.32.k.5)
| | 20 | |
Hx,@ P20 o] < Bi(AsYrC ()06,
[r—e] [r—e] dw e
for any € that satisfies (B.35) below:
(B.33) 1 <V Ady, 0 <8< 1,
(B.34) 0 <B < C,
(B.35) 0 <e<r/3.

We note that (B.32.1.0) is validated by (B.33) if we choose A sufficiently
large.

Now we will confirm (B.32.k.7) for every (k,j) (k > 1,7 > 0) by
using the following induction procedure:
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1] We first confirm (B.32.n.m) by assuming that (B.32.n".m’)(0 <
m',1<n" <n—1)and (B.32n.m") (0 <m' <m —1) are all
validated,

and then

[11] we confirm (B.32.7.0) by assuming that (B.32.n'.0) (0 <n' <

n — 1) are validated.

As we know (B.32.1.0) is valid for a sufficiently large A, these confir-
mations suffice for our purpose. To attain this goal we first note that
application of Lemma A.2 to (B.16) entails the following relations:

(B.36) o ]§4(COC<O))3H<I>;?> -
ey ) 4 3 || )

B.37 | < CoC(0 ‘ o

( ) T 2y e =1 = 5( 0C(0)) L P

[r—e]

From (B.26) we also find
(B.38) ] < Cy0(0) ch;”

[r—e]
Thus it suffices for us to estimate CD,(j ) under the appropriate induction
hypothesis.

Let us first consider the case [I]; we assume that (B.32.n'.m/) (0 <
m',1 <n' <n-1)and (B.32.n.m") (0 < m’ < m — 1) have been
validated, and we try to prove the following estimates:

q)(m)

n,1

(B.39.4) ‘ < oM™

[r—e]

for i = 1,2,3. Here ¢; and M\™ are given by (B.22) ~ (B.25) with
M in (B.25) being a constant independent of n, m, dy, C, A.
Before embarking on the estimation we note the following
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Lemma B.4. Suppose that (B.32.k.j) holds. Then we find

dQI(‘j) dz(]) ‘
B.40 - k <e(k+1)1A"""1C(4)C7s
) || || sewroaetcoen,

dgxl(éj) 2 k—k—2 |
(B.41) o3 < e (k+2)A" e "2C(5)C? ).
[r—e]
Proof. Let € denote ke/(k + 1). Then (B.32.k.j) entails
(B.42) sup |2 (w)] < kIAYETRC(5)C7 6,
lw|<r—é

k
= k1AF (1 + %) e C(5)CIs,

< ekl A*e7FC ()74,
where e = exp(1). On the other hand, Cauchy’s formula tells us

dzlij)(w) 1 z(j)(ﬁ)) i
(B.43) dw  2my/—1 / (w — w)2dw'

|w—w|=(k+1)"1e

In view of the definition of € we find w that appears in the above
contour integral satisfies the following (B.44) for w with |w| < r — e

(B.44) W] < |w —w| + |w]

<(k+1)letr—ce

=7r —¢.
Hence (B.42) shows (B.40) for dz,ij ) /dw. The estimation of d%,(gj ) /dw?
and d?’x,(gj ) /dw? can be done in exactly the same manner.

Q.ED.

Remark B.1. For a holomorphic function f(Z) of & and a change of
variables & = Z(w), the following relations hold for the differentiation
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of f(&) with respect to the two variables & and w:

B.45) P (3(w)) = (da;f)) d

B.46) L ((w) = (di’(’“’)

el
— f((w)

)

+ %dd (ﬁ?)z %f(aé(w)),
)
d

di?

3 F(w)\ " &3
an) ) =(5) s
. 3
+de( di?) % (#(w))

() () g

Since (dz/dw)™! satisfy (B.29) we obtain the following estimate from

Cauchy’s inequality:
d* [ di(w)\ " di(w)\ ™
dwk \  dw dw .
< kle *Cl.

Using the relations (B.45) ~ (B.47) and the estimate (B.48) we obtain
the following inequalities:

< kleF

[r—e]

(B.4R)

d d
B )| <G| garew]
d? d?
(B.50) | Lawy|  <cz|-Lrew)
dz r—e] ‘i“’ r—e]
- d
+ 5 g )|
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df a3
sy |gree)| s gsrem)
—1.,3 d? ~
+ e Cj o3 (Z(w)) -
20 |- ()
O\ dw r—e]

Then the following estimates immediately follow from the above in-
equalities (B.49) ~ (B.51) and Lemma B.4 for £ > 1:

(B.52)
dz,ij )
dz
(B.53)
dlxl({:j)
dz!

< Coe(k + 1) A* 10 (5)C7 6,

[r—e]

<ICh! Mk +1 = DIARFH o) 098y (1=1,2,3).

[r—e]

For k = 0, we have the following estimates from (B.30) by the same
discussion of Lemma B.4:

7,4) |
(B.54) d?{ <ee 'C(j)B'CE,
€T
[r—]
dlil?(j) .
(B.55) dj)l <l - TeHBICk! (1=1,2,3).
X
[r—]

Remark B.2. Lemma B.4 explains the background reason of the asym-
metry of the estimate of |xl(€j >\ with respect to 5 and k; we dominate

\xl(fj >\ by C7*1 as j tends to infinity, whereas we include a much worse
factor k! to control their behavior as £ tends to infinity. As the estimate
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(B.64) below shows, the seemingly innocent term
i‘dgl’k_g dCCO -
B.56 ——=
(B.56) 2 di ( d7
in (B.15) forces us to introduce the k!-factor for making the induction
reasoning run smoothly. This observation indicates that the singular

perturbative character of the problem in question originates mainly
from the Schwarzian derivative multiplied by n~* in (B.13).

Now we begin the estimation of CDf,Z) (2=1,2,3).

1) The estimation of q)f:ﬁ).

First we estimate q)f:ﬁ). The background of the expected form (B.39.1)
is as follows: we observe that the sum of suffixes in each term that
are relevant to n~ !, that is, the sum of k,’s, is n — 2. Hence by using
(B.32.k.5) we will encounter the factor A"~2 in the resulting estimate.
Then (B.33) may be used to rewrite it as follows:

(B.57) A2 = ATAT? < ATATYS]

—1

Thus we expect the extra factor A™" in our estimation. Let us con-

cretely check whether this argument really goes well. We shall estimate
the first term of (B.18) for n > 2: By using (B.30), (B.31), induction
hypothesis (B.32), (B.52) and (B.54) we have the following estimate:

(B.58)

dz,(glf)

(i) P
2 ) 2. g

k1+ko=n—2l1+lo+I3+l4=m
ko

D DI E LD DD P
v=min{1,ko} |Rlv=ka |\|,=l4 fr—e]
<2 >y > GiC(l)Bhe(ky + AT MTIC(1)C"

k1+ko=n—2 l1+lo+Il3+1l4=m
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ko
XY Cyt'C(s)BBE Y T Y RI(AeTHRC(N) Ol

v=min{1,ko} |Rlv=ka |\|,=l4

Here we applied (B.52) to dzlilf) /dz for ky > 1 with replacing &y of

(B.52) by Cj in order to estimate dz,ilf)/dﬁ; (k1 > 1) and dz(()b)/d:% in
the same form.NFurther, by applying Lemma B.3 to the summation on
l1,-+ 1y and A and also by using (B.34), we find

(B.59)
> » CiC(l)Bhe(ky + 1)) AMeTMTICO(1) C"

k1+ko=n—2 l1+lo+I3+1l4=m

ko
x Y CGrC(s)BR Y T Y Rl(AeTHRC(N) MGy

v=min{1,ko} |Elv=k2 |\, =ly
< 2eCAC(m)C™Me" T A2

ko
XY (kDY (Codo) Zm

k1+ko=n—2 v=min{1,ko} |R|y=Fko
Then we obtain the following estimation from Lemma B.2:

(B.60)

2eCyC(m)C™e " A2

ko
x> (kDY (Cudy) Zm

k1+ko=n—2 v=min{1,ko} |R|,=ks

< 2eCyC(m)C™Me " A2
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ko

o1k —v+1)!
X (n — 1)' + E (]ﬁ + 1)']62' E (00(50) 4 1( 2 ]{72' )
k1+ko=n—2 v=1
1<ky

< 2eCyC(m)C™(AeH)"e A2

* - 1
x| (n=1l+ > klka!Cobo Y (4Ce6p)" "=

V!
k:ll—l—/{:g:n—l v=1

< 2eCyC(m)C™(AeH)"e A2

x| (n = DI+ Coboe™ @0 ™ K1k,
k’l—l—k‘an—l

< 2eCiC(m)C™(AsH)"e A2 ((n—1)!+ 4C0ye* 0% (n — 2)!).
Consequently, since we can assume that o is sufficiently small as
(B.61) Codpe0% < 1,

we obtain the following inequality from (B.57):

d,z/l(ﬁll2>

(B.62) 2 > > Wl)%

k1+ko=n—2 l1+lo+I3+l4=m

ko N

1% —UV— * )‘

<Y (DS ST Y
v=min{1,ky} |Elv=k2 |\|,=ly

[r—e]

< nl(Ae™H"C(m)C™E A 12eCye (l + L) :

n  n(n-—1)
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We find that similar estimates hold for other terms:
(B.63)
dz<l2) dz(l?’)

DY > rw

k1+ko+ks=n—2l1+lo+I3+1l4+1l5=m

k3
DI R LD IS
v=min{1,k3} |&lv=k3 |\|,=l5 [r—e]
< > > CSC(1)C(1o)C (15) AF1H2 Bh ot
k1+ko+ks=n—2l1+lo+I3+1l4+Il5=m
x e2(ky + D)(ky + 1)lg~M—k2=2
k3
x Yy (w+ncyte 3542 > El(AeHBC(M) Oy
v=min{1,k3} |Rlv=Fk3 |\|,=I5
< EosA Ay om)e™ | Y Kk
k'1+k'2:n
ks
. ks — 1)!
+ 0y k;!k;!kg!Z(H1)(0050)%”—1( s~ v+ 1)

k3!

k‘ll—i—k‘,z—l—k‘gzn v=l1

< 2CSA2(Ae 1" C(m)C™

) <4<n 1+ 16— 2)Ci Y (o) = 1>'>

< nl(AeH"C(m)C™5EA™! (é + LD Ce?

n n(n—1
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(B.64)
d3 (lh)

X
> X

k1+ko=n—2l1+lo+Il3=m

e s

v=min{1,ko}

DO | &

[r—e]

3
< > > §C§C(11)Ak10lle2(k1 +2)lgh2

k1+ko=n—2 l1+lo+Il3=m
ko
x> GOl BRY T Y T CpRl(AeThRC (M) OBy
v=min{1,ka} |Rlu=Fa |\, =l3
< 26205’0(771)07”(146_1)”14_2
. > L1
x | nl+ > Klka!Cio Y (4C35) -
ki +ko=n v=1
e’CoC(m)C™(Ae " A™* (n! + 40350640860(?1 — 1)!)
é) 3C5e?

<

DO o

n 2

< nl(Ae H"C(m)C™5EA™! (1 +

(B.65)
dle({h) dle({b)

3.
1t )3 > 2

k1+ko+ks=n—2 l1+lo+I3+l4=m

ks o\ V2 (13) . x@
<D <—1)”(v+1><(62;) ) 2 de;:;

v=min{1,k3} |Rlv=Fk3 |\, =l4
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< X X 3GIOmCH)ACh

k1+ko+ks=n—2l1+lo+Il3+l4=m
k3

x € (ky+ DIk + 1)leF17R272 N (v 4 1) C(15) B
v=min{1,ks}
X Y ) CERl(AehBC (M) sy
|Rlv=k3 |A|,=l4

< 3e*Cy A2 (AsH"C(m)C™

< [ STT R 2020 0 ST Rk
ky+ky=n K +ky+ks=n
< nl(Ae™H"C(m)C™5A'3 (é + i) Cle?
- n nn-1) "
(B.66)

5B ()| < 6na(Ae2C(m)CTSRATLC,

[r—e]

In the estimation of (B.64) and (B.65), we assumed that §y is suffi-
ciently small as

(B.67) C26,e'C0% < 1.
Since n > 2 and A™!, e < 1, we obtain (B.39.1).

The worst estimate in the above appears in (B.64) since no factor
that weakens n! is contained. This is the reason why (B.3) ~ (B.5)
must contain the factor £l
2) The estimation of q)f:;).

The appearance of the extra factor dy in the estimate

(B.68) 5n,1Q1(m)(z) ] < Ae_lC(m)C’m(SSCOE

is an immediate consequence of the assumption (B.33). To obtain this
(m)

n,2»

r—e

extra factor in the estimation of other terms of ® we note each
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term in the summation contains two factors each of whose suffix £ is
greater than or equal to 1. It then follows from the induction hypothesis
that we find the extra oy factor. Let us confirm the estimation of the
most complicated term in CDE,ZZ). Since x,ij ) ol?) (k> 1) and a:'éj ) ol
respectively satisfy different type of estimation (B.32.k.5) and (B.30),
we have to separate its summand depending on its suffix. However the

procedure of its estimation is essentially the same with that of (B.58).

(B.69)

dxgll) dxg;

)
)R DI D DD DI

k1+ko+ks=n l1+lo+I3=m k' 4-kl=ks ! +15+15=1
1<ky<n-1 1 Tho=h3 L1 TigTi3=43
i * N
_y ! A
x> DYy Y A
V:min{l,krlz} |,%|,/:k:’2 |5\|V:lé
[r—e]
[ l
N dﬁlﬁél) dﬂ?;E:Q) N d:l?(ll) da?(lz)
_ 2 : E : 1 2 49 0 k
dx dzr dx dzr
l1+la+l3=m k1+ko+k3=n k+ks=n

/ k3 * / kl2 *
DI DI DEID DI DD

U+l 4=l v=il=ky b=k v=min{1,k}}|7[, =K,
1<k

[r—e]

N Otk (AR

l1+lo+l3=m k14+ko+ks=n

A
(]
3
Q
[

84



+2 Y BUiChkR (A,

k+ks=n
ks
2 : " ! E : E :*
l’1—|—l,2—|—lé:l3 V:1|l-€|y:/{53

k,l
+ Y KA RO O, 22: S

1<K}

x OB Y RI(Ae™FC(N)Chay

WV:lé

< (Ag—l)nc<m)cmcg Z* ]{1']{2'5(2] + 2 Z* ]{7'50

k1+ko+k3=n k+ks=n

k
x Cof: N ortRisy

v=1|k[,=k3

k)
5 K Y S orttRey

k:/1+k:/2/:k3 v=min{1,k,}||, =k,
1<k}

< (Ag—l)nc<m)cmcg Z* ]{1']{2'5(2] + 2 Z* ]{7'50

k1+ko+ks=n k+ks=n

4 5 r—1
(Cokg'éoz Co 0 + k3lCody
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« o v—1
+ > Kk (0050)22(40050)

V!
k:/1+kl2:k3 v=1
< nl(As™H"C(m)C™H}
164y 8
X CS) (m + ) ((CO + 400(50) 4Cod + 1)

Similarly we can estimate the other terms as follows:

(B.70)
dxklll)d (I2)

szxfix

/{:1+/€2 n l1+lo=m

[r—e]

< Co Z* D kilksl(Ae RO (1)C (1) C RS Ch

ki+ko=n li+la=m
< nl(AeH"C(m)C
(B.71)

>y drdal
dz di M

1+ko=n l1+lo+Il3+l4=m

ko
v Z Z (_1)V(Z()—u—1)(l’1)z Z Z()\)

2,13
m5000
Y

n

[r—e]

ST Y GOU)CU)C) B ek (AR,

k1+ko=n l1+lo+Il3+l41=m

k
xi » oot Bllz > RIC(N)(Ae!) R0ty

v=1 I{+ih=l, [Fly=ha |\, =t}
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4 4 4ChHog

< n!(As—l)"O(m)Cm(sgL.
n

Therefore we obtain (B.39.2).

3) The estimation of @fl@.

To find the extra factor BC'™! in the estimate of each term in CD%),
we first note that the constant B is dominated by the inverse of the
radius of convergence of 2y, ayg, etc. (cf. (B.30)) and that the constant
C' is relevant to the radius of convergence of z,,, a,,, etc. Hence we
obtain this factor thanks to the fact that each term in the summation in
CD;Z? contains a factor that originates from the coefficient of na’ (j >
1); for example, we find

(B.72)
l [
S dxél)d$52)a<zs>(z—1)<z4>
de dz " 7
l1+lo+l3+l4=m
l3<m—1 [r—e]
< Z CEC(1)C(1,)C (I5)C (1) Br et clpl( Ae =16,
lW+lo+l3+l4=m

[3<m—1

< nl(Ag—1>nc<m)cm50§cg,

because l1 + o +14 = m—13 > 1 holds by the constraint of the range of

indexes which is due to the fact that oz%m 1s excluded in the summation.

Similarly we find

dx,illl) da:,(f;)

l _
B73) | > Y )W

k1+ko=n l1+lo+I3+1l4=m
1<I3

[r—e]
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§ dl‘<l1)dl‘<l2>
oy (e

dr dx
lW+lo+ls+lg=m \k1+ko=n

1<l3
d (h)d g2)
L) i

[r—e]
< Z CoC(Lh)C(l2)C(l3)C (L) (Ae™)"
li+lo+l3+la=m
1<l3

< | ST Otk k62 + 2B Ol | B
k1+ko=n
—1\n m 450
< nl(Ae™")"C'(m)C 5OCCO — +2
This time the condition that [3 > 1 is due to the fact that ozéo) vanishes.
By the same reasoning we also find
(B.74)

Z dCUéll) dCUglb)

dr dz
l1+lo=m
lo<m—1

<SS qews

5 "Con!(Ae™H"C(1,)C24,
l1+lo=m

lo<m—1

T
2

[r—e]

BC?
<!A—1n m 0
< nl(Ae™)"C'(m )0506’2’
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(B.75)

[ l
Z dz" dx(gQ)a((]lg)

dx dzr
li+lo+l3+ly=m
1<l3
DIDI DI IE
v=1l1+l}=ly |El=n | X, =}
[r—e]
< Y GOW)CL)C(ls) B
li+lo+Il3+l4=m
1<l3
Y GremEt Y Y e ety
v=1 11 +ll=ly |Rly=n |\, =1,
—1\n m B 5 _4CH0
< nl(Ae™)"C'(m)C™"dy—=Cle .

C
Hence we obtain (B.39.3).
(m)

In conclusion, @, satisfies the following inequality:

om)

n

(B.76) | < nl(Ae™H"C(m)C™d, <50 + g + B) M.

A C

By taking &g sufficiently small at first and then, A and C' sufficiently
large, we can assume that the following holds:

0
A
Since 0 < € < r/3, from (B.36) ~ (B.38), (B.76) and (B.77), we
obtain (B.32.k.j). Thus the induction proceeds in the case [I], and it
remains to consider the case [I1]; we are to confirm (B.32.n.0) under

the assumption (B.32.k.0) (1 < k < n —1). But, we can readily
confirm this fact by the same estimation as in the case [I]. Actually

[r—e]

(B.77) 6r—1(CoC(0))° M ( + 6o + g) < 1.
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@fﬁ% vanishes in this case, and the estimation is easier than before.
Therefore we obtain (B.32.k.5) for every k > 1 and j > 0. Then by
fixing € > 0 and taking ro and Ay in Theorem B.1 as min{r —e, C~1}
and Ae~!, respectively, we obtain Theorem B.1.

Q.ED.

C Representation of the action of X as an integro-
differential operator

Using the results obtained in Appendix B we now study how the mi-
crodifferential operator X constructed in Theorem 1.6 and Theorem
2.6 acts upon multi-valued analytic functions. Although the situation
where this operator appears is different from the situation where its
counterpart (also denoted by X') appeared in [AKT4], their structures
are essentially the same; the reasoning in [AKT4, Appendix C| applies
to our case almost word for word. But, in order to make this paper self-
contained, we describe the core part of the argument in this appendix.
As the following reasoning indicates, the operator X constructed in
Theorem 1.6 and that in Theorem 2.6 can be dealt with in exactly the
same manner. In what follows we discuss the operator X constructed
in Theorem 2.6 for the sake of definiteness. It then follows from (2.58)
that it has the following form:

90\ V2 91\ /2
(C.1) X =: ((‘Ti) (1 - a—;) exp(r(z,a,n)) -,

where

(C.2) r=r(x,a,n) mea
k>1
(C.3) i = z1(9(7, a), a)



and g(x, a) is the inverse function of z = x((Z, a) given in (2.52), that
1S,

(C.4) r=1z(g9(z,a),a).

Here z1(k > 0) is the function given in (2.5) and & stands for the
symbol o(0/0x) of the differential operator 0/0x. For the sake of
convenience, we introduce rk( x) by

(C.5) (%) (1+—) Zrk T, a)n

Then the coefficients {hy}r>0 and {fl’]{;}lglgk in the expansion (C.6)
and (C.7) below can be explicitly expressed in terms of {r;} and {7"]1}
as undermentioned in (C.8) and (C.9):

90\ V2 o\ V2 & i
(C.6) (8_§3> (1 + %> = Z hi(x, a)n~*,
k=0

<C7) exp(?“(a:', a, 77)5) =1+ Z n_kglfl,k(xa CL),

1<I<k
( hO _ (700)1/27
k l 1 T
(C8) : naa N~ (DT 3) o 75
h —(7”0) 12: l!F(%) Z (r—g)l( > 1),
\ =1 |\l =k
and
1 *
(C.9) fik =13 Z r5.

Hence it follows from the definition (C.1) of X that its total symbol
o(X) is written down as follows:

(C.10) ot e+ ZZf Pgo—p Jr
k=0 1 1=1
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As the parameter a does not play an important role in the following
discussion, we omit to write a for the sake of simplicity.

Since 7, and 7“,1 are respectively given by (C.3) and (C.5), Theorem
B.1 and its proof tell us that there exist a neighborhood wy of (x,a) =
(0,0) and a constant Cyy > 0 such that

w1
(C.12) sup |l < kICE (k=1,2,---),
w1
and
C13) s {sup ] sup ) | < o
w1 w1
Then it follows from Lemma B.2 that the following holds:
l+
(C.14) sup | < 01/22 0 Z Ak
=1 2
A=k
k
<Oy K — 1+ 1)
I=1
[—1,v—1
3/2 Lk 4 C
< k! — Y
Co KIC Z (1—1)
< 03/2 400k|0k
for k > 1 and
k—1+1
(C.15) sup | frx] < ( l'+ )! 47Ok (1< <Ek).
w1 !

Using these estimates together with Proposition C.1 below we obtain
Theorem 2.7. Although the following Proposition C.1 is the same as
Proposition C.1 in [AKT4], we include it here for the convenience of
the reader.
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Proposition C.1. For a domain U in C,, let () denote

(C.16) Q={(z,y;&n) € T"(U x Cy);n # 0},

and let P = P(x,0/0x,0/0y) be a microdifferential operator of
order O on €2 with the total symbol

(C.17) o(P)=> Pilz,n ' &n "
k=0

Here, we assume that each Py(x,() is an entire function of ¢ and
that the following growth order condition should hold: There exists
a constant Cy > 0 so that, for any compact subset K of U x C,
we can find another constant My satisfying

(C.18) sup | Py(z, Q)| < Myk!CF
(x,0)eK
for k =0,1,2,---. Then, the action of P upon a (multi-valued)
analytic function ¢(x,y) is represented in the following form:
y
(C.19) Po(z,y)= | Klz,y—y, d/dx)(z,y)dy’,

Y0
where K(x,y,d/dx) is a differential operator of infinite order that
is defined on {(x,y);x € U and |y| < 1/Co} and yy is an arbi-
trarily chosen point that fizes the action of (0/0y)~" as an integral
operator.

Although we omit the proof of Proposition C.1 and refer the reader
to [AKT4] for it, we describe below how the differential operator K is
expressed in terms of Pj: Let a;;(x) denote the coefficient of ¢ "in the
Taylor expansion of Py, i.e.,

(C.20) Py(z,¢) =Y ayp(x)C"
[=0
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Then we find

(C.21)
00 o0 o l
Pofe) =303 i lata) < (45 ) ot
=0 k=0
St (y — o)t < 9 >l> N
= DY an(x) ¢z, y)dy
” (zo pas (k+1—1)! \Ox
for some reference point 7, that fixes the action of : n7*=! : upon

o(x,y). Hence the operator K should have the form

00 [ 00 i1 9\!
C.22 il
(©22) zzzo: ;“l’k(@(mz— ) (5@)
and our task is to show that

o0 yk+l—1
(023) Cl(xa y) - kZ:O ag’]{;(x) (k + ] — 1)|

enjoys the following property:

(C.24) For any compact subset K’ of U, any constant r that is
smaller than C L and any positive constant e, there exists
a constant M for which

sup  |a(z,y)| <M
zeK! |y|<r (l o 1)'

holds for [ =1,2,---.
This fact can be confirmed by the assumption (C.18) (cf. [AKT4]).
In order to apply Proposition C.1 to the microdifferential operator
X in question, we rewrite the total symbol (C.10) of X in the following
manner:

(C.25) > b (1 + ) fz,kﬁ_k5l>
j=0

1<i<k
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= (> h™ (1 +Y oty fz,l+k<n§>‘l>
' k=0 =1

7=0
= hi T+ D 0 IR frawn )
=0 k=0 =1

WK

D" Y Y Bfusr | (07
1

= jt+k=m

3
I

Thus, if we define P,,(x, () by

(C.26) Pz, ) =hm+> | Y hifirn | ¢,
=1

= J+k=m

we find that the total symbol of & has the form (C.17). Then (C.14)
and (C.15) entail the following:

(027) |Pm| < ‘hm‘ + y: y: ‘hjfl,l+k‘ |C|l

[=1 J+k=m,
J,k=0

< 03/264007%!081

> 1k +1)! :
_|_Z Z O§/2€4COJ< l' )4[—1C¢é+/{?+l |C|l

[=1 J+k=m

Then the application of Lemma B.2 shows that this is further domi-
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nated in the following way:

(C.28)

o© Yo AdL ~
@%%meZ—jﬁt >k

jk=m+1,
| J=0,k>1 i
1 = (4C,[¢])!
<<Om&%aTPM+ZE:L%#Q%@1%M+4mD

< CS’/2€4Cocm(m_|_1 <1_'_ Z 4CO‘C‘ >

= 03/264C0 <1 + 2(6400‘§| — 1)) (m+ 1D)!CY".

Therefore P,,(z, () given by (C.26) is an entire function of ¢ and it
satisfies the growth order condition (C.18). Hence Proposition C.1
entails that the operator X' is represented as in (C.19) with a differential
operator K of infinite order. This completes the proof of Theorem 2.7.
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