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0 Introduction

This paper is the third of a series of articles on the exact WKB analysis
of higher order Painlevé equations; the first of the series is [KKoNT],
and the second one is [KT5|. In [KKoNT] we studied basic properties
of higher order Painlevé equations (Pj),, with a large parameter n
(J = LI, 11-2; m = 1,2,...); we first constructed a particular
formal solution called a O-parameter solution, and we then clarified the
relationship between

(i) the Stokes geometry of the linearization (APj),, of (Pj)m
at the O-parameter solution (often called the Fréchet deriva-
tive),

and

(ii) the Stokes geometry of (one of) the underlying pair (L j),
of linear differential equations (Lax pair) with the O-parameter
solution substituted into the coefficients.

To avoid possible confusions of the reader we used in [KT5] the ter-
minologies “P-turning points” and “P-Stokes curves” (following the
suggestion of the referee) to mean “turning points of the Fréchet deriva-
tive” and “Stokes curves of the Fréchet derivative”, and in this paper
we follow [KT5] in using this wording. The main subject of [KT5] was
to establish a structure theorem for O-parameter solutions of (Pj),
(J = I, II-1, II-2); any O-parameter solution can be formally and lo-
cally transformed near a simple P-turning point of the first kind to
a O-parameter solution of the second order Painlevé-I equation with a
large parameter n:
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In proving this result we made essential use of the geometric results
obtained in [KKoNT]. The above structure theorem is a generalization
of a result for the second order Painlevé equations ([KT1, Theorem
2.3]) to that applicable to an arbitrarily higher order equation (Pj),,.
It is worth emphasizing that [K'T1] covers only 6 equations, the clas-
sical Painlevé equations (P), (Py), ..., (Py1), and that the results
in [KT5] are applied to infinitely many equations. The purpose of
this paper is to further generalize the results in [KT5| by replacing
O-parameter solutions with instanton-type (2m)-parameter solutions
([T1],[T2]) of (Py); our main result (Theorem 5.1.1) means that Part
5 of the Toulouse Project ([KT3]) has been completed near a simple
P-turning point of the first kind. We note that in this paper we ba-
sically follow [Ko2| concerning notational issues; this means that we
use in this paper symbols that are slightly different from those used in
[KKoNT] and [KT5]. This is a nuissance, but it removes some clumsi-
ness from the presentation of [KT5]. The point is that [Ko2] presents
three different ways of expressing the same higher order Painlevé equa-
tions, (Py)m, (Py)m and (G j)m (J =1, 34, 11-2 and IV). The first one
is given in terms of polynomials of unknown functions and their deriva-
tives, the second one is a system of first order non-linear differential
equations, and the third one is given by choosing some suitable Gar-
nier system and restricting it to an appropriate complex line; symbol
(G j)m is not used in the literature, but for the sake of convenience we
use this symbol in this paper. Thus (F;),, in [KKoNT] and [KT5] is
designated as (P;),, in this paper. The Lax pair that underlies (P;),, or
(Pj),n is respectively denoted by (L), or (L;)m; we arrange the two
equations in (L), and (L), so that the first one of them is deformed
by the second one that contains the differentiation with respect to the
deformation parameter ¢, which is the independent variable of (Pj),,
and (Pj),, in question. We emphasize that each of these three expres-
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sions of a higher order Painlevé equation has its own advantage. For
example, (Pj),, and (L), are amenable to the concrete computation
because of its concise form and (Py),, and (G),, most neatly explain
the intrinsic meaning of the change of unknown functions from “u” to
“\7 that is used in [KT5]. In [KT5] the meaning of the transformation
was not explained well for (Pir.1)n, or (Pir.2)m,; with the introduction of
(Py),n we clearly see that the unknown function uj (j=1,2,...,m)
of (P 7)m 1s the j-th elementary symmetric polynomial of the unknown
functions A\r’s of (G ). The important role that (G ), plays in our
paper is basically due to its Hamiltonian structure on which the con-
struction of instanton-type solutions is based. (See [T1] and [T2].) For
the convenience of the reader, we list up in Appendix the symbols and
equations used in this paper, following the presentation of [Ko2].

The plan of this paper is as follows. In Section 1 we first rewrite the
Lax pair (L), as a pair of a Schrodinger equation (SL ), and its de-
formation equation (D),,. As the derivation procedure of this system
of scalar equations is essentially the same for all J (J =1, 34, [I-2, IV),
we present the explicit computation only for J = IV. (Cf. [KT5],
[KT7].) In Section 2 we summarize basic properties of (2m)-parameter
solutions of (Pj),,, which have been constructed and called instanton-
type solutions in [T2]. These solutions are the main target of our study
in this paper. We note that in studying the effect of substituting an
instanton-type solution into the coeflicients of @)(7,,), the potential of
the Schrodinger equation (S'Ly),,, we make use of the third order equa-
tion (2.2.2) that @, satisfies together with the function az,,) that
appears in (D), (Subsection 2.2). Although this equation is known
to be a basic one in the theory of deformations of linear differential
equations (cf., e.g., [KT4, (4.44)]), this is the first time that we have
used this equation as an essential ingredient in the study of (SL ).
The equation (2.2.2) plays an important role also in Section 3. Using
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the results in Section 2, we establish in Section 3 a WKB theoretic
theorem (Theorem 3.1) to the effect that (SL ), with instanton-type
solutions substituted into its coefficients can be brought to a canonical
equation called (Can) near its double turning point x = X\ o(t); in
particular, we describe how an instanton-type solution A;, of (Py),, is
related to the invariants pl0) and o) that appear in the canonical
equation. (See Theorem 3.1 and 3.2 for the precise statements.) In
Section 4 we investigate the instanton structure of the invariants by
making use of the Hamiltonian structure of (G ;),,. The results on the
instanton structure of the invariants are used in an essential manner in
proving our main result (Theorem 5.1.1). In Appendix A we list up the
symbols and notations used in this paper; we follow [Ko2| as possible as
we can. Subsections A.1 ~ A4 are concerned with P-hierarchy with
a large parameter 1, Subsections A.5 ~ A.8 are concerned with Psy-
hierarchy with a large parameter n, and so on. Finally in Appendix B
we explain the parity structure of instanton-type solutions which is
used in Section 5.

1 Derivation of a Schrodinger equation (SL;), and its
deformation equation (Dj),,

The purpose of this section is to rewrite (L )y (or (L)) as a pair of
a Schrodinger equation (SLj),, and its deformation equation (D),
so that the Lax pair may be analyzed in the framework of [KT1],
[AKT] and [KT2|. Although we study only (L1y),, in a detailed man-
ner, our procedure is uniformly applicable to any of (L), or (L))m
(J =1, 34, II-2, IV). To emphasize this fact we rewrite (A.15.1) in a



somewhat abstract style:

(Q v [poa ) [t .
)= 00 e
0 [ o 1 Un

L))

Here all the coefficients are those given by (A.15.1) with a solution
(u,v) of (Prv)p, substituted. One can immediately see that any of
(Lj)m or (L 7)m has this form with the exceptions of (LI) and (L34)m,
in (Ly),, and (Lsy),, the (1,2) component of the matrix in (1.1.b) is 2,
not 1. (Cf. Subsections A.3, A.7, A.11 and A.15.) We try to find a
system of scalar differential equations that ), satisfies. It follows from
(1.1.a) that

Y1 q. Oy 2/ 2 PYs
- = y — — = 0.
0 4 on — (7 (p" +qr) +n(p . )t
Here and in what follows, ¢, etc. and ¢; etc. respectively stand for
Jq/0x etc. and Oq/0t etc. To rewrite (1.2) in a form of a Schrodinger-

type equation, we introduce

(1.3) Y = exp G/ (—%)dg;> T
Then v satisfies

(1.1)

(1.2)

0%
(1.4) o2 =1 Q V,m) ¥
with
_ (3¢ ¢
15 — 2 1 x_% 2 Hx 2T )
(15)  Quvy=p +qr+n (p q)+n 2 2

The equation (1.4) corresponds to (SLy) in [KT1], and we use a symbol
(SLyy)m to denote the Schrodinger equation. The next thing to do is
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to find its deformation equation. For this purpose we note that (1.1.b)
entails the following:

0
(16) L s+ s
Combining (1.6) with the first row of (1.1.a), we find
Oy O
1.7 —— = 9
(1.7) 5 np¢1+q(at — 1 %)
Using (1.3) we obtain the following relation (1.8) from (1.7):
0 0
18 G2y 91y V2(p — a8\,
(1.8) 50 0) = ag(a ) + g (p — gd)Y
Then we find
8¢ oY 1
1. 9 _ 2y . |
(1.9) Ior =5, T 261 ‘0t = (54 +np = ngd)y
We now substitute the following explicit values of p, ¢ and § into (1.9):
(1.10) p= 4w( (22 —u)(K+2yt) =0~ —- = 20"),
(1.11) ~ L k4o
and
(1.12) 5= —a:+g.
Then we find
1
(1.13) 58 +1(p — q9)
47x [/Ct + 2y — n(2x — u) (K + 27t)

— Kt — 2y = 2n(K 4+ 29t)(—x + 9 =o.

5)
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Thus (1.9) assumes the following form:

oY oY 1[0
1.14 —=q — — == :
(1.14) or 1 or 2 (833 v
Hence, if we choose
2vx
1.15 Ay =¢ & = ————)
(1.15) V) =9 = e
we obtain the required deformation equation:
(‘91& (‘91& 1 8a (IV,m)
1.16 D m :
(1.16) (Drv)m ot - v, Yor 2 O v
We note that the most peculiar part of n Q(W,m% i.e.,
3¢:°
1.17 = —
(1.17) o) 2 2
satisfies
1
(118) av,m) Q2 ++2a (IV,m) $Q2 2( (IV, m))xmx
In fact, one can readily see that both sides of (1.18) are equal to
1 —0 ; 6 zYxrx TXT
(1.19) _ (e e Geer )
2\ ¢ ¢’ q*

without using any specific feature of q.
We also note that, if we choose v = 2,

1 1 =
1.2 % —
(1.20) q= zx(U+C+ t) = 1:[

holds. (Cf. (A.15.8) and (A.16.1); similar relations hold also for other
J’s.)

Relations (1.18) and (1.20) play important roles in our WKB-theoretic
study of (SLy),, in the subsequent sections.
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Remark 1.1. The simultaneous equations (SLty),, and (Dry),, share
with the pair of equations (SLy),, and (Dj),, (J =1, 11-2) the follow-
ing property: the singular point © = X; ¢ of (Dry )y, is a double turning
point of (SLyy),,. Making use of this property, we can confirm all the
results in [KT5| also for J = IV, that is, we can prove the regularity
near © = ;o of Seqq for (SLiv), with a O-parameter solution substi-
tuted into its coefficients (cf. [KT5, Theorem 2.4]) and we can further
prove the reduction theorem for a O-parameter solution A; (cf. [KT5,
Theorem 3.2]) not only for J = I, II-2 but also for J = IV (and also
for J = 34).

2 Basic properties of instanton-type solutions

In Subsection 2.1 we recall basic properties of a (2m)-parameter so-
lution of (Py),, constructed by Takei ([T1],[T2]). Such a solution is
usually called an instanton-type solution. As is noted in Section 0, the
argument of [T2] applies to all J =1, 34, I1-2 and IV thanks to the ex-
istence of Hamilton-Jacobi system (G ), that is equivalent to (Py),,
([Kol], [Ko2]). By its definition an instanton-type solution contains a
term of order (—1/2) in 7, and when substituted into the coefficients of
Q(J,m) it may provoke the appearance of a term of the form @), /277_1/ 2
in the resulting potential (). Fortunately we can confirm in Subsection
2.2 that @12 actually vanishes thanks to the compatibility of (SL ),
and (D)., and hence we can develop WKB analysis of (SL),, with
an instanton-type solution substituted into its coefficients.

2.1 Structure of an instanton-type solution ([T2, Theo-
rem 1))

Here, and in what follows, we use the symbol v;(t) to denote a root of
the characteristic equation of the Fréchet derivative (APy),, of (P),
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at some O-parameter solution. As is confirmed in [KKoNT| and [KoN],
we may, and do, label v;’s so that

(2.1.1) Vigm = —v; (1< j<m)
may hold. To construct a (2m)-parameter solution, we first fix a point
to for which the following conditions are satisfied:
(2.1.2) to is not a P-turning point of (Pj),,,
(2.1.3)
Z n;v;(t) does not vanish identically for any (nq,...,n,,) € Z™\{0}.
j=1
Then, on a neighborhood of t3, we can construct an instanton-type
solution (u;,vj)1<j<m of (Py)m which has the following form:
(2.1.4) wi(t,m; @) = ujo(t) + 0 Puj pa(t, U, D)
—|—77_1Uj’1(t, \D, (D) +

(2.1.5) vi(t,ma) = vjo(t) + 1 20 0t U, D)
0t (60, D) 4 - - -

where wu;;5(t, ¥, ®) and v;;5(t, ¥, ®)(I = 1,2,...) are polynomials
of (U, ®) of degree at most [ which depend analytically on ¢. Here
U= (Uy,....¥,) and & = ($y,...,D,) are “instantons”, that is,
formal series of exponential type of the form

(2.1.6) V¥, = q; exp / Zn 1)gu+ej(t,n)0“)dt},
=0 |ul=k
(2.1.7)
Dj = ajim eXp / ZU 1)9#4—6 (, 77)0—”) dt}
k=0 || =k
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where j € {1,...,m}, a; (1 < j < 2m) are free complex numbers,
o stands for (oy,...,0m) With 0; = ojojm, pr = (p1, -, pm) (15 €

j
Zy,p; > 0),e; =(0,...,0,1,0,...,0) are multi-indices, and for each

multi-index v = (v1, ..., ) gu(t,n) is a formal power series of n~1/2

with analytic coefficients of the following form:

(2.1.8) Zn gyt

Furthermore we obtain the followmg result concerning their struc-
ture.

Theorem 2.1.1. ([T2, Theorem 1 and Remark 1])

(1) The top order part (ujo,vjo) of (u;(t,n;, 3),vi(t,n; e, B)) co-
incides with the top order part (u;0,0;0) of the O-parameter solu-
tion (4, 0;).

(i) The top order part of g,(t,n), i.e., ge,0(t), coincides with
vj(t).

Remark 2.1.1. Although we have given the statement for a solution
(), v)1<j<m Of (Py)m, the instanton structure of {A;}7L, is seen to be
the same as that of (u;,v;)1<j<m by the fact that \; (j =1,2,--- ,m)
are solutions of

(2.1.9) U(z) + Cl(z,t) =0,
where U(z) = 2™— Y u;z™ ! and Cl(z,t) is 0 for J = 1, /2 for
=1

J =34, C(x) Z 2™ for J =1I-2 and C(z) + 2t for J = 1V.
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2.2 Vanishing of (),

In view of the definition of the Borel transformation, wave functions
discussed in the exact WKB analysis should have the form

(22.1) exp(r—1(x))(1+o(n")).

On the other hand, the term of the degree (—1/2) in 1 in an instanton
type solution may provoke the appearance of a term of degree (—1/2)
in 7 in the potential @, i.e., Q(;,,) With an instanton-type solution
substituted into its coefficients. If it were the case, we could not expect
(2.2.1) in view of the way of constructing a WKB solution via the
associated Riccati equation. Fortunately the compatibility of (SL ),
and (D), forces such a term to vanish. In fact, one expression of the
compatibility condition is
Qum _  Qum | 08m 1 508um
ot T oy " ox Qs DX
(See |[KT4, (4.44)] for example.) In view of Theorem 2.1.1 (i), Q12
should be of the form

(2.2.3) Za](x t)exp(o;(t)n) + Zbk (z,t) exp(—r(t)n),

J

(2.2.2)

with

(2.2.4) ¢,(t) = /t v;(s)ds.

If it were not 0, the left-hand side of (2.2.2) should contain a non-zero
term which is of degree (1/2) in 1. But the right-hand side of (2.2.2)
cannot contain such a term, as it contains the differentiation only with
respect to . Therefore we find

We will use this result frequently in the sequel without explicitly men-
tioning so.
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3 Local reduction of (SLj),, to (Can) near a double turn-
ing point

Hereinafter we always assume that an instanton-type solution (u;, v;)
(1 <5 <m)of (P (or (A\j,p5) (1 <5 < m)of (Gy)y,) is substi-
tuted into the coefficients of the potential @ ;) of (SLj),. Then, if
we let 7 be a simple P-turning point of the first kind of (Py),, that
does not coincide with any other P-turning points of (Pj),,, there ex-
ists a pair of a double turning point & = A, o(¢) and a simple turning
point x = a(t) of (SLy),, which merge at t = 7 ([KKoNT], [KoN]).
Let t, be a point sufficiently close to 7 that lies in a P-Stokes curve
emanating from 7, and let V' be a sufficiently small neighborhood of
t.. Furthermore we suppose

(3.1) Ajolts) # Aeolts) (7 # k)
for any (4, k). Then we have the following

Theorem 3.1. In the situation described above, we can find a
neighborhood U of x = \j, 0(t), a formal series

(3.2) z(w,t,m) = 2o0(z, t,n)+0 22 oz, t,n)+0 L2 (2, t,n) + - -

whose coefficients z2(x,t,m) are holomorphic on U x V', and for-
mal series

(3.3) EW(t,m) = By (t,m) + B (¢ mym 2+ BV (! -+
and

(34) pU0(t,m) = pi (8 m) + oy (6™ + e

whose coefficients are holomorphic on'V', so that the following con-
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ditions (3.5) ~ (3.10) may hold:

(3.5) 2 1S free from n,

(3.6) g—z never vanishes on U X V|
T

(3.7) 20(Ajp.0(t), 1) =0,

(3.8) 2172 tdentically vanishes,

(3.9)
Q(J,m)(xv t 77)

02\’ 2 1 (o)
—<%> [4Z(w,t,77) +n  EV(t,n)

32 pl) (¢, ) . 312
z(x,t,m) — 2N (t,m), tm) Az, t,m) — 2(Nj(E,m), t,m))?

_|_

1
-5 2z(w,t,n); v}

holds on U XV, where {z;x} stands for the Schwarzian derivative,

(3.10) the n-dependence of zl/g(as,t,n),El(/Q)(t n) and ,0;/2)( n)
is through the instanton terms that \j,(t,n) contains.

Theorem 3.2. The series EY)(t,n) and pUo)(t,n) in the preceding
theorem are written down in term of {\;}]L; and z(z,t,n) in (3.2)
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in the following manner:

: _ 0z -
11 ) == (SOt

< o) (e=mmmnn)
2 815 JORT (QZ — )\jo(t, n))a(J,m)
1 /0aij,,/0x 1
A
2\ aumy (@ = ()
+§ 0%z /0z*
4 0z/0x
(812)  BW(t,n) = (p9)(t,0))* — 4(n' 22N (¢, m), 8, )
Remark 3.1. In what follows we use the symbol ¢0)(¢, 1) to denote
(3.13) n"22(Aj(t,m), £ m),
Note that (3.7) implies that the degree of o0)(¢,7) with respect to 1

is at most 0 despite the multiplication by 72 (if we count the degree
of instanton terms to be 0, as usual).

Definition 3.1. The equation (Can) is, by definition, the follow-
ing Schrodinger equation:

)

SL’I)ij (tﬂl)

82
(314) (—@ +772Qcan<ZJE7/07 g, 77)) Y = 07
where

-3/2 32

3.15 o =422 4 B+ L P 7
(3.15) Q T +z—77—1/20+4(z—77_1/20)2
with
(3.16) E = p* —40°.
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To prove Theorem 3.1 and Theorem 3.2, we need the following

Lemma 3.3. Let ¢(t,n) (I = —2,—1,0,1,2,---) denote the coeffi-
cient of (x—X\;,(t,n))" in the expansion of Quimy (J =1, 34, 11-2, IV)
in powers of (x—\j,(t,n)) with t being sufficiently close tot.. Then
we find

(3.17) co = n°cy.

Proof. For the sake of definiteness we discuss the case J = IV. This
is the situation that seems to be most complicated in its appearance.
Actually the computation in other cases is slightly simpler than that
given below, and the logical structure of the proof is the same in all
cases. Throughout the proof of this lemma we let @ denote Qv )
with an instanton-type solution being substituted into its coefficients.
As in Section 1, we let (9 denote

3¢, qu

3.18 —L —

318 L
with ¢ being given in (1.11) and we define Q by

(3.19) 7°Q — Qy

(cf. (1.17)). For the sake of the notational simplicity we assume j, = 1
in what follows. We also set

(320) Xj =T — )\j(t, 77)
Then for J = IV with v = 2, we see by (1.20) and (1.15)
1 m
(3.21) =5 H X;
j=1
and
N 2x
(3.22) a(=aqy.m) =4 t=
[1X;
j=1
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Note that the factor 7! in ¢ does not appear for J = [ or [I-2; it
appears only for J = 34 or IV.

Our strategy of the proof is to write down the relation (2.2.2) in
power series of X (including negative degrees). We start with the

following relation (3.23) that is obtained by the substitution of (1.18)
into (2.2.2):

(3.23) Qs = Qo + Qr = aQ, + 2a,Q),
where @Q; ete. stand for Q) /0t etc. First we note

qx 1
(3.24) - = — -

q o1 Xj X
Since )

q) . q q
we use (3.24) to find

3¢, qu

3.25 Mg _ Goz
33 Q-



Hence we obtain

1/ 1) (& A 1[N LRpY
om -3 (X 1) (T8) % (S3) X
j=1 j=1J j=11J j=1J
where )\;- etc. stand for d);/dt etc. On the other hand, in view of the
explicit form (1.5) of @, we see that Q has the form
a(t,n)
X1
when expanded in powers of X7, which is regarded as a small quantity.
We now compute the coefficients of X' (I = 3,2) in (3.23).
Let A; (j > 2) denote

(3.27) + 6(t,n) + O(X4)

(3.28) Nj =X — A
We first compute the expansion of a and a, in X;. If we write a as
1 2
(3.29) a=fl2) with fz)=- o
1 HXJ
j=2
we readily find
(3.30) a= = f) + A (M) X1 + O(X7)
: X, )+ oA A 1
f(A\) d 2
= 1+ (—1 X X
x, \(LH(ggls )| | X+ O
and
d 1 d
3.31 —1 =——+4+(—1 X
331)  lsa=—o+(zlef) | +OMX)
L (1 (dl O X1+ 0(X3)
=——|1—=(=—1lo :
X1 dx 5 T=A\1 ! L
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Hence we obtain

d
3.32 = a—1
(3.32) a; = a——loga

_f) d
= — 5% <1+(%10gf)

r=

X1+ O(X12)>
A1

dx

X (1 — (ilog f) , X1+ O(Xf))
T=A1
i)
Xi
Here the symbol O(1) means that the part consists of terms which
contain a factor of the form X7 (p > 0). We note that the absence
of terms of order O(X; ') in a, is observed for J’s other than IV; the
existence of the extra factor  in a has nothing to do with this fact.

Since

+O(1).

(3.33) F) =
IR
j=2
and
d 1 &K1
(3.34) (GGlsh| = v -2
T=\ = j
it then follows from (3.27), (3.30) and (3.32) that
(3.35)
aQ; + 2a,Q
A d
— (5 s e |+ o0 (—+0)
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+2 (—f§?;> + 0(1)) (% + 6+ O(X1)>

1

-2 - asn s )|, 5+ 00X
. [_204;”((;\1) Qﬁi(;\l) +O(XT 1)]

- ?’O‘fgﬁ — f(A) [a(% log f)

X7

r=

+ 26] — +O(X )

_ 2@“1 ;3 _ ?1 [a()\i —Em: 1)+25}—+O(X1‘1).

| ESE | EYR K
=2 =2

On the other hand, (3.26) and (3.27) entail that the left-hand side of
(3.23), i.c

(3.36) ’Qr = Qo + Qr,
has the form
(3.37)
3N, A== 1 1)1 ' a\, o
— —— | —=+0(X — +0(1
[2X3 2(% ; x>X12+ S X12+X1+ 1)
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By comparing (3.35) and (3.37), we find

3 =
(338) —6&)\1 = 5)\1 A]’
=2
and
M w1 1
_ =l — — — 19
(3.39) 5 ZAJ- .
j=2
1 1
= lzaAl (Z —> — 20 — 40 | ——.
j=2"" HA].
j=2
Thus we obtain
A4
and
U 2 46\
3.41 —\ ——— |+ 1A =
j
j=2
le.,
2
p N[N 1 1\ &
3.42 = | ZLTTaA ) -2 — = A
I 0 O T D SE e D 1 6

Next let us compute the contribution from Qs to n*Q, i.e., 5_; and &
given below:

(3.43) 61 =n’c_1 —
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and
(344) 50 = 7]260 — ﬁ

To find these quantities we rewrite Qo in (3.25) in powers of X as

follows:
(3.45)
2
1 1 1 1 [ 1 1
Q2_4X12+2X1 ij 4 ZYJ X,
J=2 J=
1 [~ 1 1 1 [N 1 1
w2l et | ] i
J=2 j=2 ""J
2
3 lew1 /1 1 1 [~ 1
412*22%(1)9)*4(2)9
7=2 j=2
1 1 1 1 [~ 1 1 [~ 1 1
- (x-3) = Z])*z P5el v
j=2 j=2 "/
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Thus we find

(3.46)

and

Combining (3.40), (3.42), (

and
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Therefore we obtain the required relation:

(3.50) (°c-1)* = n’eo,

le.,

(3.51) co = n°cty.

This completes the proof of Lemma 3.3. O

Proof of Theorem 3.1 and Theorem 3.2. In proving Theorem 3.1 we
construct the series z(x, t, 1) by using the induction on the degree of 7.
To explain how Lemma 3.3 is used in the induction procedure, we first
examine the structure of the right-hand side of (3.9) assuming that the
series z is given, regardless of the validity of the equality (3.9). In what
follows we assume jy = 1 for the notational simplicity, as in the proof
of Lemma 3.3. In view of the relations

82\ 1 Z'(N) 3,
62 (5) e maoh

(3.53)

(82)2 1 R S OO
0r) (z—z(A\,t,m)? (x—=M)2 2"(\) 2=\

2 2"(N\) 1 [(Z'(\) 2
+{§ 2'(A1) _Z(z’(h)) }—I_.”7
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where z'(A1) ete. stand for the derivatives of z(x, t,n) with respect to
x that is evaluated at x = Ay, we find the right-hand side of (3.9) is of
the following form:

(3.54)
3 —3/2 ) (1) 3y 2N 1
A v
4(39—)\1)2—'_17 P Z( 1)+4?7 Z/O\l) 33—)\1
. 3 9 (")
1 ‘() 2E(1) < 1/2 (1) 1 \ 7 1

+42' (M) 2(A)* + 1,

where 71 is a sum of terms of order O(x — A1). If we further assume
(3.12), we find the coefficients & (I = —1,0) of (x — \;)! in (3.54)
satisfy the following:

(3.55) o = n°c,.

Thus Lemma 3.3 lets us expect that we can construct the required
series z by first adjusting the coefficients of (z — A1)~! in both sides
of (3.9) and then defining the constant £ by (3.12). Note that the
most singular part, i.e., the double pole part, is the same in both sides
of (3.9). To put this expectation into practice, we use the induction on
the degree of . In what follows we choose

N 1/2
(3.56) 2o(x, t) = (A \/ Q1m0 da:) :

We also note that the relation (2.2.5) enables us to choose

As a convention we choose
(1) (1)
(3.58) Py =B, =0,
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Our task is to construct the series z(x,t,n) so that (3.9) may hold. In
view of Lemma 3.3 and (3.54), the series should eventually satisfy

32 C-1 3 _qp 2"(M)

B0 =Ry T

(3.60) EW = p1? —dnz(X, t,n)*.

To construct the required series, we let A = Ag+ Ay V2 Ayt
+ Agjo 3%+ (with Ay jp = 0) denote the left-hand side of (3.9)
minus its right-hand side. We then prove the following assertion (A),,
by the induction on n, starting with n = —1.

(A)n We can construct z(;.9) 2, pé% and Ej% (j=0,1,...,n) so
that the following relations (3.61), and (3.62), are satisfied:
(3.61),, Ajjp=0forj=0,1,...,n+2

(3.62), (3.59) and (3.60) hold modulo terms of

order at most or equal to 77_(”“)/2.

It is clear that (\A)_1 holds by (3.56), (3.57) and (3.58). Let us suppose
(A),—1 to hold. We can then construct ,07(,3)2 (resp., ES/)Q) as the homo-
geneous part of degree n/2 (with respect to 1) of the right-hand side
of (3.59) (resp., (3.60)). Note that in constructing pg/)z through (3.59)
we only need zjo up to j = n + 1 since ¢ = O(n~') holds thanks
to Lemma 3.3. Thus (3.62), is attained. On the other hand, A(,19)/

has the following form:

020\ 0%(n+2)/2
(3.63)  Apsays —8z8( ax) o

020\ °
+ 82 <a—£> Z(nt2)/2 T Bint2)/2,
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where R, 9)/2 s a function defined by {z;/2}j<nt1, {pj/2}j<n—1 and
{E;/2}j<n- Furthermore (3.62),, attained above guarantees that

n+2

(3.64) > Ay
j=0

has no singularity at x = Ay and that it vanishes there modulo terms

of order at most or equal to n~"*3)/2 while the induction hypothesis
entails
(3.65) Njjp=0 (7=0,1,...,n+1).

Therefore we find

(3.66) Apgay2 =0

at = Aj . Since

(3.67) 20(A10(t),t) =0
by its definition, we conclude

(3.68) Riny2)/2(A10(t), 1) = 0.
This means that we can divide the equation
(3.69) Aguiays =0

by zo(,t) to find an ordinary differential equation for z,9)/, that is
with regular singularity at @ = Aj(¢) with the characteristic index
—1. Thus we can find a holomorphic solution z(,19y/2 of (3.69), as
is required by (3.61),. Hence the induction proceeds, completing the
proof of Theorem 3.1. In particular we have obtained (3.59) and (3.60).
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Then (3.48) and (3.59) entail that we have, for J =1V,
(3.70)

B (92
pM = —p 1/2(6 (Au(t,n), tn)
1
N

m 1 m
%HA 10N

Jj=2

0%z /0z*
0z /0x

3
4

93=>\1(ta77)
On the other hand the explicit form (3.22) of ary ) readily implies

_ H;n:2 AJ’
21

1

3.71
(3.1 X10(1v,m)

=M1 (t,n)

and

daimy . /0
(3.72) ( aavm /O | 1)

IV, m) X1

SRR
A\
z=A1(t,n) j=2

Combining (3.70), (3.71) and (3.72) we obtain (3.11) for J = IV. The
computation can be done in the same way for other J’s. This completes
the proof of Theorem 3.2. ]

4 Splitting of the top order part of (AG),,

Once we obtain Theorems 3.1 and 3.2, the next thing to do would
be to try to extend the domain of definition of the series z(x,t,7n) so
that it may contain the simple turning point x = a(t) of (SL),, that
merges with x = A, o(t) at t = 7. Such an extension is done in [KT2]
when m = 1. As we will see in Section 5, we need to confirm some
particular instanton structure of pUo) and ¢U0) in attaining such an
extention when m is greater than 1; our reasoning there requires that
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the top degree part péjO) and 0(()‘70) of pl0) and o) contain instanton

terms whose phase functions are ‘related to” the P-turning point in
question. Here a phase function related to the P-turning point in
question is, by definition,

(4.1) / t v (t)dt or / t Vi om(t)dt

in the labeling (2.1.1). To confirm (4.1) we use in this paper Theo-
rem 4.1 below. Our proof of (4.1) in [KT6| is somewhat more com-
plicated but more elementary in the sense that it does not use the
Hamiltonian form of (Pj),,.

Theorem 4.1. The top degree part of the Fréchet derivative (AG j)p,
of (Gj)m (J =1,34,11-2, IV) at a 0-parameter solution splits into
a direct sum of 2 X 2 systems.

Proof. Let K denote the Hamiltonian of (G'),, and let (A©), ;(0)

denote a 0-parameter solution of (G ;),,. An explicit way of the pre-
sentation of Theorem 4.1 is then given as follows:

0K .
(4.2) <6>\~6)\ > =0 (G#k),
T2 =00,/ o
0K .
(4.3) (axa ) =0 (G #k),
T =00 0/ 0
and
0K
(4.4) (a > ) =0 (j#k)
HICHE] (3 j0=00,40)/ o
Here
2K
15) (af K )
T2 =0,/ 0




etc. denote the 0-th degree (in n) part of 92K /OX;0\ ete. evaluated
at the O-parameter solution. In what follows let the symbol

0*°K
4.6
oo o,
stand for (4.5). We also use the symbol N; to denote
(4.7) Ty =20
k7j

To begin with we observe that the results in [Kol] and [Ko2| (cf. Ap-
pendix) imply that

(4.8) K = iNjFO‘j?Mj?t)

J=1

for some polynomial F'(\, u1,t). Hence we find

0K OF
(49) 5= (50 ) Q)
Therefore we have
02K
4.10 =0 (5j#k),
(4.10) S =0 UK

which immediately entails (4.4). It also follows from (4.9) that
’K N; (OF

i —cUy (Ajs 55 t)
8)\k8pbj 8)% 8,&

holds if 7 # k. On the other hand, looking at the highest degree part
of (G ), in n, we find

(4.11)

(4.12) oK =0, j=1,2,...,m.
8,uj 0
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Then (4.9) entails

oF

(4.13) e

()\j,ﬂj,t)] :0, j=1,2,...,m
0

Therefore (4.11) proves (4.3). Thus what remains to be proved is
(4.2). In proving (4.2) we may assume without loss of generality that
(7,k) = (2,1). In order to prove (4.2), we first show

0?K 0K L OK
(4.14) NN (A1 —Ag) o (A2 — A1) T
Since we find
0K
4.1 — | = ) =1.2....
( 5) [a)\]]() 07 ] Y Y, 7m

by observing the highest degree part of (G ), in 1, we can deduce
(4.2) from (4.14). In what follows we use symbols F;; and F} to denote
respectively

(4.16) E(Nj, g, t)
and
OF
(4.17) (5> (Aj, g, t);
for example we have
N;
(4.18) ml Z F + N, F.
Concerning ON,;/O\; etc., we can readily confirm the following rela-
tions:
0N, _q
4.19 — = — A — A N
(4.19) N, <kz>;( 1= Ak ) 1
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ON, ) .
(4.20) a—Af = (A —M)7TN; (5 >2),
ON .
(4.21) a—xl = (M=) (j>2),
J

(4.22) Z—ZE = — (Z(Ag - Ak)l) No.

Hence we find

(4.23)
0>N,
= —2(A — M) 2N — (A — M) M=) N
IO (A1 —A2) "Ny — (A1 — o) (;(1 k))l
and
(4.24)
0> Ny
= 2N — A) PNy — (Mg — ) Ao — M) H ] N
6)\18>\2 ( 2 1) 2 ( 2 1) (;( 2 k) ) 2
Combining these relations, we obtain
(4.25)
0K ~ _
P N F] — (Z(Al — ) 1) NFL+ ) (A = M) N,
1 k>0 j>2
0K
(4.26) 7 =NoFy — (Mo — \1) ' No Fy — (Z(Az = )\k)1> Ny Iy
k>3

+ (A1 = Xo) TNIFL 4 ) (A = N) TN E,

Jj=3
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(4.27)

0’K 1 g -
(9)\1(9)\2 = ()\2 — )\1) N2F2 — 2()\2 — )\1) NQFQ
— (A=A (Z(Az - Ak)‘1> N, F,
k>3

—2(A\1 = A) NI P — (A — M) ! (Z(Al — Ak)—1> N Fy

k>3

+ (A1 = X) INLF 4> (0 = X) TN = A)TINGE

j=3
Then (4.25) and (4.26) imply
0K 0K
4.2 e ik W el
(428) (M = da) o=+ (o = M) o

=(A1 — ) IINIF — (A — \) AN

— (A — A7 <Z()\1 — )\k>1> N1 Iy

k>3
— (A = X) PN F (A= X)) (N = M) TINGE]
Jj=3
+ (Ao — M) TENGEY — (Mg — M) AN F

— (A=A <Z()\2 — )\k>1> Nobs

k>3
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— (A= X) TPNIF A+ (o= M) [ D) (N = o) T INGE]
j=>3
Let us now compare (4.27) and (4.28). First, the coefficient of Ny F}
(resp., NoFy) is (A1 — o)™t (vesp., (A2 — A;)™1) in either case. Secondly
the coefficient of Ny F] is

(4.29) —2(A = A2) = (A = A) (Z(M - )\k;)_1>

k>3
in either case. Note that —(\; — X\o) 72N F} originates from both
OK /0N and OK /O)g in (4.28), giving the factor —2(A; — Ag) 2. The
situation is the same for the coefficient of NoF5. Finally let us compare
the coefficients of N;F; (7 > 3). It is

(4.30) (A=) My = M)
in (4.27), while in (4.28) it is
(4.31) A=) O = A) P e = M) T = )

= (A=) = 2) T = (A=)

= (A = A) A = A)
Thus they coincide. Summing up all these comparisons, we have con-

firmed (4.14). This completes the proof of Theorem 4.1. O

5 Structure theorem for instanton-type solutions of (Py),,
near a simple P-turning point of the first kind

The purpose of this section is to prove our main result (Theorem 5.1.1)
which shows that near a simple P-turning point of (P;),, of the first
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kind we can transform an instanton-type solution A ; of (G ),, associ-
ated with the P-turning point to an appropriate 2-parameter solution
of (P)1, the classical (i.e., second order) Painlevé-I equation. In Sub-
section 5.1 we first fix our notations and then we present our main re-
sult. In Subsection 5.2 we recall the definition of the system (DCan),
i.e., the simultaneous equations (C'an) and its deformation equation
(Dean), which was introduced in [KT2]. Then in Subsection 5.3 we
show the local equivalence near the double turning point z = Aj, o(¢)
between (DCan) and the simultaneous equations (SL ), and (D),
which shall be denoted by (DSL ;),, in what follows. In Subsection 5.4
the local equivalence is further ameliorated to become a semi-global one
covering not only the double turning point but also a simple turning
point x = a(t) of (SLy), that is found (Subsection 5.1) in conjuc-
tion with the P-turning point 7 in question. The resulting semi-global
equivalence plays a key role in Theorem 5.1.1.

5.1 The geometric setting for the main result

In order to state our main result in a precise manner, let us first
clarify the geometric setting which we use in our subsequent discussion.
[t is basically the same as the situation we encountered in Section 3. See
also [K'T5H, Section 3]. Let us start with a simple P-turning point 7 of
the first kind of (Py),, (J =1, 34, 1I-2, IV) that does not coincide with
any other P-turning points of (Pj),,. As was noted in Section 3, there
exists a pair of turning points of (SL )., one a double turning point
T = \j, 0(t) and the other a simple turning point = a(t), which merge
at t = 7. These two turning points of (SL),, will play a central role
in our analysis in Subsections 5.3 and 5.4. Next we fix a point o (# 7)
that is sufficiently close to 7 and that lies in a P-Stokes curve emanating
from 7. A characteristic feature of ¢ is that the double turning point
r = Aj,0(0) and the simple turning point = a(o) are connected by
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a Stokes curve v (i.e., a Stokes “segment”) of (SL;),,. Actually the
mathematical definition of the “sufficient closeness of o and 77 is given
through the appearance of this degeneration of the Stokes geometry of
(SLj)m. (See [KT5, Appendix B] for the proof.) Since 7 is supposed
to be of the first kind, we can find a pair of characteristic roots, say
(Vjys Vjg+m), of the Fréchet derivative (AG j)p, so that

(5.1.1) Vigtm = —Vip,
(5.1.2) Vo(T) = Vjyem(T) = 0,
and

t )\jovo(t)
(5.1.3) / vy(s)ds = 2 / ) V Qumolw, t)dz
T a(t

hold. We let ¢, (t) denote

(5.1.4) /t vj,(s)ds.

Note that the P-Stokes curve in which o lies is given by

(5.1.5) Im ¢, (t) = 0.

Note also that Theorem 4.1 implies that the degree (—1/2) part (in )
Ajo.1/2 of the instanton-type solution Aj, of (G ), is of the form
(5.1.6) ajo,00(t) exp(n¢,(£)) + jym,0b(t) exp(—n¢;, (1))

with some constants aj, o and o, 1m0 and some analytic functions a(t)
and b(t) (cf. (2.1.4) and (2.1.5) in Subsection 2.1).

Using the setting so far described, we now present our main result
which asserts that the solution A (t,n) of (G ;) can be locally trans-
formed near o to an appropriate 2-parameter solution of the classical
Painlevé-I equation.
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Theorem 5.1.1. Suppose

(5.1.7) EW) 2,

Then there exist a 2-parameter solution Mi(t,1: 31(n), B2(n)) of the
equation

d2)\1
a2
where Gi(n) = > >0 Bim™t (i = 1,2) with (i being a constant,
a neighborhood w of the point o, a neighborhood ) of the Stokes
segment 7y, T(x,t,n) = > 5 Zipa(, t,m)n % with 39 being holo-
morphic on Q X w and t(t,n) = > 10 fl/gn_l/Q with fl/g being holo-
morphic on w for which the following hold:

(5'1'9) 53<>‘jo(t777)7t7 77) — 5\I<£<t777)777; B)a

(5.1.10) a0 = 2¢Bro and ojysmo = 2¢~ o holds for a constant
¢ that depends only on Eé‘m),

(5.1.8) N2 (607 4 1),

(5.1.11) Zy/9 and fl/g vanish identically,

(5.1.12) the n-dependence of ;)5 and tl/g s only through instan-
ton terms that they contain, and %o, %1, to and t; are
free from instanton terms.

5.2 Systems (DCan) and (DSL ),

As is shown in [KT2, Proposition 2.1], the system (C'an) in Defini-
tion 3.1 is compatible with another equation (deformation equation)

&p _ 4 8@ 10Ac.n

H.2.1 D.on can—— — —

( ) ( ) ds dz 2 0Oz 14
with

(52.2) A = !

2<Z o 77_1/20-cam)7
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on the condition that (pean(s, 1), Tcan(s, 1)) satisfies the following Hamil-
tonian system:

( dpean

d - _4770can
(5.2.3) (Hean) - ¢ °
dacan _
\ dS - anaIl'

In what follows we use the symbol (DCan) to denote the simultaneous
system of equations (Can) and (D ay):

(5.2.4)
( 82
<—@ + 772Qcan(z, Ecan(S, 77)’ pcan<3; 77)7 UCaﬂ(‘Sa 77)7 77)) Y = 07
<
g _ A 8_90 . lﬁAcan
9s” MNP, 2 9z O

In parallel with this notation we use the symbol (DSL),, to denote
the simultaneous system of equations (SLy),, and (Dj),,, that is,

( 62
(—@ + ?72Q(J,m)> Y =0,
(5.2.5) <
0 p—a, 20 100um,
(Ot Jm) or 2 Ox =

Although Theorem 3.1 guarantees that

N\ 12
5200wt =(52)  letatan e

solves (SLj)m, near x = \j,0(t) if ¢ is a solution of (Can) with
(Peans Oean) = (pW90), gl0)) 4 given by (5.2.6) does not satisfy (D), in
general; we have to find an appropriate correspondence between s and
t besides the change of variables z and x. The results in [KT2] indicate
that we should be able to find such a correspondence by requiring the

38



existence of infinite series

(5.2.7) s(t,n) = syt

>0
which satisfies
(528) ﬂ<j0><t777) — pcan(3<t777)777)
and
(5.2.9) o 0)(t, 1) = ocan(s(t. ), n).

In the subsequent subsections we first construct the series s(t,n) that
contains some free parameters and then adjust the constants so that
the series z(x, t,n) and s(t,n) thus constructed may satisfy (5.1.9). At
the first step we show in Subsection 5.3 that

I\ 12
(5.2.10) Y(x,t,n) = (%) o(z(z,t,m),s(t,n),n)

is a solution of (DSLy), near x = X o(t) if ¢(z,s,7n) is a solution
of (DCan). In Subsection 5.4 we construct a semi-global equivalence
between (DSL ), and (DSLr); on a neighborhood of the Stokes seg-
ment v of (SLy), by appropriately combining the transformations
constructed in Subsection 5.3, and then we prove that the constructed
equivalence gives the required relation (5.1.9).

5.3 Correspondence between (DSL;),, and (DCan)

The purpose of this section is to establish a local correspondence
near © = \;,0(t) between a solution of (DCan) and that of (DSL ),
by finding an appropriate transformation s = s(¢,n). Our first task is
to construct s(¢,n) so that s satisfies (5.2.8) and (5.2.9). To undertake
this task we first note that the compatibility of (SLy), with the de-
formation equation (D), entails the following invariance property of
the constant £U0)(¢, 1) in Theorems 3.1 and 3.2.
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Lemma 5.3.1. The series EU0)(t,n) is independent of t.

Proof. Let Seqq denote the odd part of Sz,,), that is,

1o _
(5.1 = (St = S5m)
where S(ijm) respectively denotes the solution of the Riccati equation
associated with (SLj),,, namely

dS

5.3.2 S* 4+ —
(5.3.2) -
whose highest degree part in 7 is 1. /Q () 0. Animportant property
of Sead, or, as is often the case, denoted by S ) 0dd, Is that it satisfies

aS(J,m),odd . 0

(5.3.3) . ax<a(J,m)S(J,m),odd)a

as a consequence of the deformation equation (Dj),, that the wave
function v satisfies (cf. [AKT, Section 2]). It is also well-known (e.g.,
[KT4, Corollary 2.1.7]) that (3.9) entails

dz

%Scan,odd(z(ma t; 77)7 t, 77)7

where we define Scan odd 1 the same way as Soqq by using (can instead

= 0’ Q(1m);

(5.3.4) Sodd(x; t, 77) =

of Q(sm) in (5.3.2). As a consequence of these properties we obtain

(535) j{ Sodddl‘
|1’_)‘j0,0|:(S

0z
- j{ Scan,odd(z(xa t, 77)7 t, ﬁ)6—d$
|z—Xj,,01=0 x

— j{ Scan odddz = W_ZE(]O)
=0 :
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for sufficiently small positive numbers ¢ and ¢’. On the other hand,
(5.3.3) and the definition of S,qq entail

0 0
(5.3.6) a 7{ Sodddx = f%(aumsodd)da: = 0.
This completes the proof of the lemma. ]
We also note that, if we define E..(s,n) by

(537) Ecan — Pzan - 40-§an7

the series Fi,, is also independent of s; in fact (Hqy,) implies
d dpPean docan

5.3.8 _Ecan =2 can™ 5 8 can™ 7

( ) ds p ds ¢ ds

= —8NPcan0can + SNOcanPean

= 0.

Actually the series FE.., can be explicitly expressed in terms of the
constant defined by (G can, Pean) as follows: (Gean, Pean) has the following
form as a solution of (H,q,):

(5.3.9) Oean(8, 1) = A(n) exp(2ns) + B(n) exp(—2ns),

(5.3.10)  pean(s,n) = —2A(n) exp(2ns) + 2B(n) exp(—2ns),

where A(n) = >~ Al/zn_l/2 and B(n) = > 1~ Bl/zn_l/2 with A; 9
and Bj/y being constants. It then follows from (5.3.7) that

(5.3.11) FEean = —16A(n)B(n).

In particular, we find

(5.3.12) Eeano = —16A0By.

On the other hand, for the a-dependence of E0) we have the following
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Lemma 5.3.2. (i) The highest degree part EéjO) of BW) =% E 5/2 Yy
satisfies

(5313) EéjO) = COajo,Oajo—l—m,O

for some non-zero constant Cy which is independent of the free
parameters {ozj}1<]<2m contained in an instanton-type solution.

(i) For any odd integer [, Ez(/2) vanishes.

Proof. 1t follows from (3.11) and (5.1.6) that

5314) A = - (iﬂ&wO(%wMW%@hmm%ﬂﬁ

— gm0 (E) (1) exp(=n5 (1)) /2601, o (Vo)

where
(5.3.15) by (1 £71) = (= Njo(t, 1)) (1,77,
On the other hand, (3.13) implies
o) _9%0
(5.3.16) 05" = (Aipo(t))(ajy0a(t) exp(ng;(t))

+ O‘jo+m,0b(t) eXp( _n¢jo (t)) :

, we now prepare the following

(Jo)

In order to compute Ej

Sublemma 5.3.3. For J =1, 34, II-2 or IV we find

(5.3.17) <%>4 =V /(zmg i (AJOO))2

x:>\j070
for zy in (3.2).

Proof of Sublemma 5.3.3. Let us first recall that
(5318) Q(ij)jo = (det Bo)/(a(J7m)70)2
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holds for the matrix B used to define the Lax pair that underlies (Py),,
in the notation of Appendix A. (See [KKoNT] and [KoNT] for the proof

of (5.3.18).) Then the Taylor expansion of the highest degree part of
(3.9) shows with the help of (5.3.18)
det BO

(Z — Njg.0)*(a(rm)0)?

(5.3.19)

T=N\;

0,0 T=N\;

70,0

Since we know ([KKoNT, Proposition 2.1.3 and (2.3.8)], [KoNT})

2
_ Y

(5.3.20) det By =2,

x:>\j070

we conclude
02 4 . 2
(5.3.21) (%> =12 / (45&271),0(%0)) .

This completes the proof of the sublemma. ]

I:)\jo’o

We now resume the proof of Lemma 5.3.2. Since it follows from the
definition of EU0) that

holds, we deduce the following relation (5.3.23) from (5.3.14) and (5.3.16):
(5.3.23)

E(()]O) — (@?0,0a2 exp(zngbjo) + Oé?g—l—m,ObQ eXp<_277¢Jo))

1 (0 = (G - Oz 2
X 1(%(%0,0)) Do (bu,m),o()\jo,o)) —4(%()\9@,0))

1 (920 —2 . —2
- §O‘j070ajo+m,0ab (%O%ﬁ)) Cb;% <bg]?7)n),0<)‘10=0>)
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620 2
= 8y 0y +m, 00D (%()‘jo,o)) :
As it follows from the definition that
(5.3.24) Viy = B
(5.3.17) and (5.3.23) entail

820

2
(5325) E(()]O) = —16Oéj0’00{j0+m’0ab <a—x<)\j0’0>> .

Then we find by Lemma 5.3.1 that

5320 Cult) ) (SEnnal0.0))

is independent of ¢. Thus we obtain (5.3.13). This completes the proof
of the assertion (i). To confirm the assertion (ii) we again note (3.12).
Then by the “alternating parity” structure of instanton-type solutions
(Appendix B), EMY (I: 0dd) is a sum of monomials of instantons of

1/2
odd degree. This means that it cannot be a constant unless it vanishes
identically. Therefore Lemma 5.3.1 shows (ii). []

In view of our definition of instanton-type solutions (Appendix B),
the assumption a;, 0j,+m0 7 0 enables us to choose (A(n), B(n)) in
(5.3.9) and (5.3.10) so that the following relations may hold:

(5327) Ecan — E(jO)a

(5.3.28) Ayjy = Byjy = 0.

Fixing (A(n), B(n)) in this manner, we construct s(¢,n) so that it sat-
isfies (5.2.8) and (5.2.9). To describe the precise structure of s(¢,n)
we summarize its properties in Lemma 5.3.4 below. We call the atten-
tion of the reader to the fact that the series s(t,n) relates the objects

44



attached to (DSLj),, with those attached to (DCan). Thus its role
is substantially different from that of the series £(¢,7) used in Theo-
rem 5.1.1 and to be explicitly constructed in Theorem 5.4.1. The series
t(t,m) relates the objects attached to (DSL y),, with those attached to
(DSL);.

Lemma 5.3.4. Let us consider the problem in the setting de-
scribed in Subsection 5.1. In particular, let w denote a neigh-
borhood of the point o that is close to, but different from, the
P-turning point T wn question. Then we can construct a series
s(t,n) = > 150 81/2(1, n)n~!? so that it satisfies the following condi-
tions:

(5.3.29) Tean(s(t,1),1) = Y0 (t, a, ),
(5.3.30) Pean(s(t,n),m) = pY0(¢t, a,m),
3. each s;/5(t,m) 18 holomorphic on w,
(5.3.31) h sy (t,n) is hol h
1
(5.3.32) So(t) = §¢jo(t)a
(5333) 81/2 = O,

(5.3.34)  s1(t) = %log <A01aj070a(t)%()\jo7o(t), t))

1 3 .0z _
(- Lo (ot i)

(5.3.35) s159(t,m) (I = 3) is a polynomial of instantons of degree

(1—2).
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Proof. Here and in what follows we use the symbol

(5.3.36) [Ocan(s0(t) + 1 s1(t), )]

to denote the degree [ part (in 1) of Gean(So(t) + n71s1(t), n) with
counting the degree of an instanton to be 0 by convention. We first
construct (s, 51/2(= 0), s1) by using

(5.3.37) [Tean(s0(t) + 17 s1(t), o = (¢, ),
and then confirm that it also satisfies
(5.3.38) [Pean(s0(t) + 17 's1(t), o = P90 (¢, 7).

We find by (5.3.16) that

(5.3.39)  Agexp(2nsy + 2s1) = @jo,oa(t)%(Ajo,U(t)) exp(ne(t))
and
(5.3.40)

0z
By exp(—2nsy — 2s1) = Oéjo+m,ob(t)a—;(>\jo,0(t)) exp(—noj,(t))

should be satisfied. It is then clear that we should choose sy and s; so
that they satisfy

(5.3.41) so(t) = %ijo(t)v

(5342) AO exp(231(t)) = ozjmoa(t)%()\jo,o(t), t)
and

(5343) BO exp(—QSl(t)) = OéjOij’Qb(t)%()\jO’Q(t), t)

On the other hand, (5.3.12) and (5.3.25) tell us that the condition
(5.3.27) reads as

0z ’
(5344) —16A0B0 = —16ozj070aj0+m,0a(t)b(t) (a—;(Aj()’()(t), t)) .
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Note that

5345 Cult) = alpe) (SEmal0)0))

is independent of ¢ (cf. (5.3.26)). Thanks to (5.3.44), (5.3.42) and
(5.3.43) are simultaneously solved if we choose s1(t) so that it satisfies

_ 0z
(5.3.46) exp(2s1(t)) = A; 1aj0,0a(t)a—£(xjo,o<t), t).
Furthermore the relation (5.3.21) guarantees the functions sg(t) and
s1(t) thus chosen also satisfy

(5.3.47) [Pean(50(t) + 1 Ls1(t)]o = p§ (¢,)

(with the interchange of indices of jy and jo+m so that the appropriate
sign of v, is chosen in the relation (5.3.21)). In fact, (5.3.47) holds if
(5.3.41) and

(5.3.48)

2A( exp(2s1)

| 0 o | o
- §Oéj0,oa(t) <8—Zx0(>\jo,0(t)at)) @ (1) (bgf?f)n),o()‘ﬁ)’o(t)’t)) ’

while (5.3.48) follows from (5.3.21), (5.3.24) and (5.3.42). Thus we
have found sy and s; that satisfy (5.3.37) and (5.3.38).

Let us now embark on the construction of s;/5(t,n) (I > 3) by the
induction on [; we construct s;/; by supposing that sy (I' <1 —1)
have been given. The method is basically the same as that used in the
proof of Lemma 3.1 of [KT2]. However, as pt%) and o) may contain
instanton terms other than exp(£nne¢,,(t)) (n € Z), we have to pay
some attention in the construction procedure. To make our argument
clearer we prepare the following
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Sublemma 5.3.5. Let T' denote exp(ne;,(t)) and let f = >3/ a;T"
and g = Zf:_p biT! be instanton-type solutions given by (2.1.4) and
(2.1.5). Assume that

(5.3.49) (T — BT7Y)f = (T + BT Y)g

holds for some instanton-free series o and 3 whose top degree parts
oo and By satisfy

(5350) 04060 7é 0.
. . ) —1
Then there exists an instanton-type solution h = Zf:_p +1 c 1"
which satisfies
(5.3.51) f = (aT + BT Hh.

Furthermore ¢; is a linear combination of ap’s (—p < k < p) whose
coefficients are described in terms of o, 3, and 71,

Proof of Sublemma 5.3.5. Let foven (r€sp., fodd, Geven and goqq) denote
the even degree (in T') part of f (resp., the odd degree part of f, the
even degree part of g and the odd degree part of g). By rewriting

(5.3.49) as
(5.3.52) (@T? — B)f = (aT? + B)g,

we compare the even degree parts and the odd degree parts in (5.3.52)
to find

(5.3.53) (@T? = 3) foven = (T2 + B)Geven

and

(5.3.54) (aT? = B) foad = (aT? + B)goad;

hence we obtain

(5.3.55) (T = BT7") foven = (T + BT ™) Geven
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and
(5'3'56) (O‘T o ﬂT_l)fodd — (OzT + ﬁT_l)godd-
Therefore it suffices to show the existence of A by

(i) assuming f and g are both of even degree in T
and

(ii) assuming f and g are both of odd degree in T'.

As the logical structure of the proof is the same either in case (i) or in
case (ii), here we only consider the case (i), i.e., the even degree case.
Let us suppose

(5.3.57) f=Y ayT”
l=—n

and

(5.3.58) g=Y byT”
l=—n

Then, multiplying both sides by a T we find (5.3.55) can be
written as

(5.3.59) (T2 — o~ B)(T?" f) = (T2 + o~ B)(T™"g)
Hence it follows from (5.3.59) that

(5.3.60) (T f) = 0.

T2=—a~1p

In what follows we use the following expression for T2 f and T*"¢:

n 2n
(5.3.61) Tf = T =" T,
[=—n [=0
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n 2n

(5.3.62) T7"g = byT™H =) 170,
I=—n 1=0

that is, we let a; = ay(,—;) and I;j = bon—jy ( = 0,...,2n). Under

this notation we can readily confirm the following “division” formula:

2n 2n—1
(53.63) T*'f =Y aT** ) = (T"+a7'8) Y eI ey,
(=0 (=0

where ¢y = ag¢ and
(5.3.64) & =a -+ (—a'Bag1+ -+ (—a ' B)ag

for [ =1,...,2n. In particular, (5.3.60) implies

(5.3.65) Gon = (T*"f) ey 0,
and hence we obtain
2n—1
(5.3.66) T f=(T?+a'B) ) T,
(=0
that is,
2n—1
(5.3.67) f=aNaT + 4T (Z elT2n—1—21> .
=0
Thus, letting
2n—1
(5.3.68) h=a 'y Tt
=0

we obtain (5.3.51). This completes the proof of Sublemma 5.3.5. [

We now resume the proof of Lemma 5.3.4. By using the Taylor
expansion of exp i2(33/277_1/2 + o F sl/gn_(l_2)/2), we deduce the
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relation (5.3.70) below from the requirement

(5.3.69)

[Ucan(s()(t) st + szt )22 4 syt ?7)]
- 0-((‘58)2)/2@7 77)7
(5.3.70)

(1-2)/2

X2
Agexp(2nsog + 2s1) — Byexp(—(2nsg + 2s1)))’
where X5 is a polynomial of instantons of degree (I — 1) by the in-
stanton structure of o0) (cf. Appendix B) together with the induction
hypothesis, i.e., (5.3.35). Furthermore it follows from (5.3.69) and
(5.3.27) that
(5.3.71)

[pcan(SO(t) oo st ), ?7)2] (
holds. Hence (5.3.38) entails
(5372) |l solt) + -+ sysltomyy )] = ol olt ).

Then, in parallel with the way of deducing (5.3.70) from (5.3.69), we
obtain from (5.3.72) the following relation:
(5.3.73)

SZ/Q(t7 77) - 2(

_ | 04 2]
1-2)/2 [p (&) (1-2)/2

Y
—4(Agexp(2nsg + 2s1) + Byexp(—(2nso + 2s1)))’
where Y/, is a polynomial of instantons of degree (I —1) by the instan-

ton structure of pl0) together with the induction hypothesis. Combin-
ing (5.3.70) and (5.3.73) we now find

s12(t,m) =

_ 1 _
(5.3.74) (T = BT Xy = —5(aT + BT )Yy,
by choosing
(5.3.75) a = Agexp(2sy),
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(5.3.76) B = —Byexp(—2s1),

(5.3.77) T = exp(2ns0).

Therefore Sublemma 5.3.5 guarantees that X, is divisible by (a1 +
BT~1) in the polynomial ring generated with T' and T~ with instan-
tons in the coefficients. Hence (5.3.70) implies that s; is of the re-
quired instanton structure (5.3.35). Thus the induction proceeds, com-
pleting the proof of Lemma 5.3.4. ]

Remark 5.3.1. Although we have imposed constraints (5.3.27) and
(5.3.28), there still remains arbitrariness in the choice of either Ay
or By /9, say Agj/o. This arbitrariness is inherited to s;/o.

The series s(t,n) constructed in Lemma 5.3.4 together with the
series constructed in Theorem 3.1 brings the simultaneous equation
(DSLj)m to (DCan); the precise statement is as follows.

Proposition 5.3.6. Let us consider the problem in the setting of
Subsection 5.1; in particular, we assume (5.1.7). Let ¢(z,s,n) be a

WKB solution of (Can) that satisfies (Dean) also, and let (x,t,n)
be given by the following:

Oz, t,m)\ "

(5378) ¢($at777) — T gp(z(xﬂfan)ﬂg(tan)an)a
where z = z(x,t,n) and s = s(t,n) are the transformations given
respectively by Theorem 3.1 and Lemma 5.5.4. Then (x,t,n)
satisfies (DSLy)m, i.e., the simultaneous equations (5.2.5) near
Tr = )\jO,O(O-)-

Proof. First we note that the s-dependence of Qcan is through FEe.n,
Pean and Tean. Since we obtain Se,, by recursively solving the Riccati
equation

85
2 can
(5.3.79) St + -
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in an algebraic way, the s-dependence of S¢ay is also only through Eean
(= p2, — 402 ), pean and Oecay, that is,

(5380) Scan(za S, 77) = Scan(za pcan(Sa 77)7 O-C&D(Sv 77)7 77)

Now, as is well-known (e.g. [KT4, Corollary 2.1.7]), the relation
between Q) and Qcan given by (3.9) implies the following relation
(5.3.81) between Syqq given by (5.3.1) and Sean odd:

(5.3.81)
0z(x,t, ‘ ‘
PLELIN G, aa(ela ). 49 (1) o)1)

On the other hand, (5.3.29) and (5.3.30) means that the right-hand
side of (5.3.81) is identical with

0z
(5.3.82) %Scan,odd(z(xa t,1m), Pean(8(t,n); M), Oean(s(t,m), 1))

Hence, by using (5.3.80), we find

Soad(x,t,n) =

0z(x,t,
(5.3.83)  Soaal(z, t,n) = %Scan,odd(z(x, t,m),s(t,n),n).
Then, differentiating (5.3.83) by ¢, we obtain
aSodd - 822

(5.3.84)

at axatScan,odd(Z(x,t,n), S(t’n)jn)

+ 0z ascan,odd(z(xa ta 77)7 S(t, 77)7 77) 0z
Ox 0z ot

+ aScan,odd(Z(xa t, 77)7 S(t, 77)7 77) ds
0s ot |
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It then follows from (5.3.3) and (5.3.83) that

0 0z
(5385) % {a(J’m)%Scan,odd(Z(xa tv 77)7 S(ta 77)7 77) }

0 [0z
= % {Escan,odd(z(a% t, ?7)’ S(t’ 77)7 77)}

0z Os aScan,odd(Z(xa t 77)7 S(tv 77)7 77)

"oz ot Js
Since we know
aScaun,odd L 0
(5386) Os - 6Z(Acanscan,odd>a

we can rewrite (5.3.85) as
0 0z 0z
(5387) % { (a(J,m)% — a) Scan,odd(z(xa ta 77)7 S(ta 77)7 77)}

ds 0z 0O
—= E % & (AcanSCan,Odd)(Z(x7t7?7)7 S<t7?7)7?7)}

Os 0
B ot Ox {(AcanScan.odd)(2(, £, 1), s(t,m),m)}

that is,
(5.3.88)

0 0z 0z 0s
% { (a(J,m)% - E - Acan%) Scan,odd(z(xa t, 77)7 S(t7 77)7 77)} = 0.

Here we recall [KT1, Proposition 2.2]; its proof applies to the current
situation without any changes and it shows the following:

aw(x7 t7 77) o 8¢ 1 aa(ij)
(5.3.89) o0 "U™ar 3 on
follows from the relation
0z 0z 0s
5.3.90 — — — — Ap— =0
(5.3.90) Wmar T ot ot
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on the condition that ¢ solves (DCan). Thus our task is to deduce
(5.3.90) from (5.3.88). To attain this task we follow the way of reason-
ing in [KT2, Section 3|; that is, we introduce the following two symbols

J and K and we deduce J = 0 from the relation (5.3.93) below by
using the induction on the degree in n~%/% in 7

(5391) \7 - 2(2’(33’, t: 77) o n_l/zaCan(S(ta 77)7 77))

y (a(J’m)az(a;,t,n) ~ Oz(z,tn) Acanﬁs(t,n)> |

ox Ot ot

_15(331'10 t t
2(Z($7t777) — 7N O'C&D(S(tvn)7n)
It is then clear that (5.3.88) can be rewritten as

(5.3.93) %(jm — 0.

In order to make the induction argument run smoothly, we prepare the

following sublemmas:

Sublemma 5.3.7. In the current situation we find

(5.3.94)

- : 02\
P (¢, ) <25§]},’3n> <%> )
0 : 0z 3 .y 0?2 0Oz
12 Y Go) U< O (o) Y~  Us
g {8:1: (b(“ﬂ) (8x) + (Qb(J’m)ﬁxQ (975)} ‘

Sublemma 5.3.8. Let X denote x — \j, and let O(X") denote a

J0
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sum of terms containing a factor X™ (m >1). Then we find
(5.3.95)

0s
ot
T=\;

T = 2b<j0) 0z ’
B (J;m) oxr
70

) 025 0 (i (02 502 02 z
[<Bb m) )2 283:([]’ )(6m) 26t Oz X +0(X5).

=0

Proof of Sublemma 5.3.7. Using the definition of o), we differentiate
both sides of (5.3.29) with respect to t to find

(5.3.96)
d0can 0 0 d\,, 0
a gs _ '/ el jo | 9%
ds ot Ox dt 0Ot
s=s(t,n) =\, (t.n) r=Aj, (t,n)
On the other hand, (3.11) entails
d\; 0z

5.3.97 10— — fop!/2plingie) =
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Thus we have confirmed (5.3.94). ]

Proof of Sublemma 5.3.8. Using (5.3.29), the definition of o) and
the Taylor expansion in X, we obtain

0z 1 9%z 5
(5.3.99) j_Q{% X455 X
l‘:)\jo :L':)\jo
(Jo)
1 . 0b
3 (Jo) (J;m)
.T:)\jo $:>\j0
0z 0%z
2 —_ -
+O(X )) (81‘ + 52 X
r= jO .T:)\jo
0z 0s
2 —_ —_ —_
+O(X )) <8t - O(X)) } 5
$:>\j0
P
_oplio) (9% _0Os
(Jm) \ O ot
Ir= jO
9
Gy 92 %2 0 Gy \ (0%
[%(Jm)@x dx? 28x <b<Jm>) (6x
0z 0z 5
— 2 o E] X +0O(X7)
.T:)\jo
Thus we have verified (5.3.95). O

Let us now resume the proof of Proposition 5.3.6. Our strategy is
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to employ (5.3.93) to prove that
(5.3.100) T=> 0T
k>0

vanishes by using the induction on k. Let us first confirm Jy = 0.
Since Fjy does not vanish by assumption (5.1.7),

(5.3.101) pi" £ 0.
Hence (5.3.94) shows
2
(Jo) 0% Osy _
(5.3.102) 267 (6—33) -5 =0,
$:)\j0’0

and then Sublemma 5.3.8 implies

(5.3.103) Jo = 0.
x:)\jO’O
Since Ky = 1, this means
(5.3.104) JoKo = 0.
.T:)\jo’o

Therefore (5.3.93) proves Jo/KCy, and hence 7 also, vanishes identically.
Let us now suppose

(5.3.105) Jip =0 for k < k.
Since

820
5.3.106 — 0
(53.106) ol 7o

(0z/0x)|,—, is invertible and its inverse is of degree equal to or at
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most 0 in . Hence Sublemma 5.3.8 entails

(5.3.107) (a—j Mm) / ( gf; r=); )

ox
0z 3 () 0%z (% jO )y 0z
or 2 Umpg2 81‘ ox

x:)\jo
Then (5.3.105) implies that the left-hand side of (5.3.107), and hence
its right-hand side also, is of degree equal to or at most (— (ko + 1)/2)
in 1. As the right-hand side of (5.3.94) is (—1)n~'/? multiple of the
right-hand side of (5.3.107), the left-hand side of (5.3.94) is of degree
equal to or at most (—(kg+2)/2). Again using the assumption (5.1.7),

we then find that
- 7

2
Go) (9%
3.1 2
(5.3.108) (b <ax>>
T=Ajy (ko+1)/2

i.e., the degree —((ko + 1)/2) part in n of the second factor of the
left-hand side of (5.3.94), should vanish. Then Sublemma 5.3.8 implies

(5.3.109) Tikor1)/2

0s

= 0.

=Xj0.0
On the other hand the induction hypothesis (5.3.105) and (5.3.93) en-
tail

(5.3.110) 86; (Ttko1)/2K0) = 0.
Combining (5.3.109) and (5.3.110), we find
(5.3.111) Tg+1)/2K0 = 0.
Thus we have shown

(5.3.112) Tkop+1)2 =0,



as Ky = 1. Therefore the induction proceeds, completing the proof of
Proposition 5.3.6. ]

The zig-zag reasoning between (5.3.94) and (5.3.95), which is the
core part of the induction used in the proof of Proposition 5.3.6, has
proved the following results as a by-product.

Proposition 5.3.9. In the situation discussed in Proposition 5.3.6
we find the following relations:

(5.3.113) g‘j <Qb <g;)2>

dz 3 () 0%z 6[’ jO ) 0z
3.114 —— ——p
(5:3.114) ot 2 b (Jm) 92 6m ox

9

x:)\jo

= 0.

x:AjO

Combining (5.2.8), (5.2.9) and (5.3.113) with (Hay), we obtain

Corollary 5.3.10. In the above situation we have

/ )
80'(]0) ( ) 62 2
ot 2 (b (6m)
.
ap(JO) _ _877 [)(jO) % 2
ot (Jm) \ Qg N

\ Jo

Remark 5.3.2. An important consequence of (5.3.113) is that the series
s(t,m) is uniquely fixed modulo an additive infinite series in 7 that is

(5.3.115)

free from t.

5.4 Semi-global equivalence of (DSL;),, and (DSL;),

Proposition 5.3.6 enables us to construct a local correspondence be-
tween (DSLj),, and (DSL;); near the double turning point x =
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Njo.o(t) of (SL )y, by using (DCan) as an intermediator. Here (DS L)y
is the same as (DSLp) in [KT2| by its definition. The local correspon-
dence thus constructed is an almost unique one, but it is not really
unique; it inherits the arbitrariness contained in s(t,n) that is noted
in Remark 5.3.2. By appropriately getting rid of the arbitrariness we
can analytically extend the local equivalence so that it may be defined
on a neighborhood of a simple turning point x = a(t) of (SLy),, in
the setting described in Subsection 5.1. As we will show at the end
of this subsection, the semi-global equivalence thus obtained gives us
the transformation (2(x,t,n),(t,n)) used in Theorem 5.1.1. As three
systems of differential equations, (DSL ), (DSLr) (= (DSL;);) and
(DCan) are involved in the construction of the transformation, we use
the following symbols to facilitate the identification of the differential
equation studied at that spot: (z,t) designates (resp., (Z,1) and (z, s))
the independent variable of (DSLj),, (resp., (DSL;) and (DCan)),
and we normally put the SymbOIN(reSp., suffix “can”) over (resp., to)
the quantities relevant to (DSLy) (resp., (DCan)), as possible as we
can. For example, the symbol godd(i‘, t,m) means the odd part of a so-
lution S of the Riccati equation associated with (SLy), and Seaq(x, t, )
(resp., Scan.odd(2, 8,m)) stands for a similar object which we encounter
in analyzing (DSL ), (resp., (DCan)). We believe that the usage
of symbols employed here is systematic and reasonable by itself. In
stating the following Theorem 5.4.1, we use the same symbols as those
introduced in Subsection 5.1. The logical structure of the proof of The-
orem 5.4.1 is essentially the same as that of Theorem 4.1 of [KT2], but
for the sake of completeness we include it here without paring it down.

Theorem 5.4.1. There exist a neighborhood V' of o, a neighbor-
hood U of the Stokes segment ~ that connects \;,o0(o) and a(o),
holomorphic functions Typ(x,t,n) on U x V and t;5(t,n) on V
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(I =0,1,2,--+) for which the following conditions (i) ~ (vii) are
satisfied:
(i) The function ty(t,n) is independent of n, and it satisfies

(5.4.1) 0, (1) = 1(fo(1)),

where ggl(f) designates the phase function that appears in an instanton-
type solution \; of the classical Painlevé-1 equation (5.1.8).

(ii) dto/dt never vanishes on V.

(iii) The function To(x,t,n) is also independent of n, and it satisfies

(5.4.2) Zo(Njy0(t),t) = Aro(fo(t))
and
(5.4.3) Tolalt), t) = —2Aro(to(t)).

(iv) 0Z¢/0x never vanishes on U X V.

(V) Z12 and t Jo vanish identically.

(vi) The n-dependence of %2 and t5 (I > 2) is solely through
instanton terms originating from those in \j,(t,n), and Ty and

tij2 are polynomials of instantons of degree at most (I — 2).

(vit) For &z, t,n) = Y g Zupa(a, tm)n ™" and t(t,n) = 300 ot mn "2,
the following relation holds:

0%(x,t,m

(5.44)  Qum(z,t,n) =< 5 )> Ql(i(az,t,n),f(t,n),n)

1

o 577_2{57(1’7 t? 77)7 CU},

where Q1 designates the potential that appears (SLt) and {&; )}
stands for the Schwarzian derivative.

Proof. Since Zg(w,t) and to(t), i.c., the top degree part of the trans-
formation that satisfies (i) ~ (iv), have already been constructed in
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[KT5, Section 3.2], it suffices to construct higher degree parts of the
transformation. Let us first fix a correspondence among parameters of

(B1(n), B2(n)), (A(n), B(n)) and (a1, aa, . . ., oy, ). Using the assump-
tion (5.1.7) and Lemma 5.3.2, we can fix (A(n), B(n)) and (51(n), B2(n))

so that
(5.4.5) Ei = E oy = EW)
holds. Then Lemma 5.3.4 enables us to find ¢90)(¢, 1) and #(£,7) so

that they satisfy the relations (5.4.6) ~ (5.4.9). Here we note that the
corresponding object is denoted by s(¢,7) in Lemma 5.3.4.

(5.4.6) Tean(tYO(t,m), 1) = oW, ),
(5.4.7) pean(t) (8, 1), m) = (2, ),
(54.8) ean(ti(t,n),m) = G1(t, n),
(5.4.9) pean(tr(t, m),m) = pr(E,m).

Here (671, 1) denotes the infinite series corresponding to (oU0), plio)) for
(DS Ly), where jj is uniquely fixed and usually not referred to.

In parallel with the above usage of symbols tW0)(¢,n) and (£, ) we
let (xU0)(x,t, 1), t90 (¢, 1)) and (z1(Z,t,n), t1(t,n)) denote respectively
the transformation with which we find a WKB solution #(x,t,n) of
(DSL ), from a WKB solution @ean(z, s,m) of (DCan) by defining

(5.4.10)
(Jo) 172 . .
Vi, t,m) = (ax éﬁ’t’")> pean (20, 8,m), €0 (2, m), )

and the transformation with which we find a WKB solution 91(Z, £, )
of (DSL;) from a WKB solution @ean(z, s,m) of (DCan) by defining
(5.4.11)

~ Or1(7,t, 172 s .
¢I(357t777> — ( I( n)> Pcan (1’1<£U,t,?7),t1<t,77>,77) :

o0x
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We note that both transformations were designated simply by (z(z, t,n),
s(t,n)) in Proposition 5.3.6.

In order to construct the required series Z(x,t,n) and ¢(¢,n) using
the above transformations, we first note that (5.3.32) together with
(5.4.1) (or, originally, (3.2.6) of [K'T5]) entails

(5.4.12) t§0(t) = trolfo(t)).

This means that (o) is not a P-turning point of (P;); that is,
(5.4.13) to(o) # 0.

On the other hand it follows from (5.3.32) that

dtiof) 1déi( — 30\
(5.4.14) Lolt) _ 1 gbIE):\/S)\IO(t): )
i 2 di = 2

and hence it does not vanish at #y(c). Therefore ti(¢,7) is invertible
near to(o). Similarly (3.6) guarantees that (2, t,n) is also invertible
near (Zo(Xj,0(0),0),to(0)) = (Ao(fo(0)),to(c)). Thus the transfor-
mation

2 = x1(Z, 1,
(5.4.15) (2,87
S = tI(ta 77)
can be inverted as
~
(5.4.16) oo 9511 (2, 8,1)
t=t; (s,1m).

Using this inverse transformation, we now define

F(z,t,n) =y 2V (z,t, 1), 190 (¢, n),n)
t(t,n) =ttt n),n)

near (x,t) = (\j,0(0), ). The relation (5.4.17) may be also expressed

(5.4.17)

64



as

(5.4.18) {xﬂf(x,t,n) i(t,m),m) = 20 (£, 1)
ti(t(t,m),n) = tWol(t,n)

Then (5.3.83) entails

(5.4.19)

Ox\0) (g, ¢, | |
Sodd(x; t, 77) = ( (éx 77)) Scan,odd <l’(‘70)($, t, 77); t(‘]O)(t; 77)7 77)

_ Oxy(&(z,t,m), t(t,n), m)
ox

X Scan odd (1‘1< (37 t 77) tN(ta 7])7 77)7 tI<£(t7 7])7 77)7 77)

_ (%) (&(x,t,m), {(t, ), ) W

X Sean,odd (371( (z,t,m), (t n),n), it (1277):77)7?7)

— W&Odd( (z,t,7), E(t n), 77)

This relation means that the series (Z(z,t,7),#(t,n)) enjoys the re-
quired properties near (z,t) = (Aj,0(0), ). However, it may be sin-
gular at x = a(0); our task is to adjust the free parameters that (¢, )
contains so that #;/9(x,?) may be holomorphic near (z,t) = (a(o), o).
We also note that (5.4.18) enables us to deduce the following relations
(5.4.20) and (5.4.21) from (5.4.6) ~ (5.4.9):

(5.4.20) a1(t(t,n),n) = oW (t,n),
(5.4.21) pu(E(t,m),m) = P, m).
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To find an appropriate way of fixing the free parameters contained
in £(¢,n) we first construct a transformation

(5.4.22) y(x,t,n) Zyl/g z,t,n)n

1>0
that brings (SLj)n, to (SLi); near the simple turning point x = a(o).
Contrary to the situation near x = X o(0), Q) is non-singular near
x = a(o). Hence the reasoning in [K'T4, Section 2] readily applies to
our situation, and we can construct the series g(x, t,n) that satisfies

5428)  Smponae,tn) = LS u(gte 1), Eem) )
near (z,t) = (a(o), o). In the course of the construction of g, one finds
that g2 is a polynomial of instantons of degree equal to or at most
[ — 2 (cf. Appendix B).

For the computation required for the adjustment of the constants
we prepare following series:

(5.4.24) R(%,t,n) = / ) n_1§170dd(w, t,n)dw,
def J 231 0(%)
(5.4.25) Fla,t,n) = R(&(x,t,n),1(t,n),n),
(5.4.26) G, t,m) = R(g(w,t,m), 1t,n),n).
It then follows from (5.4.19) and (5.4.23) that
oOF N
(5.4.27) o 1S(J,m),odd(xa t,n)
and
oG N
(5428) % =1 1S(J,m),odd(xa t, 77)
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Hence we find

0
(5.4.29) o —(F—-g)=0.
Next we try to prove

0
(5.4.30) 875(]: G)=0.

In order to prove (5.4.30), we prepare the following

Sublemma 5.4.2. For the functions a(j,,) and a1y that appear
in the deformation equation, we find

0x(x,t, 1)
(5.4.31) — =
di(z,t,m) . Ot(t, n
= et LD Gt ) P

Proof of Sublemma 5.4.2. Since we have confirmed (5.3.90) in the
course of the proof of Proposition 5.3.6, we have

(5482 (o) Hglio) (jo)
ox\0) Qg0 . , oo
A(Jm) (QZ, t) o o ot - Acan<x(j0) (QZ, t 77)7 t(]O) (ta 77)) ot =0
and

ox1 (9331 o~ ~ Oty

— — Acan ,t,m),ti(t,n)— =0,
05 o (w12, ¢, m), talt, n)) a7
On the other hand, we differentiate the relation (5.4.18) with respect
to x and ¢ to find

(5433) (@, 0)

0x1 0 Ozl
5.4.34 — =
( ) 01 T=7(z,t,n) ox ox ’
fzf(tﬂ?)
(5.4.35) % 0z L9 0x1 @ B H o)
o OF | si(wsy Ot OF ) Ot Ot

t:t(t n) t:i(
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and

oty
ot

ot  otlo)
) ot ot
t=t(t,n)

Substituting (5.4.32) and (5.4.33) into (5.4.35), we obtain

(5.4.36)

~ U 89@1(50, LT, ?7)
a1 (7, t) 9

A o) , , otlo) (¢,
— a(J,m)(:U,t) I _Acan<5€<‘70)(ﬂf,t,’l?),t(m)(t,n))%.

Since (5.4.18) entails

(5.4.38)

Acan(21(3 (2, t,7), f(tﬂ?),77),tl(f(t,n),n))atl(t%%n)’n) 8755;;77)

. ‘ +o) (¢
— A (290 (2, £, 1), t00)(t, n))a—(ﬂ?)

ot
(5.4.36) and (5.4.37) imply
8391 65% - ~a~ ax(]O)
5.4.39 — T, t)— t :
pa39) T (G rounediz) |, —somE0 g
fz{(tvn)
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It then follows from (5.4.34) that

(5.4.40)
EﬂLan)( T(z,t,m), ( 1)) ot = a(J,m)(l‘,t)(f)—x-
Thus we have obtained (5.4.31). O

Remark 5.4.1. An important point in Sublemma 5.4.2 is that we can
confirm (5.4.31) despite the fact that z(z,t,n7) may be singular at
the simple turning point x = a(t). As [KT1, Proposition 2.2] shows,
(5.4.31) rather straightforwardly follows from (5.3.3), the deformation
equation for the odd part of a solution of the Riccati equation, if the
transformation series involved is defined near a simple turning point.

We now resume the proof of Theorem 5.4.1. Using Sublemma 5.4.2,
we find

oOF B OR Ox N OR 8_f
ot 9z ot ot ot
15 or . Ot OR Ot
=1 Slodd a(J,m)% - a(I,l)a - E o

On the other hand, the deformation equation (5.3.3) applied to gl,odd
implies

(5.4.41)

OR 1. e & .
(5.4.42) 9 U 151(1,1)(5’37 t)S10ad(T t, ).
Hence it follows from (5.4.19) that
oF  _
(5.4.43) ot =1 1a(J,m)S(J,m),odd-

As we noted in Remark 5.4.1, (5.4.31) is valid if we replace z(z, £, n)
by g(x,t,n). This means that the above computation of 0F /0t is
equally applicable to the computation of 0G/dt, that is, we find

0G _
(5.4.44) ot =1 1a(J,m)S(J,m),odd-
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Therefore we obtain (5.4.30).
It then follows from (5.4.29) and (5.4.30) that

(5.4.45) F—G=> Cypn

[>0
holds with a genuine constant C/s.

Let us now prove the following assertion (C); for any [ by the induc-
tion on /.

(C)1 An appropriate choice of t;/2 guarantees the vanishing of Cj
and the coincidence of x5 and y)s.

It follows from the definition of xy and ty that (C)y holds. Since
Tijo = Y12 = 0 and tyo = 0, (C); is trivially valid. Let us now
suppose (C); holds for every k < [ and that [ is even. Let H(l/2)
denote the part of (Fj/2 — Gjjo) which is irrelevant to 5’1,_1; that is,

Z(z,t,n) N B
(5.446)  H(1/2) = Fijp — Gyo — / S, it ) dw
—2A10(to(t))
glx,tm) _ ~
_/ . SI,—1<w7t(t7n>)dw
—2A10(to(t)) 1/2

Thus H(1/2) consists of terms originating from Sy, (j > 0). On the
other hand each term in H(l/2) is of degree (—1/2) in n by its definition.
Hence only Zy /o and g/ (I',1" < 1 —1) are relevant to H(I/2). Then
the induction hypothesis implies that H(l/2) should vanish. Thus we
concentrate our attention to the terms relevant to 5”17_1. Then by using
the Taylor expansion we find

T(ztn) ~ ylztn) N
(5.4.47) / ) 517_1(w,t)dw—/ o Sioi(w, t)dw
—2)\1’0(5) _2)‘1,()(‘1:)
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— 5’17_1(@)’ f){(n_ljjl S n_l/2il/2 + .. )

— (7 g P )

108 1 -

+ 555 (@0, 1) {n @+ = 'n+)}

Hence terms that contain Z;/ or /2 and that contributed to F;/2—G; /2
are

(5.4.48) St—1(o, to) (F1/2 — Guy2)n 2.
Recalling the concrete form of 5’1’_1, we obtain
(5.4.49)

Cl/2

— 2/ + 220(Eo(1)) (20 — MolEo(t)) (Fyala, t,m) — Gl t,7)).

We now apply the same reasoning to (5.4.19). The degree —(I — 2)/2
in ) part in the last term in (5.4.19) is then seen to be of the following

form:
5 2 0Ty
(5450) 517_1(1’0, t())
ox
Oy S _1 S
+ axo 825 1(370(5’3775),750(75))375/2
OFo OS1 _1 o
+ 83:0 (‘315 1(900(%75)7750(75))751/2

+ Ryjo (Zo, - Za-1)2, tos -+ 5 ta—1)2)
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where Rty /5 is determined by &/, and tn o with ', 1" < 1—1. Then the
top degree part of the deformation equation (5.3.3) applied to Sieda
entails

(5.4.51) agl;‘l _9 <\/35+2X1,o(5)> .

ot 0z
Thus it follows from (5.4.19) that we find the following:

(5.4.52) ({% (2\/92‘0(37, t) + 210(Fo () (Fo(, ) — 5\1,0(50(75)))@5/2>

(ai (V ol ) + 2ot >>) t}/g) § Rys

= S(ym),(1-2)/2(Z, t, 7).
Exactly the same reasoning applied to (5.4.23) entails the following;

(5.4.53) a%(2\/g0(x,t)+2XL0(£0(t))(?Jo(x,t) Aro(f ()))y5/2>

n (a% (\/gjo(x,t) + 2§1,o(fo(t))> fw)

+ Ryo(Fo, -+, Gu—1)/2, tos -+ > La—1)2)

= S(1m).(1-2)/2(T, t, ).
Since 7/ is non-singular at x = \j, o(t), comparison of (5.4.52) and
(5.4.53) with the help of the induction hypothesis entails that g/, has
an at most simple pole near x = A, o(¢). That is,
dyo(t,m) — ty2(t, m)
2&o(x-t) — Aro(to(t)))

(5.4.54) i =

+ (non-singular function near x = \j, o(¢)),
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where d, is determined by Z/, and flu/g with I/, I < (I —1). Sub-
stituting (5.4.54) into (5.4.49) and evaluating the resulting function at
T = \j,0(t), we find

(5.4.55) V30t Eyalt,m) = dyalt,m) = Cipo

Since /5(t, ) contains a free parameter originating from the arbitrary

parameter (A;/2, Bj/2) contained in (pean, Ocan), We can choose some
point ¢, at which Cj/, in (5.4.55) vanishes. Then it follows from (5.4.49)
that ;2 = g2 holds. Since [ is even by the assumption, [ + 1 is odd.
This means C(j41)/2 is a sum of monomials of instantons of odd degree.
But then it should vanish to become a constant. Therefore we find
T(1+1)/2 = Ya+1)/2- Thus the induction proceeds, completing the proof
of Theorem 5.4.1. ]

The semi-global transformation (z(x,t,n),%(t,n)) found in Theo-
rem 5.4.1 is the required one in Theorem 5.1.1. Actually Sublemma 5.4.2
entails

(5456)  2((a.tn) — M(E( ), g PEE b, Ot )

ot ot
. j‘(a;z;n) — 5\1(5(15,77),77) (‘ﬁ‘(x,t, 77)
X jo(tsm) L
as
N 1
(5.4.57) a1 =

2(& — Mi(t,m))
Since the left-hand side of (5.4.56) is non-singular at x = X\;,(¢,n), we
find

(5.4.58) (Nt ), t.m) = MilE(t,m), 7).
This is the required relation (5.1.9). Thus Theorem 5.4.1 together with
Sublemma 5.4.2 proves Theorem 5.1.1.

73



Appendix A: Basic properties of the (P,)-hierarchy
(J =1 34, 112 or IV) with a large parameter 7

For the convenience of the reader we list up the symbols and equa-
tions we use in this paper. We basically follow the notations used in
[Ko2|, and as its consequence the symbols used here sometimes dif-
fer slightly from those used in [KKoNT]. For example, the differen-
tial polynomial Fj(c) of w given by (A.1.2) below corresponds to G,
in [KKoNT], the constant 2 in (A.1.1) below is designated by ¢ in
[KKoNT], and so on. In this appendix we confine our attention to the
notational aspect of the problem, and we refer the reader to [Ko2| con-
cerning the theoretical issues such as the equivalence of two expressions
etc.

A.1 Definition of (P),, and (P,

As is discussed in [KKoNT, Appendix B|, Pj-hierarchy can be ex-
pressed in two different but equivalent ways. Here, and in what follows,
we use the symbol (F;),, to denote the following equation:

(A.1.1) Fti1(c) +29t =0,
where Fj(c) is, by definition,

m
(A1.2) File) = epFjp (with ¢ = 1),

k=0
Here F}’s denote appropriately normalized Gel’fand-Dickey polynomi-
als with a large parameter 7; they are polynomials of the (unknown)
function u and its derivatives, and they satisfy

dFy  odF AR _du

A13 28, 8 o
(A.13) a7 g Ty Tt
with

(A1.4) Fy=1/2.
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We note that they are normalized as follows:

<A15) F1 =u,

d2

(A16> F2 :3U2 + 77_2d—t7;,
d*u du 2 d*u
A17 Fo=100®+ 902 [ 10u— + 5 — g —
(A.L7) 3 =10u” +1 (udt2+ (dt>>+n e

and so on. In the equation (A.1.1) we normally assume
<A18> C1 = Cnpy1 = 0

by adding appropriate constants to w and ¢ respectively. In practice,
we usually abbreviate F,,1(c) to Fp,.

Another expression of P-hierarchy given below is denoted by (]51)m,
which is denoted by (F;),, in [KKoNT].

(A.1.9)
4
dus
~ /'7_1%:21}] (j:1727"'7m)
(PI)m . < dv.
U_ld—tj = 2uj1 +wu; +w;)  (J=12,...,m),
\
where
(A.1.10) U1 = At
and

1 J J—1
(A.l.ll) W 25 Z UpWj—fy1 T Z UpW;—f
k=1 k=1

-1 j—1
i _ _
—5 E VRV i, + Co(2uj — E UR;—i) + ;.
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A.2 Correspondence between (F;),, and (]51)m

For a solution u of (P}),,, the equation (P),, is satisfied by (u;, v;)1<j<m
defined by (A.2.1) through F; given in (A.1.2) if constants 4 and
¢; (0 < 7 < m) are chosen to satisfy (A.2.2) below.

4 L dF,

(A21)  wy==270F, v = =2 = (1<) <m),
j+1

(A-22) V=4 G = 27 Z Cjpricy (0<j<m).
k=0

Conversely if (u,v;)1<j<m is a solution of (P),,,

(A.2.3) u = —2(u; + &)

is a solution of (Fy),, on the condition that the relation (A.2.2) is
satisfied.

A.3 Lax pairs (L), for (F),, and (il)m for (]51)m

The m-th member of (P;)-hierarchy is the compatibility condition
of the following system (L), of linear differential equations, which we
call the Lax pair underlying (Pp),,.

( —

on 1ty ?;D Aw (A3.1.a)
(A3.1) (Lp)m : 4 _
oy -
=
T B (A.3.1.b)
with
—77_1%7; 2F
A32) A= +N
(4.3.2) LOPF



(A33) B—( . 1),

rz—u 0
where
(A.3.4) F =) (4a)"F,
j=0
and
0 0
A.3.5 N = .
(A35) (—(fmﬂ ot o)

Remark A.3.1. The Lax pair (A.3.1) is slightly different from that
given in [GP]. (See [KKoNT, Appendix B| also.) We add a matrix N
to A of [GP] in such a way that the compatibility condition of (A.3.1)
exactly becomes F,11 + 29t = 0 instead of (d/dt)(F+1 + 27t) = 0.
For the role of the matrix /V see also Remark A.7.1 below.

On the other hand, the Lax pair (Ly),, that underlies (P),, is given
as follows:

) 152% _ Ay (A.3.6.)
(A3.6) (Li)m : $ ot
n‘la—f — By (A.3.6.b),
where
(A.3.7)

~ 0 2
B =
(U1+I/2—|—50 O)
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with

(A.3.9) Ulx)=2" — Z wjx"
j=1
(A.3.10) Vi(z) = Z vix"
j=1
(A3.11) W(z) =Y wa™.
j=1

Note that the relation (A.2.1) entails that the (1, 2)-component of the
matrix A is the same as 4™ multiple of that of A.

To avoid some numerical complexity in the description of the associ-
ated Hamiltonian (to be given in Subsection A.4 below) we assume in
this paper that 4 = 1/2; this means that we can choose the constant ©
in [Ko2] to be 1. This choice of the constant 4 causes, however, a tiny
difference between the Lax pair used here and that used in [KKoNT].

A.4 The Hamiltonian structure of (P7),, ([Ko2, Theorem
1.10])

Let us choose (A1, ..., A, 41, - - -, i) SO that they satisfy

m

(A4.1) Uz) = H(m —\)
and
(A.4.2) pi=VERy) (1<j<m)

for U(z) and V(x) defined respectively by (A.3.9) and (A.3.10). By
letting N; (1 < 7 <m) denote

(A.4.3) IT =2
k=12,...m
ey
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we define

(A.4.4) H, = ZN — (A2 +Zt AR
k=1

for complex numbers {tk} 7. It is known ([Ko2]) that H; is a Hamil-
tonian for the degenerate Garnier system G(m + 5/2;m).
Set

(A.4.5) ty =t + 26,
and
<A46) tj = Qém_j+1 (2 S j S m)

in Hy, and let K denote the resulting function of (£; A1, ..., Ay 41y« - 5 fm)-
Then the system (P}),, is equivalent to the following Hamiltonian sys-

tem (G1)p:

(dA; 0K .

E_nﬁ,u J=12,...,m)
Wi O G 9 m)
\ dt 778)\] ] ) )t °

A.5 Definition of (Ps),, and (Py).n

In view of the results in [CJP] we study (Ps4)-hierarchy as an equiv-
alent substitute of (Pi1)-hierarchy in [KKoNT]. One advantage in
studying (Ps4)-hierarchy is its intimate connection with (Pp)-hierarchy;
a similar connection is also observed between ( Ppy)-hierarchy and (Pyp.z)-
hierarchy discussed in the subsequent subsections. We note that the
awkward naming (Ps4)-hierarchy is due to its relevance to the equation
numbered XXXIV that appears in the classical study of the Painlevé

property ([I, p.340]).
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The m-th member of (Ps4)-hierarchy is, by definition,

d2]—' dF, i

+ 4u(Fpp + 29t)* 4+ k2 = 0,

where 7 is a large parameter, v (# 0) and x are constants and F,,, =
Fn(c) is a sum of Gel'fand-Dickey polynomials given in (A.1.2). In

what follows we use the symbol I, to denote the left-hand side of
(A5.1), ie

d2]—" dF,, .

+ du(Fypy + 29t) + K

Another expression of (Psy)-hierarchy is given by (Psy),, below ([Ko2,
Theorem 2.3]).

(A.5.3)
([ du; ,
nld—tjzzvj (1<j7<m)
~ dU' '
(Psa)m - 3 n_ld_t] = 2w + w1 + wy) (1<j<m)
~ N ~ (Vm — 1 '7/2)% — R
U1 = — W + Colly — YE(U1L + Co) + . )
\ + ( ) 2<Um . ’}/t)

where wj; is a polynomial of (u;, vy)i<;r<; which is recursively deter-
mined through (A.1.11) containing constants ¢;, and ¢y, ¥ and & are
also constants.

A.6 Correspondence between (Ps), and (Pi), ([Ko2,
Theorem 2.3])

For a solution u of ( Psy),,, the equation ( Psy),, is satisfied by (u, v)1<j<m
defined by (A.2.1) with the help of F; if constants 7, & and ¢; (0 <
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J < m) satisfy
j+1
(A6.1) =4y E=4T"k G=2"Y "¢ e

Conversely, if (uj,v;)1<j<pm satisfies (Psg)m, u = —2(u; + &) is a
solution of (Psy),. (Note that [Ko2, (2.3)] contains some typogrphical
errors; 7 = 4™ 1y £k = 27"k in [Ko2, (2.3)] should be replaced by the
first two relations in (A.6.1). In what follows we correct such errors
without mentioning when citing formulas in [Ko2|. We refer the reader
to [Ko3] for a list of corrections of typogrphical errors in [Ko2].)

A.7 Lax pairs (L), and (L), ([GP], [Ko2])

The Lax pair (Lsa)m (resp., (Lsa)m) that underlies (Psy), (resp.,
(P34)m) is as follows:

( —
477_17xg—w = AJ (A.7.1.a)
(A7) (Lsa)m : § o
O —
-1—— =B AT1.
U VY (A.7.1.b)
(A.72)
oOF
1 —n‘l(a— +27) 2(F + 29t)
A=5 Ler | OF N
N +2(x —u)(F+29t) n (E + 27)
and
0 1
a9 5,00,
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where

(A.7.4) F = i(zm)m—f;fj
j=0
and
0 0
AT5) V= (g8 290 0)

Remark A.7.1. The purpose of adding the matrix N to the original
Lax pair used in [GP] is two-fold: first it fixes the expression of the
Lax pair by eliminating the 2m-th derivative of u in A, and secondly it
makes the compatibility condition of (A.7.1.a) and (A.7.1.b) coincides
with (Ps4),, with the parameter 2 fixed. The first fact enabled Koike
([Ko2]) to smoothly find the corresponding Lax pair (Lss), of (Psg)m,
and the second fact is effectively used in his reasoning to relate ( Psq)m,
and hence (P3y),,, with a Garnier system. Note that the original for-
mulation of [GP] gives a family of (P34),, (parameterized by x? in the
notation of [Ko2]) as the compatibility condition of their Lax pair. In
practice we always substitute a solution of (Ps4),, into the coefficients
of (L3y4), in this paper and hence we may ignore N in analyzing the
Lax pair.

With the help of Remark A.7.1, Koike ([Ko2]) gives the Lax pair
(L34)m of (P34)m as follows:

i n_lfNyazgﬂ = A:D (A.7.6.a)
(A7.6)  (Lsa)m : < e
oy -
-177 _
5 B (A.7.6.b)
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where

(A7.7)
1 1
[ vty vrat )
) 2 1
A= Liogmt (g~ 96U + 2w 1 1
—\ 2T — X — 4ZC 1~
A v ~GV@) =)
K +At(x + 2uy + 2¢0) + 2Upm11) )
and
(A78) B=(, Y 2.
§$ + U1 + ¢y 0

Here U,V and W are the polynomials given respectively by (A.3.9),
(A.3.10) and (A.3.11). In view of (A.2.1) the (1, 2)-component of A is
again found to be the same as 22~ multiple of that of A.

In parallel with the study of (P),,, we choose 4 to be 1/2 in what
follows. This choice of 4 enables us to assume the constant © in [Ko2]
to be 1.

A.8 The Hamiltonian structure of (Py),, ([Ko2, Theorem

2.19))
Let us choose (A1, ..., Am, fi1, - - - 5 i) SO that they satisfy
1 m
(A8.1) Ulw) + 5t = []z-x)
j=1
and
1 o1 .
(A82) py = (V) —F =) (1<j<m)
j
By letting N, (1 < j < m) denote
(A.8.3) IT o=
k=1.2.....m
F#]
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we define

(A84) H, = Z Nj ()\],u? — QI%M] — ()\?m + Z tk)\;?l+k—1)>
j=1

k=1

for complex numbers {¢;}7" ;. It is known ([Ko2]) that H; is a Hamil-
tonian for the degenerate Garnier system G(1,m + 3/2;m). Set

(A.8.5) ty = 4t + 26,
and
(A.8.6) tj=2Cm—; (2<j<m)

in Hy, and let
(A.8.7)

Kt A, oo Ay 1y - oy i) = 4H,

1 =4+ 261 =22, tm=20

Then the system (Psy), is equivalent to the following Hamiltonian
system (Ggy)m, :

( d)\] oK

TV _ %2 (j=1,2,...,m)
dt Ol ;

(A.8.8) (G { K
Gy _ 0% o)
\ dt — 778>\] .]_ g Sy ey .

A.9 Definition of (Pis),, and (Pia)m

The (Pio)-hierarchy and the (Ppy)-hierarchy are defined in [GJP1,
GJP2] with the help of differential polynomials (K, L, ),>0 of a pair of
functions (u, v) and their derivatives, which are recursively determined
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by the following relation:

(A.9.1)
( 1 dK,
Ky = §(uKn +2L, —n71 - ) (A9.1.a)
\ 1 o _ dL;
Lu1 =7 > (WK, jK;— Ly_jLj+1 1Kn_jd—t]) (A.9.1.b)
\ J=0
with
(A.9.2) Ky=2, Ly=0.

(See [N] for the background of the formula (A.9.1).) For the conve-
nience of the notation we introduce

ICn . Kn Kn—l KO
(A.9.3) <£n> = (p (Ln) + ¢ <Ln—1) +-Fey <L0) ,

where ¢;’s are constants. Unless otherwise stated explicitly, we choose
co to be 1. For example,

(A.9.4)
Ks\ 1 u® + 6uv L3 4 d (—u N _2d_2 u
Ls) 4|\ 3u?v+ 30? T v e \w
c1 [ (u?+ 20 d (—u u 2
) orw ()] e () 2o )

(Cf. [KKoNT, Remark 1.3.1].) The m-th member of (Pjyo)-hierarchy
is, by definition, the following equation (A.9.5). ([KKoNT, Defini-
tion 1.3.1]; note, however, that we have reversed the order of labelling
the constants c¢;’s so that our notation may become consistent with

those used in [Ko2].)

K1 +29t =0 (A.9.5.a)

(A95)  (Pir2)m: { Loy = 2% (A.9.5.b)
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with v(# 0) and x being constants. Unless otherwise stated, we sup-
pose ¢;,+1 = 0 for simplicity.

Another expression (A.9.6) of (Pr2), is given by Koike ([Kol]),
which is denoted by (Pig), in [Ko2).

(A.9.6)
[ _jduy .
n % = —2(U1Uj +v; + Uj_|_1) + 2¢c5uq (1 <7< m)
(A.9.6.a)
- _1dvj .
(Pi2)m = g M dt = 2(U1Uj + Vi1 + wj) — 2¢cjv; (1<j<m)
(A.9.6.b)
with
| Umt1 =V, U1 = K. (A.9.6.c)

Here v(# 0), k and ¢;’s are constants used in the definition of (Pry2)m,
and wj is a polynomial of (uy, vk )k<; that is recursively determined by
the following relation:
1
A 9. 7 Z Uj— /{;’LU]{;-FZ Uj— 1Vt Z Vj_ Uk — Z Cj— kW

k=1

A.10 Correspondence between (Fj5),, and (]511_2)m ([Ko2,
Theorem 3.5])

For a solution (u, v) of (Pi.2)m, the equation (PH_Q)m is satisfied by
(Uj, Uj)lgjgm defined by (A 10. 1) through (IC]‘, Ej)lgjgm-

u———/C +c¢; (1<j<m)
(A.10.1) ! !
= —E (1<j<m).
Conversely, if (1, v;)1<j<m is a solution of (PiLy),, then

(A.10.2) u=—2u;, v=2u
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is a solution of (Pira)m.

A.11 Lax pairs (Li.3),, and (in_g)m ([Ko2, §3])

The Lax pair (Lia), (resp., (IN/H_Q)m) that underlies (Pir2)m, (resp.,
(Pir2)m) is as follows:

) -
vn_la—i = Ay (A.11.1.a)
(A.ll.l) (LII—2>m . < -
1 By (A.11.1.b)
\ 5 11.1.
with
(A11.2)
d
1| —Q2z—u)Kk — n_l—IC 2K
A=7 L o ac | +N
_op—127 _ _ -1~
2n - 20IC 2z —u) +n o
and
 —x+u/2 1
(A.11.3) B_< ) g;—u/2)’
where
(A.11.4) K=Y a"K;, L£=) a"L,
=0 =0
and
— K1 — 29t 0
(A.11.5) N2 e |
2\ 2Ly —26)  Kpaq + 29t

Remark A.11.1. Concerning the role of the additional matrix N, the
situation is essentially the same as that for the case of (Lsy).
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i ’yn_lg—w = Ay (A.11.6.a)
(A.11.6)  (Liwa)m - < o
_15¢ o7
S = B (A11.6.1)
with
(A11.7)
i — (2" + V + 2C(x) + i) U+ C(x)
B —2(xV + W + K) "+ V + 2C(x) + Ayt
and
(A.11.8) po( lwtuw)
o —20 r+u )’
where
(A.11.9) C(x) = Z cjx"
j=1

and U, V and W are polynomials of x given respectively by (A.3.9),
(A.3.10) and (A.3.11). Note that the (1,2)-component of A exactly
coincides with that of A thanks to (A.10.1).

A.12 The Hamiltonian structure of (Ps),, ([Kol, Theo-

rem 1.3])
Let us choose (A1, ..., Am, fi1, - - - 5 i) SO that they satisfy
(A.12.1) U)+Cx)=][z-X) (G=12,....m)
j=1
and
(A.12.2) wi=-VR) (G=1,2...,m).
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By letting N, (1 < j < m) denote

(A.12.3) I -2

k=1,2,....m
i
and letting A,,(z,t) denote
(A.12.4) 22"t 4 thjzj_l,
j=1
we define

1 m
(A125) H1 = 52 Nj (/L? — Am()\j; t),uj — (20[ + 1))\?1>
j=1

for a constant . Then H; (for a # —1/2) is a Hamiltonian of a de-
generate Garnier system called A,,-system ([L]). (The Hamiltonian H;
used in [Ko2] is the same as that of [L.], which contains some additional
terms depending only on ¢. As such terms independent of (\j, it;) are
irrelevant in defining the Hamiltonian system, we eliminate these terms

here.) Set

(A.12.6) t = 2t
and
(A.12.7) ti=2cm—j/7 2<j<m)

and let K denote the resulting function of (¢; Ay, -+, A, f1, -+ 5 fhn)-
Then (Pi.2), is equivalent to the following Hamiltonian system (G1p.z) .

rd)\j 0K -

@ oy, SIEM
(A12.8) (Grig)m diL 37[(

o 22 n<j<m)

L dt n@Aj - ’
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if we choose

(A.12.9)

K=—(a+1/2).

We note xk may vanish in (A.12.8).

A.13 Definition of (Py),, and (Py)nm

With the help of differential polynomials IC,,, and £,,, the m-th mem-
ber of (Pry)-hierarchy is given by the following:

(A.13.1)

(PIV>m .

9

(. d
n_l% = 2L, +uk,, + 2vtu — 40, — 2n~1y
(A.13.1.8)
-1 ALy, 2 2 g
(A.13.1.b)

\

with v, 61,05 and ¢;’s (1 < j < m) being constants.
Another expression (A.13.2) of (Py),, is found by Koike ([Kol]),
which is denoted by (Ppv), in [Ko2].

(A.13.2)

(PIV>m .

( du; ,
n_ld—tj = —2(wu; +v; +ujrr) +2ciu1; (1 <j<m)
(A.13.2.a)
dv; ,
n_ld—; = 2(v1uj + v41 + w;) — 2¢,v; (1<j<m)
(A.13.2.h)
Um+1 = —(7tu1 + 601+ %77_17) (A.13.2.C)
o — 0 2 92
| Um+1 = —Wp — Ytvg — W V) 2 (A.13.2.d)

2(Up — vt — )’

where the constants are the same as those in (Pry),, and w; is the

polynomial determined by (A.9.7).
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A.14 Correspondence between (Pyy),, and (Py), ([Ko2,
Theorem 3.6])

For a solution (u,v) of (Pry),, the equation (Plv)m is satisfied by
(), vj)1<j<m defined by (A.10.1), and for a solution (uj, vj)1<j<m of
(Pry)m the functions (u,v) given by (A.10.2) provide a solution of
(Prv)m; the situation is exactly in parallel with the situation of the
pan" (P11_2>m and (PH_Q)m.

A.15 Lax pairs (L), and (L), ([Ko2, Theorem 3.8 and
3.9])

The Lax pair (Liy)m (resp., (Liy)m) that underlies (Ppy),, (resp.,
(Prv)m) is as follows:

( —

vwn‘lg—¢ — Ay (A.15.1.a)
(A15.1)  (Liv)m : ¢ !
\n—l({?;f By (A.15.1.b)
with
(A.15.2) A=
1 [ —Qr—u)(K+271) —n‘l%—%‘lv 2(K +291)
1 _277—162_5 — %(K + 2vt) (2x—u)(l€+27t)+n_1%—277_1’7
+N
and
(A153) B = ( rhu _1u/2>
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Here IC and L are the polynomials given in (A.11.4) and

(A.15.4) Nl ( I X ) :

A\2J ) (K + 2vt) —1,
where
(A15.5) I, = n—ldij—tm — u(KCp 4 29t) — 2L, + 401 + 2071y
and

ALy,
(A.15.6) J,, = n_l(/Cm+2fyt)%+v(lCm+2fyt)2—(Lm—281)2+49§.

Remark A.15.1. Concerning the role of the additional matrix N, the
situation is essentially the same as that for the case of (L3q)n,.

i vxn_lgi = 1211_0) (A.15.7.a)

(A15.7)  (Liy)m : 4 e
oy -
'— =B A15.7.
gy = BY (A15.7.b)
with
(A.15.8)
- =@+ V 4 2C(x) + vt — 6,) U+C(x)+t
—2(xV + W 4 vpyq +ytvy) 2™V 420 (x) + yat — 6,
and
(A.15.9) po(~lwtuw)
o —2?}1 T+ Uuq ’

where C(x),U,V and W are polynomials of = respectively given by
(A.11.9), (A.3.9), (A.3.10) and (A.3.11). The (1,2)-component of A
again coincides with that of A.
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A.16 The Hamiltonian structure of (Py), ([Kol, Theo-
rem 1.4])

Let us fix the constant 7 to be 2 and choose (A1, -+« Ay f1,* * + , i)
so that they satisfy

(A.16.1) U(z) + C(z) + 2t = ﬁ(l‘ —Aj)
j=1
and
(A16.2)  pj= —Q%(V(Aj) —b0h—0) (=12, ,m).
Set
(A.16.3) Ko = 05
and
(A.16.4) Koo = (01 + 62)/2.
In parallel with the case of (PH-Q)m, we let V; (1 < j < m) denote
(A.16.5) 11 (Aj — )~
k=12,
k#]
and define
P PR s

k=1
where ¢;’s are complex parameters. Then H;p is a Hamiltonian of a
degenerate Garnier system called Kawamuko system ([Kwm]). Set

(A167) tl =2t + Cm
and
(A.16.8> tk = Cmp—k+1 (2 S k S m),
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and let K denote the resulting function of (£; A1, -+« ) Ay 41, * + 5 fhim)-
Then (Pry ), is equivalent to the following Hamiltonian system (Gry ).

( .

%ﬂ?% (1<j<m)
(A.16.9) (Gry)m 4 o

%__3_K (1<'<m)

at oy, =J =M

Appendix B: Parity structure of instanton-type
solutions

To prove Lemma 5.3.2 and Lemma 5.3.4 we have used the “alter-
nating parity” structure of instanton-type solutions in Section 5. In
Appendix B we explain this parity structure of instanton-type solu-
tions of (Py)p, (J =1, 34, 11-20r IV, m=1,2,...).

Let us start with a brief review of the core part of [T2] for the
construction of instanton-type solutions. Each member (Pj),, of the
(Pj)-hierarchy can be expressed in the form of the Hamiltonian system

( dq; oH
b—y j=1,...,m)
B1 dt 8pj
R L .
\dt 776% ]_7 9

with the Hamiltonian H = H(t,q,p;n~!) by introducing an appro-

priate canonical variable (¢,p) = (g;,p;)1<j<m through a canonical
transform
(B2) wj = ui(t,q,pint), vy =it g,

For example, the variable (A, it;) discussed in Appendix A (cf. Sub-
sections A.4, A.8, A.12 and A.16) is one of such canonical variables.
(See [T2] for another choice of canonical variables in the case of (P;)-
hierarchy.) To construct instanton-type solutions of (Pj),, we use the
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Hamiltonian form (B.1). We first note that the system (B.1) admits a
formal power series solution (with respect to 1) of the form

B3) ;=" O+ +- . py=p" )+ @)

which is called a 0-parameter solution. We then introduce a new canon-
ical variable (1}, ;) defined by

(B.4) q; = q; + ?7_1/2%', pj =Dj+ 77_1/2%'-

In the new variable (¢}, ;) (B.1) is expressed again in the Hamiltonian

form as
( d); 0K
ﬁ:n— G=1...,m)
dt 8@-
(B.5) ¢
%__ 0K =1 m)
\ dt - nawj ]_ VAR

where the Hamiltonian K = K(t, 1, p;n~1/?) is given by

1 olutvl f
B o 20T
(B.6) D T (t, 4, p)'e
(cf. [T2, (21),(22)]). Note that, if

(B.7) K=Y n "KWt )
k=0

denotes the formal power series expansion of K in n~1/2, each coefficient
K™ is a polynomial of (¢, ¢) of degree at most k + 2 and has the
following parity structure:

(B.8) When k is an odd (resp., even) integer, K*) is a sum of
monomials of odd (resp., even) degree.

As is shown in [T2, Theorem 2], if we assume (2.1.2) and (2.1.3), in

a neighborhood of an arbitrarily given point ¢ = ¢35 we can find a
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canonical transform

(B.9)
v =Y 0 P, i), g —Zn FRO (D, @y,
k=0

(F)

where wj(-k) and ;" are homogeneous polynomials of degree (k+1)in

(1), @), that transforms (B.5) into its Birkhoff normal form

(dy;  OK .
— = o j=1,...,m)
dt 8%
(B.10) ¢
\ O
with the Hamiltonian K of the form
(B.11) K=K(t,o1,...,0mn Y%

(where 0; = ;). Since we can readily confirm that

2

~ t ak
Vj=aje Fy dt
j JEXP M 3o i )
(]_3)12) < Uljalam—l—la"' ,Om=0um09m
z POK
P; = ajipmexp | —n 80 dt | |
O1=01 41, ,0m=0m Q2

\

(7 =1,...,m) provides a solution of (B.10), we thus obtain a formal
solution (2.1.4)-(2.1.5) of the original (Pj),, by substituting (B.12)

successively into (B.9), (B.4) and (B.2). This is an outline of the
construction of instanton-type solutions discussed in [T2].
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In the course of the proof of [T2, Theorem 2] (cf. [T2, Section 4]) we
see that

(B.13) the coefficients wék) and <,0§~k> in (B.9) are formal power series

of 7! (not of n~'/2), that is, gbj(.k) and gpg.k) contain no odd
degree terms of /2.

Furthermore
(B.14) K also contains no odd degree terms of /2.
Otherwise stated, writing f( as

<B15) — Z gu t 77

k=0 lv|=k+1
in accordance with the expressions (2.1.6) and (2.1.7) of instantons,
we find that g,(¢,n) is a formal power series of n~!, that is, there

~1/2

are no odd degree terms of 7 in the expansion (2.1.8). Hence

every instanton contains terms of integral powers of ! only. It then
follows from this fact and (B.13) that the coefficients u;/o(¢, ¥, ®) and
v;1/2(t, ¥, @) of instanton-type solutions (2.1.4) and (2.1.5) have the
following “alternating parity” structure:

(B.16) When [ is an odd (resp., even) integer, u;;/2 and v;,/; are
sums of monomials of (¥, @) of odd (resp., even) degree (at
most [).

Finally, combining this parity structure (B.16) of instanton-type so-
lutions with the definitions (3.11) and (3.13) of pl0)(¢,77) = >0 gn ™" 2pl/z)

and o) (¢, n) = > =07 g, /2>, respectively, we can confirm the fol-

lowing:

(B.17) When [ is an odd (resp., even) integer, pl(?) and 05/2) are

sums of monomials of (¥, @) of even (resp., odd) degree (at
most [ + 1).
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As a consequence of (B.17) and the definition (3.12) we also find the

following parity structure for EU0) =37 n™ 2El‘/73)

(B.18) El(‘/jg) is a sum of monomials of instantons of odd (resp., even)
degree for an odd (resp., even) integer [.
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