RIMS-1680

On quandle homology groups of
Alexander quandles of prime order

By

Takefumi NOSAKA

October 2009

TAKRF  BORMATHT R

RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES
KYOTO UNIVERSITY, Kyoto, Japan




On quandle homology groups of

Alexander quandles of prime order

Takefumi Nosaka

Abstract

In this paper we determine the integral quandle homology groups of Alexander quandles of prime
order. As a special case, this settles the delayed Fibonacci conjecture by M. Niebrzydowski and J.
H. Przytycki in [7]. Moreover, we determine the cohomology group of the Alexander quandle and
obtain relatively simple presentations of all higher degree cocycles which generate the cohomology
group. Furthermore, we prove that the integral quandle homology of a finite connected Alexander
quandle is annihilated by the order of the quandle.
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1 Introduction

The quandle (co)homology of a finite quandle X is introduced by J. S. Carter, D. Jelsovsky,
S. Kamada, L. Langford and M. Saito [1]. The 2, 3 or 4-cocycles of the quandle cohomology
give rise the quandle cocycle invariants for 1-knots or 2-knots (see [1] and [2] for details).
In order to search the invariant it is important to determine quandle cohomology groups
and to find those cocycles. T. Mochizuki listed all 2-cocycles for finite Alexander quandles
over a finite field in [5] and all 3-cocycles for Alexander quandles on a finite field in [6].
R. A. Litherland and S. Nelson analyzed the free and torsion subgroup of the quandle
homology group of a finite quandle [4]. For the quandle homology of higher degrees, M.
Niebrzydowski and J. H. Przytycki constructed some quandle homological operations and
estimated the torsion subgroup of the integral quandle homology groups of some quandles.
J. S. Carter, S. Kamada and M. Saito investigated the correspondence between some
higher dimensional X-colored link diagrams and some cycles of quandle homology [2].
The pairings between these higher degree cycles and higher degree cocycles are expected
to be invariants of higher dimensional links of codimension two.

In this paper we determine the integral quandle homology groups of Alexander quandles
of prime order p. The simplest non-trivial class among quandles is the Alexander quandle
of prime order. More precisely, it is known [3] that any connected quandle of order p is
isomorphic to an Alexander quandle. An Alexander quandle of order p is defined to be
Z, with a binary operation given by x*y = wz + (1 —w)y, where Z, means a cyclic group



of order p and w € Z, is neither 0 nor 1 !. We denote by e the order of w: in other word,
e > 0 is the minimal number satisfying w® = 1. We denote the integral quandle homology
by H?(X;Z). We will determine the integral quandle homology of the Alexander quandle
as follows.

Theorem 1.1. Let X be the Alexander quandle structure of order p with w # 0,1. Let
e be the order of w. Then the integral quandle homology groups are HIQ(X; )27 Zgl
and HZ(X;Z) = Ll for n > 2, where b, is determined by

bpioe = by +bpy1 +bppo, by =by=---=by_o=0, and bg.—y = bo. = 1.

As a corollary, Theorem 1.1 shows that H?(X;Z) = 0 for the Alexander quandle X with
w# —1,0,1 and 2 < n < 4 (Corollary 2.3), since ¢ > 2 and 2e¢ — 1 > 4. Therefore
Corollary 2.3 tells us that only the dihedral quandle is useful in Alexander quandles of
prime order for the study of quandle cocycle invariants of 1-knots and 2-knots.

Next, as a special case, we are interested in the case w = —1. When w = —1, the

Alexander quandle X is said to be a dihedral quandle. By Theorem 1.1 we obtain

Corollary 1.2. ([7, Conjecture 5]) Let X be the dihedral quandle of order p. Then the
integral quandle homology groups are H® (X Z) = Z&LY and HZ(X;Z) =2 Zb forn > 2,
where b, 1s determined by bpi3 = bpio + by, by = by =0, and by = 1.

This is the delayed Fibonacci conjecture by M. Niebrzydowski and J. H. Przytycki [7].

Moreover for the Alexander quandle X of order p, we also calculate the quandle
cohomology group Hp(X;Z,) with Z,-coefficient. Namely, we show that Hp(X;Z,) =
Zy, where ¢, determined by

Cn+2¢ = Cp, + Cn+1 + Cn+2, Cl = Cy = "= Coe—2 = 07 Coe—1 = ]-a and Coe = 27

(Theorem 3.3 and Remark 3.4). In order to prove ¢, 9. = ¢, + Cpy1 + Cpi2, We construct

cohomological operations
Q : H3 (X Zy) & HYT (X5 Zy) & HEP (X Zy) — HE (X Zy).

We will show that the operations are isomorphisms (Corollary 5.7); Further, we obtain
relatively simple presentations of all higher degree cocycles; we will show that H (X:Z,)
is spanned by n-cocycles introduced in Examples 5.1, 5.2 and 5.3 (Corollary 5.9). The
n-cocycles are composed of the four polynomials introduced in (17), (27), (33) and (34).

1We ignore the case of w = 0 and 1 throughout this paper. If w = 0, then the binary operation is forbidden by quandle
axioms. When w = 1, the Alexander quandle is a trivial quandle. Hence we can easily obtain the quandle homology:

H,?(X; VAR= zZpp=1)" "t Furthermore, we thus also omit the case p = 2.



For example, we present the resulting representative 4-cocycles of the dihedral quandle;
if w=—1, then H}(X;Z,) = 7Z is generated by

Yao(z,y, z,w) = (x —y) - (2(z —wP—2z—w—yP—(y— w)p)/p,
Yaa(z,y, z,w) = ((:c —2y+ 2P+ (. — 2)P — 2(x — y)p) . (2wp — (22 —w)P — zp) /p?.

Also, we discuss the torsion subgroup of HY(M;Z) for a finite connected Alexander
quandle M. We prove that for n > 2 HY(M;Z) is annihilated by |M| (Corollary 6.2). As
a special case, if X is the Alexander quandle of order p, then HY(X;Z) is annihilated by
p (Corollary 6.4), proving [7, Conjecture 16]. It is known [4, Theorem.1] that H?(X;Z)
is annihilated by | X|™ for a connected quandle X and each n > 1. Then Corollary 6.2 is a
stronger estimate for Alexander quandles, while it does not hold for a connected quandles;
for example, there exists a connected non-Alexander quandle QS(6) whose third quandle
homology is not annihilated by |QS(6)| (Remark 6.3).

This paper is organized as follows. In Section 2 we review quandle homology and
reformulate Theorem 1.1. In Section 2.3 we outline the proof of Theorem 1.1. In Section
3 we review quandle cohomology and give a decomposition of quandle cochain groups.
In Section 4 we introduce an isomorphism 0, and prove that ¢y = ¢cg = -+ = C9._9 =
0, ¢ge—1 = 1 (Theorem 3.3 (I)). In Section 5 we explicitly present several cocycles and
determine the quandle cohomology, leading to a proof of Theorem 1.1. In Section 6 we
show that the integral quandle homology group of a finite connected Alexander quandle
M is annihilated by |M].
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2 Results

2.1 Preliminaries: rack and quandle homology groups

Throughout this paper we fix an odd prime number p.

Here we will review the rack and quandle homology groups introduced in [1]. For a given
quandle (X, *) and an abelian group 4, let CE¥(X; A) be the free abelian group generated
by n-tuples (1,3, ...,x,) of elements of X; in other words CE(X; A) = A(X"). Define



a boundary homomorphism 9, : C¥(X; A) — C® (X; A) for n > 2 to be

an(xlaan"'wrn) -

n

Z(-l)l((ﬂll * Ljy ooy Lij—1 * Liy Ljr1y--- 7(17n) — (.T]l, ey Lj 1, Lj 1y - - - ,l‘n)),
=2

and 0, to zero map. We can check that the composite d,_; 0 9, is zero. A pair of (CE,9)
is said to be the rack chain complex of X. Since x xx = x for any x € X, we have a sub-
chain complex CP(X; A) C CE(X; A), generated by n-tuples (z1,...,x,) with z; = z;_,
for some i. Then we call the quotient chain complex C?(X; A) = CE(X; A)/CP(X; A)
the quandle chain complexr of X. We denote the homology groups of those chain com-
plexes by HE(X; A), HP(X; A), and HY(X; A), respectively. HEF(X; A) is said to be rack
homology and H?(X; A) is said to be quandle homology.

We will review Alexander quandles. In this paper, we are mainly interested in finite
Alexander quandles as a class of quandles. An Alexander quandle is defined to be a
Z|T, T~'-module with a binary operation given by z *xy = Tx + (1 — T)y. It is known
[3] that any connected quandle of prime order is isomorphic to an Alexander quandle
ZIT, T7'/(p,T — w) for some w € Z,, where w is neither 0 nor 1 (see also [8, Section
5.1]). In particular, it is known that any Alexander quandle of prime order is of the type
ZIT, T7'/(p, T—w) for some w € Z,. As it were, this type is the simplest non-trivial quan-
dle among quandles. If w = —1, the Alexander quandle is said to be dihedral quandle.

For calculations of quandle (co)homology groups of Alexander quandles it is convenient
to change another “coordinate” as [6]. For an Alexander quandle M, we define Cv (M; A)
to be the free abelian group generated by n-tuples (Uy, ..., U,) of elements of M™ and for
> 2 the boundary map to be

n—1

On(Uy,---Uy,) = Z(—l)i(T Uy, oo T Ui, T Ui + Uii1, Upga, ..., Uy)

=1
n—1
=) (DU Ui, Ui 4 Ui, U, - Uy). (1)
=1

We define 0 to be zero map. We can check that 9,,_100, = 0. Further we have a subchain
complex generated by n-tuples (Ui, ..., U,) with U; = 0 for some 1 < ¢ < n —1. Then
we have the quotient complex denoted by C9U(M; A). From the dual complexes, we can
define the cochain groups denoted by C% (M; A) and Cg, (M; A), respectively.

We will give a canonical correspondence between these two complexes of Alexander
quandles. Let us consider a bijection from M™ to M™ given by

M™> (x1,...,2,) = (¥1 — To, Ty — X3, ..., Tpq — T, Tpy) € M.



The map induces a chain map from CE(M; A) (resp. CP(M;A)) to CEv(M; A) (resp.
CQu(M; A)). Then it can be verified that these chain maps are chain isomorphisms. We
will mainly deal with the complexes CEv (M; A) and C9v (M; A) later.

Let X be an Alexander quandle with w of order p. By direct calculation it can be
verified that Hy(X;Z) = Z (see [4]). Tt is known [5, Corollary 2.2] that HY(X;Z) = 0.
It is shown [5, Theorem 3.1 that H(X;Z) = 0 if w # —1,0,1. It is known [7] that
H2(X:7Z) = 7, and Z, C H(X;Z) in the case w = —1. It is also shown [7, Corollary
10] that H2(X;Z) is annihilated by p" 2.

2.2 The main theorem and some examples

We will state our main theorem and give some corollaries and examples. We determine

the integral quandle homology group of every Alexander quandle of order p as follows.

Theorem 2.1. Let w be an element of Z, such that w # 0,1. Let X = Z[T|/(p,T — w)
be an Alexander quandle with the quandle structure. Let e be the order of w: in other

word, e 1s the minimal number satisfying w® = 1. Then the integral quandle homology
groups are HY(X;Z) = Zb forn > 2 and Hy(X;Z) = Z & L2, where by, is determined

¥4 )
by bn - bn—Qe + b’l’b—2€+1 + bn—26+2; bl - b2 == b26—2 - 07 and er—l - er =1
After deter-ming the quandle cohomology groups of X we will prove Theorem 2.1. In the
next subsection we describe an outline of the proof.
As a special case, we obtain the homology in the case w = —1. This settles the delayed

Fibonacci conjecture by M. Niebrzydowski and J. H. Przytycki [7, Conjecture 5]:

Corollary 2.2. ([7, Conjecture 5].) Let X be the dihedral quandle of order p. Then
HQV(X;7Z) = 7P, where b, is determined by b3 = byio +bn, by = by =0, and bg = 1.

y

Proof. Note that e = 2. Put Fy(z) = ) .5, biz* € Z[[z]]. By Theorem 2.1 we have

bixt + byx? + by + byt 3+ xt x3
Fy(z) = = = :
1—a22—a3—at l—2?2—a3 =2t 1—o—2a3
Therefore the generating function leads to the condition as required. Il

For the study of quandle cocycle invariants of 1-knots and 2-knots, it is important to
determine HPV (X;7Z) for n = 2,3 or 4 (see [1] and [2] for details). It follows from the
following corollary 2.3 that the dihedral quandle is only useful in Alexander quandles of

prime order for the invariants.

Corollary 2.3. Let X be the Alexander quandle with w # —1,0,1. Then HYV(X;Z) =20
forn =2,3 or 4.



Proof. Since w # —1, 2e — 1 > 4. ]

By corollary 2.2 and 2.3, the homology HY(X;Z) of n < 4 and the quandle homology of
the dihedral quandle do not depend on the odd prime p. On the other hand, the higher
degree homology groups with w # —1 does depend on p and w. Let us present some

examples.

Example 2.4. We consider the case p = 5 and w # 1,0,—1, that is, w = 2 or w = 3.
The order of w is 4. By Theorem 2.1 we list the non-vanishing terms of degree < 23 as

follows:

HE(X:Z) = HO(X:Z) = Z, = HY(X: Z), HY(XZ) =~ HY(X;2) > 22, HY(X:Z)= Zs,
HY(X:Z) = Ty, HY(X:Z)=Z:, HE(X:Z)= HY(X;Z) =1}, H(X:Z)=I.

Example 2.5. We assume p = 7 and consider the case where w = 2 or w = 4. The order

of w is 3. By Theorem 2.1 we list the alive terms of degree < 21 as follows:

HY (X;2) = HY (X:Z) = Zn = Hy (X, Z), H{j(X:Z) = H{ (X Z) = Zz, HS (X3 Z) = Ly,
HE(X;Z) = Zr, HY(X;Z) =278, HE(X:Z)= H}(X;2) =75, HE(X;Z) =1,
HR(X;2) = 23, Hp(X;2) =72, Hi(X:Z) =77, Hj(X;Z)= Hy(X:Z) = 73"

Note that HZ(X;Z) 273 (see HS(X;7Z) in Example 2.4 and HE(X;Z) in Example 2.6).

Example 2.6. As the last case of p = 7, we here fix w = 3. The order is 6. The

non-vanishing terms of degree < 43 are as follows:
H{E(X;Z) = HY(X;Z) = Zr, HRH(X;Z) = Z;, HH(X;Z) = HY(X;Z) = 72,
HA(X;Z) = Ly, HY(X;Z) = Ze, HR(X;Z) 273, HH(X;7Z) = HH(XZ) = 72,
HE(X;7) =73, HL(X:Z)~ HE(X:Z)~Z; HL(X:Z) =7 HYX;Z) =72,

2.3 Outline of the proof

We here outline the proof of Theorem 2.1. Let X be an Alexander quandle of order p. It is
known [5, Theorem 1.1] that the order of H?(X;Z) is a finite power of p. In Section 6 we
will show that HY(X;Z) is annihilated by p (Corollary 6.4). This implies that HY(X; Z)
is a finite dimensional Z,-vector space; HQ(X;Z) = Zg" for some b,,. Hence, if we know
the dimension of HY(X;Z), then the proof of theorem would complete. For this we will

calculate the quandle “cohomology” group with Z,-coefficient.



In Section 3 we will give a decomposition of the quandle cohomology group Hp(X;Z,).
We will define another cohomology H™®(X) given by (5). In Section 3.4 we will show
that Hj(X;Z,) = H"O(X) @ H*'O(X) for each n > 2 (Proposition 3.2). Let us
denote dim(H™Y(X)) by cy O As a corollary, we will show b, = = forn > 1 by the
universal coefficient theorem (Lemma 5.6). Therefore we shall calculate the dimension of
H™0(X). In Section 3.5 we will construct an isomorphism ¢ from H™®(X) to a certain
quotient space using a differential operation (Proposition 3.8). This quotient space is
a modification of a space introduced in [6, Section 3.2.4]. Then we will deal with the
quotient space later.

For n > 2e, in Section 4 and Section 5 we will construct a some homomorphisms and

consider their composition as follows:
¢ 1o(01)to- - 0(0,1) Lo, : H"*O(X)a H™3O( X)) H™2O(X) — H"Y(X),

where m = n — 2e + 4. In Section 4.1 we will construct ©; given by (19) and show that
©; is an isomorphism (Proposition 4.2). Moreover, in Section 5.1 we will construct W,,

given by (36). In Section 5.2 and 5.3, we will show that the map V,, is an isomorphism.
0) _ (0 (0)

Therefore the above isomorphisms tells us that ¢’ = ¢, 25, + ¢, 9.1 + c,(l ge42- On the
other hand, We show that c(o) = céo) = cgg)_Q =0, cé?_l = cg? = 1 in Section 4.3.

Since b,, = A9 for n > 1, this completes the proof of Theorem 2.1.

Here is an additional remark on presentations of the n-cocycles of H™®(X). The above
isomorphisms are constructed by some polynomials with the concrete forms (see Proposi-
tion 3.11, Corollary 4.4 and Proposition 5.4). Moreover, for simplicity, in Section 5.5 we
reformulate the composite of the above isomorphisms, we denote it by €, 9.4 (Corollary
5.7). Then we obtain relatively simple presentations of all higher degree cocycles which
generate H"(")(X) (Corollary 5.9).

3 Quandle cohomology groups of Alexander quandles of order
p

In Section 3.1, we review quandle cochain groups and decompose the groups. In Section
3.2 we state Proposition 3.2 and Theorem 3.3. In Section 3.3 we prepare a differential
operation and a integral operation on the cochain group. These operations are important
methods in this paper. In Section 3.4 we show Proposition 3.2. As a result, we obtain
a decomposition of the quandle cohomology as H"(X) = H"O(X) @ H*'O(X). In
Section 3.5 for the search of H™®(X) we will construct an isomorphism from H™®(X)
to a quotient space (Proposition 3.8).



3.1 Preliminaries: quandle cochain groups

We will review the simplicity of the quandle cochain groups for Alexander quandles used
in [6]. There is not anything new in this subsection. Let X be an Alexander quandle of
order p. Then we define a complex as follows: for n > 1,

C"(X) =1{>_aia Uit U € Zy[Ur,... , Up)| 1 < iy <p—1(j <n—1),i, < p—1},

and C°(X) = Z,. The coboundary is defined as follows: for f € C"(X) and n > 1,

n

O (f)(U1,Us, -+ Upyr) = Z(—l)i_lf(w'Uh ooy w U, w- Ui+ Ui, Uyoy ..., Upg1)

i1
—Z fUr, .. Uiz, Ui + Uis1, Uiga, ..., Upa), (2)

and dg is zero map. We can check that d,(C™(X)) c C""(X) and d,41 08, = 0 for any
n. We denote the cohomology group by H"(X). The complex C™(X) is isomorphic to
the cochain group Cg, (X;Z,) presented in Section 2. Hence it follows from the universal
coefficient theorem that

H"(X) = Hom(HY (X Z), Z,) @ Ext! (HY (X; Z), Zy). (3)
We will decompose the complex C"(X) by the homogenous degree; for any d > n — 1
we define
CHX)={> ai.a, - Ui+ Ur € CMX)| Y ip=d}.

1<h<n

Since 6,(C7(X)) C C}1(X), we obtain a direct sum decomposition of the complex
as (C™(X),0,) = (B,C}(X),d,). Let f be an element of C}(X). We decompose [ =
Zogagp—1 fa(U1, ..., U,_1) -T% where we denote the n-th variable by T,, instead of U,,. By
definition and direct calculation we have the following fundamental formula to calculate

the cocycles (see [6, Lemma 3.2]):

(Sn(f)(Uly-. Un?Tn-‘rl Z 5TL 1 fa Ul""’ ) T7?+1
0<a<p—1
1)n_1 Z fa(Ula ceey Unfl) . (Wd . (Un + W_lTnJrl)a - (Un + TnJrl)a)' (4)
0<a<p—1

By the following lemma shown in [5, 6] we may consider only the case of w? = 1.

Lemma 3.1. (/5, lemma 3.1] ) If w® # 1, then the complex C%(X) is acyclic.



Proof. Let f € C7(X) be an n-cocycle. Substituting 7,41 = 0 to (4), we obtain

0:5n—1(.f0)(U17"'7Un)+(_1 w _1 Z fa U17"'7 n— 1) Ug
0<a<p—1
We thus have f = (=1)"(w? — 1)7' - 6,,_1(fo), which implies f is coboundary. O

Next, we consider the following submodule of C™(X): for n > 1
Cn(l)(X) = {fO(Ub ceey Unfl) € Cn(X)’ f(] S Zp[Ul, cey Unfl]}a

and C°W(X) := {0}. Put CV(X) := C"W(X)NC7(X). Since §,(C5 (X)) is contained
in C7W(X), we define
Z3(X) = Ker(3,)NCF(X),  By(X) = 6,1(C37H (X)),  Hy(X):= Z3(X)/Bj(X),
2V () = Ker ()G (), B = (G (X)),
HM(X) = 2)0 0BV (X), HIV(X) = Z3(0/(Bi(X)+ 20 (X). - (5)

We denote ®,H™M (X) and @, H” (X) by H"(X) and H"© (X)), respectively, where
the direct sums are over all d satisfying w? = 1. Further oV and ¥ denote dim(H (X ))
and dim(H" (X)) respectively. Note that by definition céo) = cgl) = 1 is clear. It is

shown |5, 6] that ¢ = ¢l = &V = cél) = 0. It is also shown [5] that céo) =1lifw=-1,
and that 03 =1ifw#—1.

3.2 Quandle cohomology groups of Alexander quandles of order p

In this subsection, we state a decomposition of and the dimension of the quandle coho-
mology group for an Alexander quandle of order p.
We first consider the short exact sequence as follows:

0 — iV (X) ~L cn(x) 24 op(x)/cnV(x) — 0.
This canonically induces the long exact sequence

— 17000 — 100 B () 0 00 — 1) — -
Then there is a canonical decomposition of H}(X) as follows:

Proposition 3.2. Let X be an Alexander quandle of order p.

(1) Ifn > 2 and w? = 1, then (i%). is a splitting injection and (p3). is a splitting
surjection. In particular H}(X) = Hg(g) (X) e H;L(l)(X).

(IT) If n > 2 and w? = 1, then the canonical inclusion C’g(l)(X) — O YX) induces an
isomorphism H7 (X)) = HI'W(X). As a result, H*(X) = H*'0(X) @ H"(X) and
dim(H"(X)) =, + D,



We will show Proposition 3.2 in Section 3.4. By Proposition 3.2 in order to estimate
H"(X) we will search H"(X). In Section 5.3 we will show the following theorem which
is the key to prove Theorem 2.2:

Theorem 3.3. Let X be the Alexander quandle of order p with w # 0,1. Let e be the
order of w. Let ¢ be the dzmenszon of H'O(X). Then

(I) ct()o)—cgi) =1, and ) =0 for1<n<2e—2.

(1) &7 = 6 e+ loeys + 65 forn > 2.

Remark 3.4. By Theorem 3.3, dim(H™®) is determined by the above conditions (I)
and (II). Moreover, we determine H"(X) as follows. Put F.(z) := Y, dim(H"(X))z" €
Z|[[z]]. Since by Proposition 3.2 we have dim(H" (X)) = cflo_)l + 9 Theorem 3.3 follows
Fo(z) = (1 — 2272 4 22¢) . (1 — a2 — g2e-1 _ g2y,

Furthermore, in Section 5.5 we will give concrete presentations of all n-cocycles which
span H™%(X) (Corollary 5.9). Therefore we can determine dim(H?% (X)), and dim(Hg(D) (X))
for any d and n, although we omit the explicit formulae.

3.3 Calculus on the quandle cochain groups

We will prepare a differential operation and an integral operation on the quandle cochain
group. The calculus on the quandle cochain groups is a key method in this paper. We
define the degree —1 homomorphism D} : C%(X) — C7_,(X) given by

Dy ( Z fa(Ur, -+ Una) - Ty) = Z a- fo(Ur,--- 7Un*1)'Tr?71'

0<a<p—1 0<a<p—1
Note that Ker(D}) = Cg(l)(X) and that any elements of the form f,_;(Us,...,U,-1) -
TP~ € C7 (X) are not contained in the image of D7. Further we can check that
§p0 D% = Dt o 6,. Moreover for simplicity we denote by D% j<q the composite Dy_; ;0
Df jio 0D} @ CR(X) — Cf ;(X). It goes without saying that Dj ,, is a chain
homomorphism : &, o Dj ;, = Dy*._, 08, Also note that Dj ., _,(f) means the
coefficient of 777! in —f and that Dj_ _,(f) = 0. Further, if we regard D} _, | as a
map from C7 | (X) to Cn(l (X) and regard C’le(l)(X) as a Zy,-vector subspace of C’”__l(X),
then we may consider the composwe Dyl “oj<dp © Di_pea1  Ci(X) — CFF pl ;(X) for
any j.

On the other hand, we will introduce an integral operation. Note that the operation D}
induces a vector isomorphism from C7(X)/ C’"(l)( X) to Im(D}). Put a canonical crossed
section s : Cg(X)/C’g(l)(X) — C}(X). Then we define the integration [ :Im(D}) —
Ci#(X) to be the composite so(Djj)~". More precisely, for f =3 .., 5 fa(Ul, ooy Unz1)-

10



U € Im(D}) the integration is given by

/(f)(Ul, U= S () Sl U U (6)

n 0<a<p—2
Note that for g = 3" o)1 9a(Un, ..., Un1)-Ust € CH(X), ([, ©D3)(9) = g—go. Further,
by direct calculation we can show the relation between the integration and d,, as follows.

Lemma 3.5. For f € Im(D};™"), let us regard [ _ (f) as an element of C’"(l)(X). Then

oo [ N =([o s+ 0=t [ () i), ™
Remark that if w? = 1, then the integral operation commutes with the boundary map 6,,.

3.4 The proof of Proposition 3.2

Proof. The proof of (I) proceeds as follows. We first construct a crossed section of (i})..
By Lemma 3.6 (II) bellow we may put a map p’ : Z}(X) — Zg(l) (X) given by p'(f) = fo
for f=5" fa(Ul, ooy Une) - U € Z(X). It follows from Lemma 3.6 (I) that the map
P’ induces (p'), : ( ) — Hg(l)(X). By construction we have (p).0 (i) = (p'0il). =
(id(};m( )) =id n(l X)

Next, we will construct a crossed section of (p}).. By Lemma 3.6 (II) we may identify
Z}](X)/Z(?(I)(X) with Z7(X) N (C}_(X) - U,). Hence we have a canonical inclusion
i’ Zg(X)/ZZ(l)(X) — Z(X). Since this map i’ does not depend on the coboundary,
we obtain the map (i), : Hg(o) (X) — H}(X). It can be verified that (p}). o (¢'). is the
identity map.

We will show (II). From the definition of C7(X) and C"(X) we have C77'(X) =
' W(X) @ ¢ (X). Then

By (x) =By Y(X)n(C VX)) @ V(X)) = By W(X) @ 6, (0 V(X))
=By W(X) @6, (0 (X)) = BT (X) @ By (X),

where the second equality is obtained from Lemma 3.6 (I), and the third equality is
obtained from 6,y (f) = 6p_a(f) + (=1)*(w? = 1) - f = 6,_o(f) for any f € C7'V(X) by
the equality (4) and w? = 1. On the other hand, by Lemma 3.6 (II) we have Z7 (X)) =
70" W(X) @ 27 (X). Therefore from the definition of Hg(o) (X) we have

1O (x) = ( (X)@Z" 1a X> ( X)e Bt (X)) + 2 1<1>(X))
= (2, 1>(X) (X)) /(BN (X)) @ 7 V(X))
~ 73 <X>/Bd ( ) = Hj “><X>
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where the second equality is obtained from B '"(X) ¢ Z7'™(X). Further it can be
verified that the third isomorphism is derived from the canonical inclusion C’g(l)(X ) —
CrHX). O
Lemma 3.6. Let X be an Alexander quandle of order p.

(I) Ifw=1 andn > 2, then BH(X)NC " (X) = BIW(X).
(II) If ' = 1 and n > 2, then Z7(X) = Z;M(X) & (ZM(X) N CP_(X) - Uy).

Proof. Put f € C%'(X). We decompose f =" fi(Uy,...,U, ) - Ul_,.

We will prove (I). “ D 7 is clear. Conversely we assume 0,_1(f) € C’g(l)(X). By (4)

we have

St (F)(Ur, - Unct, ) = 6ua(fa) (Uns - Unca) - T8

1" U, Uns) - (Uney + w7 )" = (U + T)") € CfO(X). (8)
By comparing the coefficient of T} in the both hand sides we have

On—2(f1) = (=1)" (1 =w™) - D~ (/). (9)

We integrate this equality by U, _;, and obtain
(U= (- ) = (o8
n—1

Since &,_o(f1) is contained in Im(D};~") by (9), we apply §,_; to the equality, and obtain

()" (L) Gus(f — o) = Gua (( / 0 60 ) (f1) = ( / 0 6010 b0 2)(f1) =0,

n—1 n

where the second equality is obtained from (7) and w? = 1. Consequently we obtain
On-1(f) = 0n-1(fo) € Bg(l)(X), which completes the proof of (I).

To prove (IT), let f be an (n—1)-cocycle. By comparing the coefficient of TV in (8), we
have 6, _1(fo) = 0. Therefore we obtain the required decomposition; f = fo+(f— fo). O

3.5 Mochizuki’s techniques in general case of n

In [5, 6] T. Mochizuki discovered all of 2- and 3-cocycles of the quandle cohomology groups
of certain Alexander quandles. In general case of n we will follow his techniques in [6,
Section 3.2.4] to order to calculate quandle n-cocycles of Alexander quandles of order p.
We will construct an isomorphism from H™®(X) to a quotient space given by (11)
below. Assume that f € C%(X) is an n-cocycle and w? = 1. Then by (4) we obtain

0= Z 5n—1(fa)(U17 te Un) T(Ll+1_(_1)n.fa(Ula sy Un—l)'((Un_l'w_lTn—i-l)a_(Un+Tn+l)a)-

0<a<p—1

12



By comparing with the coefficients of T, in the both hand sides, we have

St () (U, Un) = (1) w™ = 1) > fulUr,... . Upy) -a- Us™ (10)

0<a<p—1

Namely, 8, 1(f1) = (=1)"(w™' — 1) - D%(f). Hence f; € 6,",(Im(D?%)). We thus obtain a
homomorphism ¢ : Z%(X) — &, 1, (Im(D?%)) given by ¢(f) = f1.

Lemma 3.7. Let g be an element of C}"1(X). We decompose g =", ga(Uy,...,Un_2) -
Te . Ifw?=1, then
$(0n-1(9)) = dn-a(gr) + (—=1)"(w™" = 1) - D3~ (g).
Proof. Straightforward. m
It is also clear that gzﬁ(Z;(l)(X )) = {0}. Hence the homomorphism ¢ induces
S o)
BrX)+7'W(x)  Im(D;7") + By (X)

(11)

T. Mochizuki showed that the homomorphism ¢ is an isomorphism in the case of n = 3

[6, Lemma 3.17]. In general case of n it holds for Alexander quandles of order p as follows:

Proposition 3.8. If w? = 1, then the homomorphism ¢ is an isomorphism. Further,
for a representative of the form g,_1(Uy, ..., Un_y) - UP~} € 6.1, (Im(D?%)), the inverse
element is represented by (14).

Proof. We first show that the homomorphism ¢ is injective. Let f € C%(X) be an n-
cocycle such that ¢(f) = 0. Then we have f; = 6, _2(h) + D} (g) for some h € C}7(X)
and g € C71(X). Put an n-cocycle f given by f = f+(—1)"(1—w™) 718, 1(g) € C}(X).
It follows from (10) that D%(f) = D2(f) + (=1)"(1 —w™1)~1 -6, 1(D}'(g9)) = 0. Since
Ker(D?) = C""W(X), it implies f € B*(X) + Z;"(X).

Next, we will show its surjection. Assume g € C~}(X) satisfies 6, _1(g) € Im(D?).
Since we consider g modulo Im(D}"), we may deal with only g of the form given by

g(Ur, e Upo, Tot) = gy (U oo Upg) - TEZ4, (12)
where ¢, € C;;:; (X). By Lemma 3.10 below, the g, satisfies the equality (15), that
is,

On2(gp- 1)U, Un1) = (1) (A =w ™) - gpa (U, Una) € C3 V(X)) (13)
Then we claim that an inverse element of ¢ is represented by

(1 — w_l)Té’ — (Un—l + Tn)p + (Un—l + w‘lTn)p

Q(Ul, ey Un—th) = gp—l(Ula ceey Un_g)' (1 — u}_l)p
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(14)
We have to check that § is an n-cocycle. Indeed it follows from (2) that (—1)""'- (1 —
w1 0,(g) is given by
pil : <<_1)n71 ) 5nf2(gp71) : ((1 - W71>T7€+1 - (Un + Tn+1)p + (Un + WﬁlTnJrl)p)
+ gy 1 (L= w T — (WUnt + Up + Tod)? + (WUt + Un + 0™ T )?)
— Gp-1- ((1 - w_l)Tg-i—l (Un—l + U, + Tn+1)p + (Un—l +Un + w_lTn-i-l)p)
- Wd_p'gp—l : ((1 —w 1)(WUn+Tn+1)p_ (wUn—1+ WUn+Tn+1)p+(wUn—l+Un + w_lTn-H)p)
o1+ (1= ™) (U + Toa)” = Unog + Un o+ Toa)? + (s + w7 U+ w7 T )Y) ).

Using (13), it is not hard to see that all of the above terms cancel. Finally, it can be
verified that ¢(§) = gp_1 - T"~}. O

Remark 3.9. We can obtain the above form of ¢ as follows. T. Mochizuki showed the
integral formula to formulate n-cocycles of Alexander quandles on R (see [5, Proposition
3.1]). By pulling back the formula to Z, he found a non-trivial 3-cocycle of the dihedral
quandle of order p [5, Theorem 3.1]. Similarly for any n we can induce the above form of
¢ from the integral formula given by (14) above.

Lemma 3.10. Let g be an element of C}~(X) with no term of C;:ll(l)(X). Let us

decompose g as g = Y cocp 190Uty Upa) - Up_y. If 6,-1(9) € Im(Dy), then it
satisfies

5“—2(917—1)([]17 SRR Un—1> - (_l)n(l - wdil) ’ gp—l(Uh SRR Un—2) S C;L—_pl(l) (X) (15)
Proof. By (4) we thus have

5D Uss oo U T =S Gual0a) (Uss. . Up) - T
1<a<p—1

+(=1)"ga(Ur, ., Up2) (0™ (U + w0 ' 1) = (Una + T)). (16)

Since 8,_1(g) € Im(D?), by comparing with the coefficients of TP~! in the right hand side

we obtain the equality (15). O

Before going into the next section, we give a proposition for the forms of the cocycles.
We define the following polynomial E¥ _; € Z,[U,_1,U,]:
EY ((Up-1,Up) = (Up—1 + U, )P (1 —w U? — (Upor +w'UL)P) /p
Z it —w)Ur . Ud (mod p). (17)

1<j<p—2

Then we will show the following proposition.
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Proposition 3.11. Let X be an Alezander quandle of order p. Then H™®(X) is gener-
ated by some elements of the form f)_o - E¥_|, where f]_, is contained in C’g:;(X) for
some d and satisfies 6, _o(f! o) = (=1)"(1 —w ™) - f! , € C’g__;(l)(X).

Proof. According to (14), if f/_, € C;L__}?(X) satisfies 0, o(f, o) = (=1)"(1 —w™ ) - f/ ,
and f!_,-UP"} € C"-1(X), then f. ,- EY | € C%(X) is an n-cocycle. Conversely it
follows from Proposition 3.8 that any representatives of H™®(X) are derived from such

!, through the isomorphism ¢. O

4 The proof of Theorem 3.3 (I)

Throughout this section we fix the order e of w, in other ward, e is the minimal number
of satisfying w® = 1. Also, we assume that w? = 1. In Section 4.1, we will search the
quotient space of (11) in the case w # —1. We will construct a homomorphism ©; given
by (19) and show that the map is an isomorphism (Proposition 4.2). Roughly speaking,
the isomorphism makes the degree of the quotient space lower degree. In Section 4.3, as
a corollary, we will prove Theorem 3.3 (I), i.e., c§°) == cé?),z =0 and c[()o) = cg?,l = 1.

4.1 The isomorphism 6;

We will construct a map presented by (19) below. In this subsection we assume that
w # —1 and we fix 1 < i < e — 2 such that n > 2¢ + 2. To begin with, we put
9=22;9iU1,...,Up2)- U’ i1y contained in 0, %y, (Im(D5~22)). By Lemma 3.10 we

n d—ip+p
have
On2i(gp-1) = (=1)" 221 =P ) gy = (=1)"(1 —w ™) - gp1.
Moreover, we decompose g,—1(U, ..., Up_9i41) = Z1gkgp—1 Grp—1(Ut, . Up—gi)- U/i_%“-

Then the above equalities mean

(D" (A=) gp1(Un, Unoi) = D> Gnait(Grp1(Uns o Unoai) - T gy

1<k<p—1
+(—1)n71 Z Grp—1(Ur, ..., Up—9i1)- (wdiip<Un72i+w71Tn72i+1)k_(Unf2i_Tnf2i+1)k)-
1<k<p—1

By comparing the coefficients of 7)1, ; in the both hand sides we have

5n—2z’—1(91,p—1) = (—1)n(w_i_1 —1)- ng;(gp—l)' (18)
Therefore we obtain a homomorphism
O;: 51;—12i+1<1m(Dg—_7;2;i§)> - 57:—12i—1<1m(DZlL—_i2pi>)7 (19)

given by ©;(g) = g1,,-1. We notice the following lemma.
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Lemma 4.1. Let h be an element of O}~ (X). We decompose h = > ap hap(Uss oo,

d—ip+p—1
Un721‘72> : Un 2%i—1" [fw = 1 then
©;(0n—2i(h)) = n—2i—2(hl,p—1)+(_1)n(w_i_l_1)'( Z a-hap-1(Ur, ... Un—zia)-Ui=3;_1).
1<a<p—1

Proof. By direct calculation. Il
It is clear that ©;(Im(D}" ;fj:;)) = {0}. Hence, the homomorphism ©; induces

0. - 5n121+1( m(Dy” 12;15)) . 57:121 (Im(Dg~ 12;)) . (20)

Im(Di=3t,) + Byl (X)) Im(DG=i™h) + ByZim (X)

Note that if ¢ = 1, then the left hand side is exactly the right hand side in (11).

Proposition 4.2. Ifw? =1, n -2 —2 >0 and 0 < i < e — 2, then O, is an iso-
morphism. Further, for a representative of the form g, (U,...,Up 2 2) - Up _9i_1 €

6 i (Im(D}~ fpl)), the inverse element is represented by the formula (25) below.

Proof. For the proof, we give some remarks . Since w? = 1, we have w? ?P~1 = (=%

Also, note that 1 —w™, 1 —w™"! € Z, are nonzero elements from the definition of e. Tt
goes without saying (—1)""2*! = (—1)"*1,
First, we will show the injection. Assume ©;(g) = 0, that is, g,y € Im(Dj—2"") +

Bl~ ;f ~1(X). We will show the g can be killed as (22) below. We have g, , 1 = D~ fp’ Yo+

Op—2i—2(h) for some ¢ € C}~ if '(X),and h € (Jg_g_l (X). We may assume that the

coefficient of U? . | in ¢’ is zero. Then we integrate (18) by T},_5;, and obtain

(—D)"w™ = 1) gpor = (/ Qo210 Di o ()

- (/_2 oDi=i) (dn-2i-1(9')) = dn—2i-1(9)) = (-1)"(w™" = 1) - ¢/, (21)

where the last equality is obtained from that the coefficient of U? 5. | in &, 9_1(¢") is
(—1)"‘2i_2(wd_i” — 1) : g by ( ) We put g(Ul, ey Un,Qi) =g (Ul, ceey Un,Qifl) UZ; ;,L
(O fpﬁrp 1(X). Then we have

611722' (g)(Uly CI) Un72i7 Tnf2i+1> = n72i71(g/)<U17 EICI) Uanz) Tn7211+1

+(=1)"g (U, ... Ungic1) - (W (Un—ai + @ Tegign )P — (Un—ai + Toeai1)? )

(

( 1)n(w—l— ) gp—l + (_1)n(w_Z - 1) ' ,) (Ul7 ceey Un—2i) . Tg:le_l
+ ( 1 n—i—l( ) : ,(U17 R Un—Ql— ) T?f 21@+1
= (=D)"w T = 1) gpoa(Ur, - Uncai) - T 5544
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(—1)”(w_i_1 - ]_) : g(Ul, ceey Un—Qia Tn—?i-‘,—l) mod(Im(Dg:f;I;)), (22)

where the second equality is derived from (21). Provided that w®* # 1, the above equality
implies that ¢ € ngjjjl}_l(x ) is killed as required.
Next, we will show the surjection. We put ¢’ € 5;122-71(Im(D2:i2;)). Since we consider

modulo Im(Dg__fzf_l), we may assume that ¢’ is of the form

g (UL, Un-zic1) = g (Ur, ..., Upzia) - UMy
Note that by Lemma 3.10 we obtain

On2i-2(g) 1) = (—1)"(1 —w™ ) . g/, € CH 21 W(X). (23)

—ip—p

We claim that the following polynomial is the inverse element of ¢':

FUy . Upgiy Tygin) == (0 =1)7"- (/ 00p—2i-1)(¢" ) (U1, ..., Un_2) 'Tf;:gliﬂ-
n—21
(24)

By (23) we can check that ¢’ is also presented by
(_1)n(w_i_l - 1)_1 ) 9;,7—1(U1’ S Un—2i—2) ) E:f%fl(Un—%—l» Un—2i) ) T;L):21i+17 (25>

where the polynomial By, | (Un_gi_1, Un_2) is introduced by the formula (26) below.
Finally, we have to check that 6,,_2;11(¢") € Im(Dg:f;ij ). uIndeed, the coefficient of 7%,
in 8§, _9;+1(g") vanishes, since (—1)"(w™"! — 1) -8, _9:1(g") is given by

(—1)”5ngi+1(((/ ‘05n72i—1)(9/)) : Uﬁ:;i—&-l)

n—21

= (=" n—zz’((/_? 06n-2i-1)(9')) - Th=ais

)

+ ((/ 06n—2i-1)(¢)) - (W PP (Upgipr + w ' Trnipa)’ ™ = (Unaisr + Tueoiga)? ™)
n—21
= (—1)n((/ 005—2; © On—2i-1)(¢') + (=1)"(1 — wd_wp—l)(/ 00n-2i-1)(9") - TH 5i1s
n—2i+1 n—21

+/ (5n—2i—1(g,)) : (w_i(WUn—2i+1 + Tnis2)’ " — (Un—sip1 + Tn—2i+2>p_1)
n—21

:/ (On-2i-1(¢")) (1= ™) TP ot w ™ (WUn—2is1+ Tn2i2)’ = (Unsir1+Tnosisa)’ ),
n—2

where the second equality is obtained from (7). We easily check that ©,(¢') = ¢’ by the
formula (25). O
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4.2 The composition of ©; s

We will consider the composition of ©;s by Corollary 4.3. For this we prepare some poly-
nomials. We now introduce the polynomial E;)’_iQi_l(Un_gi_l, Un—2i) € Zp[Up—2i—1,Up_2]

given by
(L=w™ YUY 4w (Un—gim1 +w Upe:)? = (Un—2im1 + Un—2i)’ + (1 —w ™) UL o 1) /p

= Z W =) Ug:gzel Uy (mod p). (26)

1<j<p-1

Moreover, when w # —1, we define the following product of the polynomials E;".:

Eg—ze+3gn—2(Un—2e+37 SRR Un—2) = H E:f2k—1(Un—2k—1» Un—2k)' (27>
1<k<e—2
If w= —1, then we define £} 5 3., 5 to be 1 € Z,. We obtain the composition of the

isomorphisms presented in Proposition 4.2 as follows.

Corollary 4.3. . Ifn > 2e—1 and w # —1, then the composite map ©._o0---00; gives
rise an isomorphism

0,01 (Im(D7)) Onsers(Im(Di25,)
n—1 n—1 - n—2e+3 n—2e+3 : (28)
Im(Dd )+ By (X) Im(DdfeerZp) + Bdfeerprl(X)
Further, for a representative of the form g(Uy, . .., Un_2€+2)-U5:56+3 € 5;i26+3(1m(Dg:€2;i§p)),
the inverse element is represented by g(Uy, ..., Up—set2) B o0i3cn_o(Un—2et3, ..., Up_2)-
TP-1, B
Proof. According to Proposition 4.2 and the presentation of (24). H

In Section 5, we deal with the right hand side of (28).
Moreover, we consider the composition of ©; and ¢, where ¢ is given by (11) and will
give the presentation of n-cocycles as follows. Note that the statement holds for w = —1.

Corollary 4.4. Assumen > 2e—1 and w? = 1. Let g be an element of C’g__f;i;(X) which
is divisible by Up—gero. If w # 0,1 and 0p—2e42(9) = (—1)"(1 —w) - g € C’g__f;:;(l)(X),
then g(Uy, ..., Un_seya) - UPZ5, 4 is contained in O Lo rs(Im(DY =25 ).

Moreover, for such g the following polynomial is an n-cocycle of degree d:

gUs, .. Unser2) - By oeizeno(Un—sers, - Una) - B (Un—1, Uy). (29)

Proof. The former is obtained by direct calculation similar to the proof in Lemma 3.10.
We will show the later part. Note that if w = —1, i.e., e = 2, then the above state-

ment is the same as Proposition 3.8. For w # —1, since g(Uy,...,Uy_2¢42) - U£:;e+3 €
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5;_126+3(Im(Dg:3;L4p)), then Corollary 4.3 yields g(Uy, ..., Un—2et2) - By 90 3<n 2" T | €
6,1, (Im(D?%_,)). Moreover according to Proposition 3.8 we conclude that the polynomial

presented by (29) is an n-cocycle. O

4.3 The proof of Theorem 3.3 (I)

Proof. We first consider the case of n < 3 or w = —1. Since C°(X) = Z,, it is clear that
c((jo) = 1. By direct calculation we have Z'©(X) = 0, which implies c§0> = 0. It is shown
[5, Corollary 2.2] that H3(X;Z,) = 0. It is known [5, Theorem 3.1] that H*"(X) = Z,
if w = —1, and that Hg(o)(X; Z,) = 0 if w # —1. Note that this completes the proof in
the case w = —1.

Then we may assume that n > 4 and w # 1,0,—1. For the proof of cgo) = ... =
cg?f2 = 0, by Proposition 3.8 it suffices to show that the right hand side of (11) vanishes
for n < 2e — 1. For this, we consider the two cases where n is odd or even.

One considers the case where n is even. By Proposition 4.2, we have an isomorphism

SLmDp) o (DR, )
Im(Dg_l) + ngll(X) Im(‘Dé+p—np/2> + Bé—l—l—p—np/Q(X) ’

given by the composite of ©,, /210" -00;. Any element of the right hand side is represented
by a; - UY ~! for some a; € Z,. Assume a; # 0. Therefore by comparing with the
homogenous degree we have p — 1 =d+p —np/2 — 1, i.e., d = pn/2. Since n/2 < e —1,
we have w? = w™? # 1, which contradicts w? = 1. Hence, a; = 0, that is, the above right
hand side does not have any non-trivial elements. Therefore H"(©)(X) = 0.

On the other hand, we deal with the case where n is odd. Proposition 4.2 gives rise

an isomorphism

S (m(Dy) -~ 0y (Im(Dj_,—3)2))

Im(Dy™) + By~ (X) (D, 5)/2) T Bi1_pin_s)2(X)

obtained from the composite of @(n_g,) /200 ©1. Any element of the right hand side is
represented by a; - UY - UY ™ e 00217171;(7173)/2()() for some a; € Z, and b # 0. By Lemma
3.10, it satisfies that

al(wb — 1) . Uf == (51((11 . Uf) = al((wUl + UQ)b — (Ul + UQ)b). (31)

By elementary calculation we have b = 1 or a; = 0. If a; # 0, then by comparing with the
homogenous degrees we have 1 +(p—1) =d—1—p(n—3)/2,ie.,d=pn+1)/2+1—0p,
which implies w? = w™/2 £ 1. Hence, a; = 0, that is, the right hand side in (30)

vanishes.
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Finally, we will show cg:ll = 1. By Proposition 4.2, the isomorphism given by (30) also

holds for the case of n = 2e — 1. It suffices to show that the right hand side of (30) is one
dimensional. Note that if d = ep—p+1, then w? = 1. By the equality (31) and the above
discussion, the right hand side of (30) is generated by Uy - UV~ € C2(X), which implies
cgi)_l < 1. We claim that U, - UY™" e C2(X) can not be killed. Indeed the homogenous
degree of any element in Bfl_l_,p(n_l) /2(X ) is smaller than p by definition. In the sequel

we obtain cgz)_l =1 O

Remark 4.5. Since §,(U;) = (w—1)-Uy, it follows from Corollary 4.4 that H?~1(0)(X) =~
Zy, is spanned by Uy - E5o, 3(Us, ..., Use—3) - B, 5(Use—2,Uze1) € Cf;:;H(X).

5 Quandle cocycles and the proof of Theorem 3.3

In this section we deal with H™®(X) for n > 2e. For this, recall that by Corollary
4.3, H"9(X) is isomorphic to the quotient space in the right hand side of (28). In
Section 5.1 we will present some examples of the cocycles and construct a linear map
from H"2¢0)/(X) @ H"~2+10(X) @ H"~2¢+20)(X) to the quotient space. In Section 5.2
we will show that the map is surjective (Proposition 5.4). In Section 5.3 we will show that
the map is an isomorphism, leading to the required recurring formula in Theorem 3.3. In
Section 5.4 we will prove Theorem 2.2. As a result, we will formulate presentations of all
cocycles which span H"(X) (Corollary 5.9).

Throughout this section we fix n > 2e and d satisfying w? = 1. Further we denote by e
the order of w. To simply the exposition, we define ' = d + (2 —e)p and m = n — 2e + 4.
Note that m > 4, w? P! = w¥"?% =1 and (—1)™ = (—1)". Also notice that d = d’ and
m=nifw=—1.

5.1 Examples of n-cocycles of the Alexander quandle of prime order

Example 5.1. Let f,,_3 € Cg?:;’_l(X) be an (m — 3)-cocycle which is divisible by U,,_s.
Put g,-1(Us,...,Un—2) == fin—3(Ur,...,Upn—3) - Upn—a. Then we can check 0,,_2(gp—1) =
(=1)"(1=w)-g,_1. By corollary 4.4, we have f,,_s-Up_o-T5 5 € 6,1 (Im(D})). Moreover
by applying such g, to (29), we have an n-cocycle given by

Jm—3(Us, ... Un=3) Un—2- By 1 9(Un-1,...,Un_2) By _((Up_1,T;,) € Cg(X), (32)

where E,_; is the polynomial given by (17). In the case of w = —1, n = 3 and fy = 1, the
resulting 3-cocycle U; - Ey ' (Us, Us) is found in [5, Theorem 0.3] and [6, Example 2.4.1].

Example 5.2. We define the following polynomial F_5(U,,—3, Up—2) € Zy[Up—3, Upp—2]:
F:r;_g(Um—& Um—2) = (W(Um—i’) + w_lUm—Q)p + (Um—3 - Um—?)p - (1 - W)Urz:Lf?,)/p
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=> j - urul, (mod p). (33)

2<j<p—1

If finoa € Cgf‘_’;p(X) is an (m — 4)-cocycle with no term of C,". 4(1)()() then we put
Gp—1 (U1, ..., Un—2) = fin—a(Ur,...,Upn_a) - Fro_5. Hence by direct calculation we have
dm—2(gp—1) = (=1)"(1 — w) - gp—1 , which satisfies the condition in Corollary 4.4. Hence,
Fmea(U, .. Upy) - F2_o - TP € 6.1 (Im(D%)). By applying such g,_; to (29), we
obtain an n-cocycle given by

fra(Ur, oo Unna) Fry _3(Um—3, Un—2) By 1<y o (U1, Un2) By (Un1, T;,) € Cy(X).
For example, when w = —1, n = 4 and fy = 1, then we have a 4-cocycle of the form
Yao(Ur, Uz, Uz, Ty) = (U1 +Us)? + (U — Us)P —2U7) - (Us+Ty)? — (Us — Ty)? — 217 /p*.

Example 5.3. We introduce the following polynomial G%,_4(Uy—3, Up—2) € Zp[Up—3, Up—a].

G2 5 = (Un-s+Un_2)" —w(Un_s+w Wpa)? " = (1—w) UL — (1—w HUEHY) /p
= Y G+ e ) U UL, (mod p). (34)
1<j<p—2

Let fn—2 be an (m — 2)-cocycle of the form f,, o(Uy,...,Upn—a) = fl,_4(Ur,...,Up—4) -
Ep—3(Un—3,Up—2). Then we put g,y :== f,_, - G¥

w 4. By direct calculations we get

Om—2(gp—1) = (—1)"(1 —w) - gp—1. Therefore because of (29) we find an n-cocycle given by
f;n74(U1, .. 7Um—4)'G(;}n73<Um—3,Um—2>'Eﬁqflgan(Um—l, .. Un 2) E (Un 1,T ) - Cg(X)

For example, when w = —1, n = 5 and f} = U, - E;'(Us, Us) is the above 3-cocycle

presented in Example 5.1, we have a 5-cocycle given by

Ur - ((Us 4+ Us)P* 4 (U = U P =205 =205 ™) - ((Us + Us)? — (Us = Us )P —20%) /p?

We will construct a map from H™20)(X) @ H™30(X) @ H™ 4O (X) given by (36)
below. It follows from Example 5.1, 5.2 and 5.3 that we thus obtain the following homo-

morphism.

Vo (25 55,(X) /2 0y (X))@ (25231 (X)/ 2520 (X)) @ (2520, (X)NC™—4(X)- By )

51 (Im(D7
— et
Im<Dd’ )+Bd'—1(X)
\Ijm(fm—4afm—37f;n—4'Eru;L—3) = fm—4'F#b_3'T£L__l1+fm—3'Um—2 ,/n 4° Tp 1
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By elementary calculation, we can check that the map does not depend on the cobound-

aries. We thus obtain the induced map as follows:

Oy (Im(D77))

m— m— ? (36>
Im(Dy~") + By=  (X)

Wm . Hm—4(0) (X) D H’m—S(O) (X) D Hm—Q(O) (X) N @
d/

2

where the direct sums are over all d’ satisfying w? = w?, i.e., w? = 1. We will show

Proposition 5.4. The above V,, is an epimorphism.

Note that as a result it follows from Proposition 3.8 and Corollary 4.3 that 0 < O+

n—2e
0 0
cﬁll%ﬂ + 0222%2 where n > 2e.

5.2 The proof of Proposition 5.4

Proof. Let g be an element of the right hand side in (36). We may assume that g €
Cm=1(X) is of the form g(Uy,...,Un_2,Tm-1) = gp1(Us,...,Up_s) - TP~ satisfying
dm-1(g) € Im(D}}). Then g, satisfies (15) by Lemma 3.10, which is rewritten,

Om-2(gp-1) (Ut -, Upr) = (1) (L= w™1) - g, 1 (Un,..., Ups) € Cp_ 'V (X). (37)

Let us decompose g,—1 as ¢p—1(Ui,...,Upn_2) = Zogjgpq Gip—1(Ur, ..., Up_3) - Ug;_Q.
Notice that gg,—1 = 0.

First, we consider the case where g; ,_1 vanishes for each j > 2. Namely, g,_1(U1, ..., Up—2) =
91p-1(Ut, ..., Up—3) - Upn—s. We will reduce this case of g,_; to an (m — 3)-cocycle of type
introduced in Example 5.1. Indeed, by applying the form to (37) we have

(=)™ (1—=w) grp-1(Us, ..., Un=3) - Upn—a = 6m—2(gp—1) (U1, ..., Un—2,Tn_1)

- m—3(gl,p—1)(U17 LRI Um—?)'Tm—1+(_1>m_lgl,p—1(Ulu sy Um—3)'((_1)d/_p(1_w>'Um—2)7

which implies 0,,,—3(g1p-1) (U1, ..., Un—2) = 0, i.e., g1p-1 € C’g?:gﬁl(X) is an (m — 3)-
cocycle. By construction of ®,,, such g is deduced from H™ 3 (X).

Next, we assume that ¢; ,_1 = 0. We will show the equality (38) below. Since by (37)
we have 6,,-2(gp—1) € C;?:;(l)(X), we apply Dj—) to (37), and obtain

0= D3, (Om—2(9p-1)) = dm-2(D—; (9-1)).

Note that the assumption of g;,1 = 0 is equivalent to that Dg’f‘:}f(gp,l) has no term
of CZ;L—_pQSI]_) (X). Hence, there exists a representative cocycle f,, o of H ”7__3£01)(X ) and
h e Cg?__g_l(X ) satisfying

D(Z?ii(gpfl) = fim—2 + Om—s(h). (38)

Then it suffices to consider two cases of f,,—2 =0 or d,,_3(h) = 0.
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(Case I) We assume that d,,_3(h) = 0. Then by Proposition 3.11 we have f,,_» =
! E¢ ., for some f _, € Z,[Uy,...,Un—4]. Note that

m—4 "

Umn—2 Umn—2 e t)? — (U,,— 1P (1 — )P
/ By 3(Up—s,t) dt = / (Un-s+t)P = (Up-s+w )P — (1 —w™)
0 0

p
- (p + 1)_1 : G%_3(Um—37 Um—2)7 (39>

where we temporarily deal with the above polynomials as polynomials over R and put

the integral constant to be zero. Then by the integration of (38) we conclude g,—1 =

/ .
m—4

presented in Example 5.3.
(Case II) We assume f,,_o =0, i.e., Dgf:;(gp,l) = Om—3(h). Decompose h € C;?:;’_l(X)
as h(Ul, ceey Um_g) == Zogkgp—l hk(Ul, ceey Um—4) . U7]7€1—3’
We will show that g can be killed if h,_; = 0. Then we may integrate (38), and obtain
Go-1(Ur,. Un2) = > (k+1)7" (5m74(hk)(U17 ey Unes) - Tt

0<k<p—2

GY 5. After all from D;r,‘:;(gp_l) = fm—2 we arrive an (m — 2)-cocycle and G%,_,

(=) hy (U1, .., Un—a) - (0(Up—g +w ™ Tpp) 1 — (Um_3+Tm_2)’f+1+(1—w)U§t§,)),
(40)

noting (—1)¢?~* =1 and gy, 1 = 0. Then put
Hy(Uy, ..., Ups) := Z (k+ 1) he(Uy,. .., Upa) - UEL TP, € O 2(X).

0<k<p—2

Since we may handle the calculation modulo Im(D}*™), 6,,_2(Hp,) is given by

Smea(H) (U, oo Upo, Tr) = > (k1) <5m_4(hk)(U1, o Ups) UkHL .2

0<k<p—2
+(=1)™hi (U, .. ., Um_4)-(w(Um_3+w‘1Tm_2)k+1—(Um_3+Tm_2)k“+(1—w)U,’;t13)) Tl

The coefficient of T?~ in the right hand side is the same as (40), which implies g is killed.
Therefore we may assume hy = 0 for any k£ < p — 2. By (4) and (38) we obtain

D(Z}:I?(gpfl)(Ula cety Um737 TmfZ) = 5m74<hp71)<U1, seey Umfi}) : TTI;L:12
+(_1>mhp71<U17 ceey Umf4) ' ((Umf?) + wilef2)p71 - (Umf?) + Tm72)p71)- (41)
Since the equality is contained in the image of DZ;}:; , the coefficient of TP~} in (41) is

zero. It implies that h,_; is an (m — 4)-cocycle, i.e., ,,—4(hy—1) = 0. Further, since

Tim—2
/ (Un-s+w™ )P = (Upos + )P dt = F2_5(Un—3, Tin—2),
0
then we can integrate the equality (41) by T,,_2, and conclude g,—1 = h,—1 (U1, ..., Up_4)-
FW

m—3

(Up—3, Trn—2), which means the type of Example 5.2. ]

In the next subsection we will show that ¥,, is an isomorphism.
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5.3 The proof of Theorem 3.3 (II)

Proof. According to the isomorphisms presented in Proposition 3.8 and Corollary 4.3,
the right hand side in (36) is isomorphic to H™®(X). In order to prove the required
recurring formula in Theorem 3.3, it suffices to show that W,, presented in Proposition
5.4 is an isomorphism. For this we will construct an inverse map of ¥,, step by step. The

construction is inspired by the previous proof of Proposition 5.4.

Step 1 First, we will construct a homomorphism &%, : 6.1, (Im(D%})) — H;?__;_I(X )
presented by (42). We claim that (Dg}:}? o D?:;Sd,_l)(g) € C’gr,‘:;_l(X) is an (m — 2)-
cocycle for g € 6,1, (Im(D7})). Indeed, since g satisfies &,,_1(g) € Im(D7), we have
Om—2((D=, © Dy pew—1)(9))
= D= (0n2 (D1 (9)))
= Dy~ (010 Dy (9)) + (=1)" M = 1) - (D, 0 D=y 1)(9)
= (D:l'}:; ° D?—pgd’—l © 5m—1)(g) S Im(Dg’l:; © Dg}—pgd’) = {0}7

where the second equality is obtained from the equality (4) and Dgf:;g v-1(9) €C "/L:; W (X).

Therefore we obtain a homomorphism
®7, 0,0 (Im(D)) — Hy' =2 (X), (42)

given by ®%,(g) = —[(D7=} 0 Dy~pcy1)(9)].
Step 2 We will show that the homomorphism ®7, is independent of the coboundary.
Indeed, for h € C—2(X), ®%,(6,n_2(h)) is given by
- [(Dgfl:; © Dz:;gd'q 0 Gm—2)(h)]
= (D523 (-2 (D3 2as (1))
= [_Dgf:i((‘smf?) © Dg}:igd'—l)(h)) + (_1)m71(wd/7p —1)- (Dg?ii © Dg}:zgd/—l)m)]
= —[(0m-3 0 Dgf:;’ © Dg}iﬁgd'—ﬁ(h)] =0,
where the third equality is obtained from the equality (4) and Dgf‘:zg s_1(h) € Cg,:f M (X).
In conclusion the map ®%, induces

=d =d' 0, (I (D)) m—2(0) m—2(1)
CI)—2(0) b @_2(1) : Im(Dg;b—l) + B$:11<X) - Hd/*pfl (X) ®©H '—p—1 (X),

where we identity H;’?__g’_l(X ) with H?:;EOI)(X )® H T?:;E?(X ) by Proposition 3.2 (I).

Step 3 Next, for the construction of a map from §,," , (Im(D7})) to C’;’f‘_‘;"p +2(X), we shall

(X) = Hp~? (X)& By—> (X)

prepare four homomorphisms as follows. From 257:;71
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we have a canonical projection 7, o : Zg}:ﬁ_l(X ) — Bl 5 ((X). Further, from 6,3 :
Cg?__pg_l(X) — Bl p2 L(X), we have the isomorphism 4, 3 : Cmf__?’ (X)) 257 s (X)) —
Bg}_’ﬁ_l(X ) by the homomorphism theorem. In addition we put a canonical crossed sec-
tion Lfﬂ:f;_l ; C’g,‘__?’ (X)) Zy (X)) — O 5’ 1(X). Finally we put Dl 2p<d,
C;’?__S_I(X) — Cgf_gé )(X). Let us identify Cy~y) )(X) with a subspace of C’gf‘_fp( ).
Then we regard Dg?:g’pg &—p_1 @ amap toward C’m_4 ( ).

In summary we consider the composition of D7~ 2 o D}~ 1< +—1 and the above four

maps:
671 (Im(Dm)) D OD p<d’ Zm— 2 (X) M B 2 (X)
m—1 d d'—p—1 d'—p—1
St e 1 Dw’l §<’ 1
== Oy (X)) 250 (X)) e om (X)) S o (X)),

noting that the image of D’}~> .0 Dyl p<a—1 18 contained in Zg}_’;_l(X ) by the discussion of
Step 1. We denote the comp051te homomorphism by ®%, : 51 (Im(D7})) — C’;’?__;p(X ).
In Step 4 and 5 we will check that ®%, induces the homomorphism given by (43) below.

Step 4 For g € 6., ,(Im(D%)) we will show that d,,_4(®%,(g)) = 0. If we decompose
l’d’plod 150 - ZODg'Lz D$;<d/ 1(9) € C$—5—1< )as ), h( - Un—a) - T3, 3,
then we have (@d )(9) = —hyp—1. We have to show 0,,_4(h,—1) = 0. Notice that
Om—3(D g ha - T 3) € T Z(Im(Dgf 2)). Hence it follows from Proposition 3.11 that
Om—s(Dogha -T2 g) + fl_u- EZ_5 € Im(D}~ 2) for some f) , € C;?_‘;LP(X). Since from
the definition of E 4 given by (17) we have f/ _, 3 € Im(Dg}_;), by comparing the
coefficient of 77~} in 5m 3(>°, ha - T}, _3) we obtain (5m 4(hp—1) = 0 (see (41)).

Step 5 Next, we will show that ®%,(8,,,_»(¢/y~F(h))) vanishes for any h € C2(X)/Z5~2(X).
Note that D$_2OD27_;<d, | induces a map from C'~ (X)) /Z5— 1 (X) to Coy, > (X /2y, > (X)),

m—1 m—2 m 2 P 3
since Dd, o Dy~ gy 1s a chain map. Also notice that Dy~ oy~ = Ly~ o

Dg,‘_ggd,_ . Therefore we obtain the following commutative dlagram.

m—4

m— m— ‘dl —2p m— Om—a —
Cor=ap(X) [ Z5=3,(X) Copop(X) Zy~5p(X)

m—3 m—3 m—2
TD —2p<d/—p—1 TD —2p<d/—p—1 TDd’2p§d'pl
m—3 m—3 m—3 m—2 TTm—2 m—2
Camp (X)) 237 1 (X) Ci oy (X) ———= 247, 1 (X) By
TDW 3 Dm 2 d'—p=1 TDm 3 Dm 2 TDm 2 Dm 1

—p<d'— —p<d/—1 —p<d'—
Co—1(X)/ 25— (X) Cor—i(X)

Zy 1 (X)

6m—2
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Hence the commutative diagram leads us that ®%,(d,,_o(¢7"2(h))) is equal to

(Dg’l:gpgd'—p—l © Lg}:;)fl 0 0yty © M2 © Dgfl:; © Dg}:;gd'q © m—2) (Lg}:%(h»
= (Lg’bjgp © Dzigpgdupq o 7;11—3 O Myp—2 O O3 O DZ/T,? © Dgfl:;gdfq © inf)(h)
= (Lgtgp © Dz:gpgd’—p—l © 57711—3 O Myp—2 O O3 O LZ}:}?A © Dfﬁ:;’ © Dgfl:;gd'q) (h)
= (Lgtép © Dzzgpgd’—p—l © Dg/ts © Dgfl:;gd'q) (h)
= (Lz:gp © Dg’lzgpgd’—p © D:lr’L:ESd’—l) (h) = 07
where the third equality is obtained from that ! ; 07, 206y 30 Lgfjg_l is the identity

map of C'"2(X)/Z5~2(X) by the homomorphism theorem.
Consequently, ®%, induces a homomorphism

— 61 (Im(D7 .
7, —tud DD o), (13)
Im(Dy™") + By~ (X)

Step 6 In summary by Step 2 and 5 we have the following homomorphism:

—d —d’ —d’ 5;11_1(1m(D3? ))
P _o0)BP_2)BP_y : Im(Dy~) + By 7 (X)

m—2(0 m—3(0 m—4(0
— Hy (X)) (X)eH, " (X),
where we identify H;'}__jﬁll)(X ) with H;CL__EEOI) (X) by Proposition 3.11 (II). For the proof of
Theorem 3.3, it suffices to show that ®g (6{2(0) &> 5{2(1) &> 6{4) o W,, is an identity map,
where the direct sums are over all d’ satisfying w? = 1. Notice that by construction the

composite map have a direct sum decomposition into three maps of the form (5‘12(0) o
U,,) ® (5{2(1) oW,,)® (5{4 oW,,). Therefore we shall check the inverse on the each parts
of H;:;EOI)(X ), H;}:;@(X ) and H;:;;O)(X ) as follows.

Let fi—3 € Cg?__;_l(X) be an (m — 3)-cocycle and let f/,_,-E¥ . € C’g,"”__i_l(X) be an

(m — 2)-cocycle. We may assume that f,, 3 is divisible by U,,_3. Then
((1)652(1) © \Ijm)(fm—?:) - (I)(i/2(1)(fm—3 U2 - Tri:ll) - Dgf:;(fm—?: ’ Um—2) = fm-3,

(q)ciz(o)oq’m)(fr/n%'Erwnf?,) = (I>C£2(0)(f;nf4~G“ﬁ%3-qu;ll) = D;?:i(f;n%-G‘;;fB) = frlnf4'E;)1737
where the last equality is obtained from Dgf:;(anf?,) = EY .. Finally let f,_4 €
C;’?__glp(X ) be an (m — 4)-cocycle which is divisible by U,,_4. Put a canonical crossed
section 327:271 : C’Z{,L:EA(X) — C’;?:;’fl(X)/ngjgfl(X) of the map LZ}:;’A above. Then
(@{4 © Wm) (fm—4) = q)il4(fm—4 ’ FT(;)L—3 ’ TT]:L:ll)
- (Dgfl:gpgdupq © LZ'L:;)A 0 0yt © M3 © Dg}j © Dd"}:p}gdul) (fm—4 E s Tfr:11)
= _(Dgtgpgdupq © Lg}:}?q © 5%1—3 °© 7Tm—2) (D:zr/b:;(fm% : F:ri—fi))

- _ T -1
== (Dg}fgpgd’fpfl © Lg}f;)fl © 5m1—3 O Tm—2 © 5m—3) (fm—4 ’ TTZ;Lf3)
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o m—3 m—3 T—1 m—3 m—3 p—1
= (Dd'—2p§d/—p—1 Oly—p-1° Op—3 O Tm—2 © O3 © bar—p—1°© Sd’—p—l) (fmf4 : Tm—3)

—3 -3 -3 -1
= (Dg}—Qde’—p—l © l’g’L—p—l © ngl_pq) (fmf4 : TTI;L—:J,),

where the forth equality is obtained from Dg}:ﬁ( Fnea-F2 ) = 6ms(fma-TP7Y) (see (41))
3

P
the section nglpq , the last equality is derived from that 5,71{3 OTym—200,,_30 Lg}:iil is the
identity map of Cg?__lz(X)/Z;CL__f(X). Moreover, note that D?:g’pgd,_p_l(Zg,"”__;’_l(X)) -

Bg?:;lp(X ) by Lemma 5.5 below. Hence,

;the fifth equality is derived from that d,,_3 = dp,—g0¢,,—
-3

10 327:;_1 from the definition of

(5{4 ° Em) (fn-a) = _[(D;?:gpgd'—p—l © L:lr}::;—l © 527:2—1) (fm,4 : Tﬂj«;)]

=~ D3 yct—p1 (fma - Th25)] = [frnma] € H™1O(X).
In summary Gy (6{4 & 5{2(1) d 5{2(0)) turns out to be the inverse map of W,,. O
Lemma 5.5. If ¥ = w?, then D75, (Z772 (X)) C By~ (X).

Proof. Let f € 027:371()() be an (m — 3)-cocycle which is divisible by U,,—3. Then
there exists a representative cocycle ¢,,_s of H T:;ﬁol)(X ) and h € Cg?:;fl(X ) satisfying

[ = ¢m-3 + 0m_a(h). Recall that any representative of H ”7:;’8)1) (X) is annihilated by

Dg’L:SpS d—p1 by Proposition 3.11. Therefore

Dg}:gpgd’—p—l(f) = 5m*4(D:l7’1:§p§d’—p—1(h)‘U79174) = 5m*5(Dg}:§p§d’—p—l(h)) S B$:24p(X)7

where the last equality is obtained form the equality (4) and w? =2 = 1. O

5.4 The proof of Theorem 2.2

Proof. 1t is known [5, Theorem 1.1] that Hp(X;Q) = 0 and Hp(X;7Z,) = 0 for any prime
q (# p). Hence it follows from the universal coefficient theorem that H?(X;Z) is a finite
abelian group whose order is a power of p. By Corollary 6.4 which we will show in the
next section, HY(X;Z) is annihilated by p, that is, H2(X;Z) is a Z,-vector space. We
thus have HV (X;Z) = Zb» for some b,

By Lemma 5.6 below, b,, = 0 forn > 1. Recall that by Theorem 3.3 ) is determined
(0) (0) (0) (0) (0 (0) (0) (0)

by Cpige = CpiotCpiiten’, ¢ = =¢y 5 =0, and ¢y, = ¢;, = 1. In conclusion,
b, is also determined by b,19. = bpio +bpi1 + by, by = =bye o =0, and by =
boe = 1. O

Lemma 5.6. The above b, satisfies b, = 0 forn > 1.

Proof. We will show this lemma by induction on n. By definition and direct calculation
we can check that H®V(X;Z) = Z and H'©(X) = 0. Hence b; = c§0) =0.Ifn=21Itis
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shown [5, Corollary 2.2] that H2(X;Z,) = 0. By (3) we obtain Hy"(X;Z) = 0. Hence
by = ¢y 0 — o,

Assume Lemma 5.6 holds for n < k£ — 1. By the universal coefficient theorem and
Proposition 3.2 we have

b, + b1 = dim(H* (X)) = ¢ + &% .
By the assumption we have b, = c,(f). O]

5.5 Cohomological operations and presentations of n-cocycles of H™© (X)

As a result of Theorem 3.3, we will construct a cohomological operation. Furthermore,
we will present all cocycles which span the cohomology H™(X). The presentations are
composed of the four polynomials £ |, EY , . 5., o, FY 5.,y and G} 5., introduced in
(17), (27), (33) and (34), respectively.

In [7] there are studies on homological operations for some quandles (see Section 2 and

6 in [7]). Here we will construct a operation on the quandle cohomology group. We define

O (2575 (X)) 2 5V (X))@ (2523 (X)) 220 (X))@ (Z=2  (X)NC™4(X)- B2 _s)
— H"(X),

(fm 47fm 37fm 4 Ew ) (fm 4° 3+fm 3° Um 2+fm 4° )'Erbjz—‘rlgn 2 E:IU 1

where m = n — 2e + 4. Since this does not depend on the coboundaries, then €2, induces
Qgers s H2O(X) @ H*2HO(X) @ H*2P0(X) — HO(X).

From the construction, we can check that by Proposition 3.8 and Corollary 4.4, the
above Q,,_ 2044 is equal to the composite ¢! o (©;) L o---0 (6. 1)t o ¥,,. Since each

homomorphisms are isomorphisms, we thus obtain

Corollary 5.7. Qn_se is an isomorphism forn > 2e.

Remark 5.8. Recall that H"(X) = H"(X) @ H"'©(X) by Proposition 3.2. Then,
the direct sum ﬁn_26+4 P ﬁn_26+3 induces an isomorphic cohomological operation on the
quandle cohomology H™(X).

Next, we will present all cocycles which span the cohomology H™(X). For the purpose
we will define a set of Some n-cocycles denoted by Coc, (O We first define COCO ) to
be 1 € Z,. Define Coci by the empty sets for 0 < ¢ < 2e — 1. Put Cocz%1
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{U1- E5y,, - E5,_, € C**71(X)}. By induction on n we define the following set of some

n-cocycles:

w ) w w w,(0
COCn’(O) = {fane - F —2e+2 " E —2e+3<n—2 " En—l’fn*26 € COCn—(2)e}

n n
u{f U B B |f € Coc 9
{ n—2e+1 n—2e+2 n—2e+3<n—2 n—1 ’ n—2e+1 OCn—Qe—i—l}

w,(0)
U {fn72€+2 : G:::—Ze—i-l ’ E:—2e+3§n—2 ’ Erf—l/E:—Qe—&-l’faneJr? € COCn—Qe—i—Z}’

noting that f_ocio/E¥ 5, € C"2¢(X) from the definition of Cocﬁfg)e 42 Also, by

definition notice that any element of Coc?”(”) has no term of C™("(X).

Corollary 5.9. Let X be the Alexander quandle of order p with w # 0,1. Then H™(X)

0)

15 independently generated by Cocﬁ’( . Further, the quandle cohomology H™(X) is in-

dependently generated by Cocj‘;’(o) U Coczfg), where we regard the cocycles in Cocifg) as

elements of O™ (X).

Proof. By definition H°(X) = Z, is generated by 1 € Z,. By Theorem 3.3 we have
HO(X) 20 for 0 < i < 2¢ — 1. By Remark 4.5, H>*7'0(X) = 7Z, is spanned by
Coc;;(i)%. Let us consider the case n > 2e. Assume that for n < k — 1, H"(X) is
independently generated by Cocjj’(o). Note that the construction of Coc‘,:’(o) is compatible
with the isomorphism Q_g.44. Therefore H*()(X) is independently generated by Coc‘,:’(o).

To show the later part recall that by Proposition 3.2 a canonical inclusion C"™(X) C
C"H(X) induces H"M(X) = H"'O(X). Therefore H"W(X) is spanned by Coch(l)).
Moreover by the canonical direct sum decomposition H"(X) = H™"(X) @ H"W(X),
H"(X) is independently generated by Coc‘;j’(o) U Coc‘;f?). ]

6 The torsion subgroup of H%v(M;Z) of finite connected Alexan-
der quandles.

The goal in this section is to show Theorem 6.1. As a corollary, for an Alexander quandle
X of order p, the quandle homology is annihilated by p (Corollary 6.4).

We will review finite connected Alexander quandles and the torsion subgroups of the
quandle homology groups. Let M be an Alexander quandle, that is, M is a Z[T, T -
module with an binary operation given by =y = Tz + (1 — T')y. If the quotient module
M /(1-T)M is zero, the quandle is said to be connected. Tt is known [4, Proposition.1] that
this definition is equivalent to the standard definition of the connectedness. It is known
[4, Theorem.1] that if M is finite and connected, then the free subgroup of HZ(M;Z)
is Z and the generator is represented by (0,0,...,0) € CE(M;Z) and that the torsion
subgroup is annihilated by |M|" for each n > 1. It is shown [7, Theorem 17] that for the
dihedral quandle X of order 3 the torsion part of H*(X;Z) is annihilated by 3.
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More generally, in this paper we will show a stronger estimate for finite connected

Alexander quandles.

Theorem 6.1. Let M be a finite connected Alexander quandle. Then for each n the
torsion part of HE(M;Z) is annihilated by |M].

Before the proof we will present some corollaries and remarks.
Corollary 6.2. Let M be as above. Then HY(M;7Z) is annihilated by |M| for n > 2.

Proof. Tt is shown [4, Theorem 4] that HY(M;Z) is a direct divisor of H¥(M;Z). Since
(0,...,0) is zero in C¥(M;Z), H?(M;Z) has no free part. O

Remark 6.3. It is false that in general for a finite connected quandle HY(X;Z) is an-
nihilated by |X|. For example, let QS(6) be the connected quandle of order 6 presented
by [2, Example 2.2]. QS(6) is not isomorphic to any Alexander quandle (see [8, Section
5.1]). Then it is known [2, Example 2.5] that HZ(QS(6); Z) = Z./24Z = 7.)2*Z & 7./ 3Z.

We immediately obtain the following corollaries, which we state without proof.

Corollary 6.4. Let X be an Alexander quandle of order p, that is, X = Z,[T]/(T — w)
with the Alexander quandle operation for some w # 0,1. Then HZ2(X;Z) is annihilated

by p.

Corollary 6.5. If X = Zy|T]/(T? + T + 1) with the Alezander quandle operation, then
H9(X;7Z) is annihilated by 4.

Remark 6.6. Corollary 6.4 is conjectured in [7, Conjecture 16].

Proof of Theorem 6.1. We will deal with our coordinate of the rack chain group presented
by (1). We now introduce the chain maps f1, fi : CRv(M;Z) — CEv(M;Z) given by

Z(O,...,O,y,Uj+1,...,Un) for 0<j<n
fi(Ulw"aUn) = yer!

Z(O,...,O,y) for 7 =n.

yeM

. |M"(07'--;07Uj7Uj+1,--.,Un) for 0<j<n
RU,... U,) =
\M\-(O,...,O) for j=n.

Lemma 6.7. fé — fi, fé — er_l are null homotopic for any j < n.

We will show this below. If we assume the lemma, then fj = [M|-idr, (uzy 18 chain

homotopic to f3'. Therefore we have the induced maps (f3). = (&)« : HEV(M;Z) —
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HIEv(M;Z). However recall that the free subgroup of HXv (M;Z) is generated by (0, . .. ,0).
Hence the image of |M]-id , ry (M2 is contained in the free part of HXv(M;Z). Therefore
the torsion part of H* (M;Z) is annihilated by |[M|. O

Proof of Lemma 6.7. Since M is finite, then we equip M with a Z[T, T~'|-algebra
structure with unit. Therefore we may regard 1, 7,71 and 1 — T as elements of M. By
the connectedness we have M = (1 — T)M as a Z[T, T~']-module. Therefore 1 — T is an
invertible element of the ring M.

We claim that chain homotopies Dfl,o : CRv(M;Z) — CEV(M;Z) between f] and f7
are given by the formula

Dyo(Un,. o Un) =Y (0,..,0,(T =)'y, Uj+ (1 =T) 'y, Ujsa, ..., Un).
yeM

Indeed, by direct calculation we can check that 8n+1Dfl’0 + Dfl_lvo(?n = (—1) (fi - fg).

Next, we put homomorphisms Dfl, L CRO(M;Z) — OV (M Z) given by the formula

Z(O,...,O,(l —T) 'y, (T — 1)1y, Uj,Uj+1,...,Un) for j <n

DI (Uy,...,U,) = %M
+ ) Z(O,...,O,(l—T)_ly,(T—1)_1y) for j =n.

yeM

By direct calculation we obtain 0n+1DZ,”+ + D%_LJﬁn = (—1)9( i fg) for j > 1.
Therefore D), , are chain homotopies between f{ and fIT'. This completes the proof. [
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