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Introduction

0.1 — In [2], we started our study of the complex analytic function M(s; 21, 25) (denoted
there as M,(z1, z)) in three variables s, z;, z, (R(s) > 1/2), in connection with the value
distribution of {dlog L(s, x)/ds},. Here, x runs over a suitable family of abelian char-
acters of a global field K and L(s, x) denotes the associated L-function. The connection
is that for each fixed s with R(s) = ¢ > 1/2, the inverse Fourier transform M, (w) of
M,(z) = M(o, 2, %) is the density function for the distribution of {dlog L(s,x)/ds}, on
the complex w-plane (generally conjectural, proved in various cases [2, 4, 6]). In the joint
work with K. Matsumoto [5, 6] (cf. also a survey [7]), we continued this study treating also
the corresponding M-and M-functions related to the value distribution of {log L(s, X)}-
We use the same symbols M, M etc., and distinguish the former dlog-case as Case 1, the
latter log case as Case 2. They are different systems of functions having various properties
in common. Each also depends on the pair (K, P.,), where K is a global field (either an
algebraic number field or an algebraic function field of one variable over a finite field) and

P, is a given finite set of prime divisors of K including all archimedean primes in the
number field case. When (K, (Q, (0)),

Py) =
(0.1.1) M (s; 21, 22) iAzl A, (n)n =% (R(s) > 1/2),

n=1
where each \,(n) (2 € C; n=1,2,---) is a polynomial of z determined by

3 nn"° = exp(5 g L log((s)) (Casel)
> A {eXp(ZQZ log ¢(s)) (Case 2)

(R(s) > 1,7 = v/—1). For example, M(s, —2i, —2iz) = ((25)* (z € C) in Case 2. It

seems to the author that these functions are interesting in themselves.

'RIMS, Kyoto University, Kitashirakawa-Oiwakecho, Sakyo-ku, Kyoto 606-8502, Japan;
ihara@kurims.kyoto-u.ac.jp



0.2 — We shall pursue further analytic properties of M(s; 21, 2;) and M,(w). In the
present article, we shall first study the variance u, and the “Plancherel volume”

(0.2.1) = / M, (w)?|dw| = / (N, (=) dz];

especially the limit behaviours lim,_.; /2 and lim,_, o, of the “natural invariant” p,v,, and
of the variance-normalized measure ,uUMU(ui—/ w) and its Fourier transform M, (u, Y %2)

(§1,82). One of the key points is the limit behaviour of the complex analytic version
(0.2.2) M (s; pu(s) " 221, uls) ' 220)

of ]\;[J(u; Y 22), which is partly related to the second main subject of this article, namely
the analytic continuation. We shall prove (§3) that M (s; 21, 29) extends analytically to
D x C?, where

(0.2.3) D ={R(s) >0} \{p/2n; n € N, ((p) =0 or oo},

((s) = Cx.p. (s) being the zeta function of K without Ps, factors. In fact, M(s; 2y, 25) is
univalent on D x C? in Case 1, but multivalent in Case 2 (univalent on D% x C2, Durab
being the maximal unramified abelian cover of D). This property is closely related to the
infinite product expansion which, in Case 2, looks like

(024) M(37 21, 22) = H C(ZnS)Rn(Zl’z2),
n=1

where each R, (z1,22) is a polynomial of degree deg, < n (i = 1,2). This means that
for any N € N, (i) the quotient of M(s;z1,2) by the partial product over n < N on
the right hand side extends to a holomorphic function on $(s) > 1/(2N + 2), and (ii) on
some subdomain of {R(s) > 1/2} x C2?, the remaining product converges absolutely to a
non-vanishing holomorphic function which gives that quotient. The case N = 1 will be
used to show that (0.2.2) converges to exp(—z122/4) as s — 1/2. This, together with an
upper bound for |M,(z)|?> near o = 1/2, valid for all z € C studied in §4, leads to our
limit formulas for p,v, and ,uo.]\/[g(,u},/ 2w).

0.3 — In §1.1, we first discuss general continuous density functions M (z)|dz| on R¢
(d = 1,2,---) with center 0, in particular, the rigorous lower bound for the quantity
142y (Theorem 1), where 1 is the variance and v is the Plancherel volume. For d = 2,
this gives pv > 8/9. Then in §1.2, we briefly review (from [6]§4) the definition and the
basic properties of our functions M (s; 21, z5) and M, (w).



In §2, we study the limits as ¢ — 1/2, +00 of u,v, and p,M, (p,g/ w) (Theorems 2,3).
Some of the key lemmas used will be proved later (§3,84). This logically inverted ordering
of sections is due to the introductory nature of §2 and the “heaviness” of §3,54.

In §3, we shall prove the analytic continuation of M(s; 21, 2) (Theorem 5).

In §4, we shall study the rapid decay property of |M,(z)|?, especially when ¢ is arbi-
trarily close to 1/2 and |z| not being bounded.

0.4 — Now we mention something about the zero divisor of M (s; 21, 29) on which no
information is shown in the product formula (0.2.4). First, as is already shown in the
previous articles (reviewed in §1.2), M (s; 21, 22) has an Euler product decomposition

(0.4.1) M = M(s; 21, %) H M,(s; 21, 2) (R(s) > 1/2),
pEPoo

where each local factor M, = M,(s; 21, 2,) is holomorphic on {R(s) > 0} x C2. In Case
2, M, can be expressed by the Gauss hypergeometric function F(a,b;c;x), as

(0.4.2) M, (s; 21, 20) = F(i21/2,i22/2;1; N(p)~%).

Each M, has a non-trivial zero divisor Z,, {Z,}, is locally finite, and the intersection
with D x C? of 3~ 2, gives the zero divisor of M.

The local zero divisor Z, seems worth studying fully'. But let us touch here the
main property of its restriction to the hyperplane z; + 2z = 0, say, in Case 2. Put
t = N(p)~*, x =iz, and consider the “locally normalized” function

(0.4.3) fi(z) = F(x/(2arcsin(t)), —z /(2 arcsin(t)); 1; t?).

Then fo(z) = Jo(z), the Bessel function of order 0. If £{~,}5°, with 0 <y < 7o < ---
denote all the zeros of Jy(z), then there exists 0 < to < 1 such that each ~, extends
uniquely to a zero v, (t) of fi(x) for all |¢t| < ty (real if t is s0), and we have

(0.4.4) fulz) = ﬁ (1 - %;2) .

v=1

This gives rise to another infinite product decomposition

(0.4.5) H H < (arc&n((p()lj)s)s)) . ) _ H(l +6222)

pZPo v=1 pn=1

for R(s) > 1/2, where {6,} is a reordering according to the absolute values. For s =0 €
R, 02 are all positive real, as long as N(p)? is sufficiently large. The comparison of two
decompositions (0.2.4) and (0.4.5) would be a future subject of study.

Left to future articles; cf. [3] for some partial results for Case 1.
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1 Preliminaries

1.1 — The Plancherel volume. Let R = {z = (2y,...,24); ; € R(1 <i < d)}
be the d-dimensional Euclidean space (d = 1,2,---), and |dz| = (dx;...dz)/(27)¥? be
the self-dual Haar measure with respect to the self-dual pairing e!®*? of R¢, where
(z,2') = SO0, @z, Write, as usual, || = (z,2)"/2. Consider any density measure
M (x)|dz| (M(z): a measurable function) on R¢ with center 0, for which the standard

formulas in Fourier analysis hold; namely,

(1.L1) M(z) > 0, /M(:L‘)|d:1:\ _ 1
(1.1.2) /M(x)xi|dx| —0 (1<i<d):
(1.1.3) M(y) 5=/M(I)€i<z’y>|dl‘|> M(x) Z/M(y)e_i<x’y>\dy|;

(1.1.4) vi=vy = /M(m)2|dx| = / |M(y)[?|dy|  (Plancherel formula).
We shall compare the two invariants
(1.1.5) W= fiyr = /M(x)]ac\z]d:v] (the variance)

and the above vy, which will be called the Plancherel volume of M(zx) (or of M(x)|dz|).
Note that vy, can also be expressed as

(1.1.6) v = M(z) * M(=2) |2=0

(*: the convolution product with respect to |dz|). Thus, vy may be regarded as the
density at the origin of the differences of two points in the measure space (R¢, M (z)|dz]).

In general, the two invariants, the average p of the square of the distance from the
center and the density v at the origin of x — 2’ (z,2/ € R%), both with respect to the
given density measure M (x)|dz|, are unrelated invariants. But the product

(1.1.7) u?y

seems to be an interesting basic invariant. Note that this is invariant by the scalar
transform

(1.1.8) M (z) — "M (cx)

2

for any ¢ > 0; in fact, p (resp. v) is multiplied by ¢=2 (resp. c¢?).
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If we denote by M*(x) = u>M (p*/?z) the scalar transform (1.1.8) for ¢ = yi'/2, then
M*(x) has the Fourier dual M (u~'/2y), the variance = 1, and the Plancherel volume
142y, This scalar transform M (x) — M*(z) will be called the variance-normalization.

Let us pay attention to the following 3 special cases and the theorem to come thereafter.

Example 1 If M(z)|dz| is Gaussian, i.e., M(z) = ce=** (a, ¢ > 0), then

d/2
(1.1.9) p?y = (g) :

In particular, the 2 dimensional Gaussian distribution satisfies yr = 1.
Indeed, we have ¢ = (2a)¥? by (1.1.1), and pu = d/(2a), v = a¥/>.

Example 2 If M(z) =c (Jz| < R) and =0 (|| > R), where ¢, R > 0, then

2d \Y?_/d
1.1.1 /2, — [ =2 r{=-+1]).
(1.1.10) py (d+2> (2+)

In particular, when d = 2, we again have uv = 1.

Indeed, ¢ = 29T (§ + 1)R™, p= 75 R? v = 29°T(§ + )R~

Thus, when d = 2, uv = 1 holds in these two special cases.

Example 3  Define the function f;(r) of r > 0 by

d(d+2) 2
Yo (1—=r?)---0<r<1,
1.1.11 f(ry =4 2
( ) falr) {0 sl
where
(1.1.12) va = (2m)2 /Vol(S,_,) = 227 'T'(d/2),

Vol(S4-1) being the Euclidean volume of the (d —1)-dimensional unit sphere. And for any
fixed ¢ > 0, consider the function M(z) = c¢?- f;(c|z|) on R%. Then M (x) also satisfies
(1.1.1)(1.1.2) and we have

d/2 d+4

d+4 d+4



Indeed, = ¢ 2p} and v = ¢}, where

d 2d(d +2)
1.1.14 .= ;= ——"4
( ) Ha R Vaq di4 Vd

Now, intuitively, u and v cannot be too small at the same time and hence there must
be some inequality showing this. The following elementary but seemingly basic inequality
was obtained in passing. Since I could not find this in the past literatures (including e.g.
[1]), I take this opportunity to present it with a full proof (a sketch was given in [3]).

Theorem 1 For each d > 1 and each measurable function M(x) on R® satisfying
(1.1.1)(1.1.2), we have, for i = pupr and v = vy *:

2d \? AL (444)
1.1.15 4/2;, > 2 2
(1.1.15) s ”—(d+4) d+4

Moreover, the equality holds if and only if M (z) is the function given in Example 3.

The minimum-giving Example 3 was found by using small deformations, which led
to a simple differential equation of order 1. And once found, the proof is simple (and
somewhat miraculous).

Proof Let M(x) be as at the beginning of this subsection, with their invariants p, v.
We shall prove

(1.1.16) pPu > (up) vy,

where p, v} are as defined by (1.1.14). We may assume that M (z) is rotation invariant,
because averaging over |r| = r does not change p, while v either decreases or remains
the same. Therefore, M (x) = f(|x|) with some non-negative real valued function f(r) of
r >0, and

1 [ 1 [ 1 [
(1.1.17) —/ f(r)yr=tdr =1, —/ f(r)r*tdr = p, —/ f(r)2ritdr = v.
d Jo Vd Jo Vd Jo

By a suitable scalar transform (1.1.8) we may assume that p is any given positive real
number, and so we assume p = . We then have

4

1 2\, .d—1 L[> o0,.d-1 . . _
(1.1.18) %/0 f(r)(l—r)rd er%/o f(r)(l—'r)'rd dr—l—ud_m,

'Here we just need the first definition of v in (1.1.4) involving only M ().
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because the corresponding integral over (1, co) is obviously non-positive. Now the Schwarz
inequality gives

(1.1.19) </01 f;(r)2rd—1dr) (/Olf(r)2rd_1dr) > (/01 f;(r)f(r)rd—ldr>2.

Here, the first integral on the LHS is nothing but 47, while the RHS is

o (M) (o0 (48 (L)

by (1.1.11),(1.1.18). Therefore, (1.1.19) gives

(1.1.21) 1 lf(r)Qrd_ldr > A2() (

2d(d+2))2 .
Yd Jo

d+4 — Y

by (1.1.14), and hence the desired inequality v > v}. The last statement of Theorem 1 is
clear from the above proof. 0.
In particular, for d =1, 2,

Corollary 1.1.22 We have

(1.1.23) pt?y > (1871/125)Y? (d=1),
(1.1.24) pr > 8/9 (d=2).

On the other hand, there is no upper bound for u%?v; indeed, if the support of M (z)
is concentrated to the sphere with center 0 and radius 7, then p is close to r? while v can
be as large as possible.

1.2 — The function M(s; 2, z). We shall review, mainly from [6]§4, the definition
and some main properties of the function M(s; 2, 22) and its local factors M, (s; 21, 2a).
Let K be any global field, i.e., either an algebraic number field of finite degree, or an
algebraic function field of one variable over a finite field. Let p be any non-archimedean
prime of K. Define A,(p") (z € C, n > 0) to be the coefficient of the power series

Ny (o s Jexp (5 £ log((1=N(p)~*)™h) (Case1)
(1.2.1) > A(p)N(p) ™ = {exp(g log((1 — N(p)~*)"1) (Case2)

of N(p)~*. It is a polynomial

(1.2.2) A (p") = {?E_f log N(p)) E(CJZZ;;



with

_ I a o)t (Casel),
(1.2.3) Fn<$) = {Zzzl %(5:(71)%]‘: _ #x(x + 1)(1‘ 4 — 1) (Case 2)’

(n>1), Fy(z) = 1, where

(1.2.4) = Y mln < 3 :(Z:D

Now the local p-factor Mp(s; 21, 29) of M(s; 21, z) is a holomorphic function of (s, 21, z)
on {R(s) > 0} x C? defined by the power series of N(p)~2 given by

(1.2.5) (s; 21, 29) Z)‘Zl A, (P")N (p) 2",

For a given finite set Py of prime divisors of K including all the archimedean primes
in the number field case, the global function M (s; z1, 25), which is a holomorphic function
of (s, z1,29) on {R(s) > 1/2} x C?, is defined by the Euler product

(1.2.6) M (s; 21, 29) H M (s; 21, 29)
pZPoo

which is absolutely convergent on R(s) > 1/2 in the following sense. For any given
oo > 1/2, R > 0, let |z1],|22| < R and R(s) > 0g. Then for all but finitely many primes
p, we have | M, (s 21,2) — 1] < 1, and the sum of log M,(s; 21, 2,) (the principal branch)
over these p converges absolutely and uniformly. It has a Dirichlet series expansion

(1.2.7) M(s;z1, ) = Y A (D)A,(D)N(D)™* (R(s) > 1/2),

D:integral

where D runs over the integral divisors; i.e., divisors of K of the form D = Hpg p. P

(n, >0, ny, = 0 for almost all p), and A, ( ) = [Loep, A:(P™).

(Other expressions) The local function Mp(s; 21, 72) has an integral expression

- l
(1.2.8) M, (s; 21, 22) = / exp (ﬁ(zlgsjp(t_l) + 2295,;,(15))) d*t,
C!

where g, ,(t) is a continuous function on C' = {t € C; |t| = 1} defined by

—(log N(p)) N(p)~*t Case 1
(1.2.9) Gop(t) = 1-N(p)°t (Casel),
—log(1 — N(p)~"1) (Case?2),
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(the principal branch of the logarithm), and d*¢ is the normalized Haar measure of C!.
It also has the following power series expansion in zy, 2s;

a b
2179

- . a a,b
(1.2.10) My(s;21,22) = L+ > (i/2)" g™ (s) L

a,b>1

where the sign is minus (resp. plus) for Case 1(resp. Case 2), and

(1.2.11) i (s) = {(logN(p))a+b D _n>Max(a,b) (Z_i) (7-])N(p)~2  (Casel),
D n>Masx(ap) 0a(12)05(R) N (p) ~ (Case?2).

In particular,

(1) — ) W08 N(@)?/(N(E)* —1)  (Casel),
(1212) :“p ( ) { Zn21 n_2N<p)_2ns (C&SQ 2)

The global function M(s; 2, z,), for each s with R(s) > 1/2, has an everywhere
absolutely convergent power series expansion in 21, 2;
42

(1.2.13) M(sz,20) = 1+ ) (£/2)" 0 (s) =02,

a,b>1

with the same choice of the sign as above. Here, each u(®%(s) denotes the following
Dirichlet series which is absolutely convergent on R(s) > 1/2;

(1.2.14) p(s) = > AdD)A(D)N(D)™>,

D:integral

where Ay (D) (> 0) for each integral divisor D is defined by

(1.2.15) A(D) = Y A(D1).. A (Dy),
where

~ J1og N(p) (Case 1),
(1.2.16) Ay(D) = {1/n (Case?)

if D = p" with some p ¢ P, and n > 1, and A;(D) = 0 otherwise. By comparing the
coefficients of 2129 for M, (s; 21, 22) and M(s; 21, 22) in the formula (1.2.6), we obtain the
Euler sum expansion (only for (a,b) = (1,1)):

(1.2.17) p(s) = p(s) = > pgtV(s (R(s) > 1/2).

pZPoo



Finally, let M, (w) (o > 1/2, w € C) denote the “M-function” defined and studied in
[2](Case 1) and [5](Case 2). (In the latter, it is denoted as M, (w).) Then its Fourier dual
is M,(z) := M(0; 2, 2). In fact, if 4., ., (21,2 € C) denotes the quasi-character C — C*
defined by

(1.2.18) V2,2 (W) = exp (%(z@ + Zzw)> ,

and if we put ¥, = 1, > (which is a character C — C'), then we have

(1.2.19) W(oinz) = [ Moy, w)ldul,
(1.2.20) M,(w) = /CMa(z)d)_w(z)|dz|,

where |dw| = dxdy/2r for w = z + yi. Both M, (w) and M, (z) are continuous functions
on C belonging to L'; hence the Plancherel formula holds. Recall also ([6] §4.2) that the
center of gravity of M, (w)|dw| is 0, and that u(c) = pV(a) (¢ > 1/2) is equal to the
variance

(1.2.21) o = (o) = /Mg(w)\w\dew\.

It is easy to see (cf. §3 below) that lim, .12 pt, = 400 and lim,_, o fte = 0 (Cases 1,2).

Now let v, denote the Plancherel volume of M,(w). In connection with Examples
1,2,3 (§1.1), where puv = 1, 1, 8/9 (the minimal possible value) respectively for d = 2,
we are interested in studying the product u,v,. First, some numerical evidences suggest
that p,v, is often quite close to 1. For example, when K = Q (resp. Q(v/—1)) and P,
consists of the unique archimedean prime of K, then 1 — py4 = 0.017... (resp. 0.018...).
In §2, we shall study the limit behaviors of the variance-normalized function uUMJ(,uCl,/ 2w)
and that of y,v, as 0 — 1/2 and 0 — oo for general cases of (K, P,). Here, we just add,
without proof (cf. [3] for a sketch of proof) the following

Example 4 Let K = F,(z) be the rational function field over a finite field F, and
(9)

P = {poo} the unique prime at which x = co. Write ) (resp. vg ) for the variance
(resp. the Plancherel volume) of M, (w)|dw|. Then for any fized o > 1/2, at least in Case
1, we have

(1.2.22) lim (p P @) = 1.

q—00 7

Is p,v, related to some invariant with a different origin? Is there a complex analytic
version of v,?
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2 Limits at 0 = 1/2 and 0 = 4.

Let o (resp. v,) denote the variance (resp. the Plancherel volume; cf.§1.1) of the mea-
sure M, (w)|dw| (o > 1/2). We shall study the limits, first at ¢ = 1/2, then (briefly) those
at 0 = 400, of the invariant p,v, and of the variance-normalized function ,uUMU(pJ(l,/ 2w).
In this section, we shall state the main results, Theorem 2 for ¢ — 1/2 and Theorem 3
for o — 400, and reduce their proofs to Lemmas A,B (for Theorem 2) and to Lemmas

A’ B’ (for Theorem 3). The Lemmas A A’ are for the limits of

~ 21 z9
M .
& 7w

as s — 1/2, 400 respectively, where pu(s) = ptY(s) is the complex analytic version
of p,. Lemmas B, B’ are on the rapid decay property of the normalized Fourier dual
]\;[a(z/ pj,/ 2). The proofs of these lemmas will be postponed to later sections (except
Lemma A’). Because of its introductory nature, we have set this section right after §1, in
spite of its logical dependence on later sections.

2.1 — The main results for ¢ — 1/2.

Theorem 2 (i) Aso — 1/2,

(20 —1)72 (Case 1),
log 5 (Case2),

20—1

(2.1.1) [y ~ {

where ~ means that the ratio of two sides tends to 1.
(i)
(2.1.2) lim (pevy) =1 (Cases 1, 2).

oc—1/2
(ii)!

(2.1.3) lim (pe M, (ul/?w))) = 271 (w € C) (Cases 1, 2).

oc—1/2

These answer “the lim,_,;/p-version” of the questions raised in [2] Remark 3.11.17.

!The author is grateful to S. Takanobu for helpful discussions which lead to this generalized form of
the result.
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2.2 — The proof of Theorem 2(i).  This follows directly from (1.2.12) and (1.2.17).
But we also note that (with the notations of §3.3) the easiest case of Theorem 4 asserts
that the difference pu(s) — ¢(2)(2s) extends to a holomorphic function on R(s) > 1/4.
Hence

: f1(s)
2.2.1 l — =1
(22.1) i pEI(2s)
|Arg(2s—1)|<m
hence
2. im (2s — 1)“u(s) = ase 1),
2.2.2 1'/ 25 — 1)? 1 Case 1
s—1/2
(2.2.3) lim “(SZ ~ 1 (Case 2),
s—1/2
|Arg(2s—1)|<m 2s—1
as desired.

For any s with |2s — 1| < 1 and |Arg(2s — 1)| < 7, we define 1(s)'/? to be the square
root taking positive value when s is real and > 1/2.

2.3 — The Key Lemmas A,B. The first key lemma is Corollary 3.4.8 (§3.4) of
Theorem 5 to be proved in the next section.

Lemma A We have

. ~ <1 <2 <142
2.3.1 1 M ( s: , _ <——>
(23.1) )2 ( (o) 72 u<s>1/2) SPAUT
|Arg(2s—1)|<m

and the convergence is uniform on |z |, |z2| < R for any given R > 0.

The second key lemma is related to a rapid decay property of the function Mg(z) =

M(o; 2, z) of z € C, to be proved in §4.6.
Lemma B Fiz any € with 0 < e < 1. If (20 —1)7! >, 1, then the inequality

- 1—
(2.3.2) |M,(2)]* < exp <— 5 Eug|z|2(1_€))

holds for all z € C.

12



2.4 — Proof of Theorem 2(ii)(iii) assuming Lemmas A,B.
[Proof of (ii)] Note first that

(2.4.1) oy — / VT, (4= /22) 22|,

For each fixed z, the integrand tends to exp(—|z|?/2) by Lemma A. In order to apply
Lebesgue’s convergence theorem to the effect that lim,_/» operation commutes with the
integration, we only need to show that the integrand is uniformly bounded near o = 1/2
by an integrable function of z. But this follows directly from Lemma B. In fact, Lemma
B for € = 1/2 gives |M,(2)|* < exp(—pio|2|/4). Since p, > 1 if o is sufficiently close to
1/2, we have for such o

(2.4.2) Mo (11, 122)* < exp(—p/*|2]/4) < exp(—|z|/4),

which is integrable. Therefore,
(2.4.3)

lim (p,vy) :/ lim | M, (Y %2)?|dz| :/exp(—]z\2/2)]dz] :/ e Prdr =1,
oc—1/2 oc—1/2 0

as desired.
[Proof of (iii)] The Fourier inversion formula (1.2.20) gives

(2.4.4) 11 M (120 / N, (22 (2)|d2).

By Lemma A and (2.4.2), we can also apply Lebesgue’s convergence theorem and hence
obtain

@45l (oMol w) = [ exp(ola /a)umulz)lds] = 21T,

o—1
as desired. O
2.5 — The main results for ¢ — +o0.

The following numerical invariants of the pair (K, Py,),

a := Minggp N (p), m:=|{p & P; N(p) = a}]
(||: the cardinality), and the Bessel function

(2.5.1) Jo() = i ((;11)): G)Z”

are involved. Clearly, @ > 2 and m > 1. The main results corresponding to Theorem 2
are the following:
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Theorem 3 (i) As 0 — 400,

p {(log a)*ma=2° (Case 1),

2.5.2
(252) ma 27 (Case?2).

(i) In each of Cases 1,2,

2.5, I — om o (m<2),
253 i (o) =m [ (o mada {< R,
(7ii) In each of Cases 1,2, (at least) if m > 5, we have
(2.5.4) lirf (11 My (111 ?w))) :/ Jo(|w|x)Jo(z//m) " xd.

O— T 0

Moreover, the support of this function is compact, being contained in {w € C; |w| < \/m}.

2.6 — Proof of Theorem 3(i). We shall show a slightly stronger result;

(0% u(s)) = {(log a)’*m (Case 1),

2.6.1 li
( ) - m (Case 2),

o=R(s)—+o0
the convergence being uniform in (s). First, by (1.2.12) and (1.2.17) we have

(2.6.2) o p(s) =a® Y m(s) = D alp)(a/N(p)"),
PZPoo PZPoo

where a(p") = (log N(p))? (resp. 1/n?) for Case 1 (resp. Case 2). Now decompose the
sum into three parts; the first sum over those (p, n) satisfying N(p) = o and n = 1 gives
the RHS of (2.6.1); the second, over N(p) > «a is < (a/a’)** 72, where o’ denotes the
second smallest norm outside P,; the rest is over N(p) = o, n > 2, which is < a7,
Since the latter two partial sums tend to 0 uniformly w.r.t. (s), this proves (2.6.1).

In particular, pu(s) # 0 for R(s) sufficiently large. We shall denote by p(s)'/? its unique
square root that takes positive values when s = o > 1.

2.7 — The Key Lemmas A’,B’. The counterparts of Lemmas A,B for the case
lim,_., ., are the following.

Lemma A’ We have

. _ 21 29 2122 "
2.7.1 1 M| 's; =\
( ) U:%(gliﬁo (Sa M(s)1/27 ,u(s)l/z) 0 < m > ’
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and the convergence is uniform on ||, |z2| < R for any given R > 0 and w.r.t. 3(s).
The proof will be sketched in §2.9.
Lemma B’ There exists a constant C > 0 depending only on (K, Py,) such that

(2.7.2) (M, (15" 22)| < Clz| 72
forallo > 1 and all z € C.
The proof of this key lemma will be postponed until §4.1.

2.8 — Proof of Theorem 3(ii)(iii) assuming Lemmas A’,B’.

[Proof of (ii)] The limit formula (2.5.3) for m > 3 can be obtained from Lemmas
A’ B’ exactly in the same manner as in the proof of Theorem 2 (ii). For m < 2, the
divergences can be checked easily.

[Proof of (iii)] When m > 5, there is again no problem. (The term Jy(|w|z) appears
as the average of ¥_,,(z) over the circle |z| = z.) It is likely that the same equality holds
also for smaller m. But it should be noted that the limit function of w need not be
continuous. Especially when m = 1, the limit is not even a function; a hyperfunction
with support on the unit circle |w| = 1. This is because at the limit ¢ — oo, only the
contribution of the unique prime p with N(p) = « remains.

As for the statement on the support, we can see this in two ways. Firstly, by con-
struction, the support of M, (w) for ¢ > 1 is contained in |w| < p,, where

Po = {_% log Cx,p.. (0) ~ ma~"loga (Case 1),

(2.8.1)
log Ck.p. (0) ~ ma™® (Case 2);

hence limy— o0 (po /11 >) = /m. Secondly, on the RHS of (2.5.4), one can also see this by
a result of Nicholson (cf.[9]§13.46), which asserts that if ®(v) > —1, a1,--- ,ap > 0, b >
ai + ... + a,,, then

(2.8.2) / "ML (b H J,(a;x)dx =0
0

=1

(our m corresponds to m—11in [9]). Apply this for v =0, a1 = ... = a,, = 1/y/m, b = |w],
to see that the RHS of (2.5.4) vanishes for |w| > \/m.

Remark 2.8.3 As for the value of the RHS of (2.5.3), i.e.,

(2.8.4) —m / .,

we have a(3) =1.01---, a(4) =0.951---  a(5) = 0.953 - c., and one can prove that
lim,, o a(m) = 1. Numerical evidences suggest lim,;, 00 m(l — a(m)) =1/4.
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2.9 — Sketch of the proof of Lemma A’. The power series expansion (1.2.13) of
M(s; 21, 25) gives

a b

(a,b)

~ 2! 22 Covass ' O7(8) 21 2,

29.1 M| s; , =14 E +i/2)et .
( ) ( M(S)l/Q M(S)l/z) a7b21( / ) H[(S)a;b a'b'

Here, as in (1.2.13), the sign of i/2 is minus (Case 1), plus (Case 2). On the other hand,
the expansion (2.5.1) for Jy(x) gives

(2.9.2) Jo ((FE2y)” Ha;l i) (M)lez? |
where
0 (0 £)
~(ab) _
(2.9.3) i) = M ek ( . likm P (amb=k>1)

So, it is enough to prove that there exist constants o > 1 and C' > 0, each depending
only on (K, P,,), such that

(a’b) S 5 Ca+b
(2.9.4) /;(Ta(;g — [L(a’b) <K m (0’ = %(8) > 0o+ 1)

holds. Note that the LHS of (2.9.4) is 0 when a = b = 1.
To prove (2.9.4), note first that (1.2.14) gives
(2.9.5)

QN (5) = 3 ADIM(D) @ N(DRY = 3 A(D)A(D) ("N (DY)’

D:integral D:integral

/ . .
where )" denotes the sum over non-vanishing terms.

Proposition 2.9.6 Let {py,...,pn} be all the distinct primes & Ps, with norm «. Let
k > 1 and D be any integral divisor. If Ax(D) # 0, then N(D) > o and the equality
holds if and only if D has the form D =[[", pf with Y k; = k. Moreover, in this case,

2:9.7) M) =, ) oga)®

where k = 1(Casel), k = 0(Case2).

16



This is almost obvious. By this Proposition, we may rewrite (2.9.5) as I(@% + [1(@b)(s),
where

1@ = 3" 'A(D)Ay(D)
N(D)2:o¢”‘+b
0 (a #b)
= k
.
]](a,b)(s) — Z /Aa(D)Ab(D)(&a+b/N(D)2)S.
N(D)2>aa+b

In particular, /Y = m(log @)?*; hence

J(a:b)
2.9.8 apy AP
(2.9.8) i O
Therefore,
(2 9 9) M(a’b)(s) _ [L(a,b) _ ](a,b) + I](a’b)(g) B ](a,b)
IUJ(S)%W (I(l,l) _I_ I](l,l)(s))aTH) (1(171))%4»1)

In order to estimate the quantity 171(%%(s), we need the following
Proposition 2.9.10 There exists oo > 1 depending only on (K, Py,) such that
(2.9.11) Ax(D) < N(D)°°

holds for any D and any k > 1.

The point is that the present bound is independent of .

Proof Since lim, . (Cxk p. /Ck,py ) (0) = 0, we have

CKPoo Ai(D)
0< —@(00) = ZD: N(D)UO <1

for sufficiently large o¢ > 1. But then its k-th power is also < 1; hence

(2.9.12) > ]/V\?g))zo <1

Since each summand is non-negative, this implies Ax(D) < N(D)% for each D, as desired.
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By using Prop 2.9.10, we can easily derive

(a00+1)a+b
(2.9.13) 111 (s)] « —~r— (0 =R(s) > 00 +1)
o—og—1
and by combining these we obtain (2.9.4) directly. O

3 Analytic continuations

3.1 — Local formal power series. In connection with the local factors of
M (s; z1, 22), we consider, in each of Cases 1,2, the following power series F' = F(x1, ;1)
in 3 variables

(311) Il,l’g, ZF Il )tn =1+ ZFn($1>Fn($2)tn,
n=1

where each F),(z) is a polynomial of = of degree n defined by (1.2.3), or equivalently, by
the generating functions

(3.1.2) exp(lx_tt) = ZFn(x)t” (Case 1),

(3.1.3) exp(—zlog(l—t)) = (1—t)™" = Y F(a)t" (Case 2).

Note that each monomial z¢x5t" appearing in F — 1 satisfies 1 < a,b < n, and has a pos-
itive rational coefficient. Define also the formal power series log F, by Y27 (—1)"1(F —
1)*/k, and express it as a power series of a1, Zo,t as

{L‘ l‘
(3.1.4) log Flwy, ait) = ) B0=p " (B Q)
a,b,n>1
= Y Bu(z,m)t" =Y Bt Ilé"f
n>1 a,b>1 a

Note that 8" =0 if n < Max(a, b); hence

(3.1.5) Bu(ri,wa) = Y B v 2473

alp!’
1<a,b<n

(3.1.6) Bty = > g

n>Max(a,b)
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For example,
(3.1.7) BV (1) = t(1—t)~ (Case 1),
S '/ (Case 2)

hence 8" =1 (Case 1), = 1/n? (Case 2).
In connection with the local factors of higher logarithmic derivatives of the zeta func-
tion, we also consider the power series

(3.1.8) 0(t) = €o(t) = —log(1 — 1),

and for each k£ > 0,

(3.1.9) 0(t) = (%) ot) = ink—ltn S

They have the generating function

(3.1.10) ((te") = g’“k(‘ )uk.

Put
. 1 (Case 1),
o (Case 2).

For each fixed a,b > 1, {E,{(ﬁb) (t")}n=1.2,.. forms a Q-linear topological basis of the power
series algebra Q[[t]] equipped with the t-adic topology. Hence there exists a unique system
{v(a b) tn.ap>1 of rational numbers such that

(3.1.11) = A (o (1)

n>1

holds for any a,b > 1. It is clear from the definition that v*” = 0 if n < Max(a, b), and
that

(3.1.12) Z’y (m/n)"at=1

(m =1,2,---); hence the Mébius inversion formula gives

(3.1.13) ) — Zu(n/d)(n/d)“(”b)_l ((ia,b)'

din
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For example, 1\"") = 1, and for n > 1, 4" = [1g,(1 =€) (Case 1), and n~2-times this
quantity in Case 2, where ¢ runs over all prime factors of n. By (3.1.4) and (3.1.11), we
have the formal equality

xoah
(3.1.14) log F'(z1, w23 t) = Z Y ooy () alubf :
n,a,b> e
nZMaX(al,b)

3.2 — Local analytic functions. = We start with the following

Proposition 3.2.1 (i) F(z1,x9;t) defines a holomorphic function of x1,z9,t € C on
lt| < 1. (i) Let R> 0,0 <r <1; |x1],|xe| < R,|t| <7, and suppose that one of r, R is
fixed and the other is sufficiently small. Then |F(x1,x9;t) — 1| < 1; hence the principal
logarithm log F (x4, xo;t) is holomorphic on this domain.

Proof Note first that in each of Cases 1,2, the equality (3.1.2) resp. (3.1.3) is valid
also as a formula for analytic functions of z, ¢ on |t| < 1. Recall also that the coefficients
of F,(x) are non-negative. Thus, for any N > 1,

(3.2.2) D | Fu(xn) Fu(a)t"| <Y Fu(R)r" < (Z Fn(R)r”/2>

n=1

< (i Fn(R)r”/2>2 _ (exp(%) - 1>2 (Case 1),
e (1 —=rt2)F - 1)2 (Case 2).

The rest is obvious.

Corollary 3.2.3 (i) For each a,b > 1, the series (3.1.6) converges absolutely on |t| < 1
and hence defines a holomorphic function B (t) on |t| < 1. (ii) The assumptions being
as in that of (ii) of Proposition 3.2.1, the three series in (3.1.4) are absolutely convergent,
and the three equalities there are valid as those for analytic functions.

Now let p be any non-archimedean prime divisor of the base field K, and put

—log N(p) (Case 1),

(3.2.4) Ap = (—log N(p))" = {1 (Case 2).

Then it follows directly from the definitions (§1.2) that

(3.2.5) M,(s; 21, 22) = F((iAp/2)21, (iXp/2)22; N (p)™2*)
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(s,21,22 € C,R(s) > 0). For each a,b > 1, define the holomorphic function B,(f“b)(s) on
R(s) > 0 by

(3.2.6) By (s) = Aet B (N (p) =),
In the special case a = b = 1, we have by (1.2.12) and (3.1.7),

(log N(p))*(N(p)* — 1)~ (Case 1),
S LN (p) e (Case 2).

n=1 n2

(3.2.7) %W@:@W®={
Corollary 3.2.8 Let R > 0, « > 2,00 > 0, and |z|,|z2| < R, N(p) > «, R(s) > oy.
Suppose that two of R,«,0q are fized and the remaining one, if R, is sufficiently small

while if o or o, is sufficiently large. Then |My(s; 21, 25) — 1] < 1, and

a b

3.2.9 log M, B (5)(i/2) P L2
( ) og My (s; 21, 22) agl bl

Proof In Case 2, this is obvious by (3.2.5) and Cor 3.2.3(ii). In Case 1, the difference
between |z,| and |x,| (v = 1,2) involves log N (p). But since (log N(p))N(p)~7° is bounded

and it tends to 0 when one of «, gy tends to oo, the same proof works. 0O
Now put
(3.2.10) Bp(s) = (N (p) ) = —log(1 - N(s) ") (R(s) > 0),

and for k=0,1,2, ...,

T (5) = (~ 1o N(p)) (N (p) ) (R(s) > 0).

In particular, for k = k(a +b) and n = 1,2, ...,
(3.2.12) o3 (2ns) = X i (N (9) 7).

The formal equalities (3.1.11)(3.1.14) suggest that the corresponding analytic equali-
ties

(3.2.11) M (s) =

(3.2.13) By(s)= > AleDgl ) (2ns)
n>Max(a,b)
a b
Fi (a+b)) a+b Zl 29
(3.2.14) log My (s; 21, 22) abznxv (2ns)( /2) b

would hold on some suitable domain where Mp(s;zl,zQ) does not vanish. Note that
the coefficients 7,({1’6) are independent of p, so that under some further conditions the

globalization would be possible. Our aim is to establish these results (Theorems 4,5).
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3.3 — The global analytic functions of s.  First, we define the functions B(®(s)
(a,b>1) of s.

Proposition 3.3.1 Let a,b > 1. Then

(3.3.2) B(a’b)(s) — Z B,(Ja’b)(s)
P#Peo
converges absolutely and uniformly on o = R(s) > —2M;;“(Z 5 for any € > 0, thereby defining
1

a holomorphic function on o > ax(ah)

Proof Since N(p)~20 < 271/Max(@b) and since B(®®)(t) /tMax(@b) ig holomorphic on [¢] < 1
and hence is bounded on [t| < 271/Max(a8) e have by (3.2.6),

By (s)] <ap (log N(p)* N (p) 7)< (log N(p))* "N (p) ™,

whose sum over p € P, converges. O
In the special case a = b = 1, we have, by (1.2.17) and (3.2.7),

(3.3.3) B (s) = pMV(s).

Now we shall define the functions ¢*)(s). Let ((s) = (x.p,(s) be the zeta function of
K without P, factors, defined by the Euler product expansion

(3.3.4) [[Ta-NE™" (R(s) > 1)

pé Poo

and by analytic continuation to the whole complex plane. Let

(3.3.5) ¢(s) =log((s),

where the branch of the logarithm is the one that tends to 0 as R(s) tends to +o00. It is
holomorphic on R(s) > 1 and is a multivalued analytic function on C where ((s) # o0, 0.
For each k > 0, (*)(s) will denote its k-th derivative with respect to s. Thus, ¢(¥(s) =
log ((s), and for each k > 1,

dkz—l

(3.3.6) oM (s) = T3 (((5)/C(s)
is a meromorphic function on C. By these definitions we have, for each k£ > 0,
(3.3.7) o) =D a7 (R(s) > 1)
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hence for each n > 1,

(3.3.8) Y2ns) = Y ¢ (2ns)  (R(s) > 1/2n).

pé¢Poo

In particular, if n > Max(a, b), then ¢*(¢*)(2ns) is holomorphic on R(s) > 1/(2Max(a, b)).

Theorem 4 Let a,b > 1. Then the equality

(3:3.9) BO(s) = D ol (2ns)

n>Max(a,b)

holds in the following sense. (i) For any N > Max(a,b) — 1 and € > 0, the sum over
n > N +1 on the RHS converges absolutely and uniformly on o = R(s) > A~ and

2(N+1)
(ii) the equality (3.3.9) holds on o > 1/(2Max(a,b)).
In other words, the holomorphic function

(3.3.10) Zv(ab (r(a+8)) (2p5)

n<N

on o > 1/(2Max(a, b)) extends to a holomorphic function

(3.3.11) D At (ans)

n>N-+1

ono >1/(2(N+1)). In particular, 1"V (s) — ¢(2%)(2s) extends to a holomorphic function
ono>1/4.

The proof will be given in §3.7 after the preliminaries §3.5-3.6.
3.4 — The analytic continuation of M(s; 2, zy).

Theorem 5 (i) For any N > 0, the holomorphic function

~ a b
(3.4.1) M(s; 21, 22) exp <_ E ,YT(La,b)gb(n(aer))(QnS)( /2>a+b2’1 Z2>
a

1<a,b<n<N

of (s, 21, 22) on R(s) > 1/2 extends to that on R(s) > 1/(2(N+1)). In particular (N = 1),
(3.4.2) M(s; 21, 22) exp(iqﬁ(%)(?s)zm)
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extends to a holomorphic function of sz, ze on the domain defined by o > 1/4.
(i1) Let o9 > 1/2, R > 0, and R(s) > oo, |21],|22] < R. Suppose that either oy is fized and
R is sufficiently small, or R is fized and oq is sufficiently large. Then the two series

a b
a . a R1%
(3.4.3) > BI(s)(i/2) +bﬁ
a,b>1
a b
(a,b) 1 (k(a+b)) - ova+b P12
(3.4.4) agbn Y (2ns)(i/2) b
nzM’a)’((a,b)

both converge absolutely and uniformly to log M(S;ZI,ZQ). In Case 2, this means that

M (s; 21, z9) has an absolutely convergent infinite product expansion

(3.4.5) M(s; 21, 20) = [ ] ¢(2ns)finz122) (R(s) > a0, |21], |22] < R)

n=1
(00, R as above), where

n a.b
— (a7b) y a+b@
(3.4.6) R,(z1,22) = agbﬂ 1 (i /2) R

The proof will be given in §3.8 after the preliminary subsections.

For example, let K, P, be as in Example 4 (§1.2). Then ((s) = (x.p(s) = (1—¢' )7}
hence
(347) M(s; 21, 22) — H(l _ q1—2ns)—Rn(z1,zg)‘

n=1

Corollary 3.4.8 (Lemma A §2.3) We have

. ~ 21 22 2122
4. 1 M (s , _ (——)
(349 1)2 ( uls) 72 N(S)”Q) AN

|Arg(2s—1)|<m

and the convergence is uniform on |z|, |z2| < R for any given R > 0.

Proof The above theorem shows in particular that

- (2) (96
(3.4.10) f(s;21,22) == M(s; 21, 29) €xp (Tzlz2>
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extends to a holomorphic function of (s, z1,29) on R(s) > 1/4. Clearly, f(s,0,0) =
f(s, 21, 22) is continuous at (1/2,0,0), and lim, /2 p(s)~*/? = 0. Therefore,
(3.4.11)

Fsi 20/ p(8) 2, 2o/ pu(s)'?) = M (s; 21/p(8)"/?, 2/ pu(s)"/?) exp (T

tends uniformly to 1 as s — 1/2 (on |21],|22] < R). But by (2.2.1), the exponential factor
tends uniformly to exp(z122/4). These together prove the Corollary.

Now let
(3.4.12) D={seC;R(s) >0, ((2ns) #0,00(n=1,2,...)},

where ((s) = (k,p..(s). (In the number field case, the condition {(2ns) # oo is of course
equivalent to s # 1/(2n).) Then Theorem 5 gives directly:

Corollary 3.4.13 M(s; 21, z;) extends to a single-valued (Case 1) or multi-valued (Case
2) analytic function of (s, z1, 22) on D x C2.

As regards Case 2, if s is a point with R(sq) > 0, sg & D, and s encircles sq in a small
neighborhood in the positive direction (21, 2o being fixed), then M (s; z1, 25) is multiplied
by

(3.4.14) exp(2mi Z kyR,, (21, 22)).

v=1

Here, (n,);_, are the distinct positive integers such that ((2n,s9) = 0 or oo, and k, is
the order of ((s) at s = 2n,s9. Thus, M(s; 21, z) can be regarded as a unlvalent analytic
function on D*® x C2, where D" denotes the maximal unramified abelian covering of
D. Moreover, although M (8521, 22) is multi-valued, its divisor on D x C? is well-defined.
Note also that for y1,ys € R, |M(s, iy, 4,)| is a univalent function on D x R? (because
R, (iy1,1y2) € R).

Now each local factor M,(s; 21, 22) is a holomorphic function on {R(s) > 0} x C?,
having a non-trivial zero divisor. It is clear from the Euler product expansion

(3.4.15) (s; 21, 22) H M,(s; 21, 2) (R(s) > 1/2)
gPOO

(cf. §1.2) that the zero divisor of M(s; 21, z5) on {R(s) > 1/2} x C? is simply the sum of
zero divisors of local factors. But moreover, we have

Corollary 3.4.16 The zero divisor of M(s; 21, 29) on D x C? is the sum of zero divisors
of My(s; z1,22) (restricted to D x C?) for all p € Pa.

This will be proved in the course of the proof of Theorem 5 (i)(in §3.8).
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3.5 — Preliminaries for the proofs of Theorems 4,5; Some estimates.

A main point in their proofs is the exchangeability of the order of (various) summa-
tions, over p, n, (a,b). To justify this we need the absolute convergence of various sums
over all p, n, (a,b), and for this, some estimations of each summand will be needed. In

this §3.5, we shall give some estimates of |B@(¢)], |85, |{*").

Proposition 3.5.1 Let |t| < 1. Then

(3.5.2) [BEO(t)] < (2Min(a, b))* M (1 — [¢]!2) 72,

Proposition 3.5.3 1 We have

(4) 89| < (den)* 0! (Cases 1, 2),

(@b \?
. n 1
(i1) Eb (3a+ba!b!> <3 (Case2).

Proposition 3.5.4 We have

(2) 7| < (den)*T? (Casel),
(i1) |y @bl < 3a+bq1p! (Case?2).

First, some preparatory materials for these proofs. First, by (1.2.3), the coefficient of
2825t in Fxy,205t) = 3,00 Fu(x1) Fu(22)t" for n > Max(a, b) is given by ("~}) (}~}) /alb!
in Case 1 and by d,(n)dy(n)/ald! in Case 2, and is = 0 otherwise; hence F(z1,z9;t) may
be rewritten as

a,.b
T1Ty
alb!’

(3.5.5) F(zy, o) =1+ > f@(t)

a,b>1

where

anMaX( )(Z i) (Z ) tr (Casel),
0.

(@:0) () =
(356) o {ZM (@507 (Case?)

1Since so many positive absolute constants appear, instead of denoting them Ci,Cs, etc., we shall
simply give an explicit choice for each (e.g., 4e in (i) below). Later arguments will not depend on these
specific choices.
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Therefore,

o) k
(3.5.7) log F(xh T t) = (Z f ab) 171372) :

alb!
-1 ab>1

hence the coefficient B (t) of Il,iﬁ in (3.5.7) is given by
(3.5.8)

Min(a,b) E—1

> ¥ () (o ) T

a=ai+...4+ay b=by+...+by, v=1
a1,k 21 by,.,bp>1

(A priori, the outer sum is over all £ > 1, but the inner sum is 0 unless k£ < Min(a, b). )

For any formal power series f and g with non-negative real coefficients, f <.; g will
denote the coefficientwise inequality <. Note that this inequality is preserved by additions
and multiplications. By (3.1.6)(3.5.8), we have

(3.5.9)
Mln(ab b k
(a,b) |4n a (av,by)

SNCIED S D VI I O | PR ) | el

n>Max(a,b) a=ai+...+ag b=bj+...+by, v=1
ai,..,ax>1 by,... bp>1
We shall need the following two <., inequalities;
(u(l —u)=)**?,
(3.5.10) PO W) Zef § Max(a) - 1\ 2Max(a
(M) —1) (u(L = w)7hy2Mex(a,

(To Veri)fy these we may assume a > b. By (1.2.4)(3.5.6),
3.5.11

f(“’b)(u2)< Z n—1\/n-1 u2n < Z n—1 o Z n—1 o

=< a—1)\b—1 =< a—1 b—1 '
n>a n>a n>a
But
n—1 n —1\a
(3.5.12) > <a ~ 1)u = (u(1—u)™H),
n>a
and hence
n—1 (u(l —u)~1)?
(3.5.13) < )Un <¢f 3 Jae “1\a
nZZa b—1 (bi) (u(l —u)~h)e



(The first is obvious by (3.5.12) and b < a; the second is by (3.5.12) and ("_1) <

b—1
(Z:Z) (") = (4=} ("2))). Therefore, (3.5.10) follows directly from (3.5.11)~(3.5.13).
[Proof of Prop 3.5.3(i)]. By (3.5.9) and the first inequality of (3.5.10), we obtain
(3.5.14)

Min(a,b

)
Z ‘ﬁéa,b)lum <ef Z kaerfl(u(l _ u)fl)a+b <ef Min(a, b)aer(u(l _ u)fl)aer'

n>Max(a,b) k=1
Therefore, by (3.5.12),

2n —1
a+b—-1

m — 1)a+b—1

a, i @ ¢ (
34| < Min(a, b) +b< )S(a—i—b—l) o (a+b—1)!"

By using n! > e™™n" and a + b — 1 < 2%7*~1 we obtain
yﬁr(La,b)| < (& +bh— 1)€a+b—1<2n _ 1>a+b—1 < (4en)a+b—l’

as desired.

[Proof of Prop 3.5.1] We use the second inequality of (3.5.10), and proceed similarly.
The only difference is that we finally turn to “real inequalities” by using [t| < 1 and
a+b>> Max(a,,b,) > Max(a,b).

[Proof of Prop 3.5.3(ii)] This is more delicate. In Case 2, by (3.1.1) and (1.2.3),

our F'(x1,x9;t) is nothing but the Gauss hypergeometric series

ab, ala+1)b(b+1) ,
bl F(a,b;c;t) =14+ —t t o
(35.15) (a,b;¢;¢) * l.c * 1.2.c(c+1) T

fora =21, =129,c=1;
(3.5.16) F(x1,x9;t) = F(xy1,29;1;1).

When £(c) > 0 and £(c —a —b) > 0, the series (3.5.15) converges also for t = 1, and the
Gauss formula

L)' (c—a—10)

I(c—a)l'(c—0)

(3.5.17) F(a,b;c;1) =

holds. In particular, F(1/3,1/3;1) =T(1/3)T'(2/3)"% = 1.461--- < 3/2. Therefore, when
|331‘7 |$2‘ < 1/3a ’t‘ < 17 we have

(3.5.18) |Fay,ma5t) — 1| <> Fo(1/3) = F(1/3,1/3;1) — 1 < 1/2.

n>1
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Note now the following. For any oy, as,... € C, if we define the formal power series

(3.5.19) D But" =log(L+ Y ant")
n>1 n>1

then for any {a,}n>1 with |a,| < a,, the coeflicientwise inequality
(3.5.20) D 1Balt" <op —log(1 =) ant™)

n>1 n>1
holds. Apply this for a,, = F,(z1)F,(xs) (for |zi],|z2| < 1/3), a, = F,(1/3)? and
Bn = Bn(z1,x2), to obtain
(3.5.21) D By, m)|t" <op —log(1 =Y Fa(1/3)%").

n>1 n>1

This of course carries over to an actual inequality for any ¢ with 0 < ¢ < 1. Therefore, by
letting ¢ — 1 and using (3.5.18) (and Abel’s theorem), we obtain

(3.5.22) > IBu(wr,ma)| <log2 (|l 2] < 1/3);
n>1
hence
(3.5.23) D Ba(wr,m)P < (log2)? < 1/2 (|mi], |2a] < 1/3).
n>1

Now by (3.1.5) and the orthogonality relation we obtain

2
n ﬁﬁba,b) 1 ,
(3.5.24) / | By (1, 2) [P d™ w1 d* xy = — ()]
o1l 13 12 12 Z ald! '3

where d*z, (v = 1,2) denotes the normalized Haar measure of the circle |z,| = 1/3 (note
that ﬁff’b) are rational and hence real). Hence

(avb) 2 o0
n ]_

ssz) (M) = [ N |Buln, a) P aad s < 172,
ald! 3 w1 |=la|=1/3 5=

n,a,b

as desired. This settles the proof of Prop 3.5.3(ii).
[Proof of Prop 3.5.4] (Case 1) By (3.1.13), we have

%(Ta,b) — potb-1 Z M(n/d)dl_a_bﬁéa’b),

din
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and by Prop 3.5.3(i), we have d'=*?|8%"| < (4¢)+*=1; hence

VD] < (4en) ™7y 1< (de) 0 Ine T,
din

(Case 2) In this case,
1 a
V= > nln/d)ag”;
din
hence
1/2

(@b < L (a.b) (a.b)
(3.5.26) oS |§nzd|ﬁn | < OO 18P

dn dn dn

S|

By Prop 3.5.3(ii) we have

(3.5.27) STIBME < (37 atbl)? /2

din

for each a,b > 1, and on the other hand, n=2 > din d* < 3,5y m~? = m*/6; hence

(3.5.28) (@) <« _gatbalpl < 39+1p),

V12

as desired. O

Remark 3.5.29 From (3.5.16)(53.5.17) and the power series expansion
(3.5.30) logT(1— ) =y + ) caln) (Jz| < 1)
n=2 n

(v: the Euler constant, (q(s): the Riemann zeta function), we obtain, in Case 2 for
1], [22] <1/2,

(3.5.31) log I’ (xl, xg, 1) =logl'(1 — 2y — x9) —logI'(1 — z1) — log I'(1 — @9)

Z x1+x2) — o —al) = Z(a+b—1)!(’q(a+b) allb!Q’
n=2

a,b>1

and hence also

(3.5.32) B (1) = (a+b—1)¢q(a+D) (a,b > 1)(Case 2).
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3.6 — Further estimations and convergences.

Proposition 3.6.1 Fiz a,b>1,0<r <1 and let |t| <r. Then the series

(3.6.2) Yo A arn ()

n>Max(a,b)

is absolutely and uniformly convergent, and has B\ (t) as its limit. Moreover,

(3.6.3) ’B(a”’)(t)— Z 7 )€H<a+b>(t")’<<a,b,r (N 1)ttt

n=Max(a,b)
holds for any N > Max(a, b) — 1.

The second inequality will be needed for globalization.

Proof Since (a,b) is fixed, [15"?| < n*@) by Prop 3.5.4. And clearly, |((t)] Lo |t]
for |t| < r. Therefore,

(3.6.4) |7(a b) g w( a+b)(tn)| Lab,r prlatb)n

Therefore, (3.6.2) is absolutely and uniformly convergent. Now, by definitions,
(3.6.5)

Coeft | B*")(t) - Z VP () (1), 7 | = B = > AL (m/n)<H

n=Max(a,b) n<N
nlm

holds for the coefficient of ¢"™. This is = 0 when m < N, and is <, mfet)+1 for
m > N + 1, by Prop 3.5.3, Prop 3.5.4. Therefore, the LHS of (3.6.3) is

<<a,b Z mn(a+b)+1wm <<a,b,r (N—|— 1)ﬁ(a+b)+1’t‘N+1’
m>N+1

as desired.
By (3.2.6) and (3.2.12), this gives:

Corollary 3.6.6 The holomorphic function B( ( ) on R(s) > 0 can be expressed as an
absolutely (and uniformly on R(s) >¢e>0) convergent series

(3.6.7) Bi"(s)= Y Aot (2ns).

n>Max(a,b)
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Proposition 3.6.8 Let |z1], |z2| < R, [t| <1 < 1, and consider the triple series

(3 6 9) Z (a,b) xcllxg "

n,a,b>1

If one of R, r is fixved and the other is sufficiently small, then (3.6.9) converges absolutely
and uniformly to log F(x1,x9;t). Moreover, for each N >0 and 0 < ¢ < 1, we have

b

[E xT
(3610) 3 RV ()] < (N4 1P Y if et <
n;’]b\}'rjrl

Proof We shall first prove (3.6.10).
(Case 1) By Prop 3.5.4 and (3.1.10)(which holds analytically for [¢],|te"] < 1), the
LHS of (3.6.10) is

(4enR)* 1 v m
<> 2. Z o < Y <ZH(86nR) O(r ))

n>N+1 k>2 a+b=k w1 \ 0
1<a,b<n
= Z g((reSeR)n> <. Z (7,686R>n <, (Teg;e]%)NJrl7
n>N+1 NS N1

provided that re®f < ¢ < 1.
(Case 2) Since £(r") = —log(1—r") < r"(1—r")~! <r"(1—7r)~!, Prop 3.5.4 (ii) gives

1'11'2 n - a+b_n -1 (SR)2n2Tn (3R < 1)7
11) ——=(t")] < 1-— r
3 6. Z ‘ alb! )| — Z (3R> r ( T) < {(3R)2nn27”" (SR Z 1).

a,b=1 a,b=1

But since (aR)?/2 < R (a > 0) and hence (3R)? < e3V2R < ¢8R this gives (3R)?
e3fin and also (3R)?™ < %" (n > 1); hence the LHS of (3.6.10) in this case is <.
(N + 1)2(re®®)N+1 if pefelt < ¢ as desired. This settles the proof of (3.6.10) for both
cases.

By (3.6.10), the series (3.6.9) converges absolutely and uniformly, as long as re®f < c.
Therefore, we may change the order of summation. Since we already know by Prop 3.6.1
that

(36.12) DA by (¢7) = BEO(2) (1t < 1),

n>1

and by Cor 3.2.3 that

(3.6.13) > BUO(t) it =log F(wy, wait),



when one of r, R is fixed and the other is sufficiently small, we conclude that (3.6.9) tends
to log F(x1, x9;t) for such r, R. O

Corollary 3.6.14 Let R, 09 > 0, 0 > 09, |21}, |22] < R. Suppose that either oy is fized
and R is sufficiently small, or R is fired and oy is sufficiently large. Then for any non-
archimedean prime p, log Mp(s; 21,29) (cf. Cor 3.2.8) can be expressed as an absolutely
convergent series

a b
Y K(a . adth 1~
3:6.15) log W51, ) = 30 ool ns)(i2) 0 .
n,a,b>1 T
n>Max(a,b)

Proof Again, in Case 2, this follows immediately from the above Proposition. In
Case 1, we may take r = N(p)~2°°, but R is replaced by (log N(p))R/2; hence re®® will
be replaced by N(p)*f=200. The exponent 4eR — 20y is < —oy if and only if 4eR < oyp;
which is satisfied under our assumptions on oy and R. Hence this case is also settled. O

3.7 — Proof of Theorem 4.  Write 0 = R(s). Fix N > Max(a,b) — 1 and ¢ > 0.
We shall prove first that the double sum

(3.7.1) S e g (2ns))
n>N+1
PZPoo

is finite and bounded on o > (1+€)/(2(N+1)). By (3.2.12), """ (2n5) = A0, (a1 (N (p)~2").

But we have |[v"] Lap 0O <ot (by Prop 3.5.4), [As| <log N(p), Lutarn)(t) <apr
|t| for [t| <r <1, and N(p)~2" < 2720WN+D < 9=1=¢ < 1/2: hence (3.7.1) is

(3.7.2) ap Y (Y (log N(p))™™N(p) ).

n>N-+1 p&Z P

Put @ = Minygp, N (p). Then since 2no > 1+eand aN(p)~! < 1, we have (aN(p) )" <
(aN(p)~')1*<; hence

(3.7.3) ™ (Y (log N(p)*™*N(p)™"7) < '™ () (log N(p))" "N (p) ™' ™) Kape L;

péPoo péZPoo
hence (3.7.2) is
(374) <<a,b,e Z na+ba—2na < Z na-i—b(a—(l—l—e)/(N-‘rl))n <<a,b,5,N 17
n>N+1 n>N+1

as desired.
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Since the sum
(3.7.5) o (2ns) Z gbpk) 2n.s)
pZ Poo

is absolutely convergent, because 2no > 2(N + 1)o > 1 + ¢, the convergence of (3.7.1)
implies that the global sum

(3.7.6) D At (ans)
n>N+1

is also absolutely and uniformly convergent on o > (1 +¢€)/(2(NN + 1)); whence (i).
To prove (ii), let o > 1/(2Max(a, b)). By Prop 3.3.1 and Cor 3.6.6,

77 B =3 B =Y (Y e (2ns),

P#Poo pZPoo n>Max(a,b)

which, by the absolute convergence (3.7.1)(for N = 0) can be reordered as

(37:8) > W@ s = 3 e 2ns)

n>Max(a,b) pZPoo n>Max(a,b)

(cf. (3.3.8)), as desired. This completes the proof of Theorem 4.

3.8 — Proof of Theorem 5.

Proof of (i) Fix N > 0. We may also fix any R > 1 and assume |z|, |z2| < R.
Depending on R we may remove a finite set of prime components p from both M (s; 21, 22)
and ¢*(@+9)(2ns), so that the following conditions are satisfied for any remaining primes
p; ()N (p)~Y/CW+D) < 1/2, and more strongly, 4eR(log N (p))N(p)~V/CN+) < 1/2; (ii)
a = Min(N(p)) is so large that the assumption of Cor 3.2.8 for oy = 1/(2(N + 1)) (and
for the above given R) is satisfied. Thus, we have |M,(s; 21, 2) — 1| < 1, and

a b

(3.8.1) log Mp 8521, 22) Z B ab “+b ZI'Z? (absolutely convergent)
a
a,b>1
holds for all the remaining primes. Write
0 b
"~ a k(a+b a Z
(38.2)  log My(s; 21, 2) — ; Aoy (2ns) i/2) 2 = I + 11,
1<a,b<n<N
with
N N Lab
_ (ab) oy _ (a,b) +(k(a+b)) - /9\a+b 172
383) L = Y [Bre - X e ens) | G2z
a,b=1 n=Max(a,b)
a b
ab . atb 1R
(3.8.4) II, = S B(s)(i/2) Cj'bf.

Max(a,b)>N+1
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Note that I, is a finite sum. Let I (resp. I1;) denote the sums (3.8.3)(resp.(3.8.4)) where
each outer summand is replaced by its absolute value.
First, when $(s) > 1/2, we have

(3.8.5) Z log M, (s; 21, 20) = log M(s; 21, 23) (absolutely convergent),
p

by the argument of [6] §4, applied to the present situation, and also

(3.8.6) Z P (2n5) = (et (2p6) (absolutely convergent).
P

Hence the sum over p of the LHS of (3.8.2) for R(s) > 1/2 converges to

a b

T (- o (a,b) 1+(k(a+b)) . at+b?172

(3.8.7) log M (s; 21, 22) a%m A0) (2ns)(i/2) R
1<a,b<n<N

So, in order to prove Theorem 5 (i)and Corollary 3.4.16, it suffices to show that (3.8.7)
extends to a holomorphic function on ¢ > 1/(2(NN + 1)), and for this it suffices to prove
that >, Iy and »_ I} are finite and uniformly bounded on o > (1 +¢€)/(2(N + 1)).

As for I}, by Prop 3.6.1,

N
* a,b a k(a+b (R/2>a+b
e N[BT X e o | A
a,b=1 Max(a,b)<n<N e
N
v (R/2)TH
Kne Y (N + 1) Jog N (p)) N (p) 2 v (B2 é,b),
a,b=1 e

<ner (log N(p))* M N(p)~'

Hence 3, I} < 37 (log N(p))*VN(p) ™ < 1.
As for I1;, we first estimate this by using Prop 3.5.1, which, together with (3.2.6)
gives

(388)  [BY™(s)] < (log N (p))"**(2Mina, b))+ N (p) M) (1 — N (p) =)o+,

But since N(p)~7 < N(p)~/CWN+D) < 1/2 (by the assumption (i) above) and Min(a, b)2+* <
a®’ < e**balbl, we obtain

1 a a —20Max(a
389 LB ()] < (Selog N ()N (p) 2o
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Since a+b < 2Max(a, b) and R > 1, we obtain by reordering the sum using v = Max(a, b),
(3.8.10)

]Ig < Z (46R10gN(p))2Max(a,b)N(p) 20Max(a,b) <2 Z <

Max(a,b)>N+1 v>N+1

4eRlog N (p)
)

By the assumption (i) for N(p), we have 4deR(log N (p))N(p)~? < 1/2; hence

4eRlog N(p) ) AN+ _ (4eRlog N(p))*™+"
N(p)? B N(p)e ’
because 2(N + 1)o > 1 + €. Therefore, Zp Iy <nrel.
This settles the proof of (i) and Corollary 3.4.16.

_ Proof of (ii) First, we shall prove the statement related to (3.4.3). By Cor 3.2.8,
| M, (s;21,22) — 1| < 1 and

(3.8.11) I <y (

a b

(3.8.12) log My (s;21,22) = 3 B{*(s)(i/2)" 12

alb!’
a,b>1

Moreover, by the finiteness of Zp II} for N = ( shown above, the double sum

a.b
(a,b) - ioyatb 172
(3.8.13) Ep agb B, (s)(i/2) Il

is absolutely convergent. Therefore, we may interchange the summation order , and since
oo > 1/2, we have

21 22
alb!

p
a b
. (a, b) a+b Z1 22 a, b a+b 2179
Z ZB alp! ZB alb!’

(3.8.14) log M (s; 21, 25) = Zlog M,(s; 21, 2) Z ZB(a ) )(i/2)°F?

as desired.
As for (3.4.4), by Cor 3.6.14,

a b
a R{a b . a Z1%
(3.8.15) log M, (s; 21, 23) E @B g0 (9, 6) (i /2) H’ﬁ

n,a,b

holds for all p. Put

a b

a rla b a Z1 %
WD (2ns)i/2) 0

(3.8.16) 1L, =Y o

n,a,b
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We shall show, by using Prop 3.6.8 that > I1I, < co. In Case 1, 7 = N(p)~>"°, and R
should be replaced by (R/2)log N(p). Hence re®*® in Prop 3.6.8 is N(p) 270742, Hence
if either o9 >r 1 or R <,, 1, then —20¢ + 4eR < —1 — €; hence by (3.6.10) for N = 0,
ITT, < N(p)~'5 hence ) III, < oo. In Case 2, the same conclusion follows more
directly. Therefore, we may interchange » with > . and use (3.3.8) to conclude

the convergence of (3.4.4) to log M(s; 21, 25). This settles the proof of (ii), and hence
completes that of Theorem 5.

4 Rapid decay of |M, ()]

The main purpose of §4 is to give some reasonably strong estimations of |M,(z)|?, for

M,(z) = M(0;2,2) (0 > 1/2,z € C). The main results are Theorem 6 (§4.3) and
Theorem 7C (§4.6). The proofs of Lemmas B, B’ of §2 will also be supplied (cf. §4.6 resp.

§4.1).

4.1 - Local estimations; large |z|. For any non-archimedean prime p of K and a
positive real number ¢ > 0, write as before

_ a0y — J Qs N)P/(N(p)* = 1) (Casel),
(411) Hop = Hp ( ) {anl n—QN(p)—QnU (CaseQ),

cf, (1.2.12), and put

(4.1.2) M, (2) = My(0; 2, 2) = /C1 exp(iR(2gop(t1)))d*t

cf. (1.2.8). Note that
(4.1.3) |M,,(2)] < 1.

A basic universal estimate of | M, ,(2)]| is the following:
Lemma C Fiz any oy > 0. Then

= 1/2 _
(4.1.4) My p(2)[* <oy (olp12])~" (0 > o),

where <, depends only on oy.

Proof Roughly speaking, this follows from the integral expression (4.1.2) and clas-
sical analysis: if () (6 € R/2m) is a real-valued C?-function such that f'(6), f7(0) are
“sufficiently close” to trigonometric functions sin @, cos 6 respectively, then

27
/ IO g < [2]71/2,
0
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But to save space, we shall simply reduce its proof of each Case to an established result.

In Case 1 this is proved in [2] §3.3 (By (3.3.12), |[My4(2)|> = [Hyp(2)|? <oy (Topl2]) 7,
but 7,1 = (N(p)” — N(p)~7)/log N(p) < ,u;,lj/Q.) In Case 2, this follows directly from [§]
§7 Theorem 13, for F/(z) = —log(1l — z) in which case we can take py = 1 (cf. the first
paragraph of [8] §10). This asserts that for any p; < 1,

1 2m ]
(4.1.5) %/0 exp{—iR(zlog(1 — re?))}dh <, v~ /32|12 (0<7r<p).

Since the LHS of (4.1.5) for r = N(p)~7 gives M,,(2), and since iz, N(p)* <q 1
(0> 00), (4.1.5) gives Myp(2) <oy ftap 2| 7/2, and hence the desired result. O

Corollary 4.1.6 (Lemma B’ of §2.7) There exists a constant C' > 0 depending only on
(K, Py) such that

(4.1.7) (8L, (4 /22)| < O

holds for all o > 1 and all z € C, where m is as in §2.5.

Proof By (4.1.1) we have i, > N(p)~27; hence
(4.1.8) oyt < N(p)°,

and Theorem 3 (i) (§2) gives a®” 1, < 1 for o > 1; hence by Lemma C,

~ ~ -1
@19) WGP < TT W22 < T (i)

pZ P pZ P
N(p)=a N(p)=a

S G T i B (T L ET e E

as desired.
4.2 — Local estimations; small |z|. Since we always have (4.1.3), the bound
(4.1.4) is effective only when u},,/,,2|z| > 1. If we fix both z € C and ¢ > 0, then u},,/fz

tends to 0 as N(p) — oo. For small ,u},f|z|, the following estimate will be useful.

Lemma D There exists an absolute constant qo > 1 such that

(4.2.1) [Npp(2) 2 < exp(=E222f2)
holds whenever N(p)? > qo and ,u(l,/pZ|z| < 2.
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Proof Put ¢t = N(p)™°. Then (4.1.1) gives a power series expansion of y,, in ¢
starting with A2t*, where A\, = log N(p) (resp. = 1) for Case 1 (resp. Case 2). Note that
this power series is nowhere vanishing on || < 1 (in Case 1 this is obvious; in Case 2 note
only that > _,n 2 =7%/6 —1 < 1). Thus, MI/Q = A\t + - -+ extends to a holomorphic
and nowhere vanishing function of ¢ on || < 1. We shall first show that for any 9 € R/2,

i\ |2
~ re
My, (—1/2>
Hop

extends to a holomorphic function of (r,t) on |t| < 1 whose Taylor series at (0,0) is
divisible by t*r*. By (1.2.10),

(4.2.1) — Jo(r)?

(a,b) T.a+b

~ re'? e JI
(4.2.2) Mmp( s | =14+ ) (Fi/2)
Ho'p

1/2 1p!
a,b>1 (No,/p )a+b ald!

cos((a — b)),

where u( “b) — ,uga’b)(a). Note that no sin((a — b)) term appears, due to cancellations
caused by adding (a,b) and (b, a) terms. On the other hand, by (1.2.11) we see easily that

Mgapb) _ {0 mod ¢~ (a #0),

4.2.3 ——— =
e (uop)ett |1 mod ¢ (a=b).

Note also that this quotient is a power series of ¢ depending only on Cases and (a, b) (the
(a + b)-th power of log N(p) appearing in Case 1 in the numerator and the denominator
cancels with each other). Therefore, the real (resp. imaginary) part fi(r,t) (resp. fa(r,t))
of (4.2.2) (for r > 0, ¥ € R/27) are

(a,a) 2a
a,uo r/2
(4.2.4) filrt) = 1+) (-1 (/'2)
a>1 'qup a

(a’b) a+b

_1/4\(atb)/2__Hop
+ 2 Z (—1/4) R
b>a21 (/’[/U',p)
b=a mod 2

Jo(r) mod t*r?,

cos((a — b)9)

M(a,b) Ta-&-b
(4.2.5)  fo(r,t) = =+ Z (—1/4)(+b-n/2_How

1/2\a4b )b
b>a>1 (ptolp )ott albl
b=a+1 mod 2

= 0 mod trs.

cos((a — b)9)

Hence f2+ f2 — Jo(r)> =0 mod %, as desired. Therefore, the quotient
(4.2.6) (ff + 13 = Jo(r)?) /e
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is bounded on [t| < 1/4/2 and |r| < 2 (say), independent of the continuous parameter
¥ € R/2m. Call ¢; an upper bound, so that

(427) [Nl w) 2 = Jo(fu)? < N ) 2 wl*  (N(p) = V2, u] < 2)
Now we shall verify another inequality
(4:2.8) exp(—wf?/2) = Jo(w])? > oo (] < 2),

where ¢y is another positive absolute constant. These two combined will give Lemma D;
indeed, if gy > v/2 and ¢Z > ¢;/ca, then ¢;N(p)™27 < c1qy2 < ¢a; hence by (4.2.7)(4.2.8),

(4.2.9) | My (113 *w)[? < Jo(Jw])? + es|w]* < exp(—|w]?/2).

[Verification of (4.2.8)] First, the power series expansion at r = 0 gives

9 9 7”2 7,4 7,2 7,4 ) 7”4 6
4.2.1 —r?/2) — =1 — 4 )1t —)2=_— :
( 0) exp(—r=/2) — Jo(r) ( 2+8) ( 4+64) 5 mod 7°%;
hence

1
(4.2.11) — (exp(—7?%/2) — Jo(1)*) > 0 (0 <7 <)

rd

with some ro > 0. That we may take ro = 2.72 can be checked by computor. That we
may take ro = 2 can also be shown as follows. Put f(r) = exp(r?/4)Jo(r). Then f(0) =1,
and

F(r) = (5Ao(r) = Ju(r)) exp(r?/4) = =5 Ja(r) exp(r?/4).

But Jy(r) > 0 for r < 2.4, and Jy(r) > 0 for r < 5.1; hence for 0 < r < 2.4, we have
f(r) > 0and f/(r) < 0; hence f(r) < f(0) = 1; hence f(r)? < 1, i.e., Jo(r)? < exp(—r?/2)
on this region. Therefore, (4.2.11) takes a positive minimal value ¢, on 0 < r < 2. This
settles the proof of (4.2.8) and hence that of Lemma D.

4.3 — Global estimations; large |z| and general o > 1/2. Here and in the
following, all primes p considered are those outside P.; in particular, ZpQPoo will be
abbreviated as Zp. As an easy consequence of Lemma C and the prime number theorems,
we obtain

Theorem 6 For any fired o1 > 1/2, 0 >0, a > 0, there exists R = R,, 5, > 0 such that

(4.3.1) M, (2)[? < exp (—a|z|a%s) (1/2 <o < o1, |2| > R).
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Remark 4.3.2 This exponent 1/(c + 6)(< 2) of |z| cannot be replaced by 2. This is
because for each fived o > 1/2 the Fourier dual M,(w) satisfies M,(w) < e Al for any
A >0 cf [2]85.2. By Hardy’s theorem ', this implies that M,(z) < e~ does not hold
for any ¢ > 0.

Proof We may assume |z| > 1. For each y > 1, write

(4.3.3) Py={p:N(®) <yl op(z H

€p,
so that |M, ()| < |M,.p,(2)]. By Lemma C and (4.1.8), |M,,(2)[* < CN(p)?|z|~* holds
with some C' > 1; hence
(4.3.4) [ Mop, ()] < AT N(p))7 12|75,

peEPRy

Choose
(435) y = | |1/ a+6/2)

Since o < o1, |z| > 1 implies y > 1. We shall give a proof in the number field case; the
function field case can be treated with minor modifications. For any € > 0, we have

(4.3.6) (1 —e)y/logy < |P)[ < (1 +€)y/logy,
(4.3.7) D log N(p) < (1+e)y
peP,

for y >, 1. Hence by (4.3.4

) (
(43.8)log(|Mo,p, (2)[*) < y((1+€)logC/logy + (1+€)o — (1 - ¢)log|z|/ logy)
[T+ 1),

including log 0 = —oo in the inequality)

with
(4.3.9) I < (14+¢€)(o1+9/2)(logC)/log|z|,
(4.3.10) II = (1+€)o—(1—¢€)(o+0/2) < —=0/2+ €201 +6/2).

But I < §/8 for |z| > 1, and if we take such e that satisfies €(207 + 0/2) = §/8, then
I+ II < —§/4 holds. Therefore,

(4.3.11) 10g(|Ma,Py(2)| ) < |z|1/ o+5/2) < —alz |1/ o+9)

for |z| >460, 1, as desired. O

IRecall that in the 1 dimensional case, it asserts that f(z) < e-alel*/2_ {7 (€) « ejb|5|2/2 (a,b > 0)
with ab > 1 implies f = 0. Apply this to f( )= (1/V2m) [72 M, x—!—yz)dy INE) = M, (8).
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4.4 — Small |z|, large (20 —1)"'.  An easy consequence of Lemma D is:
Theorem 7A Fiz any e, R, with0 <e <1, R>0. If|z2| < R and 20 — 1) >.r 1,
then

1—c¢

(4.4.1) N, () < exp{———po|2P}.

Proof We may remove a finite set P = P of primes p and assume that ,u}g o< 2
1/2

holds for p & P; hence that 1/, |2| < 2 holds whenever p & P, |z| < R, 0 > 1/2. We may
also assume N (p)/2 > qo for the constant gy in Lemma D. Thus, Lemma D gives

- ks ks
(142) LR < ep{=5- 3 op} < oxp{ (3 pijap — o)}
pEP pEP
Since lim,_ 4 fto = 00, this gives

1—c¢

(4.4.3) | My (2)|* < exp{———piol2|*},

for |z < Rand (20 —1)7' > r 1. O

4.5 — Large |z|, large (20 — 1)7.
Theorem 7B Fiz any e with 0 < e < 1. If |z| > 1 and (20 — 1)7' > 1, then

(4.5.1) M, ()2 < exp{—%|z|2(1_e)}.

The proof requires some global estimations, Lemma E below in §4.7.

4.6 — Large (20 —1)"!, all |z|. Now, Theorems TA, 7B combined give immediately:

Theorem 7C (Lemma B,§2.3) Fiz any ¢ with 0 < ¢ < 1. If (20 — 1)7! > 1, then the
imequality

1—c¢

(4.6.1) | My (2)|* < exp{———po |2}

holds for all z € C.

In fact, Theorem 7B shows that (4.5.1) and hence also (4.6.1) holds for |z| > R, with
some R.. Now take R = R, in Theorem 7A and let (20 —1)™' > g 1. Then (4.4.1) and
hence also (4.6.1) holds for |z] < R, too. Thus, Theorem 7C is reduced to Theorem 7B.
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4.7 — Key Lemma E. The key points for the proof of Theorem 7B are Lemma D
(local) and the following global estimation from below of the error term for sums over
primes.

Lemma E Fiz any e with 0 <e < 1/2. If (20 —1)"'>.1 and T >, 1, then

Z (1 —€e)u, T2 (Casel),
Ko, 1-20
P (1 —€)py z;ogT (Case2).

Proof We shall give a proof for the number field case. The function field case can be
treated with minor modifications.
(Case 1) By (4.1.1), we have p,, > (log N(p))?/N(p)*. As usual, set

(4.7.1) = ) 1~T/logT, $(T)= ) logN(p

N(p)<T N(p)<T

and also set

(4.7.2) Vo(T) = (log N(p))*> ~ TlogT.
N(p)<T

The last estimation follows from the first two by using only the trivial inequalities ¢ (7)) <
(log T)(T) and ¥o(T) /7 (T) > ((T)/7(T))?* (the Schwartz inequality). By partial sum-
mation and by (4.7.2), we easily obtain, for T' > 1,

g ¢
98° it

(4.7.3) Z fop > —(14+ )T logT + (1 — (—:)/

t2a
N(p)>T T

for any o > 1/2. But since the last integral can be explicitly given by

1 logT' 19
4.74 T
( ) <(2a—1)2+20—1) ’

we obtain

T2 1 1+e€
4.7.5 on > — — T2 log T
(A75) D oy 6)((20——1)2+(20—1 1—6) o8 )

N(p)>T

1-20

> (1—6)m

> (1 —2€) T2

for o sufficiently close to 1/2, by §2.1 Theorem 2 (i). This settles Case 1.
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(Case 2) In this case, where pi,, > N(p)~27, we first obtain easily

1—-20 o] dt
4.7. - —(1 1-— —.
(1.76) > g > =4O+ (10 [ 2
N(p)>T

But a more delicate treatment of the integral

(4.7.7) / 5 = / e “u"tdu
r t*7logt (20—-1)log T

is required.

Sublemma 4.7.8 We have, for any b > 0,

—t

9] b 1—
(4.7.9) / e "utdu = —v+log(1/b) +/ ° at
b 0
log(1/b) + 1 0<b<2
o) olos(1/0) 1) (0<b<2)
(b+1)"te bt (allb > 0),
where 7y is the Euler constant v = 0.5772---, and cy 1s an absolute positive constant.

Proof As for the first equality, the derivative d/db of the two sides are equal, and
the formula for b = 1 can be found, e.g., in [10] §12.2 Ex 4. When 0 < b < 2, so that
log(1/b) + 1 > 1/4, the quotient

(4.7.11) (/boo e—“u—ldu) /(log(1/b) + 1)

is a continuous positive-valued function, which, by the equality (4.7.9) tends to 1 as b — 0.
Therefore, (4.7.11) attains a positive minimal value ¢y > 0 on 0 < b < 2. The second
inequality is obvious, because

o b+1
/ e "u " du > / e “u"tdu > e P Hb+ 1)
b b

Corollary 4.7.12

(4.7.13) ey/z/ e "u"tdu > (1 +logx)/y (x,y > 1).
y/z
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Proof Put b = y/x. Call LHS (resp. RHS) the left (resp. right) hand side of
(4.7.13). First, let 0 < b < 2. Then 1+ log(1/b) > 1/4, and by Sublemma 4.7.8,

LHS > e’cy(log(1/b) + 1) > co(log(1/b) + 1).
If y is so large that 1/y < ¢o/2 and (logy)/y < ¢o/8, then
RHS = (1 + log(1/b) + logy)/y < %(1 +log(1/b)) + %"

But since 1/4 < 1+ log(1/b), this is < LHS.
Now let b > 2. Then (b+ 1)~ > (2/3)b™!; hence by Sublemma 4.7.8,

LHS > e’(b+1)"te™ 1 > 2/(3eb).
On the other hand, if z is so large that (1 +logz)/z < 2/(3e), then
RHS = (1+logz)/(bx) < 2/(3eb) < LHS.

O

Now by (4.7.6) (4.7.7) and Cor 4.7.12 applied to z = (20 — 1)"! and y = log T' (hence
ev/* = T?~1) we obtain

T172a T1720 1
4.7.14 op > —(1 1— 1+1
( ) N(pz)>T,um (1+¢) logT' -9 logT' ( * Og2a—1)

Tl—Qo 1 1-20 1
= 1—¢€)l -2 1—2¢)l
logT (( ) log 20 —1 6) ~ log T (( ) log 20—1)’

since we may assume log(1/(20 — 1)) > 2. Since u, — log(1/(20 — 1)) is bounded near
o = 1/2 (say, by Theorem 4 §3.3), this is

1-20

log T

> (1= 36)po) -

This settles the proof of Lemma E.

4.8 — Proof of Theorem 7B. Let z € C with |z| > 1 and put
g [@Rlogla? (Case),
|22 (Case?2).

We claim that there exists a constant C' > 0 depending only on (K, P.) such that if
|z| > C and N(p) > T., then the assumptions of Lemma D are satisfied for any o > 1/2
and hence

(4.8.1) | M p(2)|* < exp{—%w}-
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Proof (Case 1) First, note that if z > 2ylogy and y > 1 then (x — 1)/logz > y.
Now let N(p) > T.. Then N(p)'/? > 2|z|log|z|; hence (N(p)'/? — 1)/log(N(p)'/?) > ||
for |z] > 1; hence

log N (p)
(N(p)2 — 1)1/

log N (p)

12,
(4.8.2) Loy 2] = N(p)i72 —

< <2
2 2| <2,

as desired.
(Case 2) In this case, N(p) > T, = |z|* implies

1/2 1/2
1/2 1 1
(4.8.3) How |2 < (N(P) W) < (g W) <V2<2,

as desired. O

Now we can finish the proof of Theorem 7B.
(Case 1) Let 0 < e < 1, and |2| > 1, (20 — 1)7! >, 1. Then by the above claim and
Lemmas D, E, we have, for T' =T, as above,

(4.8.4) H |M,(2)* < H exp{—%|z|2} < exp{—

N(p)>T N(p)>T

1—e¢ 9
poT' 712"}

But if 20 — 1 < ¢/2 and |z| >, 1, then T'7%7 > T=/2 = (2|z|log |2|)~¢ > (1 — €)7|2|7%;
hence

(485) WP < T Wap(2)]” < exp{=E7[2P079),
N(p)=T

as desired.

(Case 2) In this case, T = |z|?, and we obtain, similarly,

1—e T2
2 Ha log T’

(4.8.6) I Mop(x)P < expf- |2[*}.

N(p)>T

But
1 1
T'7%7/log T = §!zl2“’2")/10g [2] > 512/ log 2| > (1 — )7

for 20 — 1 < ¢/2 and |z| >, 1; hence (4.8.6) is
IuU —€
< exp{-Le]20-9),

also in this case. This completes the proof of Theorem 7B.
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