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ABSTRACT. In the present paper, we construct a nongeometric
pro-p Galois section of a proper hyperbolic curve over a number
field, as well as over a p-adic local field. This yields a negative
answer to the pro-p Section Conjecture. We also observe that there
exists a proper hyperbolic curve over a number field which admits
infinitely many conjugacy classes of pro-p Galois sections.
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INTRODUCTION

Generalities on the Section Conjecture:

Let Primes be the set of all prime numbers, > C Primes a nonempty
subset of Primes, k a field of characteristic 0, k an algebraic closure of
k, X a scheme which is geometrically connected and of finite type over
k,and Z: Spec k — X a geometric point of X. By abuse of notation, we
shall write Z for the geometric points of X ®;, k and Spec k determined
by the geometric point T of X. Moreover, we shall write

US! (X Ok E? T)E
for the maximal pro-¥ quotient of 7 (X ®; k,Z) — i.e., the pro-X
geometric fundamental group of X — and
T (X, T)E
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for the quotient of m1(X,Z) by the kernel of the natural surjection
(X @ k,T) - m(X @ k,T)” — ie., the geometrically pro-X fun-
damental group of X. Then the natural isomorphism Gal(k/k) ~
m(Speck,T) (cf. [4], Exposé V, Proposition 8.1) and the natural mor-

phisms X ®; k — X, X — Speck determine a commutative diagram
of profinite groups

1 — m(X & k7)) —— m(X,T) — Gal(k/k) — 1

l l H

Il — m(X @ k,7)° — m(X,7)2 —— Gal(k/k) —— 1

— where the horizontal sequences are exact (cf. [4], Exposé IX, Théoréeme
6.1), and the vertical arrows are surjective. Now we shall refer to a (con-
tinuous) section of the lower exact sequence of the above commutative
diagram as a pro-Y Galois section of X and to the m (X ®; k,T)>-
conjugacy class of a pro-X Galois section as the conjugacy class of the
pro-X Galois section. Then it follows from the definition of the above
commutative diagram that a k-rational point of X (i.e., a section of
the structure morphism X — Speck of X) determines — up to com-
position with an inner automorphism arising from 7 (X ® k, T)E —
a pro-X Galois section of X, i.e., we have a natural map from the
set X (k) of k-rational points of X to the set GS™(X/k) of conjugacy
classes of pro-X Galois sections of X. Now the Section Conjecture may
be stated as follows (cf. [3]):

(SC): If k is a finitely generated extension of the field

of rational numbers, and X is a proper hyperbolic curve

over k, then this map X (k) — GS¥*™=(X/k) is bijec-

tive.
Note that one may also formulates a version of (SC) for affine hyper-
bolic curves.

Grothendieck proved the injectivity of the map X (k) — GSFr™es (X /k)
by means of a well-known theorem of Mordell-Weil (cf. e.g., [9], Theo-
rem 2.1). On the other hand, the above conjecture — i.e., the surjec-
tiity of the map appearing in (SC) — remains unsolved.

Pro-p version of the Section Conjecture:

Although the above conjecture (SC) remains unsolved, results re-
lated to this conjecture have been obtained by various authors:

(I) An archimedean analogue of (SC), i.e., an analogue of (SC) for
hyperbolic curves over the field of real numbers — cf. [8], §3.

(IT) The injectivity portion of the pro-p version of (SC) — i.e., the
injectivity of the natural map X (k) — GS¥(X/k) — in the
case where k is a generalized sub-p-adic field (e.g., k is either
a number field or a p-adic local field) — cf. [7], Theorem C
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(and its proof); [8], Theorem 4.12 (and Remark following this
theorem).

(III) The pro-p version of a birational analogue of (SC) for hyper-
bolic curves over p-adic local fields — cf. [10], Theorem A.

The validity of the above three results (I), (II), and (III) suggests
the possibility of the validity of the assertion obtained by replacing the
expression “finitely generated extension of the field of rational num-
bers” in the statement of (SC) by the expression “nonarchimedean
local field”. Moreover, the validity of the two results (II) and (III)
suggests the possibility of the validity of the assertion obtained by re-
placing the notation “Primes” in the statement of (SC) by the notation
“{p}” for some prime number p. That is to say, one is led to expect
the validity of the following pro-p Section Conjecture:

(pSC): If k is either a number field (i.e., a finite exten-
sion of the field of rational numbers) or a p-adic local
field (i.e., a finite extension of the field of p-adic ratio-
nal numbers), and X is a proper hyperbolic curve over
k, then the natural map X (k) — GS®(X/k) is bijec-
tive, or, equivalently — by the above result (IT) — the
natural map X (k) — GS¥(X/k) is surjective.

Main results:

In the present paper, we construct a counter-example to the above
conjecture (pSC). The first main result of the present paper is as fol-
lows (cf. §4):

Theorem A (Existence of nongeometric pro-p Galois sections).
Let Q be the field of rational numbers, Q an algebraic closure of Q, p
an odd regular prime number, ¢, € Q a primitive p-th root of unity,
Qur C Q the mazimal Galois extension of Q(¢,) that is pro-p and
unramified over every nonarchimedean prime of Q((,) whose residue
characteristic is # p, kng € Q"™ a finite extension of Q((,) contained
in QU Typ % Spec knp[tE,1/(t — 1)] — where t is an indetermi-
nate — Ung — TNy a connected finite étale covering of Tyr, and Xnp
the (uniquely determined) smooth compactification of Uxp over (a fi-

nite extension of) kng. Suppose that the following four conditions are
satisfied:

(A) Xnr is of genus > 2.

(B) Xnr(kny) # 0. (In particular, Xxg, hence also Ung, is geo-
metrically connected over kng; thus, Xyr and Uxg are hy-
perbolic curves over kxr [cf. condition (A)].)

(C) The finite étale covering Unr @pyp Q — Ty @iy Q is Galois
and of degree a power of p.
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(D) The hyperbolic curve Uxg (cf. condition (B)), hence also Xxr,
has good reduction at every nonarchimedean prime of kng
whose residue characteristic is # p.

(For example, if p > 3, then the number field kng = Q((,) and the
connected finite étale covering

Uxr = Spec Q(¢p) a1, 23"/ (2 + b — 1) — T

— where x1 and x4 are indeterminates — given by “t — x5 satisfy the
above four conditions.) Then there exists a finite extension kijp C Q"™
of kny contained in Q"™ which satisfies the following condition:

Let O be either “NF” or “LF”, ki C Q"™ a finite ez-
tension of kyg contained in Q™ and k{'y the completion
of kg at a nonarchimedean prime of ki whose residue
characteristic 1s p. Then there exists a nongeomet-
ric (c¢f. Definition 1.1, (iii), also Remark 1.1.8) pro-p
Galois section (cf. Definition 1.1, (i)) of the hyperbolic
curve Xnr Qiyp ki (respectively, Ung Qe ki) over kf.

If one’s primary interest lies in diophantine geometry, one may take
the point of view that the finiteness of the set GS*(X/k) is more im-
portant than the bijectivity of the natural map X (k) — GS*(X/k)
— where ¥ C ‘Primes is a nonempty subset of ‘Primes. Indeed,
for example, even if the natural injection (cf. the above result (II))
X (k) < GS*(X/k) in the case where X is a proper hyperbolic curve
over a number field k is not bijective, the finiteness of the set GS™(X/k)
already implies the finiteness of the set X (k), i.e., an affirmative an-
swer to the well-known conjecture of Mordell, which is now a theorem
of Faltings.

On the other hand, it follows from the following result, which is the
second main result of the present paper, that if one only considers the
case where X = {p}, then this approach to the conjecture of Mordell
fails (cf. §4):

Theorem B (Existence of hyperbolic curves over number fields
that admit infinitely many pro-p Galois sections). We continue
to use the notation of Theorem A. Moreover, we take p > 7 and

Unr 2 Spec kxplzit, o3t/ (af + 2 — 1)
— where x1 and xy are indeterminates. Then there are infinitely
many conjugacy classes of pro-p Galois sections (cf. Definition 1.1,
(1)) of the hyperbolic curve Xxg (respectively, Uxg) over kxp.

The present paper is organized as follows: In §1, we discuss the
notion of a pro-> Galois section. In §2, we consider the pro-p outer
Galois representations associated to certain hyperbolic curves obtained
as finite étale coverings of tripods. In §3, we consider pro-p Galois
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sections of certain hyperbolic curves obtained as finite étale coverings
of tripods. In §4, we prove Theorems A and B.
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0. NOTATIONS AND CONVENTIONS

Numbers: The notation PBrimes will be used to denote the set of all
prime numbers. The notation Z will be used to denote the set, group,
or ring of rational integers. The notation Q will be used to denote the
set, group, or field of rational numbers. If p is a prime number, then
the notation Z, (respectively, Q,) will be used to denote the p-adic
completion of Z (respectively, Q).

A finite extension of Q will be referred to as a number field. If p is
a prime number, then a finite extension of @, will be referred to as a
p-adic local field.

Profinite groups: If GG is a profinite group, then we shall write
Aut(G)
for the group of (continuous) automorphisms of G,
Inn(G) C Aut(G)
the group of inner automorphisms of GG, and
Owt(G) & Aut(G)/Inn(G).

If, moreover, G is topologically finitely generated, then one verifies eas-
ily that the topology of G admits a basis of characteristic open sub-
groups, which thus induces a profinite topology on the groups Aut(G)
and Out(G).

If G is a profinite group, and H C G is a closed subgroup of GG, then
we shall write

[H,H| C G

for the closed subgroup of G topologically generated by hihohy hy' €
G, where hy, hy € H. Note that if H is normal in G, then it follows
from the fact that [H, H] C H is a characteristic subgroup of H that
the closed subgroup [H, H] is normal in G.

Curves: We shall say that a scheme X over a field k is a smooth
curve over k if there exist a scheme Y which is of dimension 1, smooth,
proper, and geometrically connected over k and a closed subscheme
D C 'Y which is finite and étale over k such that X is isomorphic to
the complement of D in Y over k. If, moreover, a geometric fiber of Y
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over k is of genus g, and a finite étale covering D over k is of degree r,
then we shall say that X is a smooth curve of type (g,r) over k.

We shall say that a scheme X over a field k is a hyperbolic curve
(respectively, tripod) over k if there exists a pair of nonnegative integers
(g,7) such that 2g — 2 4+ r > 0 (respectively, (g,7) = (0,3)), and,
moreover, X is a smooth curve of type (g,7) over k.

1. GALOIS SECTIONS AND THEIR GEOMETRICITY

Throughout the present paper, fix an odd prime number p and an
algebraic closure Q of Q; moreover, let Gp € Q be a primitive p-th root
of unity.

In the present §, we discuss the notion of a pro-X Galois section. In
the present §, let k be a field of characteristic 0 and k an algebraic
closure of k containing Q.

Definition 1.1. Let ¥ C ‘Primes be a nonempty subset of Primes
(where we refer to the discussion entitled “Numbers” in §0 concerning
the set Primes), X a scheme which is geometrically connected and of
finite type over k, and T: Speck — X a geometric point of X. By
abuse of notation, we shall write T for the geometric points of X ®j, k
and Spec k determined by the geometric point T of X.

(i) If we write
7T1(X ®k E7 E)E

for the maximal pro-¥ quotient of 7(X ® k,Z) — i.e., the
pro- geometric fundamental group of X — and

T (X> E);

for the quotient of 71(X,Z) by the kernel of the natural surjec-
tion 7 (X ®4 k,T) = m(X @ k,T)* — i.e., the geometrically
pro-Y fundamental group of X — then the natural isomorphism
Gal(k/k) ~ m (Speck, @) (cf. [4], Exposé V, Proposition 8.1)
and the natural morphisms X ®,k — X, X — Spec k determine
a commutative diagram of profinite groups

1 — m(X®k,7) — m(X,T) — Gal(k/k) —— 1

l l H

Il — m(X @ k,7)° — m(X,7)2 —— Gal(k/k) —— 1

— where the horizontal sequences are ezact (cf. [4], Exposé
IX, Théoreme 6.1), and the vertical arrows are surjective. Now
we shall refer to a section of the lower exact sequence of the
above commutative diagram as a pro-X Galois section of X.
Moreover, the (X &, k, 7)¥-conjugacy class of a pro-Y Galois
section of X as the conjugacy class of the pro-3 Galois section.
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(i) It follows from the definition of the commutative diagram in
(i) that a k-rational point of X (i.e., a section of the structure
morphism X — Speck of X) gives rise to a conjugacy class of
a pro-2 Galois section of X. Now we shall say that a pro-X
Galois section of X arises from a k-rational point x € X (k) of
X if the conjugacy class of the pro-¥ Galois section coincides
with the conjugacy class of a pro-X Galois section determined
by the k-rational point x € X (k) of X.

(iii) Suppose that X is a hyperbolic curve over k (where we refer
to the discussion entitled “Curves” in §0 concerning the term
“hyperbolic curve”). Then we shall say that a pro-X Galois
section is geometric if the image of the pro-X Galois section
is contained in a decomposition subgroup of (X, )% associ-
ated to a k-rational point of the (uniquely determined) smooth
compactification of X over k.

Remark 1.1.1. Let Y be a scheme which is geometrically connected
and of finite type over k and Y — X a morphism over k. If a pro-X
Galois section of Y arises from a k-rational point of Y, then it follows
from the various definitions involved that the pro-Y Galois section of
X determined by the pro-> Galois section of Y and the morphism
Y — X arises from a k-rational point of X. If, moreover, X and Y are
hyperbolic curves over k, and a pro-X Galois section of Y is geometric,
then it follows from the various definitions involved that the pro-X
Galois section of X determined by the pro-¥ Galois section of Y and
the morphism Y — X is geometric.

Remark 1.1.2. Suppose that X is a hyperbolic curve over k. Then it
follows from the various definitions involved that the geometricity of a
pro-Y Galois section of X depends only on its conjugacy class.

Remark 1.1.3. Suppose that X is a hyperbolic curve over k. Let
s be a pro-X Galois section of X. Then it follows from the various
definitions involved that if s arises from a k-rational point of X, then
s is geometric. If, moreover, the hyperbolic curve X is proper, then it
follows from the various definitions involved that s is geometric if and
only if s arises from a k-rational point of X.

Remark 1.1.4. Suppose that X is an abelian variety over k. Then it
follows from the various definitions involved that the following hold:

(i) The pro-% geometric fundamental group (X ®k, )% is natu-
rally isomorphic to the pro-3 Tate module Tx(X) of X, and the
geometrically pro-¥ fundamental group (X, T)2 is naturally
isomorphic to the semi-direct product Tx(X) x Gal(k/k).

(ii) There exists a natural bijection between the set of conjugacy

classes of pro-3 Galois sections of X and the Galois cohomology
group H'(k, Tx(X)).
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Moreover, it follows from a similar argument to the argument used in
the proof of [9], Theorem 2.1 (cf. also [9], Claim 2.2), that the following
holds.:

(iii) Under the bijection in (ii), the natural map from X (k) to the
set of conjugacy classes of pro-X Galois sections of X obtained
by sending x € X (k) to the conjugacy class of a pro-> Galois
section of X arising from =z € X (k) coincides with the pro-Y
Kummer homomorphism for X

X (k) — H'(k, Ts(X)).

2. PRO-p OUTER (GALOIS REPRESENTATIONS ASSOCIATED TO
CERTAIN COVERINGS OF TRIPODS

In the present §, we consider the pro-p outer Galois representations
associated to certain hyperbolic curves obtained as finite étale coverings
of tripods (where we refer to the discussion entitled “Curves” in §0
concerning the term “tripod”). In the present §, let

kne € Q
be a number field (where we refer to the discussion entitled “Numbers”
in §0 concerning the term “number field”). Write

def

GNF = Gal(@/kNp)
for the absolute Galois group of kxg and
Tar < Spec knp[t*,1/(t — 1))
— where t is an indeterminate — i.e., Tnr is a split tripod P,ﬁNF \

{0,1, 00} over knp. Let
Unr — Inr

be a connected finite étale covering of Ty,
(Unr ©) Xnr

the (uniquely determined) smooth compactification of Uxr over (a finite
extension of) kyg, and

Z: Spec Q — Uxp

a geometric point of Unxp. Suppose that the following four conditions
are satisfied:
(A) Xnr is of genus > 2.
(B) Xxnr has a kyp-rational point O € Xyp(knr). (In particular,
Xnr, hence also Uy, is geometrically connected over kyg; thus,
Xnr and Uy are hyperbolic curves over kyg [cf. condition (A)].)
(C) The finite étale covering Unr @iy Q — Tir @iy Q is Galois
and of degree a power of p.
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(D) The hyperbolic curve Uxp (cf. condition (B)), hence also Xyr,
has good reduction at every nonarchimedean prime of kxg whose
residue characteristic is # p.

We shall write
JNF
for the Jacobian variety of Xyp (cf. condition (A)) and

to: Xnv — JInr

for the closed immersion determined by O € Xnr(knr) (cf. condition
(B)); moreover, write

Arge (respectively, Ay Axap; Asp)

for the maximal pro-p quotient of the geometric fundamental group
1 (Ir @kye Q, T) (respectively, T (Unr @iy Q, T); T1(XNF @y Q, T);
71 (IxF @rp Q,T)) — here, by abuse of notation, we write T for the
geometric points of Tr, Xnr, and Jyp determined by the geometric

point T of Uygp — and
Ir,. (respectively, Hyp; Hxep; M)

for the quotient of the fundamental group m(T\r,T) (respectively,
71 (Ung, T); m1(XnNw, T); m1(JINF, ZT)) by the kernel of the natural sur-
jection (TN @k Q, T) = A (respectively, m (Unp Qpyp Q, T) —
Avyes T1(XNF Ok Q. T) = Axyes T1 (I Ok Q,T) = Ayyy). Then
the finite étale covering Uxgp — Tnr, the open immersion Uxgp — Xy,
and the closed immersion to: Xxr — Jnr induce a commutative dia-

gram of profinite groups

1l — App — Uy —— Gnp —— 1

—)GNF—>1

—)GNF—>]_

1 — Ay — g, Gnr 1

— where the horizontal sequences are eract — and an isomorphism of
profinite groups

HXNF/[AXNF7 AXNF] — HJNF
— where we refer to the discussion entitled “Profinite groups” in §0
concerning the notation “[—, —]”. Finally, we shall write

Pyt G — Out(Aqy,)
(respectively, puye: Gnr — Out(Apy,);
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PXyr Gnp — OUt<AXNF);

PInr GNF - AUt(AJNF>>
— where we refer to the discussion entitled “Profinite groups” in §0
concerning the notation “Out”, “Aut” — for the homomorphism de-
termined by the corresponding horizontal sequence in the above com-
mutative diagram,

Grr[T] (respectively, Gnpl[U]; Ghr[X]; GarlJ])
for the quotient of Gnp obtained as the image of pr. (respectively,
PUnrs PXnrs pJNF)’ and .
Q™ cCQ
for the maximal Galois extension of Q((,) that is pro-p and unramified
over every nonarchimedean prime of Q((,) whose residue characteristic

is # p.

Lemma 2.1 (Quotients determined by the pro-p outer Galois
representations associated to certain coverings of tripods).
(i) If ¢, € knr, then the quotient Gyr[T| of Gnr is pro-p.
(i) If knp € Q""" then the natural surjections Gnyg — Gnr|T],
GNF —» GNF[U], GNF —» GNF[X], and GNF —» GNF[J] factor
through the natural surjection Gygp — Gal(Q"™™ /kxr).

Proof. Assertion (i) follows immediately from [1], Theorems A, B. Next,
we verify assertion (ii). It follows from [5], Theorem C, (i), that we have
natural surjections

GNF - GNF [U] - GNF [T] ;

moreover, it follows from the fact that the natural open (respectively,
closed) immersion Unp <— Xnr (respectively, to: Xnp < JInp) induces
a surjection Ay, — Axyp (respectively, Ay — Ay ) that we have
natural surjections

Thus, to prove assertion (ii), it suffices to verify the fact that the natural
surjection Gnp — Gnr|U| factors through the natural surjection Gnp —
Gal(Q"™ /kxr). Moreover, since one may easily verify that the kernel
of puye is contained in the open subgroup Gal(Q/kxr((,)) € Gy of
Gnr — to verify the fact that the natural surjection Gnp — Gyp|[U]
factors through the natural surjection Gyp — Gal(Q"™ /kxp) — we may
assume without loss of generality that ¢, € kxp. On the other hand,
it follows from the condition (D) that — to prove the fact that the
natural surjection Gnp — Gnr|U| factors through the natural surjection
Gnr — Gal(Q"™ /knr) — it suffices to verify the fact that the natural
surjection Gnp — Gnr[U] factors through a pro-p quotient of Gyg. On
the other hand, if we write

PUxr /Tnr - ATNF/AUNF - Out<AUNF)
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for the homomorphism arising from the exact sequence of profinite
groups

I — AUNF - ATNF - ATNF/AUNF —1
(cf. condition (C)), then it follows immediately that we have inclusions

PUnr (Ker(pTNF)) - Im(pUNF/TNF) - OUt(AUNF>;

in particular, py.,(Ker(pr.)) is a p-group. Thus, the fact that the
natural surjection Gxgp — Gnr|U] factors through a pro-p quotient of
Gr follows immediately from assertion (i). This completes the proof
of assertion (ii). O

3. PRO-p GALOIS SECTIONS OF CERTAIN COVERINGS OF TRIPODS

In the present §, we consider pro-p Galois sections of certain hyper-
bolic curves obtained as finite étale coverings of tripods. The purpose
of the present § is to show that a certain pro-p Galois section of the Ja-
cobian variety of a hyperbolic curve arises from a pro-p Galois section
of the original hyperbolic curve (cf. Theorem 3.5 below). The main
results of the present paper, i.e., Theorems A and B in Introduction,
may be derived from this result (cf. §4).

We maintain the notation of the preceding §. In the present §, sup-
pose that

Q(¢) € kxr € Q™.
In the present §, let
kLy
be the completion of kyg at a nonarchimedean prime whose residue
characteristic is p and kip an algebraic closure of ki p containing Q;

write, moreover,

GLF d:ef Gal(ELF/kLF)

for the absolute Galois group of kpp. Then we have a proper hyperbolic

curve
def
Xir = XNF @kyp FLr

an affine hyperbolic curve
def
Urr = Unr @pap FLF
whose smooth compactification is naturally isomorphic to Xir, and an

abelian variety

def
Jir = INF Qkyp KLF

which is naturally isomorphic to the Jacobian variety of Xyp, over kpp.
Moreover, we shall write
def def def
AXLF = AXNF ; AULF = AUNF ) AJLF = AJNF )
def def
Iy = Mxye Xane Grr 5 Uy = g Xaye GLr

def
HJLF = HJNF X GNF Grr -
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Note that “A)” is naturally isomorphic to the pro-p geometric fun-
damental group of “(—)” — i.e., the maximal pro-p quotient of the
fundamental group of “(—) ®4, . kLr” — and “II—y” is naturally iso-
morphic to the geometrically pro-p fundamental group of “(—)” — i.e.,
the quotient of the fundamental group of “(—)” by the kernel of the
natural surjection from the fundamental group of “(—) ®y, . krr” to its
maximal pro-p quotient.

Definition 3.1. Let O be either “NEF” or “LF”.

(1)

We shall write

Go — Qo ™ Im(Gp — Gal(Q/Q) — Gal(Q™™/Q))

— where the arrow “Gp — Gal(Q/Q)” is the homomorphism
determined by the natural inclusions Q < kg and Q — kp.

It follows from Lemma 2.1, (ii), that the outer pro-p Galois rep-
resentation G — Out(Ax,) (respectively, Go — Out(Ay,))
associated to X (respectively, Un) factors through Go — Qn.
We shall write

H?(D (respectively, Hgm)
for the profinite group obtained by pulling back the natural
exact sequence of profinite groups
1 — Ax, — Aut(Ax,) — Out(Ax,) — 1
(respectively,
1 — Ay, — Aut(Ay,) — Out(Ay,) — 1)

— where we refer to the discussion entitled “Profinite groups”
in §0 concerning the topologies of “Aut” and “Out” — via the
resulting (continuous) homomorphism Qn — Out(Ax,) (re-
spectively, Qo — Out(Ay,)). Note that it follows from the
definition of H)Q(D (respectively, Hgﬂ) that we have a commuta-
tive diagram of profinite groups

1 — AXD —_— HXD GD 1

I —— Ay, —— H?(D Qo 1
(respectively,

1 — AUD I HUD GD 1

I — Ay, — Hgﬂ Qo 1)

— where the horizontal sequences are ezact, and the vertical
arrows are surjective.
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(iii) We shall write

def
% < 1% /[Ax,, Ax]

— where we refer to the discussion entitled “Profinite groups”
in §0 concerning the notation “[—, —]”. Thus, the isomorphism

My, /[Axy, Axy] — I

induced by tp determines a commutative diagram of profinite

groups
LAy, T8 Qo 1

— where the horizontal sequences are ezxact, and the vertical
arrows are surjective.

Remark 3.1.1. It follows from the various definitions involved that
the open immersion Ug — X and the closed immersion o : Xg — Jg
determine a commutative diagram of profinite groups

1 — Ay, — Hgﬂ Qo 1
l — Ax, —— H?(D Qo 1
1 — AJD — H?D Qo 1

— where the horizontal sequences are exact, and the vertical arrows
are surjective.

Lemma 3.2 (Freeness of certain Galois groups). Suppose that p
is regular. Then the profinite groups Qnr and Qrr are free pro-p
groups.

Proof. Since a closed subgroup of a free pro-p group is a free pro-p
group (cf. [13], Corollary 7.7.5), to prove Lemma 3.2, it suffices to

verify the fact that Gal(Q"™/Q((,)) is free pro-p. On the other hand,
this follows from [12], the first example following Theorem 5. U

Lemma 3.3 (Factorization of certain pro-p Galois sections).
Let O be either “NF” or “LF”, sxg a pro-p Galois section of Jxr (cf.
Definition 1.1, (1)), and spr the pro-p Galois section of Jugp obtained
as the restriction of sxg. Then the composite

S0
Go = My, — 15

factors through G — Q, i.e., the composite determines a section
of the natural surjection H?D — Q0.
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Proof. First, we verify Lemma 3.3 in the case where [J = “NF”. It
follows from the definition of the quotient Qnr of Gy that, to prove
Lemma 3.3 in the case where [ = “NF” it suffices to show that the
following two assertions hold:

SNF

(i) The composite Gnrp — I, — H?NF factors through a pro-p
quotient of Gnr.

(ii) If [ is a nonarchimedean prime of kg whose residue charac-
teristic is # p, and I} C Gyr is an inertia subgroup of Gyp
associated to [, then the image of the composite

SNF Q
I[ — GNF — HJNF — HJNF

is {1}.
Now assertion (i) follows from the fact that H?NF is pro-p. Next, we

verify assertion (ii). It follows immediately from the definition of Qnr

that the image of the composite I} — Gy Ay Jnp = H?NF is con-

tained in Ay C HCJQNF; in particular, if we write D; C Gyr for the
decomposition subgroup of Gy associated to [ containing I; C Gy,
then we obtain a D/Ii-equivariant homomorphism I; — A, which
factors through the abelianization of the maximal pro-p quotient of [
(cf. assertion (i)). On the other hand, since Jxr has good reduction at
[ (cf. condition (D) in §2) (respectively, the residue characteristic of
[is # p), the weight of the action of the Frobenius element in Dy/I
on Ay, (respectively, on the abelianization of the maximal pro-p quo-
tient of I) is 1 (respectively, 2). Thus, it follows that the image of the
D,/ I-equivariant homomorphism I; — Ay is {1}. This completes
the proof of assertion (ii) hence also of Lemma 3.3 in the case where
0= “NF”.

Next, we verify Lemma 3.3 in the case where [ = “LF”. It fol-
lows from the various definitions involved that we have a commutative
diagram of profinite groups

SLF Q
Gip —— HJLF —_— HJLF — Qur

| l | |

Q
Gnr e My —— 15, —— Onr

— where the vertical arrows are injective. Therefore, Lemma 3.3 in

the case where L0 = “LF” follows immediately from Lemma 3.3 in the
case where [1 = “NF”, together with the definition of the quotient Q)g
of Gpo. O

Lemma 3.4 (Uniqueness of certain pro-p Galois sections). Let
O be either “NF” or “LF”, i =1 or 2, sky a pro-p Galois section of
Jxr (cf. Definition 1.1, (1)), and sty the pro-p Galois section of Jir
obtained as the restriction of skp. If the A -conjugacy classes of the
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composites

81 82
Go— I, — H?D . Go— Iy, — H?D

coincide, then the conjugacy classes of the pro-p Galois sections st
s% coincide.

Proof. This follows immediately from Lemma 3.3, together with the
existence of the exact sequence of Galois cohomology groups

0 — H(Qo,Ay,) — HY (Go,Ay) — H*(Ng, Ay,)90
— where N is the kernel of the natural surjection Go — Qp. O

Theorem 3.5 (Lifting of certain pro-p Galois sections). Let [
be either “‘NF” or “LF”, sxg a pro-p Galois section of Jyr (cf. Def-
inition 1.1, (1)), and spr the pro-p Galois section of Jug obtained as
the restriction of sng. Suppose that p is regular. Then there exists
a pro-p Galois section sg of X (respectively, Un) such that the pro-p
Galois section of Jo obtained as the composite

Go Bt Hx, — I, (respectively, Gp & Oy, — 1)

— where the second arrow is the surjection induced by .o — coincides
with sp.

Proof. 1t follows from Lemma 3.3 that the composite G S b g
H?D determines a section s% of the natural surjection H?D — (o. On
the other hand, since Qn is a free pro-p group, (cf. Lemma 3.2), and

H?(D (respectively, Hgﬂ) is a pro-p group, there exists a section E%

of the natural surjection H?(D — (o (respectively, Hgﬂ — Q) such

£ £
that the composite Qo — H?(D — H?D (respectively, Qg — Hgﬂ —
HC}D) coincides with s%. Therefore, by pulling back the section 5%
via Gg — (o, we obtain a section sg of the natural surjection ITx ~
H?(D X g, Go - Go ~ Qo x g, Go (respectively, Iy, ~ Hgﬂ Xq,Go —
Go ~ Qo Xy Go). Now it follows from Lemma 3.4, together with the
definition of 5g, that — by replacing 5o by a suitable Ax_ (respectively,
Ay, )-conjugate of sg— the pro-p Galois section sg of X (respectively,
Un) satisfies the condition in the statement of Theorem 3.5. This
completes the proof of Theorem 3.5. ([

Corollary 3.6 (Existence of certain pro-p Galois sections). Let
O be either “NF7” or “LF”. Suppose that p is regular. Then for
any xxr € Jnr(kng), there exists a pro-p Galois section so of Xp
(respectively, Ug) — cf. Definition 1.1, (i) — such that the conjugacy
class of the pro-p Galois section of Jo obtained as the composite

Go EY Ix, — I, (respectively, Go a\ Oy, — 1)
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— where the second arrow s the surjection induced by .o — coin-
cides with the conjugacy class of a pro-p Galois section of Jo which
arises from the kyg-rational point xxg € Jxr(knr) C Jop(kLp) — cf.
Definition 1.1, (ii).

Proof. This follows immediately from Theorem 3.5. 0J

4. EXISTENCE OF NONGEOMETRIC PRO-p (GALOIS SECTIONS

Proof of Theorem A. First, I claim that there exists a finite exten-
sion kyp C Q" of kyp contained in Q"™ which satisfies the following
condition (}):

(1) : There exists a kjp-rational point zxr € Jnr(kip)[p
of the Jacobian variety Jyr of Xnr which is annihilated
by a power of p such that

vp(ord(y)) < vy(ord(zxr))

for any y € Jyr(Q)[tor] N to(Xnr(Q)) — where v, is
the p-adic valuation on Z such that v,(p) = 1, and

Ine(Q)[tor] € Jyp(Q) is the mazimal torsion subgroup

Of JNF(Q)

Indeed, it follows from Lemma 2.1, (ii), that the natural surjection
Gnr — Gnr|J] factors through the natural surjection Gygp — Qnr;
thus, the above claim follows immediately from the fact that the inter-
section

>

Ine(Q)[tor] N o (Xnr(Q))

is finite (cf. [11], Théoreme 1). This completes the proof of the above
claim.

The rest of this proof is devoted to verifying the fact that this finite
extension kip C Q" of knp satisfies the condition in the statement
of Theorem A. Let O be either “NF” or “LF”, k{r C Q"™ a finite
extension of kL contained in Q", and k{'p the completion of k{p at a
nonarchimedean prime of k{r whose residue characteristic is p. More-
over, let oxp € Jnr(kip)[p™] be a k{p-rational point which satisfies
the condition in () in the above claim, i.e., a k{p-rational point of Jxp
which is annihilated by a power of p such that

vp(ord(y)) < vp(ord(znr))

for any y € Jnp(Q)[tor] N eo(Xnr(Q)). Then it follows from Corol-
lary 3.6 that there exists a pro-p Galois section sg of the hyperbolic
curve Xnr ®pyp b (respectively, Unp Qg kf;) over ki such that the
conjugacy class of the pro-p Galois section of Jxp @y, k{y determined
by sg coincides with the conjugacy class of a pro-p Galois section of
INF @y Ky which arises from the k{p-rational point xxr € Jnr(k{p) C
Ixr (KLp).
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Assume that the pro-p Galois section of Xy Qg k{5 determined by
s arises from a k{j-rational point © € Xyp(k{j) (cf. Remarks 1.1.1,
1.1.3). Now it follows from the well-known theorem of Mordell-Weil if
O = “NF” or [6], Theorem 7, if 0 = “LF” that the kernel of the pro-p
Kummer homomorphism for Jxp ®gyp k&

K JNF(kﬁ) E— Hl(kﬁa AJNF)

coincides with the subgroup Jxr(kf)p of Jnr(k{) consisting of torsion
elements a € Jxp(kly) of Ixe(ky) such that every prime divisor of the
order ord(a) of a is # p. In particular, it follows from Remark 1.1.4, to-
gether with the various definitions involved, that the images of xnr and

to(z) in Jnw (kD) /Ine(kl)p coincide; thus, since xnp € Jyr(Q)[tor], it
follows that to(x) € Jnr(k{g)[tor] N to(Xnr(kp)) — in contradiction
to the assumption that xnp satisfies the condition in () in the above
claim. This completes the proof of the fact that the finite extension
kng of knp satisfies the condition in the statement of Theorem A. O

Proof of Theorem B. Since the set of kyp-rational points of the Ja-
cobian variety of Xy is infinite (cf. [2], Theorem 2.1), it follows im-
mediately from the well-known theorem of Mordell-Weil that the set
consisting of conjugacy classes of pro-p Galois sections of the Jacobian
variety of Xy is infinite (cf. the discussion concerning the kernel of

(1]

the pro-p Kummer homomorphism “k” in the proof of Theorem A,
also Remark 1.1.4). Therefore, Theorem B follows immediately from
Corollary 3.6. This completes the proof of Theorem B. O
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