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ABSTRACT. In the present paper, we introduce and discuss the no-
tion of monodromically full points of configuration spaces of hyper-
bolic curves. This notion leads to complements to M. Matsumoto’s
result concerning the difference between the kernels of the natu-
ral homomorphisms associated to a hyperbolic curve and its point
from the Galois group to the automorphism and outer automor-
phism groups of the geometric fundamental group of the hyperbolic
curve. More concretely, we prove that any hyperbolic curve over a
number field has many “nonexceptional’ closed points, i.e., closed
points which do not satisfy a condition considered by Matsumoto,
but that there exist infinitely many hyperbolic curves which ad-
mit many “exceptional’ closed points, i.e., closed points which
do satisfy the condition considered by Matsumoto. Moreover, we
prove a Galois-theoretic characterization of equivalence classes of
monodromically full points of configuration spaces, as well as a
Galois-theoretic characterization of equivalence classes of quasi-
monodromically full points of cores. In a similar vein, we also prove
a necessary and sufficient condition for quasi-monodromically full
Galois sections of hyperbolic curves to be geometric.
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INTRODUCTION

In the present §, let [ be a prime number, k a field of characteris-
tic 0, k an algebraic closure of k, and X a hyperbolic curve of type

(g,7) over k. Moreover, for an algebraic extension k' C k of k, write

Gy & Gal(k/k') for the absolute Galois group of k' determined by

the given algebraic closure k. In the present paper, we introduce and
discuss the notion of monodromically full points of configuration spaces
of hyperbolic curves. The term “monodromically full” is a term intro-
duced by the author in [9], but the corresponding notion was studied
by M. Matsumoto and A. Tamagawa in [12]. If, for a positive integer
n, we write X, for the n-th configuration space of the hyperbolic curve
X/k, then the natural projection X,,1; — X, to the first n factors may
be regarded as a family of hyperbolic curves of type (g,7 4+ n). In the
present paper, we shall say that a closed point z € X,, of the n-th con-
figuration space X, is [-monodromically full if the k(x)-rational point
— where k(x) is the residue field at x — of X,, ®; k(x) determined
by x is an [-monodromically full point with respect to the family of
hyperbolic curves X, 11 ®; k(z) over X, ®; k(x) in the sense of [9],
Definition 2.1, i.e., roughly speaking, the image of the pro-l outer mon-
odromy representation of (X, ® E) with respect to the family of
hyperbolic curves X, 11 over X,, is contained in the image of the pro-
[ outer Galois representation of Gy, with respect to the hyperbolic
curve X, 11 Xx, Speck(z) over k(z). (See Definition 3 for the pre-
cise definition of the notion of l-monodromically full points — cf. also
Remark 4.)

By considering the notion of monodromically full points, one can give
some complements to Matsumoto’s result obtained in [13] concerning
the difference between the kernels of the natural homomorphisms asso-
ciated to a hyperbolic curve and its point from the Galois group to the
automorphism and outer automorphism groups of the geometric funda-
mental group of the hyperbolic curve. To state these complements, let
us review the result given in [13]: Write Aggk for the geometric pro-I
fundamental group of X — i.e., the maximal pro-I quotient of the étale
fundamental group 71 (X ®; k) of X ®; k — and Hggk for the geomet-
rically pro-l fundamental group of X — i.e., the quotient of the étale
fundamental group 7 (X) of X by the kernel of the natural surjection

(X ® k) — Aﬁgk Then since the closed subgroup Aﬁgk C Hﬁgk is
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normal in Hﬁgk, conjugation by elements of Hﬁgk determines a com-
mutative diagram of profinite groups

{} {}
1 ’ AX/k G 15757

~{i} {1}
l pX/kJ/ le/k

1 — Inn(Aﬁgk) — Aut(Aggk) — Out(Aﬁgk

- Gy — 1

) — 1

— where the horizontal sequences are exact, and the left-hand vertical
arrow is, in fact, an isomorphism. On the other hand, if z € X is a
closed point of X, then we have a homomorphism 7 () : Giz) — Hgk

induced by z € X (which is well-defined up to Hg}k—conjugation).
In [13], Matsumoto studied the difference between the kernels of the
following two homomorphisms:

! !
pﬁcmGk(z): Gh(z) — OUt(A;}k) ;

G mi(z) e éj}kA ING;
ka) — xj — Aut(Ayy,) .

Now we shall say that E(X,x,[) holds if the kernels of the above two
homomorphisms coincide and write

XEl g Xcl

for the subset of the set X of closed points of X consisting of “ezcep-
tional’ x € X such that E(X,z,1) holds (cf. [13], §1, §3, as well as
Definition 4 in the present paper). Then the main result of [13] may
be stated as follows:

Let g > 3 be an integer. Suppose that | divides 2g — 2;
write [V for the highest power of | that divides 29 — 2.
Then there are infinitely many isomorphism classes
of pairs (K,C) of number fields K and proper hy-
perbolic curves C' of genus g over K which satisfy the
following condition: For any closed point x € C of C
with residue field k(x), if I¥ does not divide [k(z) : k],
then E(C,x,l) does not hold.

In the present paper, we prove that if a closed point x € X of the
hyperbolic curve X is [-monodromically full, then E(X,x,l) does not
hold (cf. Proposition 11, (ii)). On the other hand, as a consequence of
Hilbert’s irreducibility theorem, any hyperbolic curve over a number
field has many [-monodromically full points (cf. Proposition 2, as well
as, [12], Theorem 1.2, or [9], Theorem 2.3). By applying these obser-
vations, one can prove the following result, which may be regarded as
a partial generalization of the above theorem due to Matsumoto (cf.
Theorem 1):
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Theorem A (Existence of many nonexceptional closed points).
Suppose that k is a number field. If we regard the set X of closed
points of X as a subset of X(C), then the complement

X\ X5 C X(C)

is dense with respect to the complex topology of X(C). More-
over, the intersection

X(k)yn X" C X(k)
is finite.

On the other hand, in [13], §2, Matsumoto proved that for any prime
number [, the triple

(P4 \ {0, 1,00},01,1)

— where 01 is a Q-rational tangential base point — is a triple for which
“E(X,z,1)” holds. As mentioned in [13], §2, the fact that “E(X, x,()”
holds for this triple was observed by P. Deligne and Y. Thara. However,
by definition, in fact, a tangential base point is not a point. In this sense,
no example of a triple “(X,x,1)” for which E(X, x,[) holds appears in
[13]. The following result is a result concerning the ezistence of triples
“(X,z,1)" for which E(X,z,[) holds (cf. Theorem 2):

Theorem B (Existence of many exceptional closed points for
certain hyperbolic curves).  Suppose that X is either of type
(0,3) or of type (1,1). Let Y — X be a finite étale covering over
k which arises from an open subgroup of the geometrically pro-l fun-

damental group Hggk of X and is geometrically connected over k.

(Thus, Y is a hyperbolic curve over k.) Then the subset Y C Y
is infinite. In particular, the subset X* C X is infinite.

b

Note that in Remark 13, we also give an example of a triple “(X, z, ()

such that X is a proper hyperbolic curve, and, moreover, E(X,x,1)
holds.

If x € X, (k) is a k-rational point of the n-th configuration space X,
of the hyperbolic curve X/k, then it follows from the various definitions
involved that the k-rational point z € X,,(k) determines n distinct k-
rational points of X. Write

X[z] € X

for the hyperbolic curve of type (g, + n) over k obtained by taking
the complement in X of the images of n distinct k-rational points of
X determined by x, i.e., X[z] may be regarded as the fiber product of



MONODROMICALLY FULL POINTS 5

the diagram of schemes
Xn+l

|

Speck —— X,,.

Here, for two k-rational points x and y of X,,, we shall say that x is
equivalent to y if X[z] ~ X|[y| over k. In [9], the author proved that
the isomorphism class of a certain (e.g., split — cf. [9], Definition 1.5,
(1)) l-monodromically full hyperbolic curve of genus 0 over a finitely
generated extension of QQ is completely determined by the kernel of the
natural pro-l outer Galois representation associated to the hyperbolic
curve (cf. [9], Theorem A). By a similar argument to the argument used
in the proof of [9], Theorem A, one can prove the following Galois-
theoretic characterization of equivalence classes of [-monodromically
full points of configuration spaces (cf. Theorem 3):

Theorem C (Galois-theoretic characterization of equivalence
classes of monodromically full points of configuration spaces).
Let n be a positive integer. Suppose that k is a finitely generated
extension of Q. Then for two k-rational points x and y of X,, which
are l-monodromically full (¢f. Definition 8), the following three
conditions are equivalent:

(i) « is equivalent to y.

.. 1 I
(ii) Ker(pg(}[’x}/k) = Ker(p}][’y]/k).
(ili) If we write ¢, (respectively, ¢,) for the composite

™1 (z) ﬁﬁfi/k {1}
Gy — m(X,) — Aut(AXn/k)

A
(respectively, Gy, Ty 1 (Xn) iy Aut(Ag(li’/k))
(cf. Definition 1, (ii), (iii)), then Ker(¢,) = Ker(¢,).

In [17], S. Mochizuki introduced and studied the notion of a k-core
(cf. [17], Definition 2.1, as well as [17], Remark 2.1.1). It follows
from [14], Theorem 5.3, together with [17], Proposition 2.3, that if
2g—2+r > 2, then a general hyperbolic curve of type (g,r) over k is a
k-core (cf. also [17], Remark 2.5.1). For a hyperbolic curve over k£ which
is a k-core, the following stronger Galois-theoretic characterization can
be proven (cf. Theorem 4):

Theorem D (Galois-theoretic characterization of equivalence
classes of quasi-monodromically full points of cores). Suppose
that k 1s o finitely generated extension of Q and that X is a k-
core (cf. [17], Remark 2.1.1). Then for two k-rational points x and y
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of X which are quasi-l-monodromically full (¢f. Definition 3), the
following four conditions are equivalent:
(i) z =y.
(ii) « is equivalent to y.
(iii) If we write
def def
U, X\ Tm(e) U, % X\ Tm(y)
then the intersection Ker(pgj/k)ﬂKer(pgj/k) is open in Ker(p[{]lj/k)
!
and Ker(p{Uj/k).
(iv) If we write ¢, (respectively, ¢,) for the composite
m1(x)

{1}
G ™ (30) P Au(al)

1)
. P
(respectively, Gy, 1y T (X) 25 Aut(A}”}k)),

then the intersection Ker(¢,)NKer(¢,) is open in Ker(¢,) and
Ker(gy).

Finally, in a similar vein, we prove a necessary and sufficient condi-
tion for a quasi-l-monodromically full Galois section (cf. Definition 5)
of a hyperbolic curve to be geometric (cf. Theorem 5):

Theorem E (A necessary and sufficient condition for a quasi-
monodromically full Galois section of a hyperbolic curve to be
geometric). Suppose that k is a finitely generated extension of

Q. Lets: Gy — Hﬁgk be a pro-l Galois section of X (i.e., a continuous

section of the natural surjection Hﬁé}k — G, — cf. [10], Definition 1.1,
(1)) which is quasi-l-monodromically full (c¢f. Definition 5). Write
¢, for the composite

s iy P 0

Gr — Iy, — Aut(Ay),) -

Then the following four conditions are equivalent:
(i) The pro-l Galois section s is geometric (cf. [10], Definition

1.1, (iii)).

(ii) The pro-l Galois section s arises from a k-rational point of X
(cf. [10], Definition 1.1, (ii)).

(iii) There ezists a quasi-l-monodromically full k-rational point
(cf. Definition 3) x € X(k) of X such that if we write ¢, for
the composite

PX )i

G e Hﬁgk - AUt(Aggk) )

then the intersection Ker(¢s) NKer(¢,) is open in Ker(¢,) and
Ker(¢,).
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(iv) There ezists a quasi-l-monodromically full k-rational point
(cf. Definition 3) x € X (k) of X such that if we write

def

U= X\In(x),
then the intersection Ker(¢g) N Ker(pg}k) is open in Ker(¢y)
and Ker(pg}k).

The present paper is organized as follows: In §1, we introduce and
discuss the notion of monodromically full points of configuration spaces
of hyperbolic curves. In §2, we consider the fundamental groups of con-
figuration spaces of hyperbolic curves. In §3, we consider the kernels
of the outer representations associated to configuration spaces of hy-
perbolic curves. In §4, we prove Theorems A and B. In §5, we prove
Theorems C, D, and E.

ACKNOWLEDGEMENTS

Part of this research was carried out while the author visited at the
University of Heidelberg during the second week of February 2010. The
author would like to thank Jakob Stix and the MAThematics Center
Heidelberg in the University of Heidelberg for inviting me and for their
hospitality during my stay. The author would like to thank Makoto
Matsumoto for inspiring me by means of his result given in [13]. The
author also would like to thank Shinichi Mochizuki for helpful com-
ments. This research was supported by Grant-in-Aid for Young Scien-
tists (B) (No. 22740012).

0. NoTATIONS AND CONVENTIONS

Numbers: The notation Primes will be used to denote the set of all
prime numbers. The notation Z will be used to denote the set, group,
or ring of rational integers. The notation Q will be used to denote the
set, group, or field of rational numbers. The notation C will be used
to denote the set, group, or field of complex numbers.

Profinite groups: If G is a profinite group, and H C G is a closed
subgroup of G, then we shall write Ng(H) for the normalizer of H in
G, ie.,

No(H) = {geGlgHy ' =H} C G,

Za(H) for the centralizer of H in G, i.e.,

Zo(H) ¥ {ge Glghg  =hforany he H} C G,

Z8°(H) for the local centralizer of H in G, i.e.,

oc def
Zg°(H)

Y lim Zo(H') C @
H'CH
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— where H' C H ranges over the open subgroups of H — Z(G) o

Za(G) for the center of G, and Z'°¢(Q) o 7Z8°(Q) for the local cen-

ter of G. It is immediate from the various definitions involved that
H C Ng(H) 2 Zg(H) C Z&(H) and that if Hy,, Hy, C G are
closed subgroups of G such that H; C H, (respectively, H; C Hy;
Hy, N Hy is open in Hy and Hs), then Zg(Hs) C Zg(H;) (respectively,
Z¢&(Ha) C Z&(Hy); Z6°(Hy) = Z8°(Hs)).

We shall say that a profinite group G is center-free (respectively,
slim) if Z(G) = {1} (respectively, Z'°(G) = {1}). Note that it follows
from [16], Remark 0.1.3, that a profinite group G is slim if and only if
every open subgroup of G is center-free.

If G is a profinite group, then we shall denote the group of continuous
automorphisms of G by Aut(G) and the group of inner automorphisms
of G by Inn(G) C Aut(G). Conjugation by elements of G determines a
surjection G — Inn(G). Thus, we have a homomorphism G — Aut(G)
whose image is Inn(G) C Aut(G). We shall denote by Out(G) the
quotient of Aut(G) by the normal subgroup Inn(G) C Aut(G). If,
moreover, G is topologically finitely generated, then one verifies easily
that the topology of G admits a basis of characteristic open subgroups,
which thus induces a profinite topology on the group Aut(G), hence
also a profinite topology on the group Out(G).

Curves: Let S be a scheme and C a scheme over S. Then for a
pair (g,r) of nonnegative integers, we shall say that C' is a smooth
curve of type (g,r) over S if there exist a scheme C°P* which is smooth,
proper, geometrically connected, and of relative dimension 1 over S and
a closed subscheme D C C° of C'P* which is finite and étale over S
such that the complement of D in CP' is isomorphic to C over S,
any geometric fiber of C®* — S is (a necessarily smooth, proper, and
connected curve) of genus g, and, moreover, the degree of the finite
étale covering D < C°P* — S is r. Moreover, we shall say that C is a
hyperbolic curve (respectively, tripod) over S if there exists a pair (g, )
of nonnegative integers such that C' is a smooth curve of type (g,r)
over S, and, moreover, 2g — 2 + r > 0 (respectively, (g,7) = (0, 3)).

For a pair (g, r) of nonnegative integers such that 2g—2+4r > 0, write
My, for the moduli stack of r-pointed smooth curves of genus g over
7 whose marked points are equipped with orderings (cf. [4], [11]) and
Mgy for the moduli stack of hyperbolic curves of type (g,r) over Z.
Then we have a natural finite étale Galois &,-covering M, — My
— where G,. is the symmetric group on r letters.

1. MONODROMICALLY FULL POINTS

In the present §, we introduce and discuss the notion of monodromi-
cally full points of configuration spaces of hyperbolic curves. Let ¥ C
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Primes be a nonempty subset of Primes (cf. the discussion entitled
“Numbers” in §0), and X and S regular and connected schemes. Sup-
pose, moreover, that X is a scheme over S.

Definition 1.

(i) Let 1 - A — II — G — 1 be an exact sequence of profi-

nite groups. Suppose that A is topologically finitely generated.
Then conjugation by elements of II determines a commutative
diagram of profinite groups

1 —— A _ I1 _ G — 1

| J J

1 —— Inn(A) —— Aut(A) —— Out(A) —— 1

— where the horizontal sequences are exact, and we refer to
the discussion entitled “Profinite Groups” in §0 concerning the
topology of Aut(A) (respectively, Out(A)). We shall refer to
the continuous homomorphism

IT — Aut(A) (respectively, G — Out(A))

obtained as the middle (respectively, right-hand) vertical arrow
in the above diagram as the representation associated to 1 —

A — Il — G — 1 (respectively, outer representation associated
tol - A—-1Il—-G—1).

(ii) We shall write

AE
X/s
for the maximal pro-X quotient of the kernel of the natural
homomorphism

m(X) — mi(S5)
and
Mx/s
for the quotient of 71 (X) by the kernel of the natural surjection
from the kernel of m(X) — m1(S) to Ai/s. (Note that since
Ker(m(X) — m(S)) is a normal closed subgroup of m(X),

and the kernel of the natural surjection Ker(m(X) — m(S5)) —
A?{/s is a characteristic closed subgroup of Ker(m; (X) — m1(95)),

it holds that the kernel of Ker(m(X) — m1(5)) — Ai/s is a

normal closed subgroup of 71 (X).) Thus, we have a commuta-
tive diagram of profinite groups

1 —— Ker(m(X) — m(9)) —— m(X) —— m(9)

! | H

1 — Ai/s — Hi/s — m(9)
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(iii)

(v)
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— where the horizontal sequences are ezxact, and the vertical

arrows are surjective. If S is the spectrum of a ring R, then we

shall erteA Rd—ef AX/S andH RdifHX/S

Suppose that the natural homomorphlsm m(X) — m(9) is
surjective — or, equivalently, IT% /5 m1(8) is surjective — and
that the profinite group A% /s 18 topologically finitely generated.
Then we have an exact sequence of profinite groups

1— A%S — H%S — m(S) — 1.
We shall write
Pxss: 1y g — Aut(A%q)

for the representation associated to the above exact sequence
(cf. (i)) and refer to as the pro-X representation associated to
X/S. Moreover, we shall write

pxss: m(S) — Out(A%/g)

for the outer representation associated to the above exact se-
quence (cf. (i)) and refer to as the pro-% outer representation

associated to X/S. If S is the spectrum of a ring R, then we

shall write pX/R Lo 5= Px/s and pX/R o pX/S Moreover, if [ is

a prime number, then for simplicity, we write “pro-I represen-
tation associated to X/S” (respectively, “pro-l outer represen-
tation associated to X/S”) instead of “pro-{/} representation
associated to X/S” (respectively, “pro-{l} outer representation
associated to X/S7).

Suppose that the natural homomorphism m;(X) — m(95) is
surjective — or, equivalently, IT% /s m1(S) is surjective— and
that the profinite group A% /s 18 topologically finitely generated.
Then we shall write

HX/S - ‘I) X/S “ Im (P?{/s)

for the quotient of I /s determined by the pro-X representation
I3 /s associated to X /S. Moreover, we shall write

def
m(S) = FX/S = Im(PX/s)
for the quotient of 7;(S) determined by the pro-X outer rep-
resentation p% /s associated to X/S. If S is the spectrum of a

ring R, then we shall write ®% . *f %5 and I'y o I'Ys

Let m(X) — @ be a quotient of m1(X). Then we shall say
that a finite étale covering Y — X is a finite étale QQ-covering
if Y is connected, and the finite étale covering ¥ — X arises
from an open subgroup of @, i.e., the open subgroup of 7 (X)
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corresponding to the connected finite étale covering ¥ — X
contains the kernel of the surjection m(X) — Q.

Remark 1. If S is the spectrum of a field k, then it follows from [5],
Exposé V, Proposition 6.9, that m1(X) — m1(5) is surjective if and only
if X is geometrically connected, i.e., X @y k, where k is an algebraic
closure of k, is connected — or, equivalently, X ®, k°P, where k*P is
a separable closure of k, is connected. Suppose, moreover, that X is
geometrically connected and of finite type over S. Then it follows from
[5], Exposé IX, Théoreme 6.1, that the natural sequence of profinite
groups

1 — m (X ® kK°P) — m(X) — m(5) — 1

is ezact. Thus, it follows from the various definitions involved that A)E( Ik
is naturally isomorphic to the maximal pro-3 quotient of the étale fun-
damental group 71 (X ®g k°P) of X ®j, k*P. In particular, if, moreover,
k is of characteristic 0, then it follows from [6], Exposé II, Théoreme
2.3.1, that Ai/k is topologically finitely generated.

Remark 2. Suppose that X is a hyperbolic curve over S (cf. the dis-
cussion entitled “Curves” in §0). Then since S is regular, it follows
immediately from [5], Exposé X, Théoreme 3.1, that the natural ho-
momorphism 7 (ns) — m(S) — where 7g is the generic point of S —
is surjective. Thus, in light of the surjectivity of the natural homomor-
phism 7 (X Xxg ns) — m(ns) (cf. Remark 1), we conclude that the
natural homomorphism (X)) — m(95) is surjective. In particular, we
have an exact sequence of profinite groups

1— A)E(/S — H%S — m(S) — 1.

If, moreover, every element of ¥ is invertible on S, then it follows from
a similar argument to the argument used in the proof of [7], Lemma
1.1, that A?{/s is naturally isomorphic to the maximal pro-3 quotient of
the étale fundamental group (X X g35) — where s — S is a geometric
point of X — of X xg3. In particular, it follows immediately from the
well-known structure of the maximal pro-X quotient of the fundamental
group of a smooth curve over an algebraically closed field of character-
istic € X that AY /g 18 topologically finitely generated and slim — where
we refer to the discussion entitled “Profinite Groups” in §0 concerning
the term “slim”. Thus, we have continuous homomorphisms

5?{/53 H?{/s — AUt(Ai/s) ;
pxss: m(S) — Out(Ayq).

Moreover, there exists a natural bijection between the set of the cusps
of X/S and the set of the conjugacy classes of the cuspidal inertia
subgroups of A% /5
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Lemma 1 (Outer representations arising from certain exten-
sions). Let

1 —A—Il—G—1

be an exact sequence of profinite groups. Suppose that A is topologi-
cally finitely generated and center-free. Write

p: 1T — Aut(A) ; p: G — Out(A)

for the continuous homomorphisms arising from the above exact se-
quence of profinite groups (cf. Definition 1, (i)). Then the following
hold:
(i) Ker(p) = Zn(A). Moreover, the natural surjection I — G
mduces an isomorphism

Ker(7) (= Zn(4)) < Ker(p).

In particular, A N Ker(p) = {1}.

(ii) The normal closed subgroup Ker(p) C II is the maximal nor-
mal closed subgroup N of I such that N N A = {1}.

(iii) Write

Aut(A CII) C Aut(IT)

for the subgroup of the group Aut(Il) of automorphisms of 11
consisting of automorphisms which preserve the closed sub-
group A C II. Suppose that Zu(A) = {1}. Then the natural
homomorphism Aut(A C II) — Aut(A) is injective, and its
image coincides with Naua)(Im(p)) € Aut(A), i.e.,

Aut(A C II) =5 Naya) (Im(7)) € Aut(A) .

Proof. Assertion (i) follows immediately from the various definitions
involved. Next, we verify assertion (ii). Let N C II be a normal closed
subgroup of II such that Ker(p) C N, and, moreover, N N A = {1}.
Write N C G for the image of N via the natural surjection IT — G.
Then since the image of Ker(p) C II via the natural surjection II — G is
Ker(p) (cf. assertion (i)), we obtain a commutative diagram of profinite
groups

1 A [I/Ker(p) —— G/Ker(p) —— 1
H | |
1 A n/Nn —— G/N — 1

— where the horizontal sequences are exact, and the vertical arrows
are surjective. Thus, it follows immediately from the ezactness of the
lower horizontal sequence of the above diagram that the homomor-
phism p factors through G/N. Therefore, it holds that N = Ker(p).
In particular, the right-hand vertical arrow, hence also the middle ver-
tical arrow, is an isomorphism. This completes the proof of assertion
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(ii). Finally, we verify assertion (iii). It follows from the various defini-
tions involved that the natural homomorphism Aut(A C IT) — Aut(A)
factors through Nauway(Im(p)) € Aut(A). On the other hand, since
the natural surjection IT — Im(p) is an isomorphism (cf. assertion
(i)), conjugation by elements of Nauya)(Im(p)) determines a homo-
morphism Naue(a)(Im(p)) — Aut(Im(p)) ~ Aut(Il), which factors
through Aut(A C II) — Aut(Il). Now it may be easily verified that
this homomorphism is the inverse of the homomorphism in question
Aut(A CII) — Nauya)(Im(p)). This completes the proof of assertion
(ii). O

Lemma 2 (Certain automorphisms of slim profinite groups).
Let G be a slim (cf. the discussion entitled “Profinite Groups” in
§0) profinite group and a an automorphism of G. If o induces the
identity automorphism on an open subgroup, then « is the identity
automorphism of G.

Proof. Let H C G be an open subgroup of G such that « induces the
identity automorphism of H. To verify Lemma 2, by replacing H by the
intersection of all G-conjugates of H, we may assume without loss of
generality that H is normal in G. Then since Zg(H) = {1}, it follows
immediately from Lemma 1, (iii), that « is the identity automorphism
of G. This completes the proof of Lemma 2. O

Proposition 1 (Fundamental exact sequences associated to cer-
tain schemes). Suppose that the natural homomorphism m (X) —
m1(S) is surjective and that the profinite group Ai/s is topologi-
cally finitely generated and center-free. Then the following hold:

(i) We have a commutative diagram of profinite groups

b
X/s

T

by

1 — A — 1%y —— m(S) — 1

— s T — 1

b

X/8 X/8
— where the horizontal sequences are exact, and the vertical
arrows are surjective.

(ii) The quotient H?{/s — (ID)E(/S determined by ﬁ)z(/s is the minimal
quotient H)z(/s — Q ofH)E(/S such that Ker(Hi/S — Q)HA%S =
{1}

Proof. Assertion (i) (respectively, (ii)) follows immediately from Lemma 1,
(i) (respectively, (ii)). O

Definition 2. Let n be a nonnegative integer and (g, ) a pair of non-
negative integers such that 2g—2+r > 0. Suppose that X is a hyperbolic
curve of type (g,r) over S (cf. the discussion entitled “Curves” in §0).
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We shall write

X, s

and
Xy

for the n-th configuration space of X/S, i.e., the open subscheme
of the fiber product of n copies of X over S which represents
the functor from the category of schemes over S to the category
of sets given by

T { (@1, wn) € X(T) " g #Fayif i # 5}

For a nonnegative integer m < n, we always regard X, as a
scheme over X,,, by the natural projection X,, — X, to the first
m factors. Then it follows immediately from the various defini-
tions involved that X, .1 is a hyperbolic curve of type (g, + n)
over X,,. In particular, if every element of ¥ is tnvertible on S,
then we have continuous homomorphisms

ﬁ§n+1/xn : H§n+1/X7L - AUt(A§n+1/Xn) )

PXoinsx,t M(Xn) — Out(AX )

(cf. Remark 2). Moreover, it follows immediately from the
various definitions involved that X,, is naturally isomorphic
to the (n — m)-th configuration space of the hyperbolic curve
Xt1/Xm-

Let m < n be a nonnegative integer, 1" a regular and connected
scheme over S, and = € X,,,(T) a T-valued point of X,,. Then
we shall write

X [ZL’] - X x S T

for the open subscheme of X x 7T obtained by taking the com-
plement in X Xxg T of the images of the m distinct T-valued
points of X xg¢ T determined by the T-valued point x. Then it
follows immediately from the various definitions involved that
X|[x] is equipped with a natural structure of hyperbolic curve of
type (g, 7 +m) over T" and that the base-change of X, — X,
via x is naturally isomorphic to the (n — m)-th configuration
space X [x],_pm, of the hyperbolic curve X|x]/T), i.e., we have a
cartesian diagram of schemes

X[xlpem — X,

| l

T — X,

xT

(iii) Let T be a regular and connected scheme over S and z, y €

X,(T) two T-valued points of X,,. Then we shall say that z is
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equivalent to y if there exists an isomorphism X[z] = X[y] over
T.

Definition 3. Suppose that every element of ¥ is invertible on S and
that X is a hyperbolic curve over S. Let n be a positive integer and
T a regular and connected scheme over S. Then we shall say that
a T-valued point x € X, (T) of the n-th configuration space X, of
X/S is X-monodromically full (respectively, quasi->-monodromically
full) if the following condition is satisfied: For any [ € X, if we write

! . I
I'r C Out(A:g{r}lH /x,,) (respectively, Igeom C Out(Ag(i+1 /x,,)) for the
image of the composite

w

1 (x P n n
m(T) i>)7T1(Xn) Tl OUt(AEQLH/Xn)

{l}

. PXnt1/Xn {0
(respectively, Ker(m(Xn) — 7T1(S)> —m(X,) "= Out(Ay x.))

— cf. Definition 2, (i) — then I'z contains I'geom (respectively, I'r N
Igeom is an open subgroup of 'yeom). Note that since the closed sub-

group ['geom € ngﬂ/xn (C OUt(AELLMXn)) is normal in ngﬂ/xn, one
may easily verify that whether or not I'y contains I'yeom (respectively,

7N geom 1s an open subgroup of I'yeom ) does not depend on the choice

w1 (x)

of the homomorphism “m(T) =" m(X,)” induced by z € X, (7T)
among the various (X, )-conjugates.

Moreover, we shall say that a point x € X, of X,, is ¥-monodromically
full (respectively, quasi-X-monodromically full) if for any [ € X, the
k(x)-valued point of X,, — where k(z) is the residue field at x — nat-
urally determined by x is ¥-monodromically full (respectively, quasi-
Y-monodromically full).

If [ is a prime number, then for simplicity, we write “/-monodromically
full” (respectively, “quasi-l-monodromically full”) instead of “{l/}-mono-
dromically full” (respectively, “quasi-{{}-monodromically full”).

Remark 3. In the notation of Definition 3, as the terminologies sug-
gest, it follows immediately from the various definitions involved that
the X-monodromic fullness of v € X,,(T") implies the quasi-X-monodromic
fullness of x € X,,(T).

Remark 4. In the notation of Definition 3, if S is the spectrum of a
field k of characteristic 0, then it follows immediately from the various
definitions involved that for a closed point x € X,, of X,, with residue
field k(x), the following two conditions are equivalent:

e The closed point z € X,, is a X-monodromically full (respec-
tively, quasi-3-monodromically full) point in the sense of Defi-
nition 3.

e The k(z)-rational point of X,, ®j k(z) determined by x is a -
monodromically full (respectively, quasi-X-monodromically full)
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point with respect to the hyperbolic curves X, 11 Q@ k(x)/ X, Q%
k(x) in the sense of [9], Definition 2.1.

If, moreover, X is the complement P} \ {0,1,00} of {0,1,00} in the
projective line P} over k, then since the n-th configuration space X, of
X/k is naturally isomorphic to the moduli stack M ,1+3®zk of (n+3)-
pointed smooth curves of genus 0 over k-schemes whose marked points
are equipped with orderings, for a closed point x € X, with residue
field k(x), the following two conditions are equivalent:

e The closed point z € X,, is a X-monodromically full (respec-
tively, quasi-3-monodromically full) point in the sense of Defi-
nition 3.

e The hyperbolic curve X[z] over k(x) (cf. Definition 2, (ii)) is
a X-monodromically full (respectively, quasi-X-monodromically
full) hyperbolic curve over k(z) in the sense of [9], Definition
2.2.

Remark 5. In the notation of Definition 3, suppose that S = T'. Then
it follows from the various definitions involved that the following two
conditions are equivalent:

(i) The S-valued point = € X, (S) is a X-monodromically full (re-
spectively, quasi-X-monodromically full) point.
(ii) For any [ € 3, the composite
{1

1 (x) ? Tt

m(S) = m(X,) X0 1/ Xn
is surjective (respectively, has open image).

Proposition 2 (Existence of many monodromically full points).
Let X2 be a nonempty finite set of prime numbers, k o finitely gener-
ated extension of Q, X a hyperbolic curve over k (cf. the discussion
entitled “Curves” in §0), n a positive integer, X,, the n-th configuration
space of X/k (cf. Definition 2, ()), X2 the set of closed points of X,
and X>MY C X9 the subset of X' consisting of closed points of X,
which are ¥-monodromically full (c¢f. Definition 3). If we regard
X% as a subset of X,,(C), then the subset

XM S X(0)

is dense with respect to the complex topology of X, (C). If,
moreover, X s of genus 0, then the complement

Xa(k)\ (X (k) N X5 © X, (K)

forms a thin set in X, (k) in the sense of Hilbert’s irreducibility theo-
rem.

Proof. This follows from [9], Theorem 2.3, together with Remark 4. [
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2. FUNDAMENTAL GROUPS OF CONFIGURATION SPACES

In the present §, we consider the fundamental groups of configuration
spaces of hyperbolic curves. We maintain the notation of the preceding
§. Suppose, moreover, that

e X is a hyperbolic curve over S (cf. the discussion entitled
“Curves” in §0),

e X is either Primes itself (cf. the discussion entitled “Numbers”
in §0), or of cardinality 1, and

e every element of ¥ is invertible on S.

Lemma 3 (Fundamental groups of configuration spaces). Let
m < n be nonnegative integers. Then the following hold:

(i) The natural homomorphism m (X,) — m(X,,) is surjective.
Thus, we have an exact sequence of profinite groups

1 — A§<n/xm - H?(n/xm - 7T1(Xm) — 1.

(ii) If T — X, is a geometric point of X,,, then Ain/xm is nat-
urally isomorphic to the maximal pro-X quotient of the
étale fundamental group m (X, Xx,, T) of X, Xx,, T.

(iii) Let T be a reqular and connected scheme over S and x € X,,,(T')
a T-valued point of X,,. Then the homomorphism

A?([m]n,m/T - A§<n/Xm
determined by the cartesian square of schemes

X[zl — X,

l |

T — X,

xT

(c¢f. Definition 2, (ii)) is an isomorphism. In particular,
the right-hand square of the commutative diagram of profinite
groups

1 A?([m]n,m/T

| l Je

- 7T1(Xm) — 1

Hi[ﬂnfm/T 7T1 (T) 1

)
> I, /Xom

— where the horizontal sequences are exact (cf. assertion (i))
— is cartesian.
(iv) The natural sequence of profinite groups

15 exact.
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(v) The profinite group A% /x,, s topologically finitely gener-
ated and slim (cf. the discussion entitled “Profinite Groups”
in §0). Thus, we have

5§7L/X77L : ng{n/xm - AUt(A§7l/—X77l) ;

P§<7L/X7,L1 m1(Xm) — OUt(AE:{n/Xm)
(cf. assertion (i)).

(vi) Let T be a regular and connected scheme over S and x € X,,,(T)

a T-valued point of X,,. Then the diagram of profinite groups

>
pX[x]nfm/T
#

o, |

m(Xp) ——— Out(Ain/Xm)
X/ Xm
(cf. assertion (v)) — where the right-hand vertical arrow is
the isomorphism determined by the isomorphism obtained in
assertion (iii) — commutes.
(vii) The centralizer ZAin/S(A)E(n/Xm) of A)E(n/xm in Ain/s (cf. as-
sertion (iv)) is trivial.
(viii) The pro-X outer representation associated to X, /X,

P)E(n/xmi (X)) — OUt(A)zfn/Xm)

factors through the natural surjection 7 (X,,) — H?(m/sw
and, moreover, the composite of the natural inclusion A?(m/s s
1%, /s and the resulting homomorphism 1Ty, ¢ — Out(A% 5 )
is injective.
Proof. First, we verify assertion (i). By induction on n — m, we may
assume without loss of generality that n = m + 1. On the other hand,
if n = m+ 1, then X,, — X, is a hyperbolic curve over X,, (cf.
Definition 2, (i)). Thus, the desired surjectivity follows from Remark 2.
This completes the proof of assertion (i). Next, we verify assertion
(ii). It is immediate that there exists a connected finite étale covering
Y — X, of X,,, which satisfies the condition (c) in the statement of [18],
Proposition 2.2, hence also the three conditions (a), (b), and (c) in the
statement of [18], Proposition 2.2. Now it follows from [18], Proposition
2.2, (iii), that if § — Y is a geometric point, then A§7LXme/Y is
naturally isomorphic to the mazimal pro-% quotient of m (X, Xx,, 7).
On the other hand, it follows from the various definitions involved
that A)E(nxxmy/y is naturally isomorphic to A)E(n X Thus, assertion
(ii) follows from the fact that any geometric point of X,, arises from
a geometric point of Y. This completes the proof of assertion (ii).
Assertion (iii) follows immediately from assertion (ii). Assertion (iv)
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(respectively, (v)) follows immediately from [18], Proposition 2.2, (iii)
(respectively, (ii)), together with assertion (ii). Assertion (vi) follows
immediately from the various definitions involved. Next, we verify
assertion (vii). Since A% /x,, 18 center-free (cf. assertion (v)), it holds

that Z Ain/s(Ain xn) A%, /x,. = 11} Thus, to verify assertion (vii),
by replacing A% /¢ by the quotient

A§m+1/3 = Ain/S/AEn/Xmﬁ»l

(cf. assertion (iv)) of A} ¢ by A% x| C (A% /x,. ©) Ax,/s, Wwe
may assume without loss of generality that n = m + 1. Then it follows
from Lemma 1, (i), that, to verify assertion (vii), it suffices to show
that the outer representation A)z(m /s Out(A)E(m+1 / x,,) associated to
the exact sequence of profinite groups

l— A)E(erl/Xm - A§<m+1/5 - A)E(m/s — 1

(cf. assertion (iv)) is ingective. On the other hand, this injectivity
follows immediately from [2], Theorem 1, together with [2], Remark
following the proof of Theorem 1. This completes the proof of asser-
tion (vii). Finally, we verify assertion (viii). The fact that the pro-
Y outer representation pin JXom factors through the natural surjection

T (Xp) — II% /s follows immediately from assertion (iv). The fact
that the composite in question is injective follows immediately from
assertion (vii), together with Lemma 1, (i). This completes the proof
of assertion (viii). O

Proposition 3 (Base-changing and monodromic fullness). Let

n be a positive integer, T a reqular and connected scheme over S, and
x € X,(T) a T-valued point of X,,. Then the following hold:

(i) The T-valued point x € X,(T') is X-monodromically full
(respectively, quasi-X-monodromically full) if and only if
the T'-valued point of X, X T determined by x is 3-monodromi-
cally full (respectively, quasi-3-monodromically full).

(ii) Let T" be a regular and connected scheme over S and T' — T
a morphism over S such that the natural outer homomorphism
m(T") — m(T) is surjective (respectively, has open image,
e.g., T" — T is a connected finite étale covering of T'). Then
the T-valued point x € X,(T') is X-monodromically full
(respectively, quasi-X-monodromically full) if and only if
the T"-valued point of X,, determined by x is X-monodromically
full (respectively, quasi-X-monodromically full).

Proof. This follows immediately from Lemma 3, (vi), together with
Remark 5. U

Lemma 4 (Extensions arising from FC-admissible outer au-
tomorphisms). Let m < n be positive integers, G a profinite group,



20 YUICHIRO HOSHI
and
1—>A§n/5—>En—>G—>1
an ezact sequence of profinite groups. Write
¢: G — Out(Ain/S)

for the outer representation associated to the above exact sequence
of profinite groups (cf. Definition 1, (i)). Suppose that ¢ factors
through the closed subgroup

OutFC(A§7l/S) g Out(A§n/5)
— where we refer to [19], Definition 1.1, (i), concerning “Out™®”.
Write, moreover, B, for the quotient of E,, by A)E(n/xm C (Ain/s Q)
E, (c¢f. Lemma 3, (iv)), i.e.,
B, En /A%, x, -
Thus, relative to the natural isomorphism
AX, s = A% s/A%, x.,

(c¢f. Lemma 3, (iv)), we have exact sequences of profinite groups
1—>A)E(n/Xm — Fk, — B, — 1;
1—>A§77L/S—>Bm%G—>1.

In particular, we obtain continuous homomorphisms
p: B, — Out(Ain/Xm);
p: By, — Aut(A)E(m/S)
(c¢f. Definition 1, (i)). Then the following hold:

(i) The natural surjection B, — G induces an isomorphism Ker(p) —
Ker(¢).
(i) Ker(p) = Ker() = Zg,, (A%, o).
(iv) The natural surjections E,, — B, — G induce isomorphisms

Z5,(DX,/x,.) (= Z5,(A%, /5) — Ker(p)
(=Ker(p) = Zp,,(AX,,/5)) — Ker(¢).

Proof. First, we verify assertion (i). Write
Z C By,

for the image of the centralizer Zg, (AY /g) of A% )g I E, via the
natural surjection E, — B,,. Then it follows immediately from the
definition of the closed subgroup Z C B,, that

Z C Zp, (AR, /s) -
Now I claim that
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(%) the surjection B,, — G induces an isomorphism Z = Ker(¢).
Indeed, since A% /s 18 center-free (cf. Lemma 3, (v)), it holds that
A%.s N Ze. (A%, s) = {1}. In particular, the natural surjection
Zg, (A% /s) — Z is an isomorphism. Thus, it follows from the def-
inition of Z C B,, that the claim (1) is equivalent to the fact that the
sutjection E, — G induces an isomorphism Zg, (A% ) — Ker(¢).
On the other hand, this follows immediately from the fact that Ain /s

is center-free (cf. Lemma 3, (v)), together with Lemma 1, (i). This
completes the proof of the claim (x1). Next, I claim that

(x2) Z = Zp, (A%, /5)-
Indeed, it follows immediately from Lemma 1, (i), together with the
various definitions involved, that the image of Zp,, (A% )5) © B via

the natural surjection B,, — G coincides with the kernel of the com-
posite
G -2 Out™ (A%, 5) — Out™(A% s)

— where the second arrow is the homomorphism induced by the nat-
ural surjection Ay ¢ — A% g (cf. Lemma 3, (iv)). Thus, it follows
immediately from [8], Theorem B, that the image of Zp, (A% s5) €
B, via the surjection B,, — G coincide with Ker(¢). On the other
hand, since AY ) 1s center-free (cf. Lemma 3, (v)), it holds that
A)E(m/s N ZBW(A)E(M/S) = {1}. Thus, since Z C ZBm(Aim/S), it fol-
lows immediately from the claim (%) that Z = Zp, (A% /). This
completes the proof of the claim (*x3). Now it follows from Lemma 1,
(i), that Ker(p) = ZBm(Aim/S). Thus, assertion (i) follows from the

claims (#1), (*2). This completes the proof of assertion (i).
Next, we verify assertion (ii). Now I claim that

(x3) Ker(p) C Ker(p).

Indeed, it follows from the claim (*3), together with Lemma 1, (i), that
Ker(p) = Zp,, (A%, /s) = Z. On the other hand, since Zg, (A}, /5) C
ZEn(Ain/Xm) (cf. Lemma 3, (iv)), it follows from Lemma 1, (i), to-
gether with the definition of Z C B,,, that Z C Ker(p). This completes
the proof of the claim (x3). Now it follows immediately from Lemma 3,
(vii), that Ker(p) NA% )5 = {1}. Thus, assertion (ii) follows immedi-
ately from the claim (x3), together with Lemma 1, (ii). This completes
the proof of assertion (ii).

Next, we verify assertion (iii). Observe that Zg, (A% 15) € Zg, (A% x)
(cf. Lemma 3, (iv)). Moreover, it follows immediately from Lemma 1,
(i), (respectively, the claim (x3), together with Lemma 1, (i)) that the
image of Zg, (A /x.,) (respectively, Z B, (A% /) via the natural sur-
jection E, — B, coincides with Ker(p) (respectively, Ker(p)). On
the other hand, it follows from the fact that AY Jx, 18 center-free (cf.
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Lemma 3, (v)) that A% 1x, N Zg, (A% /x) = {1} Therefore, asser-
tion (iii) follows immediately from assertion (ii). This completes the
proof of assertion (iii).

Assertion (iv) follows immediately from assertions (i), (ii), and (iii).
U

Remark 6. A similar result to Lemma 4, (ii), can be found in [3],
Theorem 2.5.

Proposition 4 (Two quotients of the fundamental group of a
configuration space). Let m < n be positive integers, T a regular
and connected scheme over S, and x € X,,(T) a T-valued point of X,,.
Then the following hold:

(i) The kernel of the pro-Y representation associated to X,,/S

Xm/S

T (Xm) — H)E(m/s AUt(AX /S)

coincides with the kernel of the pro-Y outer representation
associated to X,/ X

p,?(n/x,n: T (Xpm) — OUt(AX /Xm )

— i.e., the two quotients (I)§<m/3 and FXH/XW of Him/s coin-
cide. In particular, we obtain a commutative diagram of profi-
nite groups

% H

1 —— A% — m(S) — 1

Xm/S Xm/S
1—)AX/S—)FX/X —>Fxm/s—>1

— where the horizontal sequences are exact, and the vertical
arrows are surjective.
(ii) The kernel of the pro-% outer representation associated to X[ ,_m/T

PXtagyr: TL(T) = Out(AXy p)
and the kernel of the composite

2
Xm/S

(1) ™ 1 (X)) > T3, s Aut(AY )

coincide. In particular, if x € X(T') is a T-valued point of X,
and we write
UY (X xsT)\ Im(z),
then the kernel of the pro-X outer representation associated to
u/Tr
P(EJ/T3 m(T) — OUt(Ag/T)
and the kernel of the composite

m1(x)

m(T) = m(X) - s =

X/S

Aut(AX/S)
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coincide.
(iii) The following two conditions are equivalent:
(ili-1) The T-valued point v € X, (T') is X-monodromically
full (respectively, quasi-3-monodromically full).
(ili-2) For anyl € X, if we write &7 C Aut(Ax,,/s) (respectively,
Pgeom € Aut(Ax,,/s)) for the image of the composite

1}
PXm /S

mi(T) ™ (X)) — T 7 Aut(Ay,gs)
(respectively, Ker(m (Xm) — WJ(S)> — 1 (Xm)

@y Pos
— HXm/S — Allt(AXm/S) ),
then @7 contains P@ge.m (respectively, O N Pgeom is an
open subgroup of Pgeom)-
(iv) If S =T, then the following two conditions are equivalent:
(iv-1) The S-valued point v € X,,(S) is X-monodromically full
(respectively, quasi-¥X-monodromically full).
(iv-2) For any l € X, the composite

{1}

o PXm/
m1(5) 1) T (Xm) = H%L/S S (I)-gv}n/s

is surjective (respectively, has open image).

Proof. Assertion (i) follows immediately from Lemma 4, (ii), together
with Proposition 1, (i). Assertion (ii) follows immediately from as-
sertion (i), together with Lemma 3, (vi). Assertion (iii) follows im-
mediately from assertion (i). Assertion (iv) follows immediately from
assertion (iii). O

Lemma 5 (Extension via the outer universal monodromy rep-
resentations). Let (g,7) be a pair of nonnegative integers such that
2g — 24+ 1r > 0, n a positive integer, k a field of characteristic 0,
s: Speck — M, a morphism of stacks (where we refer to the discus-
sion entitled “Curves” in §0 concerning “M,,”), and X an r-pointed
smooth curve of genus g over k corresponding to s. By the morphism of
stacks Mg ,1n — M, obtained by forgetting the last n sections, regard
the stack Mgy, 4, as a stack over My,. Then the morphism of stacks
s naturally induces a morphism X,, — Mg .4, — where X,, is the n-
th configuration space of X/k (cf. Definition 2, (i)). Moreover, this
morphism and the pro-X outer universal monodromy representations

pir: (Mg, ®z k) — OUt(Air) ;

p?,r-i-n: 1 (Mg,r’-i-n ®z k) — OUt(A§r+n)
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(cf. [9], Definition 1.3, (ii)) determine a commutative diagram of profi-
nite groups

1 —— m(Xo @ k) —— m(Mgrin®2k) —— MMy, ®z2k) —— 1

b
l pg,r'Jrnl lpg:m

L — A% ——  Imlpg,y,) ——  Im(p,) —— 1

— where the horizontal sequences are exact, and the vertical arrows
are the natural surjections.

Proof. Tt follows immediately from the various definitions involved that
one may naturally regard the fiber product of M, — M,, and
s: Speck — My, as X,,. Thus, we obtain a morphism X,, — Mg, ,,
hence also a sequence of stacks X, ®k — Mgy rin®@zk — My, @zk. In
particular, we obtain the top sequence in the commutative diagram of
the statement of Lemma 5, hence also the commutative diagram of the
statement of Lemma 5. Now the exactness of the top sequence in the
commutative diagram of the statement of Lemma 5 follows immediately
from [12], Lemma 2.1.

To verify the exactness of the lower sequence in the commutative
diagram of the statement of Lemma 5, write II for the quotient of

m (Myrin ®z k) by the kernel of the natural surjection m (X, ®j k) —

n . def 3 ) ~. b))

AX7L/]<) - 1.6., H — HMg,T+n®Zk/Mg,T'®Zk - and p. ].__[ — Aut(AXn/k)

(respectively, p: m (Mg, @z k) — Out(AY ;1)) for the representation

respectively, outer representation) associated to the natural exact se-
Y

quence of profinite groups
1— A} — I — m (Mg, @z k) — 1,

: ~def (.~ ” : def ; v ’
L.e., p - ng’T.Jrn@Zk/Mg,r@Zk (respeCtlvely’ p - ng,r+n®Zk/Mg,r®Zk )

Then it follows immediately from [8], Theorem B, that Ker(p) = Ker(p?,.).
On the other hand, it follows immediately from Lemma 3, (viii), to-
gether with the various definitions involved, that p?r nt T (Myrin @z

k) — Out(AY,.,) factors through the natural surjection m (Mg, in ®z
k) — II; moreover, it follows immediately from Lemma 4, (ii), that the
kernel of the homomorphism II — Out(A7, ) determined by p}’,.,
coincides with Ker(p). Therefore, the exactness of the lower sequence in
the commutative diagram of the statement of Lemma 5 follows immedi-
ately from Lemma 3, (v), together with Lemma 1, (i). This completes

the proof of Lemma 5. O

Proposition 5 (Monodromically full curves and monodromi-
cally full points). Suppose that S is the spectrum of a field k of char-
acteristic 0. Let n be a positive integer and x € X, (k) a k-rational point
of X,,. Then the hyperbolic curve X[z] over k is ¥-monodromically
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full (respectively, quasi-¥-monodromically full) — cf. [9], Defini-
tion 2.2 — if and only if the following two conditions are satisfied:

(i) The hyperbolic curve X over k is X-monodromically full
(respectively, quasi-3-monodromically full) — c¢f. [9], Def-
wnition 2.2.

(ii) The k-rational point v € X, (k) of X, is X-monodromically
full (respectively, quasi-X-monodromically full).

Proof. Suppose that X is of type (g,7). Now it follows immediately
from the definitions of the terms “monodromically full”, “quasi-monod-
romically full” that, by replacing ¥ by {l} for [ € X, we may as-
sume without loss of generality that X is of cardinality 1. More-
over, again by the definitions the terms “monodromically full”, “quasi-
monodromically full” | by replacing k by the (necessarily finite) minimal
Galois extension of k over which X is split (where we refer to [9], Def-
inition 1.5, (i), concerning the term “split”), we may assume without
loss of generality that X is split over k. Then since X is split, the clas-
sifying morphism Spec k — M, ,; of the hyperbolic curve X/k factors
through the natural finite étale Galois covering M, — M, (cf. the
discussion entitled “Curves” in §0). Let sx: Speck — M, , be a lift of
the classifying morphism Spec k — M, 1 of X/k. Then by Lemma 5,
we have a commutative diagram of profinite groups

m1(Spec k)

w1 ()

1 — m(X, @ k) — m(Xn) ——  m(Speck) —— 1

\ [

I —— m(Xn @ k) —— m(Mgrin®2k) —— m(My, @zk) —— 1

b )
l Pgr+n Jpgm

L AL, o () —— () —— 1

— where the horizontal sequences are ezact, and “m(—)” is the outer
homomorphism induced by “(—)”.

Now it follows from the various definitions involved that the compos-
ite of the three middle vertical arrows mi(Speck) — Im(p;,,) coin-
cides with the outer pro-X representation p)z([m] )1, associated to X[z]/k,
and the composite of the two right-hand vertical arrows 7 (Spec k) —
Im(p;,) coincides with the outer pro-X representation py /1, associated
to X/k. Therefore, again by the various definitions involved, if we write
p: m(X,) — Im(p},.,) for the composite of the middle vertical arrow
m(Xn) = m (Mg ren ®z k) and the lower middle vertical arrow pir s
then
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e the hyperbolic curve X[z]| is X-monodromically full (respec-
tively, quasi-X-monodromically full) if and only if the composite
of the three middle vertical arrows — i.e., pim o is surjective
(respectively, has open image in Im(py,.,.,.)),

e the hyperbolic curve X is 3-monodromically full (respectively,
quasi-Y-monodromically full) if and only if the composite of
the two right-hand vertical arrows — i.e., p% i 18 surjective
(respectively, has open image in Im(pir )

e and the k-rational point x € X,,(k) of X,, is X-monodromically
full (respectively, quasi-3-monodromically full) if and only if the
image of the composite of the three middle vertical arrows —
ie., pim o coincides with the image of p (respectively, is an
open subgroup of the image of p).

Thus, one may easily verify that Proposition 5 holds. This completes
the proof of Proposition 5. ([

Remark 7. In the notation of Proposition 5, since the complement
P} \ {0,1,00} of {0,1,00} in the projective line P}, over k is a Primes-
monodromically full hyperbolic curve (cf. [9], Definition 2.2, (i)), one
may regard Proposition 5 as a generalization of the second equivalence
in Remark 4.

3. KERNELS OF THE OUTER REPRESENTATIONS ASSOCIATED TO
CONFIGURATION SPACES

In the present §, we consider the kernels of the outer representations
associated to configuration spaces of hyperbolic curves. We maintain
the notation and assumption of the preceding §. Let n be a positive
integer and Y — X, a finite étale Hin /S-covering (cf. Definition 1,

(v)) over S. Suppose, moreover, that

e the natural homomorphism m(Y) — m(S) induced by the
structure morphism Y — S of Y is surjective.

Then we have a commutative diagram of profinite groups

1 — A, —— I}, —— m(S) —— 1

Y/S Y/S
I — A?(n/s - H?(n/s —— m(5) — 1

— where the horizontal sequences are ezact, and the vertical arrows are
open injections. In particular, A%S is topologically finitely generated
(cf. Lemma 3, (v)).
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Lemma 6 (Difference between kernels of outer representations
arising from extensions). Let

1 A I G 1
S
1 A 1 e 1

be a commutative diagram of profinite groups, where the horizontal
sequences are exact, and the right-hand vertical arrow is the iden-
tity automorphism of G. Suppose that A and A’ are topologically
finitely generated. Write

p: G — Out(A) (respectively, p': G — Out(A'))

for the outer representation associated to the lower (respectively, top)
horizontal sequence in the above commutative diagram of profinite groups
(c¢f. Definition 1, (i)). Then the following hold:

(i) If « is injective, then we have a natural exact sequence of
profinite groups

1 — Ker(p) N Ker(p") — Ker(p) -, Im(¢)
— where ¢ is the outer representation
Na(A")/A" — Out(A")
associated to the exact sequence of profinite groups
1 — A" — NA(A') — NA(A)/A— 1
(cf. Definition 1, (1)).
(ii) If « is surjective, then we have an inclusion
Ker(p') C Ker(p).
(iii) If @ is an open injection, and A is slim (cf. the discussion
entitled “Profinite Groups” in §0), then
Zn(A") = Zp(A) NIl 5 Ker(p') C Ker(p) .
Moreover, Zy(A) C I if and only if Ker(p') = Ker(p).
Proof. Assertions (i) and (ii) follow immediately from the various def-
initions involved. Finally, we verify assertion (iii). Since A and A’
are center-free, it follows from Lemma 1, (i), that, to verify assertion
(iii), it suffices to verify that Zy/(A') = Zp(A) NII'. On the other

hand, since A is slim, this follows immediately from Lemma 2. This
completes the proof of assertion (iii). O

Proposition 6 (Hyperbolic partial compactifications and mon-
odromic fullness). Let T' be a regular and connected scheme over S
and x € X,(T) a T-valued point of X,. Suppose that the T-valued
point x € X,(T) is X-monodromically full (respectively, quasi-X-
monodromically full). Then the following hold:
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(i) Let Z be a hyperbolic partial compactification of X over S —
i.e., a hyperbolic curve over S which contains X as an open sub-
scheme over S. (Note that the natural open immersion X — Z
induces an open immersion X, — Z,). Then the T-valued
point of Z,, determined by = is X-monodromically full (respec-
tively, quasi-X-monodromically full).

(ii) Let m < m be a positive integer. Then the T-valued point of
X, determined by x is X-monodromically full (respectively,
quasi-¥-monodromically full).

Proof. Tt follows from Proposition 3, (i), that, to verify Proposition 6,
by replacing X by X xg 7T, we may assume without loss of generality
that S = T. Let [ € ¥ be an element of ¥. First, we verify assertion (i).
The natural open immersion X — Z induces a commutative diagram

of schemes
Xn+l ? Xn

l |

Zn—l—l — Zn ;
thus, we obtain a commutative diagram of profinite groups

{1} {1}
I — AXHH/Xn /s T HXn/S

| | |

. v
ZnJrl/Zn Zn+l/s Zn/S

— iy — 1
Xn+1

—)1

— where the horizontal sequences are ezact (cf. Lemma 3, (iv)), and
the vertical arrows are surjective (cf. Lemma 3, (ii)). In particular, it
follows immediately from Lemma 6, (ii), that we obtain a natural sur-
jection F%Ll Ix, = F{Zliﬂ /z,.- Thus, assertion (i) follows immediately
from Remark 5. This completes the proof of assertion (i). Next, we
verify assertion (ii). Now we have a commutative diagram of schemes

Xn—l—l - Xn

l |

Xm+1 — Xm

— where the left-hand vertical arrow is the projection obtained as
“(z1,-+ yxpg1) — (T1, + ,Tm, Tpy1)” and other arrows are the natu-
ral projections. Thus, we obtain a commutative diagram of profinite
groups

) {1y {1y
Xn+1/Xn Xn+t1/S Xn/S

l l |

{1} {1}
— Iy s — 1Ix) g

1 — A — 11 — 11 — 1

—)1

{1}
1 AaX'm+1/«Xm
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— where the horizontal sequences are ezact (cf. Lemma 3, (iv)), and
the vertical arrows are surjective (cf. Lemma 3, (i), (ii)). In particular,
it follows immediately from Lemma 6, (ii), that we obtain a natural

surjection ngﬂ X, Fﬁéfﬂﬂ /x,,- Thus, assertion (ii) follows immedi-
ately from Remark 5. This completes the proof of assertion (ii). O

Proposition 7 (Kernels of the outer representations associated
to the fundamental groups of configuration spaces). Let T' be a
reqular and connected scheme over S andy € Y (T) a T-valued point
of Y. Write x € X,,(T) for the T-valued point of X,, determined by y.
Then the following hold:
(i) Ker(py,g) is an open subgroup of Ker(py ,g) € mi(S). More-
over, Ker(pin/s) = Ker(p%,/s) if and only if the covering Y —
X, s a finite étale @in/s-covem'ng (cf. Definition 1, (v)).
(ii) The natural inclusion sz//s — H?@/S induces a commutative
diagram of profinite groups

I — AXE//S - (I))E//s - Fiz//s — 1
1 —— AZ N2 — T — 1

Xn/S Xn/S Xn/S

— where the horizontal sequences are exact, the left-hand and
middle vertical arrows are open injection, and the right-hand
vertical arrow is a surjection with finite kernel.
(iii) The kernels of the two composites
m1(y) Y5 s o\ 1 (z) PXnss >
m (1) ™Y () 5 Au(AT6) 5 (1) ™ m () T Aut(AY, g
coincide.
(iv) IfY is a hyperbolic curve over S (thus, n = 1), and we write
Uy © (Y xsT)\Im(y) ; Ux < (X x5T)\ Im(a),
then Ker(pp, ;p) = Ker(pgr, 7).
(v) Suppose that S =T, ¥ = {l} for some | € Primes, and that
x € X,,(T) is l-monodromically full. Then the coveringY —
X,, is an isomorphism if and only if Ker(p§/s) = Ker(pin/s),
i.e., if the covering Y — X, is not an isomorphism, then the
cokernel of the natural inclusion Ker(py,g) — Ker(py, ,s) (cf.
assertion (i)) s nontrivial. Moreover, if Ay ¢ C A% g is
normal, then we have an exact sequence of profinite groups

l— Ker(p%,/s) - Ker(p)z(n/s) - A)E(n/S/szf/s — 1.

Proof. Assertion (i) follows immediately from Lemmas 1, (i); 6, (i),
(iii). Assertion (ii) follows immediately from assertion (i), together with
Proposition 1, (i). Assertion (iii) follows immediately from assertion

)
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(ii). Assertion (iv) follows immediately from assertion (iii), together
with Proposition 4, (ii). Finally, we verify assertion (v). Since S =T,
and x € X, (T) is I-monodromically full, it follows immediately from
Proposition 4, (iv), that the composite
1 (x) ﬁgjfn/s >

m(S) = m(X,) - (I)Xn/S
is surjective. Thus, it follows immediately from assertion (ii) that we
obtain a commutative diagram of profinite groups

I — Aszf/s - @32//3 - Fsz//s

| | |

—)1

— s

— where the horizontal sequences are ezxact, and the middle vertical
arrow is an isomorphism. Therefore, if the covering ¥ — X, is not
an isomorphism, then it holds that the kernel of the natural surjection
F)E//S - Iy /s is nontrivial. This completes the proof of assertion

(v). d

Remark 8. Let k be a number field (i.e., a finite extension of the field
of rational numbers), (go,70) a pair of nonnegative integers such that
2g0 — 2+ 19 > 0, and N C m;(Speck) a normal closed subgroup of
m1(Spec k). Write
T, k, go, 70, N)

for the set of the isomorphism classes over k of hyperbolic curves C' of
type (go,70) over k such that the kernels of the pro-/ outer representa-
tions associated to C'/k

pg}k: m1(Speck) — Out(Ag}k)

coincide with N C 7y (Speck) (cf. [9], Definition A. 1). Then it follows
from [9], Theorem C, that ZG(I, k, go, 79, N) is finite. On the other
hand, it follows from Proposition 7, (i), that in general,

90,k N) S ) 90k, g, N)
2g—2+r>0

is not finite. Indeed, let C be a hyperbolic curve over k£ such that there
exists a k-rational point x € C(k) which is not I-monodromically full
(e.g., Cis of type (0,3) — cf. Proposition 11, (ii) below; Theorem 2
below). Then it follows from Remark 5 that the image of the composite

m1(x

¢: m1(Speck) 1) m(C) — ég}k

is not open. Thus, there exists an infinite sequence of open subgroups
of @g;k which contain Im(¢)

Im(g) - C Dy G- & By & By & By = B



MONODROMICALLY FULL POINTS 31

hence also an infinite sequence of connected finite étale coverings of C'
= P — (" =C

— where C™ is the finite étale covering of C' corresponding to the
open subgroup @, C @g}k Then for any n, since Im(¢) C &, C™

{1}
ok
covering (cf. Definition 1, (v)), it follows from Proposition 7, (i), that

Ker(pg}k) = Ker(pgi/k). In particular,

9Lk Ker(pl ) = | T9(0 k. 9,7, Ker(p()))

2g—2+r>0

is a hyperbolic curve over k; moreover, since C™ is a finite étale ®

is not finite.

Proposition 8 (Monodromic fullness and finite étale cover-
ings). Suppose that Y is a hyperbolic curve over S (thus, n = 1)
and that X = {l} for some | € Primes. Let T' be a regular and con-
nected scheme over S and y € Y (T) a T-valued point of Y. Write
x € X(T) for the T-valued point of X determined by y. Then the
following hold:
(i) If x € X(T) is l-monodromically full, then y € Y(T) is
l-monodromically full.
(ii) x € X(T) is quasi-l-monodromically full if and only if y €
Y (T) is quasi-l-monodromically full.

Proof. 1t follows from Proposition 3, (i), that, to verify Proposition 8,
by replacing X by X xg T, we may assume without loss of generality
that S = T. Then Proposition 8 follows immediately from Propositions

4, (iv); 7, (ii). O

Lemma 7 (Kernels of outer representations associated to cer-
tain finite étale coverings). Suppose that the following five condi-
tions are satisfied:

(i) Y is a hyperbolic curve over S. (Thus, n =1.)

(ii) X = {l} for some | € Primes.

(iii) The subgroup A}E,/S C A%S is normal, i.e., there exists a geo-
metric point s — S such that the connected finite étale covering
Y x5 — X xg35 1s Galois.

(iv) The action of the Galois group Gal(Y xg35/X xg3) (¢f. con-
dition (iii)) on the set of the cusps of Y x5 is faithful. (In
particular, if the coveringY — X is not an isomorphism, then
Y, hence also X, is not proper over S.)

(v) Every cusp of Y/S is defined over the connected (possibly
infinite) étale covering of S corresponding to the kernel Ker(pi/s) -

m1(S5) Ofpi/s-
Then Ker(p)z(/s) = Ker(p}%/s).
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Proof. Tt follows from Proposition 7, (i), that Ker(py,g) C Ker(pyq)-
Thus, to verify Lemma 7, it suffices to verify that Ker(p% 5) C Ker(pyg).
Now it follows from condition (iii), together with Lemma 6, (i), that if
we write
¢: A5/ AVg — Out(AY)q)

for the outer representation associated to the natural exact sequence
of profinite groups

1 — AY)g — AY)g — A% )s/AF g — 1

(cf. Definition 1, (i)), then the image of Ker(pi/s) C m(S) via pXE//S
contained in Im(¢) C Out(AF q), ie.,

pys(Ker(pxs)) € Im(g) C Out(Agq) .
Now it follows from condition (iv) that the action of Im(¢) on the set
of the Ag/s—conjugacy classes of cuspidal inertia subgroups of A}E,/S is
faithful (cf. Remark 2). On the other hand, it follows from condition (v)
that the action of py ¢(Ker(py,s)) on the set of the Ay g-conjugacy
classes of cuspidal inertia subgroups of AXZ//S is trivial. Therefore, it
follows that py ¢(Ker(py 5)) = {1}, i.e., Ker(pys) C Ker(py,g). This
completes the proof of Lemma 7. 0

Proposition 9 (Kernels of outer representations associated to
certain coverings of tripods). Let [ be a prime number which is

invertible on S. Write P < SpecZ[t!,1/(t — 1)] — where t is
an indeterminate — and Pg ©p Xspecz S. Let U — Pg be a finite

étale Hg} -covering (cf. Definition 1, (v)) over S such that U is a
s/ S

hyperbolic curve over S. Suppose that the following three conditions

are satisfied:

(i) The subgroup Ag/}s - Ag/s is normal, i.e., there exists a geo-
metric point s — S such that the connected finite étale covering
U Xg8§— PS Xg'S is Galois.

(ii) The action of the Galois group Gal(U xg35/Ps xg3) (cf. con-
dition (1)) on the set of the cusps of U x g5 is faithful.

(iii) Every cusp of U/S is defined over the connected (possibly

infinite) étale covering of S corresponding to the kernel Ker(pg/s) C
l
m1(S5) Ofp;g/S'
Let V' be a hyperbolic partial compactification of U over S — i.e., a

hyperbolic curve over S which contains U as an open subscheme over S.

Then Ker(pg}S) = Ker(pgs}/s). In particular, Ker(pg/}s) = Ker(p}lj/g).

Proof. Tt follows immediately from [8], Theorem C, together with Lemma 6,
(ii), that we obtain natural inclusions

! ! !
Ker(pé}s) C Ker(p;{//}s) - Ker(p}i’/s) .
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Thus, to verify Proposition 9, it suffices to verify that Ker(pgj /S) C
Ker( pg/}s). On the other hand, this follows immediately from Lemma 7.

O

Remark 9. A similar result to Proposition 9 can be found in [1],
Corollary 3.8.1.

Proposition 10 (Kernels of outer representations associated to
certain hyperbolic curves arising from elliptic curves). Let [ be
a prime number which is invertible on S, N a positive integer, and
E an elliptic curve over S. Write o € E(S) for the identity section
of E, E[IN] C E for the kernel of the endomorphism of E given by
multiplication by [V, and

Z¥ E\Im(o) ; UY E\ E[IM.
[ Thus, Z (respectively, U) is a hyperbolic curve of type (1, 1) (respectively,

(1,12Y)) over S.] Let V' be an open subscheme of Z such that U C
V. C Z. Then Ker(pg/}s) = Ker(p{Zl}S). In particular, Ker(pgjs) =

!
Ker(p{Z}S).
Proof. Observe that the endomorphism of E given by multiplication

by IV determines an open injection Hg}s — H{Zl}s over mi(S). First, I
{1}

claim that the natural action of the kernel Ker(p{Zl}S) C m(S) of pyg
on the finite group E[I"V] xg5 — where 3 — S is a geometric point of
S — is trivial. Indeed, this follows immediately from the existence of a
natural 7 (S)-equivariant isomorphism of E[IV] x5 with A{Zl}s / Ag}s.
This completes the proof of the above claim. Now it follows from
Lemma 6, (ii), that the natural open immersions U < V — Z induce
inclusions l l z
Ker(p[{]}S) C Ker(p;{,}’s) - Ker(p{Z/}S) .

Thus, to verify Proposition 10, it suffices to verify that Ker(p{Zl}S) C
Ker(pg}’s). On the other hand, by applying Lemma 7 to the open

injection Hg}s — H{Z% over m1(9), it follows immediately from the

above claim that Ker(p{Zl}S) = Ker(pg}’s). This completes the proof of
Proposition 10. ]

4. SOME COMPLEMENTS TO MATSUMOTO’S RESULT CONCERNING
THE REPRESENTATIONS ARISING FROM HYPERBOLIC CURVES

In the present §, we give some complements to Matsumoto’s result
obtained in [13] concerning the difference between the kernels of the
natural homomorphisms associated to a hyperbolic curve and its point
from the Galois group to the automorphism and outer automorphism
groups of the geometric fundamental group of the hyperbolic curve. Let
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[ be a prime number, £ a field of characteristic # [, and X a hyperbolic
curve over k. Write
Xcl

for the set of closed points of X.
Definition 4. Let 2z € X be a closed point of X. Then we shall say
that E(X,x,[) holds if the kernel of the composite
7r1(.’E) ﬁ{Xl}k {l}
m(Speck(z)) — m(X) — Aut(Ay),)

— where k() is the residue field at x — coincides with the kernel of
the composite

{1}
m1(Spec k(z)) — mi(Speck) 5 Out(A)

i.e., the intersection of the closed subgroup

Inn(A%}k) C Aut(A%}k)

and the image of the composite

{1}
m1(Spec k(z)) ™9 m () 24 Aur(all)

is trivial (cf. [13], §1, as well as §3). Note that since the closed subgroup

Inn(A%}k) - Aut(Agk) is normal, one may easily verify that whether

or not the intersection in question is trivial does not depend on the

choice of the homomorphism “m(Spec k(z)) ) m(X)” induced by

x € X among the various (X )-conjugates. Moreover, we shall write
XEl g Xcl

for the set of closed points x of X such that E(X,x,[) holds.

Proposition 11 (Properties of exceptional points). Let z € X (k)
be a k-rational point of X. Then the following hold:

(i) Write U X \ Im(z). Then the following four conditions are
equivalent:
(1) E(X,z,1) holds.
(2) The section of the natural surjection 7 (X) — m(Speck)
induced by x determines a section of the natural surjection

(I)Egk - Fﬁgk (cf. Proposition 1, (i)).

I I
(3) Ker(pl),) = Ker(p{j},).
(4) The cokernel of the natural inclusion Ker(pg}k) - Ker(pggk)
(c¢f. Lemma 6, (ii)) is finite.
(ii) The following implications hold:

x is a [-monodromically full point.

= r is a quasi-/-monodromically full point.
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— F(X,z,l) does not hold.

Proof. First, we verify assertion (i). The equivalence (1) < (2) follows
immediately from the various definitions involved. The equivalence
(1) < (3) follows from Proposition 4, (ii). The implication (3) = (4) is
immediate. Finally, we verify the implication (4) = (3). Now it follows
immediately from Proposition 4, (ii), together with the various defini-

tions involved, that the natural surjection I‘Z{Jl}k —» Fﬁgk factors through

the natural injection ' o m particular, the cokernel of the

U/k X/k*
natural inclusion Ker(pg/}k) - Ker(pggk) may be naturally regarded as

a closed subgroup of Ag}k Therefore, since Aﬁgk is torsion-free, if

the cokernel of Ker(p[{]l}k) C Ker(pggk) is finite, then it is trivial. This
completes the proof of the implication (4) = (3).

Assertion (ii) follows immediately from the equivalence (1) < (3) in
assertion (i), together with the various definitions involved. O

Remark 10. In the notation of Proposition 11, (ii), in general, the
implication
E(X,z,l) does not hold.
= 1z is a quasi-l-monodromically full point.

does not hold. Indeed, if we write X = Pg \ {0, 1,00} for the com-
plement of {0,1,00} in the projective line Pg over Q and =z € X(Q)
for the Q-rational point of X corresponding to 2 € Q \ {0, 1} via the
natural identification Q \ {0,1} ~ X(Q), then the Q-rational point

x € X(Q) is not quasi-l-monodromically full, i.e., the hyperbolic curve

UYx \ Im(z) = Pg \ {0,1,2, 00} is not quasi-l-monodromically full

(cf. Remark 4, together with the equivalence (ii) < (iv) in [9], Corol-
lary 7.12). On the other hand, since U = Pg \ {0,1,2,00} does not
have good reduction at the nonarchimedean prime 27 C Z, if | # 2,
then it follows from [21], Theorem 0.8, that the algebraic extension of

Q corresponding to Ker(pg}(@) is mot unramified over the prime 2Z; in

particular, the natural surjection Fg}Q —» FE}Q is not an isomorphism.

Thus, it follows from the equivalence (1) < (3) in Proposition 11, (i),
that E(X,x,l) does not hold.

Proposition 12 (Exceptional points and finite étale coverings).
LetY — X be a finite étale Hﬁgk—covem’ng (cf. Definition 1, (v)) over k
andy € Y (k) a k-rational point of Y. (Thus, Y is a hyperbolic curve

over k.) Write x € X (k) for the k-rational point of X determined by
y. Then E(X,x,l) holds if and only if E(Y,y,l) holds. If, moreover,

E(X,z,1), hence also E(Y,y,1), holds, then Ker(p%}k) = Ker(pi,l/}k).

Proof. It we write

Ux € X\Im(z) ; Uy €Y \Im(y),
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then the diagram of schemes

Uy—>Y

|

U X — X
— where the horizontal arrows are open immersion — induces a com-
mutative diagram of profinite groups

{1} {1}
Uop e — Ty

| |

it 0

Ux /k ok

— where the left-hand vertical arrow is the isomorphism obtained by
Proposition 7, (iv). Now observe that

e the horizontal arrows are surjective (cf. Lemma 6, (ii)), and
e the right-hand vertical arrow is surjective and has finite kernel
(Proposition 7, (i)).

If E(X,z,1) holds, then it follows from the equivalence (1) < (3)
in Proposition 11, (i), that the lower horizontal arrow is an isomor-
phism. Thus, it follows that the top horizontal arrow and the right-
hand vertical arrow are isomorphisms. In particular, again by the
equivalence (1) < (3) in Proposition 11, (i), E(Y,y,l) holds, and
Ker(pﬁgk) = Ker(pi,l/}k).

On the other hand, if E(X,x,{) does not holds, then it follows from
the equivalence (1) < (4) in Proposition 11, (i), that the kernel of the
lower horizontal arrow is infinite. Thus, it follows from the fact that
the kernel of the right-hand vertical arrow in the above diagram is finite
that the kernel of the top horizontal arrow is infinite. In particular,
again by the equivalence (1) < (4) in Proposition 11, (i), E(Y,y,1)
does not hold. This completes the proof of Proposition 12. U

Theorem 1 (Existence of many nonexceptional points). Let [
be a prime number, k o number field (i.e., a finite extension of the
field of rational numbers), and X a hyperbolic curve over k (cf. the
discussion entitled “Curves” in §0). Then if we regard the set X< of
closed points of X as a subset of X(C), then the complement

X\ XE C X(C)

(cf. Definition 4) is dense with respect to the complex topology
of X(C). Moreover, the intersection

X(k)yn X C X (k)

1s finite.
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Proof. The fact that the complement X\ X% is dense with respect to
the complez topology of X (C) follows immediately from Propositions 2;
11, (ii). The fact that X (k)NX% is finite follows immediately from the
equivalence (1) < (3) in Proposition 11, (i); [9], Theorem C; together
with the Lemma 8 below. O

Lemma 8 (Finiteness of the set consisting of equivalent points).
Let n be a positive integer and x € X, (k) a k-rational point of X,.
Then the set of k-rational points of X,, which are equivalent to = (cf.
Definition 2, (iii)) is finite.

Proof. Write X' for the smooth compactification of X over k and
x1,- -, T, € X(k) the n distinct k-rational points of X determined by
xz € X, (k). Now it follows from a similar argument to the argument
used in the proof of [9], Lemma A.6, that by replacing k& by a finite
separable extension of k£, we may assume without loss of generality that
every cusp of X is defined over k, i.e., XPY(kP) \ X (k5P) C XP(k)
— where k°P is a separable closure of k. Write ¢ for the genus of X

and
ot 3 (if g=0)
ng=1¢ 1 (ifg=1)
0 (ifg=>2)
and fix n, distinct elements a,--- ,a,, of the set S o XP(EseP) \

X (k%P) (C X*(k)) of cusps of X. Then it is immediate that, to
verify the finiteness of the set of k-rational points of X, which are
equivalent to = € X,,(k), it suffices to verify the finiteness of the set

{f € Autp(X) [{ai}i2y € F(S)U{f(@r), -+, flaa)} }-

On the other hand, this finiteness follows from the fact that for any n,
distinct elements by, - - -, b,, of SU{x1,--- .}, the set

{f € Auty(X®)| f(b;) =a; forany 1 <i<mn,}
is finite. This completes the proof of Lemma 8. 0

Remark 11. In [13], Matsumoto proved the following theorem (cf.
[13], Theorem 1):

Let | be a prime number and g > 3 an integer. Suppose
that | divides 2g — 2; write [V for the highest power of
[ that divides 29 — 2. Then there are infinitely many
isomorphism classes of pairs (k, X) of number fields
k and hyperbolic curves X of type (g,0) over k which
satisfy the following condition: For any closed point x €
X with residue field k(zx), if I does not divide [k(z) :
k], then E(X,x,l) does not hold.

Theorem 1 may be regarded as a partial generalization of this theorem.
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Proposition 13 (Exceptional points via tripods). Write Py o
Spec k[t*1,1/(t—1)] — wheret is an indeterminate. Then the following
hold:

(i) Let U — Py be a finite étale ng/k—covermg (cf. Definition 1,
(v)) over k. Suppose that the following three conditions are
satisfied:

(1) If k5P is a separable closure of k, then the covering U ®y,
k5P — P, ®; k5P is (Galois.

(2) The action of the Galois group Gal(U @ k*P / Py@5k*P) (cf.
condition (1)) on the set of cusps of U @y, k*P is faithful.

(3) Ewvery cusp of U is defined over the (possibly infinite) Ga-
lois extension of k corresponding to the kernel Ker(pgj/k) C

m1(Speck) of pg:/k.

Let V' be a hyperbolic partial compactification of U over k —

i.e., a hyperbolic curve over k which contains U as an open

subscheme over k — and x € V< a closed point of V such that

the complement V' \ {x} contains U. Then E(V,z,[) holds.
(ii) Let N be a positive integer. If a closed point x € P& of P,

is contained in the closed subscheme of Py determined by the

principal ideal

(1" = 1) SR 1/ - 1),
then E(Py,x,l) holds.

Proof. First, we verify assertion (i). By replacing k by the residue field
k(x) at x, we may assume without loss of generality that x € X (k).
Then it follows immediately from Proposition 9 that

Ker(pg}k) = Ker(p&{g\{x})/k) )
Thus, assertion (i) follows immediately from the equivalence (1) <
(3) in Proposition 11, (i). Assertion (ii) may be verified by applying
assertion (i) to the finite étale covering

U Y Spec ks, 1/(s" —1)] — P,

— where s is an indeterminate — given by “t — s, This completes
the proof of Proposition 13. 0

Proposition 14 (Exceptional points via elliptic curves). Let N
be a positive integer and E an elliptic curve over k. Write o € E(k) for
the identity section of E, E[IN] C E for the kernel of the endomorphism
of E given by multiplication by IV, and

ZY E\Im(o) ; UY E\E["].

[ Thus, Z (respectively, U) is a hyperbolic curve of type (1, 1) (respectively,
(1,12Y)) over k.] Let V be an open subscheme of Z such that U CV C
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Z and x € Ve a closed point of V' such that the complement V \ {x}
contains U. Then E(V,z,l) holds. In particular, for any closed point
z € Z% of Z contained in E[IV], E(Z, z,1) holds.

Proof. By replacing k by the residue field k(x) at z, we may assume
without loss of generality that x € X (k). Then it follows immediately
from Proposition 10 that

I !
Ker(pyjy) = Ker(p(yh gy e) -
Thus, Proposition 14 follows immediately from the equivalence (1) <
(3) in Proposition 11, (i). O

Theorem 2 (Existence of many exceptional points for certain
hyperbolic curves). Let | be a prime number, k a field of charac-
teristic 0, X a hyperbolic curve over k (cf. the discussion entitled
“Curves” in §0) which is either of type (0,3) or type (1,1), and
Y — X a finite étale Hgk—covem’ng (cf. Definition 1, (v)) which is
geometrically connected over k. (Thus, Y is a hyperbolic curve
over k.) Then the subset Y C Y (cf. Definition 4) is infinite. In
particular, the subset Xt C X is infinite.

Proof. It follows immediately from the definition of the set “(—)¥" —
to verify Theorem 2 — by replacing k& by the finite Galois extension
of k corresponding to the kernel of the natural action of the absolute
Galois group of k on the set of cusps of X, we may assume without loss
of generality that every cusp of X is defined over k. Then it follows
immediately from Propositions 13, (ii); 14, that the set X ¥ is infinite.
Therefore, it follows immediately from Proposition 12 that the set Y
is infinite. This completes the proof of Theorem 2. O

Remark 12. By a similar argument to the argument used in the proof
of Theorem 2, one may also prove the following assertion:

Let | be a prime number, k a field of characteristic 0,

and r > 3 (respectively, r > 1) an integer. Then there

exist a finite extension k' of k and a hyperbolic curve X

over k' of type (0,7) (respectively, (1,7)) such that the

subset Xt C X js infinite.
Indeed, write Co %2 Spec k[t 1/(t—1)] — where ¢ is an indeterminate
— and (' for the complement in an elliptic curve E over k of the origin

of E. Let N be a positive integer such that r < [. Moreover, write
FY C C, for the closed subscheme of Cj defined by the principal ideal

" —1) C k[t 1/(t—1)]

and FlN C (] for the closed subscheme of C; obtained as the kernel
of the endomorphism of E given by multiplication by [~. Now, by
replacing k by a finite extension of k, we may assume without loss
generality that every geometric points of F{¥, F}¥, respectively, can be
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defined over k. Then it is immediate that for ¢ = 0 or 1, there exists
an open subscheme X, C C, of C; such that X, is of type (g,7), and,
moreover, X, contains the complement of FgN in C,. Now it follows

immediately from Propositions 9, 10, that Ker(pgj/k) = Ker(p:gg )
Therefore, by Propositions 13, (ii); 14, together with the equivalence
(1) & (3) in Proposition 11, (i), one may easily verify that the set X

is infinite. This completes the proof of the above assertion.

Remark 13. An example of a triple “(X, z,[)” such that X is a proper
hyperbolic curve over a number field k, and, moreover, E (X, x,[) holds
is as follows: Suppose that [ > 3. Let k be a number field and

U Y Spec k[t 421 /(¢) + 5 + 1)

— where t; and t, are indeterminates. Then one may easily verify that
the connected finite étale covering

U — Speck[t™,1/(t — 1)]

— where ¢ is an indeterminate — given by “t — t}” satisfies the three
conditions appearing in the statement of Proposition 13, (i). In partic-
ular, if we write

X Y Projklty, ta, ts] /() + t5 + 1)

— where ty, to, and t3 are indeterminates — and x aof “1,—1,0]”

€ X(k), then it follows immediately from Proposition 13, (i), that
E(X,x,1) holds.

Remark 14. In [13], §2, Matsumoto proved that for any prime number
[, the triple

(P, \ {0, 1,00},01,1)

— where 01 is a Q-rational tangential base point — is a triple for which
“E(X,z,1)” holds. As mentioned in [13], §2, the fact that “E(X, x,[)”
holds for this triple was observed by P. Deligne and Y. Ihara. However,
by definition, in fact, a tangential base point is not a point. In this sense,
no example of a triple “(X,x,1)” for which E(X, x,[) holds appears in
[13].

5. (GALOIS-THEORETIC CHARACTERIZATION OF EQUIVALENCE
CLASSES OF MONODROMICALLY FULL POINTS

In the present §, we prove that the equivalence class (cf. Definition 2,
(iii)) of a monodromically full point of a configuration space of a hyper-
bolic curve is completely determined by the kernel of the representation
associated to the point (cf. Theorems 3, 4 below). Moreover, we also
give a necessary and sufficient condition for a quasi-monodromically
full Galois section (cf. Definition 5 below) of a hyperbolic curve to be
geometric (cf. Theorem 5 below). We maintain the notation of the
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preceding §. Suppose, moreover, that k is of characteristic 0. Let n be

a positive integer, k an algebraic closure of k, and G < Gal(k/k) the

absolute Galois group of k determined by the given algebraic closure k&
of k.

Lemma 9 (Equivalence and automorphisms). Let x, y € X, (k)
be k-rational points of X,. If there exists an automorphism a of X,
over k such that y = avox, then z is equivalent to y (cf. Definition 2,
(iii)).

Proof. If the hyperbolic curve X is of type (0, 3) (respectively, neither
of type (0,3) nor of type (1,1)), then Lemma 9 follows immediately
from [9], Lemma 4.1, (i), (ii) (respectively, [20], Theorem A, Corollary
B; [15], Theorem A). Thus, to verify Lemma 9, it suffices to verify
Lemma 9 in the case where the hyperbolic curve X is of type (1,1).
Suppose that X is of type (1,1). Write E for the smooth compactifi-
cation of X over k and o € E(k) for the k-rational point whose image
is the marked divisor of the hyperbolic curve X. Now since X is of
genus 1, by regarding the k-rational point o € E(k) as the origin, one
may regard E as an abelian group scheme over k whose identity sec-
tion is the k-rational point o. Then it follows immediately from [20],
Theorem A, Corollary B; [15], Theorem A, that the group Auty(X,)
of automorphisms over k of the n-th configuration space X,, of X/k is
generated by the images of the natural inclusions

Autk(X) s Gn — Autk(Xn)

— where G,, is the symmetric group on n letters — together with the
automorphism of X, induced by

n n
——— ———
Exk---xkE — Exk---xkE
(1, -+ ,x,)  +— (1,01 — T, @1 — T3, , T — Tp) -

Therefore, to verify Lemma 9 in the case where X is of type (1,1), it
suffices to verify that for any n distinct k-rational points xy,--- ,x, €
X (k) of X, the hyperbolic curve of type (1,n + 1)

E\{o,z1, - x,}
is isomorphic to the hyperbolic curve of type (1,n + 1)
E\{07$17$1 — X2, T1 — I3, , A1 _xn}

over k. On the other hand, one may easily verify that the compos-
ite of the automorphism of E given by multiplication by —1 and the
automorphism of F given by “a +— a + x;” determines the desired
isomorphism. This completes the proof of Lemma 9. O

Definition 5. Let >’ C ¥ C Primes be nonempty subsets of Primes
and s a pro-3 Galois section of X, /k, i.e., a continuous section of the
natural surjection Hin/k — Gy (cf. [10], Definition 1.1, (i)). Then
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we shall say that s is ¥'-monodromically full (respectively, quasi-Y'-
monodromically full) if for any I € 3’| the composite

'}

Px. . 1/X
ST gy e
G — Iy, e = HXn/k - Xnt1/Xn

(cf. Lemma 3, (viii)) is surjective (respectively, has open image).

If I" is a prime number, then for simplicity, we write “I’-monodromically
full” (respectively, “quasi-I’-monodromically full”) instead of “{{’}-mono-
dromically full” (respectively, “quasi-{{’'}-monodromically full”).

Remark 15. Let X C Primes be a nonempty subset of PBrimes and
x € X,(k) a k-rational point of X,,. Then it follows from Remark 5
that the following two conditions are equivalent:
(i) The k-rational point x € X, (k) is X-monodromically full (re-
spectively, quasi-X-monodromically full).
(ii) A pro-Primes Galois section of X,, arising from z € X,,(k) (cf.
[10], Definition 1.1, (ii)) is X-monodromically full (respectively,
quasi-Y-monodromically full).

Lemma 10 (Certain two monodromically full Galois sections).
Let s, t be pro-l Galois sections of X,,/k. For a € {s,t}, write ¢, for
the composite

{1}

p n
G 1, T Aug(al? -

Then the following hold:

(i) If the pro-l Galois sections s and t are l-monodromically full,
and Ker(¢s) = Ker(¢y), then there exists an automorphism o
of Hgi/k over Gy, such that « o s =t.

(ii) If the pro-l Galois sections s andt are quasi-l-monodromically
full, and the intersection Ker(¢s) NKer(¢;) is open in Ker(¢y)
and Ker(¢,), then — after replacing Gy by a suitable open sub-
group of Gy — there exist

e fora € {s,t}, a finite étale @gi/k-covem'ng C, — X, overk
(¢f. Definition 1, (v)) which is geometrically connected
over k, and

e an isomorphism «: ng/k = Hgt}/k over G,

such that
o for a € {s,t}, the pro-l Galois section a: Gj — H%i/k

factors through ng/k - H%i/k, and

e the composite

s {1} g {l
Gr — HC'S/k - HCt/k

coincides with ¢.
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Proof. First, we verify assertion (i). Since the pro-I Galois sections s
and t are [-monodromically full, it follows immediately from Proposi-

tion 4, (i), that Im(¢,) = Im(¢;) = @gi/k. Write 8 for the automor-

phism of @Eg} Ik obtained as the composite

= Tm(¢,) <~ Gi/N > Im(¢y) = &Y

{1}
® Xn/k

Xn/k

— where N & Ker(¢s) = Ker(¢;) C Gg. Then it follows immediately
from the various definitions involved that this automorphism g is an
automorphism over F%i Ik Thus, since the right-hand square in the
commutative diagram of profinite groups appearing in the statement
of Proposition 1, (i), is cartesian, by base-changing ( via the natural
surjection G — Fﬁé}l sk We obtain an automorphism « of H%i /) OVer
Gk. Now it follows immediately from the various definitions involved
that this automorphism « satisfies the condition in the statement of
assertion (i). This completes the proof of assertion (i).

Next, we verify assertion (ii). To verify assertion (ii), by replacing Gy,
by an open subgroup of G, we may assume without loss of generality
that Ker(¢,) = Ker(¢;). (Note that if ¥’ C k is a finite extension of &,
then it follows immediately from the various definitions involved that
the pro-l Galois sections of X, ®; k' /K" determined by s, t, respectively,
are quasi-l-monodromically full.) Now since the pro-I Galois sections
s and t are quasi-l-monodromically full, it follows immediately from
Proposition 4, (i), that the images of the homomorphisms ¢, and ¢,

are open in @Eﬁ;/k. For a € {s,t}, write
Co— X,

for the connected finite étale coverings of X, corresponding to the

open subgroups Im(¢,) C (ID_‘%}L n of (ID_‘%}L Ik Then it follows from Propo-

sition 7, (ii), that the natural open injection Hg} — H%i )1, determines
a diagram of profinite groups

= Im(g,) C &Y

Ca/k Ca/k Xn/k

Now it follows from Proposition 7, (i), that the natural surjection
Fgf s FE}L Ik is an isomorphism. Write 3 for the isomorphism ob-
tained as the composite
ol =1 ~Gy/N 1 = ol
Cs/k m(¢s) «— Gy/N — Im(¢y) Cy/k
— where N = Ker(¢s) = Ker(¢;). Then it follows immediately from
the various definitions involved that we obtain a commutative diagram
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of profinite groups

B
oL}, =Tm(¢) —— Im(¢)) = BL)

| |

{1} {1}
(I)Xn/k (I)Xn/k
u _ 3 o _
ch/k = FXn/k —— FXn/k = FCt/k'

Thus, since the right-hand square in the commutative diagram of profi-
nite groups appearing in the statement of Proposition 1, (i), is carte-
sian, by base-changing (3 via the natural surjection Gj —» F%i =

ng}/k = F{cft}/k, we obtain an isomorphism «: H‘gs}/k = H{cft}/k over G.

Now it follows immediately from the various definitions involved that
this isomorphism « satisfies the condition in the statement of assertion
(ii). This completes the proof of assertion (ii). O

Theorem 3 (Galois-theoretic characterization of equivalence
classes of monodromically full points of configuration spaces).
Let 1 be a prime number, n a positive integer, k a finitely gener-
ated extension of Q, k an algebraic closure of k, and X a hyper-

bolic curve over k (cf. the discussion entitled “Curves” in §0). Write

G o Gal(k/k) for the absolute Galois group of k determined by the

fixed algebraic closure k and X,, for the n-th configuration space of the
hyperbolic curve X/k (cf. Definition 2, (i)). Then for two k-rational
points x and y of X, which are l-monodromically full (c¢f. Defini-
tion 3), the following three conditions are equivalent:

(i) « is equivalent to y (cf. Definition 2, (iii)).

(ii) Ker(p%]m/k) = Ker(p%][’y]/k) (cf. Definitions 1, (iii); 2, (ii)).
(ili) If we write ¢, (respectively, ¢,) for the composite

1 (x) ﬁ{Xli/k {I}
Gr — m(X,) — Aut(A

Xn/k)
1}
s p n
(respectively, Gy ) 71 (Xn) e AUt(AEQ/k))

(cf. Definition 1, (ii), (iil)), then Ker(¢,) = Ker(¢,).

Proof. 1t is immediate that the implication (i) = (ii) holds. On the
other hand, it follows Proposition 4, (ii), that the equivalence (ii) <
(iii) holds. Thus, to verify Theorem 3, it suffices to show the implication
(iii) = (i). Suppose that condition (iii) is satisfied. Then it follows from

Lemma 10, (i), that there exists an automorphism « of HE}L /1, OVer Gy
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such that two homomorphisms

() ~ ™1 (y)
Gy — H%i/k - H%i/k R H%i/k
coincide. Now it follows from [20], Corollary B; [15], Theorem A, to-
gether with [9], Lemmas 4.1, (i); 4.3, (iii), that the automorphism « of
HE}L ), arises from an automorphism f, of X,, over k. Thus, it follows
from [15], Theorem C, that f, oz = y; in particular, it follows from

Lemma 9 that condition (i) is satisfied. This completes the proof of
Theorem 3. O

Remark 16. If, in Theorem 3, one drops the assumption that z and
y are [-monodromically full, then the conclusion no longer holds in
general. Such a counter-example is as follows: Suppose that [ # 2. Let
Q be an algebraic closure of Q and ¢; € Q a primitive [-th root of unity.

Write & & Q(¢), X o P: \ {0,1, 00} for the complement of {0, 1,00}
in the projective line P} over k, x € X (k) (respectively, y € X (k)) for
the k-rational point of X corresponding to ¢; € k\ {0, 1} (respectively,

¢? € k\ {0,1}) via the natural identification &\ {0,1} ~ X (k), and

U, € UN\Im(z) ; U, € U\ Im(y).
Then it follows from Proposition 13, (ii), that E(X,z,l) and E(X,y,1)
hold. Thus, it follows from the equivalence (1) < (3) in Proposition 11,
(i), that

l l l
Kef(ﬂ}}k) = Ker(p({Jz}/k) = Ker(péj/k) ;

in particular, z and y satisfy condition (ii) in the statement of Theo-
rem 3. On the other hand, if [ # 3, then U, is not isomorphic to U,
over k, i.e., x and y do not satisfy condition (i) in the statement of
Theorem 3.

Theorem 4 (Galois-theoretic characterization of equivalence
classes of quasi-monodromically full points of cores). Let [ be a
prime number, k o finitely generated extension of Q, k an algebraic
closure of k, and X a hyperbolic curve over k (cf. the discussion entitled
“Curves” in §0) which is a k-core (cf. [17], Remark 2.1.1). Write

G o Gal(k/k) for the absolute Galois group of k determined by the

fixed algebraic closure k. Then for two k-rational points x and y of
X which are quasi-l-monodromically full (c¢f. Definition 3), the
following four conditions are equivalent:
(i) x =y.
(ii) x is equivalent to y.
(iil) If we write

U, ¥ X\ Im(z) ; U, < X\ Im(y),
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then the intersection Ker(pgj/k)ﬂKer(pgj/k) (Definition 1, (iii))
is open in Ker(pgj/k) and Ker(pgj/k).

iv) If we write ¢, (respectively, ¢,) for the composite

(iv) Y Py

e w1 (x) ﬁ;{fl}k {1}

1)
™ P .
(respectively, Gy 1) m(X) =5 Aut(Aggk))

(cf. Definition 1, (ii), (iii)), then the intersection Ker(¢,) N
Ker(¢,) is open in Ker(¢,) and Ker(¢,).

Proof. 1t is immediate that the implications (i) = (ii) = (iii) hold.
On the other hand, it follows Proposition 4, (ii), that the equivalence
(ili) < (iv) holds. Thus, to verify Theorem 4, it suffices to show the
implication (iv) = (i). Suppose that condition (iv) is satisfied. Then
it follows from Lemma 10, (ii), that — after replacing Gy by a suitable
open subgroup of G — there exist

e for a € {z,y}, a finite étale @gik—covering Cy — X over k (cf.
Definition 1, (v)) which is geometrically connected over k, and
e an isomorphism «: Hgi Ik = ng s, Over Gy,
such that
e for a € {z,y}, the pro-l Galois section m(a): Gy — Hﬁgk de-

termined by a € X (k) factors through ng/k C Hégk, and
e the two homomorphisms

m@) o {} o~ ) ™) {1}
G ’ ch/k ’ HC’y/k ; G ’ HC'y/k
coincide.

(Note that if &' C k is a finite extension of k, then it follows from [17],
Proposition 2.3, (i), that X ®; k' is a k’-core.) Now it follows from

[15], Theorem A, that the isomorphism «: ng Ik = Hgg ), rises from

an isomorphism f,: C, = C, over k; moreover, since X is a k-core, it
follows that the isomorphism f, is an isomorphism over X. Therefore,
it follows immediately from [15], Theorem C, together with the various
definitions involved, that condition (i) is satisfied. This completes the
proof of Theorem 4. O

Theorem 5 (A necessary and sufficient condition for a quasi—
monodromically full Galois section of a hyperbolic curve to be

geometric). Letl be a prime number, k a finitely generated exten-

sion of Q, k an algebraic closure of k, Gj, "< Gal(k/k) for the absolute

Galois group of k determined by the fized algebraic closure k, X a hy-
perbolic curve over k (cf. the discussion entitled “Curves” in §0), and

s: G — H_@k a pro-l Galois section of X (cf. [10], Definition 1.1, (1))
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which is quasi-l-monodromically full (c¢f. Definition 5). Write ¢
for the composite

{1}
s 14
Gk——»Hgﬁ-fﬁfhu(Agﬁ)

(cf. Definition 1, (ii), (iii)). Then the following four conditions are
equivalent:
(i) The pro-l Galois section s is geometric (cf. [10], Definition
1.1, (iii)).
(ii) The pro-l Galois section s arises from a k-rational point of X
(cf. [10], Definition 1.1, (ii)).
(iii) There ezists a quasi-l-monodromically full k-rational point
(c¢f. Definition 3) x € X (k) of X such that if we write ¢, for
the composite

a w1 () H{l} ﬁ.{)é}kA A{l}
ke Hxp — ut( X/k)

(cf. Definition 1, (ii), (iii)), then the intersection Ker(¢s) N
Ker(¢,) is open in Ker(¢,) and Ker(¢,).

(iv) There ezists a quasi-l-monodromically full k-rational point
(cf. Definition 3) x € X (k) of X such that if we write

UY X\ Im(z),
then the intersection Ker(@)ﬁKer(pg}k) (cf. Definition 1, (iii))
is open in Ker(¢s) and Ker(pg}k).
Proof. 1t follows from Remark 15 that the implication (ii) = (iii) holds.
On the other hand, it follows Proposition 4, (ii), that the equivalence
(iii) < (iv) holds. Thus, to verify Theorem 5, it suffices to show the
implications (i) = (ii) and (iii) = (i).

To verify the implication (i) = (ii), suppose that condition (i) is
satisfied. Since the pro-l Galois section s is geometric, there exists a
k-rational point z € X*(k) of the smooth compactification Xt of
X such that the image of s is contained in a decomposition subgroup
D C H:ggk of H:ggk associated to x. Suppose that = is a cusp of X, i.e.,
an element of X°P*(k)\ X (k). Write I C D for the inertia subgroup of
D. Then since z is a cusp of X, it follows immediately from [16], Lemma
1.3.7, that D = N (I)and I = Ny (I)NAxy,. Therefore, since the

X/k X/k
composite Aégk — H%}k —» @%}k is injective (cf. Lemma 3, (v)), if we
write D, I C @Egik for the images of the composites D — Hﬁgk — ol

X/k

J Hégk s @%}k, respectively, then it holds that D C N_q (I) and
X/k

7 — N<I>§<”k (1) N A%}k; in particular, D C (Pégk is not open in ‘1’%

On the other hand, since s is quasi-l-monodromically full, it follows
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immediately from Proposition 4, (ii), that the image of ¢,, hence also
D C @g}k, is open in @%}k Thus, we obtain a contradiction. Therefore,
x is not a cusp of X. This completes the proof of the implication

(i) = (ii).

Next, to verify the implication (iii) = (i), suppose that condition
(iii) is satisfied. Then it follows from Lemma 10, (ii), that — after
replacing Gy by a suitable open subgroup of G — there exist

e for a € {s,z}, a finite étale @%}k-covering Cy — X over k (cf.
Definition 1, (v)) which is geometrically connected over k, and
e an isomorphism «: Hgi Ik = Hg} s, over G,

such that
e the pro-l Galois section mi(x): Gy — H_@k factors through
Hgi/k C Hﬁgk, and

e the composite

6 nEl =, 0,
coincides with s.
Now it follows from [15], Theorem A, that the isomorphism «a: Hgi i =
Hgs}/k arises from an isomorphism C, — Cy over k. Therefore, it

follows immediately from Lemma 11 below, together with the various
definitions involved, that condition (i) is satisfied. This completes the
proof of Theorem 5. O

Lemma 11 (Geometricity and base-changing). Suppose that k is
a finitely generated extension of Q. Let > C Primes be a nonempty
subset of Primes, s: G — Hi/k a pro-Y Galois section of X/k, and

k' C % a finite extension of k. Write Gy Gal(k/k') € Gy. Then

s is geometric if and only if the restriction s|q,, of s to G C Gy, is
geometric.

Proof. The necessity of the condition is immediate; thus, to verify
Lemma 11, it suffices to verify the sufficiency of the condition. Sup-
pose that the restriction s|g,, of s to G C Gy, is geometric. Now by
replacing k&’ by a finite Galois extension of k, we may assume without
loss of generality that k" is Galois over k. Moreover, by replacing 1% Ik
by an open subgroup of 115 Ik which contains the image Im(s) of s, we
may assume without loss of generality that X is of genus > 2. Let

...gAng-~-gA2§A1§Ao=A§</1f

be a sequence of characteristic closed subgroups of A% Ik such that
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Write 11, © A, - Im(s) C H_?(/k, X" — X for the connected finite étale
covering of X corresponding to the open subgroup II,, C IT% Ik (thus,
H%n/k =1I,), and s,: G}, — II,, = H_?(n/k for the pro-X Galois section
of X™/k determined by s. Note that it holds that

m II; = Im(s) .

Now I claim that (X™)(k) # 0 — where (X™)* is the smooth
compactification of X™. Indeed, since the restriction s|q,, is geometric,
it holds that the image of the composite

nley oy 5
Gk/ — HX”/k —» H(Xn)cpt/k
is a decomposition subgroup D associated to a k’-rational point x,
of (X™)°*. On the other hand, since this decomposition subgroup D
associated to x, is contained in the image of the homomorphism s,
from Gy, and k' is Galois over k, by considering the Im(s,,)-conjugates
of D, it follows immediately from [15], Theorem C, that the k’-rational
point x, is defined over k. In particular, it holds that (X™)*(k) # (.
This completes the proof of the above claim.

Now since the set (X™)®*(k) is finite by Mordell-Faltings’ theorem,
it follows from the above claim that the projective limit (X )*(k) of
the sequence of sets

e (X)) e (X)) — (X)) — (X)(k)

is nonempty. Let o, € (X°°)P'(k) be an element of (X >°)P*(k). Then
it follows immediately from the fact that (), II; = Im(s) that the pro-X
Galois section of X/k arising from x., coincides with s. In particular,
s is geometric. This completes the proof of Lemma 11. O

Remark 17. In [10], the author proved that there exist a prime number
[, a number field k, a hyperbolic curve X over k, and a pro-I Galois
section s of X/k such that the pro-I Galois section s is not geometric
(cf. [10], Theorem A). On the other hand, it seems to the author that
the nongeometric pro-l Galois sections appearing in [10] are not quasi-I-
monodromically full. Tt is not clear to the author at the time of writing
whether or not there exists a pro-/ Galois section of a hyperbolic curve
over a number field which is nongeometric and quasi-l-monodromically

full.
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