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ABSTRACT. In a series of works [I8] 21] 19l 20, 23, [22], GeiB-Leclerc-Schréer defined the
cluster algebra structure on the coordinate ring C[N(w)] of the unipotent subgroup, asso-
ciated with a Weyl group element w. And they proved cluster monomials are contained
in Lusztig’s dual semicanonical basis S*. We give a set up for the quantization of their
results and propose a conjecture which relates the quantum cluster algebras in [4] to the
dual canonical basis B"P. In particular, we prove that the quantum analogue Q4[N (w)] of
C[N(w)] has the induced basis from B"P, which contains quantum flag minors and satisfies a
factorization property with respect to the ‘g-center’ of O4[N(w)]. This generalizes Caldero’s
results [7, 8, [9] from ADE cases to an arbitary symmetrizable Kac-Moody Lie algebra.
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1. INTRODUCTION

1.1. The canonical basis B and the dual canonical basis B"P. Let g be a symmetriz-
able Kac-Moody Lie algebra, Ug(g) its associated quantized enveloping algebra, and U_ (g)
its negative part. In [39], Lusztig constructed the canonical basis B of U (g) by a geomet-
ric method when g is symmetric. In [25], Kashiwara constructed the (lower) global basis
G'°%(%(x0)) by a purely algebraic method. Grojnowski-Lusztig [24] showed that the two
bases coincide when g is symmetric. We call the basis the canonical basis. There are two
remarkable properties of the canonical basis, one is the positivity of structure constants of
multiplication and comultiplications, and another is Kashiwara’s crystal structure %(o0),
which is a combinatorial machinery useful for applications to representation theory, such as
tensor product decomposition.
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Since U, (g) has a natural pairing which makes it into a (twisted) self-dual bialgebra, we
consider the dual basis B"P of the canonical basis in U_ (g). We call it the dual canonical
basis.

1.2. Cluster algebras. Cluster algebras were introduced by Fomin and Zelevinsky [15] and
intensively studied also with Berenstein [16, 2, [I7] with an aim of providing a concrete and
combinatorial setting for the study of Lusztig’s (dual) canonical basis and total positivity.
Quantum cluster algebras were also introduced by Berenstein and Zelevinsky [4], Fock and
Goncharov [13] 14, 12] independently. The definition of (quantum) cluster algebra was moti-
vated by Berenstein and Zelevinsky’s earlier work [3] where combinatorial and multiplicative
structures of the dual canonical basis were studied for g = sly and sl3. Let us quote from [15]:

We conjecture that the above examples can be extensively generalized: for any
simply-connected connected semisimple group G, the coordinate rings C[G]
and C[G/N], as well as coordinate rings of many other interesting varieties
related to GG, have a natural structure of a cluster algebra. This structure
should serve as an algebraic framework for the study of “dual canonical basis”
in these coordinate rings and their g-deformations. In particular, we conjecture
that all monomials in the variables of any given cluster (the cluster monomials)
belong to this dual canonical basis.

In [2], it was shown that the coordinate ring of the double Bruhat cell has a part of structures
of a cluster algebra.

A cluster algebra 7 is a subalgebra of rational function field Q(z1,x2, - ,z,) of r inde-
terminates which is equipped with a distinguished set of generators (cluster variables) which
is grouped into overlapping subsets (clusters) consisting of precisely r elements. Each subset
is defined inductively by a sequence of certain combinatorial operation (seed mutations) from
the initial seed. The monomials in the variables of a given single cluster are called cluster
monomials. However, it is not known that a cluster algebra have a basis, related to the dual
canonical basis, which includes all cluster monomials in general.

1.3. Cluster algebra and the dual semicanonical basis. In a series of works [18] 211, [19,
20, 23, 22], GeiB, Leclerc and Schréer introduced a cluster algebra structure on the coordinate
ring C[N (w)] of the unipotent subgroup associated with a Weyl group element w. Furthermore
they show that the dual semicanonical basis S* is compatible with the inclusion C[N(w)] C
U(n)g, and contains all cluster monomials. Here the dual semicanonical basis is the dual basis
of the semicanonical basis of U(n), introduced by Lusztig [40, [44], and “compatible” means
that S* N C[N(w)] forms a C-basis of C[N(w)].

It is known that canonical and semicanonical bases share similar combinatorial properties
(crystal structure), but they are different (examples can be found in [32] E[)

1.4. Cluster algebra and the dual canonical basis. Our main result is to give a set up
of a quantum analogue of Geif}-Leclerc-Schroer’s results:

(1) The dual canonical basis is compatible with the quantum unipotent subgroup O,[N (w)]
which is a quantum analogue of C[N(w)], that is B"?(w) := B"? N O4[N(w)] forms a
Q(g)-basis of Oy[N(w)]. (See Theorem [4.22])

1n [32], S is the specialization of the dual canonical basis, while X is the dual semicanonical basis thanks
to [22].
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(2) Quantum flag minors are mutually g-commuting and their monomials are contained
in the dual canonical basis up to some g-shifts. Here quantum flag minors are defined
as certain matrix coefficients with respect to extremal vectors in integrable highest
weight modules. (See Theorem [6.20} )

(3) The “g-center” of Oy[N(w)] is generated by some of the quantum flag minors. More-
over any dual canonical basis element in B"P(w) can be factored into the product
of an element in the “g-center” of O,[N(w)] and an “interval-free” element. (See

Theorem [6.21])
When g is of type ADE, Caldero proved the above results in a series of works [7), 8, 9] (see
also [6, 6.3]). (O4[N(w)] is denoted by Ug,(n,,) in [9].) We generalize them to an arbitary
symmetrizable Kac-Moody Lie algebra. Key tools are the Poincaré-Birkhoff-Witt basis of
Oy[N(w)] and the crystal structures. They are already used by Caldero, but the author
cannot, follow several claims, and give a self-contained proof in this paper.

1.5. Quantization conjectures and its consequences. The above properties (1), (2), (3)
can be thought as a part of structures of a quantum cluster algebra. The corresponding
properties of the “classical limit” C[N(w)] were shown in [23] if the dual canonical basis
is replaced by the dual semicanoncial basis. We conjecture that remaining structures of a
quantum cluster algebra exist on Oy[N(w)] as in [23]. Let O4[N(w)]4 be the integral form
defined by the dual canonical basis B" (w) where A = Q[¢™].

Conjecture 1.1 (Quantization conjecture). (1) We take a reduced expression w = (i1, -+ ,14;)
of the Weyl group element w, then we have an isomorphism of algebras

O 7T, Ag) Ozpg2) QlgT] ~ Og[N(w)]a,

q
5iy 86, @i iy, J1<k<l, defined as

matrix coefficients of certain extremal vectors associated with w, where I'; is the frozen quiver
in [2] and [23] and Ag is the compatible pair in [4], §10.3].

(2) Under this isomorphism, the quantum cluster monomials of «79(I'g, Ag) are contained
in the dual canonical base B"P(w) up to some g-shifts.

which sends the initial seed to the quantum flag minors {A

Let A — C be the algebra homomorphism defined by g — 1. If we specialize Conjecture
to ¢ = 1, we obtain the following “weak” conjecture.

Conjecture 1.2 (Weak quantization conjecture). (1) Let w be as above, We have an iso-
morphism of algebras
which sends the initial seed to the specialized quantum flag minors {Asil...sikwik ,W¢k}1§k§l7
where I';; is the frozen quiver as above.

(2) Under this isomorphism, the cluster monomials of C[N(w)] are contained in the spe-
cialized dual canonical base B"(w) at ¢ = 1.

Some parts of Conjecture were shown for Ay, A3, Ay cases with w = wy in [3] and [18]
§12] and Agl) with w = ¢? in [32].

The definition of the quantum cluster algebra </4(I'z, Az) will not be explained. So we
explain the meaning of this conjecture as properties of the dual canonical basis without
referring to the axiom of a quantum cluster algebra [4].

An element z € B" \ {1} is called prime if it does not have a non-trivial factorization
r = ¢Nw12y with 21,79 € B and N € Z. A subset x = {x1,--- ,2;} C B" is called strongly
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compatible if for any my, - -- ,my € Z>o, the monomial 27" - - z;" € ¢*B" that is 7" - - z)"
is contained in the dual canonical basis B"P up to some g-shifts. In particular, x is contained
in a compatible family, then it satisfies ™ € ¢“B" for any m > 1. A strongly compatible

subset x = {z1,--- , 21} is called mazimal in B (w) if y € B (w) satisfies yx; € ¢“B"(w)
for any z;, then there exists mq,---,m; and N such y = quTl ey

Our quantization conjecture means that there are lots of maximal strongly compatible
subsets of B"P(w), constructed recursively from {A, ..s; w; w; }1<k<i- For example, for
finite type g with w = ¢? for a (bipartite) Coxeter element c, it is expected that the dual
canonical basis B"P(w) is covered by the (finite) union of the maximal compatible families.
But the union is not the whole B"P(w) in general.

Our quantization conjecture implies several conjectures on (quantum) cluster algebras. Let
us spell out a few.

If g is symmetric, we have the positivity result for the dual canonical base by the con-
struction of [39]. This implies the positivity conjecture for the quantum cluster algebras
/9T, Ag), stating that cluster monomials are Laurent polynomials with positive coeffi-
cients in ¢ and cluster variables of any seed. This conjecture is known only special cases:

e cluster algebras of finite type [16],

e cluster algebras with bipartite seeds [47],

e cluster algebras coming from triangulated surfaces [45],
e acyclic cluster algebras at the initial seed [49].

In fact, these results apply only to cluster algebras, not quantum ones except [49]. Thus
we have much stronger positivity.

The quantization conjecture also provides us a monoidal categorification of C[N(w)] in the
sense of Hernandez-Leclerc [35]. It roughly says that there is a monoidal abelian category
MN(w) whose complexified Grothendieck ring Ko(M(w)) ®z C has the cluster algebra structure
of C[N(w)] so that the cluster monomials are classes of simple objects. If the weak quantizaton
conjecture is true (and g is symmetric), the category D(w) is given as the category of finite
dimensional modules of the (equivariant) Ext algebras of the simple (equivariant) perverse
sheaves belonging to B"P(w). Thanks to [53], M(w) is also considered as the extension-
closed subcategory of the module category of Khovanov-Lauda-Rouquier’s algebra [30, 29] [51]
consisting of finite dimensional modules whose composition factors are contained in B"P(w).

When g is symmetric, Geif3, Leclerc and Schréer conjecture that certain dual semicanonical
basis elements are specialization of the corresponding dual canonical basis elements. This is
called the open orbit conjecture. This class of the dual semicanonical basis element contains
all the cluster monomials. (Conjecturally it exactly consists of the cluster monomials [5,
Conjecture II 5.3].) The open orbit conjecture for the cluster monomials is equivalent to the
weak quantization conjecture.

This paper is organized as follows. In §2| we give a review the quantized enveloping
algebra and its canonical basis. In we give a review the dual canonical basis B"P and
its multiplicative properties. In we define the quantum unipotent subgroup and prove its
compatibility with the dual canonical basis. In we define the quantum closed unipotent
cell and study its relationship with the quantum unipotent subgroup. In we give quantum
flag minors and prove their multiplicative properties.

Acknowledgement. The author is grateful to his advisor Hiraku Nakajima for his valuable
comments and his sincere encouragement.



QUANTUM UNIPOTENT SUBGROUP AND DUAL CANONICAL BASIS 5

2. PRELIMINARIES: QUANTIZED ENVELOPING ALGEBRAS AND THE CANONICAL BASES

We briefly recall the definition of the quantized enveloping algebra and its canonical base
in this section.

1. Definition of Uy(g).

2.1.1. A root datum consists of

(1) b: a finite-dimensional Q-vector space,

(2) a finite index set I,

(3) P C b*: a lattice (We1ght lattice),

(4) PV = Homg(P,Z) with natural pairing (, }): P® PV — Z,

(5) «a; € P for i € I (simple roots),

(6) h € PV for i € I (simple coroots),

(7) (+,-) a Q-valued symmetric bilinear form on h*
satisfying following conditions:

(a) (hi, A) =2(ay, \)/(, ) for i € I and X € P,

(b) aij = (hi, o) = 2(0y, a5)/ (e, o) gives a symmetrizable generalized Cartan matrix,

ie., (hi, ;) =2, and (h;, a;j) € Z<o and (h;, ;) =0 < (hj, ;) = 0 for i # j,

(C) (ai,ai) € 27~g, i.e. d; := (Oéi,ai)/Q € Zo,

(d) {a;};c; are linearly independent.
We call (I,b,(, )) a Cartan datum. Let Q = @,c;Zo; C P be the root lattice. Let
Q+ =% ic;Z>oa;. Fot £ =3, &y € Q, we define tr(§) = 3,7 &. And we assume that
there exists w; € P such that (h;,w;) = d;; for any i,j € I. We call w; the fundamental
weight corrsponding to i € I. We say A € P is dominant if (h;,\) > 0 for any i € I
and denote by P, the set of dominant integral weights. We denote by P := @D,c; Zw; and
P, =PNP, = @ief L>ow;.
2.1.2. Let (I,h,(, )) bea Cartan datum. Let g be the symmetrizable Kac-Moody Lie algebra
corresponding to the generalized Cartan matrix A = (a;;) with the Cartan subalgebra b, i.e.,
g is the Lie algebra generated by {h;h € b}, e;, and f; (i € I) with the following relations:

() [h, '] =0 for h, 1/ €,

(i) [, €] = (b, i) €, [, fi] = = (h, o) fi,
(iii) [es, fj] = 6ijhs, and
(iv) (ade;)'=hoile; = (adf;) = (hos) f; = 0 for i # j.

We denote the Lie subalgebra generated by {f;}icr by n.

2.1.3. Suppose a root datum is given. We introduce an indeterminate q. For ¢ € I, we set
¢ = ¢\@®)/2 For ¢ = Yicr&ici € Q, we set q¢ = Hiel(qi)fi = ¢(&P) where p is the sum of
all fundamental weights. We define Q-subalgebras Ag, A and A of Q(gq) by

Ao :={f € Q(q); f is regular at ¢ = 0},

As :={f € Q(q); f is regular at ¢ = oo},

A:=Qlg™].
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2.1.4. The quantized enveloping algebra U,(g) associated with a root datum is the Q(g)-
algebra generated by e;, f; (i € I), ¢" (h € d~'P*) with the following relations:
(i) ¢" =1,¢"¢" = ¢"",
(i) ¢"eiq™" = q"oey, ¢" fig™" = g~ oil £,
(iii) eifj — fre; = 0y(ti — ;) /(ai —a; 1),

1—a;; 1—a;;
(iv) Z (—1)k6§k)ejeglfaijfk) = Z (—1)kfi(k)fjfi(lfa”7k) = 0 (g-Serre relations),
k=0 k=0
where t; = ¢ "5 [nl; = (g — ¢7")/(as — g;"), [nli! = [liln — 1+ [1]; for n > 0 and

o' =1, e = ek (k)31 £*) = £F/[k] ! for i € T and k € Zo.

2.1.5. Let Uf(g) (resp. U, (g)) be the Q(g)-subalgebra of Uy(g) generated by e; (resp. f;)
for ¢ € I. Then we have the triangular decomposition

U,y(a) ~ U, () @g(g) Q)[PY] @) Us (9),
where Q(q)[PV] is the group algebra over Q(q), i.e., @, pv Q(q)q".
2.1.6. For £ € Q, we define its root space Ugy(g)¢ by

Uy(g)e ={z € U,(9)|¢"zq" = ¢z for any h € P*}.
Then we have the root space decomposition
Ui (g) = P Uylo)e.
£eQ+

An element x € Uy(g) is homogenous if x € Uy(g)¢ for some £ € @, and we set wt(x) = &.

2.1.7. Let U, (g).a be the A-subalgebra of U, (g) generated by fi(k) for i € I and k € Z>o.
Let (U (g)a)e :== U, (9)aNU, (g)e. We have

U, (9a= P (U, (g)a)
ceQ_

2.1.8. We define a Q(g)-algebra anti-involution *: Ug(g) — U,(g) by

(2.1) *(ei) = ei, (fi) = fi, (") =q "
We call this the *-involution.
We define a Q-algebra automorphism ~: U,(g) — U,(g) by

(22) € = ¢, ﬁ:fla a:q_17 qih:q_h'
We call this the bar involution.
We remark that these two involutions preserve U;(g) and U, (g), and we have “o* = xo™.

2.1.9. In this article, we choose the coproduct on U,(g) following [25]:
(2.3a) Ald") =d"@ ",

(2.3b) Ale;) =€, ® t;l +1® e,

(2.3c) A(fi)=fi®l+t® f;.
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2.1.10. We introduce Lusztig’s Q(gq)-valued symmetric nondegenerate bilinear form (, )z on
U, (g). We first define a Q(g)-algebra structure on U, (g) ® U (g) by
(21 @ y1) (w2 @ o) = ¢~ VDV gy 30 @ g1y,
where x;,y; (i = 1,2) are homogenous elements.
Let r: U (g) — U, (9) ® U, (g) be a Q(g)-algebra homomorphism defined by
r(fi)=fiol+1efi (i€l).
We call this the twisted coproduct.

By [41, 1.2.5], the algebra U, (g) has a unique nondegenerate Q(q)-valued symmetric bi-
linear form (, ).: U_ (g) x U, (g) — Q(q) which satisfies

(2.4a) (1,1) =1,
(2.40) (Fonfide = 120,
@
(2.4c) (z, 99 )L = (r(z),y®y')L,
(2.4d) (x2’,y)p = (@2 ,7(y))L,

where the form on U (g9) ® U, (g) is defined by (x1 @ y1,22 @ y2)r = (1, 22) (Y1, Y2)L-
2.1.11. The relation between the coproduct A and the twisted coproduct r is given as follows:

Lemma 2.5. For homogenous x € U_( )¢, we have
(26) Z L1 —Wt (z(2)) ® L(2),

where r(x) = > x(1) ® T(2), te = q (5), and 1/(5) = %&hi for £ => &a; € Q.

2.1.12. For i € I, we define the unique Q(g)-linear map ;r: U, — U, (resp. r;: U, — Uy)
given by ;7(1) = 0,;7(f;) = 6;; (resp. r;(1) = 0,7r;(f;) = &;;) for any i,j € I and

(2.72) ir(zy) = ir(@)y +q T (y),

(2.7b) ri(aey) = g~ (2)y + ari(y)

for homogenous z,y € U, . From the definition, we have

(2.8a) (fiz,y)L _1(12(«T7i7°y)L7

i

(2.8b) (@fi,y)L _1q2(w, riy)L-

2.2. Canonical basis of U_(g). In this subsection, we give a brief review of the theory of
the canonical base following Kashiwara [25, 28]. Note that Kashiwara call it the lower global
base.

2.2.1.
Lemma 2.9 ([25, Lemma 3.4.1], [48]). For z € U, (g) and any i € I, we have
ri(z)t; — t; Lir(z)

¢ — g

lei, ] =
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2.2.2. Kashiwara [25, §3.4] has proved that there is a unique non-degenerate symmetric
bilinear form (-,-)x on U, (g) such that

(2.10a) (fiz,y)k = (z,iry)K
(2.10b) (1,1)x = 1.
Lemma 2.11 (25, Lemma 3.4.7], [41, Lemma 1.2.15]). For z € U, (g) with ;7(z) = 0 for
any ¢ € I and wt(z) # 0, then we have x = 0.
2.2.3.  We have the following relation between Kashiwara’s bilinear form (, )x and Lusztig’s
one (, )r.
Lemma 2.12 (34} 2.2]). For homogenous z,y € U, (g)¢ with £ = — > n;a; € Q—, we have
(@, 9k = [[(—a))" ()L
el
This can be proved by an induction on wt(x) by using Lemma (2.10a)) and ([2.8a]).
Lemma 2.13 ([41, Lemma 1.2.8(b)]). For any homogenous z,y € U (g), we have

(z,9)x = (z",y" )k
2.24. The reduced q-analogue %B,(g) of a symmetrizable Kac-Moody Lie algebra g is the
Q(q)-algebra generated by ;r and f; with the ¢-Boson relations ;r f; = q_(ai’aj)fjir + 0;,; for
i,j € I and the g-Serre relations for ;r and f; for i € I. Then U_ (g) becomes a %,(g)-modules
by Lemma

By the g-Boson relation, any element x € U, (g) can be uniquely written as z = ;nZO fi(")azn
with ;7(z,) = 0 for any n > 0. So we define Kashiwara’s modified root operators f; and €; by

€T = Z fi(n_l)x

n>1
.E,’L’ = Z fl-(n+1)$n
n>0

By using these operators, Kashiwara introduced the crystal basis (£ (c0), #(00)) of U, (g):

Theorem 2.14 ([25]). Let
Z(0) := Z Aoﬁl"‘ﬁll c U, (g),
1>0,i1,i2,- , 51 €]
B(00) i={fiy -+ [yl mod gL (00);1 > 0,1, i, -+ iy € I} C .Z(00)/¢.Z (o).

Then we have the followings:

(1) .i”(oo) is a free Ag-module with Q(q) ® 4, -Z(o0) = U_ (g).

(2) €iZ(00) C Z(00) and fiZ(00) C L (00).

(3) (oo) is a Q-basis of £ (00)/q.Z(0).

(4) fir B(o0) — P(oc) and ¢€;: HB(00) — H(o0) U {0}

(5) For b € B(c0) with €;(b) # 0, we have f;e;b = b.

We call (£(00), #(0)) the (lower) crystal basis of U, (g), and £ (c0) the (lower) crystal

lattice. We denote 1 mod ¢.Z(00) € Z(o0) by us hereafter. For b € %(c0), we set €;(b) =
max{n € Zx>o;e;'b # 0} < oo, and e***(b) := gfi(b)b € B(x).
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2.2.5.  We have the following compatibility of the *-involution with the crystal lattice £ (o0).
Theorem 2.15 ([25, Proposition 5.2.4], [26, Theorem 2.1.1]). We have

(2.16a) *(ZL(0)) = L (),

(2.16D) *(AB(0)) = B(c0).
For i € I and b € #(0), we set

(2.172) F(b) = (x 0 o)1),

(2.17b) €r(b) := (xoe; ox)(b).

For b € (), we set €f(b) := max{n € Z>g;€;"b # 0} < co. We have € (b) = ¢;(xb).

i
2.2.6.  We recall some results on relationship between the crystal lattice .Z(c0) and Kashi-
wara’s form (-, -)x.
Proposition 2.18 ([25, Proposition 5.1.2]). We have
(Z(0),Z(0))k C Ap.

Therefore the Q-valued inner product on Z(00)/qZ(c0) given by (-,-)|q=0 is well-defined,
which we denote by (-,-)g. Then we have the following properties:

(1) Eu,u)o = (u, fiu')o for u,u’ € L(0)/q.L(0),

(2) HB(0) C L (00)/qZL(0) is an orthonormal basis with respect to (, )o.

Moreover we have
(2.19) Z(00) ={x € U, (g); (z,Z(c0))x C Ao},
that is the crystal lattice .Z(c0) is a self-dual lattice with respect to (-, ) k.

2.2.7. Let :Q(q) — Q(q) be the Q-algebra involution sending g to ¢~'. Let V be a vector
space over Q(q), £y be an Ag-submodule of V', £, be an Ay -submodule of V', and V4 be
an A-submodule of V. We set F := 4 N L NVy.

Definition 2.20. We say that a triple (%, %o, V4) is balanced if each £, L, and Vy
generates V' as Q(q)-vector space and if one of the following equivalent conditions is satisfied
(1) E — £/q% is an isomorphism,
(2) E — Zs/q ' %y is an isomorphism,
(3) (LoNVy) @ (¢ L NV4) — V4 is an isomorphism,
(4) Ao@oFE — L, Asc®@E — L, ARQE — V4, and Q(¢)®qE — V are isomorphisms.

Theorem 2.21 ([25, Theorem 6]). The triple (.£(c0), £ (c0), U, (g).4) is balanced.

Let GV: Z(0)/qL(0) — E = ZL(c0) N Z(c0) N U, (g)4 be the inverse of E —
ZL(0)/qL (). Then {G'%(b);b € %(c0)} forms an A-basis of U, (g9)a- This basis is
called the canonical basis of Uq_(g). Using this characterization, we obtain the following
compatibility of the canonical basis and the x-involution.

Proposition 2.22. We have
*G1OV (b) = G (xb).
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2.2.8. For integrable highest weight modules, we can define the (lower) crystal basis and
the canonical basis of them as for U (g), see [25, Theorem 2, Theorem 6] for more details.
Let M be an integrable U,(g)-module and M = @, .p M) be its weight decomposition. For
u € Ker(e;) N My and 0 < n < (h;, \), we define Kashiwara’s modified operators or (lower)

crystal operators Ae{iow and EOW by
& (M) = £,

F () = £

Here we understand fi( u and f; ((heN)+1)), as 0. Note that we denote the operators f; and

€; in [25] 2.2] by ]?Z-low and €V following [27].
Let A € Py and V() be the integrable highest weight U, (g)-module generated by a highest
weight vector uy of weight \. Let .£'°V(\) be the Ag-submodule spanned by f] IOW e lllowu A

Let %’IOW(/\) be the subset of .Z1°%()\)/qs.Z"°"(\) consisting of the non-zero vectors of the
form flOW flOWuA, that is

glow ZA A]ow . A]owu C V()\)

@IOW( ) _ {A‘low . A‘lowu)\ moquIOW( )} \ {O} c glOW(A)/qsglow()\).
Theorem 2.23 ([25, Theorem 2]). (1) £°%()\) is a free Ag-submodule with Q(q) ® 4,
LW\ ~ V()\) and LV (\) = @ﬂep L1%(\), where L1V(\), = L1V(\) N M,,.

(2) é%owglow()\) C glow()\) and filowglow()\) C zlow()\)'

(3) #'°%()\) is a Q-basis of Z'°%(\)/q.L°"()\) and £°V(\) = L,ep B°(N), where
%low()\)“ — %low()\) N glow(}\)u/qglow()\)u. N

(4) For i € I, we have e;%()\) C #(A) U {0} and f;i#(A) C B(\) U {0}.

(5) For b,b/ € B'°%(N\), b = fl°Vb is equivalent to b = V.

We call (L1°V(\), B'°V(\)) the lower crystal basis of V(\), and .£'°V(\) the lower crystal

lattice.
Let ~ be the bar-involution defined by Puy = Puy. Set V(\)4 := U, (g) aux.

Theorem 2.24 ([25, Theorem 6]). The triple (Z"°%(\), £ (\), V(\).4) is balanced.

Let G be the inverse of £°%(A\) N L% (\) NV (A4 — L1°Y(N\) /gL (N). We call
G (#'° (X)) the canonical basis of V/(N).

2.2.9. We have a compatibility of the (lower) crystal basis of U, (g) and the integrable
modules V/(A). Let my: Ug(g) — V(A) be the U_ (g)-module homomorphism defined by
T TU).
Theorem 2.25 ([25, Theorem 5]). We have the following properties:

(1) m\Z(0) = Z(N), hence 7y induces a surjection homomorphism 7y : £ (00)/q.L(o0) —

glow( )/qflow()\)

(2) my induces a bijection {b € %(c0);mx(b) # 0} =~ B (N).

(3) fi oma(b) = my 0 fi(b) if mA(b) # 0.

(4) "’iow o) 7T)\(b) = T)\0 gz(b) if gz o 7T)\(b) 7é 0.

We denote the inverse of the bijection 7y by jx.
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2.2.10. We also have a compatibility of the canonical basis of Uy (g) and the integrable
modules V() via 7).
Theorem 2.26 (|25, 7.3 Lemma 7.3.2]). For A € P, and b € #(c0) with m)(b) # 0, we have
G (byuy = GY™ (mA()).
2.2.11. For the canonical basis, we have the following expansion of left and right multiplica-
tion with respect to fl-(m)
Theorem 2.27 ([26], (3.1.2)]). For b € (), we have
b)+m w7 -
A LGN DR At )

m
Ei(b/)>€i(b)+

(2.28b) GV (b)) = [sf (l?n* m] G+ Y. @G ),

ef(b)>er(b)+m

(2.28a) £ Glow () = [&'(

where f7)(q) = i) [ (@) = fum) (a) € A.

As a corollary of the above theorem, we have the following compatibilities of the right and
left ideals f]*U_ (g) and U (g)f]* with the canonical basis.

Theorem 2.29 ([25, Theorem 7]). For ¢ € I and n > 1, we have

U (@NU (@a= P AG™D),
be#B(0),e:(b)>n
U, (0)fi'NU,(g)a= a AGY (b).

beAB(00),e5(b)>n

2.3. Abstract crystal. The notion of a (abstract) crystal was introduced in [26] by ab-
stracting the crystal basis of U, (g) and of irreducible highest weight representations which
are constructed in [25]. We recall it briefly. For more detail, see [28].

2.3.1.

Definition 2.30. A crystal 9 associated with a root datum is a set % endowed with maps

wt: B — Poepi 0 B — LU{—o0}, &, fi: B — BU{0} (i € I) satisfying following

conditions:

(a) wi(b) = ei(b) + <huwt( ),
) ) = wt(b) + i, €i(€ib) = &i(b) — 1, pi(€sb) = pi(b) + 1, if €;b € &,

(c) wt(fib) = Wt(b) ai, £i(fib) = i(b) + 1, @i fib) = @i(b) — 1, if fib € B,

(d) b’:f¢b<:>b—52b’ for b, b’e%
)

Definition 2.31. For given two crystals %, %2 and h € Z>; , amap ¢: B;U{0} — Bo11{0}
is called a morphism of amplitude h of crystals from %, to %o if it satisfies the following
properties for b € %, and i € I:

(a) ¥(0) =0,

(b) wt((b)) = hwt(b), e:(1(b)) = hei(b), @i(¥(b)) = hepi(D) if ¥(b) € Po,
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(c) %%/)(b) = @D(Ei-b) if 1 (b) € A, 'evib € %,
(d) fl(b) = (fib) if ¥(b) € B2, fib € B

When h = 1, it is simply called a morphism of crystal. A morphism : %y — PBs is strict if

1 commutes with e;, ﬁ for all ¢ € I without any restriction. A strict morphism v : %, — %>

is called an strict embedding if 1) is an injective map from ; U {0} to B, LI {0}.

Definition 2.32. The tensor product %1 ® PBs of crystals B; and A, is defined to be the
set B X Py with maps given by

(2.33a) wt (b1 ® ba) = wt(b1) + wt(bz),

(2.33b) Ez‘(bl & bg) = max(ei(bl), Ei(bg) — Wti(bl)),

(2.33c) ©i(b1 @ ba) = max(p;(b2), pi(b1) + wt;(b2)),
~ eib1 @by if pi(b1) > €i(ba),

2.33d (b by) = ~

( ) Cilbr @) {b1 ® e;ba  otherwise,

~ ﬁbl ® by if (Pz'(bl) > Ei(bz),
2.33 (b1 ® by) = ~
( °) filbr @ b2) {b1 ® fiba otherwise.

Here (b1, b2) is denoted by by ® be and 0 ® ba, by ® 0 are identified with 0.
Iterating (2.33d) and (2.33€]), we obtain the followings:

erb; @ by if p;(b1) > €i(ba),
(2.34a) &l(by @ by) = { e citTeilbaly g =)ot e o)) > u(by) > ei(ba) —
b1 ® €}'ba if £i(ba) —n > @i(b1)
Fby @ by if @i(b1) > e5(ba) + n,
(2.34b) [ (by @ by) = { frilbimeilbaly g grmeilboreibay, i o) 4 n > () > ei(ba),
b1 ® flby if €i(b2) > wi(b1),

2.3.2. The (lower) crystal basis %(c0) of U, (g) is an example of an abstract crystal. The

same is true for #'°%(\) of V() for A € Py. We may also write %()\) instead of %V ()),
when it is considered as an abstract crystal.

Example 2.35. For i € I, let #; = {b;j(n);n € Z}. We can endow it with a structure of the
abstract crystal by wt(b;(n)) = nay, €;(bi(n)) = —n, pi(bi(n)) = n, €;(bi(n)) = ¢;(bi(n)) =

—o0, for j # 4, and
~ biln—1) if j =1,
fjbi(n):{ (n=1) i

0 if j £,
- bi 1) ifj =1,
ejbi(n) = (n+1) L
0 if 7 £ 4.

2.3.3. For the crystal (c0), we have the following strict embedding.

Theorem 2.36 ([20, Theorem 2.2.1]). (1) For each ¢ € I, there exits a strict embedding
U, B(oo) — B(0) ® PB; which satisfies U;(uso) = oo ® b;.
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(2) If W(b) = b/ @ fb;, we have
wi(Eh) = {S’W% iy
U;(fib) =6 @ f ;.
(3) Im ¥ = {b/ @ frbs;ef (V') = 0,n > 0}.

By the above theorem, we have ¥;(b) = €} maxb@]?ﬁ(b)bi. For a sequence (i1,i9, - ,i,) € I",
we have a strict embedding

iirigsip) 7= (Wi, @ @1) -+ (U, @ 1)Uy, 2 B(00) — H(00) ® B, @ -+ @ By .

2.3.4. For m > 1, we have the following crystal morphism of amplitude m which is called
inflation of order m in |28, Definition 8.1.4].

Proposition 2.37 ([28, Proposition 8.1.3], [46, Proposition 3.2]). (1) For m € Zx>1, there
exists a unique crystal morphism S,,: #(00) — HB(c0) of amplitude m satisfying

wt(Smb) = mwt(b), &;(Smb) =me;i(b), ¢i(Smb) = mep;(b),
Sm(Ei) = & Sm(b),  Sm(fib) = [7"Sm(D),
Sin(Uoo) = Uso-

(2) Let b € #(c0). Then we have (x0.S5,,)(b) = (Spo0%)(b). In particular, for any b € Z(o00),
we have

&; (Smb) = mei(b), ;5 (Smb) = me;(b),
Sm(éjb) = ’é;-kmSm(b), Sm(]};*b) - fi*msm(b)-

3. THE DUAL CANONICAL BASIS

3.1. In this subsection, we recall the definition of the dual canonical basis and its charac-
trization in terms of the dual bar involution o with a balanced triple. We define B*"* C U_ (g)
by the dual basis of B under the Kashiwara’s bilinear form ( , )x. We define the dual bar
involution o: U, (g) — U, (g) so that

(O‘(l‘), y)K = (xvg)K

holds for any y ([4, 10.2]). This is well-defined since (-, -) x is non-degenerate. By its definition,
we have o(z) = z for z € B" and this is a Q-linear involutive automorphism of U (g) which

satisfies o(fz) = fo(z) for any f € Q(q) and z € U, (g).
3.1.1. For £ => &a; € Q, we define

(31) N(©) = 5 (6.6 + Y &lar00) = 5 (6.6) +2(€.)
We have N(—a;) =0 for any i € [ and N(§ +n) = N(§) + N(n) + (&, 7n) for any £, € Q.
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Proposition 3.2. We assume z,y € U (g) are homogenous.
(1) If r(z) = Y w(1) ® 7(2), we have

=D g )G @ F).

(2) We set {z,y}k := (T,Y)x, then we have

{z, 9} = ¢V (@, )
(3) We have
o(x) = ¢V (k0 7)(2).

Proof. For convenience of the reader, we give a proof.

(1) We follow the argument in [41, 1.2.10]. For generators of U, (g), we have r(f;) =
fi®l+1® f; = r(f;). We prove the assertion by the induction on wt, so we assume
that (1) holds for homogenous 2/,2" and show that it holds also for x = 2/z”. First we

write r(z’) = Z:z:’ ’ ) and r(z " = Zx(l) ® x . By assumption, we have r(z’) =

S (wtw(l),wtav(Q)) /( ) ® x(l) and r(z ,/) =S q (th(l),wtm(Q)) /(/) ® x(l) We have r(z'z") =
T(:C/)T( ) Z q (th@),wtx(l))m/ l’” ® x2:c2 and

— t wt t wt t wt
r(@)r(@) = 3 g O ) T (Y ) (W) G ) gy Ty © Ty {l)-

Then the assertion follows.
(2) We follow the argument in [4I, Lemma 1.2.11 (2)]. For the generators, we have

{fis fiy i = (fis fi) ke = YOI (fi, fi) ke
We prove the assertion by the induction on tr(wtz) = tr(wty). We prove that (2) holds

!, 0

for y = y'y" and for any = assuming it holds for ', y". First we write r(z) = > x(1) ® z(g)
with z(;) and x(9) homogenous. We have

)

(@, 9k
=@,y @y")=> ¢ VO (Fy 1),y @ ¥k

= > ¢ o) (@) ) k(70 v K

Z —(wta(1),wt (2)) —N (Wt z(1))—N(wt 1(2))(3«:(2), *y/)K($(1)7 sy k¢
=Y N (@), )k (@), = Kk

where we have used the induction hypothesis in the fourth equality. On the other hand, we
have

(.CC, *y)K
(T‘(l‘), *y” ® *y/)K
=g VN " (a) @ 2 (), #y" @ 1)K

Hence we obtain the assertion.
(3) We have (o(x),y) = (2,7) = ¢V @)@, xy) = ¢VOUD (5 0 7)(2),y), where we used
Lemma Since this holds for any y, assertion follows. g.e.d

—N(wtz

q )
_ q—N(wt x)
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3.1.2. By its construction, we have a characterization of the dual canonical basis B"’ in
terms of the dual bar involution o and the crystal lattice £ (c0) of U, (g). We note that
Z(0) is a self-dual A lattice, see (2.19), and hence we do not need to the introduce the
dual lattice of .Z(00).

Proposition 3.3. We set
U, (9)4 = 1{z €U (9); (z, U, (9)a)x C A}.
Then (Z(00),0(Z(00)), U, (g)}f') is a balanced triple for the dual canonical basis B"P.
Here we have the following isomorphism of Q-vector spaces:
Z(00) No(ZL(00)) U, (9)F — L(00)/qZL(c0).
We denote its inverse by G"P. Then we have B"P = G"P(A(0)).

3.1.3. The above proposition gives a characterization of the dual canonical basis elements.

Corollary 3.4 ([36, Proposition 16]). A homogenous z € U, (g)) N Z(c0) No(ZL(0)) is
an element of the dual canonical basis if and only if there exists b € %B(00) such that

o(x) =z,
x = bmod ¢.Z(c0).

3.1.4.  We have the following compatibility of the dual canonical basis and the *-involution
from Proposition [2.22

Lemma 3.5. For b € #(c0), we have
G"P(xb) = xG"P(b).

3.2. Compatible subset. In this subsection, we introduce the concept of compatible sub-
sets of AB(o0). Roughly speaking, they are closed under the multiplication up to g¢-shifts,
considered as subsets of the dual canonical basis B"P.

3.2.1. By Proposition (3), we obtain the following.

Proposition 3.6. For homogenous z1,z2 € U, (g), we have

(3.7) o(z1m2) = ¢TIV o (19) 0 ().
Then we obtain the following property.

Corollary 3.8. Let b1, b2 € #(c0) and consider the following expansion

G (01)G™ (b2) = > dj, 1, (@)G"P (D).
wt(b)=wt(b1)+wt(b2)

Then we have dy , (¢7') = g bhmb?)dé’%bl (q). In particular, if we have G"P(b1)G"P(be) =
gV G (by ® by) for by ® by € HB(c0) and N € Z, then we have

Gup(bl)Gup(bQ) _ q—N—(wt b1,wt b2)GuP(b2)Gup(b1).
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Proof. The first statement is clear from (3.7). Suppose that GUP(b;)G"P(bg) = ¢™ G"P (b1 ®bo)
for by ® by € B(0) and N € Z, i.e., dgth(q) = ¢ 0y p, @by for by ® by € %B(00). Then we have

b ~(whby,wtbs) b - —(wtbi,wtbs) —N
dp, p, (q) = g~ (brt)gh | (g7h) = gt =N g, .

This implies that if G"P(b;) and G"P(by) satisfies thbQ (q) = ¢V S @b, for some by ® by €
PB(0), then G"P(b1) and G"P(by) g-commutes. q.e.d

Motivated by this corollary, we introduce the following definition.

Definition 3.9. (1) We denote >~ y for x,y € U_(g) if there exists N € Z such that
r=qVy.

(2) For by,by € #B(00), we call by and by are multiplicative or compatible if there exists a
unique by ® by € Z(00) such that

GUP(bl ® bg) ~ Gup(bl)Gup(bQ).

By Corollary this condition is independent of the order on by and bs. We write by _Lby
when this holds.
(3) Elements by, --- ,b; € B(o0) are called compatible if the following holds

)
G"P(br) - G™(by) ~ G (b1 ®--- ® by)
for a unique by ® --- ® by € H(o0). This condition is also independent of the ordering on
b17 Ty bl'
(4) An element b € ZB(c0) is called real if G'™P(b)G™(b) ~ G (bl?) for a unique b2 €
PB(o0), that is b_Lb.

(5) An element b € (o) is called strongly real if G'P(b)™ ~ G™(bl™) for a unique
bl € B(c0) for any m, that is b, - - - , b is compatible for any m.
~——
m times
(6) Elements by, - - - , by is called strongly compatible if for any my, - -- ,m; € Z>q, the product

G"P(by)™ - - G"P(by)™ ~ G“p(b[lml] ®--® bl[ml]) for a unique b[lmﬂ ®--® bgml] € B(c0).

Remark 3.10. For b1,by € #(c0), we say a pair (b1, ba) is quasi-commutative if we have
G"P(b1)G"P(b2) =~ G"P(by)G"P(by) following [3] and [50]. In [3], Berenstein and Zelevin-
sky conjectured that the quasi-commutativity and compatibility is equivalent. The above
corollary proves the Reineke’s result that the compatibility for b; and by implies the quasi-
commutativity generalizes Reineke’s result from when g is symmetric to arbitrary symmetriz-
able g.

Remark 3.11. The relation by 1bs is not an equivalence relation, as there exists b which
does not satisfies b_Lb. In particular, such elements are counter-examples for Berenstein-
Zelevinsky’s conjecture in [3]. In [33], Leclerc said that b is real if b.Lb and imaginary other-
wise. He constructed examples of imaginary elements in [33]. Other examples closely related
to this paper are given in [32, Corollary 4.4].

Remark 3.12. Even if b; Lby, we can not determine N in dgl by = v Op b @b, 10 terms of
weight of by,bs. In Y4l we have its explicit form in terms of the Lusztig data of b and
associated with a reduced expression w.

Corollary 3.13. (1) If by Lbo, then xby L  by.
(2) If b is real, then *b is also real.
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3.2.2. Let ™ := ™ /[m]! and r;(™ := r;/®/[m]!. These operators are adjoint of the
left and right multiplications of fz.(m) by (2.10a). From Theorem we get the following
expansions for the actions of ;7™ := ;#™/[m]! and ;™ := 7, /[m]!.

Theorem 3.14. For b € #(c0), we have
(3.152) MG (b) = [n(f)] GPE)+ D B@GT),
ei(b)<ei(b)—m
(3.15b) e = [0 erEmn s S B @e),
ef(b')<ef(b)—m
where bb/;l(Q) bb’;z(Q)v bb'si (q) = bb/ ( ) €
As a special case, we have the following result.

Corollary 3.16 ([27, Lemma 5.1.1.]). Let b € #(oc0) with €;(b) = ¢ (resp. €(b) = ¢). Then
we have ;79GP (b) = GUP(&P*D) (resp. r;(IGP(b) = GUP(&F ™2Xp)).

By the above corollary and ([2.7a)), we obtain the following result.
Corollary 3.17 ([50, Lemma 2.1]). For by, by € %#(00) with

G (b1)G™ (by) = Y dp 4, (q)G™(D),
we have ¢;(b) < g;(b1) + €i(b2) for any i € I if alb1 b, (@) # 0. An equality holds at least one b.

If fact, we can prove prove dzl’bQ (q) = 0ifg;(b) > &;(b1)+ei(b2) by the descending induction
on g;(b). In particular, the positivity of dZLbQ, assumed in [50], is not used in the proof. The
second assertion follows from

Z,70(82‘(51)+z5¢(b2)) (G™(b1)G™ (bs))
— qNGup (é;naxbl )Gup (g;naxb2)

= > gV}, 4, (q)G™ (E"D)
ei(b1)+ei(b2)=e;(b)

(3.18)

for some N € Z.
As a corollary of Corollary and Corollary we obtain the following criterion.

Corollary 3.19. (1) If by Lby, then e***b; Le]"**b, for any i € I. In fact, we have g;(by ®b2) =
gi(b1) + €i(b2) and e***(by) ® Aémax(bg) Nmax(bl ® b2). Similar statement holds for e} ™.

(2) If bis (resp. strongly) real, e***(b) is (resp. strongly) real for any i € I. In fact, we have
(b)) = me;(b) and (Exp)I™ il = emax(plml) for m = 2 (resp. any m). Similar statement
holds for e ™*.

Lemma 3.20. If b is (resp. strongly) real, we have b2l = Sy(b) (resp. /™ = S,,,(b)).

Proof. For any b with tr(wt(b)) > 0, there exists ¢ € I such that £;(b) > 0. Therefore we can
connect b to us by a path consisting of (strongly) real elements by successive applications of
€"*’s. From the formula in Corollary (2), we get the assertion. q.e.d
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3.3. Compatibilities of the dual canonical basis. In this subsection, we study the dual
canonical basis of integrable highest weight modules and its compatibilities with tensor prod-
ucts.

3.3.1. We recall the definition of the dual canonical base of the integrable highest weight
module V()) following [27, 4.2]. Kashiwara call it the upper global basis. Let M be an
integrable Uy(g)-module with a weight decomposition M = @, p M. For u € Ker(e;) N M)
and 0 < n < (h;, A), we define other modified root operators called the upper crystal operators:

g;lp(fi(n)u) _ [(hi, ) —n + l]z'fi(n—l)u’
[n]i

Sup, pn) (A1 (n+1)
fi p(f u) = 7[<h“)\> — n]lfl u.

We have a Q(g)-linear anti-automorphism ¢ on U,(g) defined by
(3.21) plei) = fi, o(fi) = ei, w(d") = "

For A € P, , we have a unique symmetric non-degenerate bilinear form (, )x: V(A) @V (\) —
Q(q) which satisfies

(3.22a) (p(z)u,v)\ = (u,zv)}y, for u,v € V(A) and = € Uy(g),
(3.22D) (ux,up)r = 1.

Then we have

(3.23a) (@Pu, v)r = (u, 70)s,

(3.23b) (fPu,v)x = (u, E0),.

Using (+,-), we define the dual bar involution oy by

(oau,v)y = (u, V).

This is well-defined since (-, )y is a non-degenerate bilinear form. We set

(3.24a) VY = {ue V(N (u, V(A)a)a C A},
(3.24b) L (N) = {u € V() (u, £ (N)x € Ao}

Then we have o) (L"P(\)) = {u € V(N); (u, L1V (N))x C Ao }. Kashiwara denote o) (Z"P(N))
by Z"7(\). The triple (Z"()), 0, (L"(\)), V(A)'F) is balanced by [27, Lemma 2.2.3].

Proposition 3.25. Let %"()\) be the dual basis of %°V()\) with respect to the induced
pairing (-, -)x: LP(N\) /¢ L™ ()\) x L% (N)/q¢ LV (\) — Q, then the pair (LP()\), B (N))
is an upper crystal base, that is

(1) Z"()) is a free Ag-module with Q(q) ®.4, L"P(A) =~ V(N),

(2) f upf“"( ) C Z"P(A) and ;P LP(X) C L"P(N),

(3) #™(\) C L™(N)/¢L"P(N) s a Q-basis,
(4) &R (\) C B(\) L {0} and f'PB™(N\) C B (\) U {0},
()

5) For bt € B™(\), b= fI"P' is equivalent to &b =b'.
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Let G\P be the inverse of V/(A)' N Z"(X) N oA(L"P(N) = ZLP(N)/qZL"P(N). The set
G\"(#"P()N)) is called the dual canonical basis of V(X). By its construction, the dual canonical
basis is the dual basis of the canonical basis with respect to (', ). We also have

(3.26) LP(N), = qIN 2 v Ny for e P

see [27, (4.2.9)]. By (B3.26]), we obtain an isomorphism .£"P(\) /¢.Z"P(X) 2 L1V (X) /q.L1" ().
Through this identification, we have a bijection Z"P()\) ~ %'°%()), and this bijection is an
isomorphism of abstract crystals associated with upper and lower crystal basis. Hence we can
identify 2P (\) with %'°V(\) and denote both by Z%()\) hereafter. If ;1 € W, this identifi-
cation is given by the identity as (A, A) = (i, u). We can also prove that the canonical base
elements and the dual canonical base elements coincide in this case.

Remark 3.27. For U, (g), we consider the Q(g)-linear anti-automorphism a of the reduced
g-analogue %,(g) defined by

(3.28) a(ﬂ') = fi, a(fz) = ,;T.

Since the (lower) crystal lattice is self-dual by Kashiwara’s bilinear form (-,-)x, we do not
need to consider the dual lattice of £ (00).

3.3.2.  Using the pairing (, ), we consider an Q(g)-linear embedding jx: V() — U_ (g)
which is defined in the following commutative diagram:

~

V(M) (40

I

U, (g9) — U, (9)%,

where the horizontal isomorphisms are induced by the non-degenerate inner products on
V(A) and U (g) and the right vertical homomorphism is the transpose of U (g)-module
homomorphism 7y: U (g) — V(A) given by P +— Puy. Then for b € #(\), we have
G (b) = G (jA (b)), where jy in the right hand side was defined just after Theorem [2.25]
Thanks to this equality, there is no fear of confusion even though we use the same symbol jy
for different maps.

3.3.3.  We use the following result in [36] 7.3.2]. For A\, A1, Ag,--- , A\, € Py with A\ = Zj Ajs
let @A, A ): Vi + X+ + ) = V(A1) ®---®V(A) be the unique U,(g)-module
homomorphism with ®(Ay,--- , Ar)(ux) = uy, @ -+ ® uy,.. Then we have the corresponding
embeddings

BA1,-- A BO) > BA) ©--- 0 B\,
(AL, A (LI (N) © L) @4 e ©ag L (M)

(See [25], §4.2].) Hence we obtain
DA, -, M) (GYY (D) = G (b1) @ -+ ® G (by) mod gL (M) @ -+ - @ L1V(A,)
for ®(A1,- -+, A )(b) = by ® - @b, for some b; € B°V()\;).
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Let gx, o 20 V(A)®: @V (Ar) — V(X) be the homomorphism defined by the commutative
diagram
VM) @ V() —= V)@@ V()

i‘hl,m,xr l@()q,---,)w)*
V(D) = VT,

where the upper horizontal isomorphism is induced by the non-degenerate inner product
Gy =G ag o (5)a on V(A1) ® --- @ V(Ay), the lower horizontal isomorphism is
induced by the non-degenrate inner product (-,-)x on V(XA) and the right vertical homomor-
phism is the transpose of ®(Ay,---, ).

Proposition 3.29. Let Ay,---, A\, € Py and b; € #(\) (1 < j < r). Assume that there
exists by o --- 0 b, € B(D_ ;) with ®(A, Ay, -+ A )(b1o---0by) =1 ® - @b, € B(\1) ®
-+ ® AB(\). Then we have the following equality

qr, - W(G;f(bl) R & Gif(br)) = G\P(b1obyo---0b.)mod g L"P(N).
We give the proof for a completeness.

Proof. We have gy, ... »,(Z"P(A1) ®4, -+ @4y ZL"P(Nr)) C ZL"P(A), in particular we have
Dr A (G (01) @ - @GP (b)) € LP(N).
Hence to show the statement, it suffices to compute the following inner product
(@n1, 2 (G (01) @ - © G (b)), GR™ (B))alg=o0

for b € #(\). By its definition of gy, ... ), , thisis equal to (b1®- - -®by, P(A1, -+, Ar) (D)) A; - A lg=0-
Since the tensor product of the dual canonical basis is the dual of the tensor product of the
canonical basis, this is equal to 0y, g..gb,, d(A1,- M\ )(b) = Obiobyo--ob,b- Hence we obtained the
assertion. g.ed

3.3.4. To compute a product of dual canonical basis elements of integble highest weight
modules, we need the following modification of the coproduct as in [36, 7.2.5, 7.2.6].

Lemma 3.30. For \,u € Py, let ry,: Uy (g) — U, (g) ® U (g) be the Q(g)-linear map
defined by

ARG (0) = D7 di, g (@)a” NG (by) @ G (b)
b1,b2

for GV (b) € U, (g) with (G (b)) = D by dgl’bQ (q)G"™" (b1) ® G'°%(by). Then we have the
commutative diagram of Q(q)-vector spaces

U, (8) ——— V(A + p)
Tx,ul D(A,p)
U, (g)@U(g) —= V(A @V (u).

ARy

Using the above modification, we obtain the following formula.
Proposition 3.31. For b; € #(\) and by € ZA(u), we have
g TN G (3 (01)) G P (Gu(b2)) = Gatur (G (B1) © GP (ba)).
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3.3.5.  Combining Proposition [3.31] with Proposition [3.29) we obtain the following proposi-
tion.

Proposition 3.32. Let Ay, -+, A\, € Py and b; € #(\) (1 < j < r). Assume that there
exists by o---0 b, € ,@(Z)\J) with (I)()\l,)\g,n- ,Ar)(blo‘-'obr) = ® --®b, € 95’()\1) &
- @ AB(\). Then there exists a unique m € Z such that

¢" G (x (01)) - GO, (b)) = G (G (bro -+ - 0 by)) mod g-L(0).

4. QUANTUM UNIPOTENT SUBGROUP AND THE DUAL CANONICAL BASIS

4.1. The Lie algebra n(w).
4.1.1. Let w € W be an element of the Weyl group associated with g. Let AT(w) :=
AT NwA™ = {a € AT|w™la < 0} € AT. We have the following description of At (w) as
follows ([31, Lemma 1.3.14]).

For a Weyl group element w, let w = (41,42, ,4;) € R(w) be a reduced expression of w,
where R(w) is the set of reduced expression of w. For each 1 < k <[ =I(w), we set

B = Si1Sip - Sik—l(aik)‘
Then A" (w) has cardinality exactly equal to [ = [(w) and we have
AT (w) = {Brhr<hs-

n(w) = EB J-a-

acAT(w)

Let

Let N(w) be the corresponding (pro-)unipotent (pro-) group in [3I, VI]. Then N(w) is a
unipotent algebraic group of dimension I(w) and its Lie algebra is n(w). We can identify the
restricted dual U(n(w))g, of U(n(w)) with the coordinate ring of N(w), that is U(n(w))g, =~
C[N(w)], see [23], 5.2] for more details.

4.2. Braid group symmetry on U,(g). We define (quantum) root vectors, using Lusztig’s
braid group symmetry {7;} on Uy(g). See [41, Chapter 32] for more details.

4.2.1.  Following [41}, 37.1.3], we define the Q(g)-algebra automorphisms 7 ,: Uy(g) — Uqy(g)
fori € I and e € {£1} by

(4.1a) T/ (q") = ¢"' ™",

(4.1b) T (e:) = 5 fi

(4.1¢) T/ (fi) = —eit; ©,

(4.1d) T/ (e)= Y. (~1gelejel”) for j 1,
r+s=—(h,a;)

(4.1¢) T).(f;) = (=1)7q; " £ fi £ for j # 4.
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For i € I and e € {£1}, we also define the Q(g)-algebra automorphisms 7}",: Uy(g) —
Uy (g) by

(4.2a) T/ (") = ¢,

(4.2b) Ty o(ei) = —fit; <,

(4.2¢) E,j_e(fi) = —t5e;,

(4.24) T/ (ej)= Y. (~1gfeesel” for j # i,
r+s=—(h;,a;)

(4.2¢) T_(f) = (=17 g7 £ [ 1) for j .
r+s=—(hi,o;)

We have

(4.3) T =TT, =id

In the following, we write T; = Ti’fl and TZ»_1 = Ti’y_1 as in [52, Proposition 1.3.1].

4.2.2. We define a g-analogue of the action of the Weyl group on integrable module following
[41], Chapter 5] and [52]. We use a g-analogue of exponential exp,(z) defined by

exp,(z) = Z qn([:;]_l')/z:c"
n>0 &
We have
(4.4) exp, () exp,-1(—) = 1.
For i € I, we define S; ([52, (1.2.2), (1.2.13)]) by
(4.5a) S; = equ;1(qi_leiti_1)equ;1(—fi) equ;l(qieiti)qfi(hiﬂ)/2
(4.5b) = exp,-1(—q; ' fits) exp -1 (er) expy 1 (—qifit; DO,

For integrable U,(g)-modules, the action of S; is well-defined. It is known that the action of
{S;}ier satisfies the braid group relations for the Weyl group W.
The braid group symmetry {7;};c; defined above is described as

(4.6) T;(x) = S;zS; !,

where the elements are considered in the endomorphism ring of integrable modules, see [52,
1.3] for more details.

4.2.3. We have the following relationship between T;, T[l and the x-involution.
Proposition 4.7 ([41] 37.2.4]). We have
(4.8) x0T ox=T, '

4.3. Quantum nilpotent subalgebra U_ (w,e).
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4.3.1. We define root vectors associated with w = (i1,--- ,4;) € R(w) for w € W. See [41],
Proposition 40.1.3, Proposition 41.1.4] for more detail. For w € W and w € R(w), we define
B as above. We define the root vectors F.(f)) associated with B € A(w) and e € {£1} by

Fe(Br) =T - T (fir)-

It is known that F,(8;) € U, (g). We note that F(8) does depend on the choice of w € R(w).
We define its divided power by

Fo(efi) =TS -+ 5, ()
for ¢ > 1. Tt is known that F.(cGx) € U (g)a-
4.3.2.

Theorem 4.9 ([41, Proposition 40.2.1, Proposition 41.1.3]). (1) For w € W, w € R(w),
e€{+l} and c € ZZZO, we set

Fe(e1pr) - Felgfy) ife=+1,
Fe(aB) - Fe(apr) ife=—1.

forms a basis of a subspace U (w, e) of U, (g) which does not depend

Fe(c,w) := {

Then {F¢(c,w)}
on w.
(2) We have Fe(c,w) € U, (g)4 for any c € leo.

l
CGZZO

4.3.3.  We recall commutation relations for root vectors and its divied powers { F'(cx0%) }1<k<i,cp>15
known as the Levendorskii-Soibelman formula. See [38], [1] or [48] for more details.
In this subsections, we give statements for the e = 41 case. We can obtain the correspond-
ing results for the e = —1 case, applying the *-involution . So we denote F,(c3), Fe(c,w)
by F(cf3), F(c,w) by omitting e.
Let w € W, w = (4,142, -+ ,4;) € R(w) and fix a total order on A*(w) given by

P <o <<
Theorem 4.10 ([48, Proposition 3.6], [38, 5.5.2 Proposition]). For j < k, let us write

F(ewBi)F(ciB)) — g~ 9P F (e;B5) F(eBy) = Y forF(<, @)

with for € Q(q). If for # 0, then c;- < ¢j and ¢}, < ¢ with ngmgk CBm = ¢ B + cxfk-

4.3.4. The following proposition is a consequence of Theorem (cf. [37, 2.4.2 Proposition
Theorem b)] and [I1, 2.2 Proposition].)

Proposition 4.11. Let w = (i1,42, - ,4;) be a reduced expression for w € W and e € {£1}.
Then the subspace U (w, e) is a Q(g)-subalgebra generated by {F(8k)}1<k<i-

We call it the quantum nilpotent subalgebra associated with w € W.
4.3.5. We define a lexicographic order < on leo associated with w € R(w) by
C = (017027”' 7Cl) < C/ = (Cllacl27'” 762)
<= there exists 1 <p <l such that c; = ¢}, -+ ,cp1 = c;_l, cp < c;.

The following theorem is obtained as a consequence of the Levendorskii-Soibelmann formula.
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Theorem 4.12. Let w € W and w € R(w) be its reduced expression. For ¢ € leo’ we
consider the following Q(g)-subspace <CU; (w):

f<c @ Q
c’<c

Then
(1) { chq_ <w)}C€leo forms an increasing filtration on U, (w).

1(2) The associated graded algebra graU; (w) is generated by {gr®(F(8))|1 < k < I} with
relations:

gt (F(B)ex” (F(8))) = a~ g™ (F(5))er” (F(Br)) (j < k).
We call this the De Concini-Kac ﬁltmtion.

4.4. PBW basis and the canonical base. In this subsection, we recall compatibilities
between Lusztig’s braid symmetry {7;};c; and the canonical base. For more details, see [41]
Chapter 38|, [43] and [52].

Lemma 4.13 ([4I], Proposition 38.1.6, Lemma 38.1.5]). (1) For i € I, we have
Uq_[z'] ={x € U;;ir(x) =0},
={z € U777} (2) € Uy},
*Uq_[z'] ={x € Ug;ri(a:) = 0},
={r e U;Ti(x) € U, }.
(2) For i € I, we have the following orthogonal decompositions:
U, =U e fiU, ="U/file U, f;.
From Lemma and Theorem we obtain the following result.

Proposition 4.14. For n > 0 and i € I, the subspaces @, _, fikU; [i] and @j_,* Uy, [i] fF
are compatible with the dual canonical base and we have

Prvgil= P o),
k=0

beERB(c0),e:(b)<n
Dullff= D Qa)cre).
k=0 beA(00),e5(b)<n

Let im: U, — U_[i] (resp. t : U, — *U_[i]) be the orthogonal projection whose kernel
is fiU; (g) (vesp. U, (g)fi). The followmg result is due to Saito and Lusztig.

Theorem 4.15 (|52, Prospoition 3.4.7, Corollary 3.4.8], [43, Theorem 1.2]). For b € %(0)
with €7 (b) = 0, we have

Ti(n' G (b)) = "n(G (Ai(0))) € Z(o0),
where A;: {b € B(0);el(b) =0} — {b e %’( );€i(b) = 0} is the bijection given by A;(b) =

fl*%(b)%l(b)b and its inverse is given by A L) = Ep:(b)'éjsj(b)b.

By Theorem we obtain the following result.
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Theorem 4.16 ([52, Theorem 4.1.2], [43] Proposition 8.2]). For w € W, w = (41,42, -+ ,4;) €
R(w) and e € {£1},

(1) we have Fy(c,w) € £(c0) and

be(c,w) = Fe(c,w)mod ¢.Z(c0) € B(0).

(b) The map leo — H(c0) which is defined by ¢ — bc(c,w) is injective. We denote the
image by #(w, e) and this does not depend on a choice of w € R(w).

For fixed w € R(w), we denote the inverse of ¢ — be(c,w) by L. g: #(w,e) — ZZZO. This
map is called Lusztig data of b associated with w.

4.4.1. As a corollary of the above description, we have the following properties.
Corollary 4.17. (1) We have A;S,,(b) = Sy, Ai(b) for b € {b € B(c0);ef(b) = 0}.
(2) We have Sp,: #(w,e) — HB(w,e) for any m > 1 and Sy, (be(c,w)) = be(me, w).
(3) We have *(#(w,e)) = B(w,—e) and *b.(c,w) = b_.(c,w).
4.5. Inner products of PBW basis. By we have the following modification of [41],
Proposition 38.2.1].

Proposition 4.18. For z,y € U, (g)¢ with z,y € U_[i] (vesp. with z,y € *U_[i]), we have
(z,y) = (1= ¢f) " "(T 2, T )k (vesp. (1—gf)™ "8 (T, Toy) i)

4.5.1. We have the following formula for inner product of PBW basis with respect to Lusztig’s

bilinear form ( , )z. For more details, see [41, Propsition 38.2.3].

Proposition 4.19. Let w € W and w € R(w) with [ = ¢(w). We have

cp(cp+1)
! -

l Cl
_ _ 1 o q;
(F(Ca w)a F(cla w))L = H (St:k,c;c H T 95 H 561@,0;9(_1) » .
k=1

s=1 11— q228 k=1 (Q’Lk - Q;Cl)ck [Ck];k

4.6. Compatibility with 7; and the dual canonical base.

4.6.1. By using the above results, we obtain the following compatibility between the dual
canonical basis and Lusztig’s braid group symmetry T;.

Theorem 4.20. For b € #(o0) wiht ¢ (b) = 0, we have
(1= g)) " OTGP(b) = GMP(AsD).
Proof. We shall prove that ((1 — ¢?)h8T,G(b), GV (V) = Oy A;b)- By Lemma
(1 — @) PTG (b), GV (V) i is equal to (1 — ¢2) P& (T,G™(b), '7G'Y (b)) . By the
Proposition this is equal to (G"P(b), Tf“ﬂGlow(b’))K. Using Theorem we have
(G (b), T; V'GPV (1) i = (G"P(b), 7' GV (A1) ke
u low A —1

= (G"(b), GV (A; b/))K = 5b,A;1(b')'

Then we obtain the assertion. g.e.d
As a corollary, we obtain the following multiplicative properties.

Corollary 4.21. (1) For by, by € #(c0) with €f(b1) = €f(b2) = 0 (resp. €i(b1) = €i(b2) = 0)
and by L by, we have A;(b1)LA;(b2) (resp. A; ' (b1) LA (bs)).

(2) If b € B(c0) with €F(b) = 0 (resp. €;(b) = 0) is (strongly) real, then A;(b) (resp. A;*(b))
is also (strongly) real.
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4.7. Compatibility with the dual canonical basis. In this subsection, we prove the com-
patibility of the dual canonical basis with the Q(g)-subalgebra U, (w,e). This is a straight-
forward generalization of [0, 2.2 Proposition]| and [32, Theorem 4.1]. Here we fix w € W and
w € R(w).

Theorem 4.22. For w € W and e € {£1}, the triple (U (w,e) N Z(c0), U, (w,e) N

0(ZL(0)), U, (w,e) NU, (g)'y) is balanced, in particular we have
U, (w,e) U, @ AG" (b
beAB(w,e)

The proof of this theorem occupies the rest of this subsection. As in [36], 3.4], [34, Propo-
sition 31, Corollary 41] and [9], we first prove that the dual root vectors are contained in the
dual canonical basis and then prove the unitriangular property of upper global basis with
respect to the dual PBW basis. The compatibility with the dual canonical basis is its direct
consequence.

Our proof needs an extra step from ones in [36, 34} O], as it is not known that the PBW
basis is an A-basis of U, (g)4 N U, (w) unless g is of finite or affine type.

4.7.1.
Proposition 4.23. (1) For i € I and n > 1, let

f<"
1)

Then we have F'P(na;) € B, (FaP)" € ¢?B" and F'(no;) FUP(may) = ¢ F*((m+n)a;)
(2) Forn>1and 1 <k <, let
F(nf)

up —
PR = ). Fond)
Then we have FP(nfy) € B, F'(3,)" € ¢“B™ and F™(nf)F™P(mBy) = g F™((m +
n)Bk)
Proof. Since Fi(n) are the canonical base elements and dim U, (g)-na, = 1 for any n > 1,

F"P(nq;) are the dual canonical base elements by its definition. By Proposition and
Lemma [2.12], we have

F"(na;) :=

(m) p(m) - 1 weow
(" ")k =(1~4q) 1;[ qu
Therefore we have (F'"P(a;))" = g, e F"P(na;) € BYP, in particular F"P(q;) is a strongly

real element. Applying Theorem [£.20] we obtain the result for F"P(nj) for 1 <k <. q.ed

4.7.2. For the computation of the action of the dual bar involution o, we need an integrality
property of the Levendorskii-Soibelman’s formula for the dual root vectors and its multiple.
For w e W, w € R(w) and e € {£1}, we set

1
(Fe(c,w), Fe(e,w)) i
This is the dual basis of {F.(c,w)} with respect to Kashiwara’s bilinear form (-,-)x. As
before, when we consider only the e = 1 case, we omit the subscript e.

F'(c, @) = F.(c,@).
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Theorem 4.24 (dual Levendorskii-Soibelman formula). For j < k, we write

F (e B1) F" () — ¢~ GPr P U2 (c; 8;) F™P (e By) = ) farF™(c!, @)

Then f% € A and if f} # 0, then c; < ¢j and ¢}, < ¢ with ngmgk CrBm = ¢ B + e

Proof. Firstly, a weaker statement that f% € Q(¢) with the above conditions follows from
Theorem and Proposition Let us prove that f} € A. Since the twisted coproduct r
preserves the A-form U, (g)4, the dual integral form U, (g))’ is an A-subalgebra of U_ (g).
Therefore the left hand side belongs to U ( g)ip by Proposition Taking the inner product
with F(c/,w), we find f} € A thanks to Theorem q.e.d

In particular, we have the A-subalgebra U (w, e)'y of U, (w, e) generated by { F"(cf) }1<k<t,c>1-
This subalgebra has a free A-basis {F:"(c,w);c € ZL,}. We call this base the dual PBW
basis. -

4.7.3. We compute the action of the dual bar involution ¢ on the dual PBW basis. The
following is straightforward generalization of [9], 2.1 Corollary (i)], and follows from (3.7) and
Theorem [4.24]

Proposition 4.25. We have

o(F™(c,@)) = F*(c, @) + Y fio(a)F™(c/, @),

c'<c

where f7 ./(q) € A.
4.7.4.

Theorem 4.26. (1) Let w € W and w € R(w). Then there exists a unique .A-basis
{B"(c,w); c € Z} of Uy (w, €)'y with the following properties:

(4.27a) o(B™(c, @) = B™(c, 0),
(4.27b) F'P(c, @) = B"™(c, @) + Y Yo B (c/, @), e € qZg).

c'<c
(2) We have B"P(c,w) = G"P(b(c,w)).

Proof. The proof of (1) is the same as one for the existence of Kazhdan-Lusztig polynomials.
The only claim we need is Proposition [£.25]
(2) Since we have fc(q) = (F(c,w), F(c,w))x € Ap and fc(0) = 1, we obtain

B"(c,w) = F"P(c,w) = b(c, w) mod ¢.Z(0).
Therefore (2) follows from (1) and Proposition [3.4] g.e.d

As a corollary, we have U, (w,e)y = U, (w,e) N U, ( )4 since {G"P(b)}pem(oo) is an
A-basis of U, (g)’{’. Together with this result, Theorem implies Theorem
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4.8. In this subsection, we study basic commutation relation among the dual canonical basis
of U, (w,e = 1). The following is a generalization of [50, Proposition 4.2], and follows from

the characterization of dual canonical basis in terms of dual PBW basis. For c,c’ € leo’ we
set

ca(c,c’) = (cxbBr, ciB) — %ZCkCZ(ﬁk,ﬁk)-
K

<k
Proposition 4.28. We have
G (b(c, w))G™(b(c/, @) = g )G (b(c + ¢/, @) + Y _ de ()G (b(d, D)),
where d < ¢ + ¢’ and dcc,( ) € A

Corollary 4.29. If b(c,w)Lb(c’,w), we have
G"(b(c, w))G"(b(c,w)) = G*P(b(c + ', w)),
that is b(c,w) ® b(c’,w) = b(c + ', w).

4.8.1. Using Proposition |4.28| we have the following expression of g-power of the g-commuting
dual canonical basis elements in Z(w,e = 1) as in [36, Proposition 18].

Proposition 4.30. If G*P(b(c, w))G™ (b(c/,w)) = ¢ Vol )G (b(c/, w))G"P(b(c, W)), then

we have
(431) N@(C, CI) = C@(C, C/) - C@(Clv C)'
4.9. In this subsection, we recall the specialization of U_ (w,e) at ¢ = 1.

4.9.1. We have the following property of the specialization of U, at ¢ = 1.
Theorem 4.32 ([41], §33.1]). There is an isomorphism of algebras:

®:Un) = Co4U,(9)a
which sends f; to f;.

Let r: U(n) — U(n) ® U(n) be the coproduct defined by r(f) = f®1+1® f for f € n.
Here we note that U(n) is generated by {f;}icr as algebra. Since the specializatioin of the
twisted coproduct satisfies this relation on the generators, the above is an isomorphism of
bialgebras.

4.9.2. Let C[N] be the restricted dual of the universal enveloping algebra U(n) of the Lie

algebra n, that is
=P U
£eQ

We take the dual U, (g)y of U, (g)a as before. Since the multiplication of U, (g) pre-
serves U (g)4, the twisted coproduct r preserves the dual integral form U (9)0, that is
r(Ug (0)4) € Uy (@)4 @ Uy (8) 4

Let r*: C[N] ® C[N] — C[N] be a product so that (r*(p ® ¢'),z) = (¢ ® ¢’,r(x)) holds
for any € U(n) and p*: C[N] — C[N] ® C[N] be a coproduct so that (u*(p),z ® z') =
(o, p(z @ 2')) holds for any x,2’ € U(n), where p: U(n) ® U(n) — U(n) is the product on
U(n). The above isomorphism ® induces the following.
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Proposition 4.33. There is an isomorphism of bialgebras
" Co4 U, (9)) — CIN],
that is we have
prodW = (" @ dP) or,
r* o (PP @ PUP) = PP o .
4.9.3. Let
o; = exp(—f;) exp(e;) exp(—fi)
= exp(e;) exp(—fi) exp(e;),
for 7 € I. Then we have
(0:)~" = exp(f;) exp(—e;) exp(fi)
= exp(—e;) exp(fi) exp(—e;).

(This (0;)~! is equal to 3; used in [23, 7.1].) The action of o; is well-defined on integrable
g-modules, especially on the adjoint representation of g. Under the specialization at ¢ = 1,
we have 0; = Sj|q=1.

4.9.4. For w € R(w) and e € {£1}, let
fe<ﬁk) = 0—1'61 e O—’Lekfl(flk)
Then we have f.(0) € g—_g, and

n(w) = € Cfe(By).
1<k<l
By the definition, f.(8x) is the specialization of F¢(0).
4.9.5. Let C[N(w)] be the restricted dual of the universal enveloping algebra U(n(w)) as-
sociated with n(w). We consider a basis of n(w) given by {fc(8k)}1<k<; and also a basis

{fe(Br) }1<k<i U {fi} of g which includes {fe(0k)}i<k<i as in [23, 4.3]. Here we fix a total
order on the basis of g by

fe(Br) < < fe(Br) < f1<fo<--.
By the Poincaré-Birkhoff-Witt basis theorem, we have a basis of U(n) given by

Fe(BY)ED) - fo(B) @ ) . when e =1,
"'f{(dl)fe(ﬁl)(cl)"'fe(ﬂ1)(cl) when e = —1,

and also a basis of U(n(w)) given by

fo(B) ) - £ ()@ when e =1,
fe(ﬂl)(c’) e fe(ﬁ1)(cl) when e = —1,

where 2(¢) = z¢/c! for x € g and ¢ € Zsq. We have ®(f.(c,@)) = F.(c,@)|4=1-

fe((c,d),w) :== {

fele,w) := {
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4.9.6. Let{fi(c,w)} (resp.{f ((c,d),w)}) be the dual basis of { fo(c,w)} (resp. { fe((c,d),w)}).
Using these, we obtain a section of C[N| — C[N(w)] as algebras.
Lemma 4.34. Let 7 : C[N(w)] — C[N] be a C-linear homomorphism defined by
Tu(fe (e, w)) = fe((c,0),w).

Then it is an algebra embedding.
Proof. First (7w} (f¥(c1,w)) -7 (f6 (co,w)), fe((c',d"),w)) is equal to

(T (f2(e1,w)) @ 7, (f2 (e2, @), r(fe((c, ), w)))
We note that
(4.35) r(fe((c, d), w)) = > fe((c'1,d1), 0) @ fe((c'2, dy), w)).

c/1+c/2=c’,d}+dyp=d’
Hence the above is equal to ¢, 4¢,,c/00,a’- On the other hand, we consider
To(fe(e1, @) - f(e2,w)), fe((c',d'), @)

By (4.35), we have fZ(c1,w) - fi(ca, w) := r*(f(c1,w) @ f&(c2,w)) = fé(c1 + ¢z, w). Then
the above is equal to (7 (f&(c1 + c2,w)), fe((c/,d’),W)) = d¢;tcq,ed0,a’- Then the assertion

w

holds. g.ed

By [23, Proposition 8.2], this embedding does not depend on the choice of w € R(w) and
of the basis of g.

4.9.7.  We study the image of U, (w, )’ ® 4 C under the isomorphism ®"P.
Lemma 4.36. Let f € g, with o € Ay \ A (w), we have
(f, @(G™P(b)|g=1)) = 0
for b € B(w,e).
Proof. Suppose that b € #(w,e) and f € go with (f, @"(G"(b)|q=1)) # 0. Then we have

a= Y abh

1<k<I

for some ay, € Z>¢. By the definition of A (w), we have w™la € Ay and w1 (Y oy arBi) €
@—. This is a contradiction. Hence we get the assertion. g.ed

4.9.8. We have the following formula of the (twisted) coproduct of the root vectors F (),
see [10, 3.5 Corollary 3.

Proposition 4.37. We have the following expansion:

r(F(Br)) — (1@ F(B) + F(Br) ® ZmC®Fc w)

where z. € U, (g) and if zc # 0, then ¢ = 0 for &' > k.

We have the compatibility of the twisted coproduct r with U, (w, e) (cf. [37, 2.4.2 Theorem
c)))-
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Proposition 4.38. We have

r(Uy (w, +1)) € U, (9)4 ® Uy (w, +1)7,
r(Ug (w, =1)) € Uy (w, —1) 7 ® U, (9) 1,

that is U, (w, +1) (resp. U, (w, —1)’7) is a left (resp. right) U, (g)’{’-comodule.

Proof. Recall that we proved U, (w,e) = U, (w,e) N U, ()Y during the proof of Theo-
rem Since 7 preserves the dual A-form U’ (g);p, it suffices to prove a weaker statement,
that is

r(U, (w,+1)) Cc U, (g9) ® U, (w, +1),
(U, (w,-1)) U (w,-1) @ U, (g).

Moreover if we apply the x-involution, we obtain the claim for the e = —1 case from the claim
for the e = 1 case. So it is enough to prove the e = 1 case. This assertion is a consequence of
Proposition and Proposition [£.37] g.e.d
4.9.9.

Theorem 4.39. Under the algebra homomorphism ®"P, we have
C@a U, (w,e) ~C[N(w)].

In view of this theorem, the quantum nilpotent subalgebra U (w, e) can be considered as
the “quantum coordinate ring” of the corresponding unipotent subgroup N(w), so we call it
the quantum unipotent subgroup and denote it by O4[N(w)].

Proof. We compute the following inner product:
<(I)up(F€up(C’ a)‘q:l)vfe((c/7d/)7w)>'
First we have
(@ (Fe® (e, w)lg=1), fe((c/,d'), @))
_ ) (@ (FP (e, w)lg=1), fe((c', 0)
(n* (2P (Fe® (e, w)|g=1), fe((0,d"), w) ®
_ J (@ @ @) (r(Fe® (e, w)]g=1)), fe((c, 0), W) @ fe
( (r(Fe ), fe(( (
=0

(2" @ O (r(Fe® (¢, w)|g=1)), fe((0,d"), W) @ fe
if d’ # 0. This follows from Lemma and Proposition [4.38 Hence it suffices to compute
the following form

((0,d

w) @ fe((0,d"), w))
((c',0),w)) whene=-1

Je
® fe
(0,d"),w)) whene=1

(c/,0),w)) whene=-1

(@™ (FP (e, W)|g=1), fe(c, @)).
This is equal to (FeP(c, w)|q=1, ®(fe(c/,w))) = (F"P(c, w)|g=1, Fe(c/, W)|g=1) = dccr. Hence
we have ®"P(F:P (¢, w)|4=1) = f¥((c,0),w) and the assertion. q.e.d

D. QUANTUM CLOSED UNIPOTENT CELL AND THE DUAL CANONICAL BASIS

5.1. Demazure-Schubert filtration U,. We recall the definition of the Demazure-Schubert
filtration U, associated with a Weyl group element w € W.
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5.1.1. Let i = (i1,---,4;) be a sequence in I and U; the Q(g)-linear subspace spanned by

(a1) .. F}(al)

the monomials I, i forall (a1,a2,-- ,a1) € Zl>0, that is

U= Y QFE™ - E
a1,a2,,a1€ZL>0

By its definition, this is a Q(g)-subcoalgebra of U_ . We have the following compatibility with
the canonical base.

Proposition 5.1 ([42, 4.2]). The subcoalgebra U, is compatible with the canonical basis B,
that is there exists a subset %;(00) of % (oc0) such that

U = & QqG° ).
beA; (o)
Remark 5.2. If we consider the A-subspace (U; ) 4 spanned by the monomials Fi(lal) . Fi(lal),
then (U; )4 is a A-subcoalgebra of U, and we have

@ AGIOW(b)
bE.@i(OO)
Remark 5.3. By the construction of U, it is clear that
*(Up) = Ugop,
+(B(00)) = Biows (00),
where 1P = (i,4;_1,- -+ ,41) for i = (i1,42, - ,i).
5.1.2. Forw € W, we consider U associated with w = (i1,--- ,4;) € R(w). Then it is known
that U_ does not depend on the choice of the reduced expression w (42} 5.3]). Therefore we

denote U_ by U and also %;(c0) by #,,(c0) by abuse of notations. By their constructions,
we have

(5.4a) *(U,)=U__
(5.4b) k(B (00)) = By—1(00).

5.1.3. Following [4, 9.3], we define the quantum closed unipotent cell O[N] associated with
w by

Oy[Nu] == Uy (9)/(Uy,)~ @)/ P Qaao
bt By (20)
Let o},: Uy (9) — Og[Ny] be the natural projection. Since (U, = D¢ 2., () Q)G (D)

is compatible with B"P the natural projection induces an bijection {G"P(b);b € By, (o)} ~
{15,(GP(b)); b € Byy(00)}. Moreover, (Uy)* is a two-sided ideal since Uy, is a subcoalgebra.
Thus O4[N,] has an induced algebra structure.

5.2. Demazure module and its crystal. In this subsection, we recall the definition of the
extremal vector u,) and the associated Demazure module V,,()\). In particular, we remind
that %, (c0) can be considered as a certain limit of the Demazure crystal.
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5.2.1. For i € I, we consider the subalgebra U,(g); generated by e;, fi,t;. Consider the
(I 4+ 1)-dimensional irreducible representation of U,(g); with a highest weight vector u(()l), let
h._ fz.(k)u(()l) (1 <k <1). We have

(55) Sifup) = (1) R TIEDD,

In particular, we have

(5.6a) Si(ugl)) = u(()l),
(5.6b) Siul)y = (—g)'u®.

5.2.2. For A € P and w € W, let us denote by wu,, the canonical basis element of weight
wA. We have the following description ([26, 3.2] and [41, Lemma 39.1.2]):
Uy = U if w=1,

U = Si_luu»\ if m = (h;,w\) > 0.

Ug,wh = f(m)

Recall that u,,) is also the dual canonical basis element. For w € R(w), we have

(5.7) Uy = S; - S; M

5.2.3.  We recall basic properties of the Demazure module, see [26, §3] or [28, Chapitre 9]
for more details. Let A € P, and V(X) be the integrable highest weight U,(g)-module with
a highest weight vector uy of weight X. Let Vi,(\) := U/ (g)uwr. This U, (g)-module is
called the Demazure module associated with w and A\. We have the following properties of
the Demazure module V,,()).

Proposition 5.8. Let w € W and w = (i, - ,4;) € R(w) be a reduced expression of w.
(1) We have

Vi(A) = Z Q) F"™ - FLuy,

a1 €Z>0
(2) We define %,,(\) C AB(\) by
(5.92) BN ={ [ [Py € BN (a1, @) € Zhy \ {0}}
(5.9b) ={b€ B(\);emax...gmaxp = UA}

) €4,

Then we have

Vu) = P QG ).

beBu(N)
(3) For i € I, we have
€iBw(N) C By(N) L {0}.

We call %,,(\) the Demazure crystal.
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5.2.4. We have a similar description of %, (c0) as %, (A). Thus %, (c0) can be interpreted
as certain limit of the Demazure crystal.

Proposition 5.10 ([26, Corollary 3.2.2]). Let w € W and (i1,--- ,4;) € R(w) be its reduced
expression.

(1) We have
(5.11a) Bul(00) ={ i filuso € B(o0); (ar, 1) € Zho \ {0}}
(5.11b) ={b € H(c0); &)™ -+ €1"b = uno -

(2) For i € I, we have
(5.12) €i B (00) C By(c0) L{0}.

5.3. To study multiplicative properties of U_(w,e), we relate it to the quantum closed

unipotent cell Oy[N,]. The following is a generalization of [9, 3.2 Lemma]. This can be
considered as a quantum analogue of [23, Corollary 15.7].

Theorem 5.13. For w € W and e € {£1}, we have the following embedding of algebras:
U, (w,e) = Og[Nyy—].

Proof. We consider the composite of the inclusion U (w,e) — U, (g) and the natural pro-

jection ¢ _.: U (g) — Oy[Ny—e]. Since both homomorphisms are algebra homomorphisms,
we obtain an algebra homomorphlsm

U, (w,¢) — O,[N, ]

Since U (w, e) is compatible with B'"? and ¢} _. induces an bijection {G"P(b); b € B, (00)} =~
{tf -~ (G"(b));b € HB,—e(00)}, it suffices to prove the corresponding assertion for the crys-
tals, that is Z(w,e) — AB,-(00). Since we have *(A(w,e)) = B(w,—e) and *(By(x0)) =
PB,—1(00), it is enough to prove the claim for the e = 1 case.

We prove #(w,1) C AB,-1(c0) by the induction on | = ¢(w). For [ = 1 case, by the
constructions of A(s;, e) and A, (00), we have HB(s;,e) = HBs,(00) for any i € I and e € {£1}.

Let w = (41, -+ ,4) € R(w) be a reduced expression. For [ > 2, we can assume that, for

~ . . -1
W>2 1= Sjy "+ * 8y, (S W, W>g = (12,23, v ,Zl) S R(wZQ) and C>o = (62,03, v ,Cl) c ZZO , wWe
have

b>9 1= F(c>2, W>2) mod ¢.Z (o) € %w;%(oo)
by the induction hypothesis. Note that €1**b>2 € %w;;(oo) by Lemma [5.10 (2). Since

*(PBy(00)) = By-1(0), we have f; @”(b>2)~maxb >2 € B-1(00). In view of [26, Theorem
3.3.2], it suffices to prove fil(f w”(bﬁ)“ﬁl‘axb 9) € B,-1(c0). We consider the image of it

11

under the Kashiwara embedding ¥;, : #(c0) — ZB(0) @ %;, and show that the image of it
is contained in %w_l(oo) ® %;,. Since ¥, is a strict embedding, we have
>2

P

U, (fi (]}

ok

2 b ~max
Palb=may ) = f, (W3, ()
@z @ 2=,
If o, (B5%b,) < 5, (F71122)), we have f, (@0%bsy @ f71 P29, ) = emaxp,, @ frati=2),

This is contained in %, -1(00) ® %;, .

>2

Piq (b>2)fé1naxb ))
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Suppose @;, (e]***b>2) > Eil(f%l(bZQ)). This means that ¢;, (b>2) > 0. Let S be the ;-

1 21
string which contains b>2 and €;**(b>2). Note that by # €;"**(b>2). Since both b > 2 and

11

€1 b are in @w;(oo), we have Sﬁ%w; (00) = S by [26, Proposition 3.3.4]. Hence we get
= >2 >2

the assertion. g.e.d

6. CONSTRUCTION OF INITIAL SEED: QUANTUM FLAG MINORS

In this section, we give a construction of the quantum initial seed in Conjecture which
corresponds to the initial seed in [23]. We only consider the e = —1 case, but the other case
follows by applying the *-involution.

6.1. Quantum generalized minors.

6.1.1. We first define a quantum generalized minor. This is a g-analogue of a (restricted)
generalized minor D,y = Dy, x which is defined in [23, 7.1].

Definition 6.1 (quantum generalized minor). For A € Py and w € W, let
Apxr = Ay = Ja(uw).
We call it a quantum generalized minor. When A is a fundamental weight, we call it a quantum
flag minor.
By its definition, it is given by a matrix coefficient as
(Apar, P) = (uwy, Puy).
6.1.2. The following result for extremal vectors is well-known.

Lemma 6.2 ([48, Lemma 8.6]). For A\, u € Py and w € W, we have

DA, 1) (Uep(rtp)) = Uwr @ Uy

It follows that
Do (Uwr @ Uwp) = Wprtwp-

Therefore we get

g A By = Ay
by Proposition In particular, A, ) is strongly real for any w € W and A € Py.
6.1.3. We describe extremal vectors in terms of the PBW basis. This is a straight forward
generalization of [7]. For 1 < k <, we define the following operations as in [23, 9.8],

k™ :=max(0,{1 < s <k —1;is = ix}),
Emax := max{l < s < [;is = ig}.
Proposition 6.3. For 0 < k <[, we define nj by
n =
k() {0 otherwise.

If i = i) (here we understand ¢ = iy, holds for any i if kK = 0), we have Fe—_1(mng; 0)umem, =
Us,, -5, meo; for m > 1.
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Proof. We follow the argument in [7, 2.1 Lemma]. We prove the assertion by an induction on
k. The assertion is trivial when k = 0. Note that

Foy(mny, @) =T, -T2 (F™) oy (mny,-, @),

k—1 1k

Therefore we have

Foy(mnge, @) = Tt T (B )ty oy s,

k-1 1k
by the induction hypothesis. By (4.6 , this is equal to
5;1 S, ! ( (m))Sikq w835, ! ~-S~7iumwi

T_1 1k 11~y i

_ q- 1 pmyg. A
- Sz S ( )S’Lk_l o Slkquumwi-

1e—1 lk
Since none of ix- 1, ,i,—1 is 7, this is equal to
1 1 (m)
S’il S’Lk 1( ik )umwz

By (5.7), this is nothing but S; L. S, lumwi. Therefore the assertion also holds for k.  q.e.d

By the above proposition, we have T, (b—1(mng;w)) # 0 for any 1 <k <l and m > 1.
Hence jmew,, (usn-"sz'kmwz'k) = G"P(b_ (mnk, w)) for any 1 < k < [. As a special case, we
obtain the following result.

Corollary 6.4. For w € W and fix w € R(w). For i € I, we set n’ by ny,_. with i, = i. For
A€ Py, wesetnt =Y, \n'€ Zl>0. Then we have

(6.5) Ay = G (b_y (0, @)).
Proof. By Proposition we have
(6.6) Apmz; = G™ (b1 (mn’, w))

for any 7 € I. Then by , Lemma, [6.2) m and Corollary m we obtain the assertion. g.e.d

6.2. Commutativity relations. In this subsection, we prove that quantum generalized mi-
nors {Aya} g-commute with G"P(b) for b € %,,(c0) in the quotient Oy[Ny]. It means that
Ay and G (b) g-commute up to (Uy)*. By Theorem they literally g-commute when
b € By(w,—1). We denote the projection of G"P(b) to (’)q[]\TU] also by G"P(b) for brevity.

6.2.1. For the proof of certain ¢g-commutativity relation, we need to use the quasi R-matrix.
We recall its properties.

First we consider another coproduct A defined by (T® ™) o Ao . We have an analogue of
Lemma

(6.72) Ald") =q"® ",
(6.7b) Ale) =e; @t +1® e,
(6.7¢) Alf))=fiol+t " fi

We consider the following completion

§eQ &= +¢"
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Note that the counit ¢ extends to the completion. In [41, Chapter 4], Lusztig has shown that
there exists a unique intertwiner = € U/ (g)®U, (g) such that

(6.8) ZoA(z) = A(z) o Z for any = € Uy(g),

£(E) =1, and E0 = = Zo = = 1. We have an analogue of Lemma [2.5}

(6.9) Az) = g O @) g b ® 31,

for any » € Uy (g) with r(z) =5 T(1) ® (). In particular, we have

(6.10) A(z)(uy ®@uy) = Z q*(Wtx“)’Wtx<2))x(2)twtx(1)w @ T(1)Up,
for such = € U, (g).

6.2.2.

Proposition 6.11. For b € %, (1) and uyx € %y (N), we have the following g-commutation
relation in Oy[N,):
Ia(uuwn) G (Gu (b)) = G (5u(b)) g (tan)-

Proof. Since we only consider the equality in quantum closed unipotent cell O4[N,], it is
enough to check that inner products with z € U, are the same up to some g¢-shifts, and the
g-shifts do not depend on choice of x. By Proposition this is equal to

(uwr ® GP(b), A(z) (un @ wp))au
where (-,-)x, denotes the inner product on V(A) ® V(u) defined by (u ® v',v ® v')y, =
(u,v)x (v, v"),. We use the quasi R-matrix to rewrite this as
(uwr ® G,P(b), (EoA(z) 0 E)(ur @ uy))apu-
Since the action of the quasi R-matrix is trivial on the highest weight vector, this is equal to
(twr ® GLP(0), (E 0 A(@)) (ur @ up))apu-

Since the inner product has an adjoint property for ¢, this is equal to

(¢ @ @) (E) (wwr @ GP (b)), (A(2))(ur ® up))au-

Note that (A(x))(ux ® u,) is contained in the tensor product of Demazure modules V;,(\) ®
Viw(u) by §5.2.3] By the form of quasi R-matrix (6.8) and the definition of ¢, the nontrivial

part of (¢ ® ¢)(ZE)(uwy ® G, (b)) is not contained in the tensor product Vi,(A) @ Vi, (p),
therefore the above is equal to

(wwr @ GP(b), (A(2)) (ur @ up))ap-
By , this is equal to
(wwx ® GP(b), (fip o A(z))(ux @ wu))apus
and also to
(a(uwr) @ G™(jub), (Hip o r(z)) K
up to some g-shifts, where flip(P ® Q) := Q ® P. Therefore we get
(A ()G (Ju (), )k 2 (G (ju (b)) (uwr), )k

for any € U;,. Here we note that g-shifts depend only on the weights of w,, and j,(b), and
is independent of x. Then we obtain the assertion. g.ed
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Restricting the above equality, we obtain the following g-commutativity relations in O4[N (w)].
Corollary 6.12. For c € Zl>0, we have
G"P(b_1(c,w))Apr = AprG*P(b_1(c,w)).

6.3. Factorization of g-center. In this subsection, we prove the multiplicative property of

PByy(o0) with respect to the quantum minors {Ayy}baep, in Og[Ny]. This is a generalization
of [8, 3.1], [9] and [32, Lemma 4.2]. This result can be cons1dered as a g-analogue of [23]
Lemma 15.8].

6.3.1. Using Corollary and inductively, we obtain the following lemma.
Lemma 6.13. Let w € W and w = (i1, -+ ,4;) € R(w) as above. We define
ei(b) = (€01 (b), €0y (€7D), - -, €0y (€57 - - €17D))
for b € #(o0). For b1,bs € B(c0), let us write
G (b1)G™(b2) = Y _dp, 4,(q)G"™(b)

with dl(il,b (q) € A. If dbl b, (@) # 0, then e5(b) < eg(b1) +eg(b2), where < is the lexicographic
order on Zzo as in ﬁ

Let b € By, (00) with eg(b) = eg(b1) +eg(b2) for by, by € By (c0). Then we have d217b2 (q) =
q" for some N € Z.

6.3.2.

Proposition 6.14. Let w € W and A\, u € Py. For b € B, (1) and u,y) € Buyw(N), there exists
V € Bu(X+ 1) such that
(A, 1)(V) = uwr @b,

and we have an equality in O,[N,]:

AuAGP(ju (b)) = G (agu (V).
Proof. Fix w = (i1, - ,i;) € R(w), we have

e (U ® ) = Uy ,x @ €7b
by the tensor product rule (2.34a)) for crystal operators and ¢;, (uy) = 0. Using this recur-

sively, we get

A EA (1,0 @) = Uy © Uy,

In particular, there exists b’ € B, (A+p) such that ®(\, 1) (b') = uyx®@b. By Proposition
and Proposition we have

(6.15) g TN ANG ™ (Gub) = G (au®) + Y Fua (@GP

for some fz?,:m(Q) € ¢qZ[q). By the second assertion of Lemma [6.13] we have fgﬁr;(b/)(q) =0

as in [8 1.8 Proposition (i)].
Applying the dual bar-involution o, we obtain

(6.16) —(wtb 1, A) (Wt b— p,wA— )\)Gup(] b)A N - Gu p ]A-Hi 5’1’”)\ -1 Gup(b//)
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By Proposition we have G"P(j,b) Ay = ¢ AyprAG"P(jub) for some m € Z in O[N] It
is equal to

(617) qf(wtbfu,)\)+(wtbfp,w)\f)\)erAw)\Gup(jub) oL p .7/\+,u + Zfé)l:u)\ -1 Gup(b//>

Therefore we obtain fé’:;u y(g) = 0 for any b” by comparing and (| - g.e.d

Since there exists u € Py such that 7,(b) # 0, we obtain the following theorem.
Theorem 6.18. Let b € #,,(c0) and A € Py. There exists b’ € 4,,(c0) such that

A NG (b) ~ G (V)

in Oy[Ny].

Taking b from %(w, —1), we obtain the following theorem by Corollary [4.29]
Theorem 6.19. For ¢ € ZZO and A € P,, we have

AprG™(b_1(c,@)) ~ G™(b_1(c + n*,d)).

6.3.3. The following is a generalization of Caldero’s result [8, 2.1 Lemma, 2.2 Theorem]|. It
follows from Theorem by an induction on the length of w.

Theorem 6.20. Let w € W and fix w € R(w). We set
A’LﬂJC =A
for 1 <k < 1. Then {Agx}i<k<i forms a strongly compatible subset.

SipSi Wiy,

6.3.4. Following [23] 15.5], we call ¢ € leo interval-free if c satisfies the following conditions:
) = min{ck; ir=1y=0

for any i € I. By definition, ¥c:=c—3,; i e /S S0 Is interval free. We have the following
factorization property with respect to the extremal vectors {Ayz}aep, -

Theorem 6.21. For c € lem we set A(c) == ;g cDw; € P,. Then we have
G (b-1(c,w)) = G (b-1(Yc, ) Ayx(e)-
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