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ON THE VALUE-DISTRIBUTION OF LOGARITHMIC DERIVATIVES
OF DIRICHLET L-FUNCTIONS

YASUTAKA IHARA AND KOHJI MATSUMOTO

ABSTRACT. We shall prove an unconditional basic result related to the value-distributions
of {(L'/L)(s,%x)}x and of {(¢'/¢)(s +iT)}~, where x runs over Dirichlet characters with
prime conductors and 7 runs over R. The result asserts that the expected density func-
tion common for these distributions are in fact the density function in an appropriate
sense. Under the Generalized Riemann hypothesis, stronger results have been proved in
our previous articles, but our present result is unconditional.

1. INTRODUCTION AND STATEMENT OF THE RESULT

This is a supplement of our former papers [3] and [7]. In [3], we defined and studied
the “would-be density function” M, (w) (o > 1/2) for the value-distribution of L'/L(s, x)
on the complex plane C for certain family of L-functions over any global field (s: fixed
with R(s) = o), and established the expected connection under some restrictive hypothe-
sis. This was generalized and strengthened in [8] under GRH, the Generalized Riemann
hypothesis. In [7] we treated the analogous ”would-be” density function M, (w) for the
log L. case, and in this case, when the base field is the rational number field Q, we were
able to obtain an unconditional result on the expected connection. The purpose of the
present paper is to show that a parallel unconditional result for the L'/L case over Q can
be obtained with but small modifications of the methods used in [7].

Let s = 0 4 i7 be a complex variable, ((s) be the Riemann zeta-function, y a Dirichlet
character with prime conductor, and L(s, x) the associated Dirichlet L-function. We study
the value-distribution of (L'/L)(s,x) when x varies, or (¢'/{)(s + i) when 7’ varies. In
the latter case, defining y,(n) = n=i (7" € R, n = 1,2,...), we may regard that
C(s+it") = L(s, x,) and the “character” x, varies. Therefore our object consists of two
types of infinite families of characters, (FI) all Dirichlet characters x of prime conductors,
or (FII) characters of the form x,/, 7/ € R.

Let M,(w) for o > 1/2 be the function of w € C defined in [3]. Here we take K = Q (in
terms of [8], this corresponds to the function M, (w) for “Case 17, K = Q, P = (00)).

We shall prove the following theorem.

Theorem 1.1. Let s = o + i1 € C be fized, with 0 = Rs > 1/2. Then the equality
L/
(L1) ave @ (F00)) = [ M)
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holds simultaneously for both families (FI) and (FII), where |dw| = dudv/2w for w = u+iv,
the meaning of Avg, s defined below, and the test function ® is one of the following:

(i) ® is any continuous bounded function;

(ii) @ is the characteristic function of either a compact subset of C or the complement
of such a subset.

Finally, when s =1, (at least) in case of the family (F1), the test function ® can be any

continuous function of at most polynomial growth.

The above statement for o > 1, and stronger but conditional results for ¢ > 1/2 under
GRH (over more general base fields for the family (FI)) were already shown in [3, §]
(cf. also a survey article [5]). The purpose of the present paper is to prove this theorem
unconditionally for any o > 1/2.

The definition of Avg, is as follows.

Case (FI). For any prime f(> 2), let X(f) denote the set of all primitive Dirichlet
characters whose conductor is precisely f, and X'(f) = X'(f,s) be the subset of X(f)
consisting of all y such that L(s, x) # 0 for our fixed s. By a theorem of Montgomery [14]
it satisfies

x|
f=oo |X(f)]
(For any finite set A we denote by |A| its cardinality.) For any complex-valued function
#(x) on X'(f), we define the averages

(1.2)

(1.3) Avgy: f)¢( Z I0%
XGX’ 1)
(1.4) AVE < d(X) Z Avg x5 d(X),

where m is any positive integer, f runs over all odd prime numbers up to m, and w(m)

denotes the number of prime numbers up to m. Now define

(1.5) Avg,¢(x) = lim (Avg;c,,¢(x))-

When we state a formula for Avg,, it will always include the claim that the limit exists.
We remark here that the main statement of the theorem deals only with the averages of
those ¢() which are bounded on the union of X'(f) over all f (because the test function
® is bounded). Therefore, if we replace X'(f) by a smaller subset preserving the condition
(1.2), the average (1.3) (resp. (1.4)) changes only by a quantity which tends to 0 as f — oo
(resp. m — 00), hence the limit average (1.5) remains the same (e.g. the subset “X’(f)”
n [7], or the subset denoted by X”(f) defined below in Section 2 used for the proof). As
regards the additional statement for s = 1, note that X'(f,1) = X(f).

Case (FII). The definition of Avg, in this case is simply

(1.6) AVgx¢(XT = 15202T/ (X )dT’,
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for any integrable function ¢(x,/) of 7.

A closely related problem is the study on the value-distribution of log L(s, x). In [7],
we have constructed a continuous non-negative density function M, (w) parametrized by
o > 1/2 and established the following theorem.

Theorem 1.2. ([7]) For any s € C with 0 = R(s) > 1/2,
(1.7) Avg, ®(log L(s, X)) = /C/\/lg(w)q)(w)|dw|

holds simultaneously for both families (FI) and (FII) for a suitable choice of the branch of

the logarithm, a suitable definition of the average Avg, , where ® is as in Theorem 1.1.

Our Theorem 1.1 implies that the exact analogue of Theorem 1.2 holds in the L'/L
case.

To prove these unconditional results, our method is to apply several mean value results
on L-functions. As for the log L case, such mean value theorems were obtained in [7] to
prove Theorem 1.2. It is possible to use the same mean value theorems in our present
situation, because L'/L can be written as an integral involving log L in the integrand, by
using the Cauchy integral formula. Note that the idea of applying the Cauchy integral
formula in such a situation already appeared in Kershner and Wintner [12] in the (FII)
case (see Remark 3.1).

In the following sections we will prove Theorem 1.1. Since the basic structure of the
proof is similar to those developed in [3] [7], we will only point out the differences from
those and omit the details.

2. PROOF IN THE CASE (FI)

As mentioned in Section 1, the assertion of Theorem 1.1 was already shown in [3] when
o > 1. Therefore it is sufficient to consider the case 1/2 < o < 1. The final statement for
s =1 then follows directly by combining [9]85 (Theorem 5) with [8]§5 Lemma A.

As in [7, Section 7], let 1/2 < 09 < 1,0 < 3e1 < 09 — 1/2, ap = 09 — €1, a1 = 09 — 2¢71,
ag = 1/2+¢€1. Then 1/2 < ag < a1 < ap < 09 < 1. These constants are regarded to
be fixed, and the implied constants of Landau’s O-symbol or Vinogradov’s symbol below
may depend on them.

Let T' = |7]| 4+ 2, and let X”(f) be the set of all x € X(f) for which L(s',x) # 0 for
any s = o' + i7’ in the region o’ > o0¢, |7'| < T. Then obviously, X"(f) C X'(f) and
Proposition 2.1 of [7] (which is based on a theorem of Montgomery [14]) asserts that

X
oo [X(f)]
So it suffices to prove the theorem where the average is defined with respect to X”(f).

We study the case ® = 1, first, where z € C and 1, is the additive character of C
defined by 9, (w) = exp(if(Zw)). When once this case is established, we can deduce the

(2.1)
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assertion of the case (FI) of Theorem 1.1 for general ® satisfying (i) and (ii), quite similarly
to the argument in [7, Section 9] (see also Remark 3.2).
In the case ® = 1), the right-hand side of (1.1) is equal to

/C M, () (w)]dwo| = M, (2),

the Fourier dual of M, (z) (see Theorem 3 of [3]). Since 1, is bounded, the average (1.3)
(and so (1.4), (1.5)) does not change if we replace X'(f) by X”(f). Therefore, noting

|X(f)] = f — 2 for any odd prime f, we find that what we have to prove in this case is

(2.2) n}i_rpooﬂ Zf > s (LL/(&X)):MU(Z)-

f<m X€X"(f)

First we introduce the “finite truncation” of L-functions. Let 1 <y < m, P = P, the

set of all primes not greater than y, and write P = {p1,...,p.}, v = 7(y) ~ y/logy.
Define

Lp(s.x) =[] 0= x)p~) ™"

peEP
and

log Lp(s,x) = ZLog 1—x(p)p %),
peEP

where “Log” means the principal branch. As in [3], let M, p(w) be the density function
for the value-distribution of (L'»/Lp)(s, x), and Mmp(z) be its Fourier dual.
The starting point of the proof of (2.2) is the following inequality:

23) Ly Y (Bew) -t

f<m xX€X"(f)

7 D T P {o: (Fen) - (F260) )
Zf_ > ¥ ( 8 X )>—]\70—7P(Z)

f<m XEX"'(f)
‘MU p(z Ma(z)’
= XF(2) + YP'(2) + Z¥ (),

say. This is an analogue of [7, (125)], and “ld”s (which stand for the “logarithmic de-
rivative”) are attached only for the purpose of distinguishing our notation from that in
[7].

In order to estimate X'(z), we first introduce some more notation. For each Dirichlet
character y, from the half-plane {s’ | ¢/ > 1/2} we exclude all the segments of the form
{o"+iSp | 1/2 < o/ < Rp} (for all possible zeros p of L(s', x) with Rp > 1/2), and denote
the remaining region by G,. In the region G, we can define the value of log L(s', x) by
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the analytic continuation along the horizontal path {¢” + i7" | " > ¢'}. Define
Rp(s',x) =log L(s', x) — log Lp(s’, x)

for s € Gy(an) = Gy N{o’ > a1}. Let ¢ and ¢ be fixed small positive numbers, and
let Bo = Bo(6) > 1, B1 = B1(0) = 260, H(7), Qo(7), Q1(7), fr(s',x), Fr(T,X) be as in
[7, Section 7]. The distance between the boundaries of the two sets Qo(7) and @Q1(7) is
g9 = min{ey, c}. Let X1(f) be the set of all x € X”(f) such that

£9 276 2
. > — —
(24 0z (2)(3)
and Xy (f) its complement in X”(f), that is, all those x € X" (f) satisfying
£9 276 2
(2.5) Fp(r,x) <m (5) <2> .
We divide

2o X {u(Fen)-u(Zen)f- X+ X st s
XEX"(f) X€X1(f)  x€Xa(f)
say.
Consider SY(f). First, using the fact |1, (w) — . (w')| < |2| - |w —w'| ([3, (6.5.19)]), we
obtain

L L
@7) SNl X | T - fRe|
xeX2(f)
Since (2.5) holds for x € Xs(f), by Lemma 7.2 of [7] we obtain
(2.8) [fp(s',x) < 0/2 (s € Qo(r)).

Therefore by Lemma 7.1 of [7] we find that H(7) C G, (a1) (especially L(s’,x) # 0 for
s € H(7)), and |Rp(s',x)| < ¢ for s’ € H(T).

Let U = U(s) be the circle of radius €2/2 whose center is s. Then U C H(7) (because
o —¢e9/2>09—¢e2/2>09—¢e1 = p), and so (L'/L)(s,x) is holomorphic on and inside
U. Therefore by the Cauchy integral formula we have

r 1 log L(s', x)
2.9 — = (log L I~ DS X) g
( ) L (87 X) ( Og (87 X)) 27TZ U(S) (8/ _ 8)2 S
1 2 ) )
= — log L (3 + 6—2629,)(> e,
TE2 Jo 2

and similarly

I/ 1 2 ) )
(2.10) P(s,x) = / log Lp (s + %26’9,)(> e dp.
0

Lip TEY
Substituting (2.9) and (2.10) into (2.7), we obtain

(2.11) sty < 2L [

e ’ [Rp (s + e x) | do.

XEX2
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Here we note that U C Qo(7). In fact, we have already seen that U C H(7), and also we
see U C {0’ < o} because (3 is large. Therefore (2.8) holds for s’ € U. This implies, as
is shown in the proof of Lemma 7.1 of [7],

(2.12) [Rp(s' 01 < 2fp(s,x)] (5 €U).
Combining (2.11) and (2.12), and using Schwarz’ inequality, we have
22| €2
ld < €2 o ‘
(2.13) s | DY fo (s+ S, x) | a0
x€X2(f)
1/2
2 2
< !z|f1/2/ ‘fp <s+ ,x)‘ do.
0 2
XEX2(f)

Since o/ = R(s + (e2/2)e) > ag > ay for s’ = o’ + i’ € U, using [7, (133)] (this is the

point where a mean-value result on L-functions is necessary) we obtain

(2.14) S| < |2 fPA, £V 2 < 2|2 AT £,y)'2,
where
1—a2
_ o120 (1—a1)/(1—as2) 7|+ 1
(2.15) A(r, fy) = fy + ft exp (Bo Tog s > (1 + 0z

with a certain absolute positive constant B.
The treatment of S!¢(f) can be done exactly in the same manner as in the argument
around [7, (135), (136)]. We have |Si(f)| < A(r, f,y), and, combining this with (2.14),

we obtain

(2.16) XB() €~ 3 2P A L)+ A S.)

m(m) =

This is the L'/L-analogue (exactly the same form!) of Proposition 7.4 of [7].
Now we consider Y},d(z). Divide

DI S H o)

) o XEX" ()

into J, ld(m) J{d(m) + Jéd(m), analogously to the decomposition of [7, (137)]. The treatment

of Jéd(m) and Jéd(m) is exactly the same as that of Jém) and JQ(m) in [7]. As for J{d(m), we
first note that, when the conductor f of x is larger than y, it holds that

LI iTn
(2.17) ¢Z<L ) ST Al (np;z, 2\ pr P

npcZp
where Zp = HpGP Z, and for np = (ny,)pecp € Zp,
X =11 x>, pm™e=T1]p "
peEP peP
and Afffp(np;z,i) is given by [3, (5.1.7)] (without “Id”). This follows from [3, (1.5.4),
(5.1.6)], and is the L'/L-analogue of (7, (138)]. Starting from (2.17), we proceed similarly
to the argument around [7, (139)-—(147)]. (On this occasion we note that ) _, is missing
P
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after the product symbol [] . p in the first line of [7, (147)].) We use 3, (5.1.14)] instead
of [7, (89)], and [3, (3.1.10)] instead of [7, (32)]. Proposition 5.3 of [7] includes the present
L'/L case, and so we can apply it. Then, instead of n(y) in [7] (see [7, (116)]),

{ Y=o if 1/2<0<1,

id _nld —
(218) n (y) =1 (Uay) - logy if o=1.

appears. The conclusion is that Y}Dd(z) satisfies the same inequality as that in Proposition
7.5 of [7] (with replacing n(y) by n'(y)).

Finally we choose y = (logm)“? with 0 < we < 2. Then we find that X¥(z), Y}(z)
tend to 0 as m — oo. Also Theorem 3 of [3] implies that Zi¢(z) — 0 as m — oo. Therefore
we now complete the proof of (2.2). Moreover this convergence is uniform in |z| < R for
any R > 0.

3. PROOF IN THE CASE (FII)

As in the case (FI), it is enough to consider the case ® =, i.e., to prove

(3.1) lim 1 ' ) C—/(J +ir') ) dr’ = M,(z)
‘ T=00 2T | 777\ ¢ Y
(cf. [7, (92)]). Similarly to [7, (95)], we begin with the inequality
1 T ! N
(3.2) o /_T (R (C(U + iT/)> dr’ — M,(z)
i T Q;/ ) & . /)} /
< 2T/_T{1/JZ<C(O‘+ZT)> T,ZJZ<CP(O'—|—ZT) dr
T / .
+ % /_T 0, <?;(O‘ + ’iT/)> dr' — My p(2)

+ ‘z’\Zmp(z) _ Ma(z)‘
= XF(2) + YF(2) + ZF (),

say. Note that the meaning of these X¢(z), Y}(z), Z!(2) is different from that in Section
2.

The method of evaluating X'¢(2) is a little different from the argument in [7]; rather,

we follow the idea in Section 2. Noting [¢,| = 1 we have

(3.3)  X4(x) < = /2 2dr + — [ | (I(a 4 w’)) _ (CE”(U + w’)) i,
- 2T _92 2T I(T) C CP
where I(T) = [-T,-2] U [2,T]. Let I;(T) (resp. I2(T)) be the set of all 7/ € I(T) for

which (2.4) (resp. (2.5)), with replacing 7 by 7" and putting x = 1 (the trivial character),
holds. Decompose the second integral on the right-hand side of (3.3) as X! + X! where
X;d denotes the integral on I;(T) (j =1,2). Then

(3.4) Xl(z) < 4 +

1 ld ld
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Consider X4. When 7/ € I5(T), as in Section 2 we see that ((s”) # 0 and |Rp(s”,1)| <
2|fp(s”,1)] < d for any s” € H(7'). Therefore (¢'/¢)(s”) is holomorphic on and inside the

circle U’ of radius €3/2 whose center is o + i7’, so

¢’ 1 log ((s" "
(3.5) > (o +ir!) = m//(og(s,)st .

¢ s — o —iar’)
Similarly to (2.13), we obtain
o , 1/2
(3.6) Xl « ]z\Tl/Q/ / ‘fp (a+w + 20 1)’ dr'| a6
0 1o(T) 2

A mean square estimate of | fp| was obtained in Lemma 5 of [13] (see also [7, (102), (106)]).
Applying this lemma, we have

1/2
1—2a1+¢ T1—2a1+5 Yy
(3.7) 2T 4 < |2 { + exp <01 <logy> >} ,

for any small € > 0 and an absolute constant C7 > 0.
As for X4 we first use |¢,| = 1 to obtain

(3.8) X! < omeas(I,(T)),

where meas(A) means the 1-dimensional Lebesgue measure of the set A. Using (2.4) for
7' € I,(T), we have

(3.9) meas(1 (7)) <« Fp(r',1)dr’
I (T)

,31 T42¢
/ da”/ |fp(c” + i7", 1)|2d7'”/ dr’,
T—2¢ Ji(r'")

where Ji(7") = I1(T) N [t — 2¢, 7" + 2¢]. The innermost integral is < 4e¢, and is equal to
0if 77 € (=24 2¢,2 — 2¢). Therefore we can apply Lemma 5 of [13] ([7, (102), (106)]) to
the right-hand side of (3.9). Combining with (3.8), we obtain

1 2 y 1/2
310 7de / 1—2a1+e T172041+E C d "
( ) o711 < . Y + exp 1 log o
h 1 1-20"+4¢ 1 2—20""+¢ do”
+ i Fy + T_”Ty (o2

1/2
< y1—2a1+€ + T1—2a1+8 exp <Cl ( Yy > >
logy

_ 1 _
+y 3+Elogﬂ1+fy > log Bi.

Since the factor log 81 can be absorbed into the implied constant, from (3.4), (3.7) and
(3.10) we obtain

1/2
1
(3.11) XY(2) < (|2| +1) {y1_2a1+5 + T2+ oxp <01 <1 Z > ) } +5+ y 3T,
ogy
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The way of evaluating Y/4(2) is almost the same as that around [7, (109)—(122)]; only
replace 7(y) by 7'%(y). As an analogue of Proposition 6.2 of [7], we obtain
(3.12) Yi(2) < %exp <C3 <|z|y3/2—“ + b?;y»
with an absolute constant C3 > 0.

Choosing y = (log T)“* (0 < w; < 1), from (3.11), (3.12) and Theorem 3 of [3] we find,
as in [7], that X% (2), Y¥(2) and Z¥(2) tend to 0 as T — oo, uniformly in |z| < R for
any R > 0. This proves (3.1).

Remark 3.1. Bohr and Jessen [2] proved the case (FII) of Theorem 1.2 for ® with (ii),
and Jessen and Wintner [10] reformulated the result in terms of asymptotic distribution
functions. Kershner and Wintner [12] then proved that the analogue of the Jessen-Wintner
theory is valid in the ¢’/{(s) case. Therefore the case (FII) of our Theorem 1.1, for ®
with (ii), is essentially included in Kershner and Wintner [12], though the density function
is not explicitly given in their paper. The general (FII) case can be deduced from their
result by the argument suggested in Remark 9.1 of [7]. Our method in the present paper is
rather different from theirs, and has advantages such as the unified treatment of both the
cases (FI) and (FII), and the explicit construction of the density function M,(w). In fact,

the function M, (w) and its Fourier dual themselves are interesting objects of research (see

8], [4])-

Remark 3.2. To show the general conclusion of our theorem from the special case ® = 1,,
we can apply the method given in [7, Section 9], as indicated at the beginning of Section
2. This step can be explained as a consequence of a general theorem on weak convergence
of probability measures.

Here we show how to deduce the case (i) of Theorem 1.1 from the case ® = 1),. In case
(FI), the left-hand side of (1.1) is

: 1 1 r
(519 o 2w 3 #(70)

f<m XEX'(f)
. 1 1 L
_rggnooﬂ'(m)—l Z X'(f) Z (I)<L(S7X))'
f<m XEX'(f)

Let d,, be the complex Dirac measure which is non-zero only at w, and define

1 1
= ) =1 2 X) 2 e

f<m XEX'(f)
Then this is a probability measure, and the right-hand side of (3.13) can be written as
lim [ ®(w)dpm,(w).
m—o J¢
Therefore (1.1) for any continuous bounded @ is nothing but the weak convergence of
probability measures i, to M,(w)|dw|. It is a well-known fact that the weak convergence

of probability measures can be verified if we can check the special case ® = 1,.
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In case (FII), we define the probability measure

L meas{r’ € [=T,T] | (I'/L)(s + i) € A}

pr(A) = oT

(where A is any Borel subset of C), and proceed similarly. The above argument was

pointed out by Professor Philippe Biane and Professor Katusi Fukuyama, to whom the

authors express their sincere gratitude.
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