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Abstract

We establish conditions on sequences of graphs which ensure that the mixing times of
the random walks on the graphs in the sequence converge. The main assumption is that the
graphs, associated measures and heat kernels converge in a suitable Gromov-Hausdorff sense.
With this result we are able to establish the convergence of the mixing times on the largest
component of the Erdos-Rényi random graph in the critical window, sharpening previous
results for this random graph model. Our results also enable us to establish convergence in
a number of other examples, such as finitely ramified fractal graphs, Galton-Watson trees
and the range of a high-dimensional random walk.

1 Introduction

The geometric and analytic properties of random graphs have been the subject of much recent
research. One strand of this development has been to examine sequences of random subgraphs
of vertex transitive graphs that are, in some sense, at or near criticality. A key example is the
percolation model and, for bond percolation above the upper critical dimension, we expect to
see mean field behaviour in the sequence of finite graphs in the critical window. That is the
natural scaling exponents for the volume and diameter of the graph and for the mixing time are
of the same order as those for the Erdés-Rényi random graph in the critical window, as given in
[35]. This mean field behaviour is seen in other natural models of sequences of critical random
graphs. For example [6] obtained general conditions for this behaviour and showed they hold
for examples such as the n-cube, while the high dimensional torus is treated in [23]. Motivated
by these results we will focus on the asymptotic behaviour of mixing times for random walks
on sequences of finite graphs. We consider general sequences of graphs but under some strong
conditions which will enable us to establish the convergence of the mixing time.

In order to demonstrate our main result we consider the Erdés-Rényi random graph. Let
G(N,p) be the random subgraph of the complete graph on N labelled vertices {1,...,N} in
which each edge is present with probability p independently of the other edges. It is a classical
result that if we set p = ¢/N, then as N — oo, if ¢ > 1 there is a giant component containing a
positive fraction of the vertices, while for ¢ < 1 the largest component is of size log N. However,
if p= N"14 AN~/ for some A € R, we are in the so-called critical window, and it is known that
the largest connected component CV, is of order N2/3. The recent work of [1] has shown that
the scaling limit of the graph, M, exists and can be constructed from the continuum random
tree.
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For the Erd6s-Rényi random graph above criticality, [19] and [4] established mixing time
bounds for the simple random walk on the giant component. For the random graph in the
critical window, the following result on the mixing time t.. (CV) (a precise definition will be
given later in (1.8), see also Remark 1.3) was obtained by Nachmias and Peres ([35, Theorem

1.1).

Theorem 1.1. Let CV be the largest connected component of G(N, (1 4+ AN~Y3)/N) for some
A € R. Then, for any € > 0, there exists A = A(e, \) < oo such that for all large N,
P(tLl, (CN) ¢ [A7IN, AN]) < e.

mix

It is natural to ask for more refined results on the behaviour of the family of mixing times.
The purpose of this paper is to give a general criteria for the convergence of mixing times for
a sequence of random walks on finite graphs in the setting where the graphs can be embedded
nicely in a compact metric space. Due to the recent work of [1] and [9] we can apply our main
result to the case of the Erdés-Rényi random graph, to obtain the following result.

Theorem 1.2. Fiz p € [1,00]. If tfnix(pN) is the LP-mizing time of the random walk on CN
started from its root pv, then

— N
N 1tfnix (p )_>t€ﬂix (p) ’

P (p) € (0,00) is the LP-mizing time of the Brownian motion on M

in distribution, where t_.

started from p.

We will later illustrate our main result with a number of other examples of random walks
on sequences of finite graphs. In order to state it, though, we start by describing the general
framework in which we work. Firstly, let (F,dr) be a compact metric space and let 7 be
a non-atomic Borel probability measure on F' with full support. We will assume that balls
Bp(z,r) :={y € F : dp(x,y) < r} are m-continuity sets (i.e. m7(dBp(z,r)) =0 for every z € F,
r > 0). Secondly, take X = (X}");>0 to be a m-symmetric Hunt process on F. We suppose
the following:

e X% is conservative,

e for every z,y € F and t > 0, ¢;(z,y) > 0,

—_ = =

=~ W NN
— N N

(1.
there exists a jointly continuous transition density (q:(z,y))syeri>0 of X&', (1.
(1.
e forevery x € F and t > 0, q(z,-) is not identically equal to 1, (1.

where conditions (1.3) and (1.4) are assumed to exclude various trivial cases, and by transition
density we mean the kernel ¢;(x,y) such that

B, [f(XF)] = /F g(z,y) F(y)m(dy),

for all bounded continuous function f on F. Furthermore, we will say that the transition density
(qe(x,y))a,yeF >0 converges to stationarity in an LP sense for some p € [1,00] if it holds that

tlggo D,(x,t) =0, (1.5)
for every x € F', where Dy(z,t) := |lqi(2, ) — 1|/ zp(r). If this previous condition is satisfied, then
it is possible to check that the LP-mixing time of F,

th. (F) :=inf {t > 0:sup Dp(z,t) < 1/4} , (1.6)
el



is a finite quantity (see Section 3). Finally, note that ¢t/ . (F) < tﬁ;iX(F ) for p < p/, which can
easily be shown using the Holder inequality.

We continue by introducing some general notation for graphs and their associated random
walks. First, fix G = (V(G), E(G)) to be a finite connected graph with at least two vertices,
where V(@) denotes the vertex set and E(G) the edge set of G, and suppose d¢ is a metric on
V(G). In some examples, dg will be a rescaled version of the usual shortest path graph distance,
by which we mean that dg(x,y) is some multiple of the number of edges in the shortest path
from z to y in G, but this is not always the most convenient choice. Define a symmetric weight
function u® : V(G)? — R, that satisfies ugy > 0 if and only if {z,y} € E(G). The discrete
time random walk on the weighted graph G is then the Markov chain ((X$)ms0,PS, 2z €
V(G)) with transition probabilities (Pg(7,y))syev(q) defined by Po(z,y) = ufy/uf, where
us = 2 yev(G) Mfy. If we define a measure 7% on V(G) by setting, for A C V(G), 7%(A) :=
Spea bS/ 22ev(G) pS, then 7¢ is the invariant probability measure for X¢. The transition
density of X%, with respect to %, is given by (p&(%,9))syev(G)m>0, Where

Gy o Pg(Xm = y)
P9 = ayg)

Due to parity concerns for bipartite graphs, we will consider a smoothed version of this function
(qTG,L(:U, y))x,er(G),mzo obtained by setting

5, y) + 5 (3, y)

and define the LP-mixing time of G by
. (G):=inf ¢m >0: sup Df(x,m) <1/4;, (1.8)
zeV(G)
where DS (z,m) == ||¢5 (z, ) — 1| p(rcy- Finally, in the case that we are considering a sequence

of graphs (GV)n>1, we will usually abbreviate 7" to 7V and qGN to ¢!V, etc.

Remark 1.3. In [35], the mixing time of CV is defined in terms of the total variation distance,
that is

Tix(CY) = min{t : | Py(z,-) — n()||rv < 1/8, Yz e V(CY)}, (1.9)
where Py(2,B) = > cp ¥ (z,y)m(y) for B c V(CN) and ||ju — v|Tv = maxgcy ey [1(B) —
v(B)| for probability measures p,v on V(CV). (To be precise, 1/8 in (1.9) is 1/4 in [35], but

this only affects the constants in the results.) However, noting that

vy =5 3 Il - v,

zeV(CN)

L. (CN). Also note that [35]
considers the lazy walk on the graph to avoid parity issues, but the same techniques will apply
to the mixing time defined in terms of the smoothed heat kernel introduced at (1.7).

(see, for example [33, Proposition 4.2]), one sees that Tiix(CY) = ¢!

We are now ready to state the assumption under which we are able to prove the convergence
of mixing times for the random walks on a sequence of graphs. This explains that, when suitably
rescaled, the discrete state spaces, invariant measures and transition densities of a sequence of
graphs converge to (F,drp), m and (¢:(x,y))zycFt>0, respectively. Its formulation involves a



spectral Gromov-Hausdorff topology, the definition of which is postponed until Section 2, and
a useful sufficient condition for it will be given in Proposition 2.4. Note that we extend the def-
inition of the discrete transition densities on graphs to all positive times by linear interpolation
of (¢§(x,y))m>0 for each pair of vertices z,y € V(G). Note also that the extended transition
densities are different from those of continuous time Markov chains.

Assumption 1. (GV)n>1 is a sequence of finite connected graphs with at least two vertices for
which there exists a sequence (Y(N))n>1 such that, for any compact interval I C (0,00),

<(V(GN)’dGN) e, (q'Jy\EN)t(xvy)> ) = ((Fydr), 7, (qt(7,Y))zyeFier)

zyeV(GN) el

in a spectral Gromov-Hausdorff sense.

Our main conclusion is then the following.

Theorem 1.4. Suppose that Assumption 1 is satisfied. If p € [1,00] is such that the transition
density (qi(x,y))zycFi>0 converges to stationarity in an LP sense, then t* . (F) € (0,00) and

y(N)~HE

mix

(GN) = P

mix

(F). (1.10)

In Section 3.2, we will explain how to derive a variation of Theorem 1.4 that concerns the
convergence of mixing times of processes started at a distinguished point in the state space.

We emphasize that a key part of our paper is to verify Assumption 1 and apply Theorem
1.4 in various interesting examples (including the Erdds-Rényi random graphs in the critical
window as mentioned above). Therefore, we devote considerable space to applying our results
to such.

The organization of the paper is as follows. In Section 2, we give a precise definition of
the spectral Gromov-Hausdorff convergence and give some of its basic properties. In Section 3,
we prove Theorem 1.4 and derive a variation of the theorem for distinguished starting points.
Some sufficient conditions for (1.1)-(1.5) are given in Section 4. A selection of examples where
the assumptions of Theorem 1.4 can be verified, and hence we have convergence of the mixing
time sequence, are given in Section 5. In the Appendix, we introduce some geometric conditions
on graphs for upper and lower bounds on the mixing times for the corresponding symmetric
Markov chains. Some useful conditions to derive tail estimates of mixing times on random
graphs are also given there.

2 Spectral Gromov-Hausdorff convergence

The aim of this section is to define a spectral Gromov-Hausdorff distance on triples consisting
of a metric space, a measure and a heat kernel-type function that will allow us to make precise
Assumption 1. We will also derive an equivalent characterisation of this assumption that will
be applied in the subsequent section when proving our mixing time convergence result, and
present a sufficient condition for Assumption 1 that will be useful when it comes to checking it
in examples. Note that we do not need to assume (1.3), (1.4) in this section, and only use (1.1)
to deduce Proposition 2.4 from a result of [14].

First, for a compact interval I C (0,00), let M be the collection of triples of the form
(F,m,q), where F = (F,dp) is a non-empty compact metric space, 7 is a Borel probability
measure on F and ¢ = (¢:(x,y))zyerter is a jointly continuous real-valued function of (¢, z,y).
We say two elements, (F,7,q) and (F',7’,q’), of M are equivalent if there exists an isometry



f: F — F' such that T o f~! = 7’ and ¢} o f = ¢ for every t € I, by which we mean
qg(fgfc), f)) = q(x,y) for every z,y € F, t € I. Define M7 to be the set of equivalence classes

of M under this relation. We will often abuse notation and identify an equivalence class in
M with a particular element of it. Now, set

A ((F, 7,q), (F', 7, q'))

Z7¢7¢l 7C

= _inf {di(¢<F>,¢’<F’>>+d%<wo¢l,w’odl)

© o swp (dzw(x), §(a) + dz(6(0). /() + sup (o)~ q;<x’,y’>|> } |

(z,2"),(y,y")€C

where the infimum is taken over all metric spaces Z = (Z,dy), isometric embeddings ¢ : F' — Z,
¢’ : F' — Z, and correspondences C between F' and F’, d% is the Hausdorff distance between
compact subsets of Z, and dJZD is the Prohorov distance between Borel probability measures on
Z. Note that, by a correspondence C between F' and F’, we mean a subset of F' x F’ such that
for every z € F there exists at least one 2’ € F’ such that (z,2’) € C and conversely for every
x’ € F' there exists at least one x € F' such that (z,2') € C.

Before proceeding to check the above definition gives us a metric and that the corresponding
space is separable, let us make a few remarks about the inspiration for it. In the infimum
characterising Ay, the first term is simply that used in the standard Gromov-Hausdorff distance
(see [7, Definition 7.3.10], for example). The second term is that considered by the authors of
[22] in defining their ‘Gromov-Prohorov’ distance between metric measure spaces. The final
term is closely related to one used in [16, Section 6], when defining a distance between spatial
trees — real trees equipped with a continuous function. Indeed, the notion of a correspondence is
quite standard in the Gromov-Hausdorff setting as a way to relate two compact metric spaces.
One can, for example, alternatively define the Gromov-Hausdorff distance between compact
metric spaces as half the infimum of the distortion of the correspondences between them (see
[7, Theorem 7.3.25]).

Lemma 2.1. For any compact interval I C (0,00), (My, Ar) is a separable metric space.

Proof. Fix a compact interval I C (0,00). That Ay is a non-negative function and is symmetric
is obvious. To prove that it is also the case that A; ((F,7,q), (F',7',q')) < oo for any choice
of (F,m, q),(F',7',q") € My, simply consider Z be the disjoint union of F and F’, setting
dz(z,2') := diam(F, dr) + diam(F’, d’,) for any « € F,2’ € F', and suppose C = F x F'.

We next show that Aj is positive definite. Suppose (F,7,q), (F',7’,q') € M are such that
A ((Fym,q), (F',7',q")) = 0. For every € > 0, we can thus choose Z, ¢, ¢',C such that the sum
of quantities in the defining infimum of A; is bounded above by . Moreover, there exists a
d € (0, ¢] such that

sup sup [qe (21, 1) — @ (2, 92)| < €. (2.1)
x1,T2,Y1,Y2€F": tel
dr(z1,22),dr(y1,y2)<d

Now, let (x;)$°, be a dense sequence of disjoint elements of F (in the case F' is finite, we suppose
that the sequence terminates after having listed the #F elements). By the compactness of F,
there exists an integer N, such that (Bp(mi,é))f\ﬁl is a cover for F. Define A; := Bp(z1,9),
and A; := Bp(x;,0)\ Uj;l Bp(z;,0) for i = 2,..., Ng, so that (Ai)f\;al is a disjoint cover of F,
and then consider a function f. : F' — F’ obtained by setting



on A;, where x} is chosen such that (z;,2]) € C for each i = 1,..., N.. Clearly, by definition, f.
is a measurable function. It is further the case that it satisfies, for any = € F,

dz($(x), ¢ (fe(2))) < dz($(x), (i) + dz(P(x:), &' (27)) < 2e,

where we assume above that ¢ € {1,..., N} is such that z € A;. From this, it readily follows
that:
sup_|dp(xz,y) — dpr(fo(x), f-(y))] < 4e (2.2)
z,yel
and
dpy (wo f',7') < 3¢, (2.3)

where dgl is the Prohorov distance on F’. We also have, by applying (2.1), that

sup | qi(x,y) — qi(f=(2), f-(y))] < 2e. (2.4)
zyeFtel

To continue, we use a diagonalisation argument to deduce the existence of a sequence (£,)n>1
such that f., (x;) converges to some limit f(z;) € F’ for every i > 1. From (2.2), we obtain that
dp (f(xi), f(xj)) = dp(xs, ;) for every 4,7 > 1, and so we can extend the map f continuously to
the whole of F' ([7, Proposition 1.5.9]). This construction immediately implies that f is distance
preserving. Moreover, reversing the roles of F' and I/, we are able to find a distance preserving
map from F’ to F. Hence f must be an isometry. To check that (F,7,q) and (F',7',q’) are
equivalent, it therefore remains to check that 7o f~! = 7/ and ¢} o f = ¢ for every t € I. Fix
¢ > 0 and recall that the definition of (z;))5, means that it is an e-net for F. Let &’ € (0,¢] be
such that dp (for (i), f(zi)) < e for every i =1,..., N.. Then,

dp (fo (@), f(2)) < dp(fer(2), for (i) + dpr (for(20), f(20)) + dp(f (20), f2)) <Te, (2.5)

where we are again assuming that ¢ € {1,..., N} is such that x € A;, and have applied (2.2)
and the distance-preserving property of f. In particular, this implies that

db (o f 7y <db (mo f N mo 1 +d§'(7rof;,1,7r’) < 10¢,

where we use (2.3) to deduce the second inequality. Since € > 0 was arbitrary, this yields that
mo f~! = 7', Finally, (2.4) and (2.5) imply that

sup gt (w,y) — qi(f(2), f(y))] < 2e + sup sup | q; (), 1) — @ (x5, 15)|
z,yeFtel AR RTARTAS O tel

dpr (27,25),dpr (Y1,y5) <Te

and so ¢, o f = ¢ for every ¢ € I follows from the continuity properties of ¢'.

For the triangle inequality, we closely follow the proof of [22, Lemma 5.2]. Let (F @) 7@ q(i))
be an element of M;, i = 1,2,3. Suppose that A;((F 7 ¢W) (F@) 72 ¢@))) < 6, so
that we can find a metric space Z;, isometric embeddings ¢1 1 : FO Z1 and ¢ : F2 - VAL
and correspondence C; between F(1) and F2) such that the sum of quantities in the defining
infimum of A; is bounded above by 6;. If Aj((F®), 73 @) (FG) 73) ¢6))) < 6,, we define
Zy ,¢22, ¢3,2, C2 in an analogous way. Now, set Z to be the disjoint union of Z; and Zs, and
define a distance on it by setting dz|z,«xz, = dz, for i = 1,2, and for x € Z1, y € Zs,

dZ(JZ, y) = zei%%) (dZI (l’, ¢2,1<2)) + dZQ (¢272(z)7 y)) .



Abusing notation slightly, it is then the case that, after points separated by a 0 distance have
been identified, (Z,dy) is a metric space into which there is a natural isometric embedding ¢;
of Z;, i = 1,2. In this space, we have that

d§(¢1(¢1,1(F(1))), ¢2(¢372(F(3))))
< A7 (@11 (FW), do1 (FP)) + df ($2.2(FP), g3 2(FP))),

where we have applied the fact that ¢1(¢21(y)) = ¢a(p22(y)) for every y € F®  and so
G1(d21(FP@)) = ¢a(pa2(F@)) as subsets of Z. A similar bound applies to the embedded

measures. Now, let
C:={(z,2) € FM x F®) .3y € F® such that (z,y) € Cy, (y, 2) € Ca},
then if (z,2) € C,

dz(1(d1,1(x)), P2(93,2(2))) < dz, (d1,1(x), d2,1(y)) + dzo (D2,2(y), P3.2(2)),

where y € F(?) is chosen such that (z,) € C; and (y, z) € Ca, and we again note ¢;(¢2.1(y)) =
¢2(¢2,2(y)). Proceeding in the same fashion, one can deduce a corresponding bound involving
¢®, i =1,2,3. Putting these pieces together, it is elementary to deduce that

Ar(FD, 70 gy (FO 7@ @) < 6 4 6,

and the triangle inequality follows.

To complete the proof, we only need to show separability. This is straightforward, however,
as for any element of M, one can construct an approximating sequence that incorporates only:
metric spaces with a finite number of points and rational distances between them, probability
measures on these with a rational mass at each point, and functions that are defined (at each
coordinate pair) to be equal to rational values at a finite collection of rational time points and
are linear between these. O

We will say that if a sequence in M; converges to a limit in this space with respect to
the metric Ay, then the convergence is in a spectral Gromov-Hausdorff sense. We note that
in the framework of compact Riemannian manifolds, different but related notions of spectral
distances were introduced by Bérard, Besson and Gallot ([5]) and by Kasue and Kumura ([24]).
Moreover, by applying our characterisation of spectral Gromov-Hausdorff convergence, we are
able to deduce that if Assumption 1 holds, then we can isometrically embed all the rescaled
graphs, measures and transition densities upon them in a common metric space so that they
converge to the relevant limit objects in a more standard way, as follows.

Lemma 2.2. Suppose that Assumption 1 is satisfied. For any compact interval I C (0, 00),
there exist isometric embeddings of (V(G™N),den~), N > 1, and (F,df) into a common metric
space (E,dg) such that

lim d5(V(GN), F) =0, (2.6)
N—oo
lim d5(xV,7) =0, (2.7)
N—oo
and also,
lim sup sup |2 ), (9n (@), 95 (9)) — (2, y)| = 0, (2.8)

N—=o00 g yeF tel

where, for brevity, we have identified the spaces (V(GN),dgn), N > 1, and (F,dr), and the
measures upon them with their isometric embeddings in (FE,dg). For each x € F, we define
gn(z) to be a verter in V(GN) minimising dg(z,y) over y € V(GV).



Proof. Fix a compact interval I C (0,00). By Assumption 1, for each N > 1 it is possible
to find metric spaces (En,dy), isometric embeddings ¢y : (V(GY),dgn) — (En,dn), ¢y :
(F,dr) — (En,dy) and correspondences Cy between V(GY) and F such that, identifying the
original objects and their embeddings,

45" (V(GN), F) + dE" (N, 7)

+  sup <dN(:c,:v’)+dN(y,y’)+sup qiv(N)t(m,y)—qt(x’,y’)D < en, (29)
(z2'),(yy)ECN tel

where ey — 0. Now, proceeding similarly to the proof of the triangle inequality in Lemma
2.1, set E to be the disjoint union of EN, N > 1, and define a distance on it by setting
dg|pvypy = dy for N > 1, and for 2 € EN, 2/ € EN', N # N', set

dg(z,2') == (dn(z,y) +dni(y,2)) -

inf
yel
Quotienting out points that are separated by distance 0 results in a metric space (E, dg) (again,
this is a slight abuse of notation), into which we have natural isometric embeddings of the metric
spaces (V(GN),dgn), N > 1, and (F,dp). Moreover, in the metric space (E,dg), it readily
follows from (2.9) that the relevant isometrically embedded objects satisfy (2.6) and (2.7). To
prove (2.8), first note that for every x € V(GY), N > 1, there exists an 2’ € F such that
(z,2") € Cy. This implies that dg(z,2") < ey, and so, for any d > 0,

N N
sup  sup gy (7, Y) — @y () 2)
I,y,ZEV(GN)C tEI

< 2eny+ sup sup |qi(z,y) — ¢z, 2)] . (2.10)
x,y,z€F": tel
dr(y,2)<d+2en

Now, for every z € F and N > 1, there exists an 2/ € V(G") such that (z/,z) € Cy, and so
dp(2',2) < en. Therefore, since gy (z) is the closest vertex of V(G™) to x,

gn(x) € Bp(z,2en) NV(GY) C Bg(a!,3en) NV(GY) = By(gny (2, 32n).

Consequently,

sup_sup ¢y, (9 (2), gv (1) — au(, )|
z,yeF tel

< ex+2  sup sup)qy(zv)t(%y) — @y, 2)
x,y,2€V(GN): tel
dGN (y,z)S&sN

< Sey+2  sup  sup|g(z,y) — iz, 2)],
zy,z€F:  tel
dF(y,Z)§58N

where the second inequality is an application of (2.10). Letting N — oo and applying the joint
continuity of (¢¢(«,¥))zyeFt>0, we obtain the desired result. O

For our later convenience, let us note a useful tightness condition for the rescaled transition
densities that was essentially established in the proof of the previous result. Since the result
readily follows from the bound at (2.10), we will not explain its proof further.



Lemma 2.3. Suppose that Assumption 1 holds. For any compact interval I C (0,00),

lim lim sup sup sup |V, (2, 1) — ¢V A, (2, 2)| = 0. (2.11)
590" Nosoo g yeV(GN): tel Y(N) (Nt
dGN(yvz)S(;

It is straightforward to reverse the conclusions of the previous two lemmas to check that if
(2.6), (2.7), (2.8) and (2.11) hold, then so does Assumption 1. Thus, in examples, it will suffice
to check these equivalent conditions when seeking to verify Assumption 1. In fact, it is further
possible to weaken these assumptions slightly by appealing to a local limit theorem from [14].
To be precise, because we are assuming that the transition densities of the graph satisfy the
tightness condition of (2.11), we can apply [14, Theorem 15], to replace the local convergence
statement of (2.8) with a central limit-type convergence statement. Note that, although in [14]
it was assumed that the metric on G was a rescaled graph distance, exactly the same argument
yields the corresponding conclusion in our setting, and so we simply state the result.

Proposition 2.4 (cf. [14, Theorem 15]). Suppose that (V(GY),den), N > 1, and (F,dr) can
be isometrically embedded into a common metric space (E,dg) in such a way that (2.6) and
(2.7) are both satisfied. Moreover, assume that there exists a dense subset F*of F such that,
for any compact interval I C (0,00), x € F*, y € F, r >0,

lim P& (Xg](vN)tJ c BE(y,r)> = PL (xF € Bu(y,7)) (2.12)

N—oo gn ()

uniformly for t € I, and also (2.11) holds. Then Assumption 1 holds.

To complete this section, let us observe that [14] also provides two ways to check (2.11): one
involving a resistance estimate on the graphs in the sequence ([14, Proposition 17]), and one
involving the parabolic Harnack inequality ([14, Proposition 16]). Since the first of these two
methods will be applied in several of our examples later, let us recall the result here. To allow
us to state the result, we define Row (z,y) to be the resistance between z and y in V(GV) (see
(A.1)), when we suppose that G is an electrical network with conductances of edges being
given by the weight function ,uGN. This defines a metric on V(G), for which we may check
the following.

Lemma 2.5 (cf. [14, Proposition 17]). Suppose that there ezists a sequence (a(N))n>1 and
constants Kk, c1,co, cs € (0,00) such that

Rev(z,y) < e ((N)dgn (z,y)", Yo,y € V(GY),

and also
c2y(N) < a(N)*B(N) < c3v(N),

where B(N) := 32, vevaM) #gf, then (2.11) holds.

3 Convergence of [’-mixing times

3.1 Proof of Theorem 1.4

In this subsection we prove the mixing time convergence result of Theorem 1.4. Throughout,
we will suppose that Assumption 1 holds and that the graphs G and limiting metric space F'
have been embedded into a common metric space (F,dg) in the way described by Lemma 2.2.



Recall from the introduction the definition of Dy(x,t) = [|g:(w, ) — 1||rr(r), the LP-distance
from stationarity of the process X! started from z at time t. By applying the continuity of
(qe(2,y))e,yeF >0, compactness of F' and finiteness of , it is easy to check that this quantity
is finite for every x € F and t > 0. The next lemma collects together a number of other
basic properties of Dy(xz,t) that we will apply later (the first part is a minor extension of [8,
Proposition 3.1], in our setting).

Lemma 3.1. Let p € [1,00]. For every x € F, the function t — Dy(z,t) is continuous and
strictly decreasing. Furthermore, we have

lim D > 2. 1
lion Dy (1) > (3.1)

Proof. That the function ¢ — D,(x,t) is continuous is clear from (1.2). We now check that
it is strictly decreasing. First, a standard argument involving an application of Jensen’s in-
equality and the invariance of 7 allows one to deduce that ||Pif|zp(x) < | fllzp(x) for any
f € LP(F,m), where (P;);>0 is the semigroup naturally associated with the transition den-
sity (Qt(x7y))r,y€F,t>0~ Now, suppose [ € Lp(Fv 77) is such that ||Ptf||LP(7r) = HfHLP(W)? and
define fi(y) := |P:f(y)|P and fa(y) := Pi(|f|?)(y). By our assumption on f, we have that
[ fidm =[5 fadm. Furthermore, Jensen’s inequality implies fi(y) < fa(y). Thus, it must be
the case that fi(y) = fa(y), m-a.e. In particular, because 7 is a probability measure, there exists
ay € Fsuch that f1(y) = f2(y). In the case p > 1, this equality readily implies that f is constant
qt(y, z)m(dz)-a.e. Recalling the assumption that ¢;(y,z) > 0 everywhere, namely (1.3), it must
therefore hold that f is constant m-a.e. Observing that for s,¢ > 0 we can write Dp(z,s +t) =
| Ps(gt(w, ) = 1)|| Lr(x), and noting the condition (1.4), it follows that Dy(z,s+1t) < Dy(z,t), as
desired. For p = 1, the result fi(y) = f2(y) implies that f is either non-negative or non-positive,
m-a.e. Consequently, for Dy(z,s +t) = || Ps(qi(z, ) — 1)||Lp(r) = Dp(w,t), we would require that
qt(x,-) — 1 is either non-negative or non-positive. Since [.(q:(z,y) —1)m(dy) = 0 (due to (1.1))
and (1.4) holds, this can not occur, which completes the proof of strict monotonicity.

To establish the limit at (3.1), it will suffice to prove the result in the case p = 1 (obtaining
the result for other values of p is then simply Jensen’s inequality). Let € F' and r > 0, then

Di(w,t) > /B (e =) + / (1 - au(z, 9))m(dy)

Bg(z,r)°
= 2P, (XtF € BE(l’,’l")) —2n(Bg(z,r)),

where (1.1) is used in the last equality. Since X I is a Hunt process, the first term here converges
to 2 as t — 0. Furthermore, because 7 is non-atomic, the second term can be made arbitrarily
small by suitable choice of r. The result follows. O

We continue by defining the LP-mixing time at x € F' by setting

th. (z) :==1inf{t > 0: Dy(z,t) < 1/4}.

mix
In fact, the previous lemma yields that t*. (z) is the unique value of ¢ € (0,00) such that
D,(z,t) = 1/4 (when (1.5) holds at z). Similarly, define the LP-mixing time of z € V(G") by
setting

tVP(2) i= inf{t > 0: DY (z,t) < 1/4},

mix

where DY (z,m) = |lgh (x,-) — 1||sp(zv). That the discrete mixing times at a point converge
when suitably rescaled to the continuous mixing time there is the conclusion of the following
proposition.
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Proposition 3.2. Suppose that Assumption 1 is satisfied. If p € [1,00] is such that (1.5) holds
forx € F, then

lim (N) 122 (gn(2)) =t (),

N—ro0
where, as in the statement of Lemma 2.2, gn(x) is a vertex in V(G™) that minimises the
distance dg(x,y) over V(GN).

Proof. Suppose p € [1,00] is such that (1.5) holds for z € F, set to := " . (z) € (0,00), and fix
e > 0. By (1.2) and the tightness of Lemma 2.3, there exists a 6 > 0 such that

sup  sup (2, y) = 1P = |ge(2, 2) = 1P| <, (3.2)
tel y,zeF:
dE(yvz)<26
limsupsup  sup ]qfY\EN)t(gN(x),y) — 1P - ]q,]Y\EN)t(gN(w), z) — 1P| < e, (3.3)

N—oo tel ycV(GN):
dGN (y7z)<36
where I := [to/2,2to]. Moreover, by the compactness of I, there exists a finite collection of
balls (BE(xZ,(S))f , covering F'. Define Ay := B(z1,20), and A; := Bg(z;,20)\ U};ll Bg(x;,20)
for i = 2,...,k, so that (4;)%_, is a disjoint cover of the d-enlargement of F.

We observe
| Dy(,t)? — DY (g (), y(N)E)P| < Ty + Ty + T3 + T,

where
k
T = / ae(w.y) — 1Pm(dy) — 3 larle,2) — 1Pr(A)|
i=1
k

T = Z|thxz _1‘p7T Zkﬁxxz _1‘p7r ( )

Ty = Z|qt<x,xi>—upr(Ai)—Z\qﬁmm(m),m(zi»—upr(Ao,
] =1
= x;)) — N i) — N T),y) — N .
T = Zm 2),gn () — 17 (4)) /V o Bl (@) = 17 )

Now, suppose t € I. From (3.2), we immediately deduce that T} < e. For Tb, we first observe
that the fact balls are m-continuity sets implies that so are the sets A;, ¢ = 1,..., k. Hence
7N (A;) — w(A;) for each i = 1,...,k, and so Ty < ¢ for large N. That T3 < ¢ for large N is a
straightforward consequence of Lemma 2.2. Finally, applying the fact that d&(F,V(GY)) — 0,
we deduce that, for large N, (A4;)%_, is a disjoint cover for V(G). Since gy (z;) € Bg(z;,6) for
large N, we also have that don (y, gn(x;)) < 36, uniformly over y € A;, i = 1,...,k. Thus we
can appeal to (3.3) to deduce that it is also the case that Ty < e for large N. In fact, each of
these bounds can be assumed to hold uniformly over t € I, thereby demonstrating that

lim sup |Dp(z,t) — Dév(gN(:U),'y(N)t)‘ =0. (3.4)
N—oo tel

Since t — D;)V(gN(x), v(N)t) is a decreasing function in ¢ for every N (cf. [8, Proposition 3.1])
and t — Dp(z,t) is strictly decreasing, the proposition follows. O
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Remark 3.3. In the case p = 2, the proof of the previous result greatly simplifies. In particular,
we note that

Da(z,t)* = llg(z,-) = 13 = qa(z,2) — 1, (3.5)
and similarly
D3 (a, v(N)8)? = [l yye(@, ) — L3 = a2y vye(, ) — 1.

Hence the limit at (3.4) is an immediate consequence of the local limit result of (2.8), and we
do not have to concern ourselves with estimating the relevant integrals directly.

To extend the above proposition to the corresponding result for the mixing times of the
entire spaces, we will appeal to the following lemma, which establishes a continuity property
for the LP-mixing times from fixed starting points in the limiting space, and a related tightness
property for the discrete approximations.

Lemma 3.4. Suppose p € [1,00] is such that (1.5) holds for x € F, then the following statements
are true.
(a) The function y — tX . (y) is continuous at x.

(b) Under Assumption 1, it is the case that

lim lim sup sup y(N)~? tﬁii(y) — tﬁ{i(gN(:c)) =0.
0—0 N—oo yGV(GN):
den (9N (2),y)<d

Proof. Consider p € [1, 00| such that (1.5) holds for z € F, so that to := ¢¥ . () is finite, and let
e € (0,t9/2). Since the function ¢t — Dy (z,t) is strictly decreasing (by Lemma 3.1), there exists
an 1 > 0 such that Dy(z,t9 —¢) > Dy(x,to) +n = 1/4+4n and also Dy(z,tg+¢) < 1/4—n. By

the continuity of (¢:(x,y))zycF >0, there also exists a 6 > 0 such that

sup sup |Dp(x,t) — Dp(y,t)| <.
te[to—e,to+e] yeEF:

Hence if y € Bp(x,6), then

Dy(y,to —e) > Dp(x,to—e) —n >

9

Dy(y,to+¢) < Dp(z,to+¢)+n <

1
4
1
1
This implies that t* . (y) € [to —&,t0 + €], and (a) follows.

The proof of part (b) is similar. In particular, choose 1 as above and note that (3.4) implies
that Dév(gN(x),'y(N)(to —¢€)) >1/4+n/2 and Dév(gN(a:),*y(N)(to +¢)) < 1/4—n/2 for large
N. Furthermore, by the transition density tightness of Lemma 2.3, there exists a 6 > 0 such

that
n
sup sup | Dy (gn (@), Y(N)1) = Dy (y, v (N))] < 5,
tefto—e,to+e]  yeV(GN):
den (9N (2),y)<d
for large N. Hence if N is large and y € V(G¥) is such that den(gn(z),y) < 6, then
DY (y,7(N)(to —€)) > 1/4, and DY (y,¥(N)(to+¢)) < 1/4. This implies that y(N)~1t2:2(y) €
[to — &,to + €]. Since it is trivially true that, once N is large enough, this result can be applied
with y = gn (), the result follows. O
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We are now ready to give the proof of our main result.

Proof of Theorem 1.4. Observe that, under the assumptions of the theorem, Lemma 3.4(a)
implies that the function (/. (x))sep is continuous. Since F is compact, the supremum of
(0. (@))zer is therefore finite. Now, it is an elementary exercise to check that we can write the
LP-mixing time of F', as defined at (1.6), in the following way:

tp

mix

(F) = sup (@), (3.6)
el
Consequently ¢ . (F') € (0,00), as desired.
To complete the proof, we are required to demonstrate the convergence statement of (1.10).
Fix e > 0. For every = € F, Proposition 3.2 and Lemma 3.4(b) allow us to choose §(x) > 0 and

N(z) < oo such that

sup |y (V)29 (@) — (@) <,
N>N(z)
—1[,N, N,
sup sup (V) IR gn (@) — ()| < -
N>N(z) yeV (GN):

Since (Bg(z,0(x)))zer is an open cover for F', by compactness it admits a finite subcover
(Be(z,8(z)))zex. Moreover, because d%(F,V(GY)) — 0, there exists an Ny > 0 such that if
N > Ny, then (Bg(z,26(x)))zex is a cover for V(G™). Applying this choice of X', we have for
N > Ny V max;cx N(z) that

V(N

mix

(GY) < Sup V(N B (gn () + £ < sup thin () + 26 < 1 (F) + 2¢,
e xe

where we note that, similarly to (3.6), the LP-mixing time of the graph GV can be written as

N.
thix(GY) = sup 1,5 (x).

zeV(GN)

Furthermore, if 29 € F is chosen such that ¥ . (z) > t2. (F) — ¢, then, for large N,

mix

YN)THRE(GN) 2 A(N) " D (g (w0)) = thy (o) — € > th, (F) — 2,

mix mix — “mix mix

where we have again made use of Proposition 3.2. Since € > 0 was arbitrary, we are done. [J

3.2 Distinguished starting points

In the case when convergence of transition densities is only known with respect to a single
distinguished starting point, it is only possible to prove a convergence result for the mixing
time from that point. Our goal in this subsection is to describe the topology in which we can
do this.

Consider, for a compact interval I C (0, 00), the space of triples of the form (F,m,q), where
F = (F,dp,p) is a non-empty compact metric space with distinguished vertex p, 7 is a Borel
probability measure on F' and ¢ = (q:(2, y))z,yeFter is a jointly continuous real-valued function
of (t,z,y); this is the same as the collection M defined in Section 2, though we have added
the supposition that the metric spaces are pointed. We say two such elements, (F,m,q) and
(F', 7', q'), are equivalent if there exists an isometry f : F' — F' such that f(p) = p/, mof~! ==
and q; o f = q for every t € I. By following the proof of Lemma 2.1, one can check that it
is possible to define a metric on the equivalence classes of this relation by simply including in

13



the definition of A; the condition that the correspondence C must contain (p, p’). We define
convergence in a spectral pointed Gromov-Hausdorff sense to be with respect to this metric.
The distinguished starting point version of Assumption 1 is then as follows.

Assumption 2. Let (GN)Nzl be a sequence of finite connected graphs with at least two vertices
and one, pV say, distinguished, for which there exists a sequence (y(N))n>1 such that, for any
compact interval I C (0,00),

N NY N (N N
((V(G )sdgn, p™) ’<qv(N)t('0 7$))x€V(GN)»t€I>

converges to ((F,dp, p),m, (q:(p, x))zcFer) in a spectral pointed Gromov-Hausdorff sense, where
p is a distinguished point in F.

The following result can then be proved in an almost identical fashion to Proposition 3.2.
In doing this it is useful to note that if Assumption 1 is replaced by Assumption 2, then we are
able to include in the conclusions of Lemma 2.2 that p’¥ converges to p in E.

Theorem 3.5. Suppose that Assumption 2 is satisfied. If p € [1,00] is such that (1.5) holds
for x = p, then

_1,N,
’Y(N) ltmiz(pN) - tfnix(p)'

4 Convergence to stationarity of the transition density

Before continuing to present example applications of the mixing time convergence results proved
so far, we describe how to check the LP convergence to stationarity of the transition density of
X* in the case when we have a spectral decomposition for it and a spectral gap. In the same
setting, we will also explain how to check the non-triviality conditions on the transition density
that were made in the introduction.

Write the generator of the conservative Hunt process X as —A, and suppose that A has
a compact resolvent. Then there exists a complete orthonormal basis of L?(F,7), (px)k>1 say,
such that Ay = Agpr for all £ >0, 0 < Ag < A < ... and limg oo A\ = 00. By expanding as
a Fourier series, we can consequently write the transition density of X as

wen) = ([ aleanen@) o)

k>0

= > Plow()eily)

k>0

= > e Mop(@)er(y),

k>0

where (PtF )e>0 is the associated semigroup, and the final equality holds as a simple consequence
of the fact that %(Pthok) = —PFAp, = —M\.PFor. Now by (1.1), it holds that 1 = PF'1 is
in the domain of A. A standard argument thus yields Al = APf1 = —4(PF1) = 0, and so
there is no loss of generality in presupposing that A\g = 0 and ¢g = 1 in this setting. The only
additional assumption we make on the transition density (g:(z,y))syer >0 is that it is jointly
continuous in (¢, z,y) (i.e. (1.2) holds).
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Lemma 4.1. Suppose that the operator A has a compact resolvent, so that the above spectral
decomposition holds. If there is a spectral gap, i.e. A1 > 0, then (q:(x,y))zyeF >0 converges to
stationarity in an LP sense (namely (1.5) holds) for any p € [1, 0].

Proof. Recall from (3.5) that Do(x,t)? = goy(x,2) — 1. Under the assumptions of the lemma, it
follows that
Dy(z,t)? = Z e Pl (2)? =0, (4.1)
k>1
as t — oo, which completes the proof of the result for p = 2. To extend this to any p, we first
use Cauchy-Schwarz to deduce

2
(@r(zy) =17 = [ D e Mop(@)pr(y)
E>1
< D e Mop(a)? Y e Mi(y)?
k>1 k>1

= (q(z,z) = D(q(y,y) — 1).

Consequently, we have that

Doo(z,t)? = sup(g(z,y) — 1)
yeF
< (q(z, ) — 1) sup(gqe(y,y) — 1)
yeF
< Dao(z,t/2)? sup Doo(y, 1)
yeF

for any t > 1, where the second inequality involves an application of the monotonicity property
proved as part of Lemma 3.1. Now, by (1.2), the term sup,cp Deo(y, 1) is a finite constant, and
so combining the above bound with (4.1) implies that Do (z,t) < CDs(x,t/2) — 0 as t — oo.
The result for general p € [1,00] is an immediate consequence of this. O

We now give a lemma that explains how to check conditions (1.3) and (1.4).

Lemma 4.2. Suppose that the operator A has a compact resolvent and there is a spectral gap,
then the conditions (1.3) and (1.4) are automatically satisfied.

Proof. Firstly, assume that ¢;(z,y) = 0 for some z,y € F, t > 0. If s € (0,t), then the
Chapman-Kolmogorov equations yield 0 = ¢;(z,y) = [ ¢s(2, 2)@—s(2,y)7(dz). Since m has
full support, using (1.2), it follows that ¢s(x, z)q—s(z,y) = 0 for every z € F. In particular,
qs(7,y)qi—s(y,y) = 0. Noting that ¢;_s(y,y) = D3(y,t/2) + 1 > 1, we deduce that gs(z,y) = 0.
Now, define a function f : (0,00) — Ry by setting f(s) := g¢s(x,y). Letting (\,);>0 represent
the distinct eigenvalues of A, we can write

f(S) - Z aie_)\ésa

i>0

where a; := Zj:/\j:)\,_ ;j(x)pi(y). In fact, since Cauchy-Schwarz implies Zi20|ai6_>‘és| <

(gs(x, 2)qs(y,y))/? < oo, this series converges absolutely whenever s € (0,00). Thus f(z) :=
>0 a;e~"* defines an analytic function on the whole half-plane ®(z) > 0. By our previous
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observation regarding ¢s(z,y), this analytic function is equal to 0 on the set (0, t], and therefore
it must be 0 everywhere on R(z) > 0. However, this contradicts the fact that f(t) = ¢.(z,y) — 1
as t — oo, which was proved in Lemma 4.1. Hence, ¢(x,y) > 0 for every z,y € F, t > 0.

Secondly, suppose that gi(z,-) = 1 for some z € F and t > 0. Then 1 = ¢(z,x) =
14+ 5 pi(@)2e ™t and so p;(z) = 0 for every i > 1. This implies that ¢;(z,z) = 1 for every
t > 0. However, by following the proof of (3.1), one can deduce that

lim(gs(z,2) — 1) = lim D2(x,t/2) > lim D3 (x,t/2) > 2,
t—0 t—0 t—0

and so the previous conclusion can not hold. Consequently, we have shown that ¢ (x,-) #Z 1 for
any x € F, t > 0, as desired. ([

To summarise, the above results demonstrate that to verify all the conditions on the tran-
sition density that are required to apply our mixing time convergence results, it will suffice to
check that the conservative Hunt process X has a jointly continuous transition density and
the corresponding non-negative self-adjoint operator, A, has a compact resolvent and exhibits a
spectral gap. As the following corollary explains, this is a particularly useful observation in the
case that the Dirichlet form (&, F) associated with X" is a resistance form (see [26, Definition
3.1]).

Corollary 4.3. Suppose that X' is a m-symmetric Hunt process on F such that the associated
Dirichlet form (€, F) is a resistance form, then (1.1)-(1.5) are automatically satisfied.

Proof. The fact that X' is conservative is clear since for a resistance form 1 € F and £(1,1) = 0.
That (1.2) holds is proved in [26, Lemma 10.7]. Moreover, we can check that the non-negative
operator corresponding to (€, F) has a compact resolvent (see [26, Lemma 9.7] and [28, Theorem
B.1.13]) and exhibits a spectral gap (this is an easy consequence of the fact that, for a resistance
form, E(f, f) = 0 if and only if f is constant). Thus, by Lemma 4.1 and Lemma 4.2, the
transition density of X" also satisfies (1.3)-(1.5). O

5 Examples

We now proceed to apply our mixing time convergence results to a number of examples: lattice
models in a box, self-similar graphs with fractal weights, critical Galton-Watson trees, the
critical Erd6s-Rényi random graph, and the range of the random walk in high dimensions. In
the third and fourth of these, we will also describe how these can be applied to relate tail
asymptotics for mixing time distributions of the discrete and continuous models. Note that the
general techniques we apply for estimating the relevant mixing times are postponed until the
appendix.

5.1 Lattice models in a box

As a simple application of our main mixing time convergence result, we consider GV to be
a discrete box of side-length N, by which we mean that V(GY) = {1,..., N}¢ and vertices
z,y € V(GN) are connected by an edge if and only if 2?21 |z; — yi| = 1. We write dgn to
represent the Euclidean metric on V(G¥), denote the stationary probability measure of the
simple random walk on G by 7%, and the corresponding smoothed transition density, as
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defined at (1.7), by (¢Y(, Y))zyev(GN),m>o0- In this setting, standard convergence results imply
that, for any compact interval I C (0, c0),

((GN, N_ldGN) ) 7TNa (QJ]\\[[%(xv y))x,yGV(GN),t€I>

converges in (My,A;) to the triple consisting of: [0,1]? equipped with the Euclidean metric,
d-dimensional Lebesgue measure on this set and the transition density of Brownian motion on
[0, l]d reflected at the boundary. In particular, Assumption 1 holds in our setting, and because
(1.1)-(1.5) are satisfied, we are immediately able to apply Theorem 1.4 to deduce the following.

Theorem 5.1. Fizp € [1,00]. Ifth. ({1,..., N} is the LP-mizing time of the simple random
walk on {1,...,N}?, then

N7 ({1 N =t (0, 1]7),

mix mix

where t£ . ([0,1]%) is the LP-mizing time of the Brownian motion on [0,1]¢ reflected at the

boundary.

We note that the same result holds if {1,..., N}? is replaced by the discrete d-dimensional
torus (Z/NZ)%, and [0, 1] is replaced by the continuous d-dimensional torus (R/Z)%.

5.2 Self-similar fractal graphs with random weights

Although we will also briefly comment upon Sierpinski carpet-type graphs at the end of this
section, the examples that we consider here are primarily those based on nested fractals, the
definition of which we now recall. Suppose (v;)X, is a family of L~!-similitudes on R? for
some L > 1, by which we mean that, for each i, ¢; is a map from R? to R? that satisfies
|1/11( )—i(y)| = L™tz —y|, for every ,y € R where |- —-| is the usual Euclidean distance on
RY. We assume that the collection (1;)X | satisfies the open set condition; this means that there
exists a non-empty bounded set O C R? such that (¢;(0))X | are disjoint and UX ;1;(0) C
Since (1/)1) *, is a family of contraction maps, there exists a unique non—empty compact set F
such that F' = UK 4;(F). Write the set of fixed points of (¢;)X ;| as =, and define the collection
of essential fixed points of (¢;)K | by

Vo:={zx€Z: 3,je{l,...,K},i# jand y € Z such that ;(z) = ¢;(y)}.

Throughout, we assume that #Vy > 2. The compact set F' is then said to be a nested fractal if
it satisfies the following connectivity, finite ramification and symmetry properties.

e For any i,7 € {1,..., K}, there exists a sequence i = ig, i1, ...,i, = j such that
Vi, (Vo) Ny (Vo) # 0,
forevery I =1,...,m.
e Ifi;...49, and 71 ... J, are distinct sequences in {1,..., K}, then
Vigcii (F) N5y (F) = iy i (Vo) N5 (Vo)
where ¥, 4. == 00 .

e If 7,y € Vp, then the reflection in the hyperplane H,, = {z € R?: |z — 2| = |z — y|} maps
V, to itself, where



We will suppose dr is the intrinsic shortest path metric on F' defined in [18, Section 3] (we assume
that the size vector introduced there is simply ¥ = (1,...,1)), and note that this induces the
same topology as the Euclidean metric. Moreover, we suppose 7 is the (In K/In L)-Hausdorff
measure on F with respect to the Euclidean metric, normalised to be a probability measure.
This measure is non-atomic, has full support and satisfies 7(0B(z,7)) = 0 for every x € F,
r >0 (see [14, Lemma 25]).

We now define a sequence of graphs (G) N>0 by setting

K
V(GY) = U Yiy i (V0)

11, iN=1

and

E(GY) = {0y (@), iy W)} 2y € Vo, 2 # y, i1se-viv € {1, K}

We set dgn == dr|yayyxy gy, so that (V(GN),dgn) clearly converges to (F,dr) with respect
to the Hausdorff distance between compact subsets of F. Weights 1V on the edges of GV will be
selected randomly from a distribution that satisfies uniform boundedness and cell independence.
By uniform boundedness, we mean that there exist deterministic constants ¢, ca € (0, 00) such
that, almost-surely,

c < ,u,fc\g/ < ¢, V{z,y} € B(GN),

and we define cell independence to be the property that, for each N > 0, the collections

(i )
'u’wil...iN (@)tsy...ipy (U) z,yeVo,x#y

are independent and have the same distribution as (ugy)

i1,eine{l,...,K}

eV aty” Note that we still require

,u% = u;ﬁ for every z,y € V(GY), and ,ufg\; =0 if {z,y} € E(G"). By the procedure described
in the introduction, we define from these weights a sequence of random measures (7%) N>0 Oon
the vertex sets of our graphs in the sequence (GV) N>0- That 7N weakly converges to 7 as
Borel probability measures on F, almost-surely, can be checked by applying the argument of
[14, Lemma 26].

To describe the scaling limit of the random walks associated with the random weights p%,
we appeal to the homogenisation result of [29]. To describe this, we first introduce the Dirichlet
form associated with the walk on the level N graph by setting, for f € ]RV(GN),

K
ENLD =D D M @y ) Wiy (@) = F iy @) (5.1)

i1, iN=1z,y€Vh,x7#Y

Let AN = (Ai\;)x,erO,x;ﬁy be the collection of weights such that the associated random walk

on GY is the trace of X&" onto Vo. It is then proved in [29, Theorem 3.4], that there exists a
deterministic C' = (Cyy )z yevp o4y and resistance scaling factor A € (0,00) such that

lim AVAYN =,

n—o0

where the limit is an L'-limit in the space of non-negative weights on the complete graph with
vertex set V. Moreover, C satisfies Cy, > 0 for every x,y € Vp, x # y, and is self-similar under
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the natural renormalisation operation. Now, suppose Eév is a quadratic form on RYV(E™) which
satisfies (5.1) with ,uN , o replaced by C, in each summand, then define
Yiy iy (@)iq iy (Y)

E(f, f) = lim_ AVEX (flv vy flviany)

for f € F, where F is the subset of C(F,R) such that the right-hand side above exists finitely.
It is known that (€, F) is a local, regular Dirichlet form on L?(F, ), which is also a resistance
form (see [28], for example). Thus, by Corollary 4.3, the associated 7-symmetric diffusion X
satisfies (1.1)-(1.5).

We now explain how to verify (2.12) in this setting. First, note that if we can prove a version
of [30, Theorem 3.6] (or [29, Theorem 3.5]) with respect to X&" on our compact fractal F, then
a probabilistic version of (2.12) can be proved similarly to [14, Proposition 30(i)]. (Here, our
X" is a discrete time Markov chain with 7V as the invariant measure, whereas in [29] and [30]
the continuous-time Markov chains with normalised counting measure as the invariant measure
were considered. However, since both measures are comparable and they converge to m almost-
surely, the difference can be easily resolved.) So, we will explain how to prove a version of [30,
Theorem 3.6]. Take two distinct points ay,as from V. Let o , be the first hitting time of a1,
and for each ¢ € N, define inductively

XYY XEY = an),
N N
2(XG ): XGT =a ).

JiZ(XGN) = inf{m > o'~
021 (XGN) = inf{m>o
Then, we can write, for continuous f : F' — R,
N
S [F(XGrpw)
N N N
= EG [f(X?KA) ) t(K/\)N < U((z?)] + EfN [f(XtC(;K)\) ) c(ff) < t(K)‘)N < U((z;)}

+ZE (X ) 108 < tEBENN <o) (5.2)
+ZE F(Xreayn) s 0l) < tENN < o], (5.3)

where xy € V(GY) converges to x € F, say. The first summand in the right hand side of
(5.2) can be written in terms of the process X G Killed at a1, and so by tracing the proof of
[14, Proposition 30(i)] line by line, we can check it converges to the corresponding expectation
involving X ¥ killed on hitting a;. Similarly, the first summand in (5.3) can be written as

Eggiv [f(XtG(’}]zA)N) : O'L(l?) < t(K/\)N (1)]
E;

N N N
Gl = (0)<t(K>\)N}Ef1 [Fxy )1

tEMNN —0g; {t(KX\)N —0q ><z71(11>09 (0>}|Foé(i)“’
Ual

where 6 is the shift map. Given U((l?) = s, Ele [f(X%JZ)\)N S)l{t(KA)N_S<o_((112)}]

terms of the process started at a; and killed on hitting ao, independently of the distribution of

O'él). Thus the second term in the right hand side of (5.2) converges to EL[f(X[) : o,g?)(XF) <
(1)

t < 04y (XF)]. We can prove convergence of the rest of the terms similarly. Moreover, by
applying the estimate for the exit time of the random walks from balls stated as part of [14,
Lemma 27|, for example, it is straightforward to check that there exists a ¢ty > 0 such that

PaGlN ((K/\)*Nm%) < tp) and PL%N ((K/\)*NU((I?) < 1) are both bounded above by 1/2, uniformly

can be written in

19



in N. As a consequence of this, one can show that the terms in the sums at (5.2) and (5.3)
decay exponentially, uniformly in N, and hence that the right hand side of (5.2) converges
to EE[f(X[)] as N — co. Convergence of the finite dimensional distributions can be shown
similarly and we obtain the desired version of [30, Theorem 3.6].

Finally, a probabilistic version of the tightness condition of (2.11) is easily checked by apply-
ing (a probabilistic version of) Lemma 2.5, using known resistance estimates for nested fractals
(cf. [14, Proposition 30(ii)]), and so Assumption 1 holds in probability due to Proposition 2.4.
Thus we are able to apply Theorem 1.4 to deduce the following.

Theorem 5.2. If tyi(GV) is the mizing time of the random walk on the level N approzimation
to the nested fractal F' equipped with random weights satisfying uniform boundedness and cell
independence, then

(KX) M tmid(GN) = tinix(F)
in probability, where tmi(F) is the mizing time of the diffusion X,

Let us remark that, if the weights C' = (Cyy)zyevp 24y are the unique collection of weights
that is invariant under the symmetries of the nested fractal (i.e. for every map h which is
a reflection in a hyperplane of the form Hgy, x,y € Vg, the collection (Cpz)n(y))e,yevo, ey 15
identical to (Cuy)zyevy £y, see [34, 37] relevant uniqueness result), then the resulting diffusion
X is the so-called Brownian motion on the nested fractal F. This is the case if we assume that
(ng)x,yevoﬁy is invariant in distribution (so that (,u(})l(x) h(y))w,yevo,xiy is equal in distribution
to (ng)x,yevoyxiy for reflections h of the form described).

Finally, variations on the above mixing time convergence result can also be established for
examples along the lines of those appearing in [14, Sections 7.4 and 7.5]. These include: an
almost-sure statement for Vicsek set-type graphs (which complements the mixing time bounds
for deterministic versions of these graphs proved in [21]); a convergence of mixing times for
deterministic Sierpinski carpet graphs; and a subsequential limit for Sierpinski carpets with
random weights. Since many of the ideas needed for these applications are similar to those
discussed above, we omit the details.

5.3 Critical Galton-Watson trees

The connection between critical Galton-Watson processes and a-stable trees is now well-known,
and so we will be brief in introducing it. Let £ be a mean 1 random variable whose distribution
is aperiodic (not supported on a sub-lattice of Z). Furthermore, suppose that ¢ is in the domain
of attraction of a stable law with index v € (1,2), by which we mean that there exists a sequence
any — oo such that

— = 5.4

s (5.4
in distribution, where ¢[N] is the sum of N independent copies of ¢ and the limit random
variable satisfies E(e %) = ¢=". If Ty is a Galton-Watson tree with offspring distribution &
conditioned to have total progeny NV, then it is the case that

NﬁlaNTN — 7-(04)7 (55)

in distribution with respect to the Gromov-Hausdorff distance between compact metric spaces,
where T(® is an a-stable tree normalised to have total mass equal to 1 (see [32, Theorem 4.3],
which is a corollary of a result originally proved in [15]). Note that the left-hand side here is
shorthand for the metric space (V(Tn), N tandr,), where V(Ty) is the vertex set of Ty and
dr, is the shortest path graph distance on this set.
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The a-stable tree 7@ is almost-surely a compact metric space. Moreover, there is a natural
non-atomic probability measure upon it, 7(® say, which has full support, and appears as the
limit of the uniform measure on the approximating graph trees. Usefully, we can decompose
this measure in terms of a collection of measures of level sets of the tree. More specifically, in
the construction of the a-stable tree from an excursion we can naturally choose a root p € T(),
We define T (r) := {z € T(® : drw(p,z) = 7} to be the collection of vertices at height r
above this vertex. For almost-every realisation of 7(®), there then exists a cadlag sequence of
finite measures on 7@ (£7),¢, such that ¢" is supported on T (r) for each 7 and

(@) :/ £ dr
0

(see [16, Section 4.2]). Clearly this implies that 7@ (9B (p,7)) = 0 for every r > 0, for
almost-every realisation of 7(®). Since a-stable trees satisfy a root-invariance property (see [16,
Theorem 4.8]), one can easily extend this result to hold for 7(®-a.e. z € T(®. Although this
is not quite the assumption of the introduction that 7(®) (0B (z,7)) = 0 for every x € T(),
r > 0, by a minor tweak of the proof of Proposition 3.2, we are still able to apply our mixing
time convergence results in the same way.

Upon almost-every realisation of the metric measure space (T(O‘),ﬂ(a)), it is possible to
define a corresponding Brownian motion X(® (to do this, apply [27, Theorem 5.4], in the way
described in [10, Section 2.2]). This is a conservative 7(®)_symmetric Hunt process, and the
associated Dirichlet form (& (@) F (O‘)) is actually a resistance form. Thus we can again apply
Corollary 4.3 to confirm that (1.1)-(1.5) hold for some corresponding transition density, ¢(®)
say. Now, in [13], it was demonstrated that if PpT% is the law of the random walk on Ty started

from its root (original ancestor) pn and 7NV is its stationary probability measure, then, after
embedding all the objects into an underlying Banach space in a suitably nice way, the conclusion
of (5.5) can be extended to the distributional convergence of

(N—laNTN,WN(NaNl.)’PZ—ﬁ,’ ((N_IGNXZ]—I\\;Q‘INI’U),E[O ; S >>

to ('T(a), (e, Pg)‘))7 where PE)Q) is the law of X (® started from p. By applying the fixed starting
point version of the local limit result of Proposition 2.4 (cf. [14, Theorem 1]), similarly to the
argument of [14, Section 7.2], for the Brownian continuum random tree, which corresponds
to the case & = 2, one can obtain from this a distributional version of Assumption 2. (The
tightness condition of (2.11) is easily checked by applying Lemma 2.5.)

Lemma 5.3. For any compact interval I C (0,00),

((V(TN), N andyn, PN) Y, (quaX,lt(pN’ :r)) xGV(TN)vtEI>

converges in distribution to ((T(O‘),dﬂa),p),ﬂ(o‘),(qt(a)(p, T))peT(@ 4er) M a spectral pointed
Gromov-Hausdorff sense.

Consequently, since the space in which the above convergence in distribution occurs is sepa-
rable, it is straightforward to apply Theorem 3.5 to deduce from this the following mixing time
convergence result. We remark that the v/2 that appears in the finite variance result is simply
an artefact of the particular scaling we have described here, and could alternatively have been
absorbed in the scaling of metrics.
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Theorem 5.4. Fix p € [1,00]. If tfnix(pN) is the LP-mizing time of the random walk on Ty
started from its root pv, then

N2ayth, (p™)=th . (),
in distribution, where t. (p) € (0,00) is the LP-mizing time of the Brownian motion on T ()
started from p. In particular, in the case when the offspring distribution has finite variance o,

it 1s the case that
g N73/2tp

E mix(p

N
)_>t§1ix (10) )

in distribution.

Remark 5.5. We note that it was only for convenience that the convergence of the random
walks on the trees Ty, N > 1, to the Brownian motion on 7(®) was proved from a single starting
point in [13]. We do not anticipate any significant problems in extending this result to hold for
arbitrary starting points. Indeed, the first step would be to make the obvious adaptations to
the proof of [13, Lemma 4.2] to extend the result, which demonstrates convergence of simple
random walks (and related additive functionals) on subtrees of Ty consisting of a finite number
of branch segments to the corresponding continuous objects, from the case when all the random
walks start from the root to an arbitrary starting point version. An argument identical to the
remainder of [13, Section 4] could then be used to obtain the convergence of simple random
walks on the whole trees, at least in the case when the starting point of the diffusion is in one
of the finite subtrees considered. However, since the union of the finite subtrees is dense in the
limiting space, we could subsequently use the heat kernel continuity properties to obtain the
non-pointed spectral Gromov-Hausdorff version of Lemma 5.3. However we do not pursue this
approach here as it would require a substantial amount of space and new notation that is not
relevant to the main ideas of this article. Were it to be checked, though, Theorem 1.4 would
imply, for any p € [1, 00], the distributional convergence of t* . (7x), the LP-mixing time of the

mix
random walk on 7y, when rescaled appropriately, to . (7)) € (0,00), the LP-mixing time
of the Brownian motion on 7(®).

Finally, we use our mixing time convergence result to establish asymptotic bounds for the
distributions of mixing times of graphs in the sequence (7yx)n>1 in the case when we have a
finite offspring distribution.

Corollary 5.6. In the case when the offspring distribution has finite variance, there exist
constants c1,ca, c3,cq € (0,00) such that

lim sup P (N’3/2t;’§iX(TN) > /\) <ce YA 0, (5.6)
N—o00
and also s
limsup P (N_3/2trlmx(pN) < )\_1) < cge N VA > 0. (5.7)
N—o0

Proof. To prove (5.6), we apply the general mixing time upper bound of Lemma A.1 to deduce
that
P (N2, (Tw) > A) < P (SN~ 2diamg, (Tw) > 2.

where diadeN (Tn) is the diameter of Ty with respect to dr,, and we note that #E(Ty) is
equal to 2(N — 1). By (5.5), the right-hand side here converges to P(8 diamg_,, (T@) > N).

By construction, the diameter of the continuum random tree 72 is bounded above by twice
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the supremum of the Brownian excursion of length 1. We can thus use the known distribution
of the latter random variable (see [25], for example) to deduce the relevant bound.
For (5.7), we first apply Theorem 5.4 to deduce that

limsup P <N_3/2t1 (pn) < /\_1> <P (tl (p) < )\_1) .

mix mix
N—o0

Now, for the continuum random tree, define
JO) = {r>0: 2712 <7 (Bra (o) < M2, RP (p, By (p,7)%) 2 A7Mr),
where R (2 is the resistance on the continuum random tree (see [11, (20)]). Then
P(reJ\)>1—e,  Vre(0,i,A>1,

(see [11, Lemmas 4.1 and 7.1]). As a consequence of this, we can apply the continuous version
of the mixing time lower bound discussed in Remark A.6 (with Hy = 0, Hy = Hy = H3 = 1,
H) =3, a; =1 and d; = 2) to deduce the desired result. O

Remark 5.7. The above proof already gives an estimate for the lower tail of t.. (p). That the
bound corresponding to (5.6) holds for the limiting tree, i.e.

mix

P ( oY (7'(2)) > )\> < 616_02)‘2,

can be proved similarly to the discrete case (more details are given in Remark A.2).

5.4 Critical Erd6s-Rényi random graph

Closely related to the random trees of the previous section is the Erdés-Rényi random graph at
criticality. In particular, let G(N,p) be the random graph in which every edge of the complete
graph on N labelled vertices {1,..., N} is present with probability p independently of the other
edges. Supposing p = N~ + AN~%3 for some A € R, so that we are in the so-called critical
window, it is known that the largest connected component CV, equipped with its shortest path
graph metric den, satisfies

(V(E™), N"Viden ) - (M. du)

in distribution, again with respect to the Gromov-Hausdorff distance between compact metric
spaces, where (M, d ) is a random compact metric space [1]. (In fact, this and all the results
given in this subsection hold for a family of i-th largest connected components for all i € N.
For notational simplicity, we only discuss the largest connected component CV.) Moreover, in
[9], it was shown that the associated random walks started from a root vertex pV satisfy a
distributional convergence result of the form

(NXEL) - (x

>0 t>0"’

where XM is a diffusion on the space M started from a distinguished vertex p € M. Although
the invariant probability measures of the random walks, 7 say, were not considered in [9], it is
not difficult to extend this result to include them since the hard work regarding their convergence
has already been completed (see [9, Lemma 6.3], in particular). Hence, by again applying the
fixed starting point version of the local limit result of Proposition 2.4 (using Lemma 2.5 again
to deduce the relevant tightness condition), we are able to obtain the analogue of Lemma 5.3
in this setting.
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Lemma 5.8. For any compact interval I C (0, 00),

((V(CN), N~ Bdn, pN) 7, (ane(p”, x))er(TN),teI) )

M is the invariant

converges in distribution to ((M,d, p), ™, (¢ (p, ))zermier), where w
probability measure of X and (gM(x, Y))zyeM,t>0 5 its transition density with respect to this

measure, in a spectral pointed Gromov-Hausdorff sense.

In order to proceed as above, we must of course check that 7™ and ¢™ satisfy a number
of technical conditions. To do this, first observe that a typical realisation of M looks like a
(rescaled) typical realisation of the Brownian continuum random tree 7 glued together at a
finite number of pairs of points [1]. Since 7™ can be considered as the image of the canonical
measure 7 on 73 under this gluing map, it is elementary to obtain from the statements of
the previous section regarding 72 that 7™ is almost-surely non-atomic, has full support and
satisfies 7 (0B (z,7)) = 0 for 7™-a.e. © € M and every r > 0, as desired. For ¢™, we
simply observe that because the Dirichlet form corresponding to XM is a resistance form ([9,
Proposition 2.1]), we can once again apply Corollary 4.3 to establish conditions (1.1)-(1.5).

Given these results, pointwise mixing time convergence follows from Theorem 3.5.

Theorem 5.9. Fiz p € [1,00]. If t2. (pV) is the LP-mizing time of the random walk on CY

mix
started from its root pv, then
N ()=t ()
mix P mix P)s

P (p) € (0,00) is the LP-mizing time of the Brownian motion on M

in distribution, where t_.

started from p.

Remark 5.10. As discussed in Remark 5.5, we do not expect any major barriers in extending
the above result to arbitrary starting points. The first task in doing this would be to adapt the
convergence result proved in [9] regarding the convergence of simple random walks on subgraphs
of C}' formed of a finite number of line segments ([9, Lemma 6.4]) to arbitrary starting points.
One could then extend this to obtain the desired convergence result for simple random walks
on the entire space using ideas from [9, Section 7] and heat kernel continuity. It would also
be necessary to introduce a new Gromov-Hausdorff-type topology to state the result, as the
one used in [9] is only suitable for the pointed case. Again, we suspect taking these steps will
simply be a lengthy technical exercise, and choose not to follow them through here. We do
though reasonably expect that tfniX(CN ), the LP-mixing time of the random walk on CV, when
rescaled appropriately, converges in distribution to t£. (M) € (0,00), the LP-mixing time of
the Brownian motion on M, for any p € [1, c0].

Finally, for the largest component of the Erd6s-Rényi random graph in the critical window,
one can prove that there exists constants c1, ¢y € (0,00) such that

sup P (N_ltgiX(CN) > \) < cre” 2, VA >0,
N>1

(indeed, by [35, Proposition 1.4] and [36, Theorem 1], this result is an application of Proposition
A7 with p1(\) = cze=*? and pa(A) = cse~ "), and also

sup P (N7l (M) <A <ea™® wax>o, (5.8)

mix
N>Ny

for suitable constants c7, No,0 € (0,00) (see Proposition A.8). It does not, however, seem
possible to apply current estimates for the graphs (CN )n>1 and techniques for bounding mixing
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times to replace tL. (CV) by tl. (p"V) in the latter estimate (see Remark A.9), or even prove
that the sequence (N/tL. (p™))n>1 is tight, i.e.

mix

lim limsup P (N 't} (M) < A1) =o.

mix
A—=00 N0

That this final statement is nonetheless true is a simple consequence of Theorem 5.9.

5.5 Random walk on range of random walk in high dimensions

Let S = (Sn)n>0 be the simple random walk on 74 started from 0, built on an underlying
probability space with probability measure P, and define the range of .S up to time N to be the
graph GV with vertex set

V(GYN):={S,:0<n <N}, (5.9)

and edge set
E(GY):={{Sy_1,8:}:1<n<N}. (5.10)

In this section, we will explain how to prove that if d > 5, which is an assumption henceforth,
then the mixing times of the sequence of graphs (G*) N>1 grows asymptotically as cN?, P-a.s.,
where c¢ is a deterministic constant. Since doing this primarily depends on making relatively
simple adaptations of the high-dimensional scaling limit result of [12] for the random walk on
the entire range of S (i.e. the N = oo case) to the finite length setting, we will be brief with
the details.

First, suppose that S = (Sy,)nez is a two-sided extension of (Sy,),>0 such that (S_p)n>0 is
an independent copy of (Sp)n>0. The set of cut-times for this process,

T = {n : S(foo,n] N S[nJrl,oo) = 0} )

is known to be infinite P-a.s. ([17]). Thus we can write 7 = {7}, : n € Z}, where ... T < T <
0<Ty <Ty < .... The corresponding set of cut-points is given by C := {C), : n € Z}, where
Cy, := St,. For these objects, an ergodicity argument can be applied to obtain that, P-a.s., as
In| = oo,

% —7(d) =E(Ti0 € T) € [1,00), (5.11)

dG(Oa Cn)

i — 6(d) :=E(d(0,C1)[0 € T) € [1,00),

where dg is the shortest path graph distance on the range G of the entire two-sided walk S,
which is defined analogously to (5.9) and (5.10). In particular, see [12, Lemma 2.2], for a
proof of the same convergence statements under the measure P(-|0 € 7), and note that the
conditioning can be removed by using the relationship between P and P(-|0 € T) described
in [12, Lemma 2.1]. Given these results, it is an elementary exercise to check that the metric
space (V(GN),7(d)6(d)"'N~'dyn), where dgn is the shortest path graph distance on GV,
converges P-a.s. with respect to the Gromov-Hausdorff distance to the interval [0, 1] equipped
with the Euclidean metric. Moreover, the same ideas readily yield an extension of this result
to a spectral Gromov-Hausdorff one including that 7'V, the invariant measure of the associated
simple random walk, converges to Lebesgue measure on [0, 1].

Now, for a fixed realisation of G, let X = (X,,),>0 be the simple random walk on G started
from 0. Define the hitting times by X of the set of cut-points C by Hy := min{m > 0: X,,, € C},
and, forn > 1, H, := min{m > H,,_1 : X,;, € C}. We use these times to define a useful indexing
process Z = (Zy)n>0 taking values in Z. In particular, if n < Hy, define Z,, to be the unique
k € Z such that Xp, = Cy. Similarly, if n € [Hy,—1, Hy,) for some m > 1, then define Z,, to be
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the unique k£ € Z such that Xpg, = C%. Noting that this definition precisely coincides with the
definition of Z in [12], from Lemma 3.5 of that article we have that: for P-a.e. realisation of G,

(N_lT(d)ZLtNQJ)tZO = (Bigy(d)) 120 (5.12)

in distribution, where (B})¢>¢ is a standard Brownian motion on R started from 0, and k2(d) €
(0, 00) is the deterministic constant defined in [12]. To deduce from (5.12) the following scaling
limit for XV, the simple random walk on G, we proceed via a time-change argument that is
essentially a reworking of parts of [12, Section 3].

Lemma 5.11. For P-a.e. realisation of S, if X" is started from 0, then
1A 0,1
(T(d)5(d) TN (0,Xﬁ2(d),1N2tJ)) = (Bt[ J)

in distribution, where B0 = (Bgo’l})tzo is Brownian motion on [0,1] started at 0 and reflected
at the boundary.

>0 >0

Proof. The following proof can be applied to any typical realisation of S. To begin with, define
a process (Af’N)nZO by setting

n—1
Z,N .__
AN =) 1y cpasy
m=0

where Tx! := max{n : T, < N}. From (5.11), we have that ' ~ 7(d)"'N. Combining
this observation with (5.12), one can check that, simultaneously with (5.12), (N_QA@]NQJ)QO

converges in distribution to (ka(d)"'AZ o d))tZOv where

t
AtB = A 1{336[071]}d8

(cf. [12, Lemma 3.5]).
We now apply the above result to establish a scaling limit for the process X observed on
the vertex set V(GN):={S,: Ty <n < T&l}. Specifically, set

n—1

N .__
Ay = Z 1{Xm,Xm+1eV(GN)}‘

m=0
Similarly to the proof of [12, Lemma 3.6], one can check that

n
N Z,N
sup |A,) — A> §E 1 1 ol 4 p—lyy.
Ogmfn‘ m m ‘ — {Zmel0,12)U[Ty" —2,Ty —1,Ty "]}

It is therefore a simple consequence of (5.12) that N2 supg<,,<7n2 ’A% - A%N’ converges to
0 in probability as N — oo for any T € (0, 00). Since we know from equation (16) of [12] that

N7 s dg (0, Xm) — 0(d) Zu
0<m<TN?2

also converges to 0 in probability, we readily obtain
—177—1 N [0,1]
(r(@)s(@) ' Ndg (O,XLN%J»tZO N (B@( d)t)tzo’ (5.13)
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in distribution, where XV = (XN),>0 is the random walk X observed on V(GN) — this is
defined precisely by setting XV := XaN(n), where a™(n) := max{AN < n}. We remark that

the particular limit process BI%! arises as a consequence of the fact that (BaB(#))t>0, where aB

is the right-continuous inverse of AZ, has exactly the distribution of B0,

Finally, since the process X% is identical in law to the simple random walk XV observed
on V(GV), to replace XV by XV in (5.13) it will suffice to check that X spends only an
asymptotically negligible amount of time in V(GV)\V(GN). Since doing this requires only a
simple adaptation of the proof of [12, Lemma 3.8], we omit the details. To complete the proof,
one then needs to replace dg by dgw~, but this is straightforward since

N1 sup |dg (0, 8n) — den (0,8,)] < N1 <T1 + Ty, — TTA) 0,
0<n<N N N

as N — oo. O

Although the previous lemma only contains a convergence statement for the random walks
started from the particular vertex 0, there is no difficulty in extending this to the case when
XN is started from a point z) € V(GN) such that den (0, 2)) ~ 7(d)~'6(d) Nxg, and BIO is
started from zp € [0,1]. Applying the local limit result of Proposition 2.4 (to establish (2.11),
we once again appeal to Lemma 2.5), we are able deduce from this that Assumption 1 holds for
P-a.e. realisation of the original random walk.

Lemma 5.12. For P-a.e. realisation of S, if I C (0,00) is a compact interval, then

N —1a7—1 N (N
(V&) @@ N ) 7 (o)) )
converges in (M, Ar) to the triple consisting of: [0,1] equipped with the Euclidean metric,
Lebesgue measure on this set and the transition density of Brownian motion on [0,1] reflected
at the boundary.

Since it is clear that (1.1)-(1.5) hold in this case, we can therefore apply Theorem 1.4 to
obtain the desired convergence of mixing times.

Theorem 5.13. Fizp € [1,00]. Ifth. (S 0,N]) 18 the LP-mizing time of the simple random walk

on the range of S up to time N, then P-a.s.,
Ka(d)N~2th . (Sjo.n))—

mix

0,1]),

mlx([

where th . ([0,1]) is the LP-mizing time of the Brownian motion on [0,1] reflected at the bound-
ary.

A Appendix: Mixing time estimates

In this appendix, we give some sufficient condition to derive upper and lower estimates for
mixing times of random walks on finite graphs, primarily using techniques adapted from [35].
We will also indicate how these can be transferred to the continuous setting (see Remarks A.2
and A.6). We start by fixing our notation. Let G = (V(G), E(G)) be a finite connected graph
and u® be a weight function, as in the introduction. Suppose here that dg is the shortest path
metric on the graph G, and denote, for a distinguished vertex p € V(G),

B(R) ={y:da(p,y) <R}, V(R):= Y Y puS =7%B(R)u(G), Re(0,00),

z€B(R) y:y~zT
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where we write x ~ y if ufy > 0 and set u(G) =3, ey () ugy. For the Markov chain X¢, let
TR = TB(p,r) = Min{n > 0: Xf ¢ B(R)}.
We define a quadratic form &€ by

Efg) =35 Y uS(f(@) — fW)g) - g(v)),

z,y€V(G)
T~y

and let H2 = {f e RV(©) : £(f, f) < co}. For disjoint subsets A, B of G, the effective resistance
between them is then given by:

Regt(A, B)™' = inf{&(f, f) : f € H?, fla =1, f|p = 0}. (A1)

If we further define Reg(x,y) = Reg({z},{y}), and Reg(z,x) = 0, then one can check that
Reg (-, ) is a metric on V(G) (see [28, Section 2.3]). We will call this the resistance metric. The
resistance metric enjoys the following important (but easy to deduce) estimate,

@) = FWP < Rea(2,)E(L, 1), Vf € LG, ).
Moreover, it is easy to verify that if cfl = infy yegiz~y ,ugy > 0, then
Reg(x,y) < c1dg(z,y) Y,y € G. (A.2)

Let v,r : {0,1,--- ,diamg,(G) + 1} — [0,00) be strictly increasing functions with v(0) =
r(0) =0, v(1) = r(1) = 1, which satisfy

()" <t =alm) ™ (7)< < olg)”

for all 0 < R’ < R < diamg,(G) + 1, where C1,Cy > 1,1 <d; <dgand 0 < ag < ap <1. In
what follows, v(-) will give the volume growth order and r(-) the resistance growth order. For
convenience, we extend them to functions on [0, diamg, (G) + 1] by linear interpolation.

Finally, in the appendix, we adopt the convention that if we cite elsewhere the constant ¢y
of Lemma A.4 (for example), we denote it as cq.4.1.

A.1 Upper bound

In this subsection, we give an upper bound of the mixing times that is a reworking of [35,
Corollary 4.2], in our setting. Note that, since . (p) < . (G) and £ . (G) < . (G) for
p < p/, it will be enough to estimate ¢ (G).

mix
Lemma A.1. For any weighted graph (G, u®),
mix(G) < ddiampg(G)u(G),
where diampg(QG) is the diameter of G with respect to the resistance metric Reg.
Proof. First, note that by [2, Proposition 3 in Chapter 2], we have that

EJ (Z 1{Xgm,m<S}> = n(2)EZ(S), (A.3)

m=0

28



for any stopping time S with Xg = z. Taking S to be the first hitting time of x after time
2m —1, and writing II(x, 2m) to represent the law of XQGm when X is started from x, we obtain
that

2m—1

m—1
ES o (02) = Y (0 (x,2) = 1) =2 (¢ (x,2) — 1) > 2m (5, (z,2) — 1),
=0 =0

where o, is the first hitting time of z, and the inequality holds because qQGl(x, x) is decreasing
in [ (see the proof of [14, Lemma 9], for example). Since by Cauchy-Schwarz, |¢5 (z,y) — 1] <
(QZGm(xvx) - 1)1/2(QQGm(y7y) - 1)1/27 it follows that

Eg(ay). (A.4)

sup DS (z,2m) = sup ‘qgm(x,y) -1/ < sup (¢S (z,2)—1) < sup
zeV(G) z,yeV(G) zeV(G) z,yeV(G) m

By applying the commute time identity for random walks on graphs, E¢(o,) + Ef (0z) =
Regi(z,y)u(G), this implies sup,cy(q) DS (x,2m) < diampg(G)u(G)/2m, and the result follows.
O

Remark A.2. (1) The first inequality of (A.4) and (3.5) implies the following known fact for
mixing times of symmetric Markov chains; ¢ (G) < 2t2. (G;1/2), where t2. (G;1/2) is the
L2-mixing time of G with 1/2 instead of 1/4 in the definition (1.8).

(2) Essentially the same argument can be applied to deduce the corresponding mixing time
upper bound in the continuous setting when we suppose that we have a process whose Dirichlet
form is a resistance form. In particular, suppose that this is the case for X', as defined in the

introduction. Let S be the first hitting time of x € F after time ¢, then, for any f € L'(F, ),

x</osf(Xs)dS> = Nl Ea(S),

which can be obtained by applying an ergodicity argument similar to that used to prove (A.3).
Writing II(z,t) to represent the law of XtF when X¥ is started from z, the expectation on the
right-hand side here satisfies E;(S) =t + Ey(4)(72) < t + supyep Rer(2,y), where to deduce
the upper bound, we have applied that the commute time identity E; (7)) + Ey(72) = Reg(x, )
also holds for resistance forms (since we are assuming 7 to be a probability measure, it does not
appear explicitly in this Version of the identity) Moreover, if f is positive, the left-hand side
is bounded below as follows: fo s)ds) > fo [ as(x,y) f(y)m(dy)ds. Combining these
bounds, we have proved that, for p051tlve f € L'(F, ) such that I fll 21 (xy # O,

Iy [ as(x,y) f(y)m(dy)ds
£l 21 ()

By choosing a sequence of suitable functions whose support converges to {z}, the joint continuity
of (¢:(x,v))zyer>0 allows us to deduce from this that

<t+ diamR(F).

t
tqi(z,x) < / gs(z,z)ds <t + diampg(F),
0

where the first inequality holds because g;(z, x) is decreasing in t. The remainder of the proof
is identical to the graph case.
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A.2 Lower bound

In this subsection, we give the mixing time lower bound. By the same reasoning as in the
first paragraph of the previous subsection, it will be enough to estimate tmlx( ). Our argument
depends on some estimates for hitting times that are modifications of results in [3, 31].

To begin with, let B = B(R) and define

o
gB(z,y) = " > PI(Xy =y, k < 7R).
k=0

Then, it is easy to show that

EETB = ZQB(Zay):uya Reff($vBc) = gB(l‘,IL‘)
yeB

(see, for example [3, (2.19),(2.20)]). Also, if A and B are disjoint subsets of G and = ¢ AU B,
then (see [3, (2.14)])

Reg(z, B)
Reg(z, A)’

where T4 is the hitting time of A C G. If C5 := 2*2/‘”6'2_1/0‘2 and Cy := 8*101_1052, we can
then prove the following.

Pg(TA <Tp) < (A.5)

Lemma A.3. Let A > 1 and Hy, -+, Hs3 > 0.
(a) Suppose that

Regt(p,y) < MNr(de(p,y)), Yy € B(R), and V(R) < ATo(R), (A.6)

then
ES T < 2\HoHuy(R)r(R)  for € B(R). (A.7)

(b) Suppose (A.6) and also
Reg(p, B(R)®) > XM20(R)  and  V(CaA~HotH2)/erpy > \=Hsy oy \~(HotH2) /a1 gy - (A g)
then
ECrr > 20 A e~ Hay(R)r(R)  for & € B(CaA~(HotH2)/a1 gy (A.9)

where Hé = Hy + (HO + Hz)dz/()él.
(¢) Suppose (A.6) and (A.8), and let x € B(C3A~(HotH2)/a1 R " then

20 2= Hsy(R)r(R) — n
2\HotHiy(R)r(R)

PY(tp > n) > forn > 0. (A.10)

Proof. Using (A.6), we have Reg(z, B¢) < Re(0,2) + Reg(0, B¢) < 2AHor(R) for any 2 € B.
So,

EStp =Y gn(z 9y <D 98(2,2)py = Reg(z, B)V(R) < 22X y(R)r(R),
yeB yeB

which gives (A.7). In order to prove (A.9), we first establish the following: for 0 < & <
1/(2C Mot H2)1/an — gl/as oy \~(HotH2)/en and ¢ € B(eR), we have

O™ NHo+Hz

G
Ey (TP < TR) >1- 1— CQEm)\Ho-i-Hz =

1 — 20y \Ho T2, (A.11)
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Indeed, by the first inequalities of (A.6) and (A.8), we have

Rt(y, BURY) = Rea(p. BR)") — Rese(p.y) = A~ r(R) = Afor(eR) > 1)

= Coe \H2 o )‘HOT(ER)'

So, by (A.5),
Rei(y, p) < Mor(eR) < Cog \Ho+H2

Re(y, B(R)?) = _rEB)__ \Hop(eR) ~ 1 — Coe®t \HotH:

Cae1 \H2

PyG(TR<Tp) <

and (A.11) is obtained. Now, if y € B’ = B(CsA~(HotH2)/e1 R) "then the bound at (A.11) gives
that Pf(Tp <71B)> 3,80

98(p,y) = g5(p, p)PS (T, < 78) > Lg5(p. p) = 1 Rerr(p, B°) > $X 21 (R).
By the second inequality of (A.8), we have
H(B,) > )\_H3’L)(Cg>\_(HO+H2)/a1R) > C;lch)\_2(H0+H2)d2/a1_H3’U(R),

and therefore we obtain,

ESts > > gslp.y)uy
yeB’

3598(p, p)u(B')
%Cl—lcéiz )\_HQ_(HO+H2)d2/a1_H3U(R)T‘(R)

= 40N M3y (R)r(R).

AVARAY]

Moreover, for x € B’ we have that E¢rp > PY(T, < TB)EETB, which gives (A.9).
Finally, by the Markov property, (A.7) and (A.9),

20, A sy (R)r(R) < E{mr < 0+ BY[1(ronyES, ()]
< n4 200y (RYr(RYPS (1R > n).

Rearranging this gives (A.10). O
The following estimate is a modification of [31, Proposition 3.5 (a)] (see [3, (2.4)] for the

important special case v(R) = R?, r(R) = R). Note that for R > diam,, (G), it is the case that
Tr = 00, and so (A.12) trivially holds.

Proposition A.4. Let 0 < ¢ < CyA~(HotH2)/e1 - gnd suppose (A.6) and (A.8) for R and R,
then

PyG (tr < C4)\*H§*H3U(€R)r(€R)) < e Nt HitHyeen  fory € B(eR). (A.12)

Proof. We take a kind of bootstrap from (A.10) and (A.11). Let ¢y > 0, and set

q(y) = P(Tr<T,),  aly) = Py (rr < to).
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Then
aly) = P$(1r < to) = P§ (1 < to, Tr<T,) + PS (g < to,7r > 1))
< Pg(TR STp)-l-P??(Tp < TR,TR—Tp Sto)
< q(y) + (1 —q(y))alp) < qy) +alp), (A.13)

using the strong Markov property for the second inequality. Starting the Markov chain X at p,
we have

e G e G
a(p) =P, (tr < to) S EJ (L7 i\ PX, (TR <10)] <P (7er < o) Jax a(y). (A.14)

Combining (A.13) and (A.14) gives

maxXycop(er) 4(Y)

a(p) < A.15
(e} < P§(1.r > to) (4.15)
Further, using (A.11) with 2¢, we have
2¢)1 Ho+Ho
Ca(26) A < 205 (2e)M \HoHHz, (A.16)

1) S 720, eje ao T I

Let tg = CyA~M2=H3y(cR)r(eR); then using (A.10) for the ball B(eR) (note that (A.6) and
(A.8) for eR are assumed here), we obtain

PS(TER > t()) > CoAfHO*Hl*Hé*HS.

combining this with (A.16), (A.15) and (A.13) completes the proof of (A.12). O

Note that, we may and will take ¢; > 1/(2C5") in (A.12). Using Proposition A.4, we have
the following.

Proposition A.5. i) For A\, R > 1, assume that u(G) > 4V (R), and that (A.6), (A.8) hold for
R, then

thix(G) > Ca 30 (R)r(R). (A.17)
ii) For \, R > 1, assume that u(G) > 4V(R), and (A.6), (A.8) hold for R and eo(\)R, where
eo(N) = (20,4,4,1)_1/6”)\_(110‘*'2?:0 HitH3)/ o1 Then

thic(p) > Cud 2~ Hay (0 () R)r (0 (M R).

Proof. i) We follow the argument in [35, Lemma 5.4]. Let t € N. If P$(r5 < t) > 1/2 for
all z € B(R — 1), then 7/t is stochastically dominated by a geometric random variable with
parameter 1/2; so that Eff [Tr] < 2t. By this and (A.9), we see that for t = Cy "2~ Hs9(R)r(R),
there exists some € B(R — 1) such that P$(rp < t) < 1/2. Further, since u(G) > 4V(R),
m(B(R)) = V(B(R))/u(G) < 1/4. Combining these observations, we obtain

Di(2,t) > 2P (5 > ) — 2n(B(R)) > 1 — % > % (A.18)

so that (A.17) follows.

ii) Take ¢ = gg()\) in Proposition A.4 and let t = CyA~H2~H39(cR)r(¢R). Then, since
0 < e < CyA~(HotHz)/m (this is because we take cqa41 > 1/(2C5")), by (A.12) we have
Pg (TR < t) < cA,4.1)\H0+Z?:0 Hi+Hjzon — 1/9. The rest is the same as the proof of i) except
that we take z = p in (A.18). O
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Remark A.6. Similarly to the remark at the end of Section A.1, an analogous argument for
proving a mixing time lower bound applies in the continuous case when we have a process X'
whose Dirichlet form is a resistance form on F'. In order to avoid repetition, we omit the details
of this here.

A.3 Random graph case

We now consider a probability space (€2, F,P) carrying a family of random weighted graphs
GN(w) = (V(GN(w)), E(GN(w)), pN @) w € Q). We assume that, for each N € N and w € Q,
GN(w) is a finite, connected graph containing a marked vertex p", and #V (GV(w)) < My for
some non-random constant My < oo. Let dgn(,,) (-, ) be a graph distance, B(R) := B,(pN, R),
and V(R) := V,(p"V,R). We write X = (X,,n > 0,P% 2 € GV (w)) for the random walk
on GN(w), and denote by p¥(z,y) its transition density with respect to 7*. Furthermore,
we introduce a strictly increasing function h : NU {0} — [0,00) with A(0) = 0, which will
roughly describe the diameter of GV with respect to the graph distance. We then set (-) =
v(h(:)) - r(h(-)). Finally, for ¢ = 1,2, we suppose p; : [1,00) — [0,1] are functions such that
limy 00 pi(A) = 0. We then have the following.

Proposition A.7. (1) Suppose that the following holds:

P(diamp(G™) > Ar(h(N))) < p1(3), PEY(GY) = Mo(A(N))) < p2(N), (A.19)

then
P(to5(GN) > My(N)) < inf (p1(A7/8) + pa(A'77)).

0€[0,1]
(2) Suppose there exist ¢y <1 and J > (14 Hy)/dy such that the following holds:
P((A.6) A (A.8) for R=ciA\h(N)) > 1—pi(N), PN (GY) <A o(h(N))) < pa(N),
then there exist co,pg > 0 such that
P(t1ix(GN) < e2A709(N)) < 2p1(A) + p2(V/(4C1c)).
(3) Suppose there exist ¢y <1 and J > (1 + Hy)/ds such that the following holds:

P((A.6) A (A.8) for R =ciA"7h(N) and for eg(A\)R) > 1 — pi(N),
P(u™M(GY) < Ao(h(N))) < p2(N), (A.20)

where £9(A) is as in Proposition A.51ii), then there exist ca,pp > 0 such that

P(thi (V) < c2XPy(N)) < 2p1(A) + pa(N/ (AC1c?)).

Proof. By Lemma A.1, we have for any 6 € [0, 1] that
P (t2.(GN) > My (N)) < P (8diamp(GMN)u¥ (GN) > My(N))
p (8diamR(GN) > )\er(h(N))) 4P (uN(GN) > Al—%(h(zv)))

< pr(A/8) +pa(AY),

IN

which implies the conclusion of (1).
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For (2), let R = c;A\~7h(N) and define

t = CA My (R)r(R) = CuA 2 B3y (cy AT h(IN))r (e A h(IN))
> C’4)\_H5_H30flcg2(cl)\_J)d2+a2v(h(N))r(h(N)) =: o\ POy (N).

Then by Proposition A.51),

P (b1 (GY) < eaXPy(N)) < Pt (GY) <1)
P (either (A.6) or (A.8) do not hold for R = c; A"/ h(N)) + P(u™ (GV) < 4V (R))

<
< () + PN (GY) < 4V(R)).

Note that
ANF1p(R) = 4Ny (e AT R(N)) < 4Oy (er A ™) 20 (R(N)) < 4C1E2 A" o(R(N)),
where we used J > (1 + Hj)/ds in the last inequality. Using this, we have

P(uN(GN) < 4V(R))
P(uN(GN) < 4N Tu(R)) + P(A'u(R) < V(R))
P(uN(GN) < AC1eP A o(R(N))) + p1(A)

p2(A/(4C1cP2)) + pr(N),

~~

VAN VANVAN

which implies the conclusion of (2). The proof of (3) is almost the same, so we omit it. O

To illustrate this result, we consider the case when the random graphs G (w) are obtained
as components of percolation processes on finite graphs, thereby recovering [35, Theorem 1.2(c)].
(In [35], it was actually the lazy random walk was considered to avoid parity concerns, but the
same techniques apply when we consider ¢G (-,-) as in (1.7) instead.) We note that, this setting
includes taking GV (w) to be C"V, the largest component of the Erdés-Rényi random graph in the
critical window, as introduced in Section 5.4, and hence the following proposition establishes
the estimate at (5.8).

Proposition A.8. Let GV be a graph with N wertices and with the mazimum degree d €
[3,N —1]. Let CN be the largest component of the percolation subgraph of GN for 0 < p < 1.
Let p < % for some fizred X € R, and assume that there exist ¢1,61 € (0,00) and K1 € N
such that

P(#CN < ATIN?BY <A™ VAN > K, (A.21)

then there exist ca,02 € (0,00) and Ko € N such that, for all p € [1,00],

P(ATIN <t (CN) < AN)>1-cA™ %, VA N> K. (A.22)

mix

mixc(C™)
can be obtained by Proposition A.7 (1) with v(R) = R%,7(R) = R,h(N) = N'/? and p;(A) =
co A~ po(A) = ch A~% for some ¢y, ¢}, go, ¢y > 0. Indeed, (A.19) holds because of [35, Theorem
2.1 (a),(b), Theorem 6.1] and the fact diam (CV) > diamg (CV), which is due to (A.2).
The lower bound is more complicated. Using Proposition 5.5-5.7 and (5.1) in [35] with

Proof. We only indicate how to apply previous propositions. First, the upper bound of t?

B=XA"Y4L =Xz o=\ =R h=CsA 2R, m = A" (C3 "2 R)?,
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and then taking R = c; A"/ N3, Hy = 0 (due to (A.2)), Hy = Hy = 2, H3 = 4,.J = (1+H,)/2 =
3/2, we see that for each v € GV,

P(#C(v) > ATVAN?3 and A) < eyA"VENT3,

where

A = {V (0, C5A2R) < A\ (CsA2R)2, Regr(v, B(v, R)°) < %, WE(B(v, R)) > \2R2).

This corresponds to [35, (5.3)]. Now using Proposition A.51) and arguing similarly to the proof
of [35, Theorem 2.1 (c.2)], we have

P(Jv e GV with #C(v) > AVAN?/3 and tL, (C(v)) < CUIA™22N) < egA V4,

This together with (A.21) implies the desired lower bound of £ . (CV). O

mix

The proofs of this proposition and Corollary 5.6 highlight why it is useful to have a general
theory where the exponents Hy,--- , H3 can vary.

Remark A.9. As mentioned at the end of Subsection 5.4, it does not seem possible to apply
current estimates for the graphs (CV) ~>1 and techniques for bounding mixing times to replace
ATIN <2 (CN) by ATIN < #2. (p") in (A.22). The major difficulty is to verify the first
inequality of (A.20) for 9(A)R. Indeed, even if we choose Hy, - - - , Hz large (which increases the
chance that (A.6) and (A.8) hold for R), e9(\) gets small accordingly, so that the probability

P((A.6) A (A.8) for e9(A)R) does not increase.

Finally, below is a list of exponents for each example in Section 5.

Section v(R) r(R) h(N) v(N)
5.9 RlogK log L Rlog)\ log L LN (K)\)N
5.3 with ay = NV* o e (1,2] | R*/e-D | R Ni-1/e | Ny2-1/a
5.4 R? R N1/3 N
5.5 R R N N?

Here the Euclidean distance is used instead of the intrinsic shortest path metric for the examples
in Section 5.2. Note that when o = 2 in Section 5.3 (the finite variance case), the growth of
v(R) and r(R) is of the same order as in Section 5.4. The difference of scaling exponents of
mixing times (namely (N)) is due to the difference of scaling exponents for graph distances
(namely h(N)). We also observe that the convergence to a stable law at (5.4) forces the scaling
constants to be of the form ay = NY*L(N) for some slowly varying function L (see [20, Section
35]), and hence the above table captures all the most important first order behaviour for the
examples in Section 5.3.
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