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Abstract

The universal sls invariant of bottom tangles has a universality property for the colored Jones
polynomial of links. Habiro conjectured that the universal sly invariant of boundary bottom
tangles takes values in certain subalgebras of the completed tensor powers of the quantized
enveloping algebra Uy, (sl2) of the Lie algebra sly. In the present paper, we prove an improved
version of Habiro’s conjecture. As an application, we prove a divisibility property of the
colored Jones polynomial of boundary links.

1 Introduction

In the 80’s, Jones [9] constructed a polynomial invariant of links. After that, Reshetikhin
and Turaev [20] defined an invariant of framed links whose components are colored by finite
dimensional representations of a ribbon Hopf algebra. The colored Jones polynomial is the
Reshetikhin-Turaev invariant of links whose components are colored by finite dimensional
representations of the quantized enveloping algebra Uy, (sl2).

The universal invariant associated with a ribbon Hopf algebra is an invariant of framed
links and tangles which are not colored by any representations, see Hennings [8], Lawrence
[15, 14], Reshetikhin [20], Ohtsuki [19], Kauffman [10], and Kauffman and Radford [11]. The
universal invariant has the universality property for the Reshetikhin-Turaev invariant. By the
universal sly invariant, we mean the universal invariant associated with Uy, (sl2). In particular,
one can obtain the colored Jones polynomial from the universal sls invariant.

A bottom tangle is a tangle consisting of arc components in a cube such that each boundary
point is on the bottom line, and the two boundary points of each component are adjacent to
each other, see Figure 1 (a) for example. We can define the closure link of a bottom tangle,
see Figure 1 (b). For each link L, there is a bottom tangle whose closure is L. In [4], Habiro
studied the universal invariant of bottom tangles associated with a ribbon Hopf algebra, and
in [6], he studied the universal slp invariant in detail.

The universal sly invariant of n-component bottom tangles takes values in the completed
n-fold tensor power Uy(sl2)®"™ of Uy(sly). By using bottom tangles, we can restate the
universality of the universal sls invariant: the colored Jones polynomial of a link L is obtained
from the universal sl invariant of a bottom tangle whose closure is L, by taking the quantum
traces associated with the representations attached to the components of links (cf. [4]).

We are interested in relationships between the algebraic properties of the colored Jones
polynomial and the universal sls invariant and the topological properties of links and bottom
tangles.
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Figure 2: A boundary bottom tangle

Eisermann [2] proved that the Jones polynomial of an n-component ribbon link is divisible
by the Jones polynomial of the n-component unlink. This result is generalized to links which
are ribbon concordant to boundary links by Habiro [7]. Habiro [6] proved that the universal
sly invariant of m-component, algebraically-split, O-framed bottom tangles takes values in
certain small subalgebras of the completed tensor powers of U (sly), and gave a divisibility
property of the colored Jones polynomial of algebraically-split, 0-framed links.

In [21], the present author proved an improvement of Habiro’s result for algebraically-split,
0-framed bottom tangles, in the special case of ribbon bottom tangles and ribbon links.

In the present paper, we study the universal sly invariant of boundary bottom tangles. A
bottom tangle is called boundary if its components admit mutually disjoint Seifert surfaces,
see Figure 2 for example. We can obtain each boundary link from a boundary bottom tangle
by closing. Habiro [6] conjectured that the universal sly invariant of boundary bottom tangles
takes values in certain subalgebras of the completed tensor powers of U (slz). We prove an
improved version of Habiro’s conjecture (Theorem 1.2).

1.1 Main result

The quantized enveloping algebra U, = U (slz) is an h-adically completed Q[[h]]-algebra (see
Section 2.2 for the details). We set ¢ = exp h.
Habiro [6] proved that the universal sly invariant Jr of an n-component, algebraically-

split, O-framed bottom tangle 7T is contained in the Z[q, ¢~ ']-subalgebra (L?;”)®” of U}‘?”. In

[21], we defined another Z[g, ¢~ !]-subalgebra (U;V)@” C (Z;{;”)@", and prove the following
theorem. (See Section 2.3 for the definition of qu", and see Sections 6.1-6.4 for the definition

of the completion (Ug")@” of (Ug¥)®m.)

Theorem 1.1 ([21]). Let T be an n-component ribbon bottom tangle with 0-framing. Then
we have Jr € ([7;")@".

The main result of the present paper is the following.



Theorem 1.2. Let T' be an n-component boundary bottom tangle with O-framing. Then we
have Jr € (UV)"®".

Remark 1.3. Habiro [6, Conjecture 8.9] conjectured Theorem 1.2 with (U;V)@" replaced
with the Z[g, ¢~']-subalgebra (Ug") ", which includes (USV)A@)”. We do not know whether
the inclusion (USV)"®™ C (Ug¥)™®™ is proper or not. The definition of our algebra (Ug") "
appears to be more natural.

Since every 1-component bottom tangle is boundary, Theorem 1.2 for n = 1 gives a possible
improvement of the following theorem.

Theorem 1.4 (Habiro). Let T' be an 1-component bottom tangle with O-framing. Then we
have Jr € (UgV)".

Theorem 1.4 follows from [6, Theorem 4.1] and the equalities
Inv(?]j“) = Z(Z;Ig‘“) =Z((U)),

which is implicit in [5, Section 9]. Here, for a subset X C U, we denote by Inv(X) the
invariant part of X, and by Z(X) the center of X.

If we use the one-to-one correspondence described in [4, Section 13] between the set of
bottom tangles and the set of string links, then we can define the Milnor f invariants [17, 18]
of a bottom tangle as that of the corresponding string link. See [3] for the Milnor i invariants
of string links. In fact, all Milnor i invariants vanish both for ribbon bottom tangles and
boundary bottom tangles. It is natural to expect the following conjecture.

Conjecture 1.5. If T' be an n-component bottom tangle with 0-framing with vanishing all
Milnor i invariants, then we have Jr € (ﬁgv)“gn.

The converse of Conjecture 1.5 is also open.

1.2 Application to the colored Jones polynomial

We give an application (Theorem 1.6) of Theorem 1.2 to the colored Jones polynomial of
boundary links. This result is parallel to the result for ribbon links [21].
We use the following ¢-integer notations:

{ite = qi =1, A{itgn ={itli -1} {i—n+1}y, {nt!={n}ten,
= {00/ (1 Dt =l =1l 1)y [2] = 0D/t
fori € Z,n > 0.

For m > 1, let V,, denote the m-dimensional irreducible representation of U,. Let R
denote the representation ring of Uj, over Q(q%), i.e., R is the Q(q%)—algebra

R = SpanQ(q%){Vm | m>1}

with the multiplication induced by the tensor product. It is well known that R = Q(q2)[V4].



For [ > 0, set

-1
P=[(va—g"> —q ") eR,
=0
1

.
{13!

which are used in [6] to construct the unified Witten-Reshetikhin-Turaev invariants for integral
homology spheres. We denote by J,. Bl .. B! the colored Jones polynomial of L with ith
S R )

P/ = P eR,

component L; colored by 151’1_. Habiro proved that Theorem 1.2 implied the following result.
For [ > 0, let I; denote the ideal in Z[g, ¢~ '] generated by {l — k},{k},! for k=0,...,L.

Theorem 1.6 ([6, Conjecture 8.10]). Let L be an n-component boundary link with 0-framing.
Forly,...,l,, >0, we have

2L+ 1}, .
- {24 }‘1711‘*‘1][1 o0y T,

iy Pl {1}

where j is an integer such that l; = max{l; }1<i<n, and flj denotes the omission of I, .

JL

Remark 1.7. For m > 1, let ®,,(q) = Hdlm(qd — 1)#C%) € Z]q] denote the mth cyclotomic
polynomial, where ]| dlm denotes the product over all the positive divisors d of m, and p is the
Mobius function. It is not difficult to prove that for [ > 0, I; is contained in the principal ideal
in Z[q] generated by [],. ®,,(q) ™) with f(1,m) = max{0, L%J — 1}, where, for r € Q, we
denote by [r| the largest integer smaller than or equal to r.

Theorem 1.6 is an improvement in the special case of boundary links of the following
result.

Theorem 1.8 (Habiro [6, Theorem 8.2]). Let L be an n-component, algebraically-split link
with 0-framing. Forly,... 1, > 0, we have
{2lj + 1}q,lj+1 -1
JL;ﬁlll““’P/ S 7Z[q,q }

in {1}4

1.3 Examples

Let Tp be the Borromean bottom tangle depicted in Figure 3 (a), whose closure is the Bor-
romean rings. Since we have Jr, ¢ (quv)@?’ (cf. [21]), it follows from Theorem 1.2 that the
Borromean rings is neither boundary nor ribbon, as is well known.

More generally, for n > 3, let M,, be Milnor’s n-component Brunnian link depicted in
Figure 3 (b). Note that Mj is the Borromean rings. Since there is a non-trivial Milnor f
invariant of M, of length n (cf. [17]), M,, is neither boundary nor ribbon. We can prove this
fact also from Theorem 1.6 and

Ini b, B = (—1)" 272D ()" Do (q)" @3 (q) Palg)"
¢ ©1(q)" 2(q)®3(9)Zlg, ¢,

which we will prove in a forthcoming paper [22].



Figure 3: (a) Borromean rings (b) Milnor’s link M,

Figure 4: (a) A tangle (b) The framing on the boundary

1.4 Organization of paper

The rest of the paper is organized as follows. Section 2 contains preliminary results about
bottom tangles, the quantized enveloping algebra Uy, and the universal sls invariant of bottom
tangles. In Section 3, we recall from [6] Habiro’s formula for the universal sly invariant of
boundary bottom tangles, and then give a modification of his formula. In Sections 4, 5, and
6, we prove Theorem 1.2.

2 Preliminaries

In this section, we recall basic things about bottom tangles, the universal enveloping algebra
U}, and the universal sly invariant of bottom tangles.

2.1 Bottom tangles and boundary bottom tangles
A tangle (cf. [12]) is the image of an embedding

(ﬁ[o, 1]) U (ﬁsl) < [0, 1%,

with m,n > 0, whose boundary is on the two lines [0,1] x {3} x {0,1} on the bottom and the
top of the cube, see Figure 4 (a) for example. We equip the image with both an orientation and
a framing. Here, at each boundary point, the framing is fixed on the lines [0,1] x {1} x {0,1}
as in Figure 4 (b), where the thin arrows represent the strands of the tangle, and the thick
arrows represent the framing.

A bottom tangle (cf. [4, 6]) is a tangle consisting of arc components such that each
boundary point is on the line [0,1] x {3} x {0} on the bottom, and the two boundary points
of each component are adjacent to each other. We give a preferred orientation of the tangle
so that each component runs from its right boundary point to its left boundary point. For
example, see Figure 5 (a), where the dotted lines represent the framing. We draw a diagram
of a bottom tangle in a rectangle assuming the blackboard framing, see Figure 5 (b).



Figure 5: (a) A 3-component bottom tangle T' (b) A diagram of T

For each n > 0, let BT,, denote the set of the ambient isotopy classes, relative to boundary
points, of n-component bottom tangles.

The closure link cl(T) of a bottom tangle 7T is defined as the link in R® obtained from T'
by closing, see Figure 1 again. For each n-component link L, there is an n-component bottom
tangle whose closure is L. For a bottom tangle, we can define its linking matrix as that of
the closure link.

A Seifert surface of knot K is a compact, connected, orientable surface F' in R?® bounded
by K. An n-component link L = Ly U---UL, is called boundary if it has n mutually disjoint
Seifert surfaces Fi, ..., F, in R® such that L; bounds F; for i =1,...,n.

For a 1-component bottom tangle T' € BTy, there is a knot K7 = T U~ € [0,1]3, where
7 is the line segment in the bottom [0,1] x {1} x {0} such that Oy = OT. A Seifert surface
of a 1-component bottom tangle 7T is a Seifert surface of the knot K contained in [0,1]3. A
bottom tangle T' = T U- - -UT,, is called boundary if it has n mutually disjoint Seifert surfaces
Fy,...,F,in[0,1]? such that K7, bounds F; for i = 1,...,n. For example, see Figure 2 again.
Obviously, for each boundary link L, there is a boundary bottom tangle whose closure is L.

2.2 Quantized enveloping algebra U,

We recall the definition of the universal enveloping algebra Uy, (sl2) of the Lie algebra sls, and
its ribbon Hopf algebra structure. We follow the notations in [6].

We denote by Uy, = Up(slz) the h-adically complete Q[[h]]-algebra, topologically generated
by H, E, and F, defined by the relations

K—-K!

where we set

hH
g=exph, K =q"? =P

We equip Uj, with the topological Z-graded algebra structure such that deg ¥ = 1, deg F' =
—1, and deg H = 0. For a homogeneous element x of Up, the degree of x is denoted by |x|.
There is a complete ribbon Hopf algebra structure on Uy as follows. The comultiplication
A: Uy — Up®Uy, the counit e: Uy — Q[[h]], and the antipode S: Uy, — Uy, are given by
A(H)=H®1+1®H, ¢H)=0, S(H)=-H,
A(E)=E®1+K®E, ¢FE)=0, S(E)=-K'E,
AF)=FK '+1®F, eF)=0, S(F)=-FK.



Set

h ~
quiH@H:exp (ZH®H) GUEM7 (1)
F™ = K™ /[n],! € Uy, (2)
e=(¢"?-q '*)E €U, (3)

for n > 0. The universal R-matrix and its inverse R*! € U,&QU,;, are given by
R=D Z q%n(nfl)ﬁs(n)[(fn ® 6”,
n>0
R =D (-1)"F™ @ K e,
n>0

We have R*! = > n>0 at ® BE, where for n > 0, we set formally
an @ fn(=af ®By) = D(q%”("*l)ﬁ(n)[(w ° 6n>’
o @ fy = D7 (-1 FM @ Kren).

Note that the right hand sides are infinite sums of tensors of the form as x ® y with z,y € Uy,.
We denote them by a;f @ 3 for simplicity.
The ribbon element and its inverse r*! € U, are given by

— =1 - — - -1 _ -1
r= E ap, K n — § ﬁn KO&n , o= § an KB, = E Bn K "ay,.
n>0 n>0 n>0 n>0

We use a notation D = Y D’ ® D”. We use the following formulas.

> D"®D' =D, (4)
(A®1)D = DagD13, (1® A)D = Dy3D19, (5)
(e®1)(D)=1=(1®e)(D), (6)
(1®8)D=D"'=(S®1)D, (7)
DA®z) = (K" @)D, Dx®1)=(xeK*hD, (8)

where D13=>. D'®1® D", Dy3 =1® D, D12 = D® 1, and = € Uj, homogeneous.

2.3 Subalgebras of U,

In this section, we recall from [6] subalgebras Uy q, U, and UZY of Uj. Recall from (2) and (3)
the definitions of F(™ € Uy, and e € Uy, respectively. Similarly, set

E™ = (¢7Y2E)"/[n],! € U,
f= (q— 1)FK€ Uy,

for n > 0.

Let Uz 4 denote the Z[q, q~!]-subalgebra of Uj, generated by K, K1, E™ and F™ for
n>1.

Let (_Jq denote the Z[g, ¢~ !]-subalgebra of Uz, generated by K, K~', e and f. Let U;V be
the Z[g, ¢~ !]-subalgebra of U, generated by K2, K~2,e and f.



Remark 2.1. Set [i] = % for i € Z and [n]! = [n]---[1] for n > 0. Let Uz be the

Z[q'/?, ¢~ '/?]-subalgebra of Uj, generated by K, K~ E™) "/[n]!, and F(™) = F"/[n]! for
n > 1 (Lusztig’s integral form, cf. [16]). We have

UZ — UZ7q ®Z[q,q*1] Z[q1/27 q—l/Q].

Let U denote the Z[q'/?, g/?]-subalgebra of Uy, generated by K, K, (¢"/?> — ¢~ %/?)E, and
(¢*? — ¢~ Y2)F (cf. [1]). We have

U= Uq ®2Z[q,q—1] Z[ql/z7 q_1/2].

There is a Hopf Z[q, ¢~ ']-algebra structure on Uy, inherited from Uy (cf. [16, 21]). We
have

A(EM) = ZE(m—j)Kj ® EW), (9)
=0

A(ﬁ‘(m)) - Zﬁ‘(m—j)Kj ® F(j), (10)
j=0

g1 (E(m)) _ (_1)mq%m(mq:1)K—mE~v(m)’ (11)

Sj:l(F(m)) _ (71)mq7%m(mq:1)K7mF~v(m)7 (12)

for i € Z,m > 0. Similarly, there is a Hopf Z[g, ¢~ !]-algebra structure on U, inherited from
Uy, (cf. [1, 6]).

Let Uy denote the Cartan part of Uy, i.e., the subalgebra of U, topologically generated
by H. Let ﬁg denote the Z[q, ¢~ !]-subalgebra of Uq generated by K and K~'. Let U';VO be
the Z[q, ¢ !]-subalgebra of U, generated by K2 and K 2. We have

U)=0U,nUg, UN°=0UNUy.

2.4 Adjoint action

In what follows, we use the following notations. For m > 0, let Al"l: U}, — U;?m denote the
m-output comultiplication defined by Al = ¢, Alll =idy, , and

Al = (A®idy"?) o AlmT1,
for m > 2. For x € Uy, m > 1, we write
A"l () = Zx(l) ® @ T(m).
For mq,...,m; > 0, set
Almsmi] — Almal g g Almil, @t g@mattm (13)
We use the left adjoint action ad: U,&Uj, — Uj, defined by
ad(z ®@y) =a>y = Zx(l)ys(x@))a (14)

for z,y € Uy. We use the following proposition.
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Figure 6: Fundamental tangles, where the orientations of the strands are arbitrary

Figure 7: (a) A bottom tangle B € BT, (b) A diagram of B (c) The labels which are put on
the diagram of B

Proposition 2.2 ([21, Proposition 3.2]). We have
Ugqv U U, Uge> KUY C KUY,

We also use a right action ad: U,&U), — Uy, which is the continuous Q[[h]]-linear map
defined by

adly@az) =y<z:=Y» S (ze)yzq),

= ZS‘l(m)Dy.

for z,y € Uy. Proposition 2.2 implies the following.

Corollary 2.3. We have

U «Uzy C U, KU aUpz, C KUS.

2.5 Universal sl; invariant of bottom tangles

For an n-component bottom tangle ' = Ty U --- UT,, € BT,, we define the universal sl
invariant Jp € UZ™ as follows ([19, 4]).

We choose and fix a diagram of T obtained from the copies of the fundamental tangles
depicted in Figure 6, by pasting horizontally and vertically. For example, for the bottom
tangle B depicted in Figure 7 (a), we can take a diagram depicted in Figure 7 (b). We denote
by C(T') the set of the crossings of the diagram. We call a map

s: C(T) — {0,1,2,...}

a state. We denote by S(T') the set of states of the diagram.

Given a state s € S(T), we attach labels on the copies of the fundamental tangles in the
diagram following the rule described in Figure 8, where “S’” should be replaced with id if the
string is oriented downward, and with .S otherwise. For example, for a state t € S(B), we put
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Figure 8: How to place labels on the fundamental tangles

labels on the diagram of B as in Figure 7 (c¢), where we set m = t(c1) and n = t(cz) for the
upper and the lower crossings ¢; and ¢z, respectively.

We define an element Jr, € U;LX)" as follows. The ¢th tensorand of Jr is defined to be
the product of the labels put on the component corresponding to T;, where the labels are read
off along T; reversing the orientation, and written from left to right. We identify the labels
S’ (aii) and S'(8%) with the first and the second tensorands, respectively, of the element

S'(af) @ 8'(6F) € U®2 Also we identify the label K*! with the element K*!' € Uj,. Then,
Jr s is a well-defined element in usn . For example, we have
JB,t = S(O‘m)s(ﬂn) ® apfm
_ Z q%m(m—l)q%n(n—l)S(Diﬁv(m)K—m)S(Dﬂen) ® D/Qﬁv(n)K—nDi/em
_ (_1)m+ann+2mnD72(F~v(m)K 2nn ® F(n)K 2m m) c []}%@27

where D =" D} ® DY =3 D} ® Djy. Note that Jp s depends on the choice of the diagram.

Set
> Jrs.

seS(T)
For example, we have
Z Jpt = Z (—1)m+”q_”+2m”D_2(F(m)K nen @ FM) —2me ™.
teS(B) m,n>0

As is well known [19], J7 does not depend on the choice of the diagram, and defines an isotopy
invariant of bottom tangles.

3 Universal invariant of boundary bottom tangles

In this section, we recall Habiro’s formulas for boundary bottom tangles at the topological
level (Proposition 3.1), and at the algebraic level on the universal sly invariant (Proposition
3.3). Then, we modify these formulas into a form more convenient for our purpose. After
that, we study the commutator maps of Ujp. In the last section, we give an outline of the
proof of Theorem 1.2.

In what follows, we use the following notations. Let n: Q[[h]] — U}, be the unit morphism
of Uy and p: U®2 — Uy, the multiplication of Uy,. For g > 0, let ul9l: U®g — Uj, denote the
g-input multlphcatlon defined by pl® =5, pll =idy;, , and

plh = pl= o (u@idg! ™),
for g > 2. For g1,...,9, > 0, set

M[gla-uvgn] — ,u[gl] R ® /,L[g"]Z U}?91+"'+9n N U}(?TL (15)

10
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Figure 9: How to arrange Seifert surfaces
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Figure 10: (a) ¥;29(V) € BT, for V € BTy, (b) ul?"9" (W) € BT, for W € BT,

3.1 Habiro’s formula (topological level)

Let T=T1U---UT, € BT, be a boundary bottom tangle and Fi, ..., F,, mutually disjoint
Seifert surfaces such that 0F; = K, fori =1,...,n. We can arrange the surfaces Fy, ..., F, as
depicted in Figure 9, where Double(7”) is the tangle obtained from a bottom tangle 77 € BT5,
where g = g1 + -+ + g, with g; = genus(F;), by first duplicating and then reversing the
orientation of the inner component of each pair of duplicated components.

The above arrangement of the Seifert surfaces implies the following result, which appears
in the proof of [4, Theorem 9.9].

Proposition 3.1. For a bottom tangle T € BT, the following conditions are equivalent.

(1) T is a boundary bottom tangle.

2) There is a bottom tangle T' € BTsy,, g > 0, and integers gi,...,9, > 0 satisfying
g = =
g1+ -+ gn =g, such that

T = ity o), (16)

where Y,29: BTy, — BT, and ul[)gl""’g"]: BT, — BT, are defined as depicted in Figure
10 (a) and (b), respectively.

3.2 Habiro’s formula (algebraic level)

Recall from [4, Proposition 9.7] the commutator morphism Yy : H®H — H for a ribbon Hopf
algebra H. In the present case H = Uy, the morphism Yy, : Un&Uy, — Uy, is the continuous
Q[[h]]-linear map defined by

h Z’JJD (ﬂkS (akby)(l)))(akby)(g)

k>0

Yy, (

for z,y € U.

11
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Figure 11: (a) The tangle 7 = 1,°%(T") (b) The bottom tangle Y,*9(T) € BT,

Lemma 3.2 (Habiro [4]). For each bottom tangle T € BTy,, g > 0, we have
®
be®g( (O =Yy hg(JT)

For each bottom tangle T' € BTy, y...4q,,, 91,---,9n = 0, we have

Proposition 3.1 and Lemma 3.2 imply the following.

Proposition 3.3 (Habiro [4]). For a boundary bottom tangle T € BT, and a bottom tangle
T' € BTy, satisfying (16), we have

Jr = plor9nl (Y, )29 (Jp0).

3.3 Modification of Habiro’s formula (topological level)

In this section, we modify Proposition 3.1.

Let T € BT, be a boundary bottom tangle and 7’ a 2g-component bottom tangle satisfy-
ing (16). We decompose the operation Y% into the two operations v;¢ and Y,*9 as follows.
Let T = v (T") be the 2g-component (non-bottom) tangle as depicted in Figure 11 (a). Set
V2UT) = V,P9(T') € BTy, ie., ¥,°9(T) is the bottom tangle as depicted in Figure 11 (b),
where Double(T”) is defined in the same way as that for bottom tangles.

‘We have

T— ,u[gl ,,,,, g”]Yb®g(T’)
= (VP 0 (1)
— M[bgl""’g"]}_@@g (ngg(T/))
— ul[)gln-.,gn]}*/b@g(jv).
Thus, we can modify Proposition 3.1 by replacing (2) with (2’) as follows.

(2’) There is a 2g-component tangle T = yl?g(T’) with T € BTsg, g > 0, and integers
i, .-, 9n > 0 satisfying g1 + - - - 4+ g, = g, such that

T — ul[7g17~.-,gn]}7b®g(jw)'

For a boundary bottom tangle T' € BT,,, we call (T, 9s91s---59n) as in (2) a boundary data
for T.

12



3.4 Modification of Habiro’s formula (algebraic level)

Let Y: U,®Up, — Uy be the continuous Q|[[h]]-linear map defined by

Yoy =Y 20)KSye)KS(@e)ya), (17)

for z,y € U,.
We modify Proposition 3.3 as follows.

Proposition 3.4. LetT € BT, be a boundary bottom tangle and (T; 95915 -, 9n) a boundary
data for T. We have

Jr = u[gl,m,gn]}‘/@g(JT)_
Here, we can define the universal sly invariant Jj € USﬂg of the tangle T in a similar way

to that of bottom tangles (cf. [4]).

Let v: Up®U;, — U,&Uy, be the continuous Q[[h]]-linear map defined by

vz®y) = Zxﬂk ® oy,

k>0
for z,y € Up. We reduce Proposition 3.4 to the following lemma.

Lemma 3.5. We have

Yy, =Y ov. (18)

Proof of Proposition 3.4 by assuming Lemma 8.5. Let T" € BT, the bottom tangle such that
T = v29(T"). We depict in Figure 12 the labels put on the new crossings cy,...,c, at the
bottom of T associated a state s € S(T). Since (1® S)(R™!) = R, we have

J5 = v®9(Jr). (19)

By Proposition 3.3, Lemma 3.5, and (19), we have

Jr = H[gu.»-,gn]yﬁg(JT,)
= pl9rIn (Y 0 1)®9 ()
= plorsgnly @9 (V®9(Jz))
= u[glw.-,gn];‘/@g(tjf).

Figure 12: The labels which are put on the crossings ci,..., ¢, at the bottom of T
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Proof of Lemma 3.5. For x,y € Uy, we have

(Yov)(z®y)
=3 (@) 1)K S ((any)(2)) KS(€8r)(2)) (x) 1)

k>0

> 2@y Bry K S (@) S (k) K S (Br2) S (x2) oy
k>0

) > 0B B KS(2)S (e, 0k, ) K S (Bry By ) S (2 (2) )k iy (1)
k1,k2,k3,ka>0

> 1) B B KS(y2)S (k) S (0k, ) K S (B, ) S (Biy ) S (2 (2) )k iy (1)

k1,k2,k3,ka>0

(i)
= Z (1) Bry Bro K S (Y (2)) S (g ) iy K Brey S (B ) S (0 (2) ) ot ey (1)
ki1,k2,k3,ks>0

= Y 0B B K S(y2) S (on,)r S (Bry) S ((2) ) ks iy Y1)

k1,k2,k3>0

(iii) _ _ -
= Z (1) Bky oo KS (B, y(1) B ) S (cuiey )7 15(5k3)5(9¢(2))0‘k30‘k1O‘ksy@)o‘ke
k1,k2,ks,ks,k6 >0

= Z Z(1)5k1ﬂk2KS(ﬂk6)5(9(1))5(51;)5(0%)7“715(5@)5(55(2))%3041@10‘/;59(2)0%6

k1,k2,ks3,ks5,ke >0

S B B S (B ) K S (1)) S (B )S ()™ S By ) S (a2 ke, vk i ) kg

k1,k2,k3,k5,k6 >0

= > (1) By Bra S~ (Bre )T K S (1)) S By, ) S (k) S (Bra ) S (% (2)) ks ey O, Y(2) i

k1,k2,k3,k5,k6 >0

I

w > (1) Br Bres B Bea K~ kg KS(5(1))S (B, )S (B i ) S (2(2)) ey ey e, (20 S (k)

k1,k2,k3,ka,ks,k6 >0

W > (1) Bks Br Bra Bra S (k) S (4(1)) S By, )S (B k) S (2(2)) ey ey g y(2) S (k)

k1,k2,k3,ka,ks5,ke>0
= Z (1) BrS? (i (1)) S (1)) S (Bry ) S (Bra i(2)) S (T2) ) s 1) g, Y(2) S (i (3))
ko ks ks >0
(viii) _
=00 2@ BeS () S (W) S (Bi,) S (k1) Brs ) S ((2) ) Ck2) ks 0k, U(2) S (t3))
koks s >0

= > 2B (@) S W) S (Brs By ) S () S (@ 2)) k2) s 0, U(2) S (ke (3))
k,ks3,ks>0

=3 20y BrS (k) S (1)) S (k1) S (2(2) ) ani) ¥(2) S (Qnes))
k>0

= 2@ BeS(onm)ym S (on@)) S (T2 an@)ye) S (ans)
k>0

(&) Z m(l)ﬁks((ak(l)yS(ak(z))) (1)> 5(z(2) (O‘k(l)ys(ak@)))(z) =Yy, (z®y).
k>0

Here, recall that v~ = >, ~gar, KBk, = Y i 500k K 'ag, is the inverse of the ribbon
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element, which is central.
The identity (i) follows from

Z (1) @ Q2) @ Br1) @ Brez) = Z Qo ey ® ey Aoy @ By Broy ® Bog By -
k>0 k1,k2,k3,ka>0

ii) and (v) follow from (S ® S)R = R.

iii) and (viii) follow from R(Y 21y ® z(2)) = (X x(2) ® (1)) R for z € U.
iv) and (vi) follow from KzK~1 = S=2(x) for z € Uj,.

vii) follows from

NN S N

Z By By Brg By @ ey @ py @ g @ gy = Z Br @ ag1) @ Qpz) @ g3y @ Qg(a)-
k1,ko,kq,kg>0 k>0

(ix) follows from » S(z(1)) ® S(z(2)) = > S(x)(2) ® S(x)q) for & € Up,. O

3.5 Commutator maps

In this section, we study the commutator map Y of Uy.
Let Y: U,®U;, — Uy be the continuous Q[[h]]-linear map defined by

Y(oy) = Zx(l)S (Y(2))S(%(2))y(1)>

for xz,y € Up. Note that
Yoy =Y (v>57 be) )y (20)
=3 2 (See) <y) (21)
= Zx(l ( ) > S(x(2) )) (22)

By the following lemma, we can study Y by using Y, > and <.

Lemma 3.6. For z,y € Uy, we have

Y(@oy) =) Yz @ye)(@e>K?) ayw).

Proof. We have

= Zﬂfu KS(y@) KS(z2)ya)

=> 2)S Y@ K*S(z2)ya)

=> rwS” 1(l/ @)8(z2))z3) K>S (@)Y

=> 2SS (@) S ye)re K>S (2w )y

=D Y @ye) (@ > K?) 9yw),
where the second identity follows from Kz = S72(2)K for z € Uj,. O

The rest of this section is devoted to studying the map Y.
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Lemma 3.7. For z,y, z € Uy, we have
Y(eyez) =Y (20> Y[y 22))Y (e ® 2q1), (23)
Y(e®yz) =Y V(g @ ze)(Y(ee @y) <z). (24)
Proof. We have
Yiey©z) = (29)1)S ' (22)5 ((zy)2) 20
= Zm O 2(2))S(y(2))5($(2))z(1)
=> 215 (2)SW@) 235 (22)S(2(2)) (1)
=> 2@y (24)S(W2) 23) S (2(2))13)S ™ (2(2)) S (0 (1)
= Z x(1 > Y (¥ ® 2(2)) )Y(x(g) ® 2(1))-
Similarly, we have
x®yz Zmu 2))5( 7(2))(Y2) (1)
=> zyS Y 5(33(2 )2(3)S ™ (2(2)23)S ™ (Y(2)) S () Y1) 2(1)
=D V() ®22)(Y(ze @y) <2q).

O
Lemma 3.8. For z,y € UY, we have
Y(z®y) = e(x)e(y).
Proof. 1t is enough to prove
Y(Hm X Hn) = (5,—,170(5”)0,
for m,n > 0. By using the formula
Z ( )Hz ® H™™ z
=0
for m > 0, we have
Y(H™ @ H") = (m) (") H(—H)/(—H)™"H"
— < ? J
=0 j=0
- K3 m - n m n-r+m
- (Z(—l) (J)(Z(—l)ﬁ ( ))( e
° J
=0 7=0
- 6n,06m,0
O
Lemma 3.9. We have
Y(Uzq®U,) C U, (25)
YU, ®Uzq) C U, (26)



Proof. We prove (25). Then (26) is similar. Note that
(1o S*)AT,) c P (KiU;v ® KiU;V),
i=0,1
since we have

(1 ® Sil)A(Kil) — Kil ®K¥1,

(1® SEHAFM) =Y (~1)ng 2" FVF I KT @ KTF0),
=0

(1@ S*AE)=e@1-Ko K !

Then, (20) and (27) imply
V(Ung @Uy) € Y (Vzg» KT ) KT
i=0,1
By Proposition 2.2, we have
> (Vza» KU ) K'T € 7 (KT - (K'OY) € T,
i=0,1 i=0,1
This completes the proof.
In what follows, we use the notations D*' = > D/, ® D/[.

Lemma 3.10. We have

> Y (Uza @ UDL) @Y (U, @ U DY) C (U5")%?,
> Y (Uza @ UDL) @ Y(ULDL @ Uy) C (U5Y)%?,
S Y(UIDL @ Uzg) @ Y (U, ® ULDY) € (US)®2,
N Y(UIDL @ Uyy) @ Y(ULDL @ Uy) C (U5Y)%2.

Proof. First, we prove (32) with D. Let us assume a weaker inclusion
N YUz @ D)@Y (D" U, C (U)*?
which we prove later. We have
> Y(Uza@UD) @Y (UD" @ U,)
= Y(Uz, @ D'U)) @Y (UID" @ U,)
Uz, @ U (Y (Uz,q @ D')2U?) @ (U > Y(D" ® U,))Y (UL @ Uy)
(

7Y@ U,)

q

cyY
CY YUz @ U0 <aUL) @ (U9 U )Y (
CY Y(Uzg@UQ) - U U - Y(UL @ U,)
(g%,



where the identity follows from (8), the first inclusion follows from Lemma 3.7, A(X) C X®?,
for X =U,, U(?, Uz.q, and the last inclusion follows from Lemma 3.9.
Now, we prove (35). By (5) and (7), we have

1St eles*) (A A)(D)=)Y D Di®DyD, ®Dj DiwDiD{_,

where D =" Di @ D} =>. D5 ® DY and D~ =3 D _®@D{_=3 Dy ®Dj_.
For a € Uz 4 and b € Uq homogeneous, we have

Y Y(@eD)aY(D"®b)

= Z a(yDyDy _S(a(9))Dy,_Dy @ Dy _DyS™ (b)) Dy DY _bn

= a@DyDy K 1"®|S(ap)K"®! D] _Dj @ S7 (b)) Dy _DYDYD{ by, (37)

= Za(l)K*‘b@|S(a(2))K‘b<2>| ® S (ba))b)

= Z(a > Ki‘b("’)‘)Klb(Q)l X Sil(b(g))b(l),
where by (28)(30), we can assume that S~ (b2))by € USY, with b1y, b2y € U, homogeneous.
By Corollary 2.3, we have a> K~ lb@| ¢ K|b<2>|U§V. Hence we have

Y (a> KPPl Kol e 571 (by))bay < (KIP@I05) Kol o U  (U5)*2

which completes the proof of (35).

We can prove (31), (32) with D™, (33), and (34) almost in the same way by using
Y Y(@eDy)@YbeDL)=> (ar KHe)KFlol @b S(bs),
Y Y(@eD )oY (D' @b)=> (avKP@)K @l 857 (bo))ba),
(D Y ( )=
(DL Y(DL®b) =

VDL 000 Vibe DY) = XKl (e44l 0 0 by S,
Sy Y KEel (KTl 9a) @ 57 (be)ba),

for a € Uz, and b € U, homogeneous. O

3.6 Outline of the proof of Theorem 1.2

We give an outline of the proof of Theorem 1.2. There are two steps. The first step is in
Section 5. We prove the following proposition.

Proposition 3.11. Let T' € BT, be a boundary bottom tangle and (T;g,gl, ...y 0n) a bound-
ary data for T. For each state s € S(T') we have

M[ghm’gn]}?@g(tjfs) c (U§V)®n

The second step is in Section 6. We define a completion (U;")A@’" of (Ug¥)®™ and prove
Theorem 1.2, i.e.,

Z ”[gl’“"g"])?@g(JT,s) c (U(?V)A(X)n.
s€S(T)

In the above two steps, we use “graphical calculus” because the proof is too complicated to
be written down by using expressions. In order to do so, in Section 4, we define two symmetric
monoidal categories A, M, and a functor F: A — M.
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4 The categories M, A and the functor 7: A — M

In what follows, we use strict symmetric monoidal categories and strict symmetric monoidal
functors. Since we use only strict ones, we omit the word “strict”. For the definition of
symmetric monoidal categories, see [10], [13].

4.1 The category M

We define the symmetric monoidal category M. The objects in M are non-negative integers.
For k,l > 0, the morphisms from & to [ in M are Z[q, ¢~ *]-submodules of the Q[[A]]-module

Homgﬁhﬂ(U,{?k, U;?l) of continuous Q[[A]]-linear maps from U}?k to USL.
We equip M with a symmetric monoidal category structure as follows.

e The identity of an object k in M is defined by idy = Z[q, ¢ !] idU}?k.
The composition of morphisms k X012 min M s defined by
Y o X = Spang, ,—1{yor |z € X, ye Y}
e The unit object is 0, and the tensor product of objects k and [ in M is define by &k + 1.
The tensor product of morphisms F': kK — [ and F’': k' — I’ in M is defined by
Z®Z' = Spang, ,{p(z®2) | z€ Z, 2/ € 7'},
where ¢ is the natural Q[[A]]-linear map
o Homlfy (U, Ui?') @ Homglfy (U, UR?") — Homyy (U, U2H).
e The symmetry c;;: k® 1 — [ ® k of objects k and [ in M is defined by
Chl = Z[q7q_1]TU§k7U§L7

where 7, o U;?k"’l — U;?H'k is the continuous Q[[h]]-linear map defined by

h

U®l :

TU§k7U§1(x ® y) =Y & z,

for x € U;?k and y € U,?l.

It is straightforward to check the axioms of a symmetric monoidal category.

4.2 The category A and the functor 7: A — M

Let A be the symmetric monoidal category with the unit object I, freely generated by an
object A and morphisms

{i}q!) € Hom4
n), (EW), (FO
D*Y) € Homy (1, A®2),

( 1),
(

(

() € Hom4 (A4, I),

(

(

Z,
), (U3), (U5°) € Homyu (I, A),

A) € Hom4(A, A®?),
) (Y), (ad), (ad) € Hom 4(A%2, A),
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for i > 0. (Here (D*!) is one morphism, not two morphisms (D*!') and (D~!). ) We denote
by cxy: X ®Y — Y ® X the symmetry of objects X,Y in A.

We define the symmetric monoidal subcategories Ag, Ay, Aa, and A, A of A as follows.
On objects, we define Ob(Ag) = Ob(A,) = Ob(Aa) = Ob(A,,a) = Ob(A). On morphisms,
Ag is generated by no morphism as a symmetric monoidal category, i.e., for k,1 > 0, k # [,
we have Hom 4. (A%%, A®!) = (), and for | > 0, the monoid Hom 4 (A%, A®!) is isomorphic
to the symmetric group &(I) in a natural way. On morphisms, A, is generated by (i), Aa is
generated by (A), and A, A is generated by (u) and (A), as symmetric monoidal categories.

Let F: A — M be the symmetric monoidal functor defined by F(A) = 1 on the objects
and

F({i}eh)) = Zlg,qa NHi}tq!,
F((n) = Zlg,q""]n,
F((e)) = Zlq,q e,
F((w) = Zlg,q p,
F(A)) =Zlg,q 1A,
FUY)) =Zlg,q 1Y,

F((ad)) = Z[g, ¢~ '] ad,
F((ad)) = Z[g, ¢~ ']ad,
FUE®)) = 0250,
F(FO) = 09F0,
F(O) = 0,
FUOE) = 057,
))

for i > 0, on the morphisms. Here, for a Z[g, ¢ !]- submodule X C U,(?", we identify X
with a Z[q, ¢~ !]-submodule of Hom&s[h” (Q[[A], US™) by identifying each 2 € X with the map
for Q[[R]] — U2™ such that f,(a) = ax for a € Q[[h]].

In what follows, we use diagrams of morphisms in A as follows. The generating morphisms
in A are depicted as in Figure 13. The composition y o x of morphisms = and y in A is
represented as the diagram obtained by placing the diagram of x on the top of the diagram
of y, see Figure 14 (a). The tensor product z ® 2z’ of morphisms z and 2’ in A is represented
as the diagram obtained by placing the diagram of z’ to the right of the diagram of z, see
Figure 14 (b).

For a diagram of a morphism b: A®* — A®! in A, we call the k edges at the top of the
diagram the input edges of b, and the [ edges at the bottom of the diagram the output edges
of b.

For simplicity, a copy of a generating morphism f of A appearing in a diagram will be
called ‘an f’ in the diagram.

4.3 Some morphisms in A4

In this section, we define morphisms (p)[91-97] (A)lmu-ml (oF @ 6F) and (V) in A.
For g1,...,gn, > 0, we define

<u>[g1,-~,gn] e Hom_A(A®91+"'+g”,A®")
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idy = ‘ €A,A >< ({i}qh {i}q! (m = T (e) = L
\
(1) = (ad) = (ad) =

E® @
(BW) = ‘ <F<">>:‘ <U§>? (=) =

Figure 13: The diagrams of the generator morphisms in .4

v ][] - [z ][Z]-[=17]

Yy
(a) (b)

Figure 14: (a) Composition (b) Tensor product

in a similar way to (15), and for my,...,m; > 0, we define
<A>[mh~-nm] c HOmA(A®l7A®m1+“'+ml)
in a similar way to (13), see Figure 15. Clearly we have

F((loronT) = 2lg, g koo,
]3'(<A>[m1,...7m1]) — Z[q,q_l]A[ml"”’ml].
For i > 0, set

(©:) = ({i}g!) @ (FO) © (EW) € Homa(I, A%%).
We represent (0;) as in Figure 16 (a). We define

(af @ BF) € Hom (1, A®?)
as in Figure 16 (b), i.e.,

(of @ B) =({u) ® (1)) o (ida®caa ®ida ) o ((DF') @ (0y)).

91 gn
— —
w)[gl,...,gn]:\( \( (A md_/& /&
N ()
my my
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Figure 17: A diagram of (V)

In U2, we have
F(laF @ 85)(1) = (0° @ 0 D(FD @ ¢') + (T° @ 09) D~ (FD @ ¢,
which implies
o ® B, o7 ® 7 € F((of @ 5)) (1),
Since we have
(87 © ") (F(laf © 65)(1) = Fllaf © 55)) (1),
for j,k € Z, it follows that
§7(aq) @ SM(Bi), S () @ S*(B;7) € F({oif @ 7)) (1). (40)
We define
(V) € Hom4(A®?, A®1)

as in Figure 17, i.e.,

(V) =(u) o (ida ®(ad)) o (ids ®(ad) ®id4)
o (V) @ida (U %) @ida ) o (id @casz,4) 0 ((A) @ (A)).

By Lemma 3.6, we have

Y =po (idy, ®ad) o (idy, ® ad ®idy, ) o (Y @ idy, ®K* @ idp, ) o (idy, ®7,e2 , )0 (A® A).
h

Uh )
Hence we have

Y € F((Y)). (41)
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Wo Wy Wo W, W. w_ W. W,

Wy Wy W_ Wy Wy W_
oy — Y adyy = k\' }// \ W,
W4 W, W4

W, Wy

Figure 18: A morphism in W

5 Proof of Proposition 3.11

The goal of this section is to prove Proposition 3.11. In Section 5.1, we define a subset I'y C
Hom 4 (I, A%9), and prove Y®9(J; ) € F([y)(1). Here, for a bubbet X C Homy (I, A®9), we
set

= |J FB)Q) c U~

BeX

In Section 5.2-5.8, we prove F(I'y)(1) C (US¥)®9. Thus we have

Y Jz,) € (UF)%,

) q

which implies Proposition 3.11.

5.1 The set I'y C Homy(1, A%9)

Let W be the symmetric monoidal category freely generated by two objects W, and W_ and
three morphisms

w: (W)®? =Wy, adw: W_@W, —W,, ady: Wy @W_ — W,,

see Figure 18 for example. We define the symmetric monoidal functor Fy: W — A by
Fw(W,) = Fw(W_) = A on objects, and

Fwlpuw) = (1),  Fwladw) = (ad), Fw(ady) = (ad),

on morphisms.
For g > 0, let I'; be the set of quadruples b = (b1, ba, b3, bs) € Hom(A)** of composable
morphisms

I b, g@2ut2ltls b2 g@l+2ls b3 4@+ ba, 4@

in A such that
by = (DY ©(0,)®---® (05,) ® <U§>®137
by € Hom g, , (A®Z1+2atls A®Li+2s)
s bl 5
by = 1dF" @(Y) B @ (U 0)®'s,
by € ]—'W(HomW(WEM ® Wfls-i-le’wf)g)),

for ly,...,ls, 81,-..,581, > 0, satisfying Condition A below.
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Figure 19: An example of by o b3 0 by 0 by with (b1, b2, bs,bs) € T

Condition A: On a diagram of by o b3 o by o by, from each output edge of (0, ) for

p=1,...,1l5, we can find a descending path to an input edge of a (Y).

For example, see Figure 19, where the dotted arrow denotes a path as in Condition A from
the right output edge of (O, ).
Let A\: 'y — Hom4(I, A%9) be the composition map defined by

A(b1,b2,b3,bs) = by obsg obyoby.
Set
Ty = \(T,) € Hom4(I, A®9).
We consider the following sequence of maps
T, 2, I'y C Hom (I, A®9) Z, Hom (0, g).

Lemma 5.1. Let T' € BT, be a_boundary bottom tangle and (T;g,gl, ..oy 0n) a boundary
data for T. For each state s € S(T'), we have Y®9(Jz ) € F(L'y)(1).

yS

Proof. 1t is enough to construct an element B € I'y such that Y®9(Jf7s) € F(B)(1).

Recall from Section 2.5 the definition of J; . associated with a fixed diagram of T with
the crossings cy,...,¢;. We put the labels S’(a;t(ci)) and S'(ﬁ;‘?ci)) on the crossing ¢; for
i=1,...,1, and put the labels K and K ' on the maximal and minimal points, respectively,

on strands running from left to right. After that, we multiply the labels on each strand, and
take the tensor product. Thus, there is k > 0 and a permutation o € &(2] 4 k) such that

b ()51

s(e1)

Y@ 8L V@08 (aF

s(c1) s(cr)

)@ 8'(BE,) @ (O)°),

where, for each i = 1,...,2g, N; > 0 is the number of labels put on ith strand of T.
By (38) and (40), we have Jz € F(u)(1), where

u = ()Nl o g o ((af(q) ® Brieny) ® - @ () ® i) ® <US>®’“).

Cl)
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Figure 20: (Y)®9 ou = by 0 by 0 by 0 by with (b1, ba, b3, bs) €Ty

Here we identify o € &(2/+k) with the corresponding morphism in Hom 4, (A®2/+k A®21+k),
By (41), we have

Ye9(J7 ) € F(Y)®I 0 u)(1).

Set B = (Y)®9 ou € Hom (I, A%9). It is not difficult to check that B € I'; as in Figure
20. In particular, B satisfies Condition A, since for each ¢ = 1,...,[, the output edges of
(Os(c)) go down to the output edges of u, and there is a descending path from each output

edge of u to an input edge of a (Y), see the dotted lines in Figure 20 for example. O
Proposition 3.11 follows from Lemma 5.1 and the following lemma.
Lemma 5.2. For g >0, we have F(Ty)(1) C (U)%9.

The outline of the proof of Lemma 5.2 is as follows. We define two subsets I'), I C Ty
such that I') C 'y C I'y, and prove the following inclusions

F(Ly)(1) € F(I,)(1) € F(T},) (1) € F'(Iy) (1) € (UV)®9, (42)

where F’ is a modification of the functor F, which is defined in Section 5.4.

5.2 The subset F; crly

In this section, we define the subset F; cIy.
For g > 0, let F; be the set of 7-tuples (b1, d, w, k, o, bs, bs) of morphisms in A, such that
(b1,00 (d®w @ k), b, by) € T, is well-defined, o € Hom(Ag) and

bl _ <D:|:1>®ll ® <®Sl> R ® <6312> ® <qu>®l3’
l2
4 € Hom sy, (A%, 451), 1w = @) ((A)7r7)), k= (A)lri--),

p=1

for I1,...,04,81,---,81, > 0, my,...,my,N1,..., N1y, T1,--.,71; > 1. See Figure 21 for an
example of 0 o (d@w @ k) o b;.
Let x: I'¢ — I'y be the map defined by

H(bl,d,w,k70, b3,b4) = (bl,O'O (d®w® k),bg,bzl).
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B
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Figure 21: An example of 0 o (d ® w ® k) o by for (by,d,w, k,o,b3,bs) € Fﬁ]

Figure 22: Local moves L fori= 1,...,8

Set

5.3 Proof of F(I'y)(1) C F(I',)(1)

In this section, we define a preorder < on I'y, and prove the following two lemmas, which
imply F(T'y)(1) € F(I)(1).

Lemma 5.3. For B < B' inT'y, we have F(B)(1) C F(B')(1).

Lemma 5.4. For each B € 'y, there exists B € F’g such that B < B’.

The preorder < on I'y is generated by the binary relations X for i = 1,...,8 on Hom(.A)
defined by the local moves on diagrams as depicted in Figure 22, where in each relation, the

outsides of the two rectangles are the same. Note that I'y is closed under & for i = 1,...,8,
i.e., for B = B’ in Hom(A), if B € I'y, then B’ € T'y. In particular, we can check that each

= preserves Condition A.
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Figure 23: (a) How to color the edges (b) An example of the coloring

i J

i+j+1 =

it+g+1 i+j+1 i+j+1  i+j+1

Figure 24: The coloring before and after we apply 2

Proof of Lemma 5.3. Tt is enough to prove that, for B = B’ in Iy with ¢ € {1,...,8}, we
have F(B)(1) c F(B")(1).

The cases ¢ = 1,2,3,4 are clear. The cases ¢ = 5,6 follow from Lemma 3.7. The cases
i = 7,8 follow from (5), A(UY) C (U2)®? and U C pu((U)®?). O

The rest of this section is devoted to the proof of Lemma 5.4. We divide Lemma 5.4 to
the following two claims.

Claim 1. For b = (by, ba, b, by) € T, there exists b = (by, by, by, b;) € T, with by € Hom(An)
such that A(b) = A(b).
Claim 2. For b = (b}, b5, b3, b}) € T, with by, € Hom(An), there exists b = (bY, by, by b) €
I, such that A(b") = A(b").

Roughly speaking, we prove Claim 1 by reducing the number of the (u)’s of by by using
X for i = 3,...,6. For that purpose, we define “(u)-complexity” functions

| |,m: Hom(A, A) — Z>o

as follows. Given an element b € Hom(A, A), we color each edge of a diagram of b with an
non-negative integer. First, we color each edge on the top with 0. Then, we color the edges
below inductively as in Figure 23 (a). We define |b| as the maximal integer on the edges on
the bottom. We define m(b) as the number of the edges on the bottom colored with |b]. For
example, for the colored morphism f € Hom(A, A) in Figure 23 (b), we have |f| = 3, and

m(f) = 2.

We use the following lemma.

Lemma 5.5. For every B € Hom(A, A), there exists B, € Hom(X,,) and Ba € Hom(XA)
such that B < B,, 0 BA and |B| = |B,, o Ba|.

Proof. We can realize a path from B to B, o Ba with some B, € Hom(X,) and Ba €
Hom(XA) by using :2>, which preserves | | as in Figure 24. O
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Figure 25: How to obtain a = (a1, a9, a3, a4) € f‘g from b, where k,0 >0, k+ 1+ 1= |bs]

k(Y k| 1] il kU il k|l
ool | by @ |52\|K by
by 2 ag H by & as
0 i A i
(a) (b)

Figure 26: How to obtain a = (a1, ag, az,aq) € fg from b, where j,k,1 >0, k+1+ 1= by

Proof of Claim 1. We use double induction on |bz| and m(bz). If |b2| = 0, then we have by €
Hom(An). We assume |by| > 0. Tt is enough to prove that there exists a = (a1, a2, a3, a4) € T
such that A(b) < A(a) satisfying either |ba| > |ag|, or |ba] = |az| and m(bs) > m(az).

By Lemma 5.5, we can assume by = by ,, 0by A with by, € Hom(.A,) and b o € Hom(An).
Since |bg | = |ba| > 0, there is a () at the bottom of by whose output edge is colored by |bs].
We define a = (a1, az,as,a4) € fg as follows.

(1) If the output edge of the (i) is connected to the left input edge of an (ad) (resp. the
right input edge of an (ad)), then let a be the element obtained from b by applying 2
to the (ad) (resp. 2 to the (ad)) in A(b) as in Figure 25 (a) (resp. (b)).

(2) If the output edge of the () is connected to the left (resp. right) input edge of a (Y),

then let a be the element obtained from b by applying 2 (resp. :6>) on the (Y) in A(b)
as in Figure 26 (a) (resp. (b)).

If m(by) = 1, then we have |ba| > |aa|. If m(bg) > 1, then we have |by| = |az| and m(b2) >
m(az). This completes the proof. O

Proof of Claim 2. We transform b5 o b} into by o b] such that b” = (b7, 05, b5,b)) € f‘; by the
two steps as in Figure 27. That is,

(i) we can transform b, into oo (A)™1ml for some o € Hom(Ag), 1 >0, mq,...,m; > 1

by using :1>, and

(ii) we can transform ((A)™ @ (AYM) o (DY), m,n > 1, into a o (DF1)®™" for some

a € Hom 4, (2mn, m + n), by using é, é, and = as depicted in Figure 28.

Hence we have the assertion. O
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=

Figure 28: How to transform ((A)™ @ (A)")o (D*1) into ao (DF1)®™" where p € Hom(Ag)

5.4 The functor F' and proof of F(I')(1) c F'(I',)(1)

In this section, we define the symmetric monoidal functor ¥': A — M and prove F (F’g) (1) c
F'(Tg) (D). A
For n > 0, we equip U;?” with the topological Z™-graded algebra structure such that

deg(z1 ® - ®@xy) = (|531|’-~-7|$n|)7

for homogeneous elements xz1,...,x, € U, with respect to the topological Z-grading of Uy
defined in Section 2.2. ) X

For k,l > 0, we call a map f: U,?k — U}?l homogeneous if it sends each homogeneous
element to a homogeneous element. We call an object in M homogeneous if it is generated by

homogeneous maps as a Z[q, ¢~ !]-submodule of Hom?QfﬁhH (U f}’k, U, ,?l). Note that the image by
the functor F of each generator morphism in A in Section 4.2, except for (A), is homogeneous.
We define 7' in the same way as J except that we set F'((A)) = 3,5 Z[g, q ')A, instead

of F((A)) = Z[q,q ']A. Here, for j € Z, A;: U, — Up®U}, is the continuous Q[[h]]-linear
map defined by

Aj(x) =Yz ®pi(ae),

for x € Uy, where p;: Uy — Uy, is the projection map defined by

pi(y) = 4V if [yl = J,
! 0 otherwise,
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Figure 29: (a) How to color the edges (b) An example of the coloring

for y € Uy, homogeneous. Since F'({A)) is homogeneous, F’ sends each generator morphism
in A to a homogeneous module. Moreover, since the compositions and the tensor products of
homogeneous objects in M are also homogeneous, the image by F’ of each morphism in A is
homogeneous.

We prove F(T)(1) € F'(I',)(1). For 2 € Uy a finite linear combination of homogeneous
elements, it is easy to check that

Alz) =Y Aj(), (43)
JEL
FA)(z) = (Zlg, a7 1A (x) C (ZZ[q,q*]Aj)(a:) = F'((A)) (). (44)
JEL

(In fact, (43) is true for all z € Uy. However, (44) is not, since ZjEZZ[q,q_l]Aj consists of
finite linear combinations of A; for j € Z.)

Note that each (A) in a diagram of B € T' is contained in a (AYPH(EM) ina (A (Fm),
or in a (A)"(T?) for m,n > 0. By (44), we can prove that

FUAHEM™))(1) € F'(A)HEM)) (1),
FUAYUEM)) (1) € F/(A)E)(),

for m,n > 0, by using induction on n. For y € U}?, we have
FAN(Y) = (Zlg, a7 A0 (y) = F (A) ().

Thus, we have F(B)(1) C F'(B)(1), which completes the proof.

5.5 The Subset F’g' - I‘;

In this section, we define the subset F/g’ - F;.

In what follows, we color each edge of a diagram of B € F; with d,w, k or ) as follows.
First, we color the output edges of (D*!)’s, (6;)’s, and <U$>’s with d,w, and k, respectively.
Then, we color the edges below as in Figure 29 (a). See Figure 29 (b) for an example of
G € Ty with the coloring.

For g > 0, let F;’ C f‘; be the subset consisting of b = (b1, d, w, k, o, b3, bs) such that

(Cax) d and k are the identity morphisms in A,
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Figure 30: An example of b3 o000 (d®@w ® k) o by for (by,d, w,k,o,bs,bs) € f‘g

w

ko

(Caa) in (Ao k)(b), there is no (ad) (resp. (ad)) with the d-colored left (resp. right) input
edge, i.e., the first I input edges of by = id5' @(V)®" @ (Uv9)®@™ are not colored by d,

(Cy) there is no (Y) with the left and right input edges both colored by d.

See Figure 30 for an example of b300 0 (d@ w ® k) 0 by.
Set

P — k(i) C T,

I ={I") I

5.6 Proof of F'(I'))(1) c F'(I'})(1)

Similarly to Section 5.3, we define a preorder =’ on F;, and prove the following two lemmas,
which imply F'(I',)(1) € F'(T)(1).

Lemma 5.6. For B =’ B in T, we have F'(B)(1) C F'(B')(1).

Lemma 5.7. For each element B € Fg, there exists B’ € T, such that B <' B’.

g )

The preorder <’ on I'} is generated by binary relations = fori=9,...,13 on I, In the
present case, we divide the definitions of the binary relations into three. Correspondingly, the
proof of Lemma 5.6 is divided into that of Lemmas 5.9, 5.11, and 5.13.

For B € Ty, let Ngi.(B) > 0 be the number of the (u1)’s colored by d and the (A)’s colored
by k, Naa(B) > 0 the number of the (ad)’s with d-colored left input edges and the (ad)’s with
d-colored right input edges, and Ny (B) > 0 the number of the (Y')’s with the left and right
input edges both d-colored. For example, for G € T as in Figure 29 (b), we have Ngi(G) = 3,
Nad(G) = ]., and Ny(G) = 1.

Note that for B € ', we have B € I'j if and only if Na(B) = Naa(B) = Ny (B) = 0. By
using inductions on Naq(B), Ny (B) and Ny (B), Lemma 5.7 follows from Lemmas 5.8, 5.10,
and 5.12.

5.6.1 Binary relation 2

Let ~ for i = 1,...,8 be the local moves on diagrams of morphisms in 4 as depicted in Figure
31, where in each relation, the outsides of the two rectangles are the same. For B, B” € I’;,
we write B = B’ if there exists B’ € Hom(A) such that either B <% B" or B % B’, and

there exists a sequence from B” to B’ in Hom(A) of moves ~» for i = 3,...,8.
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Figure 32: Binary relation e

Lemma 5.8. For B € I'j with Nag(B) > 0, there exists B' € I', such that Naq(B) > Naa(B')
and B B'.

Proof. We can transform B into B’ € T'; as in Lemma 5.8 as follows. Since Naq(B) > 0, there
exists B” obtained from B by applying % or ~. There is an (e) in B”, and we continue the

transformation as follows.
(1) If the (¢) is connected to the left (resp. right) output edge of a (D*!), then we apply
2, (resp. i) If the new (UY) is connected to the left (resp. right) input edge of a (1),

then we apply 2, (resp. ~§->), otherwise we put its edge into the k-part.

(2) If the {¢) is connected to an output edge of a (i), then we apply s Then, for each new
(¢), we continue the transformation starting from (1). If there appears ({(¢)®(e))o(D*!),

then we apply 2 or v4=>, and then we apply 3,

For example, see Figure 32, where a dotted circle with a number i attached is a place to where

we apply ~-. It is easy to check that the procedure terminates, and the result B’ is contained
in I';,. One can check that Naq(B') = Naa(B) — 1. O

Lemma 5.9. For B> B’ in ry,,

we have F'(B)(1) C F'(B')(1).

Proof. Tt is enough to prove that, for C L with j € {1,...,8} in the sequence of the local
moves from B to B’, we have F'(C)(1) C F'(C")(1).
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Figure 33: Local moves L for i = 9,...,16

Consider the case j = 1. The case j = 2 is similar. Recall from Section 5.4 that the image
by F' of each morphism in A is homogeneous. This implies that, for each b € Hom 4 (I, A®),

1 >0, the Z[q, ¢~ ']-submodule F'(b)(1) of U}?l is generated by homogeneous elements of U}?l.
Thus, the case j = 1 follows from

> ad(U)D] 1+ D, (DyDL)" @) @ UIDY L @ @ UJD),
cz® (U)®"
C> (e®idy,)(UID) 4+ D} L (DyD)" @2) @ UIDY L @@ ULD)) 4,

for m,n > 0 and = € U, homogeneous, where we set D¥ =3 D], ® D/, for 1 <i < n.
Here, we use from [21, Lemma 5.2] the identities

> ad(Dl @x) @ DY = x o K+,
Y ad(DLDY @ x) = q*a,

for x € U, homogeneous.
The cases j = 3,4 follow from

(e®idy,) o ((Ug)@Dil) = U0 = (idy, ®e) o ((U§)®2Di1).
The other cases j = 5,6,7,8 are clear. Hence we have the assertion. O

5.6.2 Binary relation 0

Let ~= for i = 9,...,16 be the local moves as depicted in Figure 33, where in each relation,
the outsides of the two rectangles are the same. Here, the bottom lines in 22 is the bottom
lines of the morphisms. For B, B’ € I'j, we write B 20 B’ if there exist B" € Hom(A)

such that B ~ B” and there is a sequence from B’ to B’ in Hom(A) of moves s for
i=3,...,8,10,...,16.

Lemma 5.10. For B € Ty, with Ny (B) > 0 and Naq(B) = 0, there exists B' € ', such that
Ny (B) > Ny (B'), Naa(B') =0, and BZ B'.
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Proof. We can transform B into B" € I', as in Lemma 5.10 as follows. Since Ny (B) > 0,
there exists B” obtained from B by applying 2. For the two (e) in B”, we apply the local

moves ~» for i = 3,...,8 as in the proof of Lemma 5.8. For the (n) in B”, we continue the
transformation as follows.

(1) If the (n) is connected to the left (resp. right) input edge of a {(u), then we apply bol

(resp. 9.

(2) If the (n) is connected to the bottom of the diagram, then we replace the (n) with (Ug"°)
by using 3,

(3) If the (n) is connected to the right (resp. left) input edge of an (ad) (resp. (ad)), then
we apply 3 (resp. «1/4-%) Then, there appears an (n) and an (¢). For the (n), we continue

the transformation starting from (1). If the () is colored by d, then we apply ~~ for
i =3,...,8 as in the proof of Lemma 5.8. Let us assume that the (g) is colored by w
or k. By Condition A in the definition of Ty, the (¢) cannot be connected directly to
any output edge of the (0;)’s. Hence the (¢) is connected to either an output edge of a
(A) or the output edge of a (U?). If the (¢) is connected to the left (resp. right) output

edge a (A), then we apply 3 (resp. «1/2) If the () is connected to a (US), we apply 3.

For example, see Figure 34. It is easy to check that the procedure terminates, and the result B’
is contained in I'j. One can check that Ny (B’) = Ny (B) —1 and Naa(B') = Naa(B) =0. O

Lemma 5.11. For B2 B in I, we have F'(B)(1) C F'(B')(1).

Proof. Tt is enough to prove that, for C <+ C’ with j € {9,...,16} in the sequence of the local
moves from B to B, we have F'(C)(1) C F'(C")(1).

The case j = 9 follows from Lemma 3.8.

The case j = 15,16 follows from

o FOUOEMm) if k=m — 1
®@idy, ) o Ay ) (FOTEM™)) = a ’
<(5 idy, ) © k)( q ) 0 otherwise,
FOUOEM™) i k=0,

id AL ) (FOTOEm)y —
((1 v, ®e) o k)( a ) 0 otherwise,

respectively, for k,I,m > 0.
The other cases j = 10,...,14 are clear. Hence we have the assertion. O
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Figure 36: Graphical proof of the case i = 11

5.6.3 Binary relation = for i = 11,12,13

Let = for i = 11,12, 13 be the binary relations on F’g defined by the local moves on diagrams
as in Figure 35, where in each relation, the outsides of the two rectangles are the same. It is

easy to check that F; is closed under = for 7 = 11,12, 13.

Lemma 5.12. For B € F; with Nag(B) > 0, Naa(B) = Ny (B) = 0, there exists B’ € F;
such that Ngi(B) > Nap(B'), Naa(B') = Ny(B’) =0, and B L B withi € {11,12,13}.
Proof. Since Ngi(B) > 0 and Ny (B) = 0, there is a part in B as in the left hand side of
= with ¢ € {11,12,13}. We can obtain B’ as in Lemma 5.12 from B as follows. If there is
a (A) o (UY), then we obtain B’ from B by applying 22 If there is no (A) o (UY), then we
obtain B’ from B by applying Yo g, and then applying 2 ¢ necessary. O
Lemma 5.13. For B = B’ in I with i € {11,12,13}, we have F'(B)(1) € F'(B')(1).

Proof. Consider the case i = 11. The case i = 12 is similar. We can prove the assertion by
two steps as in Figure 36, i.e., we have F'(C)(1) C F'(C")(1) for C 2 ¢ in I, by (23) and
(44), and we have
Zad ((US /1,:i: T D;z,:t(Dil:Dg:)m)(l) ® :r)
®@ Uy Dy o+ Dy, 4 (DD 0y @ UDY L @ --- @ U Dyy ¢
Cx@UID, D, (DyD)"®@UD{ . ® - @U)D] ,,
for m,n > 0.
The case = follows from A(Ug) C (Ug)‘m. Hence we have the assertion. O

5.7 Modification of the elements in F’g’

In the next section, we prove F’ (I‘g ) (1) c (U, ;")‘X’g , which completes the proof of the sequence
(42). Before that, we modify the elements in I'}.
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First of all, we define notations. For m > 0,n > 1, set

I(m,n):{(il,...,in)|il,...,inZO,i1+---+in:m}.

For i = (i1,...,in) € Z(m,n), set
E'= (U)P"(EW @@ M) C (Ugg)®",
Fr = (U (FM @@ FU) C (Uz,g)®",
(EY) = (EW) .. <E(l")> € Hom(1, A®"),
(F) = (F") @ - @ (F()) € Homa (1, A®").

Clearly, we have

E'=F(EY)(1), F'=F(F))1).
We use the following lemma.

Lemma 5.14. For m >0, n > 1, we have

F )Mo (EM) 1) c Y FEY)
i€eZ(m,n)
F (Ao (Fmy)y 1)y Y F((FY) 1)
i€Z(m,n)
Proof. The assertion follows from (9) and (10), by using induction on n > 1. O

Let B = by o bz obyoby with b = (by,ba,b3,b4) € f_’q’. By the condition (Cg) in the
definition of T, we can write by 0 by = 0 o b, with o € Hom(Ag) and

l2
b= (D) & (@ () m)) o () @ (T, (45)
p=1
for ly,l2,13 >0, s1,...,81, > 0, my,...,my,,n1,...,n, > 1. Note that

la l2
<® (<A>[mp’np]) ° <@s,,>) — ® <<{5p}q!> ® (<A>[mp] o F(sp)) ® (<A>[np] o E(sp))).

p=1

Let us start the modification of B. For i, € Z(sp, m,) and i, € Z(sp,n,), p=1,...,ls, set

bl(ilv}h .. 'vilzvilz) = <Di1>®l1 ® <® (<{Sp}q > <Fip> @ <Eip>)> ® <Ug>®l3' (46)

p=1

In other words, by (i, 11, ... ,1s,,1;,) is obtained from b; by replacing the (A)"#] o F(52) with
a (Fir), and the (A)l"] o E(gp) with a (E%), for p=1,...,l,, sec Figure 37.

Thus, we obtain the modlﬁcatlon byobgobyo b1(11, i, .. 112,112) of B with respect to
be F;’ and i, € Z(sp,myp), ip € I(sp,np), for p=1,...,1.

By Lemma 5.14, we have

f/(B)(l)C Z :/tl(b4Ob3OJOgl(ilailw"ai127112))(1)'

1, €T (sp,mp) (47)
ip,€Z(sp,np)
p:1,...,l2
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Figure 37: How to modify b; with respect to i, = (i(p,0,1)7"'7i(p,0,mp)) € I(sp,myp),ip =
(i(p,l,l)a - 7i(p,1,np)) € I(Sp, np) for p=1,..., lg

F(i(noyl)) F(i(ony'""p)) E(i(p>1,1)) E(i(l’vlv"p))

‘(pyo,i)' ‘(p,&mp) (,1,1) ‘(p,an) Ll Tk Tlm

(a) (b)

Figure 38: How to color the output edges of by (i1, 11, ..., i1, 1)

5.8 Proof of F'(I'))(1) C (U)®s

We prove the inclusion F'(I')) (1) C (UZ¥)®9. Let B = byobgobyoby with (by, by, bs, by) € T
such that by o by = o 0by with o € Hom(Ag) and by as in (45). By (47), it is enough to prove

F'(bgobsoooby(in,ii,... i, 1,))(1) C (U)®Y, (48)

for i, € Z(sp,mp), ip € Z(sp,np), p=1,...,1a.
We prove (48). First, we study F' (b3 0 o 0 by (i1, 11, .., 1,,11,))(1). Fix

ip = (i(P’O’1)7 s 7i(p701mp)) € I(SP7 mp)’ ip = (Z.(p,l,l)v ce 7i(p,1,np)) € I(8P7 np>7

for p = 1,...,15. On a diagram of by(iy,i,...,i,,1;,), we color the output edge of the
(FUwon)y (resp. (EU®1w))) with a label (p,0,t) (vesp. (p,1,u)) for t = 1,...,m, (resp.
u=1,...,np),p=1,...,1s, see Figure 38 (a). We also color the output edges of the <Ug>’s
in El(il,il, ...,i1,1;) with symbols ki, ..., k;, from the left to right, see Figure 38 (b). Let P
be the set of the all labels, i.e., set

P={(p,0,t) |1 <t<mp,1<p<b}u{(p,lu)|1<u<n,l<p<l}
Ll{kl,...,k/’lg}.

In what follows, since F'((U9))(1) = FI(EO) (1) = U?, we identify (U) with (E©), and
set ir, = 0 for j = 1,...,13, see figure 39. We call the diagram of (X(i)> for 1 > 0 with
X € {E, F} an X-boz.

After we color the edges, we arrange the diagram of b3 oo o Bl(il,il, < yi1y, 11,) keeping b3
so that each X-box is connected to bs directly without any crossings as in Figure 40, where
we set by = id5H @(YV)®k @ (Ugv0)®ls and the floating boxes is the diagrams of ({s,}4!) for
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Figure 39: How to treat the jth <US> for j=1,...,13

ooby(iy, i1, .., 0,1
00 o ooq o foobiin i, i i)

¥ BE o ol

[ ——
l4 l5 16
Figure 40: How to arrange the diagram of b3 oo o Bl(il,il, S TR 1))

p=1,...,12. Here, by the condition (Caq) in the definition of I'j, the first /5 input edges of
by are connected to X-boxes, and by the condition (Cy ), at least one of the input edges of
each (Y) in b is connected to an X-box. Note that there are five cases as depicted in Figure
41 (c1)~(c5), how a (V) is connected to the X-boxes and the (DE!)’s.

Thus, we have

b3 (oo Ne] bl(ilaila .. ~7il27§l2> = ®<{Sp}q'> ® <X1(la(1))> R ® <Xl(41a(l4))> RI® <U§VO>®Z(5,
p=1

(49)

for a(1),...,a(ly) € P, X1,...,X;, € {E,F}, and Z € (Y)® o Hom4(I, A®%5).

For j =1,...,l4, we call the label a(j) isolated. We say the labels a and b as in Figure 41
(c1)—(ch) are adjacent to each other.

Note that the identity (49) implies

l2
‘7‘—’ (bd [eNoae] i)l(il,ih e ,ilQ,ilz))(l) C ( H{Sp}q!> . (UZ@if; ® f’(Z)(].) ® (U;V0)®l6)' (50)

p=1

Let us consider Y21 @ -+ ® 2z, € F/(Z)(1). If the mth (V) (from the left in b3) is as in

M.
(X | X2 il [@n] (Xie) ﬂ (X

aEll/b | a\lﬁ b\ﬁ ’a\dl IHb

(c1) (c2) (c3)
Ll ||| i)
o N \Ya \I__r-l/b
== .
(c4) ’ (¢5)

Figure 41: The (Y)’s in b3, where X, Xo € {E, F}
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(c1), then we can assume z,, € Y(U*g)i'f“) ® UQXQ““). By Proposition 3.9, we have
V(00X @ 09X{) ¢ ({min(ia, ip)}g) " - T, (51)
where ({min(i, j)}o!) ™ - US¥ C US¥ ®zjq,4-1) Q(q). For example, we have

YV(UE® @ UIF®) = ({2},)) 'Y (U @ UIF®)

If the mth and nth (Y)’s are as in (c2), then we can assume
S i @2, €Y V(OIX{ @ UDL) @ YV (UIXY @ USDL).

By Lemma 3.10, we have

STY@X @ UIDY) @ V(LX) @ UIDL) € ({min(ia, i) b)) ™ (U)%2 (52)
Similarly, for (¢3), (c4), (c5), we have

S V(OIX 0 UODY) © V(OIDL @ UOXSY) € ({minia,iy) ko)~ - (T2, (53)

Do V(OFDL @ UpX{™) @ V(U7 X5") @ U)DY) < ({min(ia,in)}e) - (T3, (54)

Do V(ODL @ UpX{™) @ V(U7 DL © Ty X3")) < ({min(ia,in)}g) ™ - (T3, (55)

respectively.
Let P2 denote the set of unordered pairs {a,b} of mutually adjacent elements a,b € P.
By the above inclusions (51)—(54), we have

Zzl®-~-®zz5€( 11 ({min(ia,ib)}q!)_1>.([7;")®ls.

{a,b}eP?

Thus, by (50), we have

F'(bgoaoby(ir,ir,...,i,1))(1) C I (Ugjf; ® (UM% @ (U;Vo)@ﬁ) 56)
56
cI- (UZ"E? ® (U;V)@SHG)’

where we set

1= (TTtsbat) - ( TT (minGiain)},) ™) € QL.

p=1 {a,b}eP?

Let us study F’(by) (Ugjf; ® (U;")@S“G). Since the first /4 input edges of b4 are connected

to the left (resp. right) input edges of the (ad)’s (resp. (ad)’s), and the next I5 + lg input
edges of by go down to the edges of the (u)’s and to the right (resp. left) input edges of the
(ad)’s (resp. (ad)’s), by Proposition 2.2, (resp. Corollary 2.3) we have

F(ba) (U & (U151 ) < (0. (57)
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y (56) and (57), we have
F'(bgobsoooby(in,in,... u,1,)) (1) C - (T)%.
Thus, for the proof of (48), it is enough to prove
I€Zlgq . (58)

For k > 1, let ®x(q) be the kth cyclotomic polynomial in ¢. For f(q) € Z[q,q ], f(q) # 0,
let dj;(f(g)) be the largest integer i such that f(q) € ®%(q)Z[g,q~']. Since both H?:l{sp}q!
and [] {ab}eP? {min(ia, ib)}q! are products of the cyclotomic polynomials, in order to prove
(58), it is enough to prove

dk(H{sp}q!)de( 11 {min(ia,ib)}q!), (59)

p=1 {a,b}eP?
for k> 1.
We prove (59). Fix k > 1. Note that for i € Z, we have
1 if kli,

0 otherwise.

di({i}q) = di(q’' — 1) = {
This identity and s, = >_;"% i(p,0,8) = S i(p,1,u) IMPly
{Sp}q de {i(p,0,0) }o! )

di ({sp}4") Z i ({i(p,1,u) }q!)-

Thus, we have

dk(ﬁ{sp}q!) _Z(de {ip.0,6}4!) +de {ip,10) Yo' )>/

p=1 p=1 t=1

=Y di({ia}q))/2

acP

=( X dlliadMik) + Y d({ich)/2

{a,b}epi c€Piso

> Y di({iateHin}e!) /2

{a,b}eP?

—d( I GadoMinke)/2

{a,b}eP%

de( I1 {min(ia,ib)}q!).

{a,b}ePi

Here Piso C P denotes the subset consisting of isolated labels. Hence we have (59), which
completes the proof of F(I'y) (1) C (U)®9.
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6 Completions

In this section, we define the completion (Uqc")@" of (Ug¥)®", and prove Theorem 1.2.

6.1 Filtrations of U;" with respect to ad and ad
For a subset X C U;V, let (X )igear denote the two-sided ideal of U,‘;V generated by X. Set

Ap = <UZ,q > ep>ideala

Cp = <Z (UZ,qE(p/) > 0qev)>ideal7 C;,,; = <Z (UZ,qF(p/) > U§V)>idea17

p'>p p’'=>p
ép = <Z K(UZ’qE(p/) > KU;V)>idea1, CYZ/F = <Z K(UZ’qF(p/) > KU;V)>idea1,
p'2p p'2p
for p > 0. For X = A,C, (", C,C’, the Xp,p > 0 form a decreasing filtration of U;V, ie., we
have X, D X1 for p > 0.
Lemma 6.1 ([21, Proposition 5.5]). (i) Forp >0, we have C), = C,,.
(ii) Forp >0, we have Cap, C Ap.
(iii) If p > 0 is even, then we have Cap = A,
Lemma 6.2. (i) Forp >0, we have C~’p = CN’Z’,
(i) Forp >0, we have Cyp C A,.
(iii) If p > 0 is odd, then we have Cy, = A,.
Proof. The proof is almost the same as that of Lemma 6.1. O
For p > 0, set
Gp=Cp+Cp=Cp+C.
Corollary 6.3. Forp > 0, we have Gg, = A,,.
Proof. For p >0, by Lemma 6.1 (ii) and 6.2 (i), we have Ga, = Ca, + Ca, C A,
If p > 0 is even, then by Lemma 6.1 (iii), we have G2, D Cap = A,.
If p > 0 is odd, then by Lemma 6.2 (iii), we have Gap D Co), = A,.
Thus, we have the assertion. O

Corollary 6.4. The filtrations {A,}p>0, {Cp}p>0s {Cp }p>0, {Gp}p>0 are all cofinal with each
other.

6.2 Filtrations of U and (U")®? with respect to Y
For p > 0, let )V, be the two-sided ideal in Ug" generated by the elements in

SNYVOLEP) 9 U,), Y V(U@ UE), SN YUFP) 90,), Y V(U ®ULFE)).

p'Zp p'Zp p'Zp p'Zp

Lemma 6.5. Forp >0, we have Y, C Gy,.
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Proof. It is enough to prove that all the generators of ), are contained in G,.
By (20), (22), and (27), we have

VOPEW @T,) ¢ Y (09EW) o K'U ) K'Ug* € Gy + Gy € Gy,

1=0,1
V(0,0 U0E) = 3 KZUEV( HOOE®)) DKiU;V)
1=0,1
< Y KO (0B e K'TY) € €+ Gy € Gy,
1=0,1

for p’ > p. Similarly, we have
Y(UIFP) @ U,) c C) +Cl C Gy,
Y (U, @ UPF®)) c 1+ Ch € Gy,
for p’ > p. Hence we have the assertion. O

Let (VP), be the two-sided ideal in (UY)®? generated by the elements in

SN YOIEY) @ USDL) @ Y (U, @ ULDY), Y Y(UF®) @ USDL) @ Y (U, @ UYDL),

p’'>p p'>p

Y YVUIEY) @ USDL) @ Y(UIDL @ U,), Y Y(ULF®) @ UlDL) @ Y(UIDL & U,),

p'>p p'>p

Y V(0D @ UIEP)) @Y (U, @ ULDY), Y Y(UIDy @ USF®) @Y (U, ® UYDL),
p'2p p'>p

N YV (UIDL @ UIEY)) @ Y(UIDL @ U,), Y Y(UIDy ® USF®) @ Y (UIDL & U,).

p’'>p p'>p

Note that these sets are all contained in (U¥)®? by Lemma 3.10.

6.3 Filtrations of (U;v)@m

For n > 1 and a filtration {X,},>0 of US", we define a filtration {X }p>0 of (UZ¥)®™ by

n
X}()ﬂ) — Z(USV)(@J% ® X, ® (U(;:V)®nfy_
j=1

For n > 1, we define the filtration {(yD)IS”)}pZO of (UZ¥)®™ by

OGP ={ Y (O ey e (O ey @ (0 | Yy ey € (00),)
1<i<j<n

+{ Z Uev ®Ri—1 ® y// ® (quv)(g)j—i—l ® y/ ® (U;v)@n—j ‘ Zy/ ®y// c (yD)p}
1<i<j<n

n

DO @yy" @ (UM | Dy @y’ € (VP),}

™~
Il
-

NE

+{ (Ugv)@k 1 ® y//y/ ® (quv)@n—k | Zy/ ® y// c (yD)p}

=~
Il

1
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Lemma 6.6. Forn > 1,p >0, we have ())D)é") C G(LE)J'
2

Proof. Tt is enough to prove that all the generators of (Y), are contained in G 22 |-
2
We prove

- _ .o _ 9
ST Y(@EY) @ UID") @ Y(UID" @ U,) G(ng.
/>p

Similarly for the other generators of (P )p- For p >0, let us assume

Y YOEP @ D)o Y(D"®U,) C GP. (60)

Then, similarly to (36), for p’ > p, we have

> V(UGE
:ZY(
> Y (U
> Y (U

= Y Y@OE® eU)Y(UYEY) @ D)o V(D" ®U,)Y (UL @ U,)

P +py=p’

< > (U YOED @ D))o (VD" 20, Ug)

pl+py=p’

p)®U0 DY@ (
(p)®DUO) (

OD//®U)

q

OD//®U)

q

0 77
q
0
q
GO(E®)) 1y @ U2) (Y (TUEP)) ) @ D) «U2) @ (006 V(D" © U,)) Y (U2 @ U,)
0

q

(E®)) gy @ U)Y (UNE®)) ) D') @ V(D" @ Uy)Y (U2 @ U,)

c > WP ( (U°E®) @ D)@ V(D" @ T,) U;V)

p1+P2_P

@) A2 2) (2> 2) ) 2)
c > Yv)a)c Z G Xesy Yo G i C Gl CG)
ph+ph=p’ pi+ph= p1+py=p’

Now, we prove (60). Similar to (37), for b € U, homogeneous, we have
D Y(OREP @ D)@Y (D" @b) =) (U7EP v K- P@hKPel @ 574 be)ba),

with b1y, be2) € Uq homogeneous such that S’_l(b(l))b(g) S U;V.
If |beay| € 27, then we have

(UEP > K-t KPol c ¢, C G,
If |be2y| € Z\ 2Z, then we have
(U2EW » K- tahKtol c G, c G,.
Thus, we have
S (OIEP v Kt Kol @ 87 (bo))ba) € G, @ Ug¥ € G

Hence we have the assertion. O
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6.4 Completions

Let (U;")A denote the completion of U;V in U}, with respect to the filtration {Gp},>0, i.e.,
(U;V)Ais the image of the map

1131 (U;V/Gp) — Un
p

induced by the inclusion U. 4 C Up. Since G = A;, C hPUy, this map is well-defined.
Let (U;V)@" denote the completion of (U;V)‘@” in U?" with respect to the filtration

{G](g")}pzo. For n = 0, it is natural to set

G0 —

p

Zlq,q '] if p=0,
0 if p>0.

Thus, we have

(U)®° = Zlg,q7].

6.5 Proof of Theorem 1.2
Let T € BT, be a boundary bottom tangle and (T g, g1,... ,gn) a boundary data for T'. Let

C(T) = {c1,-..,a} be the set of crossings of the diagram of 7" which we fix in the definition
of J7. We fix these notations in this section.
By Proposition 3.11, we have

M[Qlwan]Y@Q(JT’s) € (U;V)@n’

for s € S(T) In this section, we prove Theorem 1.2, i.e., we prove

Since pl91:---9n] (Gég)) C G](D") for p > 0, it is enough to prove the following lemma.

Lemma 6.7. For each p > 0, there are only finitely many states s € S(T) such that
YeI(Jz,) ¢ Gy

We use the setting in in Section 5, where we can consider a state s € S(f) as a parameter.

Lemma 6.8. There is a map B: S(T) — I"g’, s — B?*, satisfying the following conditions:
For all s € S(T), we have Y®9(J:F,s) € F'(B*)(1), and we have B* = by o b3 o by 0 b§ with
(b3, b2, b3,b4) € f‘g such that byobi = o obf with o € Hom(Ag) and b5 as in (45) replacing s,
with s(cp) for p=1,...,l2, where any part of B® except (O(c,)) ® ... ® (Oy(e,,)) in b does

not depend on s € S(T).

Proof. We can define B as in Lemma 6.8 by constructing B as follows. First, we choose
a state = € S(T), and construct B € I'y so that Y®9(Jz ) € F(Bg)(1) as in the proof

of Lemma 5.1. By the definition, we have Y®9(Jz ) € F(B§)(1) for all state s € S(T),
where Bj € I'y is obtained from B§ by replacing {@x(cp)> with (©4(,)) for p = 1,...,l5.
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Second, we transform B into some B* € I'] by using the preorder < and =<’'. We have
17®9(JT’$) € F'(B”)(1) by Lemma 5.3 and 5.6. Here, since < and =<’ each does not depend
on any (Og(,)), we can obtain the desired B* € I'] from B* by replacing (O,(,)) with
<@s(cp)> fOI‘le,...,lQ. O

We take B: S(T) — [y, s +— B®, as in Lemma 6.8. For s € S(T), recall from (46) the
modification b (i1, 11, ..., 11, 11,) of b with respect to i, € Z(s(c,), m,) and i, € Z(s(cp),ny)

forp=1,...,1.
For s € S(T'), and

iy = (i(p0,1)r - > ip0my)) € Z(s(cp)ymp),  ip = (ip1,1) -+ i(pi1im,)) € L(s(cp),mp),

forp=1,...,1s, set

p <2},

Ns(ilaila e wilvil) = max{i(p,o,i)ai(p,l,j) | 1<i< mp, 1< < Np, 1 <
p <l2}.

<
N® = min{N*(iy,iy,...,1;,1;) | i, € Z(s(cp), mp), ip € Z(s(cp)ymyp), 1 <

We use the following lemma.
Lemma 6.9. Forr > 0, there are only finitely many states s € S(T) such that N° < r.

Proof. Note that for i = (iy,...,4;) € Z(k,1), k > 0,1 > 1 we have

< max(iy,...,%).

~|

Thus we have

ws = maX{M7M ’ 1 Sp S 12} S Ns(i17ilv"'7ila§l)7
mp Ny
for all i, € Z(s(cp), mp), ip € Z(s(cp),np), p=1,...,ls. Hence we have

w® < N°. (61)

It is not difficult to prove that, for » > 0, there are only finitely many states s € S (T) such
that w® < 7. This and (61) imply the assertion. O

Lemma 6.7 follows from Lemma 6.9 and the following lemma.
Lemma 6.10. For s € S(T) and r > 0 such that N° > 2r, we have
F'(bsobz oo obi(in,it,. .., in, 1)) (1) C G,

for i, € Z(s(cp),myp), ip € Z(s(cp),np), p=1,...,1a.

Proof. The proof is similar to that of Lemma 5.2. By replacing s, with s(¢cp) forp=1,...,1,
we use the notations and results in the proof of Lemma 5.2.

Fix i, € Z(s(cp),mp) and i, € Z(s(cp),np), for p = 1,...,ls. Recall that we color the
output edges of b5 (i, i1,...,1s,,1;,) with the labels in P as in Figure 38. Note that

M := N%(iy,i1,...,i;, ;) = max{i, | a € P} > N° > 2r.
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Since the filtration {G)p},>0 is decreasing, it is enough to prove
f’(b4 (@) b3 [oNoae] B‘i(il,il, ey il27ilz))(1) C G(\_?\Z/QJ (62)

We prove (62). Recall that Pjs, C P denotes the set of isolated labels, and 73% denotes
the set of unordered pairs {a, b} of mutually adjacent labels a,b € P. Set

Py =P\ Puo = JPa.
Set Miso = max{is| a € Piso} and My = max{i,| a € Py }. It is enough to prove

(i) F/(bsobsooobiliv,it,. ., i, i1,))(1) €GP (C G, ), and

(ii) F(baobsooobi(ivit,... i, 01,)) (1) C G, o)
Let us prove (i). Recall from (56) that
F'(bg oo 0bi(in, iy, ..., i, 1,)) (1) C UL @ (UFY)®lstele,
Thus, it is enough to prove

F(ba) (U1 @ (U)*15+900) < G . (63)

Recall that the first I4 input edges of by are connected to the left (resp. right) input edges
of the (ad)’s (resp. (ad)’s), and the next [5 + [ input edges of by go down to the edges of the
(u)’s and to the right (resp. left) input edges of the (ad)’s (resp. (ad)’s). By the definition of
Cp and O}, we have

ad(Uz,EW) @ UY) C C, C Gy, (64)
ad(Uz, FP) @ UY) € C) C Gy, (65)
for p > 0. We also have
ad(UgY @ Uz, EP) ad(UgY @ E®)
Cad(STHEW) 2 U) (66)
Cad(UEW @ UY) C Cp C Gy,
for p > 0. Similarly, we have
ad(USY @ Uz, FP)) C C), C Gy, (67)
for p > 0. Thus, (63) follows from (64)—(67) and the inclusions
1(Uz,q @ Gp) = (G @ Uz,q) C Gy, (68)
ad(Uz,q ® Gp) C Gp7 E(GP & Uz}q) C Gp. (69)

for p > 0. We have finished the proof of (i).
Let us prove (ii). Recall from (50) that

l2

Flbgooobilinin. i) (1) € ([THshat) - (U5 @ F(2) 1) @ (@ 0)%"), (70)

p=1
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where Z € (Y)®5 o Hom (I, A%%5). We study F'(Z)(1) by using the following inclusions
instead of (51)—(54).
For X1, X3 € {E,F} and i,,i, > 0 for {a,b} € P%, we have

V(02X @ UIXS™) € ({min(i, ) }g) ™"+ Vinax(ia.in)- (71)

For example, we have
V(UYE® @ UIF®) = ({2}) 'YV (02e* @ ULF®)
C ({2}) 71 s,

We also have
V(U9 X" @ USDL) € ({min(ia,in)}g) ™ - (VP )max(iain) (72)
V(02D ® UXE™) € ({min(ia, i) o) ™" - (VP Dmaxtio,in)- (73)
@ V(UPXS @ UgDY) € ({min(ia, in)}g!) ™" - (V) (74)
7 ( ) € ({min(ia, i) }¢!)) ™ - (V7) - (75)

(]
AA'E'A

0D ® UYX{™
By the above inclusions (71)—(75), and by Lemmas 6.5 and 6.6, we have

Fyme [ {mintai)},) " -G (76)
{a,b}eP?

Thus, by (70), (76) and (58), we have

F'(bs o0 obi(in, i1, ... i1, 11,)) (1) C USH ®GLlf\/I) 12 © (Ug¥0)®te

Q! (Is+ls)
CUz,® GLM ;’2 |-
For the proof of the claim, it is enough to prove the inclusion
®1 (Is+l6) (9)
Fo) (U£5 © GREI) € Ol o (77)
which follows from (68) and (69). This completes the proof. O

Acknowledgments. This work was partially suppoted by JSPS Research Fellowships for
Young Scientists. The author is deeply grateful to Professor Kazuo Habiro and Professor
Tomotada Ohtsuki for helpful advice and encouragement.

References

[1] C. De Concini, C. Procesi, Quantum groups. D-modules; representation theory, and
quantum groups (Venice, 1992), 31-140, Lecture Notes in Math., vol. 1565, Springer,
Berlin, 1993.

[2] M. Eisermann, The Jones polynomial of ribbon links. Geom. Topol. 13 (2009), no. 2,
623-660.

[3] N. Habegger, X. S. Lin, The classification of links up to link-homotopy. J. Amer. Math.
Soc. 3 (1990), no. 2, 389-419.

47



[4]

[11]

[12]

[13]

[15]

[16]

[17]
(18]

[19]

[20]

[21]

[22]

K. Habiro, Bottom tangles and universal invariants. Algebr. Geom. Topol. 6 (2006),
1113-1214.

K. Habiro, An integral form of the quantized enveloping algebra of sls and its completions.
J. Pure Appl. Algebra 211 (2007), no. 1, 265-292.

K. Habiro, A unified Witten-Reshetikhin-Turaev invariants for integral homology spheres.
Invent. Math. 171 (2008), no. 1, 1-81.

K. Habiro, Spanning surfaces and the Jones polynomial, in preparation.

M. Hennings, Invariants of links and 3-manifolds obtained from Hopf algebras. J. London
Math. Soc. (2) 54 (1996), no. 3, 594-624.

V. F. R. Jones, A polynomial invariant for knots via von Neumann algebras. Bull. Amer.
Math. Soc. (N.S.) 12 (1985), no. 1, 103—-111.

L. H. Kauffman, Gauss codes, quantum groups and ribbon Hopf algebras. Rev. Math.
Phys. 5 (1993), no. 4, 735-773.

L. Kauffman, D. E. Radford, Oriented quantum algebras, categories and invariants of
knots and links. J. Knot Theory Ramifications 10 (2001), no. 7, 1047-1084.

C. Kassel, Quantum groups. Graduate Texts in Mathematics, 155, Springer-Verlag, New
York, 1995.

S. Mac Lane, Categories for the working mathematician. Second edition. Graduate Texts
in Mathematics, 5, Springer-Verlag, New York, 1998.

R. J. Lawrence, A universal link invariant. The interface of mathematics and particle
physics (Oxford, 1988), 151-156, Inst. Math. Appl. Conf. Ser. New Ser., 24, Oxford
Univ. Press, New York, 1990.

R. J. Lawrence, A universal link invariant using quantum groups. Differential geometric
methods in theoretical physics (Chester, 1988), 55-63, World Sci. Publ., Teaneck, NJ,
1989.

G. Lusztig, Introduction to quantum groups. Progress in Mathematics, 110. Birkh&user
Boston, Inc., Boston, MA, 1993.

J. Milnor, Link groups. Ann. of Math. (2) 59 (1954), 177-195.

J. Milnor, Isotopy of links. Algebraic geometry and topology. A symposium in honor of
S. Lefschetz, pp. 280-306. Princeton University Press, Princeton, N. J., 1957.

T. Ohtsuki, Colored ribbon Hopf algebras and universal invariants of framed links. J.
Knot Theory Ramifications 2 (1993), no. 2, 211-232.

N. Y. Reshetikhin, V. G. Turaev, Ribbon graphs and their invariants derived from quan-
tum groups. Comm. Math. Phys. 127 (1990), no. 1, 1-26.

S. Suzuki, On the universal sl invariant of ribbon bottom tangles. Algebr. Geom. Topol.
10 (2010), no. 2, 1027-1061.

S. Suzuki, On the universal sls invariant of Brunnian bottom tangles. In preparation

48



	web-title.pdf
	boundaryt14,23

