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ABSTRACT. Let ¥ be a nonempty set of prime numbers. In the
present paper, we continue our study of the pro-X fundamen-
tal groups of hyperbolic curves and their associated configuration
spaces over algebraically closed fields of characteristic zero. Our
first main result asserts, roughly speaking, that if an F-admissible
automorphism [i.e., an automorphism that preserves the fiber sub-
groups that arise as kernels associated to the various natural pro-
jections of the configuration space under consideration to config-
uration spaces of lower dimension] of a configuration space group
arises from an F-admissible automorphism of a configuration space
group [arising from a configuration space] of strictly higher dimen-
sion, then it is mecessarily FC-admissible, i.e., preserves the cus-
pidal inertia subgroups of the various subquotients corresponding
to surface groups. After discussing various abstract profinite com-
binatorial technical tools involving semi-graphs of anabelioids of
PSC-type that are motivated by the well-known classical theory
of topological surfaces, we proceed to develop a theory of profinite
Dehn twists, i.e., an abstract profinite combinatorial analogue of
classical Dehn twists associated to cycles on topological surfaces.
This theory of profinite Dehn twists leads naturally to comparison
results between the abstract combinatorial machinery developed
in the present paper and more classical scheme-theoretic construc-
tions. In particular, we obtain a purely combinatorial description
of the Galois action associated to a [scheme-theoretic!] degenerat-
ing family of hyperbolic curves over a complete equicharacteristic
discrete valuation ring of characteristic zero. Finally, we apply the
theory of profinite Dehn twists to prove a “geometric version of the
Grothendieck Conjecture” for — i.e., put another way, we compute
the centralizer of the geometric monodromy associated to — the
tautological curve over the moduli stack of pointed smooth curves.
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INTRODUCTION

Let > C PBrimes be a nonempty subset of the set of prime numbers
Primes. In the present paper, we continue our study [cf. [SemiAn],
[CmbGC], [CmbCsp|, [MT], [HM]] of the anabelian geometry of semi-
graphs of anabelioids of [pro-3] PSC-type, i.e., semi-graphs of anabe-
lioids that arise from a pointed stable curve over an algebraically closed
field of characteristic zero. The notion of a semi-graph of anabelioids of
PSC-type may be thought of as a sort of abstract profinite combina-
torial analogue of the notion of a hyperbolic topological surface
of finite type, i.e., the underlying topological surface of a hyperbolic
Riemann surface of finite type. One central object of study in this con-
text is the notion of an outer representation of IPSC-type [cf. [HM],
Definition 2.4, (i)], which may be thought of as an abstract profinite
combinatorial analogue of the scheme-theoretic notion of a degenerating
family of hyperbolic curves over a complete discrete valuation ring. In
[HM], we studied a purely combinatorial generalization of this notion,
namely, the notion of an outer representation of NN-type [cf. [HM],
Definition 2.4, (iii)], which may be thought of as an abstract profinite
combinatorial analogue of the topological notion of a family of hy-
perbolic topological surfaces of finite type over a circle. Here,
we recall that such families are a central object of study in the theory
of hyperbolic threefolds.

Another central object of study in the combinatorial anabelian ge-
ometry of hyperbolic curves [cf. [CmbCsp], [MT], [HM]] is the notion
of a configuration space group [cf. [MT], Definition 2.3, (i)], i.e., the
pro-X fundamental group of the configuration space associated to a hy-
perbolic curve over an algebraically closed field of characteristic zero,
where ¥ is either equal to Primes or of cardinality one. In [MT], it was
shown [cf. [MT], Corollary 6.3] that, if one excludes the case of hyper-
bolic curves of type (g,7) € {(0,3), (1,1)}, then, up to a permutation
of the factors of the configuration space under consideration, any au-
tomorphism of a configuration space group is necessarily F-admissible
[cf. [CmbCsp], Definition 1.1, (ii)], i.e., preserves the fiber subgroups
that arise as kernels associated to the various natural projections of



COMBINATORIAL ANABELIAN TOPICS I 3

the configuration space under consideration to configuration spaces of
lower dimension.

In §1, we prove our first main result [cf. Corollary 1.9], by means
of techniques that extend the techniques of [MT], §4. This result as-
serts, roughly speaking, that if an F-admissible automorphism of a
configuration space group arises from an F-admissible automorphism
of a configuration space group [arising from a configuration space] of
strictly higher dimension, then it is necessarily FC-admissible
[cf. [CmbCsp], Definition 1.1, (ii)], i.e., preserves the cuspidal inertia
subgroups of the various subquotients corresponding to surface groups.

Theorem A (F-admissibility and FC-admissibility). Let 3 be a
set of prime numbers which is either of cardinality one or equal to
the set of all prime numbers; n a positive integer; (g,7) a pair of
nonnegative integers such that 29 —2+r > 0; X a hyperbolic curve of
type (g,r) over an algebraically closed field k of characteristic & 3; X,
the n-th configuration space of X ; Il,, the maximal pro-Y quotient of
the fundamental group of X,; “Out™(—)”, “©Out™(-=)” C “Out(-)”
the subgroups of FC- and F-admissible [cf. [CmbCsp], Definition 1.1,
(ii)] outomorphisms [cf. the discussion entitled “Topological groups” in
§0] of “(—=)”. Then the following hold:

(i) Let a € Out®(Il,1). Then a induces the same outomorphism
of IL,, relative to the various quotients 11,1 — 11, by fiber sub-
groups of length 1 [cf. [MT], Definition 2.3, (iii)]. In particular,
we obtain a natural homomorphism

Out" (I,,4;) — Out™(IL,,) .

(ii) The image of the homomorphism
Out"(IL,,4,) — Out™(IL,,)
of (i) is contained in

Out™(11,,) € Out"(11,,) .

In §2 and §3, we develop various technical tools that will play a crucial
role in the subsequent development of the theory of the present paper.
In §2, we study various fundamental operations on semi-graphs of
anabelioids of PSC-type. A more detailed description of these opera-
tions may be found in the discussion at the beginning of §2, as well
as in the various illustrations referred to in this discussion. Roughly
speaking, these operations may be thought of as abstract profinite com-
binatorial analogues of various well-known operations that occur in the
theory of “surgery” on topological surfaces — i.e.,
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restriction to a subsurface arising from a decomposition, such
as a “pants decomposition”, of the surface or to a [suitably
positioned] cycle;

partially compactifying the surface by adding “missing points”;

cutting a surface along a [suitably positioned] cycle;

gluing together two surfaces along [suitably positioned] cy-
cles.

Most of §2 is devoted to the abstract combinatorial formulation of these
operations, as well as to the verification of various basic properties
involving these operations.

In §3, we develop the local theory of the second cohomology group
with compact supports associated to various sub-semi-graphs and com-
ponents of a semi-graph of anabelioids of PSC-type. Roughly speaking,
this theory may be thought of as a sort of abstract profinite combina-
torial analogue of the local theory of orientations on a topological
surface S, i.e., the theory of the locally defined cohomology modules

(U,2) = HYUU\{zhZ) (2Z)

— where U C S is an open subset, x € U. In the abstract profinite
combinatorial context of the present paper, the various locally defined
second cohomology groups with compact supports give rise to cyclo-
tomes, i.e., copies of quotients of the once-Tate-twisted Galois module
Z(l) The main result that we obtain in §3 concerns various canoni-
cal synchronizations of cyclotomes [cf. Corollary 3.9], i.e., canoni-
cal isomorphisms between these cyclotomes associated to various local
portions of the given semi-graph of anabelioids of PSC-type which are
compatible with the various fundamental operations studied in §2.

In §4, we apply the technical tools developed in §2, §3 to define and
study the notion of a profinite Dehn [multi-|twist [cf. Definition 4.4;
Theorem 4.8, (iv)]. This notion is, needless to say, a natural abstract
profinite combinatorial analogue of the usual notion of a Dehn twist in
the theory of topological surfaces. On the other hand, it is defined, in
keeping with the spirit of the present paper, in a fashion that is purely
combinatorial, i.e., without resorting to the “crutch” of considering,
for instance, profinite closures of Dehn twists associated to cycles on
topological surfaces. Our main results in §4 [cf. Theorem 4.8, (i), (iv);
Proposition 4.10, (ii)] assert, roughly speaking, that profinite Dehn
twists satisfy a structure theory of the sort that one would expect from
the analogy with the topological case, and that this structure theory is
compatible, in a suitable sense, with the various fundamental operations
studied in §2.

Theorem B (Properties of profinite Dehn multi-twists). Let ¥
be a nonempty set of prime numbers and G a semi-graph of anabelioids
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of pro-% PSC-type. Write
Autl®(G) C Aut(G)

for the group of automorphisms of G which induce the identity auto-
morphism on the underlying semi-graph of G and

Dehn(G) o {a € AutlePhl(G) | ag), = idg), for any v € Vert(G) }

— where we write og), for the restriction of a to the semi-graph of
anabelioids G|, of pro-¥. PSC-type determined by v € Vert(G) [cf. Def-
initions 2.1, (iii); 2.14, (ii); Remark 2.5.1, (ii)]; we shall refer to an
element of Dehn(G) as a profinite Dehn multi-twist of G. Then the
following hold:

(i) (Normality) Dehn(G) is normal in Aut(G).

(ii) (Structure of the group of profinite Dehn multi-twists)

Write

Ag & Homsy (H(G,Z7),Z%)
for the cyclotome associated to G [cf. Definitions 3.1, (ii),
(iv); 3.8, (i)]. Then there exists a natural isomorphism

Dg: Dehn(G) = P Ag
Node(G)
that is functorial, in G, with respect to isomorphisms of semi-
graphs of anabelioids of pro-¥ PSC-type. In particular, Dehn(G)
is a finitely generated free Z=-module of rank Node(G)".
We shall refer to a nontrivial profinite Dehn multi-twist whose
image € Poqeig) Mg lies in a direct summand f[i.e., in a single
“Ag”] as a profinite Dehn twist.

(iii) (Exact sequence relating profinite Dehn multi-twists
and glueable outomorphisms) Write

Glu(G) C H Aut\grph|(g|v)

veVert(G)

for the [closed] subgroup of “glueable” collections of outomor-
phisms of the direct product [ ], cyen(g) Aut®P(G|,) consisting
of elements (aw)vevers(g) Such that x,(aw) = Xw(ow) for any
v, w € Vert(G) — where we write G|, for the semi-graph of
anabelioids of pro-X PSC-type determined by v € Vert(G) [cf.
Definition 2.1, (iii)] and x,: Aut(G|,) — (22)* for the pro-
3 cyclotomic character of v € Vert(G) [cf. Definition 3.8,
(ii)]. Then the natural homomorphism

AUt‘grph‘(g) - HUEVert(g)AU't‘grph‘(g|v)
« = (ag|v>vEVert(g)
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factors through Glu(G) C ] cver(o) Aut®P(Gl,), and, more-

over, the resulting homomorphism pge: Aut®" (G) — Glu(G)
[ef. (i)] fits into an exact sequence of profinite groups

1 — Dehn(G) — Autl#™(g) o, Glu(G) — 1.

The approach of §2, §3, §4 is purely combinatorial in nature. On the
other hand, in §5, we return briefly to the world of [log/ schemes in or-
der to compare the purely combinatorial constructions of §2, §3, §4
to analogous constructions from scheme theory. The main techinical
result [cf. Theorem 5.7] of §5 asserts that the purely combinato-
rial synchronizations of cyclotomes constructed in §3, §4 for the
profinite Dehn twists associated to the various nodes of the semi-graph
of anabelioids of PSC-type under consideration coincide with certain
natural scheme-theoretic synchronizations of cyclotomes. This
technical result is obtained, roughly speaking, by applying the various
fundamental operations of §2 so as to reduce to the case where the
semi-graph of anabelioids of PSC-type under consideration admits a
symmetry that permutes the nodes [cf. Fig. 6]; the desired co-
incidence of synchronizations is then obtained by observing that both
the combinatorial and the scheme-theoretic synchronizations are com-
patible with this symmetry. One way to understand this fundamental
coincidence of synchronizations is as a sort of abstract combinatorial
analogue of the cyclotomic synchronization given in [GalSct], Theorem
4.3; [AbsHyp], Lemma 2.5, (ii) [cf. Remark 5.9.1, (i)]. Another way
to understand this fundamental coincidence of synchronizations is as a
statement to the effect that

the Galois action associated to a [scheme-theoreticl|
degenerating family of hyperbolic curves over a complete
equicharacteristic discrete valuation ring of characteris-
tic zero — i.e., “an outer representation of IPSC-type”
— admits a purely combinatorial description [cf.
Corollary 5.9, (iii)].

That is to say, one central problem in the theory of outer Galois repre-
sentations associated to hyperbolic curves over arithmetic fields is pre-
cisely the problem of giving such a “purely combinatorial description”
of the outer Galois representation. Indeed, this point of view plays a
central role in the theory of the Grothendieck-Teichmiiller group. Thus,
although an explicit solution to this problem is well out of reach at the
present time in the case of number fields or mized-characteristic local
fields, the theory of §5 yields a solution to this problem in the case
of complete equicharacteristic discrete valuation fields of characteristic
zero. One consequence of this solution is the following criterion for an
outer representation to be of IPSC-type [cf. Corollary 5.10].
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Theorem C (Combinatorial /group-theoretic nature of scheme-
theoreticity). Let (g,r) be a pair of nonnegative integers such that
2g — 2+ 1 > 0; X a nonempty set of prime numbers;, R a complete
discrete valuation ring whose residue field k is separably closed of char-
acteristic € ¥.; S'¢ the log scheme obtained by equipping S o Spec R
with the log structure determined by the mazimal ideal of R; (M,,)s
the moduli stack of r-pointed stable curves of genus g over S whose
r marked points are equipped with an ordering; (M,,)s C (M, )s the

open substack of (M,,)s parametrizing smooth curves; (M;ﬁ)s the
log stack obtained by equipping (M,,)s with the log structure associ-
ated to the divisor with normal crossings (M, 7,)5\( gr)s € (My,)s;
z € (M,,)s(k) a k-valued point of (M,,)s; O the completion of the
local Ting of( or)s at the image of x; T'°% the log scheme obtained by

equipping T SpecO with the log structure induced by the log struc-

ture of (M log)g, t°s the log scheme obtained by equipping the closed
point of T with the log structure induced by the log structure of T'°%;
Xiog the stable log curve over t'°¢ corresponding to the natural strict

(1-)morphism t1°8 — (Mlog)g, Ii0s the mazimal pro-Y quotient of the
log fundamental group Wl(TlOg) of T Iqs the mazimal pro-Y quo-
tient of the log fundamental group 7T1(Slog) of S'%8; G 10 the semi-graph
of anabelioids of pro-¥ PSC-type determined by the stable log curve

X8 [¢f. [CmbGC], Example 2.5]; panling: Itios — Aut(Gy.,) the nat-

ural outer representation associated to X, [cf. Definition 5.5]; I a
profinite group; p: I — Aut(G,.,) an outer representation of pro-
PSC-type [cf. [HM], Definition 2.1, (i)]. Then the following conditions

are equivalent:

(i) p is of IPSC-type [cf. [HM], Definition 2.4, (i)].

(ii) There exist a morphism of log schemes ¢'°¢: S8 — T8 oyer
S and an isomorphism of outer representations of pro-
Y PSC-type p = pu“lloé o Iyoe [cf. [HM], Definition 2.1, (i)]
— where we write I¢log Igi0e — Ipioe for the homomorphism
induced by ¢'°® — i.e., there erist an automorphism 3 of
Gyiox and an isomorphism a: IS Ig)g such that the diagram

I —2 . Aut (gxlog )

.| I
P iogold,log
]Slog — Aut(gxlog)
— where the right-hand vertical arrow is the automorphism of

Aut(G yioe) tnduced by B — commutes.
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(iii) There exist a morphism of log schemes ¢'°%: S1°8 — T gper S

. . ~ 1 .
and an isomorphism «: I — I® such that p = Piiog © Lgios 0 @
t

— where we write Iyos: Igoe — Ipos for the homomorphism
induced by ¢'°% — i.e., the automorphism “B7 of (ii) may be
taken to be the identity.

Before proceeding, in this context we observe that one fundamen-
tal intrinsic difference between outer representations of IPSC-type and
more general outer representations of NN-type is that, unlike the case
with outer representations of IPSC-type, the period matrices associ-
ated to outer representations of NN-type may, in general, fail to be
nondegenerate — cf. the discussion of Remark 5.9.2.

Finally, in §6, we apply the theory of profinite Dehn twists developed
in §4 to prove a “geometric version of the Grothendieck Con-
jecture” for — i.e., put another way, we compute the centralizer of
the geometric monodromy associated to — the tautological curve over
the moduli stack of pointed smooth curves [cf. Theorems 6.13; 6.14].

Theorem D (Centralizers of geometric monodromy groups
arising from moduli stacks of pointed curves). Let (g,7) be a
pair of nonnegative integers such that 2g — 2 +r > 0; X a nonempty
set of prime numbers; k an algebraically closed field of characteris-
tic zero. Write (Mg, for the moduli stack of r-pointed smooth
curves of genus g over k whose r marked points are equipped with

an ordering; C,r, — My, for the tautological curve over M,,

[cf. the discussion entitled “Curves” in §0]; Iy, . o m((My)i) for

the étale fundamental group of the moduli stack (Mg, )x; I, for the
mazximal pro-X quotient of the kernel N, of the natural surjection
T1((Cor)i) = m(( Mg )) = U, e, , for the quotient of the étale
fundamental group m((Cyr)i) of (Cyr)r by the kernel of the natural
surjection Ny, — I1,,.; Out®(Il,,) for the group of outomorphisms [cf.
the discussion entitled “Topological groups” in §0] of I, which induce
bijections on the set of cuspidal inertia subgroups of 1l ,. Thus, we
have a natural exact sequence of profinite groups
I — 1y, — I, — Ty, — 1,

which determines an outer representation

Pgr: U, — Out(Ily,).

Then the following hold:

(i) Let H C Il be an open subgroup of I, . Suppose that one
of the following two conditions is satisfied:

(a) 2g—2+r>1, ie, (g,r) € {(0,3),(1,1)}.
(b) (9,7)=(1,1),2€ X, and H =1l ,,,.
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Then the composite of natural homomorphisms
AUt(Mg,r')k ((Cg,r)k) — AU-tHMgJ (ch)/lnn(ﬂg,r)

— ZOut(Hg,r)(Im(pg,r)) - ZOut(Hg,r)(pg,r(H))
[cf. the discussion entitled “Topological groups” in §0] deter-
mines an isomorphism

AUt(Mg,r')k((Cgﬂ“)k) - ZOutC(Hgyr)(pgﬂ“(H)) :

Here, we recall that the automorphism group Aut ), ((Cgr)i)
1s 1somorphic to

7.)27, % 7.)27. zf( r) = (0,4);
727 if (g,7) € {(1,1),(1,2),(2,0)};
{1} if (g,7) € {(0,4),(1,1),(1,2),(2,0)}.

Let H C Out®(Il,,) be a closed subgroup of Out®(Il,,) that
contains an open subgroup of Im(p,,) C Out(Il,,). Suppose
that

2g—2+r>1, e, (9,r) €{(0,3),(1,1)}.
Then H is almost slim /cf. the discussion entitled “Topological
groups” in §0]. If, moreover,
2g—2+r>2 ie, (g,7) € {(0,3),(0,4),(1,1),(1,2),(2,0)},
then H is slim [cf. the discussion entitled “Topological groups”
in §0].
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0. NOTATIONS AND CONVENTIONS

Sets: If S is a set, then we shall denote by 2° the power set of S and
by S* the cardinality of S.

Numbers: The notation ‘Primes will be used to denote the set of all
prime numbers. The notation N will be used to denote the set or [ad-
ditive] monoid of nonnegative rational integers. The notation Z will be
used to denote the set, group, or ring of rational integers. The notation
Q will be used_to denote the set, group, or field of rational numbers.
The notation Z will be used to denote the profinite completion of Z.
If p € Primes, then the notation Z, (respectively, Q,) will be used to
denote the p-adic completion of Z (respectively, Q). If ¥ C Primes,
then the notation Z* will be used to denote the pro-X completion of
Z.

Monoids: We shall write M®P for the groupification of a monoid M.

Topological groups: Let GG be a topological group and P a property
of topological groups [e.g., “abelian” or “pro-X” for some X C Primes].
Then we shall say that G is almost P if there exists an open subgroup
of G that is P.

Let G be a topological group and H C G a closed subgroup of G.
Then we shall denote by Zg(H) (respectively, Ng(H); Co(H)) the
centralizer (respectively, normalizer; commensurator) of H in G| i.e.,

ZG(H)d:ef{geG|ghg_1:hf0ranyhEH},

(respectively, Ng(H) o {geGlg-H-g'=H};
def

Co(H)=E{geG | HnN g-H-g"is of finite index in H and g-H-g*});

we shall refer to Z(G) o Za(@Q) as the center of G. It is immediate

from the definitions that

We shall say that the closed subgroup H is centrally terminal (respec-
tively, normally terminal, commensurably terminal) in G it H = Zg(H)
(respectively, H = Ng(H); H = Cg(H)). We shall say that G is slim
if Z¢(U) = {1} for any open subgroup U of G.

Let G be a topological group. Then we shall write G for the abelian-
ization of G, i.e., the quotient of G by the closure of the commutator
subgroup of G.

Let G be a topological group. Then we shall write Aut(G) for the
group of [continuous| automorphisms of G, Inn(G) C Aut(G) for the

group of inner automorphisms of G, and Out(G) o Aut(G) /Inn(G).
We shall refer to an element of Out(G) as an outomorphism of G. Now
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suppose that G is center-free [i.e., Z(G) = {1}]. Then we have an exact
sequence of groups

1 — G (= Inn(G)) — Aut(G) — Out(G) — 1.

If J is a group and p: J — Out(G) is a homomorphism, then we shall
denote by

out

G xJ

the group obtained by pulling back the above exact sequence of profi-
nite groups via p. Thus, we have a natural exact sequence of groups

out

1—G —GxJ—J—1.

Suppose further that G is profinite and topologically finitely generated.
Then one verifies easily that the topology of G admits a basis of char-
acteristic open subgroups, which thus induces a profinite topology on
the groups Aut(G) and Out(G) with respect to which the above exact
sequence relating Aut(G) and Out(G) determines an exact sequence
of profinite groups. In particular, one verifies easily that if, moreover,
J is profinite and p: J — Out(G) is continuous, then the above exact

sequence involving G Oit J determines an exact sequence of profinite
groups.

Let G, J be profinite groups. Suppose that G is center-free and
topologically finitely generated. Let p: J — Out(G) be a continuous

out
homomorphism. Write Aut;(G x J) for the group of [continuous|

t
automorphisms of G % J that preserve and induce the identity auto-
morphism on the quotient J. Then one verifies easily that the operation
of restricting to G' determines an isomorphism of profinite groups

Aty (G N 1) /Inn(G) — Zowe)(Im(p)) .

Let G and H be topological groups. Then we shall refer to a homo-
morphism of topological groups ¢: G — H as a split injection (respec-
tively, split surjection) if there exists a homomorphism of topological
groups ¢: H — G such that 1) o ¢ (respectively, ¢ o 1) is the identity
automorphism of G (respectively, H).

Log schemes: When a scheme appears in a diagram of log schemes,
the scheme is to be understood as the log scheme obtained by equipping
the scheme with the trivial log structure. If X'°¢ is a log scheme, then
we shall refer to the largest open subscheme of the underlying scheme
of X'°¢ over which the log structure is trivial as the interior of X8,
Fiber products of fs log schemes are to be understood as fiber products
taken in the category of fs log schemes.
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Curves: We shall use the terms “hyperbolic curve”, “cusp”, “stable
log curve”, “smooth log curve”, and “tripod’ as they are defined in
[CmbGC], §0; [Hsh], §0. If (g,7) is a pair of positive integers such
that 29 — 2 + 7 > 0, then we shall denote by M, the moduli stack
of r-pointed stable curves of genus g over Z whose r marked points
are equipped with an ordering, by M,, C M, the open substack of
M, parametrizing smooth curves, by M;i the log stack obtained by
equipping Mgr with the log structure associated to the divisor with
normal crossings ./\/lg o\ ./\/lg » C ./\/lg r Dy Cgr — ./\/lgr the tautological
curve over M,,, and by D,, C C,, the corresponding tautological
divisor of marked points of C,, — M,,. Then the divisor given by the
union of D, with the inverse image in C,,. of the divisor M\ M, C

M, determines a log structure on C,,; denote the resulting log stack

by zlgo,f- Thus, we obtain a (1-)morphism of log stacks dzoj - Mlgovf'

We shall denote by C,, C C,, the interior of dzf. Thus, we obtain a

(1-)morphism of stacks C,, — M, . Let S be a scheme. Then we shall
def —— def def

write (Mg r)S = Mgr XSpeCZS (Mg r)S = Mgr XSpecZS (Mlog)s =

——1 def def

Mog XSpeCZS (Cgr)S - Cgr ><SpeCZS (Cgr)S — Cgr ><SpeCZS and

log def —log
(Cg,r) C r XSpecZ S.

Let n be a p081tlve integer and X'°% a stable log curve of type (g,)
over a log scheme S'°¢. Then we shall refer to the log scheme obtained

by pulling back the (1-)morphism ME

the last n points via the classifying (1-)morphism S'°& — M,
as the n-th log configuration space of X'°8.

./\/llog given by forgetting
of Xlog

g, r+n
log
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1. F-ADMISSIBILITY AND FC-ADMISSIBILITY

In the present §, we consider the FC-admissibility [cf. [CmbCsp],
Definition 1.1, (ii)] of F-admissible automorphisms [cf. [CmbCsp], Def-
inition 1.1, (ii)] of configuration space groups [cf. [MT], Definition
2.3, (i)]. Roughly speaking, we prove that if an F-admissible automor-
phism of a configuration space group arises from an F-admissible auto-
morphism of a configuration space group [arising from a configuration
space| of strictly higher dimension, then it is necessarily FC-admissible,
i.e., preserves the cuspidal inertia subgroups of the various subquotients
corresponding to surface groups [cf. Theorem 1.8, Corollary 1.9 below].

Lemma 1.1 (Representations arising from certain families of
hyperbolic curves). Let (g,r) be a pair of nonnegative integers such
that 2g — 241 > 0; I a prime number; k an algebraically closed field
of characteristic # I; B and C hyperbolic curves over k of type (g,7);
n a positive integer. Suppose that (r,n) # (0,1). Fori =1,--- n,
let f;: B> C be an isomorphism over k; s; the section of B X, %
B determined by the isomorphism f;. Suppose that, for any i # j,
Im(s;) NIm(s;) = 0. Write
def

Z=BxC \ |J Im(s;) € Bx,C

i=1,n

for the complement of the images of the s;’s, where i ranges over the
integers such that 1 < 1 < n; pr for the composite Z — B x; C I B
[thus, pr: Z — B is a family of hyperbolic curves of type (g,7+n)/;
Ilp (respectively, lg; 11;) the maximal pro-l quotient of the étale fun-
damental group m (B) (respectively, m(C); m(Z)) of B (respectively,
C; Z); pr: Il — g for the surjection induced by pr; Iz for the
kernel of_ﬂ; pz/p: g — Out(Ilz ) for the outer representation of
g onllz/p determined by the exact sequence

]-_>HZ/B_)HZ£)HB—>1~

Let b be a geometric point of B and Z the geometric fiber of pr: Z — B
atb. Fori = 1,---.n, fix an inertia subgroup [among its various
conjugates] of the étale fundamental group m (Z;) of Zy associated to
the cusp of Z; determined by the section s; and denote by

I, Cllyp

the image in I1z,p of this inertia subgroup of m(Z;). Then the following
hold:
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(i) (Fundamental groups of fibers) The quotient 1,5 of the
étale fundamental group m(Zy) of the geometric fiber Zy coin-
cides with the maximal pro-l quotient of m,(Z;).

(ii) (Abelianizations of the fundamental groups of fibers)
Fori=1,--- n, write Js, C Ha/B for the image of I,, C 1l;/p

in 11 5.

an isomorphism I, — J,; moreover, the inclusions Js, —
ab :
1I%, B determine an exact sequence

Then the composzte I, — 1z —» HZ/B determines

1 — @J& )/ Iy — 1y — 2 — 1
i=1
— where

J. C @ T,
=1

18 a Z;-submodule such that

J. ~ Zl Zf?” = O,
"1 0 ifr#£0,
and, moreover, if r =0 and i = 1,--- ,n, then the composite

J%@J 2,

s an isomorphism.

(iii) (Unipotency of a certain natural representation) The
action of llg on H%b/B determined by pyz/p preserves the eract
sequence

[ef. (ii)] and lnduces the 1dent1ty automorphisms on the
subquotients (D), Js,)/J» and 11 ; in particular, the natural
homomorphism Il — Auty, (H%b/ B) factors through a uniquely
determined homomorphism

11, — Homy, (Hacb, @ J..) /JT) .
i=1

Proof. Assertion (i) follows immediately from the [easily verified] fact
that the natural action of 71(B) on m(Z5)* ®5 Z; is unipotent —
cf., e.g., [Hsh], Proposition 1.4, (i), for more details. [Note that al-
though [Hsh], Proposition 1.4, (i), is only stated in the case where
the hyperbolic curves corresponding to B and C are proper, the same
proof may be applied to the case where these hyperbolic curves are



COMBINATORIAL ANABELIAN TOPICS I 15

affine.] Assertion (ii) follows immediately, in light of our assumption
that (r,n) # (0,1), from assertion (i), together with the well-known
structure of the maximal pro-l quotient of the fundamental group of a
smooth curve over an algebraically closed field of characteristic # [. Fi-
nally, we verify assertion (iii). The fact that the action of Iz on Il
preserves the exact sequence appearing in the statement of assertion
(iii) follows immediately from the fact that the surjection H%}} 5 — 12
is induced by the open immersion Z — B X, C over B. The fact that the
action in question induces the identity automorphismon (@, Js,)/J;
(respectively, T12P) follows immediately from the fact that the f;’s are
isomorphisms (respectively, the fact that the surjection H%b/ 5 — 2 s
induced by the open immersion Z — B X, C over B). U

Lemma 1.2 (Maximal cuspidally central quotients of certain
fundamental groups). In the notation of Lemma 1.1, fori =1,--- . n,
write

Uy — Wizpp (= Ie)
for the quotient of 115 by the normal closed subgroup topologically
normally generated by the I, ’s, where j ranges over the integers such
that 1 < j <n andj #1;

Uzmu — Ez/m)
for the maximal cuspidally central quotient [cf. [AbsCsp], Defi-

nition 1.1, (1)] relative to the surjection 1z gy — o determined by
the natural open immersion Z — B x;, C;

E
I, S B

for the kernel of the natural surjection E(z )y — Ilo; and

def
Ezip = Ez/pn Xue - Xue Ez/p)p) -

Then the following hold:

(i) (Cuspidal inertia subgroups) Let 1 < i,j < n be integers.
Then the homomorphism I, — IEJ_ determined by the compos-
ite I, — lzp — Ez/p); s an isomorphism (respectively,
trivial) if i = j (respectively, i # j).

(ii) (Surjectivity) The homomorphism Ilz/p — Ez/p determined
by the natural surjections 11z p — E(z/py; — where @ ranges
over the integers such that 1 <1 <n — is surjective.

(iii) (Maximal cuspidally central quotients and abelianiza-
tions) The quotient 15 — Ez/p of Iz [cf. (i)] coin-
cides with the maximal cuspidally central quotient /cf.
[AbsCsp|, Definition 1.1, (i)] relative to the surjection 1z —
[Io determined by the natural open immersion Z — B x; C.
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In particular, the natural surjection Ilzp —» H%b/B factors
through the surjection 115 — Ez/p, and the resulting sur-
jection Ez/p — H%b/B fits into a commutative diagram

1 — P 1E — Eyp — g — 1

l | |

1 — (B, Js,)/Jr — H%b/B — I —— 1

— where the horizontal sequences are exact, and the vertical
arrows are surjective. Moreover, the left-hand vertical arrow
coincides with the surjection induced by the natural isomor-
phisms I,, = J,, [cf. Lemma 1.1, (it)] and I, = I [cf. (i)].
Finally, if r # 0, then the right-hand square is cartesian.

Proof. Assertion (i) follows immediately from the definition of the quo-
tient Kz p)[;) of Iz g, together with the well-known structure of the
maximal pro-l quotient of the fundamental group of a smooth curve
over an algebraically closed field of characteristic # [ [cf., e.g., [MT],
Lemma 4.2, (iv), (v)]. Assertion (ii) follows immediately from asser-
tion (i). Assertion (iii) follows immediately from assertions (i), (ii) [cf.
[AbsCsp], Proposition 1.6, (iii)]. O

Lemma 1.3 (The kernels of representations arising from cer-
tain families of hyperbolic curves). In the notation of Lemmas
1.1, 1.2, suppose that r # 0. Then the following hold:

(i) (Unipotency of a certain natural outer representation)
Consider the action of Illg on Eyz/p determined by the natural
1somorphism

[cf. Lemma 1.2, (iii)], together with the natural action of Ilg
on H%b/B induced by pz/p and the trivial action of g on Il¢.
Then the outer action of llg on Ez/p induced by this action
coincides with the natural outer action of Illp on Eyz/p in-
duced by pz/p. In particular, relative to the natural identifica-

tion I,, = I [cf. Lemma 1.2, (i)], the above action of Ilp on
Ez /s factors through the homomorphism

11, — Homy, (HC, D 1) . Homy, (H;}b, D 1)
i=1 i=1

obtained in Lemma 1.1, (iii).
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(ii) (Homomorphisms arising from a certain extension) For
1=1,---,n, write ¢; for the composite

11 — Homy, (Hacb, D ]8j> . Homy, (Hacb, 1)

— where the first arrow is the homomorphism of (i), and the
second arrow is the homomorphism determined by the projection
pr;: @;L:l I, — I,,. Then the homomorphism ¢; coincides
with the image of the element of H*(Ilg x Ilg, I,,) determined
by the extension

1—>ISZ.—>H]2[Z-}—>HB><HC—>1

— where we write Hgm o Hy/Ker(Il;/p = Ez/pp) — of llp x
e by I,, = IE [cf. Lemma 1.2, (i)] via the composite

H*(Ipx1le, 1) = H' (g, H(Ie, I,,)) = Hom (HB, Hom(Ile, [si)>

— where the first arrow is the isomorphism determined by the

Hochschild-Serre spectral sequence relative to the surjection I1gx
pri

HC - HB-

(iii) (Factorization) Write B (respectively, C) for the compactifi-
cation of C (respectively, B) and Il (respectively, Ils) for the
mazimal pro-l quotient of the étale fundamental group m(B)
(respectively, 71 (C)) of B (respectively, C). Then the homo-
morphism ¢; of (ii) factors as the composite

My — 115 = 1122 = Homg, (1122, 1,,) — Homg, (112, 1,,)

— where the first (respectively, second; fourth) arrow is the ho-
momorphism induced by B — B (respectively, fi: B = C;
C — C), and the third arrow is the isomorphism determined
by the Poincaré duality isomorphism in étale cohomology, rela-
tive to the natural isomorphism I,, = Z;(1). [Here, the “(1)”
denotes a “Tate twist”.]

(iv) (Kernel of a certain natural representation) The kernel
of the homomorphism Iz — AutZl(H%b/B) determined by pzp

coincides with the kernel of the natural surjection Ilg — H%P.

Proof. Assertions (i), (ii) follow immediately from the various defini-
tions involved. Next, we verify assertion (iii). It follows from assertion
(ii), together with [MT], Lemma 4.2, (ii), (v) [cf. also the discussion
surrounding [MT], Lemma 4.2], that, relative to the natural isomor-
phism I,, = Z(1), the image of ¢; € Hom(Ilp, Homg, (T12P, I,,)) via
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the isomorphisms
Hom(I1 3, Homg, (127, 1,,)) = Hom(I13, Homg, (112, Z;(1)))

& H*(Ilg x He, Zy(1)) = H*(B x4, C, Zy(1))
— where the first (respectively, second) isomorphism is the isomor-

phism induced by the above isomorphism I,, — Z;(1) (respectively,
the Hochschild-Serre spectral sequence relative to the surjection IIg x

I o ) — is the first Chern class of the invertible sheaf associated
to the divisor determined by the scheme-theoretic image of s;: B; —
B x;, C. Thus, since the section s; extends uniquely to a section
3i: B — B x;, C, whose scheme-theoretic image we denote by Im(3;),
it follows that the homomorphism ¢; € Hom(Ilz, Homg, (112, I,.)) co-
incides with the image of the first Chern class of the invertible sheaf
on B x; C associated to the divisor Im(3;) via the composite

Hz(E Xk U,Zl(l)) & Hz(E Xk U, Isl> — Hz(B Xk C, Isl)

& HX(I1p x g, 1,,) = Hom (HB, Homy, (I, ISZ.)>

— where the first arrow is the isomorphism induced by the above iso-
morphism I, = Z;(1), and the second arrow is the homomorphism in-
duced by the natural open immersion B x;C' < B x;, C. In particular,
assertion (iii) follows immediately from [Mln], Chapter VI, Lemma 12.2
[cf. also the argument used in the proof of [MT], Lemma 4.4]. Finally,
we verify assertion (iv). To this end, we recall that by Lemma 1.1, (iii),
the homomorphism Iz — Autzl(H%}} ) factors through the homomor-

phism IIp — Homy, (Hacb, A Jsi> of assertion (i). Thus, assertion

(iv) follows immediately from assertion (iii). This completes the proof
of assertion (iv). O

Definition 1.4. For 0 € {o, e}, let " be a set of prime numbers which
is either of cardinality one or equal to the set of all prime numbers;
(g", ") a pair of nonnegative integers such that 2¢° — 242 > 0; XV
a hyperbolic curve of type (g7, 75) over an algebraically closed field of
characteristic € X5; d™ a positive integer; XdDD the d9-th configuration
space of X" [cf. [MT], Definition 2.1, (i)]; HED the pro-XF configuration
space group [cf. [MT], Definition 2.3, (i)] obtained by forming the
maximal pro-X= quotient of the étale fundamental group 7T1(XdDD) of
X3

(i) We shall say that an isomorphism of profinite groups a:: 115, —
1. is PF-admissible [i.e., “permutation-fiber-admissible”] if a
induces a bijection between the set of fiber subgroups [cf. [MT],
Definition 2.3, (iii)] of II3. and the set of fiber subgroups of
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*. We shall say that an outer isomorphism I13, — II8, is PF-
admissible if it is determined by a PF-admissible isomorphism.

(ii) We shall say that an isomorphism of profinite groups a: 115, =
118, is PC-admissible [i.e., “permutation-cusp-admissible”] if the
following condition is satisfied: Let

{1}:Kdongo_lg---gng-"gKggKngO:HZo

be the standard fiber filtration of I1, [cf. [CmbCsp], Definition
1.1, (i)]; then for any integer 1 < a < d°, the image a(K,) C 115
is a fiber subgroup of I3, of length d° — a [cf. [MT], Defini-
tion 2.3, (iii)], and, moreover, the isomorphism K, ;/K, —
a(K, 1)/a(K,) determined by « induces a bijection between
the set of cuspidal inertia subgroups of K, ;/K, and the set
of cuspidal inertia subgroups of o(K,_1)/a(K,). [Note that it
follows immediately from the various definitions involved that
the profinite group K, 1/K, (respectively, a(K,_1)/a(K,)) is
equipped with a natural structure of pro-X° (respectively, pro-
¥:*) surface group [cf. [MT], Definition 1.2].] We shall say that
an outer isomorphism 115, = I1%, is PC-admissible if it is de-
termined by a PC-admissible isomorphism.

(iii) We shall say that an isomorphism of profinite groups a: 115, —
118, is PFC-admissible [i.e., “permutation-fiber-cusp-admissible” |
if a is PF-admissible and PC-admissible. We shall say that an
outer isomorphism 13, = I1% is PFC-admissible if it is deter-
mined by a PFC-admissible isomorphism.

(iv) We shall say that an isomorphism of profinite groups a: 115, —
e 18 PF-cuspidalizable if there exists a commutative diagram

o °
Hd°+1 Hd'+1

| !

Zo — ]:[:l.
[e%

— where the upper horizontal arrow is a PF-admissible iso-
morphism, and the left-hand (respectively, right-hand) vertical
arrow is the surjection obtained by forming the quotient by a
fiber subgroup of length 1 [cf. [MT], Definition 2.3, (iii)] of
%, (respectively, II%. . ;). We shall say that an outer isomor-
phism 1. = [1% is PF-cuspidalizable if it is determined by a
PF-cuspidalizable isomorphism.

Remark 1.4.1. It follows immediately from the various definitions in-
volved that, in the notation of Definition 1.4, an automorphism « of
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115, is PF-admissible (respectively, PC-admissible; PFC-admissible) if
and only if there exists an automorphism o of IS, that lifts the outo-
morphism [cf. the discussion entitled “Topological groups” in §0] of 115,
naturally determined by a permutation of the d° factors of the config-
uration space involved such that the composite a o o is F-admissible
(respectively, C-admissible; FC-admissible) [cf. [CmbCsp], Definition
1.1, (ii)]. In particular, a(n) F-admissible (respectively, C-admissible;
FC-admissible) automorphism of 115, is PF-admissible (respectively,
PC-admissible; PFC-admissible):

F-admissible <= FC-admissible =  (C-admissible

% % NS
PF-admissible <= PFC-admissible = PC-admissible.

Proposition 1.5 (Properties of PF-admissible isomorphisms).

In the notation of Definition 1.4, let a: 113 — T1% be an isomorphism.
Then the following hold:

(i) ¥° = °.

(ii) Suppose that the isomorphism « is PF-admissible. Let 1 <
n < d° be an integer and H C II3, a fiber subgroup of length
n of I15.. Then the subgroup o(H) C 1% is a fiber subgroup of
length n of I15.. In particular, it holds that d° = d°.

(i) Write =° C 115 (respectively, Z° C 113 ) for the normal closed
subgroup of 115, (respectively, 113, ) obtained by taking the inter-
section of the various fiber subgroups of length d° — 1 (respec-
tively, d* — 1). Then the isomorphism « is PF-admissible if
and only if a induces an isomorphism =°

==,

Proof. Assertion (i) follows immediately from the [easily verified] fact
that X7 may be characterized as the smallest set of primes ¥* for which
HED is pro-X*. Assertion (ii) follows immediately from the various
definitions involved. Finally, we verify assertion (iii). The necessity of
the condition follows immediately from assertion (ii). The sufficiency
of the condition follows immediately from a similar argument to the
argument used in the proof of [CmbCsp]|, Proposition 1.2, (i). This
completes the proof of assertion (iii). O

Lemma 1.6 (C-admissibility of certain isomorphisms). In the

~

notation of Definition 1.4, let ag: 115 = 113, af: 115 = 113, of: 115 =
I3 be wsomorphisms of profinite groups which, for v =1, 2, fit into a
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commutative diagram

e
M —- I3

pr?i}l lprh‘}

ai
o 1 .
Hl Hl

— where the vertical arrow “pr{i} 7 18 the surjection induced by the

projection “X5 — X7 obtained by projecting to the i-th factor. Then
the isomorphism o} is C-admissible. In particular, (¢°,7°) = (¢°,7°).

Proof. Write X O 5o = 5o [cf. Proposition 1.5, (i)]. Now it follows

from the well-known structure of the maximal pro-¥ quotient of the
fundamental group of a smooth curve over an algebraically closed field
of characteristic ¢ X that IIT is a free pro- group if and only if r™ #
0 [cf. [CmbGC], Remark 1.1.3]. Thus, if 7 = r* = 0, then it is
immediate that o} is C-admissible; moreover, it follows, by considering
the rank of the abelianization of I1{ [cf. [CmbGC], Remark 1.1.3], that
g° = ¢*. In particular, to verify Lemma 1.6, we may assume without
loss of generality that r°, r®* # 0. Then it follows from [CmbGC],
Theorem 1.6, (i), that, to verify Lemma 1.6, it suffices to show that o}
is numerically cuspidal [cf. [CmbGC], Definition 1.4, (ii)], i.e., to show
that the following assertion holds:

Let 115, C II] be an open subgroup of II5. Write 11§ o

o (II5) C I3, Y° — X° (respectively, Y* — X*) for the

connected finite étale covering of X° (respectively, X*)

corresponding to the open subgroup IS, C II§ (respec-

tively, I3, C II3), and (g5,75) (respectively, (gy,75))

for the type of Y° (respectively, Y'*). Then it holds that

ry =Ty.
On the other hand, in the notation of the above assertion, one verifies
easily that for any [ € ¥ and O € {o, e}, if H)D,, - HlD is an open
subgroup of IT contained in I, then the natural inclusion I3, « TI}
induces a surjection

Ker((T17,)* — (II$/)™) @55 Qi — Ker((II})*™ — (1)) @45 Q,
— where we write (Hg), (Hg,) for the maximal pro-3 quotients of

the étale fundamental groups of the compactifications Y, Y of Y, Y,
respectively. Thus, since any open subgroup of 11 contains a character-
istic open subgroup of I17, it follows immediately from the well-known
fact that for O € {o, e}, (II$)2" (respectively, (H%)ab) is a free 7°-
module of rank 295 + ry — 1 (respectively, 2¢%) [cf., e.g., [CmbGC],
Remark 1.1.3] that to verify the above assertion, it suffices to ver-
ify that if II3, C II{ in the above assertion is characteristic, then the
isomorphism II$. = I3, determined by o} induces an isomorphism of
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Ker((I15)* — (I15)") ©35 Qi with Ker((II )™ —» (II3)™) @3 Q for
some | € 3.

To this end, for O € {o, e}, write II3 C II5’ for the normal open sub-
group of I15) obtained by forming the inverse image via the surjection

(praay. Py ) 15— T < T

of the image of the natural inclusion IT§} x I} «— TIY x 11T, 725 — X
for the connected finite étale covering corresponding to this normal
open subgroup 113} C I15; HE/Y for the kernel of the natural surjection

115 — 11§ induced by the composite Z5 — X5 «— X5 x, XU 2 x5,
Then the natural surjection 117 — IIJ determines a representation

Iy — Aut((IZy)™);

moreover, the isomorphisms as, af, and a? determine a commutative
diagram
o o ab
I, —— Aut(( Z/Y) )

| |

Iy —— Aut((Il3),)™)

— where the vertical arrows are isomorphisms. [Here, we note that
since II$ is a characteristic subgroup of I1$, and the composite a? o
(7)™t is an automorphism of 113, it follows that 1§, = o3 (II3), hence
that ay induces an isomorphism 13 — II%.] On the other hand, it
follows from the definition of Z® that Z is isomorphic to the open
subscheme of Y x, Y'P obtained by forming the complement of the
graphs of the various elements of Aut(Y"/X5). Thus, it follows from
Lemma 1.3, (iv) — by replacing the various profinite groups involved by
their maximal pro-l quotients for some [ € ¥ — that the isomorphism
I13, = II3 determined by af induces an isomorphism of Ker((II$,)2> —
(TI2)*") @55 Q; with Ker((IT3,)** — (T12)*") ®5x Q; for some [ € ¥.
This completes the proof of Lemma 1.6. OJ

Lemma 1.7 (PFC-admissibility of certain PF-admissible iso-
morphisms). In the notation of Definition 1.4, let a: 113, — 1% be
a PF-admissible isomorphism. Then the following condition implies
that the isomorphism « 1s PFC-admissible:

Let H° C IIS be a fiber subgroup of length 1 [cf.

IMT], Definition 2.8, (iii)]. Write H* << a(H°) C II%

for the fiber subgroup of length 1 obtained as the im-
age of H° wia a [cf. Proposition 1.5, (ii)]. [Thus,
it follows immediately from the various definitions in-
volved that H® (respectively, H® ) is equipped with a nat-
ural structure of pro-3° (respectively, pro-3*) surface
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group./ Then the isomorphism H® = H* induced by «
1s C-admissible.

Proof. Let O € {o,e}. Then one may verify easily that the following
fact holds:
Let 1 < a < d” be an integer and F' C F' C HED fiber
subgroups of HED such that F' is of length a, and F” is

of length a — 1. Then there exists a fiber subgroup H C
FC HED of HED of length 1 such that the composite

H<— F — F/F

arises from a natural open immersion of a hyperbolic
curve of type (g5, 75 + d° — 1) into a hyperbolic curve
of type (g°, 79 + d= — a). [Note that it follows immedi-
ately from the various definitions involved that H (re-
spectively, F'/F") is equipped with a natural structure
of pro-X surface group.] In particular, the compos-
ite is a surjection whose kernel is topologically normally
generated by suitable cuspidal inertia subgroups of H;
moreover, any cuspidal inertia subgroup of F/F’ may
be obtained as the image of a cuspidal inertia subgroup
of H.

On the other hand, one may verify easily that Lemma 1.7 follows im-

mediately from the above fact. This completes the proof of Lemma 1.7.
O

Theorem 1.8 (PFC-admissibility of certain isomorphisms). For
O € {o, e}, let X7 be a set of prime numbers which is either of cardi-
nality one or equal to the set of all prime numbers; (¢",r") a
pair of nonnegative integers such that 292 —2+79 > 0; X5 a hyperbolic
curve of type (g=,r") over an algebraically closed field of characteristic
¢ 35; dV a positive integer; HED the pro-£5 configuration space group
[ef. [MT], Definition 2.8, (i)] obtained by forming the mazimal pro-X-
quotient of the étale fundamental group of the d=-th configuration space
Of XD,'
a: 15 — %
an isomorphism of [abstract| groups. If

{(9°,7°), (g*,r*)} N {(0,3),(1,1)} #0,
then we suppose further that the isomorphism « is PF-admissible [cf.
Definition 1.4, (i)]. Then the following hold:

(i) ¥° = °.

(ii) The isomorphism « is an isomorphism of profinite groups.
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(iii) The isomorphism « is PF-admissible. In particular, d° = d°.

(iv) If a is PF-cuspidalizable [cf. Definition 1.4, (iv)], then «
is PFC-admissible [cf. Definition 1.4, (iii)]. In particular,
(g% %) = (g%, 7°).

Proof. Assertion (ii) follows from [NS], Theorem 1.1. In light of asser-
tion (ii), assertion (i) follows from Proposition 1.5, (i). Assertion (iii)
follows from Proposition 1.5, (ii); [MT], Corollary 6.3, together with
the assumption appearing in the statement of Theorem 1.8. Assertion
(iv) follows immediately from Lemmas 1.6, 1.7. O

Corollary 1.9 (F-admissibility and FC-admissibility). Let ¥ be
a set of prime numbers which is either of cardinality one or equal
to the set of all prime numbers; n a positive integer; (g,r) a pair
of nonnegative integers such that 2g — 2 +r > 0; X a hyperbolic curve
of type (g,r) over an algebraically closed field k of characteristic ¢ ¥;
X, the n-th configuration space of X; I1,, the maximal pro-X quotient
of the fundamental group of X,,; “Out™(=)”, “Out’(=)” C “Out(—)”
the subgroups of FC- and F-admissible [cf. [CmbCsp], Definition 1.1,
(ii)] outomorphisms [cf. the discussion entitled “Topological groups” in
§0] of “(—)”. Then the following hold:

(i) Let a € Out®(Il,11). Then a induces the same outomorphism
of IL,, relative to the various quotients 11,1 — 11, by fiber sub-
groups of length 1 [cf. [MT], Definition 2.3, (iii)]. In particular,
we obtain a natural homomorphism

Out" (II,,41) — Out™(IL,,) .

(ii) The image of the homomorphism
OutF(HnH) — OutF(Hn)
of (i) is contained in

Out"™(I1,,) € Out"(IL,,) .

Proof. First, we verify assertion (i). Let H!, H? C II,,;1 be two distinct
fiber subgroups of I1,,,; of length 1. Observe that the normal closed
subgroup H C II,,4; of II,,; topologically generated by H' and H? is
a fiber subgroup of 11,1 of length 2 [cf. [MT], Proposition 2.4, (iv)],
hence is equipped with a natural structure of pro-X configuration space
group, with respect to which H* C H may be regarded as a fiber sub-
group of length 1 [cf. [MT], Proposition 2.4, (ii)]. Moreover, it follows
immediately from the scheme-theoretic definition of the various config-
uration space groups involved that one has natural outer isomorphisms
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~

I, /H" = 11, and H/H' = H/H?. Thus, since for i € {1,2}, we
have natural outer isomorphisms

T, & 1Ly /HY S (H/HY) % e /H

[cf. the discussion entitled “Topological groups’ in §0] which are com-
patible with the various natural outer isomorphisms discussed above,
one verifies easily [cf. the argument given in the first paragraph of the
proof of [CmbCsp|, Theorem 4.1] that to complete the proof of asser-
tion (i), by replacing I1,,41 by H, it suffices to verify assertion (i) in the
case where n = 1. The rest of the proof of assertion (i) is devoted to
verifying assertion (i) in the case where n = 1.

Let @ € Aut"(IIy) be an F-admissible automorphism of Ily; a',
a* € Aut(II;) the automorphisms of IT; induced by & relative to the
quotients Iy — Ily/H' =TIy, Iy — Iy /H? = II;, respectively. Now
it is immediate that to complete the proof of assertion (i), it suffices
to verify that the difference &' o (a?)~! € Aut(Il;) is IT;-inner. There-
fore, it follows immediately from [JR], Theorem B, that to complete
the proof of assertion (i), it suffices to verify that

(%1): for any normal open subgroup N C II; of I, it
holds that &'(N) = a?(N).

To this end, let N C II; be a normal open subgroup of II;. Write

Iy % 11, X, N for the fiber product of I, — II,/H' = II; and

pry

N — II; and Fl for the kernel of the composite Iy = IIy Xy, N —
Iy — IIy/H? = II;. Then the surjection IIy — N x II; determined by
the natural surjection Iy — Ily/Fy 5 11, and the second projection

pr
Iy = Iy xq, N “% N fits into a commutative diagram of profinite
groups

1—>FN—> HN H1 1
1 —— N —— NxII; 22511, 1

— where the horizontal sequences are exact, and the vertical arrows are

surjective. Write py : II; — Aut(F3P) for the natural action determined

by the upper horizontal sequence and Vy C F3 for the kernel of the

natural surjection F2? — N induced by the left-hand vertical arrow.
Now we claim that

(%2): the action py of II; on F]?,b preserves Vy C F]i‘,b,
and, moreover, the resulting action p¥: IT; — Aut(Vy)
factors as the composite

I, — I, /N — Aut(Vy)

— where the second arrow is injective.



26 YUICHIRO HOSHI AND SHINICHI MOCHIZUKI

Indeed, the fact that the action py of II; on F j\*,b preserves Vy C F]i‘,b
follows immediately from the definition of py [cf. also the above com-
mutative diagram]. Next, let us observe that it follows immediately
from the various definitions involved that if we write f: Y — X for the
connected finite étale Galois covering of X corresponding to N C IIy,
then the right-hand square of the above diagram arises from a commu-
tative diagram of schemes

Y x, X)\ Iy 22, X
f

J H

Y ox, X 250X

— where we write I'y C Y x;, X for the graph of f, and the left-hand
vertical arrow is the natural open immersion. Thus, it follows imme-
diately from a similar argument to the argument used in the proof
of Lemma 1.1, (i) [cf. also [Hsh], Proposition 1.4, (i)], that Fn, N
are naturally isomorphic to the maximal pro- quotients of the étale
fundamental groups of geometric fibers of the families of hyperbolic
curves Y X, X \ I'y, ¥V %, X % X over X, respectively. There-
fore, by the well-known structure of the maximal pro-X quotient of
the fundamental group of a smooth curve over an algebraically closed
field of characteristic € ¥, we conclude — by considering the natu-
ral action of Iy on the set of cusps of the family of hyperbolic curves
Y %, X\ Ty 23 X — that the resulting action p¥: II; — Aut(Vy) fac-
tors as the composite II; — II; /N — Aut(Vy), and that if X is affine
(respectively, proper), then for any [ € ¥, the resulting representation
II; /N — Aut(Vy ®zx Q) is isomorphic to

the regular representation of I, /N over Q (respectively,
the quotient of the regular representation of 111 /N over
Qq by the trivial subrepresentation [of dimension 1]).

In particular, as is well-known, the homomorphism II; /N — Aut(Vy®sx
Qy), hence also the homomorphism I1; /N — Aut(Vy), is injective. This
completes the proof of the claim (x3).

Next, let us observe that since a is F-admissible, it follows immedi-
ately from the definition of “p¥” that the automorphism & induces a
commutative diagram

PN
I, —  Aut(Vy)

aﬂz lz
\%
Pa1(w)

H1 —_— Aut(Va1 (N))

— where the vertical arrows are isomorphisms that are induced by a.
Thus, by considering the kernels of p};, p¥, (n)s One concludes from the
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claim (%) that a*(N) = a?(N). This completes the proof of (x;),
hence also of assertion (i).

Assertion (ii) follows immediately from Theorem 1.8, (iv) [cf. also
Remark 1.4.1]. This completes the proof of Corollary 1.9. 0

Remark 1.9.1. The discrete versions of Theorem 1.8, Corollary 1.9
will be discussed in a sequel to the present paper.
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2. VARIOUS OPERATIONS ON SEMI-GRAPHS OF ANABELIOIDS OF
PSC-TYPE

In the present §, we study various operations on semi-graphs of an-
abelioids of PSC-type. These operations include the following:

(Opl) the operation of restriction to a sub-semi-graph [satisfying cer-
tain conditions] of the underlying semi-graph [cf. Definition 2.2,
(ii); Fig. 2 below],

(Op2) the operation of partial compactification [cf. Definition 2.4, (ii);
Fig. 3 below],

(Op3) the operation of resolution of a given set [satisfying certain con-
ditions] of nodes [cf. Definition 2.5, (ii); Fig. 4 below], and

(Op4) the operation of generization [cf. Definition 2.8; Fig. 5 below].

A basic reference for the theory of semi-graphs of anabelioids of PSC-
type is [CmbGC]. We shall use the terms “semi-graph of anabelioids of
PSC-type”, “PSC-fundamental group of a semi-graph of anabelioids of
PSC-type”, “finite étale covering of semi-graphs of anabelioids of PSC-
type”, “vertex”, “edge”, “cusp”, “node’, “verticial subgroup”, “edge-like
subgroup”, “nodal subgroup”, “cuspidal subgroup”, and “sturdy’ as they
are defined in [CmbGC], Definition 1.1. Also, we shall apply the var-
ious notational conventions established in [HM]|, Definition 1.1, and
refer to the “PSC-fundamental group of a semi-graph of anabelioids of
PSC-type” simply as the “fundamental group” [of the semi-graph of
anabelioids of PSC-type]. That is to say, we shall refer to the maximal
pro-X quotient of the fundamental group of a semi-graph of anabelioids
of pro-3 PSC-type [as a semi-graph of anabelioids!| as the “fundamen-
tal group of the semi-graph of anabelioids of PSC-type”.

Let ¥ be a nonempty set of prime numbers and G a semi-graph
of anabelioids of pro-X PSC-type. Write G for the underlying semi-
graph of G, Ilg for the [pro-X] fundamental group of G, and G —
G for the universal covering of G corresponding to Ilg. Then since
the fundamental group Ilg of G is topologically finitely generated, the
profinite topology of Ilg induces [profinite] topologies on Aut(Ilg) and
Out(Ilg) [cf. the discussion entitled “Topological groups’ in §0]. If,
moreover, we write

Aut(G)
for the automorphism group of G, then by the discussion preceding
[CmbGC], Lemma 2.1, the natural homomorphism
Aut(G) — Out(Ilg)

is an injection with closed image. [Here, we recall that an automor-
phism of a semi-graph of anabelioids consists of an automorphism of
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the underlying semi-graph, together with a compatible system of iso-
morphisms between the various anabelioids at each of the vertices and
edges of the underlying semi-graph which are compatible with the var-
ious morphisms of anabelioids associated to the branches of the under-
lying semi-graph — cf. [SemiAn|, Definition 2.1; [SemiAn]|, Remark
2.4.2.] Thus, by equipping Aut(G) with the topology induced via this
homomorphism by the topology of Out(Ilg), we may regard Aut(G) as
being equipped with the structure of a profinite group.

Definition 2.1.

(i)

For z € VCN(G) such that z € Vert(G) (respectively, z €
Edge(G)), we shall say that a closed subgroup of Ilg is a VCN-
subgroup of Ilg associated to z € VCN(G) if the closed subgroup
is a verticial (respectively, an edge-like) subgroup of Ilg associ-

ated to z € VCN(G). For z € VCN(G) such that = € Vert(g)
(respectively, z € Edge(G)), we shall say that a closed subgroup

of Ilg is the VON-subgroup of Il associated to Z € VCN(G) if
the closed subgroup is the verticial (respectively, edge-like) sub-
group of Ilg associated to 2 € VCN(G) [cf. [HM], Definition 1.1,
(vi)].

For z € VCN(G), we shall write

g.
for the anabelioid corresponding to z € VCN(G).

For v € Vert(G), we shall write

Gl

for the semi-graph of anabelioids of pro-> PSC-type defined as
follows [cf. Fig. 1 below]: We take Vert(G|,) to consist of the
single element “v”, Cusp(G|,) to be the set of branches of G
which abut to v, and Node(G|,) to be the empty set. We take

«,

the anabelioid of G|, corresponding to the unique vertex “v” to
be G, [cf. (ii)]. For each edge e € £(v) of G and each branch
b of e that abuts to the vertex v, we take the anabelioid of G|,
corresponding to the branch b to be a copy of the anabelioid G,
[cf. (ii)]. For each edge e € £(v) of G and each branch b of e
that abuts, relative to G, to the vertex v, we take the morphism
of anabelioids (G|,)e, — (Glv)w» of G|, — where we write e, for
the cusp of G|, corresponding to b — to be the morphism of
anabelioids G, — G, associated, relative to G, to the branch b.
Thus, one has a natural morphism

Glo — G

of semi-graphs of anabelioids.
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G Glo
Figure 1: G|,

Remark 2.1.1. Let v € Vert(G) be a vertex of G and II, C Il; a
verticial subgroup of Ilg associated to v € Vert(G). Then it follows
immediately from the various definitions involved that the fundamental
group of G|, is naturally isomorphic to 11, and that we have a natural
identification

Aut(G,) ~ Out(IL,)

and a natural injection

Aut(Gl,) — Aut(G,) .

Definition 2.2 (cf. the operation (Opl) discussed at the beginning
the present §2).

(i) Let K be a [not necessarily finite| semi-graph and H a sub-semi-
graph of K [cf. [SemiAn], the discussion following the figure
entitled “A Typical Semi-graph”]. Then we shall say that H is
of PSC-type if the following three conditions are satisfied:

(1) H is finite [i.e., the set consisting of vertices and edges of
H is finite] and connected.

(2) H has at least one vertex.

(3) If v is a vertex of H, and e is an edge of K that abuts to v,
then e is an edge of H. [Thus, if e abuts both to a vertex
lying in H and to a vertex not lying in H, then the resulting
edge of H is a “cusp”, i.e., an open edge.]

Thus, a sub-semi-graph of PSC-type H is completely determined
by the set of vertices that lie in H.

(ii) Let H be a sub-semi-graph of PSC-type [cf. (i)] of G. Then one
may verify easily that the semi-graph of anabelioids obtained
by restricting G to H [cf. the discussion preceding [SemiAn],
Definition 2.2] is of pro-¥ PSC-type. Here, we recall that the
semi-graph of anabelioids obtained by restricting G to H is the
semi-graph of anabelioids such that the underlying semi-graph
is H; for each vertex v (respectively, edge e) of H, the anabelioid
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corresponding to v (respectively, e) is G, (respectively, G.) [cf.
Definition 2.1, (ii)]; for each branch b of an edge e of H that
abuts to a vertex v of H, the morphism associated to b is the
morphism G, — G, associated to the branch of G corresponding
to b. We shall write

Glu

for this semi-graph of anabelioids of pro-> PSC-type and refer
to Glu as the semi-graph of anabelioids of pro-% PSC-type ob-
tained by restricting G to H [cf. Fig. 2 below|. Thus, one has a
natural morphism

g|H—>g

of semi-graphs of anabelioids.

g

H: the sub-semi-graph of PSC-type whose set of vertices = {v}

4

Glm

Figure 2: Restriction

Definition 2.3. Let (g,7) be a pair of nonnegative integers such that
2g—241r>0.

(i) We shall say that G is of type (g,r) if G arises from a stable log
curve of type (g,r) over an algebraically closed field of charac-
teristic ¢ X, i.e., Cusp(G) is of cardinality r, and, moreover,

rankss (T115) = 2g + Cusp(G)* — cg
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— where
det [ 0 if Cusp(G) =0,
971 1 if Cusp(G) # 0.
[Here, we recall that it follows from the discussion of [CmbGC],
Remark 1.1.3, that Hgb is a free Z*-module of finite rank.|

(ii) Let H be a sub-semi-graph of PSC-type [cf. Definition 2.2, (i)].
Then we shall say that H is of type (g,7) if the semi-graph of
anabelioids G|y, which is of pro-X PSC-type [cf. Definition 2.2,

(i)], is of type (g,7) [cf. (i)]-
(iii) Let v € Vert(G) be a vertex. Then we shall say that v is of type

(g,r) if the semi-graph of anabelioids G|,, which is of pro-X
PSC-type [cf. Definition 2.1, (iii)], is of type (g,r) [cf. (i)].

(iv) We shall say that G is totally degenerate if each vertex of G is
of type (0,3) [cf. (iii)].

(v) One may verify easily that there exists a unique, up to isomor-
phism, semi-graph of anabelioids of pro-> PSC-type that is of
type (g,7) [cf. (i)] and has no node. We shall write

model
gg7r

for this semi-graph of anabelioids of pro-¥ PSC-type.

Remark 2.3.1. It follows immediately from the various definitions
involved that there exists a unique pair (g,r) of nonnegative integers
such that G is of type (g,7) [cf. Definition 2.3, (i)].

Definition 2.4 (cf. the operation (Op2) discussed at the beginning
the present §2).

(i) We shall say that a subset S C Cusp(G) of Cusp(G) is omit-
table if the following condition is satisfied: For each vertex
v € Vert(G) of G, if v is of type (g,r) [cf. Definition 2.3, (iii);
Remark 2.3.1], then it holds that 2g — 2+ 7 — (£(v) N .S)* > 0.

(ii) Let S C Cusp(G) be a subset of Cusp(G) which is omittable [cf.
(i)]. Then by eliminating the cusps [i.e., the open edges| con-
tained in S, and, for each vertex v of G, replacing the anabelioid
G, corresponding to v by the anabelioid of finite étale coverings
of G, that restrict to a trivial covering over the cusps contained
in S that abut to v, we obtain a semi-graph of anabelioids

goS

of pro-X PSC-type. We shall refer to Gos as the partial compact-
ification of G with respect to S [cf. Fig. 3 below|. Thus, for each
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v € Vert(G) = Vert(G.s), the pro-X fundamental group of the
anabelioid (G,s), corresponding to v € Vert(G) = Vert(G,s)
may be naturally identified, up to inner automorphism, with
the quotient of a verticial subgroup II, C Ilg of Ilg associated
to v € Vert(G) = Vert(G.s) by the subgroup of II, topolog-
ically normally generated by the II, C II, for e € E(v) N S.
If, moreover, we write Ilg,, for the [pro-X] fundamental group
of Ge¢s and Ng C Ilg for the normal closed subgroup of Ilg
topologically normally generated by the cuspidal subgroups of
IIg associated to elements of S, then we have a natural outer
1somorphism
lg/Ng — Ilg, .

Golcr.en)

Figure 3: Partial compactification

Remark 2.4.1.

(1)

Let S; € Sy C Cusp(G) be subsets of Cusp(G). Then it fol-
lows immediately from the various definitions involved that the
omittability of Sy [cf. Definition 2.4, (i)] implies the omittability
of Sl.

If G is sturdy, then it follows from the various definitions in-
volved that Cusp(G), hence also any subset of Cusp(G) [cf. (i)],
is omittable. Moreover, the partial compactification of G with
respect to Cusp(G) coincides with the compactification of G [cf.
[CmbGC], Remark 1.1.6; [HM], Definition 1.11].
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Definition 2.5 (cf. the operation (Op3) discussed at the beginning
the present §2). Let S C Node(G) be a subset of Node(G).

(i)

We shall say that S is of separating type if the semi-graph
obtained by removing the closed edges corresponding to the
elements of S from G is disconnected. Moreover, for each
node e € Node(G), we shall say that e is of separating type
if {e} C Node(G) is of separating type.

Suppose that S is not of separating type [cf. (i)]. Then one may
define a semi-graph of anabelioids of pro-3 PSC-type as follows:
We take the underlying semi-graph G, g to be the semi-graph
obtained by replacing each node e of G contained in S such
that V(e) = {v1,v2} C Vert(G) — where vy, ve are not neces-
sarily distinct — by two cusps that abut to vy, ve € Vert(G),
respectively. We take the anabelioid corresponding to a vertex
v (respectively, node e) of G, 5 to be G, (respectively, G.). [Note
that the set of vertices (respectively, nodes) of G, ¢ may be nat-
urally identified with Vert(G) (respectively, Node(G) \ 5).] We
take the anabelioid corresponding to a cusp of G, g arising from
a cusp e of G to be G.. We take the anabelioid corresponding
to a cusp of G, g arising from a node e of G to be G.. For each
branch b of G, g that abuts to a vertex v of a node e (respec-
tively, of a cusp e that does not arise from a node of G), we
take the morphism associated to b to be the morphism G, — G,
associated to the branch of G corresponding to b. For each
branch b of G, g that abuts to a vertex v of a cusp of G, g that
arises from a node e of G, we take the morphism associated to
b to be the morphism G, — G, associated to the branch of G
corresponding to b. We shall denote the resulting semi-graph
of anabelioids of pro-¥X PSC-type by

s

and refer to G, g as the semi-graph of anabelioids of pro-> PSC-
type obtained from G by resolving S [cf. Fig. 4 below]|. Thus,
one has a natural morphism

g>—5—>g

of semi-graphs of anabelioids.

Remark 2.5.1.

(1)

Let S; € Sy C Node(G) be subsets of Node(G). Then it follows
immediately from the various definitions involved that if Sy is
not of separating type [cf. Definition 2.5, (i)], then S; is not of
separating type.
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4

Figure 4: Resolution

g 6

G e}

(ii) Let v € Vert(G) be a vertex of G. Then one may verify easily
that there exists a unique sub-semi-graph of PSC-type [cf. Defi-
nition 2.2, (i)] G, of G such that the set of vertices of G, is equal
to {v}. Moreover, one may also verify easily that Node(G|g,)
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[cf. Definition 2.2, (ii)] is not of separating type [cf. Defini-
tion 2.5, (i)], relative to G|g,, and that the semi-graph of an-
abelioids of pro-X PSC-type

(g‘Gv)>N0de(g|Gv)

[cf. Definition 2.5, (ii)] is naturally isomorphic to G|, [cf. Defi-
nition 2.1, (iii)].

Definition 2.6.

(i) Let S € VCN(G) be a subset of VCN(G). Then we shall denote
by
Aut®(G) C Aut(G)

the [closed] subgroup of Aut(G) consisting of automorphisms «
of G such that the automorphism of the underlying semi-graph
G of G induced by « preserves S and by

Aut®l(G) C Aut®(G)

the [closed] subgroup of Aut(G) consisting of automorphisms
a of G such that the automorphism of the underlying semi-
graph G of G induced by a preserves and induces the identity
automorphism of S. Moreover, we shall write

AutlEPH(G) E AtV ()

(ii) Let H C Ilg be a closed subgroup of IIg. Then we shall denote
by
OUtH(Hg) g Out(Hg)
the [closed] subgroup of Out(Ilg) consisting of outomorphisms
[cf. the discussion entitled “Topological groups” in §0] of Ilg
which preserve the Ilg-conjugacy class of H C Ilg. Moreover,
we shall denote by

Aut?(G) & Aut(G) N Out? (Ilg) .

(iii) Let H be a sub-semi-graph of PSC-type [cf. Definition 2.2, (i)]
of G. Then VCN(G|g) [cf. Definition 2.2, (ii)] may be regarded
as a subset of VCN(G). We shall write

Aut‘H‘((]) def Aut\VCN(QIH)I(g) C Aut?(G) def AutVCN(thI)(g) _ AutVert(QIH)(g).
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Proposition 2.7 (Subgroups determined by sets of compo-
nents). Let S C VCN(G) be a nonempty subset of VCN(G). Then:

(i) It holds that
Auth®(G) = ()] Aut™(G)

z€S
— where we use the notation 11, to denote a VCN-subgroup [cf.
Definition 2.1, (i)] of Ilg associated to z € VCN(G).

(i) It holds that
AutlEPl(@)y = () Out™(Ilg)

z€VCN(G)

— where we use the notation 11, to denote a VCN-subgroup of
Ilg associated to z € VCN(G).

(iii) The closed subgroups Aut'®/(G), Aut®(G) C Aut(G) are open
in Aut(G). Moreover, the closed subgroup Aut'*'(G) C Aut®(G)
is normal in Aut®(G). In particular, Aut!®™™"(G) C Aut(G) is
normal in Aut(G).

Proof. Assertion (i) follows immediately from [CmbGC], Proposition
1.2, (i). Next, we verify assertion (ii). It follows immediately from
[CmbGC], Proposition 1.5, (ii), that the right-hand side of the equality
in the statement of assertion (ii) is contained in Aut(G). Thus, asser-
tion (ii) follows immediately from assertion (i). Assertion (iii) follows
immediately from the finiteness of the semi-graph G, together with the
various definitions involved. O

Definition 2.8 (cf. the operation (Op4) discussed at the beginning
the present §2). Let S C Node(G) be a subset of Node(G). Then we
define the semi-graph of anabelioids of pro-3 PSC-type

ng

as follows:

(i) We take Cusp(G..s) o Cusp(G).

(ii) We take Node(G..s) o Node(G) \ S.

(iii) We take Vert(G..s) to be the set of connected components of
the semi-graph obtained from G by omitting the edges e €
Edge(G) \ S. Alternatively, one may take Vert(G..s) to be
the set of equivalence classes of elements of Vert(G) with re-
spect to the equivalence relation “~” defined as follows: for v,
w € Vert(G), v ~ w if either v = w or there exist n elements
e1, e, €S of S and n + 1 vertices vy, vy, -+, v, € Vert(G)
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def def . .
of G such that vg = v, v, = w, and, for 1 < i < n, it holds
that V(e;) = {vi—1, v}

For each branch b of an edge e € Edge(G..s) (= Edge(G) \ S
— cf. (i), (ii)) and each vertex v € Vert(G..s) of G..s, b abuts,
relative to G..g, to v if b abuts, relative to G, to an element of
the equivalence class v [cf. (iii)].

For each edge e € Edge(G..s) (= Edge(G) \ S — cf. (i), (ii))
of G..s, we take the anabelioid of G..g corresponding to e €
Edge(G..s) to be G, [cf. Definition 2.1, (ii)].

Let v € Vert(G..s) be a vertex of G..s. Then one verifies eas-
ily that there exists a unique sub-semi-graph of PSC-type [cf.
Definition 2.2, (i)] H, of G such that the set of vertices of H,
consists of the elements of the equivalence class v [cf. (iii)].
Write

T, % Node(Glg,) \ (S N Node(Glg,))

[cf. Definition 2.2, (ii)]. Then we take the anabelioid of G...g cor-
responding to v € Vert(G..g) to be the anabelioid determined
by the finite étale coverings of

(Glu,)-m,
[cf. Definition 2.5, (ii)] of degree a product of primes € X.

Let b be a branch of an edge e € Edge(G..s) (= Edge(G) \ S
— cf. (i), (ii)) that abuts to a vertex v € Vert(G..s). Then
since b abuts to v, one verifies easily that there exists a unique
vertex w of G which belongs to the equivalent class v [cf. (iii)]
such that b abuts to w relative to G. We take the morphism of
anabelioids associated to b, relative to G..g, to be the morphism
naturally determined by the morphism of anabelioids

Ge = Gu

corresponding to the branch b relative to G and the morphism
of semi-graphs of anabelioids of pro-¥ PSC-type

Glw = (Glu,)-m,

[cf. (vi); Definition 2.1, (iii)]. Here, we recall that the anabelioid
obtained by considering the connected finite étale coverings of
G|, may be naturally identified with G, [cf. Remark 2.1.1].

We shall refer to this semi-graph of anabelioids of pro-> PSC-type G..5
as the generization of G with respect to S [cf. Fig. 5 below].
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Gofe)

Figure 5: Generization

Remark 2.8.1. It follows immediately from the various definitions
involved that if G is of type (g,r) [cf. Definition 2.3, (i)], then the
generization G..Node(g) Of G with respect to Node(G) is isomorphic to
Gmodel [ef. Definition 2.3, (v)].

Proposition 2.9 (Specialization outer isomorphisms). Let S C
Node(G) be a subset of Node(G). Write llg_, for the [pro-X] fun-
damental group of the generization G..s of G with respect to S [cf.
Definition 2.8]. Then the following hold:

(i) There exists a natural outer isomorphism of profinite groups
(bgws: ngs — Ig
which satisfies the following three conditions:

1) ®g_. induces a bijection between the set of cuspidal sub-
Gss
groups of Ilg_ ; and the set of cuspidal subgroups of Ilg.

(2) ®g_, induces a bijection between the set of nodal subgroups
of llg_, and the set of nodal subgroups of llg associated to
the elements of Node(G) \ S.

(3) Let v € Vert(G..s) be a vertex of G..g; H,, T, as in Def-
inition 2.8, (vi). Then ®¢_, induces a bijection between
the set of Ilg_ .-conjugacy classes of any verticial subgroup
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II, CIlg_ of llg_, associated to v € Vert(G..s) and the
[Ig-conjugacy class of subgroups determined by the image
of the outer homomorphism

Uy, )er, — g

induced by the natural morphism (G|, )1, — G [cf. Defi-
nitions 2.2, (ii); 2.5, (ii)] of semi-graphs of anabelioids of
pro-> PSC-type.

Moreover, any two outer isomorphisms Ilg_, — Ilg that satisfy
the above three conditions differ by composition with a graphic
[cf. [CmbGC], Definition 1.4, (i)] outomorphism [cf. the dis-
cussion entitled “Topological groups” in §0] of Ilg_ .

(ii) The isomorphism
Out(Hg) - Out(ngs)

induced by the natural outer isomorphism of (i) determines an
mjection

Aut®(G) — Aut(G..s)
[¢f. Definition 2.6, (i)].

Proof. First, we verify assertion (i). An outer isomorphism that satis-
fies the three conditions of assertion (i) may be obtained by observing
that, after sorting through the various definitions involved, a finite étale
covering of G._.g amounts to the same data as a finite étale covering of
G. The final portion of assertion (i) follows immediately, in light of
the three conditions in the statement of assertion (i), from [CmbGC],
Proposition 1.5, (ii). This completes the proof of assertion (i). As-
sertion (ii) follows immediately from [CmbGC]|, Proposition 1.5, (ii),
together with the three conditions in the statement of assertion (i).
This completes the proof of Proposition 2.9. 0

Definition 2.10. Let S C Node(G) be a subset of Node(G). Write
IIg  for the [pro-X] fundamental group of the generization G..g of G
with respect to S [cf. Definition 2.8]. Then we shall refer to the natural
outer isomorphism

(bgws: ngs — HQ
obtained in Proposition 2.9, (i), as the specialization outer isomorphism
with respect to S.

Proposition 2.11 (Commensurable terminality of closed sub-
groups determined by certain semi-graphs). Let H be a sub-semi-

graph of PSC-type [cf. Definition 2.2, (i)] of G and S C Node(G|x)
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[cf.  Definition 2.2, (ii)] a subset of Node(G|m) that is not of sep-
arating type [cf. Definition 2.5, (i)]. Then the natural morphism
(Glu)~s — G [cf. Definitions 2.2, (ii); 2.5, (ii)] of semi-graphs of an-
abelioids of pro-> PSC-type determines an outer injection of profinite
groups

H(gla),s — g -

Moreover, the image of this outer injection is commensurably ter-
minal in [lg [cf. the discussion entitled “Topological groups”™ in §0].

Proof. Write H % (Glu)s-s and T o Node(Glg) \ S. Note that it

follows from the definition of G|y that 7' may be regarded as the subset
of Node(G) determined by Node(H); for simplicity, we shall identify
T with Node(H). Now it follows immediately from the definition of
“G..7" that the composite

e,
Ly o g — Hg.. T
factors through a verticial subgroup II, C Ilg . of Il . associated to

a vertex v € Vert(G..r), and that the composite
Hyy — g ).

of the resulting outer homomorphism I3, — II, [which is well-defined in
light of the commensurable terminality of 1L, in Ilg_ , — cf. [CmbGC],
Proposition 1.2, (ii)] and the natural outer isomorphism II, ~ ILg_ .y,
[cf. Remark 2.1.1] may be identified with “®3 _, " lcf. Definition 2.10].
Thus, Proposition 2.11 follows immediately from the fact that ®4_,

is an outer isomorphism, together with the fact that I, C Ilg_, is
commensurably terminal in Ilg_, [cf. [CmbGC], Proposition 1.2, (ii)].
This completes the proof of Proposition 2.11. O

Lemma 2.12 (Restrictions of outomorphisms). Let H C Ilg be
a closed subgroup of Tlg which is normally terminal [cf. the dis-
cussion entitled “Topological groups” in §0] and a € Out®(Ilg) [cf.
Definition 2.6, (ii)]. Then the following hold:

(i) There exists a lifting @ € Aut(Ilg) of o such that & preserves
the closed subgroup H C Ilg. Moreover, such a lifting o is
uniquely determined up to composition with an H-inner au-
tomorphism of 1lg.

(ii) Write ay for the outomorphism [cf. the discussion entitled
“Topological groups” in §0] of H determined by the restriction
of a lifting @ as obtained in (1) to the closed subgroup H C Ilg.
Then the map

Out (Ilg) — Out(H)
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gen by assigning o — oy s « homomorphism.
(iii) The homomorphism
Out (Ilg) — Out(H)
obtained in (i1) depends only on the conjugacy class of the
closed subgroup H C g, i.c., if we write HY < ~ - H -4~ for
v € llg, then the diagram
Out”(Ilg) —— Out(H)

| l

Out”" (Tlg) —— Out(H")

— where the upper (respectively, lower) horizontal arrow is the
homomorphism given by mapping o — ap (respectively, o +—
apy~ ), and the right-hand vertical arrow is the isomorphism ob-
tained by mapping ¢ € Out(H) to

Inn(y~1) ¢ Inn(v)

HY = H =g = HY
— commutes.

Proof. Assertion (i) follows immediately from the normal terminality of
H in Ilg. Assertion (ii) follows immediately from assertion (i). Asser-
tion (iii) follows immediately from the various definitions involved. [

Definition 2.13. Let H C Ilg be a [closed] subgroup of IIg which is
normally terminal [cf. the discussion entitled “Topological groups’ in
§0]. Then we shall write

OlltIH‘ (Hg) Q OutH(Hg)

for the closed subgroup of Out” (Ilg) consisting of outomorphisms [cf.
the discussion entitled “Topological groups’ in §0] « of TIg such that the
image oy of a via the homomorphism Out”(G) — Out(H) obtained
in Lemma 2.12, (ii), is trivial. Also, we shall write

def

Aut®l(G) = Out!f(11g) N Aut(G) .

Definition 2.14.

(i) Let T' C Cusp(G) be an omittable [cf. Definition 2.4, (i)] sub-
set of Cusp(G). Write Ilg,,. for the [pro-X| fundamental group
of Ger [cf. Definition 2.4, (ii)] and Ny C Ilg for the nor-
mal closed subgroup of Ilg topologically normally generated
by the cuspidal subgroups of Ilg associated to elements of T
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Then one verifies easily that the natural outer isomorphism
[lg/Ny = Ig,, [cf. Definition 2.4, (ii)] induces a homomor-
phism Out™*(Ilg) — Out(Ilg,,) that fits into a commutative
diagram

Aut’(G) —— Aut(G.r)

| |

Out™"(Ig) —— Out(Ilg,,)

— where the vertical arrows are injective. For a € Out™* (Ilg),
we shall write

aG.T e OUt (Hg.T )

for the image of a via the lower horizontal arrow in the above
commutative diagram. If, moreover, a € Aut’(G), then, in
light of the injectivity of the right-hand vertical arrow in the
above diagram, we shall write [by abuse of notation]

ag., € Aut(Ger)

for the image of a via the upper horizontal arrow in the above
commutative diagram.

Let H be a sub-semi-graph of PSC-type [cf. Definition 2.2, (i)]
of G and S C Node(G|m) [cf. Definition 2.2, (ii)] a subset of
Node(G|n) that is not of separating type [cf. Definition 2.5, (i)].
Write Ilgy,), ; for the [pro-X] fundamental group of (G|m)ss
[cf. Definition 2.5, (ii)]. Then the natural outer homomor-
phism Il s — Ilg is an outer injection whose image is
commensurably terminal [cf. Proposition 2.11]. Thus, it fol-
lows from Lemma 2.12, (iii), that we have a homomorphism
Out"@w-s (Ig) — Out(IT(g,), ;) that fits into a commutative
diagram

AW 5(G) & Awt™(G) N AWt (G) —— Aut((Glu)ss)

| |

Out" @ (1) — Out(gy

~S

-s)
— where the vertical arrows are injective. For o € Out" @5 (IIg),
we shall write

a(gly). s € Out(Mgpy, ¢)

for the image of « via the lower horizontal arrow in the above
commutative diagram. If, moreover, o € Aut™ °(G), then, in
light of the injectivity of the right-hand vertical arrow in the
above diagram, we shall write [by abuse of notation)]

A(Gly)ss € Aut((Glm)ws)
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for the image of « via the upper horizontal arrow in the above
commutative diagram. Finally, if 7 C Cusp((G|u)-s) is an
omittable subset of Cusp((G|m)s~s), then we shall write

AutH>SoT(g) g AutH>S(g)
for the inverse image of the closed subgroup Aut” ((Glg).g) C

Aut((Gla)ws) of Aut((Glw)ss) in Aut™5(G) via the upper hor-
izontal arrow Aut™%(G) — Aut((G|m).s) of the above com-
mutative diagram; thus, we have a natural homomorphism [cf.
(1))

Aut™(G) — Aut(((Gla)-s)er)

o = Q((Glu)ss)er -

Let z € VCN(G) be an element of VCN(G) and II, C TIlg
a VCN-subgroup of Ilg associated to z € VCN(G). Then it
follows from [CmbGC], Proposition 1.2, (ii), that the closed
subgroup I, C Ilg is commensurably terminal. Thus, it fol-
lows from Lemma 2.12, (iii), that we obtain a homomorphism
Out™:(IIg) — Out(II,) that fits into a commutative diagram

Aut?(G) —— Aut(G.)

| |
Out™: (Ilg) —— Out(I,)
— where the left-hand vertical arrow is injective, and the right-
hand vertical arrow is an isomorphism. For a € Out™:(Ilg), we
shall write
a, € Out(Il,)

for the image of « via the lower horizontal arrow in the above
commutative diagram.
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3. SYNCHRONIZATION OF CYCLOTOMES

In the present §, we introduce and study the notion of the second
cohomology group with compact supports of a semi-graph of anabelioids
of PSC-type [cf. Definition 3.1, (ii), (iii) below]. In particular, we show
that such cohomology groups are compatible with graph-theoretic lo-
calization [cf. Definition 3.4, Lemma 3.5 below|. This leads naturally
to a discussion of the phenomenon of synchronization among the vari-
ous cyclotomes [cf. Definition 3.8 below| arising from a semi-graph of
anabelioids of PSC-type [cf. Corollary 3.9 below].

Let ¥ be a nonempty set of prime numbers and G a semi-graph of
anabelioids of pro-3 PSC-type. Write G for the underlying semi-graph
of G, Ilg for the [pro-X] fundamental group of G, and G — G for the
universal covering of G corresponding to Ilg.

Definition 3.1. Let M be a finitely generated Z=-module and v €
Vert(G) a vertex of G.

(i) We shall write

H*(G, M) & H (g, M)
— where we regard M as being equipped with the trivial action
of Ilg — and refer to H?(G, M) as the second cohomology group

of G.

(ii) Let s be a section of the natural surjection Cusp(G) — Cusp(G).
Given a central extension of profinite groups

l— M — FE —1Ilg — 1,

and a cusp e € Cusp(G), we shall refer to a section of this exten-
sion over the edge-like subgroup Il C Ilg of 1l determined

by s(e) € Cusp(G) as a trivialization of this extension at the
cusp e. We shall write

HZ(G, M)
for the set of equivalence classes

[E, (Le: Hs(e) - E)GECUSP(Q)]

of collections of data (E, (te: ) — E)eccusplg)) as follows:
(a) E is a central extension of profinite groups

1l— M — FE —1Ilg — 1;

(b) for each e € Cusp(G), L is a trivialization of this extension
at the cusp e. The equivalence relation “~” is then defined as
follows: for two collections of data (E, (¢.)) and (£, (1.)), we
shall write (E, (¢.)) ~ (E’, (¢.)) if there exists an isomorphism
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of profinite groups a: E = E’ over Il which induces the iden-
tity automorphism of M, and, moreover, for each e € Cusp(G),
maps ¢, to ¢,. We shall refer to H>(G, M) as the second coho-
mology group with compact supports of G.

(iii) We shall write
HE (0, M) < HZ (G, M)

cf. (ii); Definition 2.1, (iii)] and refer to H2(v, M) as the second
cohomology group with compact supports of v.

(iv) The set H2(G, M) is equipped with a natural structure of Z>-
module defined as follows:

o Let [E, (1)), [E, ()] € H2(G, M) be elements of H*(G, M).
Then the fiber product £ x, £’ of the surjections £ — Ilg,
E" — Tlg is an extension of IIg by M x M. Thus, the quo-
tient S of E xp, E' by the image of the composite

M — MxM — Exq,F

m — (m,—m)
is an extension of Ilg by M. On the other hand, it follows
from the definition of S that for each e € Cusp(G), the
sections ¢, and ¢, naturally determine a section 5 : ey —
S over Il). Thus, we define

(B, (t)] + [E', ()] =[S, (5)].

Here, one may verify easily that the equivalence class [S, (:2)]
depends only on the equivalence classes [E, (t¢)], [E, (t.)],
and that this definition of “+” determines a module struc-

ture on H2(G, M).
o Let [E,(1.)] € H*(G, M) be an element of H>(G, M) and

a € Z°. Now the composite £ x M DE IIg determines
an extension of IIg by M x M. Thus, the quotient P of
E x M by the image of the composite

M — MxM — ExM

m — (m,—am)
is an extension of IIg by M. On the other hand, it follows
from the definition of P that for each e € Cusp(G), the
section ¢, and the zero homomorphism Il — M natu-
rally determine a section ¢ : ey — P over Il.). Thus,
we define

a-[E, ()] = [P.(D)].

e

Here, one may verify easily that the equivalence class [P, (¢1')]

depends only on the equivalence class [E, (t.)] and a € Z~,
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and that this definition of “” determines a Z=-module
structure on H2(G, M).
Finally, we note that it follows from Lemma 3.2 below that
the Z*-module “H?*(G, M)” does not depend on the choice of
the section s. More precisely, the Z=-module “H2(G, M)’ is
uniquely determined by G and M up to the natural isomorphism
obtained in Lemma 3.2.

Lemma 3.2 (Independence of the choice of section). Let M be a
finitely generated 7> -module and s, s’ sections of the natural surjection

Cusp(G) — Cusp(G). Write H2(G, M, s), HX(G,M,s") for the Z>-
modules “H?*(G, M)” defined in Definition 3.1 by means of the sections
s, s', respectively. Then there exists a natural isomorphism of Z*-

modules
H*(G, M,s) — H2(G,M,s).

Proof. Let [E, (1.)] € H>(G, M, s) be an element of H(G, M, s). Now it
follows from the various definitions involved that, for each e € Cusp(G),
there exists an element v, € Ilg such that ILy) = 7. - g - vl
For each e € Cusp(G), fix a lifting 7. € E of 4, € Ilg and write
t,: gy — E for the section given by

Hs’(e) = Ve Hs(e) : fye_l I E

veay; ! = Fete(a)7,
Then it follows immediately from the fact that M C E is contained in
the center Z(E) of E that this section ¢, does not depend on the choice

of the lifting 7. € E of 7. € Ilg. Moreover, it follows immediately
from the various definitions involved that the assignment “[E, (i.)] —

[E,(.)]” determines an isomorphism of Z*-modules
ch(g7M7 8) — ch(g7M7 8/> :
This completes the proof of Lemma 3.2. OJ

Lemma 3.3 (Exactness of certain sequences). Let M be a finitely
generated 7% -module. Suppose that Cusp(G) # 0. Then the natural
inclusions 11, — Ilg — where e ranges over the cusps of G, and, for
each cusp e € Cusp(G), we use the notation 11, to denote an edge-like
subAgroup of Ilg associated to the cusp e — determine an exact sequence
of Z*-modules

Homgy (I, M) — @5  Homgy (I, M) — H2(G, M) — 0.
e€Cusp(G)
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Proof. Let s be a section of the natural surjection Cusp(G) — Cusp(G).
Then given an element

(¢e: He - M)eENodc(g) € @ HOIIIZZ (Hea M) )
e€Cusp(G9)

one may construct an element

pr
[M X Hg (_f) Hg)v (Le: Hs(e) — M x HQ)eGNodo(g)]

— where we write ¢.: ILy) — M X Ilg for the section determined by
¢e: Hyey — M and the natural inclusion Il — IIg — of HZ(G, M).
In particular, we obtain a map € () Homzs (I, M) — H*(G, M),

which, as is easily verified, is a homomorphism of 7% -modules. Now
the exactness of the sequence in question follows immediately from the
fact that Ilg is free pro-X [cf. [CmbGC], Remark 1.1.3]. This completes
the proof of Lemma 3.3. O

ecCusp

Definition 3.4. Let M be a finitely generated Z=-module.

(i) Let € be a semi-graph of anabelioids. Denote by VCN(E) the
set of components of & [i.e., the set of vertices and edges of &]
and, for each z € VCN(E), by Ilg. the fundamental group of
the anabelioid &, of £ corresponding to z € VCN(E). Then we
define a central extension of G by M to be a collection of data

(E,a=(a,: M — Ilg,).evene), B: €/ = G)
as follows:

(a) For each z € VCN(E), a,: M — Il¢, is an injective ho-
momorphism of profinite groups whose image is contained
in the center Z(Ilg,) of Ilg,. [Thus, the image of «, is a
normal closed subgroup of Il¢_.]

(b) For each branch b of an edge e that abuts to a vertex v of &,
we assume that the outer homomorphism Ilg, — Ilg, asso-
ciated to b is injective and fits into a commutative diagram
of [outer| homomorphisms of profinite groups

M:M

o | [

ng —_— ng

— i.e., where the lower horizontal arrow is the outer injec-
tion associated to b.

(c) Write £/a for the semi-graph of anabelioids defined as fol-
lows: We take the underlying semi-graph of £/a to be the
underlying semi-graph of &; for each z € VCN(E), we take
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the anabelioid (£/a). of £/a corresponding to z € VCN(E)
to be the anabelioid determined by the profinite group
Ile, /Im(c,) [cf. condition (a)]; for each branch b of an
edge e that abuts to a vertex v of £, we take the associ-
ated morphism of anabelioids (£/a). — (£/a), to be the
morphism of anabelioids naturally determined by the mor-
phism &, — &, associated, relative to £, to b [cf. condition

(b)].

(d) B: E/a = G is an isomorphism of semi-graphs of anabe-
lioids.

There is an evident notion of isomorphisms of central extensions
of G by M. Also, given a central extension of G by M, and a
section s of the natural surjection Cusp(G) — Cusp(G), there is
an evident notion of trivialization of the given central extension

of G by M at a cusp of G [cf. the discussion of Definition 3.1,
(i), (iv)].
Let

l— M — FE —1Ilg —1

be a central extension of llg by M. Then we shall define a
semi-graph of anabelioids

Ok

— which we shall refer to as the semi-graph of anabelioids as-
sociated to the central extension E — as follows: We take the
underlying semi-graph of Gg to be the underlying semi-graph of
G. We take the anabelioid of Gg corresponding to z € VCN(G)
to be the anabelioid determined by the fiber product E xp; II,
of the surjection £ — Ilg and a natural inclusion II, — IIg —
where we use the notation II, C Ilg to denote a VCN-subgroup
[cf. Definition 2.1, (i)] of Ilg associated to z € VCN(G); for
each branch b of an edge e that abuts to a vertex v of G, if
we write (Gg)y, (Gr). for the anabelioids of G corresponding
to v, e, respectively, then we take the morphism of anabelioids
(Gg)e — (Gg), associated to the branch b to be the morphism
naturally determined by the morphism of anabelioids G, — G,
associated, relative to G, to b.

In the notation of (ii), one may verify easily that the semi-
graph of anabelioids Gg associated to the central extension F
is equipped with a natural structure of central extension of G
by M. More precisely, for each z € VCN(G), if we denote
by a,: M — Ilg,)., = E Xp, II, the homomorphism deter-
mined by the natural inclusion M — E and the trivial homo-
morphism M — II,, then there exists a natural isomorphism
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B: Gg/(a.).evenig) — G such that the collection of data

(Gg, (az).eveng), B)

forms a central extension of G by M, which we shall refer to
as the central extension of G by M associated to the central
extension E.

Lemma 3.5 (Graph-theoretic localizability of central exten-

sions of fundamental groups). Let M be a finitely generated 7>-
module. Then the following hold:

(1)

(iii)

(iv)

(Exactness and centrality) Let

(€, a=(a,: M — HSZ)zGVCN(E)aﬁ: Ela = g) (1)

be a central extension of G by M [cf. Definition 3.4, (i)].

Write Ilg for the pro-% fundamental group of £, i.e., the max-

imal pro-¥ quotient of the fundamental group of £ [cf. the dis-

cussion preceding [SemiAn|, Definition 2.2]. Then the compos-
B

ite £ — E/a = G determines an exact sequence of profinite

groups
l—M—Ilg —Ilg — 1 (12)
which is central.

(Natural isomorphism I) In the notation of (i), the central
extension of G by M associated to the central extension (15) [cf.
Definition 3.4, (iii)] is naturally isomorphic, as a central
extension of G by M, to (1;).

(Natural isomorphism II) Let
1l— M —F —lIlg —1

be a central extension of Ilg by M. Then the pro-% fun-
damental group of the semi-graph of anabelioids Gg associated
to the central extension E [cf. Definition 3.4, (ii)] — i.e., the
mazimal pro-% quotient of the fundamental group of Gg — 1is
naturally isomorphic, over Ilg, to E.

(Equivalence of categories) The correspondences of (i), (ii),
(iii) determine a natural equivalence of categories between
the category of central extensions of G by M and the category of
central extensions of llg by M. [Here, we take the morphisms
in both categories to be the isomorphisms of central extensions
of the sort under consideration.] Moreover, this equivalence ex-
tends to a similar natural equivalence of categories between
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categories of central extensions equipped with trivializations
at the cusps of G [cf. Definitions 3.1, (ii); 3.4, (i)].

Proof. First, we verify assertion (i). If Node(G) = 0, then assertion
(i) is immediate; thus, suppose that Node(G) # ). For each connected
finite étale covering £ — & of £, denote by Ilgs the pro-X fundamental
group of &', by VCN(E’) the set of components of £’ [i.e., the set of
vertices and edges of £'], and by Vert(€’) the set of vertices of £'; for
each z € VCN(&'), denote by &. the anabelioid of £ corresponding to
z € VCON(&') and by Ilg the fundamental group of £.. Now we claim
that

(*1): the composite in question & — £/a = G induces
an isomorphism between the underlying semi-graphs, as
well as an outer surjection IIg — Ilg.

Indeed, the fact that the composite in question determines an iso-
morphism between the underlying semi-graphs follows from conditions
(c), (d) of Definition 3.4, (i). In particular, we obtain a bijection
VCN(E) = VCN(G). Now for each z € VCN(E) = VCN(G), again by
conditions (c), (d) of Definition 3.4, (i), the composite & — £/a = G
induces an outer surjection Ilg, — II,, where we use the notation
II, C Ilg to denote a VCN-subgroup [cf. Definition 2.1, (i)] of Ilg
associated to z € VCN(G). Therefore, in light of the isomorphism ver-
ified above between the semi-graphs of £ and G, one may verify easily
that the natural outer homomorphism IIg — Ilg is surjective. This
completes the proof of the claim (x1).

For each vertex v € Vert(€) = Vert(G) [cf. claim (*,)], it follows
from the assumption that Node(G) # () that any verticial subgroup
I, C Ig of Ilg associated to a vertex v € Vert(G) is a free pro-%
group [cf. [CmbGC], Remark 1.1.3]; thus, there exists a section of the
natural surjection Ilg, — II,. Now for each vertex v € Vert(G), let
us fix such a section of the natural surjection II¢, — II,, hence also
— since the extension Ilg, of II, by M is central [cf. condition (a) of
Definition 3.4, (i)] — an isomorphism ¢,: M x I, = Ig,. Let G — G

be a connected finite étale Galois covering of G and write &; e xXg 0.
Then it follows from the claim () that & is connected; moreover, one
may verify easily that the structure of central extension of G by M
on & naturally determines a structure of central extension of G; by
M on &;, and that for each vertex v € Vert(€) = Vert(G) and each
vertex w € Vert(€;) — Vert(G,) that lies over v, the normal closed
subgroup Il,), C Ilg, corresponds to M x I1,, € M x II, relative to
the isomorphism t,: M x II, = Ilg, fixed above, i.e., we obtain an
isomorphism t,,: M x II,, = gy,

Now for a finite quotient M — @) of M and a connected finite étale
Galois covering G; — G of G, we shall say that a connected finite étale
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covering £ — & of & satisfies the condition (1 g,) if the following two
conditions are satisfied:

(Tég,gl) Ey — & factors through &; e xXg Gy — &, the resulting cov-
ering & — & is Galois, and for each vertex v € VCN(&;), the
composite

M — H(gl)v - H51 - ]'_‘[61/]'_‘[62

is surjective, with kernel equal to the kernel of M — Q.
(Té,gl) Ey — £ is Galois.

Then we claim that

(%2): for any finite quotient M — @ of M and any
connected finite étale Galois covering G; — G, there
exists — after possibly replacing G; — G by a connected
finite étale Galois covering of G that factors through
G, — G — a connected finite étale covering of £ which
satisfies the condition (fqg,)-

Indeed, let M — () be a finite quotient of M, G; — G a connected

finite étale Galois covering of G, and &; e xXg Gy. For each vertex
v € Vert(&;) = Vert(G) [cf. the above discussion], denote by IL(g,), —
Q). the quotient of Il(g,), obtained by forming the composite

ty

ey, & M x I, 2 M — Q.

Thus, we have a natural isomorphism Q = Q,. Next, let e be a
node of &;; b, V' the two distinct branches of e; v, v' the [not nec-
essarily distinct] vertices of £ to which b, v abut. Then since the
quotient @ [~ @, ~ Q] is finite, one may verify easily that — af-
ter possibly replacing G; — G by a connected finite étale Galois cov-
ering of G that factors through G; — G — the kernels of the two
composites I, — g, = Qu, ), — g, - Qn — where
g, — gy, gy, — g, are the natural outer injections cor-
responding to b, V', respectively — coincide. Moreover, if we write
N, C Ilg,), for this kernel, then it follows immediately from condi-
tion (b) of Definition 3.4, (i), that the actions of ) induced by the
natural isomorphisms Q = @, < Ilg), /Ne, @ = Qu < g, /Ne
on the connected finite étale Galois covering of (&), corresponding to
N, C Ilg,), coincide. Therefore, since the underlying semi-graph of &;
is finite, by applying this argument to the various nodes of £; and then
gluing the connected finite étale Galois coverings of the various (&1),’s
corresponding to the quotients 1), — @, to one another by means of
Q-equivariant isomorphisms, we obtain a connected finite étale Galois
covering & — & which satisfies the condition (Tagl).
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Write £ — & for the Galois closure of the connected finite étale
covering & — &; thus, since & is Galois over £, we have connected
finite étale Galois coverings £ — £y — &1 of &. Now it follows im-
mediately from the condition (Té,gl) that & — & induces an isomor-
phism between the underlying semi-graphs. In particular, it follows
from Lemma 3.6 below, in light of the claim (1), that the natural
outer homomorphisms IlIg, <— Ilg, — Ilg, induce outer isomorphisms
I, /It 5 Mg, /ITEt 5 Tlg, /I o~ m°P(Gy)¥, where we write
“Hzﬁr)t C II(—)” for the normal closed subgroup of “II(_y” topologically

normally generated by the verticial subgroups and 7,°°(G;)> for the
pro-X completion of the [discrete] topological fundamental group of the
underlying semi-graph G; of G;. On the other hand, since for each ver-
tex v € Vert(€) = Vert(G) and each vertex w € Vert(£;) = Vert(G,)
that lies over v, the isomorphism t,,: M x I, = Il(g,), arises from the
isomorphism t,: M x II, = Ilg,, one may verify easily that the closed
subgroup Ilg,), C Ilg, is normal. [Here, we regard w € Vert(&;) as
an element of Vert(€y) by the bijection Vert(£y) = Vert(&;) induced
by & — &;.] In particular, it follows immediately that the connected
finite étale Galois covering £ — &, arises from a normal open sub-
group of the quotient Ilg, — Ilg, /ITE™ = m(Gy)”. Therefore, there
exists a connected finite étale Galois covering G; — G that factors
through G; — G [and arises from a normal open subgroup of the quo-
tient IIg, — 7,°°(G,)%] such that the connected finite étale covering
&y xg, Gy of £ is Galois. Now it follows immediately from the fact that
& — & satisfies the condition (f,g,) that & xg, G| — & satisfies both
conditions (Télgi) and (Té,gi), as desired. This completes the proof of
the claim ().
Next, we claim that

(x3): the composite & — £/a = G, together with the
composites
M — Hgv — Hg

for v € Vert(€), determine an exact sequence of profinite
groups
1l— M —1lg —1lg — 1.

Indeed, it follows immediately from the claim (*3) — by arguing as
in the final portion of the proof of (x3) — that any connected finite
étale Galois covering of £ is a subcovering of a covering of £ which
satisfies the condition (f,g,) for some finite quotient M — Q of M
and some connected finite étale Galois covering G; of G. Therefore,
the exactness of the sequence in question follows immediately from
the various definitions involved, together with the claim (%1). This
completes the proof of the claim (x3).
Finally, we claim that
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(%4): the exact sequence of profinite groups
1l— M —1lg —1lg — 1

of (x3) is central, i.e., if we write p: lIg — Aut(M)
for the representation of IIg on M determined by this
extension Ilg, then p is trivial.

Indeed, it follows immediately from condition (a) of Definition 3.4, (i),
that ITF™ C Ker(p), where we write I C Ilg for the normal closed
subgroup of Il topologically normally generated by the verticial sub-
groups of Ilg. On the other hand, it follows immediately from con-
dition (b) of Definition 3.4, (i), by “parallel transporting” along loops
on G, that the restriction to 7°°(G) C 7°°(G)” of the representa-
tion [Ilg — Ig/IIF™ 5] 1P (G)® — Aut(M) [cf. Lemma 3.6 below]
induced by p — where we write 7°°(G) for the [discrete] topological
fundamental group of the semi-graph G and 7;°°(G)> for the pro-X
completion of 7{°’(G) — is trivial. In particular, since the subgroup
m(G) C m°P(G)* is dense, the representation p is trivial, as desired.
This completes the proof of the claim (*4), hence also the proof of
assertion (i).

Assertion (ii) follows immediately from the various definitions in-
volved. Next, we verify assertion (iii). It follows immediately from
assertion (i), together with Definition 3.4, (iii), that if we write Ilg,
for the pro-X fundamental group of Gg, then we have a natural exact
sequence of profinite groups

1l— M —Ilg, — IIg — 1.

On the other hand, it follows immediately from the definition of Gg
that one may construct a tautological profinite covering of Gg [i.e., a
pro-object of the category B(Gg) that appears in the discussion fol-
lowing [SemiAn], Definition 2.1] equipped with a tautological action by
E. In particular, one obtains an outer surjection IIg, — E that is
compatible with the respective outer surjections to IIg. Thus, one con-
cludes from the “Five Lemma” that this outer surjection Ilg, — E is
an outer isomorphism, as desired. This completes the proof of assertion
(iii). Assertion (iv) follows immediately, in light of assertions (i), (ii),
(iii), from the various definitions involved. This completes the proof of
Lemma 3.5. 0

Lemma 3.6 (Quotients by verticial subgroups). Let H be a semi-
graph of anabelioids. Write 11y for the pro-¥ fundamental group of H
[i.e., the pro-¥ quotient of the fundamental group of H] and I C 1y
for the normal closed subgroup of 11y topologically normally generated
by the verticial subgroups of Ily. Then the natural injection I —
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I1;; determines an exact sequence of profinite groups
1 — IS — Ty — TP (H)* — 1

— where we write ©\°°(H)> for the pro-Y completion of the [discrete]
top

topological fundamental group " (H) of the underlying semi-graph H
of H.

Proof. This follows immediately from the various definitions involved.
O

Theorem 3.7 (Properties of the second cohomology group with
compact supports). Let ¥ be a nonempty set of prime numbers,
G a semi-graph of anabelioids of pro-X PSC-type, and M a finitely
generated 7Z*-module. Then the following hold:

(i) (Change of coefficients) There ezists a natural isomor-
phism of Z*-modules

H(G, M) = H2(G. %) @30 M
that is functorial with respect to isomorphisms of the pair

(G, M). If, moreover, Cusp(G) = 0, then there exists a nat-
ural isomorphism of Z*-modules

H(G, M) — H*(G, M)

that is functorial with respect to isomorphisms of the pair
(G, M).

(ii) (Structure as an abstract profinite group) 7The second co-
homology group with compact supports H>(G, M) of G is [non-
canonically] isomorphic to M.

(iii) (Synchronization with respect to generization) Let S C
Node(G) be a subset of Node(G). Then the specialization
outer isomorphism ®g_: lg_, — Ilg with respect to S [cf.
Definition 2.10] determines a natural isomorphism

that is functorial with respect to isomorphisms of the triple

(G, 5, M).

(iv) (Synchronization with respect to “surgery”) Let H be
a sub-semi-graph of PSC-type [cf. Definition 2.2, (i)] of G,
S C Node(Glm) [cf. Definition 2.2, (ii)] a subset of Node(G|n)
that is not of separating type [cf. Definition 2.5, (i)], and
T C Cusp((Glm)ss) [¢f. Definition 2.5, (ii)] an omittable [cf.
Definition 2.4, (i)] subset of Cusp((G|u)~s). Then there exists
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a natural isomorphism — given by “extension by zero”

HZ(((Gla)»-s)er, M) — HZ(G, M)
[cf. Definition 2.4, (ii)] that is functorial with respect to iso-
morphisms of the quintuple (G,H, S, T, M). In particular, for
each vertexr v € Vert(G) of G, there exists a natural isomor-
phism of 7% -modules

HZ (v, M) — H(G, M)

[cf. Remark 2.5.1, (ii)] that is functorial with respect to iso-
morphisms of the triple (G, v, M).

(v) (Homomorphisms induced by finite étale coverings) Let
H — G be a connected finite étale covering of G. Then the
image of the natural homomorphism

HZ(G, M) — HZ(H, M)

s given by
Mg : Ty - HX(H, M).

Proof. Assertion (iii) follows immediately from condition (1) of Propo-
sition 2.9, (i).

Next, we verify assertions (i), (ii) in the case where Cusp(G) # 0.
The existence of a natural isomorphism HX(G, M) = HX(G,7%) @55 M
follows immediately from Lemma 3.3. On the other hand, the fact
that H?(G, M) is [noncanonically] isomorphic to M follows immedi-
ately from Lemma 3.3, together with the following well-known facts

[cf. [CmbGC], Remark 1.1.3]:
(A) Ilg is a free pro-Y group.
(B) For any cusp ey € Cusp(G) of G, the natural homomorphism of

7= -modules
O nomw
e€Cusp(G)\{eo}

is a split injection of free 7% -modules [cf. the discussion entitled
“Topological groups” in §0], and its image contains the image of
IL., in 12"

€0

This completes the proof of assertions (i), (ii) in the case where Cusp(G) #
0.

Next, we verify assertions (i), (ii) in the case where Cusp(G) = 0.
The existence of a natural isomorphism H*(G, M) = H?(G, M) is well-
known [cf., e.g., [NSW], Theorem 2.7.7]. Now it follows from assertion
(iii) that to verify assertions (i), (ii) in the case where Cusp(G) = (), we
may assume without loss of generality — by replacing G by G..Node(g)
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— that Node(G) = (). Then the existence of a natural isomorphism
H2(G, M) = H2(G,Z%) ®3x M and the fact that H2(G, M) is [non-
canonically] isomorphic to M follow immediately from the existence
of a natural isomorphism H2(G, M) = H?*(G, M) and the fact that
any compact Riemann surface of genus # 0 is a “K(m,1)” space [i.e.,
its universal covering is contractible], together with the well-known
structure of the second cohomology group of a compact Riemann sur-
face. This completes the proof of assertions (i), (ii) in the case where
Cusp(G) = 0.

Next, we verify assertion (iv) in the case where H = G and S = 0,
i.e., ((Glm)ss)er = Gor. Thus, suppose that H = G and S = (). Now

define a homomorphism of Z=-modules
ch(QOTv M) - Hf(g, M)

as follows: Let Gor — Gor be a universal covering of Ger which is
compatible [in the evident sense| with the universal covering G — G
of G, s* a section of the natural surjection Cusp(Ger) — Cusp(Ger),
and [E°®, (10: o) — E®)eccusp@er)) € HZ(Gor, M) an element of
H2(Ger, M). Write E for the fiber product of the surjection E® — Ilg, .
and the natural surjection IIg — Ilg,,. [arising from the compatibility
of the respective universal coverings]. Next, we introduce notation as

follows:

o for ¢ € Cusp(Ger) (= Cusp(G) \ T C Cusp(G)), denote by
te: I, = E — where we use the notation II, C IlIg to denote
an edge-like subgroup of Ilg associated to e such that the com-
posite I, — IIg — Ilg,, determines an isomorphism of II, with
ooy C Ilg,, — the section over Il naturally determined by
the composite

1L, — Hs'(e) i) E* )
and
o for e € Cusp(G) \ Cusp(Ger) (= T C Cusp(G)), denote by
te: Il, — E — where we use the notation II, C Il to denote an

edge-like subgroup of Ilg associated to e — the section over II,
naturally determined by the trivial homomorphism I, — E°.

Then it follows immediately from the various definitions involved that
the assignment “[E*, (¢2)cccusp(@or)) — (£, (te)eccusp(g))” determines a

homomorphism of 7% -modules
Hg(goTaM) B Hg(g>M)7

as desired.
Next, we verify that this homomorphism H?(Ger, M) — H2(G, M)
is an isomorphism. First, let us observe that it follows from assertion
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(ii) that, to verify that the homomorphism in question is an isomor-
phism, it suffices to verify that it is surjective. The rest of the proof of
assertion (iv) in the case where H = G and S = () is devoted to veri-
fying this surjectivity. To verify the desired surjectivity, by induction
on the cardinality T* of the finite set T, we may assume without loss
of generality that 7% = 1, i.e., T = {ey} for some ey € Cusp(G).

To verify the desired surjectivity, let [E, (te)eccuspe)) € HZ(G, M)
be an element of H?(G, M). Then since Ilg is a free pro-X group,
there exists a continuous section Ilg — E of the surjection £ — Ilg,
hence also — since the extension F of Ilg is central — an isomorphism
M x IIg = E. Write IIg — II for the maximal cuspidally central
quotient [cf. [AbsCsp|, Definition 1.1, (i)] relative to the surjection
Ilg — 1lg,,., £ for the quotient of E by the normal closed subgroup of
E corresponding to {1} x Ker(Ilg — II) C M x1lg [thus, Eyy < M xI1],
and N C Ep for the image of the composite

My <2 E — By .

Now we claim that N C FEy is contained in the center Z(En) of En,
hence also normal in Ep. Indeed, since the composite

Hs(eo) — Hg — 11

is injective, and its image coincides with the kernel of the natural sur-
jection II — Ilg, ., it holds that the image of the composite

My(eq) % E — By & M x 11

is contained in M x Ker(Il — Ilg,,). On the other hand, since the ex-
tension F of Ilg is central, it follows from the definition of the quotient
IT of Tlg that the image of M x Ker(Il —» Ilg,,) in By via M x IT = Eq
is contained in the center Z(En) of Ey. This completes the proof of
the above claim.

Now it follows from the definition of N C FEp, together with the
above claim, that we obtain a commutative diagram of profinite groups

1 — M — E — Ilg — 1

H l |

l— M — Eg/N — llg,, — 1

— where the horizontal sequences are exact, and the vertical arrows are
surjective. In particular, we obtain an extension Er/N of llg,,. by M,
which is central since the extension E is central. For e € Cusp(Ger) =
Cusp(G) \ {eo}, write II* C Ilg,,. for the edge-like subgroup of Ilg, .
[associated to e € Cusp(Ger)] determined by the image of I ) C Ilg
and ¢? for the section II? — Ep/N over II? determined by ¢.: Iy —
E. Then it follows immediately from the various definitions involved
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that the image of
[EH/N7 (L;)e’eCusp(g.T)] € Hf(goTa M)

in H2(G, M) is [E, (te)eccusp()) € HZ(G, M). This completes the proof
of the desired surjectivity and hence of assertion (iv) in the case where
H=G and S = (.

Next, to complete the proof of assertion (iv) in the general case,
one verifies immediately that it suffices to verify assertion (iv) in the
case where T' = 0, i.e., ((Glu)rs)er = (Glu)~s. Thus, suppose that

T = . Write H & (Glm)»s. To define a natural homomorphism of 7>-

modules H*(H, M) — H*(G, M), let H — H be a universal covering
of H which is compatible [in the evident sense] with the universal cov-

ering G — G of G, sy a section of the natural surjection Cusp(ﬁ) —
Cusp(H), and [E™, (uF': 11, ) = E™)eecuspy] € HZ(H, M) an ele-
ment of H2(H, M). Since the extension E™ of Il by M is central, the
section /J': Il () — E™ naturally determines an isomorphism

M x g, ) — E™ xq,, 11

sw(e)

of the direct product M x II,, ) with the fiber product EX X1y gy (e)
of the surjection E™ —» I, and the natural inclusion I, ) — Iy
Write Ggn for the semi-graph of anabelioids associated to the central
extension E™ [cf. Definition 3.4, (ii)]. Then one may define a central
extension of G by M
(€ a,8:E/a=G)

[cf. Definition 3.4, (i)] whose restriction to H, relative to the isomor-
phism 3: £/a = G, is isomorphic to the semi-graph of anabelioids
Grn as follows: We take the underlying semi-graph of £ to be the
underlying semi-graph of G; for each vertex v € Vert(G|y), we take
the anabelioid &, of £ corresponding to the vertex v € Vert(G|g) to
be the anabelioid (Ggn), of Gpn corresponding to the vertex v; for
each vertex v € Vert(G) \ Vert(G|g), we take the anabelioid &, of £
corresponding to v € Vert(G) \ Vert(G|g) to be the anabelioid asso-
ciated to the profinite group M x II,,. Then the above isomorphisms
M x I, ) — E™ xn,, I, (¢) induced by the various ¢/*’s naturally de-
termine the remaining data [i.e., consisting of anabelioids associated to
edges and morphisms of anabelioids associated to branches| necessary
to define a semi-graph of anabelioids £ which is naturally equipped with
a structure of central extension of G by M whose restriction to H is
naturally isomorphic to the semi-graph of anabelioids Gg#, as desired.

Now it follows from Lemma 3.5, (i), that if we denote by Il¢ the pro-
Y fundamental group of &€ — i.e., the maximal pro-X quotient of the
fundamental group of £ — then Il¢ is a central extension of Ilg by M.
Thus, it follows from the equivalences of categories of Lemma 3.5, (iv),

that the sections ()t — where e ranges over the cusps of G that abut to a
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vertex of G|y — and the tautological sections Iy — M x 1l = g, —
where ¢’ ranges over the cusps of G that do not abut to a vertex of G|y —
naturally determine an equivalence class [Ig, (te)eccuspig)] € HZ(G, M).
In particular, we obtain a map

HZ(H, M) — HZ(G, M)

by assigning [E™, (17 cccuspr)] — e, (te)eecuspig)]. Moreover, it fol-
lows immediately from the various definitions involved that this map
is a homomorphism of Z*-modules, as desired.

Next, we verify that this homomorphism H?(H, M) — H2(G, M)
is an isomorphism. Since, for any vertex v € Vert(G|g), the natural
morphism G|, — G factors through (Glm).s = H — G, by replacing H
by G|, [cf. Remark 2.5.1, (ii)], we may assume without loss of generality
that H = G|,. Moreover, if Node(G) = (), then assertion (iv) in the
case where T' = () is immediate; thus, we may assume without loss
of generality that Node(G) # (. On the other hand, it follows from
assertion (ii) that to verify that the homomorphism in question is an
isomorphism, it suffices to verify that it is surjective. The rest of the
proof of assertion (iv) in the case where T' = () is devoted to verifying
the surjectivity of the homomorphism H?2(v, M) — H2(G, M).

Let J be a semi-graph of anabelioids of pro-» PSC-type such that
there exist a vertex w € Vert(J) and an “omittable” cusp e € C(w)
[i.e., a cusp that abuts to w such that {e} is omittable] such that Je(e)
is isomorphic to G, and, moreover, the isomorphism Je(e) = G induces
an isomorphism of (J|w)etey — Glo. [Note that one may verify easily
that such a semi-graph of anabelioids of pro-X PSC type always exists.]
Then it follows immediately from assertion (iv) in the case where H =
G and S = (), together with the various definitions involved, that we
have a commutative diagram

H2(v, M) —— H((Tlw)etey, M) —— HZ(w, M)

| |

ch(g>M) R ch(j'{e}’M) R ch(ij>

— where the left-hand horizontal arrows are isomorphisms induced by
the isomorphisms (J|w)efer — Glo, Joger — G, respectively, and the
right-hand horizontal arrows are isomorphisms obtained by applying
assertion (iv) in the case where H = G and S = (). In particular,
to verify the desired surjectivity of the homomorphism H?(v, M) —
H?(G, M), by replacing G (respectively, v) by J (respectively, w), we
may assume without loss of generality that C(v) # ().

To verify the desired surjectivity of the homomorphism H?(v, M) —
HZ%(G, M) in the case where C(v) # 0, let [E, (t¢)eccusp(c)) € HE(G, M)
be an element of H>(G, M). Now it follows from Lemma 3.3, together
with the assumption that C(v) # 0, that we have two exact sequences
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of Z>-modules

Homgy (I, M) — @  Homgy (I, M) — H2(G, M) — 0;
e€Cusp(G)

Homgy (I, M) — @) Homgy (I, M) — HZ(v, M) — 0.
e€Cusp(Glv)

Let eg € C(v) be a cusp of G that abuts to v. Here, note that it fol-
lows immediately from the definition of G|, that ey may be regarded
as a cusp of G|,. Then it follows immediately from the facts (A), (B)
used in the proof of assertions (i), (ii) in the case where Cusp(G) # ()
that there exists a lifting (@c)eecusp@) € Deccuspig) Homgs (Ie, M)
of [E, (te)eccuspg)) € HZ(G, M) [with respect to the first exact se-
quence of the above display| such that if e # eg, then ¢, = 0. Write
(te)eecusp(@ly) € Deccusp(gl,) Homzs (Ile, M) for the element such that
Vey = Geys Ve = 0 for e # ey. Then it follows immediately from
the definitions of the above exact sequences and the homomorphism
H%(v, M) — H2(G, M) in question that the image of (¢¢)ececusp(gl,) €
Dccusp(al,) Homgs (e, M) in HZ (v, M) is mapped to [E, (e)cecusp(@)] €
H?(G, M) via the homomorphism H?(v, M) — H?*(G, M) in question.
This completes the proof of assertion (iv) in the case where T' = ),
hence also of assertion (iv) in the general case.

Finally, we verify assertion (v). If Cusp(G) = 0, then it follows im-
mediately from a similar argument to the argument used in the proof
of assertions (i), (ii) in the case where Cusp(G) = 0, together with
the well-known structure of the second cohomology group of a com-
pact Riemann surface, that assertion (v) holds. Next, suppose that
Cusp(G) # 0. Write G® for the double of G [cf. [CmbGC], Proposition
2.2, (i)] — i.e., the analogue in the theory of semi-graphs of anabelioids
of pro-X PSC-type to the well-known “double” of a Riemann surface
with boundary. Write H® for the double of H. Then it follows from
the various definitions involved that the connected finite étale covering
‘H — G determines a connected finite étale covering H® — G© of degree
[IIg : IIy]. Next, let us observe G (respectively, H) may be naturally
identified with the restriction [cf. Definition 2.2, (ii)] of G® (respec-
tively, H®) to a suitable sub-semi-graph of PSC-type of the underlying
semi-graph of G® (respectively, H®). Thus, it follows from assertion

(iv) that we have a commutative diagram of Z*-modules

H2(G, M) —— HZ(G®, M)

| |
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— where the horizontal arrows are the isomorphisms of assertion (iv),
and the vertical arrows are the homomorphisms induced by the con-
nected finite étale coverings H — G, H® — G, respectively — and
hence that assertion (v) in the case where Cusp(G) # () follows immedi-
ately from assertion (v) in the case where Cusp(G) = (). This completes
the proof of assertion (v). O

Definition 3.8.
(i) We shall write

Ag © Homgs (H2(G,Z%),Z%)

and refer to Ag as the cyclotome associated to G. For a vertex
v € Vert(G) of G, we shall write

A, Homgs, (HZ (v, 7>, 77)

and refer to A, as the cyclotome associated to v € Vert(G).
Note that it follows from Theorem 3.7, (ii), that the cyclotomes

Ag and A, are free Z=-modules of rank 1.
(ii) We shall write

Yg: Aut(G) — Aut(Ag) ~ (Z%)*

for the natural homomorphism induced by the natural action of
Aut(G) on H2(G,Z*) and refer to xg as the pro-X cyclotomic
character of G. For a vertex v € Vert(G) of G, we shall write

Xo = Xep, : Aut(Gl,) — Aut(A,) ~ (Z%)'

and refer to y, as the pro-3 cyclotomic character of v.

Remark 3.8.1. One verifies easily that if [ € 3, then the composite
Aut(G) % (Z%)" - Z;

coincides with the pro-I cyclotomic character of Aut(G) defined in the
statement of [CmbGC]|, Lemma 2.1.

Corollary 3.9 (Synchronization of cyclotomes). Let ¥ be a nonempty
set of prime numbers and G a semi-graph of anabelioids of pro-¥ PSC-
type. Then the following hold:
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(i) (Synchronization with respect to generization) Let S C
Node(G) be a subset of Node(G). Then the specialization outer
isomorphism ®g_: 1lg_, — g with respect to S [cf. Defini-
tion 2.10] determines a natural isomorphism

Ag

that is functorial with respect to isomorphisms of the pair

(G,5).

(ii) (Synchronization with respect to “surgery”) Let H be
a sub-semi-graph of PSC-type [cf. Definition 2.2, (i)] of G,
S C Node(Glm) [cf. Definition 2.2, (ii)] a subset of Node(G|n)
that is not of separating type [cf. Definition 2.5, (i)], and
T C Cusp((Glu)ss) [cf. Definition 2.5, (ii)] an omittable [cf.
Definition 2.4, (i)] subset of Cusp((G|u)~s). Then there exists

a natural isomorphism — given by “extension by zero”

S Ag

Ag — Mgl

>S)-T

[cf. Definition 2.4, (ii)] that is functorial with respect to iso-
morphisms of the quadruple (G,H, S, T). In particular, [by tak-
ing the inverse of this isomorphism/| we obtain, for each vertex
v € Vert(G) of G, a natural isomorphism of 7% -modules

5N, . A, SN Ag
that is functorial with respect to isomorphisms of the pair
(G, v).

(iii) (Synchronization with respect to finite étale coverings)
Let H — G be a connected finite étale covering of G. Then there
erists a natural isomorphism

Ay — Ag

that is functorial with respect to isomorphisms of the pair

(G, H).

(iv) (Synchronization of cyclotomic characters) Let v € Vert(G)
be a vertex of G and o € Aut'}(G) [c¢f. Definition 2.6, (i)].
Then 1t holds that
[cf. Definitions 2.14, (ii); 3.8, (ii); Remark 2.5.1, (ii)].

(v) (Synchronization associated to branches) Let e € Edge(G)
be an edge of G, b a branch of e that abuts to a vertex v € V(e),

and 11, C Ilg an edge-like subgroup of llg associated to e €
Edge(G). Then there exists a natural isomorphism

syny 11, = A,
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that is functorial with respect to isomorphisms of the quadruple

(G,b,e,v).

(vi) (Difference between two synchronizations associated to
the two branches of a node) Let e € Node(G) be a node of
G with branches by # by that abut to vertices vy, vy € Vert(G),
respectively. Then the two composites
song, SOy Shnp, SN 4y
He;Avl ;Ag 3 HGL)AUZ ;Ag

differ by the automorphism of Ag given by multiplication by
-1eZ*.

Proof. Assertion (i) (respectively, (ii)) follows immediately from The-
orem 3.7, (iii) (respectively, Theorem 3.7, (iv)). Assertion (iv) follows
immediately from assertion (ii).

Next, we verify assertion (iii). It follows immediately from Theo-
rem 3.7, (v), that the homomorphism of Z>-modules Ay — Ag ob-
tained by applying the functor “Homss (—, 22)” to the induced homo-
morphism H?(G, ZZ) — H?(H, 22) and dividing by the index [IIg : ]
is an isomorphism. This completes the proof of assertion (iii).

Next, we verify assertion (v). First, we observe that to verify as-
sertion (v), by replacing G by G|, and e € Edge(G) by the cusp of
G|, corresponding to b, we may assume without loss of generality that
¢ € Cusp(G). Then we have homomorphisms of Z=-modules

Homgy (I, 1I.) — @  Homgy (I, I1,) - HZ(G,1I.) = Homgy (Ag, I1,)
e’€Cusp(G)

— where the first arrow is the natural inclusion into the component
indexed by e, and the second arrow is the surjection appearing in the
exact sequence of Lemma 3.3 in the case where M = II.. Here, we note
that it follows immediately from the facts (A), (B) used in the proof
of Theorem 3.7, (i), (ii), that the composite of these homomorphisms
is an isomorphism. Therefore, we obtain a natural isomorphism

syny: 11, = Ag

by forming the inverse of the image of the identity automorphism of
I1, via the composite of the homomorphisms of the above display. This
completes the proof of assertion (v).

Finally, we verify assertion (vi). First, we observe that one may
verify easily that there exist

e a semi-graph of anabelioids of pro-X PSC-type HT,

e a sub-semi-graph of PSC-type K of the underlying semi-graph
of HT,
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e an omittable subset ST C Cusp((H')|k+), and

e an isomorphism

(H") |kt )esi — G

such that the node ey € Node(H') of H' corresponding, relative to
the isomorphism ((H')|gi)egt — G, to the node e € Node(G) is not of
separating type. [Note that it follows immediately from the various def-
initions involved that Node(G) < Node(((H')|k)egi) may be regarded
as a subset of Node(HT).] Thus, it follows immediately from assertions
(i), (ii) — by replacing G (respectively, €) by (HT)wNodo(HT)\{eHT} (re-
spectively, eyt ) — that to verify assertion (vi), we may assume without
loss of generality that Node(G) = {e}, and that e is not of separating
type.

Next, we observe that one may verify easily that there exists a semi-
graph of anabelioids of pro-X PSC-type H* such that

e Node(H*) consists of precisely two elements ey, €);;

e V(eyt) consists of precisely one element vy of type (0,3) [cf.

Definition 2.3, (iii)].

° e;ﬂ is of separating type;
. (Hi)w{e;ﬂ} is isomorphic to G.

Thus, if we write K* for the unique sub-semi-graph of PSC-type of the
underlying semi-graph of H* whose set of vertices = {vy:}, then it
follows immediately from assertions (i), (ii) — by replacing G (respec-
tively, e) by H¥|x: (respectively, ex:) — that to verify assertion (vi),
we may assume without loss of generality that Node(G) = {e}, that e
is not of separating type [so Vert(G) consists of precisely one element],
and that G is of type (1,1).

Write v € Vert(G) for the unique vertex of G. Note that it follows im-
mediately from the various assumptions on G that G|, is of type (0, 3).
Write ey, ey € Cusp(G|,) for the cusps of G|, corresponding, respec-
tively, to the two branches by, by of the node e; write e3 € Cusp(G|,)
for the unique element of Cusp(G|,) \ {e1, e2}. Then since G|, is of type
(0, 3), there exists a graphic isomorphism of G|, with the semi-graph
of anabelioids of pro-¥ PSC-type [without nodes| determined by the
tripod [cf. the discussion entitled “Curves” in §0] Pi \ {0,1,00} over
an algebraically closed field k of characteristic ¢ ¥ such that the cusps
e1, ey of G|, correspond to the cusps 0, oo of i \ {0,1, 00}, respec-
tively, relative to the graphic isomorphism. Thus, by considering the
automorphism of P}, \ {0,1,00} over k given by “t + 1/t”, we obtain
an automorphism 7, € Aut(G|,) of G|, that maps e; — es, €5 — e;.
Moreover, since this automorphism of P}, \ {0, 1,00} induces an auto-
morphism of the stable log curve of type (1, 1) obtained by identifying
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the cusps 0 and oo of P}, \ {0, 1,00}, we also obtain an automorphism
7¢ € Aut(G) of G. Note that it follows immediately from the definition
of 7,, together with the well-known structure of the étale fundamental
group of the tripod P}, \ {0, 1, 00}, that the automorphism 7, induces
the identity automorphism of the anabeloid (G|,)e, corresponding to
€3.

Next, let us observe that it follows immediately from the definition
of G|,, together with the proof of assertion (v), that for i = 1, 2, there
exists a natural isomorphism II, = II., — where we use the notations
I, IL,, to denote edge-like subgroups of Ilg, Ilg|, associated to e, e;,
respectively — such that the composite

Oy sy

I, — I, — A, [= Ag,] — Ag

— where we write b for the [unique] branch of e; — coincides with the
composite in question

e3

shny, shn,

M, =5 A, == Ag.

Next, let us observe that it follows immediately from the functori-
ality portion of assertion (v) that the automorphisms 7,, 7¢ induce a
commutative diagram of Z*-modules

ELLTN]
3

~

He He1 Av [: Ag|u] &) Ag

I | |
M, " I, % A, [= Ag] - Ag

— where the vertical arrows are the isomorphisms induced by the au-
tomorphisms 7,, 7g. Now by considering the well-known local structure
of a stable log curve in a neighborhood of a node, one may verify easily
that the left-hand vertical arrow in the above diagram is the automor-
phism of I, given by multiplication by —1 € Z*. Thus, to complete
the verification of assertion (vi), it suffices, in light of the commuta-
tivity of the above diagram, to verify that 7, € Aut(G|,) induces the
identity automorphism of Ag,, = A,. On the other hand, this follows
immediately from assertion (v), applied to the cusp es, together with
the fact that the automorphism 7, induces the identity automorphism
of (Gly)es- This completes the proof of assertion (vi). O
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4. PROFINITE DEHN MULTI-TWISTS

In the present §, we introduce and discuss the notion of a profinite
Dehn multi-twist. Although our definition of this notion [cf. Defini-
tion 4.4 below| is entirely group-theoretic in nature, our main result
concerning this notion [cf. Theorem 4.8 below| asserts, in effect, that
this group-theoretic notion coincides with the usual geometric notion
of a “Dehn multi-twist”.

Let ¥ be a nonempty set of prime numbers and G a semi-graph of
anabelioids of pro-3 PSC-type. Write G for the underlying semi-graph
of G, Il for the [pro-X] fundamental group of G, and G — G for the
universal covering of G corresponding to Ilg.

Definition 4.1. We shall say that G is cyclically primitive (respec-
tively, noncyclically primitive) if Node(G)* = 1, and the unique node
of G is not of separating type (respectively, is of separating type) [cf.
Definition 2.5, (i)].

Remark 4.1.1. If G is cyclically primitive (respectively, noncyclically
primitive), then Vert(G)* = 1 (respectively, 2), and the [discrete] topo-
logical fundamental group m;°(G) of the underlying semi-graph G of
G is noncanonically isomorphic to Z (respectively, is trivial).

Lemma 4.2 (Structure of the fundamental group of a non-
cyclically primitive semi-graph of anabelioids of PSC-type).
Suppose that G is noncyclically primitive [cf. Definition 4.1]. Let
v, w € Vert(G) be the two distinct vertices of G [cf. Remark 4.1.1];

¢, 0, W € VON(G) elements of VCN(G) such that 7(G) = v, W(G) = w,
and, moreover, € € N (0) NN (w). Then the natural inclusions Iz, 1z,

[l — Ilg determine an isomorphism of pro-3 groups

hm(Hg — Hg —> H@) AN Hg

é
— where the inductive limit is taken in the category of pro-3 groups.
Proof. This may be thought of as a consequence of the “van Kampen
Theorem” in elementary algebraic topology. At a more combinatorial
level, one may reason as follows: It follows immediately from the sim-

ple structure of the underlying semi-graph G that there is a natural
equivalence of categories between

e the category of finite sets with continuous Ilg-action [and Ilg-
equivariant morphisms| and
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e the category of finite sets with continuous actions of I, Il
which restrict to the same action on ITz [and 13-, I1z-equivariant
morphisms].

The isomorphism between IIg and the inductive limit appearing in the
statement of Lemma 4.2 now follows formally from this equivalence of
categories. 0

Lemma 4.3 (Infinite cyclic tempered covering of a cyclically
primitive semi-graph of anabelioids of PSC-type). Suppose that
G is cyclically primitive /cf Definition 4.1]. Denote by m;""*(G)
the tempered fundamental group of G [cf. the discussion preceding
[SemiAn], Proposition 3.6], by m\°°(G) [~ Z — cf. Remark 4.1.1] the
[discrete] topological fundamental group of the underlying semi-graph
G of G, and by Goo — G the connected tempered covering of G corre-
sponding to the natural surjection 7™ (G) — m°*(G) [where we refer

to [SemiAn], §3, concerning tempered coverings of a semi-graph of an-
abelioids]. Then the following hold:

(i) (Exact sequence) The natural morphism Gy, — G induces an
exact sequence
1 — 1" (G) — m™(G) — m™(G) — 1.
Moreover, the normal subgroup 7™ (Goo) € 7°™P(G) of 7™ (G)
s characteristic.

(ii) (Automorphism groups) There exist natural injective ho-
momorphisms

AutEP(G) — AutEP (G | TP(E) — Aui(Guc)

— where we write Aut'grph‘(goo) for the group of automorphisms
of Goo that induce the identity automorphism of the underlying
semi-graph of Goo. Moreover, the centralizer ZAut\grph\(goo)(ﬂOP(G))

of T°P(G) in Aut!®PM(G) satisfies the equality
Z puleswnl gy (M ™ (G)) = AutlePhl(G)

(iii) (Action of the fundamental group of the underlying
semi-graph) Let v, € m(G) C Aut(Gs) [ef. (ii)] be a
generator of m\®(G) ~ Z. Write Vert(Gs), Node(G.), and
Cusp(Guo) for the sets of vertices, nodes [i.e., closed edges], and

cusps [i.e., open edges] of G, respectively. Then there exist
bijections

V :Z =5 Vert(Go) , N :Z - Node(Goo),

C :7Z x Cusp(G) — Cusp(Guo)
such that, for each a € 7Z,



COMBINATORIAL ANABELIAN TOPICS I 69

e the set of edges that abut to the vertex V(a) is equal to
the disjoint union of {N(a), N(a+ 1)} and {C(a,z)|z €
Cusp(G)};

e the automorphism of Vert(Ge) (respectively, Node(Gu);
Cusp(G) ) induced by Yoo € Aut(Goo) maps V(a) (respec-
tively, N(a); C(a, z)) to V(a+ 1) (respectively, N(a + 1);
Cla+1,2)).

(iv) (Restriction to a finite sub-semi-graph) Let a < b € Z
be integers. Denote by G,y the [uniquely determined] sub-
semi-graph of PSC-type [cf. Definition 2.2, (i)] of the under-
lying semi-graph of G such that the set of vertices of Giay is
equal to {V(a),V(a+1),---,V(b)} [cf. (iii)]; denote by Gy
the semi-graph of anabelioids obtained by restricting Goo to Giay
[cf. the discussion preceding [SemiAn], Definition 2.2]. Then
Glap 18 a semi-graph of anabelioids of pro-X PSC-type.
Moreover, Gjq,qa+1) s noncyclically primitive.

(v) (Restriction to a sub-semi-graph having precisely one
vertex) Let a < ¢ <b € Z be integers. Then the natural mor-
phism of semi-graphs of anabelioids Gy — Gy [cf. (iv)] de-
termines an isomorphism G = Glap|ve) — where we regard
V(c) € Vert(Gs) as a vertex of Gay. Moreover, if we write
v € Vert(G) for the unique vertex of G [cf. Remark 4.1.1],
then the composite of natural morphisms of semi-graphs of an-
abelioids Gieq — Goo — G determines an isomorphism of Gic
with Gl,.

(vi) (Natural isomorphisms between restrictions to finite
sub-semi-graphs) Let a < b € Z be integers and v, € T, (G) C
Aut(Goo) the automorphism of G, appearing in (iii). Then Yoo
determines an isomorphism Giap) — Glat1,6+1]-

Proof. First, we verify assertion (i). To show that the natural morphism
G — G induces an exact sequence

1 — m™™(Ge) — m™(G) — m™(G) — 1,

it suffices to verify that every tempered covering of G, determines, via
the morphism G, — G, a tempered covering of G. But this follows
immediately, in light of the definition of a tempered covering, from the
finiteness of the underlying semi-graph G and the topologically finitely
generated nature of the verticial subgroups of the tempered fundamen-
tal group 7,""?(Guo) of Goo. On the other hand, the fact that the sub-
group 7" (G,) C m°™P(G) is characteristic follows immediately from
the observation that the quotient 7" (G) —» 7}""™(G) /7" (Goo) may
be characterized as the mazimal discrete free quotient of w,""*(G) [cf.
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the argument of [André], Lemma 6.1.1]. This completes the proof of
assertion (i).

Next, we verify assertion (ii). The existence of a natural injection
m(G) — Aut(Gs) follows immediately from the definition of the
connected tempered covering G,, — G, together with the fact that
m(G) is abelian. On the other hand, it follows immediately from
assertion (i), together with the various definitions involved, that any
element of Aut®P(G) determines — up to composition with an ele-
ment of T,°(G) C Aut(Go) — an automorphism of G... Therefore,
by composing with a suitable element of 7°°(G) C Aut(G..), one
obtains a uniquely determined element of Aut'®(G. ), hence also a
natural injective homomorphism Aut®?"(G) < Aut/#P(G ). Next,
to verify the equality Z Aut\grpm(gw)(ﬂ"p((})) = Autl#Pl(G), observe
that 7" (Gs.) is center-free [cf. [SemiAn], Example 2.10; [SemiAn],
Proposition 3.6, (iv)]; this implies that we have a natural isomorphism
TP (G) ~ TP (G N % (G) [cf. the discussion entitled “Topo-
logical groups” in §0]. Thus, in light of the [easily verified] inclusion
AutlFPhl(G) C 7 Aut\grph\(gw)(ﬂ‘)p(@)), the desired equality follows im-
mediately from [CmbGC]|, Proposition 1.5, (ii). This completes the
proof of assertion (ii).

Assertions (iii), (iv), (v), and (vi) follow immediately from the defi-
nition of the connected tempered covering G, — G. O

Definition 4.4. We shall write
Dehn(G) o {a € AutlE™l(G) | ag|, = idg|, for any v € Vert(G) }

— where we refer to Definitions 2.1, (iii); 2.14, (ii); Remark 2.5.1,
(ii), concerning “agj,”. We shall refer to an element of Dehn(G) as a
profinite Dehn multi-twist of G.

Proposition 4.5 (Equalities concerning the group of profinite
Dehn multi-twists). It holds that

Dehn(G) = mvEVert(g)AUt‘Hu‘(g) = MNeeveno) Aut™=l(g)

Nieven) Out!™/(Ilg) C Autl#P"(G)
[cf. Definitions 2.13; 2.6, (1); [CmbGC|, Proposition 1.2, (ii)] — where
we use the notation ‘I_y” to denote a VCN-subgroup [cf. Defini-
tion 2.1, (i)] of g associated to “(—)” € VCN(G).

Proof. The first equality follows immediately from the various defini-
tions involved [cf. also [CmbGC], Proposition 1.2, (i)]. The second
equality follows immediately from the fact that any edge-like subgroup
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is contained in a verticial subgroup. The third equality follows imme-
diately from Proposition 2.7, (ii). This completes the proof of Propo-
sition 4.5. O

Lemma 4.6 (Construction of certain homomorphisms). Let e €

Node(G), e o €(G) € Node(G). Then the following hold:
(i) Let o € Dehn(G) be a profinite Dehn multi-twist of G and v €

V(e) C Vert(G). Write w for the unique element of the com-
plement V(e) \ {v} [c¢f. [HM], Remark 1.2.1, (iii)]. Then there
erists a unique lifting a[v] € Aut(llg) of a which preserves the
verticial subgroup Iz C Tlg of g associated to v € Vert(G) and
induces the identity automorphism of I1;. Moreover, this
lifting o[v] preserves the verticial subgroup 11z C Ilg of Ilg
associated to @ € Vert(G), and there exists a unique element
0z € Ilz of the edge-like subgroup Iz C Ilg of Ilg associated to
¢ € Node(G) such that the restriction of a[v] to Ilg is the inner
automorphism determined by 0z5 € Iz (C Ilz).

(ii) For v € V(e), denote by Dzz: Dehn(G) — Ag the composite of
the map
Dehn(G) — Ilz
giwen by assigning o — 6z5 € Uz [cf. (1)] and the isomorphism

shny shny,
I, — A, — Ag

[cf. Corollary 3.9, (ii), (v)] — where we write v o v(G) and b
for the branch of e determined by the unique branch of € which
abuts to v. Then the map Dz5: Dehn(G) — Ag is ¢ homo-
morphism of profinite groups which does not depend on the
choice of the element v € V(€), i.e., if w € V(€) \ {v}, then
D5 = Dzi. Moreover, the homomorphism Dz (= D) de-
pends only on e € Node(G), i.e., it does not depend on the
choice of the element & € Node(G) such that €(G) = e.

Proof. First, we verify assertion (i). The fact that there exists a unique
lifting a[v] € Aut(Ilg) of a which preserves Il and induces the identity
automorphism of 1l follows immediately, in light of the slimness of
II7 [cf. [CmbGC], Remark 1.1.3] and the commensurable terminality
of Iy in Ilg [cf. [CmbGC], Proposition 1.2, (ii)], from the fact that
o € Out!™!(Ily) [cf. Proposition 4.5]. The fact that a[?] preserves
II; follows immediately, in light of the graphicity of a[v], from the
fact that Ilg is the unique verticial subgroup H of Ilg such that H #
II; and Iz € H [cf. [HM], Remark 1.2.1, (iii); [HM], Lemma 1.7],
together with the fact that «a[v] preserves I3, 1Tz C IIg. The fact that
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there exists a unique element dz5 € Il of Ilz such that the restriction
of a[v] to Il is the inner automorphism determined by dz5 follows
immediately, in light of the slimness of I15 [cf. [CmbGC], Remark 1.1.3]
and the commensurable terminality of Il [cf. [CmbGC], Proposition
1.2, (ii)], from the fact that a € OutMa/(Tlg) [¢f. Proposition 4.5].
This completes the proof of assertion (i). Next, we verify assertion (ii).
The fact that the map Dz5 is a homomorphism follows immediately
from the various uniqueness properties discussed in assertion (i). The
fact that the map Dz5 does not depend on the choice of the element
v € V(e) follows immediately from Corollary 3.9, (vi). The fact that
the homomorphism Dz 5 does not depend on the choice of the element

¢ € Node(G) such that e(G) = e follows immediately from the definition
of the map ®z5. This completes the proof of assertion (ii). O

Definition 4.7. For each node e € Node(G) of G, we shall write

def

D, = Dz Dehn(G) — Ag

for the homomorphism obtained in Lemma 4.6, (ii). [Note that it
follows from Lemma 4.6, (ii), that this homomorphism depends only
on e € Node(G).] We shall write

D3 P D.:Detn(@) — P Ag.

ecNode(G) Node(G)

Theorem 4.8 (Properties of profinite Dehn multi-twists). Let X
be a nonempty set of prime numbers and G a semi-graph of anabelioids
of pro-X PSC-type. Then the following hold:

(i) (Normality) Dehn(G) is normal in Aut(G).

(ii) (Compatibility with generization) Let S C Node(G). Then
— relative to the inclusion Aut®(G) C Aut(G..s) [cf. Defini-

tion 2.8] induced by the specialization outer isomorphism Ilg —
g, with respect to S [cf. Proposition 2.9, (ii)] — we have a
diagram of inclusions

Dehn(G) <« Dehn(G..s)
) Nl

Aut®(G) — Aut(G..g).
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Moreover, if we regard Node(G..s) as a subset of Node(G), then
the above inclusion Dehn(G..s) < Dehn(G) fits into a commu-
tative diagram of profinite groups

Dehn(G..s) —— Dehn(G)

@Node(gws) Ag GBNOde(g) Ag

— where the lower horizontal arrow is the natural inclusion
determined by the inclusion Node(G..s) < Node(G) and the
natural isomorphism Ag_, — Ag [cf. Corollary 3.9, (i)].

(iii) (Compatibility with “surgery”) Let H be a sub-semi-graph
of PSC-type [cf. Definition 2.2, (i)] of G, S C Node(G|u) [cf.
Definition 2.2, (ii)] a subset of Node(G|g) that is not of sep-
arating type [cf. Definition 2.5, (i)}, and T C Cusp((G|u)-s)
[cf. Definition 2.5, (ii)] an omittable [cf. Definition 2.4, (i)]
subset of Cusp((Glm)ws). Then the natural homomorphism

Aut™>1(G) — Aut(((Gl)-s)er)

o = X((Glu)»5)er

[cf. Definitions 2.4, (ii); 2.14, (ii)] induces a homomorphism
Dehn(G) — Dehn(((G]r)-s)er) -

Moreover, if we regard Node(((G|m)ss)er) as a subset of Node(G)
then the above homomorphism Dehn(G) — Dehn(((G|u)~s)er)
fits into a commutative diagram of profinite groups

Dehn(G) —— Dehn(((G|u)s-s)er)

i?gl li’((gm»s).cr

@Nodo(g) Ag @NOdC(((g|H)>S)-T) Ag

— where the lower horizontal arrow is the natural projection,

and we apply the natural isomorphism Ag — A(Gl)es)er [Cf-
Corollary 3.9, (ii)].

(iv) (Structure of the group of profinite Dehn multi-twists)
The homomorphism defined in Definition 4.7

Dg: Dehn(G) — P Ag
Node(G)

is an isomorphism of profinite groups that is functorial, in
G, with respect to isomorphisms of semi-graphs of anabelioids
of pro-¥ PSC-type. In particular, Dehn(G) is a finitely gen-
erated free Z=-module of rank Node(G)!. We shall re-
fer to a nontrivial profinite Dehn multi-twist whose image €

~
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Drode(g) Mg lies in a direct summand f[i.e., in a single “Ag”] as
a profinite Dehn twist.

(v) (Conjugation action on the group of profinite Dehn
multi-twists) The action of Aut(G) on Dyoaeq) Ao

Aut(G) — Aut(Dehn(G)) > Aut( €P Ag)
Node(G)

determined by conjugation by elements of Aut(G) [cf. (i)] and
the isomorphism of (iv) coincides with the action of Aut(G) on
Drodeq) Ag determined by the action xg of Aut(G) on Ag and
the natural action of Aut(G) on the finite set Node(G).

Proof. Assertions (i), (ii), and (iii) follow immediately from the various
definitions involved. Next, we verify assertion (iv). The functoriality of
the homomorphism D¢ follows immediately from the various definitions
involved. The rest of the proof of assertion (iv) is devoted to verifying
that the homomorphism ®g is an isomorphism. First, we claim that

(%1): if G is noncyclically primitive [cf. Definition 4.1],
then the homomorphism ®g is injective.

Indeed, this follows immediately from Lemma 4.2, together with the
definition of the homomorphism ®¢. This completes the proof of the
above claim (*).

Next, we claim that

(%2): if G is cyclically primitive [cf. Definition 4.1], then
the homomorphism g is injective.

Indeed, let o € Ker(Dg) C Out(Ilg) be an element of Ker(®Dg). Since
we are in the situation of Lemma 4.3, we shall apply the notational
conventions established in Lemma 4.3. Denote by as, € Aut#?"(G..)
the automorphism of G, determined by « [cf. Lemma 4.3, (ii)]; for
integers @ < b € Z, denote by a.y € Aut‘grpm((][mb]) the automor-
phism of G|, obtained by restricting a., € Aut'grph‘(goo). Then since
« is a profinite Dehn multi-twist, one may verify easily that ap,p is
a profinite Dehn multi-twist of Gj,p). Thus, since G, q41) is noncycli-
cally primitive [cf. Lemma 4.3, (iv)], it follows immediately from the
fact that o € Ker(®g), together with the claim (), that ajgqq1) is
trivial. Moreover, for any a < b € 7Z, it follows — by applying induc-
tion on b — a and considering, in light of the claim (*;), the various
generizations [cf. assertion (ii)] of Gj, 4 With respect to sets of the form
“Node(Ga.p) \ {€}” — that the profinite Dehn multi-twist o), hence
also the automorphism ., is trivial. In particular, it holds that « is
trivial [cf. Lemma 4.3, (ii)], as desired. This completes the proof of the
above claim (xz).
Next, we claim that
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x3): for arbitrary G, the homomorphism g is injective.
Yy g ]

We verify this claim (*3) by induction on Node(G)*!. If Node(G)* < 1,
then the claim (x3) follows formally from the claims (%) and (x3).
Now suppose that Node(G)* > 1, and that the induction hypothesis is
in force. Let e € Node(G) be a node of G. Write H for the unique
sub-semi-graph of PSC-type of G whose set of vertices is V(e). Then

one may verify easily that S < Node(Glu) \ {e} is not of separat-
ing type as a subset of Node(G|g). Thus, since (G|g).s has precisely
one node, it follows immediately from assertion (iii), together with the
claims (%) and (x2), that the profinite Dehn multi-twist o g,), o of
(Glm)~s determined by o € Dehn(G) is trivial. In particular, it follows
immediately from the definition of a generization [cf., especially, the
definition of the anabelioids corresponding to the vertices of a gener-
ization given in Definition 2.8, (vi)], together with the definition of a
profinite Dehn multi-twist, that the automorphism ag_,, of the gener-
ization G..(.} determined by « [cf. Proposition 2.9, (ii)] is a profinite
Dehn multi-twist. Therefore, since Node(G.(e})* < Node(G)?, it follows
immediately from assertion (ii), together with the induction hypothe-
sis, that ag_,, € Ker(Dg_,, ), hence also o € Ker(Dg), is trivial. This
completes the proof of the claim (x3).
Next, we claim that

(x4): if G is noncyclically primitive [cf. Definition 4.1],
then the homomorphism ®g is surjective.

Indeed, this follows immediately from Lemma 4.2, together with the
various definitions involved. This completes the proof of the claim (x4).
Next, we claim that

(%5): if G is cyclically primitive [cf. Definition 4.1], then
the homomorphism ®g is surjective.

Indeed, let A € Ag be an element of Ag. Since we are in the situation
of Lemma 4.3, we shall apply the notational conventions established
in Lemma 4.3. Then it follows immediately from Corollary 3.9, (ii),
together with Lemma 4.3, (v), that for any integers a < 0 < b € Z,
the natural morphisms Gjog — Glap and G — G — G induce
isomorphisms Ag,, & Agy = Ag. By abuse of notation, write A\ €
Ag,, for the element of Ag , corresponding to A € Ag. Now since
Gpo,1) is noncyclically primitive [cf. Lemma 4.3, (iv)], it follows from
the claims (1), (*4) that there exists a unique profinite Dehn multi-
twist >\[071] S Dehn(g[m]) such that @g[0’11<)\[0y1]) =\
Next, we claim that

(t) : for any @ < 0 < b € Z, there exists a [necessar-
ily unique — cf. claim (*3)] profinite Dehn multi-twist
Aap] € Dehn(Gpap)) such that ®.(Ag4) = A for every
node e € Node(Gq ).
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We verify this claim (T) by induction onb—a. If b—a =1, or equiva-
lently, [a, b] = [0, 1], then we have already shown the existence of a profi-
nite Dehn multi-twist A 1) € Dehn(Gjg 1)) of the desired type. Now sup-
pose that 1 < b—a, and that for I € {[a,b—1],[a+1,b]}, there exists a
profinite Dehn multi-twist A; € Dehn(G;) such that ©.(\;) = A for ev-

ery node e € Node(Gy). Then one may verify easily that Node(G;) may

be regarded as a subset of Node(Gj,)), that Hi,y def (Gla,8] ) ~Node(gy) 18

noncyclically primitive, and that, if one allows v to range over the [two]
vertices of Hj, ), then the resulting semi-graphs of anabelioids (H{q)]v

are naturally isomorphic to H; of (G1)wNode(g) and G, ¢, Where we
write ¢y for b (respectively, a) if I = [a, b—1] (respectively, I = [a+1,b]).
Let II., C IlI, be a cuspidal subgroup of Ily, corresponding to the
cusp ey determined by the unique node of Hjyy; He[%cﬂ - Hg[%cl] a
cuspidal subgroup of Hg[%c[] corresponding to the cusp e, ., deter-
mined by the wunique node of H,p; A € Aut(Ily,) a lifting of the
outomorphism of Il, determined by A; € Dehn(G;) — Aut(H;) [cf.
Proposition 2.9, (ii)] which preserves Il., and induces the identity au-

tomorphism of Il.,. [Note that since A\; € Dehn(G;), one may verify
easily that such a lifting A\; € Aut(Ily,) exists.] Then for any element
)€ Ik, ., of I, .51t follows immediately from Lemma 4.2 that by

gluing — by means of the natural isomorphism II., = He[cmz] — the
automorphism \; € Aut(Ily,) to the inner automorphism of Ilg,
by § € Il .- we obtain an outomorphism A, [0] of I3, ), which —
in light of [CmbGC], Proposition 1.5, (ii), together with the fact that
Ar € Dehn(Gr) — is contained in

sCT

Dehn(Gl ) € Aut®P (G ) — Aut®P (H(,y) € Out(Ilyy, )

[cf. Proposition 2.9, (ii)]. Now it follows immediately from the defini-
tion of the homomorphism “®.” that the assignment § +— Qeg[a,b] (Aap[0])
— where we write eg,, for the node of G,y corresponding to the
unique node of Hqy — determines a bijection HE[CMI] = Ag. Thus,
since ®.(Ar) = A for every node e € Node(Gy), we conclude that there
exists a unique element 6 € Il of Il such that D¢(Ajgy[d]) = A
for every node e € Node(G. ). This completes the proof of the claim
)

Write Ay, € Aut/sP! (G ) for the automorphism of G, determined by
the Ajp)’s of the claim (1). Now since D(Ajqp)) = A for arbitrary a <
b € Z and e € Node(Gj, ), one may verify easily, by applying the claim
(%3), that the automorphism A, commutes with the natural action
of m*(G) ~ Z on G. Thus, the automorphism M., determines an
automorphism \g € Aut®®*"(G) of G [cf. Lemma 4.3, (ii)]. Moreover,
it follows immediately from the definition of A\g, together with the fact
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that ®.(Ajap) = A for arbitrary @ < b € Z and e € Node(G. ), that
Ag is a profinite Dehn multi-twist such that Dg(Ag) = A € Ag. This
completes the proof of the claim (x5).

Finally, we claim that

(%¢): for arbitrary G, the homomorphism ®g is surjec-
tive.

For each node e € Node(G) of G, it follows from assertion (ii) that we
have a commutative diagram of profinite groups

Dehn(G.Node(g)\fe}) — Dehn(G)
ngNodc(Q)\{e}J/ lgg

Ag - Gae’eNode(g) Ag

— where the lower horizontal arrow is the natural inclusion into the
component indexed by e. Now since Node(gwl\lode(g)\{e})ti = 1, it follows
from the claims (x4), (x5) that the left-hand vertical arrow Dg_ 4o 10y
in the above commutative diagram is surjective. Therefore, by allowing
“e” to vary among the elements of Node(G), we conclude that Dg is
surjective. This completes the proof of the claim (xg) — hence also, in
light of the claim (x3) — of assertion (iv).

Finally, assertion (v) follows immediately from the various definitions
involved, together with assertion (iv). This completes the proof of
Theorem 4.8. O

Remark 4.8.1. In the notation of Theorem 4.8, denote by m;""*(G)
the tempered fundamental group of G [cf. the discussion preceding
[SemiAn], Proposition 3.6], by m°°(G) the [discrete] topological fun-
damental group of the underlying semi-graph G of G, by G, — G the
connected tempered covering of G corresponding to the natural surjec-
tion 7""(G) — m°°(G) [where we refer to [SemiAn], §3, concerning
tempered coverings of a semi-graph of anabelioids], by Aut/®P"(G..) the
group of automorphisms of G, that induce the identity automorphism
of the underlying semi-graph of Go., and by Dehn(G.,) € Autl#™(G..)
the group of “profinite Dehn multi-twists” of G, — i.e., automorphisms
of G, which induce the identity automorphism on the underlying semi-
graph of G, as well as on the anabelioids of G, corresponding to the
vertices of G,. Then the following hold:

(i) The natural morphism G,, — G induces an exact sequence
1 — 1" (Go) — M (G) — m™(G) — 1.

Moreover, the normal subgroup 7,""?(G,.) C m*™?(G) of 7°™(G)
is characteristic.
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(ii) There exist natural injections
Aut®PM(G) — AutlEPM (G ) | Dehn(G) — Dehn(Gx) |

M7 (G) — Aut(G)
— where the third injection is determined up to composition

with a 7}°°(G)-inner automorphism — which satisfy the equal-
ities

Z p i gy (TP (G)) = AutlEPl(G) ;
Dehn(G) = Aut/#™(G) N Dehn(G..) .

(iii) There exists a natural isomorphism

Dehn(G-.) = [ As-

Node(Go)

Indeed, assertion (i) (respectively, (ii)) follows immediately from a sim-
ilar argument to the argument used in the proof of Lemma 4.3, (i)
(respectively, Lemma 4.3, (ii)), together with the various definitions
involved. On the other hand, the existence of the natural isomorphism
asserted in assertion (iii) follows immediately from the fact that the
various homomorphisms D g — where H ranges over the sub-semi-
graphs of PSC-type [cf. Deﬁmtlon 2.2, (i)] of the underlying semi-graph
of Goo, and we write (G, )|m for the semi-graph of anabelioids obtained
by restricting Go, to H [cf. the discussion preceding [SemiAn], Def-
inition 2.2], which [as is easily verified] is of pro-¥ PSC-type — are
isomorphisms. [Note that since (Goo)|m is of pro-¥X PSC-type, the fact
that D g )lE is an isomorphism is a consequence of Theorem 4.8, (iv).
However since H is a tree, it follows from the simple structure of H
that one may verify that D), is an isomorphism in a fairly direct
fashion, by arguing as in the proofs of the claims (1), (*4) that appear
in the proof of Theorem 4.8, (iv).]

In particular, it follows immediately from assertions (ii), (iii) that
one may recover the natural isomorphism

Dehn(g) - ZHNode(goo) Ag (ﬂ-; H Ag
Node(G)
of Theorem 4.8, (iv).

Definition 4.9. We shall write
Glu(G)C [ AutkE™(gl,)
veVert(G)
for the [closed] subgroup of “glueable” collections of outomorphisms

of the direct product [] Aut®P(G|,) consisting of elements

veVert(G)
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(Qty)vevert(g) such that x,(ay) = xw(aw) [cf. Definition 3.8, (ii)] for
any v, w € Vert(G).

Proposition 4.10 (Properties of automorphisms that fix the
underlying semi-graph).

(i) (Factorization) The natural homomorphism

Autleret G) — Hvchrt(G) Aut /e (Glo)
« = (ag|u)v€Vort(g)

[cf.  Definition 2.14, (ii); Remark 2.5.1, (i1)] factors through
the closed subgroup GIu(G) C [[,ever(o) AutlEPl(G]).

(ii) (Exact sequence relating profinite Dehn multi-twists
and glueable outomorphisms) The resulting homomorphism
peets AutlEP(G) — Glu(G) [ef. (i)] fits into an exact se-
quence of profinite groups

1 — Dehn(G) — Autle™hl(G) fier: Glu(G) — 1.

(iii) (Surjectivity of cyclotomic characters) The restriction of
the pro-3 cyclotomic character xg of G [cf. Definition 3.8, (ii)]
to AutlePt(G) C Aut(G)

X autlsmi(g) s At (G) — (Z7)"
— hence also xg — 1is surjective.

(iv) (Liftability of automorphisms) Let H be a sub-semi-graph
of PSC-type [cf. Definition 2.2, (i)] of G and S C Node(G|n)
[cf. Definition 2.2, (ii)] a subset of Node(G|m) that is not of
separating type [cf. Definition 2.5, (i)]. Then the homomor-
phism

AutlEP (@) —  AutlEP((Gly). )

@ — A(Glw)»s

[cf. Definitions 2.5, (ii); 2.14, (ii)] is surjective.

Proof. Assertion (i) follows immediately from Corollary 3.9, (iv). Next,
we verify assertion (ii). It follows immediately from the various defi-
nitions involved that Ker(py**) = Dehn(G) C Aut/#*"(G). Thus, to
complete the proof of assertion (ii), it suffices to verify that the homo-
morphism py®* is surjective.

Now we claim that

(%1): if G is noncyclically primitive [cf. Definition 4.1],

then the homomorphism ,o\g’e“t is surjective.
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Indeed, this follows immediately from Corollary 3.9, (v); Lemma 4.2,
together with the various definitions involved. This completes the proof
of the claim (x1).

Next, we claim that

(%2): if G is cyclically primitive [cf. Definition 4.1], then

the homomorphism p\g/m is surjective.

Indeed, since we are in the situation of Lemma 4.3, we shall apply
the notational conventions established in Lemma 4.3. Then it fol-
lows immediately from the fact that Vert(G)* = 1 [cf. Remark 4.1.1],
together with Lemma 4.3, (v), that the composite of natural mor-

~

phisms Gjoq) — G — G determines a natural identification Glu(G) —
Aut‘grph|(g[070]). Let a = Q0,0 € Glu(g) = Aut'grph|(g[070]) be an
element of Glu(G) = Aut®"(Gy ). For each a € Z, denote by
Qa,q) € Aut(Gja,q) the automorphism of Gy, 4 determined by conjugat-
ing the automorphism « of Gjg g by the isomorphism 5 : Gjo,g = Gla,a)
[cf. Lemma 4.3, (iii), (vi)]. Then for any ¢ < b € Z, it follows from the
various definitions involved that the various oj,q’s satisfy the gluing
condition necessary to apply the claim (1), hence that we may glue
them together [cf. the proof of the claim (x3) below for more details
concerning this sort of gluing argument| to obtain a(n) [not necessarily
unique| element of Aut'grph'(g[c,b]). Thus, by allowing ¢ < b € Z to vary,
we obtain a(n) [not necessarily unique] element o, € Aut!#™(G..) of
Aut®P(G ). Now it follows immediately from the definition of a
that for any v € 7,°°(G), the automorphism [orsg, 7] © e yragl oyt
of G is a “profinite Dehn multi-twist” of Go, i.e., [0, 7] € Dehn(Gy,)
[cf. Remark 4.8.1]. Moreover, one may verify easily that the assign-
ment ¥ — [@s0,7] determines a I-cocycle m;°°(G) — Dehn(Goo). Thus,
by Remark 4.8.1, (iii), together with the [easily verified] fact that

HY(Z, ][ Z%) = {0}

— where we take the action of Z on [ [, Z* to be the action determined
by the trivial action of Z on 7% and the action of Z on the index set
Z given by addition — we conclude that there exists an element § €
Dehn(G.,) such that the automorphism 3o a., commutes with the nat-
ural action of 7°°(G) on Gu.. In particular, it follows from Lemma 4.3,
(i), that Boar, determines an element ag € Aut/®PH (G) of AutlsP (G).
Now since 3 € Dehn(G..), it follows immediately from the various def-
initions involved that py*(ag) = a € Glu(G) = Aut/#*(Gjo ). This
completes the proof of the claim (x3).
Finally, we claim that

(%3): for arbitrary G, the homomorphism Aut/#P(G) —
Glu(G) is surjective.
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We verify this claim (*3) by induction on Node(G)*. If Node(G)* < 1,
then this follows immediately from the claims (1), (*2). Now sup-
pose that Node(G)* > 1, and that the induction hypothesis is in force.
Let e € Node(G) be a node of G. Write H for the unique sub-semi-

graph of PSC-type of G whose set of vertices is V(e). Then one may

verify easily that § % Node(Glu) \ {e} is not of separating type as

a subset of Node(G|g). Thus, since (G|y).s has precisely one node,
and (ay)pev(e) may be regarded as an element of Glu((G|u)ss), it fol-
lows from the claims (%1), (%) that there exists an automorphism

pe AUt‘grphl((g|H)>S) of (Glm)-s such that PXC;TH;)}S(ﬁ) = ()vev(e) €
Glu((Glu)ss). Write Bugey € Aut'®P(((Glu)ss)wiey) for the auto-
morphism of ((Glu)ss)w() determined by 3 € Aut®P*((Glu).s) [cf.
Proposition 2.9, (ii)]. Then it follows immediately from Corollary 3.9,
(i), together with the definition of a generization [cf., especially, the
definition of the anabelioids corresponding to the vertices of a gener-
ization given in Definition 2.8, (vi)], that the element

def

Y= (ﬁw{e}a (O‘v)vé)/(e)) € AUtlgrphl(((g|H)>S)W{e}) X H AUt‘grphl(g|v)
vV (e)

may be regarded as an element of Glu(G...}). Now since Node(G..(e} )
< Node(G)*, it follows from the induction hypothesis that there ex-
ists an automorphism o..(; € Aut‘grpm((]w{e}) of G..(ey such that
pgfze}(aw{e}) = v € Glu(Gge). On the other hand, since B..ie

arises from an element 3 of Aut!®P® ((G|g),g), it follows immediately
from [CmbGC], Proposition 1.5, (ii), that a..qy € Aut®P(G () is
contained in the image of Aut®P"(G) — Aut®P"(G_ () [cf. Proposi-
tion 2.9, (ii)]. Moreover, since pi&it) _(3) = (w)vev(e) € Glu((Glu)s-s),
it follows immediately from our original characterization of av_,c} that
P8 (nier) = (Q)vevert@) € Glu(G). Thus, we conclude that py is
surjective, as desired. This completes the proof of the claim (x3), hence
also of assertion (ii).

Next, we verify assertion (iii). First, let us observe that one may
verify easily that there exist a semi-graph of anabelioids of pro-X PSC-
type H that is totally degenerate [cf. Definition 2.3, (iv)], a subset
S C Node(H), and an isomorphism of semi-graphs of anabelioids
H..s = G. Now since we have a natural injection Aut/®P(H) —
AutlFPrl(H_g) 5 Autl#P(G) [ef.  Proposition 2.9, (ii)], it follows
immediately from Corollary 3.9, (i), that to verify assertion (iii), by
replacing G by H, we may assume without loss of generality that G
is totally degenerate. On the other hand, it follows immediately from
assertion (ii), together with Corollary 3.9, (ii), that to verify assertion
(iii), it suffices to verify the surjectivity of xg, for each v € Vert(G).
Thus, to verify assertion (iii), by replacing G by G|,, we may assume
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without loss of generality that G is of type (0,3) [cf. Definition 2.3, (i)].
But assertion (iii) in the case where G is of type (0,3) follows imme-
diately by considering the natural outer action of the absolute Galois
group Gal(Q/Q) of the field of rational numbers QQ — where we use the
notation Q to denote an algebraic closure of Q — on the semi-graph of
anabelioids of pro-X PSC-type associated to the tripod IP’}@\ {0,1,00}

over Q. This completes the proof of assertion (iii).

Finally, we verify assertion (iv). Write H o (Glm)ws. Then it follows
immediately from assertion (ii), together with Theorem 4.8, (iii), that
the homomorphism Aut/®P"(G) — Aut/#P"(H) in question fits into a
commutative diagram of profinite groups

p\g/ert

1 —— Dehn(G) —— Autl™(g) Z— Glu(g) —— 1

l ! l

Vert
1 —— Dehn(H) —— AutlE* () 2 Glu(H) —— 1

— where the horizontal sequences are exact. Now since the left-hand
vertical arrow is surjective [cf. Theorem 4.8, (iii), (iv)], to verify as-
sertion (iv), it suffices to verify the surjectivity of the right-hand ver-
tical arrow. But this follows immediately from assertion (iii), together
with the definition of “Glu(—)”. This completes the proof of assertion
(iv). O



COMBINATORIAL ANABELIAN TOPICS I 83

5. COMPARISON WITH SCHEME THEORY

In the present §, we discuss [cf. Proposition 5.6; Theorem 5.7,
Corollaries 5.9, 5.10 below| the relationship between intrinsic, group-
theoretic properties of profinite Dehn multi-twists [such as length, non-
degeneracy, and positive definiteness — cf. Definitions 5.1; 5.8, (ii),
(iii) below] and scheme-theoretic characterizations of properties of outer
representations of pro-X PSC-type [such as length, strict nodal nonde-
generacy, and IPSC-ness — cf. Definition 5.3, (ii) below; [HM], Defini-
tion 2.4, (i), (iii)]. The resulting theory leads naturally to a proof of the
graphicity of C-admissible outomorphisms contained in the commen-
surator of the group of profinite Dehn multi-twists [cf. Theorem 5.14
below].

Let ¥ be a nonempty set of prime numbers and G a semi-graph of
anabelioids of pro-3 PSC-type. Write G for the underlying semi-graph
of G, Il for the [pro-X] fundamental group of G, and G — G for the
universal covering of G corresponding to Ilg.

Definition 5.1. Let p: I — Aut(G) (C Out(Ilg)) be an outer repre-
sentation of pro-X PSC-type [cf. [HM], Definition 2.1, (i)] which is of

NN-type [cf. [HM], Definition 2.4, (iii)] and e € Node(G) an element of

Node(G). Write I1; 1, NI [cf. the discussion entitled “Topological
groups” in §0]; v, w € Vert(G) for the two distinct elements of Vert(G)
such that V(e) = {v,w} [cf. [HM], Remark 1.2.1, (iii)|; Iz, I3, Iz C I}
for the inertia subgroups of II; associated to e, v, w, respectively, i.e.,
the centralizers of Iz, Il Il C II; in II;, respectively [cf. [HM],
Definition 2.2]. Then it follows from condition (3) of [HM], Definition

2.4, that the natural homomorphism I X Iz — Iz is an open injection.
Write

Ingg (€, p) < [Iz : Iy x I
for the index of Iz x I in Iz; we shall refer to Ingg (€, p) as the S-length
of € with respect to p. Note that it follows immediately from the various

definitions involved that the >-length of e with respect to p depends
only on e €(G) € Node(G) and p. Write

def ~
Ing; (e, p) = Ingg (€, p) ;

we shall refer to Ingj (e, p) as the Y-length of e € Node(G) with respect
to p.

Lemma 5.2 (Outer representations of SVA-type and profinite
Dehn multi-twists). Let p: I — Aut(G) (C Out(llg)) be an outer
representation of pro-X. PSC-type which is of SVA-type [cf. [HM],

Definition 2.4, (ii)] and € € Node(G) an element of Node(G). Write
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out

I1; def IIg x I [ef. the discussion entitled “Topological groups” in

§0/; v, w € Vert(G) for the two distinct elements of Vert(G) such that

V(e) = {v,w} [¢f. [HM], Remark 1.2.1, (ii1)]; Iz, I3, I C 11 for the

inertia subgroups of I1; associated to e, v, w, respectively; e e e(9);
v ¥ 5(G). Then the following hold:

(i) (Outer representations of SVA-type and profinite Dehn
multi-twists) The outer representation p factors through the
closed subgroup Dehn(G) C Aut(G). By abuse of notation, write
p for the resulting homomorphism I — Dehn(G).

(ii) (Outer representations of SVA-type and homomorphisms
of Dehn coordinates) The natural inclusions I, I — Iz and
the composite Iz — 1I; — I determine a diagram of profinite
groups

]5 X [1;

|

1l — Iz — I¢ I 1

— where the lower horizontal sequence is exact, and the closed
subgroups I, I C Iz determine sections of the surjection Iz —
1, respectively — hence also homomorphisms

SYMby sony

[ &L LI ST =1L 5 Ay, 5 Ag

— where the first “=” denotes the isomorphism given by the
composite Iz — Il — I, and by denotes the branch of e deter-
mined by the [unique] branch of € that abuts to v. Moreover,
the composite of these homomorphisms

I — Ag
coincides with the composite
I -2 Dehn(G) 2, Ag
[cf. (i); Definition 4.7]. In particular, if p is of SNN-type [cf.
[HM], Definition 2.4, (iii)], then the image of the composite
I £ Dehn(G) 2 Ag coincides with Ingg (e, p) - Ag C Ag.

(iii) (Centralizers and cyclotomic characters) Suppose that p is
of SNN-type [cf. [HM], Definition 2.4, (iii)]. Let e € Node(G)
be a node of G. Then xg(a) = 1 [cf. Definition 3.8, (ii)] for
any o € Zy ey (Im(p)) € Aut'}(G) [cf. Definition 2.6, (i)].

Proof. Assertion (i) follows immediately from condition (2) of [HM],
Definition 2.4. Next, we verify assertion (ii). The fact that the natural
inclusions [, I — Iz and the composite Iz — II; — [ give rise to the
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diagram and homomorphisms of the first and second displays in the
statement of assertion (ii) follows immediately from [HM], Lemma 2.5,
(iv); condition (2') of [HM], Definition 2.4. On the other hand, it follows
immediately from the various definitions involved that the image of
each 8 € I via the composite of I < I; with the action Iz — Aut(Ilg)
given by conjugation coincides with the “a[v]” of Lemma 4.6, (i), in
the case where one takes “a” to be p(3). Thus, it follows immediately
from the definition of I that the image of 3 € I via the composite I <
I; — I;/Iz = Tz coincides with the “0z5” of Lemma 4.6, (i), in the
case where one takes “a” to be p(). Therefore, it follows immediately
from the definition of ®. that the homomorphisms of the final two
displays of assertion (ii) coincide. Thus, the final portion of assertion
(i) concerning p of SNN-type follows immediately from the definition of
Y-length. This completes the proof of assertion (ii). To verify assertion
(iii), let us first observe that, by Theorem 4.8, (v), the conjugation
action of o € Aut!”(G) on the Ag C Drode) Ao < Dehn(G) indexed

by e € Node(G) is given by multiplication by yg(«). On the other hand,
since N 5 lngg(e, p) # 0, it follows from the final portion of assertion
(ii) that the projection of Im(p) to the coordinate indexed by e is open.
Thus, the fact that o lies in the centralizer Z, g (Im(p)) implies
that yg(a) = 1, as desired. This completes the proof of assertion
(iif). 0

Definition 5.3. Let R be a complete discrete valuation ring whose
residue field is separably closed of characteristic € ¥; m € R a prime
element of R; wvg the discrete valuation of R such that vg(m) = 1;

S'°e the log scheme obtained by equipping S o Spec R with the log
structure defined by the maximal ideal (7) C R of R; s'°¢ the log
scheme obtained by equipping the spectrum s of the residue field of
R with the log structure induced by the log structure of S'°¢ via the
natural closed immersion s — S; X8 a stable log curve over S'8;

G y10x the semi-graph of anabelioids of pro-3 PSC-type determined by

the special fiber X8 W Ylog sloe 5°%0f the stable log curve X'°¢ [cf.

[CmbGC], Example 2.5]; Igiog (=~ Z*) the maximal pro-X completion
of the log fundamental group m;(S5°¢) of S's.

(i) One may verify easily that the natural outer representation
Igioe — Aut(G ., ) associated to the stable log curve X'°% over
Slog factors through Dehn(G 1) € Aut(G ;). We shall write

Xlog; XIOE;
pXiog . Islog —_— Dehn(gXlog)

for the resulting homomorphism.
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(ii) It follows from the well-known local structure of a stable log
curve in a neighborhood of a node that for each node e of the
special fiber of X'°8  there exists a nonzero element a, ZE 0 of
the maximal ideal (7) C R such that the completion Ox . of
the local ring Ox . at e is isomorphic to R|[s1, s2]]/ (5152 — @)
— where s1, so denote indeterminates. Write

Ing y1x (€) o vr(ae); Ingiig(e) o [Z” : Ing g (€) - Z7).

We shall refer to Ing yio (€) as the length of e and to Ing, (€) as
the X-length of e. One verifies easily that Ing yi.¢(€), hence also
lngilog(e), depends only on e, i.e., is independent of the choice
of the isomorphism @X,e ~ R|[s1, S2]]/ (5152 — ae).

Lemma 5.4 (Local geometric universal outer representations).
In the notation of Definition 5.3, suppose that G .., is of type (g,7)
[cf. Definition 2.3, (i); Remark 2.3.1]. Write N o Node(G i, )* and
oloe: Slos (Mlgof)s [cf. the discussion entitled “Curves” in §0] for

the classifying morphism of the stable log curve X'°® over S'°8. Then
the following hold:

(i) (Local structure of the moduli stack of pointed sta-
ble curves) Write O for the completion of the local ring of
(M,.r)s at the image of the closed point of S via the underlying
(1-)morphism of stacks o of 0'°¢ and T'® for the [fs] log scheme
obtained by equipping T o Spec O with the log structure induced

by the log structure of (Mlgof)s. [Thus, we have a tautologi-
—log

cal strict [cf. ], 1.2] (1-)morphism T'® — (M,))s.] Then
there exists an isomorphism of R-algebras R|[t1, - - ,tag_3+s]] —

O such that the following hold:

o The log structure of the log scheme T'® is given by the
following chart:

®66N0do(gxlog) Ne —_— R[[tl, cee ,tsg—3+r]] = @)
Ney

(Tey, s Moy ) — t ...tnNeN
— where we write N, for the copy of N indexed by e €
Node(G o) -

e For1l < i < N, the homomorphism of R-algebras O—>R
induced by the morphism o maps t; to ae, [cf. Defini-
tion 5.8, (ii)].
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(ii) (Log-scheme-theoretic description of log fundamental
groups) Write Ipios for the mazimal pro-X quotient of the log
fundamental group mi(T"®) of T'°¢. Then we have natural iso-
morphisms

Ig0x = Hom (ng, 22(1)) :

Irios = H0m<@eeNOde(gxlog)NEP,ZE(1)>
- GaeENode( H0m<N§p’zE(1)>a

and the homomorphism Igee — Ipos induced by the classify-
ing morphism o'°8 is the holnomorphism obtained by applying
the functor ‘Homss((—)%*,Z>(1))” to the homomorphism of
monoids

gxlog)

SN N

@eGNodc(gXlog)

(nep e vnez\r) = Zf\il neilngXlog(ei) '

(iii) (Local geometric universal outer representations) The
natural outer representation Iris — Aut(Gy.,) associated to
the stable log curve over T'°8 determined by the tautological
strict morphism T8 — (Mi:f)g factors through Dehn(G .., ) €
Aut(G o ); thus, we have a homomorphism Iris — Dehn(G ., ).
Moreover, the homomorphism pyios: Igis — Dehn(G ) fac-
tors as the composite of the homomorphism Igoee — Ipos in-
duced by '8 and this homomorphism Ipes — Dehn(G ., ).

Proof. Assertion (i) follows immediately from the well-known local struc

ture of the log stack (m;f)s [cf. [Knud], Theorem 2.7]. Assertion (ii)
follows immediately from assertion (i), together with the well-known
structure of the log fundamental groups of S'°® and T'°8. Assertion (iii)

follows immediately from the various definitions involved. U

Definition 5.5. In the notation of Definition 5.3, Lemma 5.4, we shall
write '°8 for the log scheme obtained by equipping the closed point ¢
of T with the log structure naturally induced by the log structure of
T'og; Xiog for the stable log curve over ¢'°8 corresponding to the natural

strict morphism #°8 (— T18) — (M;f)s :

P+ T — Delin(Gy)

for the homomorphism obtained in Lemma 5.4, (iii).
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Proposition 5.6 (Outer representations arising from stable log
curves). In the notation of Definition 5.3, Lemma 5.4, the following
hold:

(i) (Compatibility of ¥-lengths) For each node e € Node(G ;)
of Gyiog, it holds that

Ingg (e, pyie) = Ingxus(e)

[cf. Definitions 5.1; 5.3, (ii)].

(ii) (Isomorphicity of local geometric universal outer rep-
resentations) The homomorphism

paning : Lo — Dehn(Gyiog)

[cf. Definition 5.5] is an isomorphism of profinite groups.

(iii) (Compatibility with generization) Let Q C Node(Gy.,) be
a subset of Node(Gy,). Then there exist a stable log curve
Y8 over S'¢ and an isomorphism of semi-graphs of anabe-
li0ids (G yiog) @ — Gy1oe that fit into a commutative diagram of
profinite groups

univ
p log

IT}lfog —— Dehn(Gy )

! !

univ

p log
I

Tlog — Dehn(g

< Xlog)

— where we write Lpos, Lo for the “Ipos” associated to X log
X Y

Y8 respectively; the right-hand vertical arrow is the natural
inclusion induced, via the isomorphism (G yios) -0 = Gytog» bY
the natural inclusion of Theorem 4.8, (ii); the left-hand vertical
arrow is the injection induced, via the [relevant] isomorphism
of Lemma 5.4, (i), by the natural projection of monoids

b N~ P N

eGNodc(gXIOg) eENodc(QYlog)

[Note that it follows immediately from the various definitions
involved that Node(Gy ) < Node((Gyio5)w0) may be regarded
as a subset of Node(G y1o, )./

(iv) (Compatibility with specialization) Let H be a semi-graph
of anabelioids of pro-Y PSC-type, Q C Node(H), and H..q —
Gi0x an isomorphism of semi-graphs of anabelioids. Then there
exist a stable log curve Y8 over S'°% and an isomorphism of
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semi-graphs of anabelioids H = G that fit into a commuta-

tive diagram of profinite groups

Ylog

univ

leog
¢
Lpios —— Dehn(G y1,)

! !

univ

p log
I

Tio% —— Dehn (G, )

— where we write Ios, 110z for the “Ipes 7 associated to X log
X Y

Y8 respectively; the right-hand vertical arrow is the natural
inclusion induced, via the isomorphisms H..qg — Gyiox and
H = Gy, by the natural inclusion of Theorem 4.8, (ii); the
left-hand vertical arrow is the injection induced, via the [rele-
vant/ isomorphism of Lemma 5.4, (ii), by the natural projection

of monoids
b N P N

e€Node(G e€Node(G

Ylog) Xlog)

[Note that it follows immediately from the various definitions
involved that Node(G y.,) < Node(H..q) may be regarded as a
subset of Node(G, ;) <+ Node(H)./

(v) (Input compatibility with “surgery”) Let H be a sub-semi-
graph of PSC-type [cf. Definition 2.2, (i)] of the underlying
semi-graph of G 1oy, @ € Node((Gyig)|u) [cf. Definition 2.2,
(ii)] a subset of Node((G i )|m) that is not of separating
type [cf. Definition 2.5, (i)], and U € Cusp(((G yioe)|[1)>q) [cf-
Definition 2.5, (ii)] an omittable [cf. Definition 2.4, (i)] sub-
set of Cusp(((G yioe)|m)sq). Then there exist a stable log curve
Y8 gver S8 and an isomorphism (((G i) |m)=Q)er — Gy
[cf. Definition 2.4, (ii)] that fit into a commutative diagram of
profinite groups

Ylog

univ
Y,

P log
t

Igus —— Ly —— Dehn(G )
o
t

Igs —— Ipos —— Dehn(Gyy)

— where we write Lpos, Lo for the “Ipos” associated to X log
X Y

Y'o8 respectively; the left-hand horizontal arrows are the homo-
morphisms induced by the classifying morphisms associated to
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X'o8 Y8 respectively; the right-hand vertical arrow is the nat-
ural surjection induced, via the isomorphism (((G yio) 1)@ )ev —
Gy, by the natural surjection of Theorem 4.8, (iii); the mid-
dle vertical arrow is the surjection induced, via the [relevant]
isomorphism of Lemma 5.4, (i), by the natural inclusion of

monoids
b N~ f N

e€Node(G e€Node(G

Ylog) Xlog)

[Note that it follows immediately from the various definitions
involved that Node(Gyn,,) < Node((((G yioe)|1)-0)err) may be
regarded as a subset of Node(G )./

(vi) (Output compatibility with “surgery”) Let H be a semi-

graph of anabelioids of pro-¥ PSC-type, K a sub-semi-graph
of PSC-type [cf. Definition 2.2, (i)] of the underlying semi-
graph of H, Q@ C Node(H|k) [cf. Definition 2.2, (ii)] a subset
of Node(H|k) that is not of separating type [cf. Defini-
tion 2.5, (i)}, U C Cusp((H|k)~q) [cf. Definition 2.5, (ii)] an
omittable [cf. Definition 2.4, (i)] subset of Cusp((H|x)xq),
and (H|x)»q)ev = Gyios [¢f. Definition 2.4, ()] an isomor-
phism of semi-graphs of anabelioids. Then there exist a stable
log curve Y'°% over S'°¢ and an isomorphism of semi-graphs of
anabelioids H = G that fit into a commutative diagram of
profinite groups

Ylog

univ

P log
Y,

I —— Ipios —— Dehn(G,,)
P ok

_[Slog . T}l?g —t> Dehn(Qxlog)

— where we write Ijos, 110z for the “Ipe: ” associated to X log
X Y

Y'o8 respectively; the left-hand horizontal arrows are the homo-
morphisms induced by the classifying morphisms associated to
Ylog = X108 respectively; the right-hand vertical arrow is the nat-
ural surjection induced, via the isomorphisms ((H|x)=q)ev —
Gyiog and H = Gy, by the natural surjection of Theorem 4.8,
(iii); the middle vertical arrow is the surjection induced, via
the [relevant] isomorphism of Lemma 5.4, (ii), by the natural
inclusion of monoids

b N~ f N

eENode(gXIOg) eENode(ngog)
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[Note that it follows immediately from the various definitions in-
volved that Node(G v, ) < Node(((H|k)wq)ev) may be regarded

as a subset of Node(Gy.,) < Node(H)./

Proof. Assertion (i) follows immediately from the well-known local struc-
ture of a stable log curve in a neighborhood of a node. Next, we verify
assertion (ii). By allowing “py1s” to vary among the natural outer rep-

resentations Igie — Dehn(G .., ) associated to stable log curves “X8”
(1))

over S'°¢ whose classifying morphisms “o” coincide with the given o

on the closed point s of S, one concludes that the surjectivity of puX“i'Lé

follows immediately from the final portion of Lemma 5.2, (ii), concern-
ing p of SNN-type [cf. also assertion (i); Theorem 4.8, (iv)]. [Here, we
recall that pyus is of IPSC-type [cf. [HM], Definition 2.4, (i)], hence
also of SNN-type [cf. [HM], Remark 2.4.2].] On the other hand, since

both Dehn (G 1., ) and Iz are free Z*=-modules of rank Node(G y 1., )* [cf.
Theorem 4.8, (iv); Lemma 5.4, (ii)], assertion (ii) follows immediately
from this surjectivity of puX‘}LY;. This completes the proof of assertion
(ii).

Assertion (iii) (respectively, (iv)) follows immediately, in light of the
g

g,r
FEtale Fundamental Group of a Log Scheme” in [CmbCsp], §0, concern-
ing the specialization isomorphism on fundamental groups, as well as
Remark 5.6.1 below], by considering a lifting to S'°® of a stable log

curve over s'°¢ obtained by deforming the nodes of the special fiber

def . . .
Xlog = X108 x 106 598 corresponding to the nodes contained in @ (re-

spectively, degenerating the moduli of X'°® so as to obtain nodes cor-
responding to the nodes contained in @) [cf. also Proposition 4.10,
(iii)].

Next, we verify assertion (v). First, we observe that one may verify
easily that if H is the underlying semi-graph of G, and @ = (), then
the stable log curve Y8 over S'°¢ obtained by omitting the cusps of
X'°¢ contained in U and the resulting natural isomorphism (G 1., et —
Gy1os satisfy the conditions given in the statement of assertion (v).
Thus, one verifies immediately that to verify assertion (v), we may

assume without loss of generality that U = ().

Write H % ((Gyoe)|i)s0 and V' & Vert(G oe) \ Vert((Gyn) i) C

Vert (G 10, ). Denote by (g3, 72¢) the type of H, and, for each v € V, by
(gu, ) the type of v [cf. Definition 2.3, (i), (iii); Remark 2.3.1]. Then
it follows immediately from the general theory of stable log curves that
there exists a “clutching (1-)morphism” corresponding to the operations
“(=)|la” and “(—).q” [i-e., obtained by forming appropriate composites

well-known structure of (M )g [cf. also the discussion entitled “The
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of the clutching morphisms discussed in [Knud], Definition 3.6]

N E Mypirn)s % (TTMauin)s) — My,

veV

— where the fiber product “[[,.,” is taken over s — that satisfies the
following condition: write N'°® for the log stack obtained by equip-
ping the stack N with the log structure induced by the log structure

) . . . .
of (M;E)S via the above clutching morphism; then there exists an

% -valued point oyf € N1%8(58) of N8 such that the image of o)#
via the natural strict (1-)morphism N8 — (M;ﬁ)s coincides with
the s'°¢-valued point of (Mﬁ)s obtained by restricting the classifying
morphism ¢'°¢ € (M;E)S(Sl"g) of X'¢ to sl°¢. If moreover, we write
Y for the stable log curve over s'° corresponding to the image of
o E € N'°8(5°8) via the composite of (1-)morphisms

log

Aot — N () (T M) 25 (%),

IHTH IHTH
veV

— where the first arrow is the (1-)morphism of log stacks obtained
by “forgetting” the portion of the log structure of A'° that arises
——log

from [the portion of the log structure of (M), determined by] the
irreducible components of the divisor (M,,), \ (M,,)s which contain
the image of N' — (M,,), — then one verifies immediately that, for
any stable log curve Y'°¢ over S'°8 that lifts Y8, there exists a natural
identification isomorphism H = ((Gyoe) )0 — Gyrog-

Next, let us observe that by applying the various definitions involved,
together with the fact that the (1-)morphism N'°¢ — (Mzof) s is strict,
one may verify easily that the restrictions of the natural (1-)morphisms
of log stacks

“los P og log Vb
(MQHJ’H>S — N8 — M - (Mg,r)s
to a suitable étale neighborhood of the underlying morphism of stacks

of o)¥ € N'°8(5"°8) induce the following morphisms between the charts

of (Mlog )s, N8 A8 and (sz)s determined by the chart of

1 9HTH
“( go.g,r.)S” given in Lemma 5.4, (i):
EB Ne:’( EB Ne)@{()};) EB N, & @ N,
e€Node(H) e€Node(H) e€Node(G ) e€Node(G )

— where we use the notation N, to denote a copy of the monoid N
indexed by e, and the “—" is the natural inclusion determined by the
natural inclusion Node(H) < Node(G). Thus, by applying the func-

tor “Hong((—)gp,zz(l))” to the homomorphism B, cxoqer Ne —
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@eeNodo(g 1 )Ne obtained by composing the morphisms of the above
x'og

display and considering the [relevant| isomorphism of Lemma 5.4, (ii),

we obtain a homomorphism [T)l?g — IT)lfg, which makes the left-hand

square of the diagram in the statement of assertion (v) commute.

On the other hand, to verify the commutativity of the right-hand
square of the diagram in the statement of assertion (v), let us observe
that by Theorem 4.8, (iv), it suffices to verify that for any node e €
Node(Gy105) 0f Gy, the two composites

univ
pXiog DeX ~
Ipioe — Dehn(Gyios) — Ag | — Ag |

univ

P log
Lyios — Ipos == Dehn(Gye) =5 Ag
— where we write ex for the node of G, corresponding to the node
e € Node(Gy.,,) via the natural inclusion Node(G,,) — Node(G ;)
— coincide. But this follows immediately by comparing the natural

action of Iz on the portion of G, corresponding to {ex} U V(ex)

ylog

Xlog

X
with the natural action of [T)l/?g on the portion of G.,,,, corresponding

Y log
to {e} U V(e). This completes the proof of assertion (v).

Finally, we verify assertion (vi). First, we observe that one may verify
easily that if K is the underlying semi-graph of H, and @) = (), then the
stable log curve Y& over S'°¢ obtained by equipping X'°8 with suitable
cusps satisfies, for a suitable choice of isomorphism H — Gy10g, the
conditions given in the statement of assertion (vi). Thus, one verifies
immediately that to verify assertion (vi), we may assume without loss
of generality that U = ().

Write V & Vert(H) \ Vert(H|x) C Vert(H). Denote by (g3, %) the
type of ‘H, and, for each v € V., by (g,,r,) the type of v. Then it
follows immediately from the general theory of stable log curves that
there exists a clutching “(1-)morphism” corresponding to the operations
“(—=)|x” and “(—).q” [i-e., obtained by forming appropriate composites
of the clutching morphisms discussed in [Knud], Definition 3.6]

N (My)s %5 ( TTManr)s) — M)
veV
— where the fiber product “[], ., is taken over s — that satisfies the
following condition: write A/'°¢ for the log stack obtained by equipping
the stack N with the log structure induced by the log structure of

- : . . :
(M g(fm)s via the above clutching morphism; then there exists an s1°8-

valued point o)f € N18(s°%) of N'°¢ such that the image of o\ f €
N8 (5'8) via the composite of (1-)morphisms
log

A — A A e (T M) 25 (25,

g,r g,r
veV
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— where the first arrow is the (1-)morphism of log stacks obtained

by “forgetting” the portion of the log structure of A'° that arises
log
IHHTH

the irreducible components of the divisor (Mg, ry,)s \ (Mg, )s Which
contain the image of N’ — (M )s — coincides with the s'°&-valued

point of (ﬂ;i)s obtained by restricting the classifying morphism ¢'°% €

_log) 5(5%°8) of X'°8 to s°8. If, moreover, we write Y°¢ for the stable

(‘Mg,T
log curve over s'°¢ corresponding to the image of o)¥ € N'°8(s'%8) via
the natural strict (1-)morphism N — (ﬂ;ﬁm)s, then one verifies
immediately that, for any stable log curve Y8 over S'°¢ that lifts Vo8,
there exist a sub-semi-graph of PSC-type K' of the underlying semi-
graph of G, .., a subset Q' C Node((Gyo¢)|x’), and an isomorphism of
semi-graphs of anabelioids H = G
tions:

from [the portion of the log structure of (M )s determined by]

9HTH

Y log

vz that satisfy the following condi-

(a) ((Gyos)|k’)-@ may be naturally identified with G

(b) The isomorphism H = Gy,
and a bijection @) = @', hence also an isomorphism (H|k).q —

((Gyroe) &)
(¢) The automorphism of G

Xlog*

induces an isomorphism K = K’

oz determined by the composite

Gxios —— (Hlg)r@ — ((Gyoe) )@ — Gxres
— where the first arrow is the isomorphism given in the state-
ment of assertion (vi); the second arrow is the isomorphism of
(b); the third arrow is the natural isomorphism arising from the
natural identification of (a) — is contained in Aut/#*"(G ),
and, moreover, the automorphism of Agxlog induced by this au-

tomorphism of G is the identity automorphism [cf. Proposi-

tion 4.10, (iii)].

Xlog

Thus, by applying a similar argument to the argument used in the
proof of assertion (v), one verifies easily that the stable log curve Y
and the isomorphism H = Gy10¢ satisfy the conditions given in the

statement of assertion (vi). This completes the proof of assertion (vi).
O

Remark 5.6.1. Here, we take the opportunity to correct a minor mis-
print in the discussion entitled “The Etale Fundamental Group of a Log
Scheme” in [CmbCsp], §0. In the third paragraph of this discussion,
the field K should be defined as a maximal algebraic extension of K,
among those extensions which are unramified over Ug, [i.e., but not
necessarily over R,).
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Theorem 5.7 (Compatibility of scheme-theoretic and abstract
combinatorial cyclotomic synchronizations). Let (g,7) be a pair
of nonnegative integers such that 29 — 2 4+ r > 0; X a nonempty set
of prime numbers; R a complete discrete valuation ring whose residue
field is separably closed of characteristic & ¥.; S'°¢ the log scheme o0b-
tained by equipping S & Spec R with the log structure defined by its
closed point; X'°8 a stable log curve of type (g,r) over S°%; G iz the
semi-graph of anabelioids of pro-X PSC-type determined by the spe-
cial fiber of the stable log curve X'°¢ [cf. [CmbGC], Example 2.5]; O
the completion of the local ring of (M,,)s [cf. the discussion entitled
“Curves” in §0] at the image of the closed point of S via the underlying
(1-)morphism of stacks o: S — (M,.)s of the classifying morphism
of X'°&; T for the log scheme obtained by equipping T o Spec@
with the log structure induced by the log structure of (./V;f)s [cf. the
discussion entitled “Curves” in §0/; Ipios the maximal pro-% quotient

of the log fundamental group m (T'°®) of T'°%. Then there erists an
isomorphism

sty s AY < Hom (NP, Z5(1)) =5 Ag

xlog
[cf. Definition 3.8, (i)] such that the composite
@ 5UnX10g Dgxlog
Jr— @ A¥le] 5 @ AgXlog — Dehn(Gyiog)
eeNode(gXlog) eeNOde(gxlog)

[ef. Definitions 4.4; 4.7] — where we use the notation A*[e] to denote
a copy of A* indexed by e € Node(Gyw,), and the first arrow is the
[relevant] isomorphism of Lemma 5.4, (ii) — coincides with the outer

representation panling: Imios — Dehn(G o) [cf. Definition 5.5] associ-
t
ated to the stable log curve over T'°% corresponding to the tautological

strict (1-)morphism T — (Mlﬁ)s-

Proof. In light of Theorem 4.8, (ii), (iv); Proposition 5.6, (ii), by ap-
plying Proposition 5.6, (iii), to the various generizations of the form
“(gXlog)WNodC(gxlog)\{e}”, it follows immediately that for each node e €

Node(G y1 ), there exists a(n) [necessarily unique] isomorphism

5YN xlog [6] : AE [6] — Agxlog

— where A*[e] is a copy of A¥ indexed by e € Node(G.,) — such
that the composite

D. shNylog [€] nglog

I > P AT S @D Ag.,, & Dehn(Gyu)

eENode(gXIOg) eENode(gXIOg)
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— where the first “>” is the [relevant] isomorphism of Lemma 5.4, (ii)

— coincides with puX‘}LY;.

Thus, to completetthe proof of Theorem 5.7, it suffices to verify that
this isomorphism shnyig[e| is independent of the choice of e. Now if
Node(G Xlog)ti < 1, then this independence is immediate. Thus, suppose
that Node(gxlog)ﬁ > 1 and fix two distinct nodes e;, e3 € Node(G yio,)
of Gys- The rest of the proof of Theorem 5.7 is devoted to verifying
that

(1): the two isomorphisms

5Ny log [61} 5Ny log [62]

) AE [62] - AQ

2 ~
A [61] - AgXlog xlog
coincide.

Next, let us observe that one may verify easily that there exist

e a semi-graph of anabelioids of pro-> PSC-type H*,

a sub-semi-graph of PSC-type K* of the underlying semi-graph
of H*,

an omittable subset Q* C Cusp((H*)

K*)v and

an isomorphism

((H")
such that the subset U* C Node(H*) corresponding, relative to the iso-
morphism ((H*)|k+)eg* — Gyog, t0 the subset {e1, e} € Node(G 1)
is not of separating type. Thus, it follows immediately from Propo-
sition 5.6, (vi) — i.e., by replacing X'°8 (respectively, e;, e;) by the
stable log curve “Y'°8” obtained by applying Proposition 5.6, (vi), to
the isomorphism ((H*)|k+)eg+ — Gy (respectively, by the two nodes
€ Node(Gy 1) corresponding to the two nodes € U*) — that to verify
the above (1), we may assume without loss of generality that the subset
{e1, e2} € Node(G yu) is not of separating type.

Thus, it follows immediately from Proposition 5.6, (iii) — i.e., by
replacing X'°8 (respectively, e1, e;) by the stable log curve “Y1°8” ob-
tained by applying Proposition 5.6, (iii), to (gXlog)WNodC(gXlog)\{cl702}
(respectively, by the two nodes € Node(Gy.,,) corresponding to ey, e3)
— that to verify the above (1), we may assume without loss of gener-
ality that Node(Gyi,,) = {e1,e2}, and that Node(G.,,) = {e1, €2} is
not of separating type. One verifies easily that these hypotheses imply
that Vert(Gyi,)* = 1.

Next, let us observe that one may verify easily that there exist [cf.
Fig. 6 below]

K*).Q* ; gXlog

e a semi-graph of anabelioids of pro-X PSC-type HT,
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e two distinct cusps ¢, ¢} € Cusp(HT) of Hi,
e three distinct nodes f], f1, fi € Node(H') of HI, and

e an isomorphism

;> gXlog

i
(Hw{fi N 7f§})'{0170$}
such that
o Vert(H) = {v], v}, v], v]};

o for i € {1,2}, if we write e/ € Node(H') for the node corre-
sponding, relative to the isomorphism (H

t ~
w{ff,f;fg})-{ci,cé} -
G 105 t0 €; € Node(G y,, ), then it holds that V(ej-) = {vj};

o V(1) = {vl,vi}, V(1) = {ud, ol}, V(£]) = {v], ol};
o V() = V(e3) = {v}};
e for i € {1,2,3}, vl is of type (0,3) [cf. Definition 2.3, (iii)].

i 0 g f
61@ RS ©e2
v f

Figure 6: The underlying semi-graph of H'

One verifies easily that these hypotheses imply that (A (v])N (v])) =
(N(v)) N N (W)t = 1. Thus, it follows immediately from Proposi-
tion 5.6, (iv), (vi) — i.e., by replacing X'°¢ (respectively, e;, es) by
the stable log curve “Y'°8” obtained by applying Proposition 5.6, (iv),

(vi), to the isomorphism (Hl A fg})' (e} = Gy (respectively, by

the two nodes € Node(G,.,,) corresponding to the two nodes el el) —
that to verify the above (1), we may assume without loss of generality
that there exist vertices vi, v, v3 of Gy, such that

o for i € {1,2}, V(e;) = {u:};
e for i € {1,2,3}, v; is of type (0, 3);
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[ ] (N(Ul) ﬂN(Ug))ﬁ = (N(Ug) ﬂN(’Ug))ti =1.

Write H for the sub-semi-graph of PSC-type of the underlying semi-
graph of G ., whose set of vertices = {v1, v2, v3}. Then one verifies eas-
ily that these hypotheses imply that Node((G i, )|n) = {e1. €2, f1, f2},
where we write {f1} = N (v1) NN (v3), {f2} = N (v2) " N (v3).

Thus, it follows immediately from Proposition 5.6, (v) — i.e., by
replacing X'°8 (respectively, e1, e;) by the stable log curve “Y1°8” ob-
tained by applying Proposition 5.6, (v), to (Gyis)|m (respectively, by
the two nodes € Node(G,.,;) corresponding to e, e;) — that to verify
the above (1), we may assume without loss of generality that there
exist three distinct vertices vy, va, v3 of G such that

o for i e {1,2}, V(e;) = {vi};
e for i € {1,2,3}, v; is of type (0, 3);
o Node(G i) = {€1, €2, f1, f2}, where we write {f1} = (N (v1) N
N (vs)), {fo} = (N (v2) NN (v3)).
One verifies easily that these hypotheses imply that there exists a cusp

c of G0 such that Cusp(Gyiee) = {c} = C(vs).
Then it follows immediately from the explicit structure of G

Xlog

log that
there exists an automorphism 7 of X% [cf. Definition 5.5] such that the
automorphism of Node(G,.,) = {e1,ea, f1, fo} (respectively, I —

Homgs (N, ®N,, ®Nj, @ Ny, )2, Z5(1)) [ef. Lemma 5.4, (ii)]) induced
by 7 is given by mapping ey +— es, €3 = e1, f1 +— fa, fo > f1, (vespec-
tively, by the corresponding permutation of factors of N,, ®N,, ® Ny, &
Ny,), and, moreover, T preserves the cusp corresponding to c¢. Now it
follows immediately from Corollary 3.9, (v), together with the fact that
the automorphism of the anabelioid (G ., ). corresponding to the cusp
¢ induced by 7 is the identity automorphism [cf. the argument used
in the final portion of the proof of Corollary 3.9, (vi)], that the auto-
morphism of Agxlog induced by 7 is the identity automorphism. Thus,

by applying the evident functoriality of the homomorphism p“XriLVg with
t

respect to the automorphism of G, induced by 7, one concludes im-

mediately from the above description of 7, together with Theorem 4.8,

(v), that the assertion (I) holds. This completes the proof of Theo-
rem 5.7. U

Definition 5.8. Let a € Dehn(G) be a profinite Dehn multi-twist of
G and u € Ag a topological generator of Ag.

(i) Let e € Node(G) be a node of G. Then since Ag is a free Z>-
module of rank 1 [cf. Definition 3.8, (i)], there exists a unique

element a, € Z> of Z* such that D.(a) = a.u. We shall refer to
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ae € Z® as the Dehn coordinate of a indezed by e with respect
to u.

(ii)) We shall say that a profinite Dehn multi-twist o € Dehn(G) is
nondegenerate if, for each node e € Node(G) of G, the Dehn
coordinate of « indexed by e with respect to u [cf. (i)] topo-
logically generates an open subgroup of Z®. Note that it is
immediate that if o is nondegenerate, then the Dehn coordi-
nate (€ Z* = [[,exZi C [liex @) of « indexed by e with
respect to u is contained in [[,.y, Q.

(iii) We shall say that a profinite Dehn multi-twist & € Dehn(G) is
positive definite if a is nondegenerate [cf. (ii)], and, moreover,
the following condition is satisfied: For each node e € Node(G)
of G, denote by a, € Z® the Dehn coordinate of o indexed by
e with respect to u [cf. (1)]. [Thus, ae € [[;c5; @ — cf. (ii).]
Then for any e, ¢’ € Node(G), a./ae is contained in the image

of the diagonal map Q- o {a€eQla>0} = [[,ex Q.

Remark 5.8.1. One may verify easily that the notions defined in Def-
inition 5.8, (ii), (iii), are independent of the choice of the topological
generator u of Ag.

Corollary 5.9 (Properties of outer representations of PSC-type
and profinite Dehn multi-twists). Let ¥ be a nonempty set of prime
numbers and p: I — Aut(G) an outer representation of pro-> PSC-
type [cf. [HM], Definition 2.1, (i)]. Suppose that I is isomorphic to
ZE. Then the following hold:

(i) (Outer representations of SVA-type and profinite Dehn
multi-twists) The following three conditions are equivalent:

(i-1) p is of SVA-type [cf. [HM], Definition 2.4, (ii)].
(i-2) The image of any topological generator of I is a profinite
Dehn multi-twist [cf. Definition 4.4).

(i-3) There exists a topological generator of I whose image via
p is a profinite Dehn multi-twist.

(ii) (Outer representations of SNN-type and nondegener-
ate profinite Dehn multi-twists) The following three condi-
tions are equivalent [cf. the related discussion of [HM], Remark
2.14.1:

(ii-1) p is of SNN-type [cf. [HM], Definition 2.4, (iii)].
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(ii-2) The image of any topological generator of I is a nonde-
generate [cf. Definition 5.8, (ii)] profinite Dehn multi-
twist.

(ii-3) There ezists a topological generator of I whose image via
p 1s a nondegenerate profinite Dehn multi-twist.

(iii) (Outer representations of IPSC-type and positive defi-
nite profinite Dehn multi-twists) The following three con-
ditions are equivalent [cf. Remark 5.10.1 below; the related dis-
cussion of [HM|, Remark 2.14.1]:

(iii-1) p is of IPSC-type [cf. [HM], Definition 2.4, (i)].

(iii-2) The image of any topological generator of I is a positive
definite [cf. Definition 5.8, (iii)] profinite Dehn multi-
twist.

(iii-3) There ezists a topological generator of I whose image via
p 1s a positive definite profinite Dehn multi-twist.

(iv) (Synchronization associated to outer representations of
IPSC-type) Suppose that p is of IPSC-type. Write

(22)4- C (22)*

for the intersection of the images of the diagonal map Qg o

{a € Qla > 0} = [l,es Qi and the composite of natural
morphisms (Z2)* — 75 = TliesZi € Tlies Q- [Thus, when
% = Primes, it holds that (ZE)Jr = {1}.] Then there ezists a
natural (Z=)*+-orbit of isomorphisms of Z>-modules

shon,: [ —— Ag

that is functorial, in p, with respect to isomorphisms of outer
representations of PSC-type [cf. [HM], Definition 2.1, (ii)].

(v) (Compatibility of synchronizations with ﬁnite étale cov-

erings) In the situation of (iv), let I1 C 1, ¥ 11, NI [cf. the

discussion entitled “Topological groups” in §0] be an open sub-
group of I such that if we write H — G for the connected finite
étale covering of G corresponding to 11 N Ilg [so Ty, = TTNTIg],
then the outer representation pr: J o I/l — Out(Ily) is of
IPSC-type. Then the diagram of Z*-modules

syn,
J — Ay

Lol

shn
I 220 A



COMBINATORIAL ANABELIAN TOPICS I 101

— where the left-hand vertical arrow is the natural inclusion;
the right-hand vertical arrow is the isomorphism of Corollary 3.9,
(i1i) — commutes up to multiplication by an element €

Q0.

Proof. Assertion (i) follows immediately from condition (2) of [HM],
Definition 2.4. Next, we verify assertions (ii) and (iii). The implication

(ii-1) = (ii-2) , (respectively, (iii-1) = (iii-2))

follows immediately from the final portion of Lemma 5.2, (ii), concern-
ing p of SNN-type (respectively, Lemma 5.4, (ii); Theorem 5.7). The
implications

(ii-2) = (ii-3) , (iii-2) = (iii-3)

are immediate.
Next, we verify the implication

(ii-3) = (ii-1) .

It follows from the implication (i-3) = (i-1) that p is of SVA-type.
Thus, to show the implication in question, it suffices to verify that p
satisfies condition (3) of [HM], Definition 2.4. Let ¢ € Node(G) be

st e out . . .
an element of Node(G); Il; g x I [cf. the discussion entitled

“Topological groups” in §0]; v, w € Vert(G) the two distinct elements
of Vert(G) such that V(&) = {v,@} [¢f. [HM], Remark 1.2.1, (iii)];
Iz, I;, Iz C II; the inertia subgroups of II; associated to e, v, w,
respectively. Then since the homomorphisms of the final two displays
of Lemma 5.2, (ii), coincide, and Agxlog and [; are free 7= -modules

of rank 1 [cf. Definition 3.8, (i); [HM], Lemma 2.5, (i)], it follows
immediately from the definition of nondegeneracy that the composite
of the second display of Lemma 5.2, (ii), is an open injection. Thus, it
follows immediately that the natural homomorphism I3 x I — Iz has
open image, and that Iz N Iz = {1}, i.e., that I3 X Iz — Iz is injective.
That is to say, p satisfies condition (3) of [HM], Definition 2.4. This
completes the proof of the implication in question.
Next, we verify the implication

(iii-3) = (iii-1) .

Let u € Ag be a topological generator of Ag. Then it follows immedi-
ately from Lemma 5.4, (i), (ii), and Theorem 5.7 — by considering the
stable log curve over S'°e corresponding to a suitable homomorphism
of R-algebras O ~ R|[t1, - ,t35—g+r]] — R [cf. Lemma 5.4, (i)] — that
to complete the proof of the implication in question, it suffices to verify
that there exists a topological generator o € I of I which satisfies the
following condition (x):
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(%): The Dehn coordinates of p(«) with respect to u [cf.
def

Definition 5.8, (i)] € Ny = N\ {0}.

To this end, let o € I be a topological generator of I such that p(«)
is a positive definite profinite Dehn multi-twist of G [cf. condition
(iii-3)]. For each node ¢ € Node(G) of G, denote by a, € Z* the
Dehn coordinate of p(«) indexed by e with respect to u. Now since
p(a) is nondegenerate, it follows immediately from the definition of
nondegeneracy that for each node e € Node(G) of G, it holds that
ae € Nﬂ)-(ZE)*. Thus, it follows immediately that for a given node f €
Node(G) of G, by replacing a by a suitable topological generator of I,
we may assume without loss of generality that ay € N.. In particular,
it follows immediately from the definition of positive definiteness that
there exists an element a € Ny such that for each node e € Node(G)
of G, it holds that a - a. € Ny. Moreover, again by replacing « by a
suitable topological generator of I, we may assume that every prime
number dividing a belongs to X. But then it follows from the fact
that a, € Z* N (£ - N) that a. is a positive rational number that is
integral at every element of Primes, i.e., that a. € Ny, as desired.
In particular, the topological generator v € I of I satisfies the above
condition (). This completes the proof of the implication in question,
hence also of assertions (ii) and (iii).

Next, we verify assertion (iv). It follows immediately from the fi-
nal portion of Lemma 5.2, (ii), concerning p of SNN-type that for
each e € Node(G), the homomorphism syn,: I — Ag obtained by

dividing the composite I % Dehn(G) 2 Ag by Ingz (e, p) is an iso-
morphism. Moreover, by “translating into group theory” the scheme-
theoretic content of Lemma 5.4, (ii), by means of the correspondence
between group-theoretic and scheme-theoretic notions given in Propo-
sition 5.6, (i); Theorem 5.7, one concludes that syn , is independent —

up to multiplication by an element of (22)+ — of the choice of the
node e € Node(G). Now the functoriality of syn , follows immediately
from the functoriality of the homomorphism ®, [cf. Theorem 4.8, (iv)],
together with the group-theoreticity of lngé(e, p). This completes the
proof of assertion (iv).

Finally, assertion (v) follows immediately, in light of the group-
theoretic construction of “syn,” given in the proof of assertion (iv),
from the various definitions involved. OJ

Remark 5.9.1.

(i) Corollary 5.9, (iv), may be regarded as a sort of abstract com-
binatorial analogue of the cyclotomic synchronization given in
[GalSct], Theorem 4.3 [cf. also [AbsHyp], Lemma 2.5, (ii)].
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(ii) It follows from Theorem 5.7 that one may think of the isomor-
phisms of Corollary 5.9, (iv), as a sort of abstract combinato-
rial construction of the various identification isomorphisms be-
tween the various copies of “Z*(1)” that appear in Lemma 5.4,
(ii). Such identification isomorphisms are typically “taken for
granted” in conventional discussions of scheme theory.

Remark 5.9.2.

(i) Consider the exact sequence of free Z=-modules

def

0 Mgort Mg 1 Hgb éomb déf Mg / Mgort 0

— where we write Mgort C Mg for the Z>-submodule of Mg
topologically generated by the images of the verticial subgroups
of Ilg [cf. [CmbGC], Remark 1.1.4]. Then one verifies easily
that any profinite Dehn multi-twist a € Dehn(G) preserves and
induces the identity automorphism on Mg, _g’mb. In par-
ticular, the homomorphism Mg — Mg obtained by considering
the difference of the automorphism of Mg induced by « and
the identity automorphism on Mg naturally determines [and is

determined by!] a homomorphism

acomb,vcrt: Méomb Mgert )

Write Mgdge C Mg for the Z>-submodule topologically gen-
erated by the image of the edge-like subgroups of IIg. Then the
following two facts are well-known:
e If Cusp(G) = 0, then Poincaré duality Mg — Homsy (Mg, Ag)
determines an isomorphism M5 = Homgy (MZ™, Ag)
[cf. [CmbGC], Proposition 1.3].

e The natural homomorphism
Dehn(G) — Homgs (ME™, M)

given by mapping a > a®™vert factors through the sub-
module Homgy, (Mg™, Mg™*) C Homgy, (MZ™, Mye™*). [In-
deed, this may be verified, for instance, by applying a
similar argument to the argument used in the proof of
[CmbGC], Proposition 1.3, involving weights.]

Thus, if Cusp(G) = 0, then we obtain a homomorphism
Qg: Dehn(G) — M @4y M ®55 Homgy (Ag, Z*)

that is manifestly functorial, in G, with respect to isomorphisms
of semi-graphs of anabelioids of pro-> PSC-type. The matrices
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that appear in the image of this homomorphism {2g are often
referred to as period matrices.

Now let us recall that [CmbGC], Proposition 2.6, plays a key
role in the proof of the combinatorial version of the Grothendieck
conjecture given in [CmbGC], Corollary 2.7, (iii). Moreover, the
proof of [CmbGC], Proposition 2.6, is essentially a formal con-
sequence of the nondegeneracy of the period matrix associated
to a positive definite profinite Dehn multi-twist — i.e., of the
injectivity of the homomorphism

acomb,vert . Méomb éfert

of (i) in the case where o € Dehn(G) is positive definite [cf.
Corollary 5.9, (iii)].

In general, the period matrix associated to a profinite Dehn
multi-twist may fail to be nondegenerate even if the profinite
Dehn multi-twist is nondegenerate. Indeed, suppose that f =
1, that G is the double [cf. [CmbGC]|, Proposition 2.2, (i)] of a
semi-graph of anabelioids of pro-> PSC-type H such that

(Vert(H)?, Node(H)*?, Cusp(H)*) = (1,0,2).

Suppose, moreover, that H admits an automorphism which per-
mutes the two cusps of H and extends to an automorphism ¢
of G. [One verifies easily that such data exist.] Then one may
verify easily that Node(G)* = 2, that Cusp(G)* = 0, and that
the free Z=-module M_g’mb, hence also M_édgc Qpx Mgdgo Rz

Homgs (Mg, Z%) [cf. (i), is of rank 1. Now let us recall that the
period matrix associated to a positive definite profinite Dehn
multi-twist is necessarily nondegenerate [cf. Corollary 5.9, (iii);
the proof of [CmbGC], Proposition 2.6]. Thus, since ¥ = 1,
it follows immediately from the functoriality of Qg [cf. (i)] and
Dg [cf. Theorem 4.8, (iv)] with respect to ¢ that the kernel of
the composite of natural homomorphisms

Dg
~ Q (51 ($] (S (S] >
P Ag <= Dehn(G) =% Mg™ @55 ME™ @55 Homgs (Ag, Z*)
Node(G)

is a free Z=-submodule of Drode(g) Ag of rank 1 that is stabilized
by ¢. On the other hand, since profinite Dehn multi-twists of
the form (u,u) € @yoae(g) Ag> Where u € Ag, are [manifestly!]
positive definite, we thus conclude that the kernel in question is
equal to

{(u,—u) € @ AglueAg}.

Node(G)
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In particular, any nonzero element of this kernel yields an ex-
ample of a nondegenerate profinite Dehn multi-twist whose as-
sociated period matrix fails to be nondegenerate.

Corollary 5.10 (Combinatorial /group-theoretic nature of sche-
me-theoreticity). Let (g,7) be a pair of nonnegative integers such that
29 —2+1r > 0; X a nonempty set of prime numbers; R a complete dis-
crete valuation ring whose residue field k is separably closed of charac-

teristic € ¥2; S'°¢ the log scheme obtained by equipping S o Spec R with

the log structure determined by the mazimal ideal of R; x € (My,)s(k)

a k-valued point of the moduli stack of curves (M., )s of type (g,7)

~

over S [cf. the discussion entitled “Curves” in §0/; O the completion of
the local ring of (M,,)s at the image of x; T'°¢ the log scheme obtained

by equipping T’ o Spec O with the log structure induced by the log struc-
ture of (ﬂ;i)s [ef. the discussion entitled “Curves” in §0]; t'°¢ the log
scheme obtained by equipping the closed point of T with the log struc-
ture induced by the log structure of T'°8; X,}Og the stable log curve over
e corresponding to the natural strict (1-)morphism 18 — (M;i)s;

Ipios the mazimal pro-Y quotient of the log fundamental group mi(T'°®)
of T'°8; Iqie the mazimal pro-Y quotient of the log fundamental group
m1(S'8) of §'°8; G\, the semi-graph of anabelioids of pro-X PSC-type
determined by the stable log curve X,°® [¢f. [CmbGC), Example 2.5];

univ

Pios + Irioe — Aut(Gyoy) the natural outer representation associated
t

to X, [cf. Definition 5.5]; I a profinite group; p: I — Aut(G.,) an
outer representation of pro-X PSC-type [cf. [HM], Definition 2.1, (i)].
Then the following conditions are equivalent:

(i) p is of IPSC-type.

(ii) There exist a morphism of log schemes ¢'°8: S8 — T8 oyer
S and an isomorphism of outer representations of pro-
5 PSC-type p = p™i o Iyes [cf. [HM], Definition 2.1, (i)]

Xlog
— where we write I(;log: Igi0e — Ipioe for the homomorphism
induced by ¢'°® — i.e., there exist an automorphism 3 of

Gioe and an isomorphism a: I = Ilsog such that the diagram

I — L Aut (gxlog )

.| |
pxlog OId,log

[Slog t—> Aut(gxlog)

— where the right-hand vertical arrow is the automorphism of
Aut(G yioe) induced by B — commutes.
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(iii) There ezist a morphism of log schemes ¢'°%: S1°8 — T gper S

. . ~ 1 .
and an isomorphism «: I — Ig® such that p = P ok
t

— where we write Iyos: Igoe — Ipos for the homomorphism
induced by ¢'°% — i.e., the automorphism “B7 of (ii) may be
taken to be the identity.

OI(z)log o

Proof. The equivalence (i) < (ii) follows from the definition of the term
“IPSC-type” [cf. [HM], Definition 2.4, (i)]. The implication (iii) = (ii)
is immediate. The implication (ii) = (iii) follows immediately, in light
of the functoriality asserted in Theorem 4.8, (iv), from Lemma 5.4, (i),
(ii), and Theorem 5.7. O

Remark 5.10.1.

(i) The equivalence of Corollary 5.10 essentially amounts to the
equivalence

“IPSC-type <= positive definite”
which was discussed in [HM], Remark 2.14.1, without proof.

(ii) One way to understand the equivalence of Corollary 5.10 is as
the statement that the property that an outer representation
of PSC-type be of scheme-theoretic origin may be formulated
purely in terms of combinatorics/group theory.

In the final portion of the present §5, we apply the theory devel-
oped so far [i.e., in particular, the equivalences of Corollary 5.9, (ii),
(iii)] to derive results [cf. Theorem 5.14] concerning normalizers and
commensurators of groups of profinite Dehn multi-twists.

Definition 5.11. Let M C H C Out(Ilg) be closed subgroups of
Out(Ilg). Suppose further that M is an abelian pro-¥ group [such as
Dehn(G) — cf. Theorem 4.8, (iv)].

(i) We shall write
N (M) C Ny(M) C H

for the [closed] subgroup of H consisting of @ € H satisfying
the following condition: o € Ny(M), and, moreover, the action
of a on M by conjugation coincides with the automorphism of
M given by multiplication by an element of (Z*)*. We shall
refer to N5 (M) as the scalar-normalizer of M in H.
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(ii)) We shall write
C (M) C Cy(M) C H

for the subgroup of H consisting of a € H satisfying the follow-
ing condition: there exists an open Z>-submodule M! C M of
M [possibly depending on «] such that the action of v on H by
conjugation determines an automorphism of M/ given by mul-

tiplication by an element of (Z*)*. We shall refer to Cseal(M)
as the scalar-commensurator of M in H.

Lemma 5.12 (Scalar-normalizers and scalar-commensurators).
Let M C H C Out(Ilg) be closed subgroups of Out(Ilg). Suppose
further that M s an abelian pro-X group. Then:

(i) It holds that
M C Zg(M) C N3&l(M) C Cs(M).

(ii) If M' C M is a 7% -submodule of M, then
N3 (M) € NEU(M) 5 CE(M) € CPOT).
If, moreover, M' C M is open in M, then
Cy (M) = OF ().

Proof. These assertions follow immediately from the various definitions
involved. U

Definition 5.13. Let H C Out(Ilg) be a closed subgroup of Out(Ilg).
Then we shall say that H is IPSC-ample (respectively, NN-ample) if
H contains a positive definite (respectively, nondegenerate) [cf. Defi-
nition 5.8] profinite Dehn multi-twist € Dehn(G).

Remark 5.13.1. It follows immediately from Theorem 4.8, (iv), that
any open subgroup of Dehn(G) is IPSC-ample, hence also NN-ample
[cf. Definition 5.13].

Theorem 5.14 (Normalizers and commensurators of groups of
profinite Dehn multi-twists). Let ¥ be a nonempty set of prime
numbers, G a semi-graph of anabelioids of pro-X PSC-type, Out®(Ilg)
the group of group-theoretically cuspidal /[c¢f. [CmbGC], Definition
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1.4, (iv)] outomorphisms of g, and M C Out®(Ilg) a closed subgroup
of Out®(Ilg) which is abelian pro-X. Then the following hold:

(i) Suppose that one of the following two conditions is satisfied:
(1) M is IPSC-ample [cf. Definition 5.13].
(2) M is NN-ample [cf. Definition 5.13], and Cusp(G) # 0.
Then it holds that

N(S)Cjtlc(n (M) € C(S)Caic(n (M) € Aut(9)

[cf. Definition 5.11]. If, moreover, M C Dehn(G) [cf. Defini-
tion 4.4/, then

AutNede@l(g) C Nnggc(H (M) € C oseal »(M) € Aut(G)

Out® (11
[cf. Definition 2.6, (i)]. In particular,
Nscal (M), Cscal (M) C Aut(g)

Out®(Ilg) Out®(Ilg)

are open subgroups of Aut(G).

(ii) If M is an open subgroup of Dehn(G), then it holds that
Aut(G) = COutC(Hg)(M> :
If, moreover, Node(G) # 0, then
Aut@N(G) N Ker(xg) = Zowe mg) (M)

[cf. Definition 3.8, (ii)].
(iii) It holds that

Aut(G) = NOutc(Hg)(Dehn(g)) = COutc(Hg)(Dehn(g)) )

Proof. First, we verify the inclusion C’gcatlc )( ) € Aut(G) asserted

in assertion (i). Suppose that condition (1 ) (respectively, (2)) is satis-

fied. Let o € Cscatlc(n )(M) Then since o € C(S;SEC(HQ)(M), and M is

IPSC-ample (respectively, NN-ample), it follows immediately that there
exists an element B € M of M such that both 3 and afa~! = 3*, where
A\ € (Z*)*, are positive definite (respectively, nondegenerate) profinite
Dehn multi-twists. Thus, the graphicity of o follows immediately from
[HM], Remark 4.2.1, together with Corollary 5.9, (iii) (respectively,
from [HM], Theorem A, together with Corollary 5.9, (ii)). This com-

pletes the proof of the 1nclu81on C’(S.)Catlc g)(M ) € Aut(G), hence also, by

Lemma 5.12, (i), of the two 1nclu510ns in the first display of assertion
(i).

If, moreover, M C Dehn(G), then the inclusion AutN®@(G) C

N, (S)C&tlc )(M ) follows immediately from Theorem 4.8, (v). Thus, since
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AutNode@l(G) is an open subgroup of Aut(G) [cf. Proposition 2.7, (iii)],
it, follows immediately that N2 (I )(M ), hence also O (ng)(M ), is
an open subgroup of Aut(G). This completes the proof of assertion (i).

Next, we verify the equality Aut(G) = Coyomg) (M) in the first
display of assertion (ii). It follows immediately from Theorem 4.8, (i),
that Aut(G) C Noyem,) (Dehn(G)) C Coypoqg)(M). Thus, to verify
the equality Aut(G) = Co o, (M), it suffices to verify the inclusion
Couwecmg) (M) C Aut(G). To this end, let a € Coypoqp,)(M). Then it
follows from Lemma 5.12, (ii), that

ceel (M) = C (a-M-a')=a- C(S)Cjéc (M) st

OutC(Ilg) OutC(Ilg)

le.,a€ NOutC(Hg)(COuth( g)(M)) Thus, since C’S"atc(n )(M) is an open
subgroup of Aut(G) [cf. assertion (i); Remark 5.13.1], we conclude that
a € Coyomg)(Aut(G)). Thus, the fact that o € Aut(G) follows from
the commensurable terminality of Aut(G) in Out(Ilg), i.e., the equality
Aut(G) = Cou(rig)(Aut(G)) [cf. [CmbGC], Corollary 2.7, (iv)]. This
completes the proof of the equality Aut(G) = Coyoqy)(M).

Next, we verify the equality Aut™°%®9(G) N Ker(xg) = ZouC gy (M)
in the second display of assertion (ii). Now it follows immediately
from Theorem 4.8, (v), that AutN*9(G) N Ker(yg) C Zou gy (M).
Thus, to show the equality in question, it suffices to verify the inclu-
sion Zoyomg) (M) C AutNee@l(G) N Ker(yg). To this end, let us
observe that since Aut(G) = Coyoq,) (M) [cf. the preceding para-
graph], it holds that Zg,cq ) (M) € Aut(G). Thus, since the action
of Zoyemg) (M) on M by conjugation preserves and induces the iden-

tity automorphism on the intersection of M with each direct summand
Dg

of @D .enodae() Ao < Dehn(G) [ie., each “Ag”], it follows immediately
from Theorem 4.8, (v), in light of our assumption that Node(G) # 0,
that Zocmg) (M) C AutNo@l(G) N Ker(xg). This completes the
proof of assertion (ii).

Assertion (iii) follows immediately from assertion (ii), together with
Theorem 4.8, (i). This completes the proof of Theorem 5.14. O

Remark 5.14.1. In the notation of Theorem 5.14, (i) (respectively,
Theorem 5.14, (ii)), in general, the inclusion

Citlo gy (M) € Aut(G)

[hence, a fortiori, by the inclusions of the first display of Theorem 5.14,

(i), the inclusion NV (S)C&tlc( )( ) € Aut(G)] (respectively, in general, the

inclusion

Nowe gy (M) € Aut(G))
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is strict. Indeed, suppose that there exist a node e € Node(G) and an
automorphism « € Aut(G) of G such that a does not stabilize e, and
Xg(a) = 1. [For example, in the notation of the final paragraph of the
proof of Theorem 5.7, the node e; and the automorphism induced by 7
of Gy, satisfy these conditions.] Now fix a prime number [ € ¥; write

)
M (Ag). @ (@ Ag) c P A 2 Dehn(Q)
f#e f€Node(G)

— where we use the notation (Ag). to denote a copy of Ag indexed
by e € Node(G). Then M is an open subgroup of Dehn(G), hence also
IPSC-ample [cf. Remark 5.13.1], but it follows immediately from Theo-
rem 4.8, (v), that o ¢ 52! (M) (respectively, o & Ngyeo(mg)(M)).

Out® (IIg)
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6. CENTRALIZERS OF GEOMETRIC MONODROMY

In the present §, we study the centralizer of the image of certain
geometric monodromy groups. As an application, we prove a “geometric
version of the Grothendieck conjecture” for the universal curve over the
moduli stack of pointed smooth curves [cf. Theorem 6.13 below].

Definition 6.1. Let X be a nonempty set of prime numbers and II a
pro-X surface group [cf. [MT], Definition 1.2]. Then we shall write

Out®(1) = Out*™ (IT) = Out™ (1)

for the group of outomorphisms of II which induce bijections on the
set of cuspidal inertia subgroups of II. We shall refer to an element of
Out®(I1) = Out™(I1) = Out™ (1) as a C-, FC-, or PFC-admissible
outomorphism of II.

Remark 6.1.1. In the notation of Definition 6.1, suppose that ei-
ther ¥ = 1 or ¥ = Primes. Then it follows from the various defi-
nitions involved that II is equipped with a natural structure of pro-X
configuration space group [cf. [MT], Definition 2.3, (i)]. Thus, the
terms “C-/FC-/PFC-admissible outomorphism of I1” and the notation
“Out®(I1) = Out™(I1)” have already been defined in [CmbCsp], Def-
inition 1.1, (ii), and Definition 1.4, (iii), of the present paper. In this
case, however, one may verify easily that these definitions coincide.

Lemma 6.2 (Extensions arising from log configuration spaces).
Let (g,r) be a pair of nonnegative integers such that 2g — 2 +r > 0;
0 < m < n positive integers; Yp C Xg nonempty sets of prime numbers;
k an algebraically closed field of characteristic zero; (Spec k)'°® the log
scheme obtained by equipping Spec k with the log structure given by the
fs chart N — k that maps 1 — 0; X8 = X ¢ stable log curve of
type (g,7) over (Spec k)8, Suppose that Xy C Y satisfy one of the
following two conditions:

(1) Xp and ¥ determine PT-formations [i.e., are either of car-
dinality 1 or equal to Primes — cf. [MT|, Definition 1.1,
(2) n—m =1 and Xg = Primes.

Write

Xlog Xlog
for the n-th, m-th log configuration spaces of the stable log curve
X' [cf. the discussion entitled “Curves” in §0], respectively; Il,,

Y
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I o IT,, for the respective maximal pro-Yg quotients of the ker-
nels of the natural surjections 7 (X°¢) — 7 ((Spec k)'°8), m(X°8) —
71 ((Spec k)'o8); IL,/m C 1L, for the kernel of the surjection 11,, — Ilg =
I1,,, induced by the projection X'°¢ — X8 obtained by forgetting the last
(n —m) factors; g for the mazimal pro-Xp quotient of 1L,/ ; iy for
the quotient of 11,, by the kernel of the natural surjection 11, ,, — .
Thus, we have a natural exact sequence of profinite groups

1 —Ilfg — Il — IIg — 1,
which determines an outer representation
Prym: Iy — Out(Ily) .
Then the following hold:

(i) The isomorphism class of the exact sequence of profinite groups
1 — Il — Iy — IIg — 1

depends only on (g,7) and the pair (Xg,2B), i.e., if 1 —
I}, — 11 — IIy — 1 @s the exact sequence “1 — Ilp — Ilp —
IIg — 17 associated, with respect to the same (Xg, 3p), to an-
other stable log curve of type (g,7) over (Speck)'®, then there
exists a commutative diagram of profinite groups

1 —— HF HT HB — 1
L
1 —— I} II% Iy — 1

— where the vertical arrows are isomorphisms.

(ii) The profinite group Iy is equipped with a natural structure of
pro-Yp configuration space group [cf. [MT], Definition 2.3,
(i)]. If, moreover, ¥r C Xg satisfies condition (1) (respectively,
(2)), then the profinite group llg is equipped with a natural
structure of pro-Yr configuration space group (respectively,
surface group [cf. [MT], Definition 1.2]).

(iii) The outer representation py/y,: g — Out(llp) factors through
the closed subgroup Out®(Ilg) C Out(Ilg) [cf. Definition 6.1;
[CmbCsp], Definition 1.1, (ii)].

Proof. Assertion (i) follows immediately by considering a suitable spe-
cialization isomorphism [cf. the discussion preceding [CmbCsp], Defi-
nition 2.1, as well as Remark 5.6.1 of the present paper]. Assertion (ii)
follows immediately from assertion (i), together with the various def-
initions involved. Assertion (iii) follows immediately from the various
definitions involved. This completes the proof of Lemma 6.2. O
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Definition 6.3. In the notation of Lemma 6.2 in the case where

(m,n, Xg) = (1,2, Primes),

let € X (k) be a k-valued point of the underlying scheme X of X'°8.

(1)

(i)

(i)

We shall denote by

g

the semi-graph of anabelioids of pro-Primes PSC-type deter-
mined by the stable log curve X'°8: by

G

the semi-graph of anabelioids of pro-Xr PSC-type determined
by the geometric fiber of Xi® — X8 over z'os 2 xx Xloe:
by Ilg, Ilg, the [pro-Primes, pro-Xr| fundamental groups of G,
G., respectively. Thus, we have a natural outer isomorphism

My == T,

and a natural Im(py/;) (€ Out(llg))-torsor of outer isomor-
phisms

Let us fir isomorphisms Il — Ilg, Iy — IIg, that belong to
these collections of isomorphisms.

Denote by
Cgiag,m S CUSp(ggp)

the cusp of G, [i.e., the cusp of the geometric fiber of X;Og —
X' over #°¢] determined by the diagonal divisor of X3, For
v € Vert(G) (respectively, ¢ € Cusp(G)) [i.e., which corresponds
to an irreducible component (respectively, a cusp) of X'°¢], de-

note by
vE € Vert(G,) (respectively, ¢t € Cusp(G,))

the vertex (respectively, cusp) of G, that corresponds naturally
to v € Vert(G) (respectively, ¢ € Cusp(G)).

Let e € Edge(G), v € Vert(G), S € VCN(G), and z € VCN(G).
Then we shall say that x lies on e if the image of x is the cusp
or node corresponding to e € Edge(G). We shall say that = lies
on v if x does not lie on any edge of G, and, moreover, the image
of x is contained in the irreducible component corresponding to
v € Vert(G). We shall write z ~ S if x lies on some s € §. We
shall write x ~ z if . ~ {z}.
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Lemma 6.4 (Cusps and vertices of fibers). In the notation of
Definition 6.3, let x, ' € X (k) be k-valued points of X. Then the
following hold:

(1)

(i)

(iii)

(iv)

The isomorphism Tlg, — Ilg , obtained by forming the compos-
ite of the isomorphisms g, < Ilp — g , [cf. Definition 6.3,
(i)] is group-theoretically cuspidal [cf. [CmbGC], Defini-
tion 1.4, (iv)].

F

The ingjection Cusp(G) — Cusp(G,) given by mapping ¢ — c,
determines a bijection

CUSp(g) — Cusp(gw) \ {cgiag,r}

[cf. Definition 6.3, (ii)]. Moreover, if we regard Cusp(G) as a
subset of each of the sets Cusp(G,), Cusp(G,/) by means of the
above injections, then the bijection Cusp(G,) — Cusp(G.) de-
termined by the group-theoretically cuspidal isomorphism
g, = Tlg, of (i) maps iy — Chinger @nd induces the iden-
tity automorphism on Cusp(G). Thus, in the remainder of

the present §, we shall omit the subscript “x” from the notation

« F» and « F ”

Cy Cdiag,x ’

The injection Vert(G) — Vert(G,) given by mapping v — vl

[cf. Definition 6.3, (ii)] is bijective if and only if v ~ Vert(G)
[cf. Definition 6.3, (iii)]. If x ~ Edge(G), then the complement
of the image of Vert(G) in Vert(G,) is of cardinality one; in this
case, we shall write

v . € Vert(G,) \ Vert(G)

new,x

for the unique element of Vert(G,) \ Vert(G).

Suppose that © ~ Cusp(G) (respectively, Node(G)). Then it
holds that cf,, € C(vh, ) [cf. (idi)], and, moreover, (C(vi,,, )%,

N@E )8 = (2,1) (respectively, = (1,2)). Moreover, for 7any

element eF € N( ), it holds that V(eF)* = 2.

F
Unew,x

Proof. These assertions follow immediately from the various definitions
involved. O

Definition 6.5. In the notation of Definition 6.3:

(1)

Write
Cusp"(G)  Cusp(9) U {cfing}
[cf. Definition 6.3, (ii); Lemma 6.4, (ii)].
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(ii) Let o € Out®(Ilg) be an C-admissible outomorphism of TIg [cf.
Definition 6.1; Lemma 6.2, (ii)]. Then it follows immediately
from Lemma 6.4, (ii), that for any k-valued point x € X (k) of
X, the automorphism of Cusp®(G) [cf. (i)] obtained by con-
jugating the natural action of o on Cusp(G,) by the natural
bijection Cusp® (G) — Cusp(G,) implicit in Lemma 6.4, (ii),
does not depend on the choice of x. We shall refer to this
automorphism of Cusp®(G) as the automorphism of Cusp’ (G)

determined by «. Thus, we have a natural homomorphism
Out®(Ilp) — Aut(Cusp™(G)).

(iii) For ¢ € Cusp”(G) [cf. (i)], we shall refer to a closed subgroup
of Tl obtained as the image — via the isomorphism Ilg, <
Iy [cf. Definition 6.3, (i)] for some k-valued point = € X (k)
— of a cuspidal subgroup of Ilg, associated to the cusp of G,
corresponding to ¢ € Cusp™(G) as a cuspidal subgroup of Ilp
associated to ¢ € Cusp” (G). Note that it follows immediately
from Lemma 6.4, (ii), that the [Ig-conjugacy class of a cuspidal
subgroup of Iy associated to ¢ € Cusp®(G) depends only on
¢ € Cusp(G), i.e., does not depend on the choice of 2 or on the
choices of isomorphisms made in Definition 6.3, (i).

Lemma 6.6 (Images of VCN-subgroups of fibers). In the nota-
tion of Definition 6.3, let Hcgiag C Il be a cuspidal subgroup of Il
associated to cf,, € Cusp' (G) [ef. Definition 6.5, (i), (iii)], = € X (k)
a k-valued point of X, 2" € VCN(G,) \ {chi,}, and ILr C Ilg, a VCN-
subgroup of Ilg, associated to z¥. Write Ngiag € g for the normal
closed subgroup of Iy topologically normally generated by Hcgiag. [Note

that it follows immediately from Lemma 6.4, (i), that Naiag is normal
in ./ Then the following hold:

(i) Write G for the semi-graph of anabelioids of pro-Yr PSC-
type obtained by forming the pro-Xy completion of G [cf.
[SemiAn|, Definition 2.9, (ii)]. Then there exists a natural
outer isomorphism Ilp/Ngiag =5 s that satisfies the fol-
lowing conditions:

e Suppose that x ~ Vert(G) [cf. Definition 6.3, (iii)]. Then
the lgsg -conjugacy class of the image of the composite
HZF — ng & HF — HF/Ndiag 5 HgEF

coincides with the gz -conjugacy class of any VON-sub-
group of Ilgsy associated to the element of VON(G¥F) =
VCN(G) naturally determined by 2.
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e Suppose that x ~ e € Edge(G), and that 2 & {v,, ,} U
E(Vow.s) (respectively, 2 € {vf, .} U E(viyy ,)) [cf. Lemma

6.4, (m)/ Then the ngF—conjuéacy class of the image of
the composite

HZF — ng ; HF —» HF/Ndiag :> HgZF

coincides with the gz -conjugacy class of any VON-sub-
group of gsp associated to the element of VCN(G*F) =
VCN(G) natural determined by 2* (respectively, associated
to e € Edge(G™") = Edge(G) ).

(ii) The image of the composite
ILe < Ilg, < Iy — Ip/Nying
1s commensurably terminal.
(iii) Suppose that either
o 2F € Edge(G,),
or
o I =0l for v € Vert(G) such that x does not lie on v.
Then the composite
e < Ilg, < Iy — Ip/Nying
1s injective.
(iv) Let Ilnr C Ilg, be a VON-subgroup of llg, associated to an
element (2')F € VCN(G,) \ {cliag}- Suppose that either
o x n Vert(G),
or
o ¢~ Bdge(0), and =, ()F ¢ {tF,,,, } UECE,, ).

Then if the Ilp/Ngiag-conjugacy classes of the images of 1L,
e C Ilg, via the composite

g, < Hp — p/Niag

coincide, then 2¥ = (2)F.

Proof. Assertion (i) follows immediately from the various definitions in-
volved. Assertion (ii) follows immediately from [CmbGC], Proposition
1.2, (ii), and assertion (i), together with the various definitions in-
volved. Assertion (iii) follows immediately from assertion (i), together
with the various definitions involved. Assertion (iv) follows immedi-
ately from [CmbGC], Proposition 1.2, (i), and assertion (i), together
with the various definitions involved. O
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Lemma 6.7 (Outomorphisms preserving the diagonal). In the

notation of Definition 6.3, let H C Ilg be an open subgroup of 1lg,

a an automorphism of lt|y dof It X, H over H, ap € Out(Ily)

the outomorphism of g determined by the restriction &|m, of a to
g C Iy|y, and Hcg. C IIg a cuspidal subgroup of Ilg associated to
iag

ch.. € Cusp™(G) [cf. Definition 6.5, (i), (iii)]. Then the following

diag

hold:

(i) Suppose that & preserves U C Iy. Then the automorphism
iag

of Ilp /Naiag [where we refer to the statement of Lemma 6.6 con-
cerning Naiag | induced by & is the identity automorphism. If,
moreover, ag is C-admissible [cf. Definition 6.1; Lemma 6.2,
(ii)], then the automorphism of Cusp*(G) induced by ap [cf
Definition 6.5, (ii)] is the identity automorphism.

(ii) Let e € Edge(G), v € X (k) be such that x ~ e. Suppose
that ap is C-admissible, and that Edge(G) = {e} U Cusp(G).
Then it holds that ar € Aut(G,) (C Out(Ilg,) < Out(Ilg)).
If, moreover, a preserves Hcgiag C I, then ap € Aut/®?l (G,)

(C Aut(G,)).

Proof. First, we verify assertion (i). Now let us observe that it follows
immediately from a similar argument to the argument used in the proof
of [CmbCsp|, Proposition 1.2, (iii) — i.e., by considering the action of
a on the decomposition subgroup D C Ilt|y of Ilt|y associated to the
diagonal divisor of XX such that Hcgiag C D, and applying the fact
that D = NHT|H(HCSiag) C IIp|g — that a induces the identity automor-

phism on some normal open subgroup J C Il /Ngiag of g /Ngiag. Thus,
it follows immediately from the slimness [cf. [CmbGC]|, Remark 1.1.3]
of Igzp < Ip/Ngiag — Aut(J) that & induces the identity automor-
phism on Ilp /Ngiag. This completes the proof of the fact that @ induces
the identity automorphism of llp/Ngiae. On the other hand, if, more-
over, ap is C-admissible, then since a induces the identity automor-
phism of Il /Ngiag, it follows immediately from [CmbGC], Proposition
1.2, (i), applied to the cuspidal inertia subgroups of Ilrp/Ngiag — Ilg=p
[cf. Lemma 6.6, (i)] that the automorphism of Cusp”(G) induced by
ar is the identity automorphism. This completes the proof of assertion
(i).

Next, we verify assertion (ii). Let II, C Ilg < IIg be an edge-
like subgroup associated to the edge e € Edge(G). By abuse of no-
tation, we shall write H N II, C IIg for the intersection of H with
the image of II, in IIg. Now since ap is C-admissible, and « is an
automorphism of Ilr|g over H, it holds that ar € Zg,o ) (p2/1(H))
[cf. the discussion entitled “Topological groups” in §0], hence also that
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ar € Zowom(p21(H N1IL)). On the other hand, in light of the
well-known structure of X'°¢ in a neighborhood of the cusp or node
corresponding to e, one verifies easily — by applying [HM], Proposi-
tion 2.14, together with our assumption that Edge(G) = {e} U Cusp(G)
— that the image of the composite

I, < Mg < I 2 Out(Ilp) = Out(Ilg, ),
hence also the image po/1(HNIL,) € Out(llp) = Out(Ilg,), is NN-
ample [cf. Definition 5.13; Theorem 5.9, (ii)]. Thus, since cg,, €
Cusp(G,) # 0, it follows immediately from Theorem 5.14, (i), that
ar € Aut(G,). This completes the proof of the fact that ap € Aut(G,).

Now suppose, moreover, that & preserves Hcg. C IIg. Then it follows
iag

from assertion (i) that ap fixes the cusps of G,, hence that it fixes
Vb - On the other hand, since & induces the identity automorphism
of ITp /Naiag [cf. assertion (i)], it follows from Lemma 6.6, (iii), (iv), that
ay fixes the vertices of G, that are # vl ,, as well as [cf. [CmbGC],
Proposition 1.2, (i)] the branches of nodes of G, that abut to such
vertices. Thus, ap € Aut!®P"(G,), as desired. This completes the

proof of assertion (ii). O

Lemma 6.8 (Triviality of certain outomorphisms). In the nota-
tion of Definition 6.3, let I Cllp be a cuspidal subgroup of Ilg as-

ing
sociated to cl,, € Cusp™(G) [cf. Definition 6.5, (i), (iii)], H C g an
open subgroup of g, and a € Zgyomy)(p2/1(H)) [cf. Definition 6.1;
Lemma 6.2, (ii)]. Suppose that « preserves the llg-conjugacy class of
Hcgiag C Ilg. Then « is the identity outomorphism.

Proof. The following argument is essentially the same as the argu-
ment applied in [CmbCsp], [HM] to prove [CmbCsp], Corollary 2.3,

(ii); [HM], Corollary 5.3.

Let HT|H d:ef IIt XTig H and a € AutH(HT\H) a hftlng of a €

Zowe (g (p2/1(H)) € Zowm) (p2/1(H)) < Autp (Ilz|g) /Inn(ITp) [cf.
the discussion entitled “Topological groups’ in §0]. Since we have
assumed that « preserves the Ilgp-conjugacy class of Hcgiag C Ilp, it
follows from Lemma 6.7, (i), (ii), that by replacing a by a suitable
[Tg-conjugate of a, we may assume without loss of generality that a
preserves Hcgiag C Iy, and, moreover, that

(a) the automorphism of IIp/Ngi,, induced by « is the identity au-
tomorphism,

(b) for e € Edge(G), z € X (k) such that z ~ e, if Edge(G) = {e}
U Cusp(G), then o € Aut#?"(G,) (C Out(Ilg,) < Out(Ilp)).
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Next, we claim that

(%1): if (g,7) = (0,3), then « is the identity outomor-
phism.
Indeed, write ¢;, ¢o, c3 € Cusp(G) for the three distinct cusps of G;
v € Vert(G) for the unique vertex of G. For i € {1,2,3}, let x; € X (k)
be such that z; ~ ¢;. Next, let us observe that since our assumption
that (g,r) = (0,3) implies that Node(G) = 0, it follows immediately
from (b) that for ¢ € {1,2,3}, the outomorphism a of Ilg, < IIf is
€ AutlePhl(g, ) (C Out(Tlg, ) < Out(Ilg)). Next, let us fix a ver-
ticial subgroup ILr C llg,, < IIp associated to v € Vert(G,,)
[cf. Definition 6.3, (ii)]. Then since o € Autl®P?(G, ), it follows
immediately from the commensurable terminality of the image of the
composite Ir — Tlg,, & Hp — Ilg/Ngiag [cf. Lemma 6.6, (ii)],
together with (a), that there exists an Ngie-conjugate 3 of & such
that 6(Hv§2) = va2. Thus, since the composite Hv§2 — llg,, &
Iy — Ilp/Naiag is injective [cf. Lemma 6.6, (iii)], it follows immedi-
ately from (a) that 3 induces the identity automorphism on Hv52 C
lg,, & Iy, Next, let IIr C Ily be a cuspidal subgroup of Il asso-
ciated to ¢; € Cusp®(G) [cf. Definition 6.5, (iii)] which is contained
in HU§2 C llg,, & Iy vag C Ilg,, & Ilp a verticial subgroup as-
sociated to vi, € Vert(G,,) that contains II.e C Ip. Then since
induces the identity automorphism on Hv§2 C llg,, & 1y, it follows
from the inclusion Il C ILy = that E(Hclf) = IlLr. Thus, since the
verticial subgroup Hv£3 CIlg,, & I is the unique verticial subgroup

3

[CmbGC], Proposition 1.5, (i)], it follows immediately from the fact
that a € Aut!®P'(G,.) that ﬁ(vag) = Iy . In particular, since the
composite ILp — Ilp — Iy /Niag 18 injective [cf. Lemma 6.6, (iii)], it

of Ig,, < Ilr associated to vy, € Vert(G,,) which contains e [cf.

follows immediately from (a) that 5 induces the identity automorphism
on HvES C lg,, & IIp. On the other hand, since Ily is topologically
generated by Iy C Ilg,, & Mg and ILe C g, & g [cf. [CmbCsp],
Lemma 1.13], this implies that 5 induces the identity automorphism on

[Ig. This completes the proof of the claim (x;).
Next, we claim that

(%2): for arbitrary (g,r), v is the identity outomorphism.

Indeed, we verify the claim (x5) by induction on 3g—3+r. If 3g—3+r =
0, i.e., (g,7) = (0,3), then the claim (%) amounts to the claim (x;).
Now suppose that 3g—347r > 1, and that the induction hypothesisis in
force. Since 3g —3+4r > 1, one verifies easily that there exists a stable



120 YUICHIRO HOSHI AND SHINICHI MOCHIZUKI

log curve Y198 of type (g,r) over (Spec k)!°® such that Y'°® has precisely
one node. Thus, it follows immediately from Lemma 6.2, (i), that to
verify the claim (x;), by replacing X'°8 by Y8 we may assume without
loss of generality that Node(G)* = 1. Let e be the unique node of G and
x € X (k) such that z ~ e. Now let us observe that since Node(G)* =
1, and e € Node(G), it follows from (b) that a € Autl#P(G,) (C
Out(Ilg,) < Out(Ily)). Write {e],e5} = N (v}, ,) [cf. Lemma 6.4,
(iv)]. Also, for ¢ € {1,2}, denote by v; € Vert(g) the vertex of G
such that (v;)} € Vert(G,) is the unique element of V(e}) \ {vfoy.,}
[cf. Lemma 6.4, (iv)]; by H; the sub-semi-graph of PSC type of the
underlying semi—graph G, of G, whose set of vertices = {v}, .. (vi)} };

and by S; & Node((G.)|m,) \ {ef'} € Node((G,)|m,) the complement
of {ef'}. [Thus, if G is noncyclically primitive (respectively, cyclically
primitive) [cf. Definition 4.1], then H; # G, and S; = () (respectively,
H; = G, and S; = {e}_,}). In particular, S; C Node((G,)|w,) is not of
separating type.|

Next, let us observe that to complete the proof of the above claim
(%2), it suffices to verify that

(t): a € Dehn(G,), and, moreover, for ¢ € {1,2}, « is
contained in the kernel of the natural surjection Dehn(G,) —
Dehn(((Gy)|m,)ss;) [cf. Theorem 4.8, (iii), (iv)].

Indeed, since [as is easily verified] Node(G,) = N'(vE,, ) = {el,el}, it

new,x

follows immediately from Theorem 4.8, (iii), (iv), that

(i] Ker (Dehn(G,) —» Dehn(((G:)li)»s.)) = {1}

In particular, the implication (f) = (%2) holds. The remainder of the
proof of the claim (x3) is devoted to verifying the above (7).

For i € {1,2}, let IT,,;r C Ilg, < IIp be a verticial subgroup of
ITg, < IIp associated to the vertex (v;); € V(e; )\ {they .} Then since
o € Aut!®P(G,), it follows that & preserves the ITp-conjugacy class of
e C g, & IIp. Thus, since the image of the composite e —
Iy — Ip/Ngiag is commensurably terminal [cf. Lemma 6.6, (ii)], it
follows immediately from (a) that there exists an Ngi,g-conjugate /E,
[which may depend on i € {1,2}!] of & such that @(H(vi)g) = .
Therefore, since the composite e — Hp — Ip /Niag 18 injective
[cf. Lemma 6.6, (iii)], it follows from (a) that §; induces the identity
automorphism of Il ye.

Next, let II or C H yr be a nodal subgroup of Ilg, & Ty associated
to el € Node(gm) that is contained in M, yr; Me . C Tlg, &g
a verticial subgroup [which may depend on i € {1,2}!] associated to
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Upew,w € Vert(G,) which contains IT.r:

new,x

it 2 ler Sy Mg, = Tp

Then since EZ preserves and induces the identity automorphism on
I(y,)r, it follows from the inclusion Il,r C Il(,,r that G;(Ilr) = Il r.
Moreover, since Il,r ; is the unique verticial subgroup of Ilg, E g

associated to v which contains I s [cf. [CmbGC], Proposition

1.5, (1)], it follows immediately from the fact that a € Autl#Phl(G))
that g;(IL,r ;) = I ;. Thus, B preserves the closed subgroup

Iy, C Il of Il obtair;lz:vaziay forming the image of the natural homo-
morphism

Lim (Hvﬁcw,z;z’ — ler = H(vzﬁ) — llr

— where the inductive limit is taken in the category of pro-Xg groups.
Now one may verify easily that the IIp-conjugacy class of Ilp, C Il
coincides with the ITp-conjugacy class of the image of the natural outer
injection (g, ), s, — 1lg, & Iy discussed in Proposition 2.11; in
particular, IIp, is commensurably terminal in Iy [cf. Proposition 2.11].
Moreover, by applying a similar argument to the argument used in
[CmbCsp], Definition 2.1, (iii), (vi), or [HM], Definition 5.1, (ix), (x)
[i.e., by considering the portion of the underlying scheme X5 of X;Og
corresponding to the underlying scheme (X,,)s of the 2-nd log config-
uration space (X, )¥% of the stable log curve X8 determined by Gl,,],
one concludes that there exists a verticial subgroup II,, C IIg < Il

associated to v; € Vert(G) such that the outer representation of II,,

on Iy determined by the composite II,, — Ilg 2 Out(Ilg) preserves

the ITg-conjugacy class of IIg, C Il [so we obtain a natural outer rep-
resentation II,, — Out(Ilg,) — cf. Lemma 2.12, (iii)], and, moreover,

that if we write Ilr, o I, ) I1,, (C IIt) [cf. the discussion entitled
“Topological groups” in §0], then Ilt, is naturally isomorphic to the
“IIT” obtained by taking “G” to be G|,,.

Now since @(HFZ) = Ilp,, and a € Zyyoqy)(p21(H)), one may
verify easily that the outomorphism of IIr, determined by B;|HFZ [cf.
Lemma 2.12, (iii)] is € Zoyeqy ) (p2/1(H N1L,)) — where, by abuse
of notation, we write H N II,, C Ilg for the intersection of H with
the image of II,, in IIg. Therefore, since the quantity “3g — 3 + r”
associated to G|,, is < 3g — 3 + r, by considering a similar diagram to
the diagram in [CmbCsp], Definition 2.1, (vi), or [HM], Definition 5.1,
(x), and applying the induction hypothesis, we conclude that B;‘HFl is
a Ilg,-inner automorphism. In particular, it follows immediately [by
allowing i € {1,2} to vary] that the outomorphism « is € Dehn(G,),
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and, moreover — by considering the natural identification outer iso-
morphism Ilp, = Tl(g,)y,)),s, — that « is contained in the kernel

of the natural surjection Dehn(G,) — Dehn(((G:)|m,))xs;), as desired.
This completes the proof of (}), hence also of Lemma 6.8. 0

Definition 6.9. In the notation of Definition 6.3:

(i) Suppose that 2g —2+r > 1, i.e., (g,7) & {(0,3),(1,1)}. Then
we shall write

A, o {1} C Aut(Cusp®(G))
cf. Definition 6.5, (i)].
(ii) Suppose that (g,7) = (1,1). Then we shall write
(Z)2Z ~) A,, o Aut(Cusp(G)).

(iii) Suppose that (g,7) = (0,3). Then we shall write
(Z)2Z x Z)2Z ~) A, C Aut(Cusp" (G))

for the subgroup of Aut(Cusp’(G)) obtained as the image of
the subgroup of the symmetric group on 4 letters

{id, (12)(34),(13)(24),(14)(23)} C 64

via the isomorphism &, = Aut(Cusp (G)) arising from a bi-
jection {1,2,3,4} = Cusp”(G). [Note that since the above
subgroup of &, is normal, the subgroup A,, C Aut(Cusp" (G))
does not depend on the choice of the bijection {1,2,3,4} =
Cusp"(G).]

Lemma 6.10 (Permutations of cusps arising from certain C-ad-
missible outomorphisms). In the notation of Definition 6.3, let
H C Ilg be an open subgroup of llg. Then the following hold:

(i) The composite
Zowe ) (P21 (H)) — Out®(Ily) — Aut(Cusp" (G))

[cf. Definition 6.5, (ii)] factors through A,, C Aut(Cusp®(G))
[cf. Definition 6.9], hence determines a homomorphism

ZOutC(HF)(Im(pQ/l)) — Ay
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(ii) The composite
Aut xiog (Xéog) - ZOutC(HF)(Im(p2/1)) — Ay,
of the natural homomorphism
At yos (X57) — Z o 11p) (Im(p2/1))

with the homomorphism of (i) is an isomorphism. In par-
ticular, the homomorphism Zg o (Im(p21)) — Ay, of (i)
is a split surjection [cf. the discussion entitled “Topological
groups” in §0].

Proof. First, we verify assertion (i). If (¢g,7) = (1,1), then since A,, =
Aut(Cusp® (G)), assertion (i) is immediate. On the other hand, if r = 0,
then since Cusp”(G)f = 1, assertion (i) is immediate. Thus, in the
remainder of the proof of assertion (i), we suppose that (g,r) # (1,1),
r> 1.

Now we verify assertion (i) in the case where r = 1. Let us ob-
serve that it follows immediately from Lemma 6.2, (i), that by replac-
ing X'°¢ by a suitable stable log curve of type (g,r) over (Spec k)8,
we may assume without loss of generality [cf. our assumption that
r = 1, which implies that (g,7) # (0,3)] that G is cyclically primi-
tive [cf. Definition 4.1]. Let ¢ € Cusp(G) be the unique cusp of G,
e € Node(G) the unique node of G, x € X (k) such that x ~ e, and
o € Zoyemy (p2/1(H)). Then let us observe that it follows immediately
from our assumption that G is cyclically primitive of type (g,7) # (1,1)
(respectively, the various definitions involved) that the vertex of G, to
which cf' (respectively, chiag) abuts is not of type (0,3) (respectively, is
of type (0,3)). Moreover, it follows immediately from Lemma 6.7, (ii),
that the outomorphism « of Ilg, < I is € Aut(G,). Thus, we con-
clude that the automorphism of Cusp®(G) induced by « is the identity
automorphism. This completes the proof of assertion (i) in the case
where r = 1.

Next, we verify assertion (i) in the case where r > 1. Let us observe
that it follows immediately from Lemma 6.2, (i), that by replacing X'°8
by a suitable stable log curve of type (g,7) over (Spec k)8, we may
assume without loss of generality that Node(G) = (). Let v € Vert(G)
be the wunique vertex of G [cf. our assumption that Node(G) = (]
and a € Zgyoqm (p21(H)). Now let us observe that for any ¢ €
Cusp(G), * € X (k) such that x ~ ¢, it follows immediately from the
various definitions involved that Vert(G,) = {v}, Uiew o i C(Vew.s) =
{", Cling s C(vy) = Cusp(Ga) \ {c", g }s vy I of type (9,7); Ve
is of type (0,3). Moreover, it follows immediately from Lemma 6.7,
(ii), that the outomorphism « of Ilg, < IIp is € Aut(G,). Thus, if
(g,7) # (0,3), then since v is of type (g,7), and v _ is of type

new,x

(0, 3), it follows immediately that « induces the identity automorphism
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on Vert(G,), hence that o preserves the subset {c,cy,,} C Cusp® (G)
corresponding to C(v}y, ) = {¢", Caiag }- In particular, if (g,7) # (0,3),
(respectively, (g,7) = (0, 3)), then — by allowing “c” to vary among the
elements of Cusp(G) — one may verify easily that the automorphism
of Cusp™(G) induced by « is the identity automorphism (respectively,
satisfies the condition that

for any subset S € Cusp' (G) of cardinality 2, the au-
tomorphism of Cusp”(G) induced by a determines an
automorphism of the set {S, Cusp®(G) \ S} C 2Cusr" (@),

hence, by Lemma 6.11 below, is contained in A,, C Aut(Cusp®(G))).
This completes the proof of assertion (i) in the case where r > 1, hence
also of assertion (i).

Next, we verify assertion (ii). One verifies easily that the composite
of natural homomorphisms

Autyios (X2%) — Auti, (Tr) /Ton(I1g) > Zousqe) (Im(pa))

[cf. the discussion entitled “Topological groups” in §0] factors through
Zowe ey Im(p21)) € Zowry)(Im(pz/1)). In particular, we obtain a

natural homomorphism Aut yis (X38) — Zo e (1p) (Im(p2/1)). Now the
fact that the composite

AUtxlog(Xéog) - ZOutC(HF)(Im(p2/1)) — OU‘JC(HF) - AU‘J(CUSPF(Q))

determines a surjection Aut yios (X5%) — A, is well-known and easily
verified. To verify that this surjection is injective, observe that an el-
ement of the kernel of this surjection determines an automorphism of
the trivial family X' X (Spec kyloz X log _, Xlog gyer X'°¢ that preserves
the image of the diagonal. On the other hand, since the relative tan-
gent bundle of this trivial family has no nonzero global sections, one
concludes immediately that such an automorphism is constant, i.e.,
arises from a single automorphism of the fiber X'°8 over (Spec k)'°®
that is compatible with the diagonal, hence [as is easily verified] equal
to the identity automorphism, as desired. This completes the proof of
assertion (ii). O

Lemma 6.11 (A subgroup of the symmetric group on 4 letters).
Write G C &4 for the subgroup of the symmetric group on 4 letters Sy
consisting of g € &4 such that

(x): for any subset S C {1,2,3,4} of cardinality 2,

the automorphism g of {1,2,3,4} determines an auto-

morphism of the set {S,{1,2,3,4}\ S} C 211234},
Then

G ={id, (12)(34),(13)(24), (14)(23)}.
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Proof. First, let us observe that one may verify easily that
{id, (12)(34), (13)(24),(14)(23)} C G.

Thus, to verify Lemma 6.11, it suffices to verify that G* = 4. Next, let
us observe that it follows immediately from the condition (%) that for
any element g € G, it holds that ¢* = id; in particular, by the Sylow
Theorem, together with the fact that 63 = 23.3, we conclude that G is
a 2-group. Thus, to verify Lemma 6.11, it suffices to verify that G* # 8.
Next, let us observe that it follows immediately from the condition (x)
that G C &, is normal. Thus, if Gf = 8, then since &% = 23 -3, and
(12) € &4 is of order 2, again by the Sylow Theorem, we conclude that
(12) € G, in contradiction to the fact that (12) does not satisfy the
condition (). This completes the proof of Lemma 6.11. O

Theorem 6.12 (Centralizers of geometric monodromy groups
arising from configuration spaces). Let (g,7) be a pair of nonneg-
ative integers such that 2g —2 +1r > 0; 0 < m < n positive integers;
Yr C Xg nonempty sets of prime numbers; k an algebraically closed
field of characteristic zero; (Spec k)1°8 the log scheme obtained by equip-
ping Spec k with the log structure given by the fs chart N — k that maps
1— 0; X'9¢ = X|°® g stable log curve of type (g,r) over (Spec k).
Suppose that g C X satisfy one of the following two conditions:

(1) Xp and ¥ determine PT-formations [i.e., are either of car-
dinality 1 or equal to Primes — cf. [MT|, Definition 1.1,
(i)

(2) n—m =1 and X = Primes.

Write
Xlog Xlog
for the n-th, m-th log configuration spaces of the stable log curve

X'e [cf. the discussion entitled “Curves” in §0], respectively; Il,,

Il o IT,, for the respective maximal pro-Xg quotients of the ker-

nels of the natural surjections 7 (X1°¢) — m;((Spec k)'°8), m(X°8) —
71 ((Spec k)°8); IL,/m C 1L, for the kernel of the surjection 11,, — Ilg =
I1,,, induced by the projection X'°¢ — X8 obtained by forgetting the last
(n —m) factors; Iy for the mawimal pro-Xp quotient of 1L,y ; Iy for
the quotient of I1,, by the kernel of the natural surjection IL,,n, — Ilp.
Thus, we have a natural exact sequence of profinite groups

Y

1 —Ilfg — It — IIg — 1,
which determines an outer representation
Prym: Iy — Out(Ily) .
Then the following hold:
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(iii)
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Let H C Tl be an open subgroup of 1. Recall that X!°¢ — Xo&
may be regarded as the (n —m)-th log configuration space of the
family of stable log curves X}Qil — X8 gper X1¢. Then the
composite of natural homomorphisms

Aut 100 (X)) — Aut y1og (Xlog8) — Autyy, (IT7) /Inn(IIg)

— ZOut(HF)(Im(pn/m>> C ZOut(HF)(pn/m(H>)
— where the first arrow is the homomorphism arising from the
functoriality of the construction of the log configuration space;
the third arrow is the isomorphism appearing in the discussion
entitled “Topological groups” in §0 — determines an isomor-
phism

AUtX}gg (Xiziﬁ — ZOutFC(HF)(pn/m(H))

— where we write Out™ (Ilg) for the group of FC-admissible
[cf. Definition 6.1; [CmbCsp|, Definition 1.1, (ii)] outomor-
phisms of Ilg [cf. Lemma 6.2, (ii)]. Here, we recall that the
automorphism group Aut Xigg(XiSil) is isomorphic to

7.)27 x 7./ 27. if (g,r,m) = (0,3,1);
727 if (g,r,m) = (1,1,1);
{1} if (g,m,m) € {(0,3,1),(1,1,1)}.

The isomorphism of (i) and the natural inclusion &,_p, —
ZoutPrC(11g) (Pnym(H)) — where we write Out™ (Ig) for the
group of PFC-admissible [cf. Definitions 1.4, (iii); 6.1] out-
omorphisms of llg [c¢f. Lemma 6.2, (i1)] — determine an iso-
morphism

lo ~
AUtxlmog (Xm-gi-l) X Gpopp — ZOutPFC(HF)(pn/m(H)) :

Let H be a closed subgroup of OutP™C(Ilp) that contains an
open subgroup of Im(p,/m) € Out(Ilg). Then H is almost
slim [cf. the discussion entitled “Topological groups” in §0]. If,
moreover, H C Out"“(Ily), and (g,7,m) € {(0,3,1),(1,1,1)},
then H is slim [cf. the discussion entitled “Topological groups”

in §0].

Proof. First, we verify assertion (i). We begin by observing that the

description of the automorphism group Aut

1 . .
xlos(X;n81) given in the

statement of assertion (i) follows immediately from Lemma 6.10, (ii).
Next, let us observe that

(%1): to verify assertion (i), it suffices to verify assertion
(i) in the case where X = Primes.
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Indeed, this follows immediately from the various definitions involved.
Thus, in the remainder of the proof of assertion (i), we suppose that
Yp = Primes.

Next, we claim that

(%2): the composite homomorphism of assertion (i) de-
termines an injection

AUtX;‘;g (X}?(v),%—l) - ZOutFC(HF)(pn/m(H)) .

Indeed, one verifies easily that the composite as in assertion (i) factors
through Zo,vc ) (Pn/m(H)). On the other hand, by considering the

action of Aut o (X,lgil) on the set of conjugacy classes of cuspidal
inertia subgroups of suitable subquotients [arising from fiber subgroups]
of I, it follows immediately that the composite as in assertion (i) is
injective [cf. Lemma 6.10, (ii)]. This completes the proof of the claim
(%2).

Next, we claim that
(*3): the injection of (x9) is an isomorphism.

Indeed, it follows immediately from the various definitions involved that
if Ng C Il is a fiber subgroup of IIg of length 1 [cf. Lemma 6.2, (ii);
[MT], Definition 2.3, (iii)], then the natural surjection Il X, Ng — Np
may be regarded as the “IIt — IIg” obtained by taking “(g,r,m,n)”
to be (g,7+m — 1,1,n —m + 1). Thus, by applying the inclusion
Zoure q1p) (Pnym(H)) € Zoywe () (Pnym(H N Np)) and replacing It —
Iy by Il X, Ng — Np, we may assume without loss of generality
that m = 1. On the other hand, it follows immediately from the various
definitions involved that if Ng C Il is a fiber subgroup of Il of length
n — 2, then the natural surjection Ilt/Ngp — Ilg may be regarded
as the “IIt — IIg” obtained by taking “(g,r,m,n)” to be (g,7,1,2).
Thus, since the natural homomorphism Out"®(Ilg) — Out"*(Ilp/Ng)
is injective [cf. [HM], Theorem B, by replacing I+ — IIg by Ilt/Np —
I[Ig, we may assume without loss of generality that (m,n) = (1,2). In
particular — in light of our assumption that ¥ = Primes [cf. ()] —
we are in the situation of Definition 6.3.

Let o € Zoyro(Pn/m(H)). Then it follows immediately from
Lemma 6.10, (ii), that there exists an element 3 of the image of the
injection of (x) such that oo 8 € Zgyre(qr,)(pnym(H)) induces the
identity automorphism of Cusp® (G) [cf. Definition 6.5, (i), (ii)]. In par-
ticular, a o § preserves the Ilp-conjugacy class of a cuspidal subgroup
Mg e of Il associated to cf,, € Cusp”(G) [cf. Definition 6.5,
(iii)]. Thus, it follows from Lemma 6.8 that oo 3 is the identity outo-
morphism of IIg. In particular, we conclude that the injection of ()
is surjective. This completes the proof of the claim (x3), hence also of
assertion (i).
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Next, we verify assertion (ii). First, let us observe that by considering
the action of Zg,pro(pr (Pn/m(H)) on the set of fiber subgroups of Ilg
of length 1, we obtain an exact sequence of profinite groups

l— ZOutFC(HF)(/)n/m(H>> - ZOutPFC(HF)(pn/m(H)) — Gpom -

Now by considering the action of &,_,, on X!°® over X! obtained
by permuting the first n — m factors of X!°¢, we obtain a section
Snm = Zouwrro (i) (Pn/m(H)) of the third arrow in the above ex-
act sequence; in particular, the third arrow is surjective. On the other
hand, it follows from [HM], Theorem B, that the image of the section

Grom = Zowrre gy (Pnm(H)) commutes with Zeyweq (pnm(H)).

Thus, the composite of natural homomorphisms Aut X}gg(Xizil) —
Zowreqp) (Pnym(H)) = Zoyrroqrg) (pnym(H)) [cf. assertion (i)] and
the section &y, — Zoyrro 1) (Pnym(H)) determine an isomorphism
as in the statement of assertion (ii). This completes the proof of asser-
tion (ii). Assertion (iii) follows immediately from assertions, (i), (ii).
This completes the proof of Theorem 6.12. O

Remark 6.12.1. By considering a suitable specialization isomorphism,
one may replace the expression “k an algebraically closed field of char-
acteristic zero” in the statement of Theorem 6.12 by the expression “k
an algebraically closed field of characteristic € ¥g”.

Theorem 6.13 (Centralizers of geometric monodromy groups
arising from moduli stacks of pointed curves). Let (g,7) be a
pair of nonnegative integers such that 2g—2+r > 0; ¥ a nonempty set

of prime numbers; k an algebraically closed field of characteristic zero.

Write T, , oo m((Myy)i) for the étale fundamental group of the

moduli stack (Mg, [cf. the discussion entitled “Curves” in §0]; 11,
for the maximal pro-X quotient of the kernel N, of the natural sur-
gection m((Cgp)i) = T (Mg )) = Iln,, [cf. the discussion entitled
“Curves” in §0]; ¢, for the quotient of the étale fundamental group
m((Cyr)i) of (Cyr )i by the kernel of the natural surjection Ny, — 11 .
Thus, we have a natural exact sequence of profinite groups

I — 1y, — I, — Ty, — 1,
which determines an outer representation
Pgr: U, — Out(Ily,).
Then the following hold:

(i) The profinite group 1l , is equipped with a natural structure of
pro-% surface group [cf. [MT]|, Definition 1.2].
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(ii) Let H C Iln,, be an open subgroup of Iy, . Suppose that

29—2+r>1, e, (9,7) €{(0,3),(1,1)}.
Then the composite of natural homomorphisms

Aut(um, ), ((Coa)r) — Autu,,, (e, )/n(IT,,)

— ZOut(Hg,r)(Im(pg,r)) - ZOUt(Hg,'r)(pgﬂ"(H))
[cf. the discussion entitled “Topological groups” in §0] deter-
mines an isomorphism

AUt(Mg,r-)k((Cg,r)k) — ZOutC(Hg,T)(Pgm(H))

[cf. (i); Definition 6.1]. Here, we recall that the automorphism
group Autu, ), ((Cgr)i) is isomorphic to

Z]27. x 7./27  if (g,r) = (0,4);
Z/2Z if (9,7) € {(1,2),(2,0)};
{1} if (9,7) € {(0,4),(1,2),(2,0)} .

(iii) Let H € Out®(1l,,) be a closed subgroup of Out®(Il,,) that
contains an open subgroup of Im(p,,) C Out(Il,,). Suppose
that

2g—2+r>1, e, (g,r) €{(0,3),(1,1)}.
Then H is almost slim /[cf. the discussion entitled “Topological
groups” in §0]. If, moreover,
2g—2+4+1r>2 e, (g,7) € {(0,3),(0,4),(1,1),(1,2),(2,0)},
then H is slim [cf. the discussion entitled “Topological groups”

in §0].

Proof. Assertion (i) follows immediately from the various definitions
involved. Next, we verify assertion (ii). First, we recall that the de-
scription of the automorphism group Aut(u,,),((C4r)x) given in the
statement of assertion (ii) is well-known [cf., e.g., [CorHyp|, Theorem
B,if2g—2+r > 2, ie, (g,7) € {(0,4),(1,2),(2,0)}]. Next, we claim
that

(%1): the composite homomorphism of assertion (ii) de-

termines an injection

AUt(Mg,r')k ((Cg,r)k) - ZOutC(Hg’T) (pgﬂ“(H)) :

Indeed, one verifies easily that the composite as in assertion (ii) factors
through Zocom, ) (Pgr(H)). Thus, the claim (1) follows immediately
from the well-known fact that any nontrivial automorphism of a hy-
perbolic curve over an algebraically closed field of characteristic & X
induces a nontrivial outomorphism of the maximal pro-3 quotient of
the étale fundamental group of the hyperbolic curve [cf., e.g., [LocAn],
the proof of Theorem 14.1]. This completes the proof of the claim (x1).
Next, we claim that
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(%2): if 7 > 0, then the injection of (%1) is an isomor-
phism.
Indeed, write N C Il,, for the kernel of the surjection Iln,, —
m((Myr—1)k) determined by the (1-)morphism (M, ) — (My,—1)k
obtained by forgetting the last section. Then it follows immediately
from the various definitions involved that there exists a commutative
diagram of profinite groups

1l —— I, —— FE N 1
I A
1 — HF — HT HB 1

— where the upper sequence is the exact sequence obtained by pulling
back the exact sequence 1 — II,, — Il¢,, — Ilnq,, — 1 by the
natural inclusion NV — I, ; the lower sequence is the exact sequence
“l — Il — Il — IIg — 1”7 obtained by applying the procedure given
in the statement of Theorem 6.12 in the case where (m,n,¥Xp, X5) =
(1,2, 3, Primes) to a stable log curve of type (g, — 1) over (Spec k)™°¢;
the vertical arrows are isomorphisms. Thus, it follows immediately

from Theorem 6.12, (i), that Zc, ) (pg,r(H N V) is isomorphic to

the automorphism group Autyi(X5®) for the stable log curve X'

over (Speck)® of type (g, — 1). In particular, by the claim (), we
obtain that

AUt(Mg,r)k((Cg,r)k) - ZOutC(Hg,T)(Pg,r(H)) |
C  Zowe,,)(per(HNN)) — Autyis(X,™®).

Thus, by comparing (Aut(, ), ((Cor)x))* with Aut yios (X8)? [cf. The-
orem 6.12, (i)], we conclude that the injection of the claim (1) is an
isomorphism. This completes the proof of the claim (x5). Moreover, it
follows immediately from the proof of the claim (x;) that
(*3): if & € Zoyo, ) (P0,a(H)) induces the identity au-
tomorphism on the set of conjugacy classes of cuspidal
inertia subgroups of Il 4, then « is the identity outo-
morphism of 11 4.
In light of the claim (%3), in the remainder of the proof of assertion
(ii), we assume that

r = 0, hence also that g > 2.

For z € (M, )k(k), write

G

for the semi-graph of anabelioids of pro-¥X PSC-type associated to the
geometric fiber of (C:%)k — (M;ﬁ)k over zl¢ ¥ 4 X (R, o) (ﬂlg"ﬁ)k;
thus, we have a natural Im(p, o) (C Out(Il,())-torsor of outer isomor-

phisms I1, o = Ilg,. Let us fiz an isomorphism I1, o — Ilg, that belongs
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to this collection of isomorphisms. Moreover, for z € (M,o)x(k), we
shall say that z satisfies the condition (f) if

(t1) Vert(G:) = {v1,v2}; Node(G,) = {e1, €2, ,eg1};
(t2) N(v1) = N(v2) = Node(G,);
(t3) v and vy are of type (0,9 + 1);

we shall say that = satisfies the condition () if

(1) Vert(Gy) = {v7,v3, w'}; Node(G,) = {ef, €3, -+ eg 1, [}

(12) N(UT) = {GT, 6;, to 762—1—1}; N(U;) = {GT, 6;, o 762—17 .f*}7
N(w*) = {eZa 624—17 .f*}a

(13) v} is of type (0,9 + 1), v5 is of type (0,¢), and w* is of type
0,3).

Let us observe that one may verify easily that there exists a k-valued

point x € (M,)i(k) that satisfies (1); if, moreover, g > 2, then there

exists a k-valued point = € (M )(k) that satisfies (I).

Let x € (M, 0)k(k) be a k-valued point. Then we claim that

(%4): if  satisfies (}), and, relative to the isomorphism
M,0 = Mg, fized above, o € Zowem, ) (Pgo(H)) de-

~

termines an element of Autl®P"(G,) (C Out(Ilg,) <&
Out(Il,)), then for any e € Node(G,), the image a. of «
via the natural inclusion Aut/®(G,) < Aut/eh! ((Ge)stey)
[cf. Proposition 2.9, (ii)] satisfies

Qe € Dehn((gx)w{e}) .

Indeed, let e € Node(G,) and y € (M)i(k) a k-valued point such that
G, corresponds to (G;)--(e} [cf. the special fibers of the stable log curves
over “S'°8” that appear in Proposition 5.6, (iii)]. Write v € Vert(G,)
for the unique vertex of G,. [Note that it follows from the definition
of the condition (1) that Vert(G,)* = 1.] Then it follows immediately
from the general theory of stable log curves that there exist a “clutching
(1-)morphism” corresponding to the operation of resolving the nodes
of G, [i.e., obtained by forming appropriate composites of the clutching
morphisms discussed in [Knud], Definition 3.6]

(Mozg)e — (Mgo)i

and a k-valued point y € (Mgo,)k(k) such that the image of y via
the above clutching morphism coincides with y, and, moreover, Gy
is naturally isomorphic to (G,)|,. Write (Mg},’gg)k for the log stack
obtained by equipping (Mg o4)r With the log structure induced by the

log structure of (M;’g)k via the above clutching morphism. Then one
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verifies easily that the composite

—log

def o ~ g,
My, = m(Mes)k) — m1(Myo)e) < Hag,, 225 Out(Ily )

— where the first arrow is the outer homomorphism induced by the
above clutching morphism, and the second arrow is the outer isomor-
phism obtained by applying the “log purity theorem” to the natural
(1-)morphism (M) — (Mlg‘fﬁ)k [cf. [ExtFam], Theorem B] — fac-
tors through Aut®**(G,) C Out(Ilg,) < Out(Il,q). Moreover, the
resulting homomorphism Iy, — Aut/#Phl(G ) fits into a commuta-
tive diagram of profinite groups

HMo,zg HMo,zg

l l

Vert

AutlEPhl(g) L Glu(g,) = AutE(G,)],)

[cf. Definition 4.9; Proposition 4.10, (ii)] — where the upper horizon-
tal arrow is the outer homomorphism induced by the (1-)morphism
(nggg)k — (Mpay)r obtained by forgetting the log structure. More-
over, one verifies easily that there exists a natural outer isomorphism
Ilg,), — Ilogy such that the homomorphism My, — Out(Ilpay)
obtained by conjugating the outer action implicit in the right-hand
vertical arrow of the above diagram I, — Aut®P"((G,)},) C
Out(Ig,),) by the outer isomorphism II(g,), — Il coincides with
po,2g- Thus, by considering the image in Iy, ,, of the inverse image of
H C1Ilpm,, in Iy, [cf. the diagrams of the above displays], it follows
immediately from the claims (*2) [in the case where “(g,7)”= (0,2g)]
and (x3) [in the case where g = 2], together with the various defini-
tions involved, that if o € Zg o, )(pg0(H)) determines an element

of AutlEPh(G,) (C Out(Tlg,) < Out(I,)), then the image of a via

Aut\grphl(gx) SN Aut\grphl((gx)w{e}) il Aut\grphl(gy)

Vert
pgy

% Glu(g,) = Aut®P((G,)].)

[cf.  Proposition 2.9, (ii)] is trivial. In particular, it follows from
Proposition 4.10, (i), that the image a. of o via Autl#™(G,) —
Aut®P((G,) poy) satisfies o, € Dehn((G,)—e). This completes the
proof of the claim (x4).
Next, we claim that
(*5): if = satisfies (), and o € Zg40(ny, ) (Pg,0(H)) de-

~

termines an element of Autl®P'(G,) (C Out(Ilg,) &
Out(Il,p)), then « is the identity outomorphism of I, .
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Indeed, it follows from the claim (x4) that

o€ ﬂ Im (Dehn((gx)«»»{e}) - Dehﬂ(gx))

e€Node(Gz)

[cf. Theorem 4.8, (ii)]. On the other hand, it follows immediately from
Theorem 4.8, (ii), (iv), that the right-hand intersection is = {1}. This
completes the proof of the claim (x5).

Next, we claim that

(%6): we have
Zouc (i, ) (Pe0(H)) C Auted@=l(G,) (C Out(Ilg,) < Out(Ily0));
if, moreover, x satisfies (1), then
Zowc () (Pg0(H)) C AutBPH(G,).
Indeed, it follows immediately from Proposition 5.6, (ii), together with

o ——l :
the definition of 7'°¢ = X ®,.00 (M ;g)k, that the composite

—1
i (2'°8) — (M,

— where the second arrow is the outer isomorphism obtained by apply-
ing the “log purity theorem” to the natural (1-)morphism (M), —

Pg,0

i) — Mg, , — Out(ILyp)

(Mzoﬁ) » [cf. [ExtFam], Theorem B] — determines a surjection m(2'°8)
— Dehn(G,) (C Out(Ilg,) < Out(Il,,)) [i.e., which induces an iso-
morphism between the respective maximal pro-¥ quotients]. Thus, it
follows immediately from the various definitions involved that there ex-
ists an open subgroup M C Dehn(g,) such that Zgoq, ) (pg0(H)) €
Zowe g, )(M) relative to the identification Out®(I, ) = Out®(Tlg,)

arising from our choice of an isomorphism II, o = IIg,. Therefore, the
inclusion Zg o, )(Pg0(H)) C AutNede@)l(G ) follows immediately
from Theorem 5.14, (ii). This completes the proof of the inclusion
Zowe, ) (Pgo(H)) C AutNede@=)l(G ). On the other hand, if, more-
over, z satisfies (1), then it follows immediately from the definition of
the condition ({) that Aut®(G,) = AutMNode@=)l(G ). In particular,
we obtain that Zecr, o) (Pg,0(H)) € Aut®?2(G,). This completes the
proof of the claim (xg).

Next, we claim that

(#7): if 2 satisfies (1), then for any a € Zgc(ry, o) (pg0(H)),

there exists an element 3 of the image of the injection

of (1) such that the outomorphism a o 8 of I, o — Ilg,

is € AutlE®(G,) (C Out(ITg,) < Out(I,)).
Indeed, suppose that g > 2. Then by the definitions of (1), (1), one
may verify easily that there exist y € (M,o)x(k) and f € Node(G,)
such that y satisfies (1), and, moreover, G, corresponds to (Gy)..(sy [cf.
Proposition 5.6, (iv)]. Thus, it follows immediately from the claim (xg)
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that Zoyom, ) (Pg0(H)) C AutlePhl(G ) — AutlEPhl(G,) [cf. Proposi-
tion 2.9, (ii)], i.e., so we may take (3 to be the identity outomorphism.
This completes the proof of the claim (x7) in the case where g > 2.

Next, suppose that g = 2. Write G, for the underlying semi-graph
of G, and Aut™N°®l(G,) for the group of automorphisms of G, which
induce the identity automorphism of the set of nodes of G,. Then
one may verify easily from the ezplicit structure of G, [cf. the defi-
nition of the condition (1)] that Aut™°4/(G,) is isomorphic to Z/2Z.
Thus, since the automorphism group Autuy, ), ((C2,0)x) is isomorphic
to Z /27, it follows immediately from the claim (x¢), together with the
various definitions involved, that — to complete the proof of the claim
(%7) in the case where g = 2 — it suffices to verify that the composite
of natural homomorphisms

AUt(Mz,o)k((C2,0)k) — Aut(G,) — Aut(G,)

factors through Aut™%(G,) € Aut(G,) and is injective. Now the
fact that the composite in question factors through Aut‘NOdd(Gx) C
Aut(G,) follows immediately from the claim (*g), applied to elements
of the image of the injection of (*1). On the other hand, the injectivity
of the composite in question follows immediately from the injectivity
of the natural homomorphism Aut g, ), ((C20)kx) — Aut(G,) [cf. the
proof of the claim ()] and the claim (*5). This completes the proof
of the claim (x7) in the case where g = 2, hence also — in light of the
above proof of the claim (x7) in the case where g > 2 — of the claim
(*7). Thus, the surjectivity of the injection of (*,) follows immediately
from the claims (*5) and (7). This completes the proof of assertion (ii).
Assertion (iii) follows immediately from assertion (ii). This completes
the proof of Theorem 6.13. ([l

Remark 6.13.1. In the notation of Theorem 6.13, since Ilr,, = {1},
it is immediate that a similar result to the results stated in Theo-
rem 6.13, (ii), (iii), does not hold in the case where (g,r) = (0,3). On
the other hand, it is not clear to the authors at the time of writing
whether or not a similar result to the results stated in Theorem 6.13,
(ii), (iil), holds in the case where (g,7) = (1,1). Nevertheless, we are
able to obtain a conditional result concerning the centralizer of the
geometric monodromy group in the case where (g,r) = (1,1) [cf. The-
orem 6.14, (iii), (iv) below].

Theorem 6.14 (Centralizers of geometric monodromy groups
arising from moduli stacks of punctured semi-ellptic curves).
In the notation of Theorem 6.13, write (Ciy)y, for the stack-theoretic

quotient of (Cy1)x by the natural action of Aut(n, y, ((C11)x) over the
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moduli stack (M 1); Hil for the mazimal pro-X quotient of the kernel
Nfl o Ker(wl((Cfl)k) — T ((M11)e) = Ilnm, ) of the natural surjec-
tion m ((C1)k) = T (M) = Iy, Ies  for the quotient of the
étale fundamental group 7 ((Ci))k) of the stack (C1))x by the kernel

of the natural surjection Nfl — Hfl. Thus, we have a natural exact
sequence of profinite groups

1 — I — Mex — Mgy, — 1,

which determines an outer representation
+ +
Pi1- Upy, — OUt(Hl,l)‘

Write OutC(Hfl) for the group of outomorphisms of Hfl which induce
bijections on the set of cuspidal inertia subgroups of Hfl. Suppose that

2eX.
Then the following hold:
(i) The profinite group Hfl is slim [cf. the discussion entitled
“Topological groups”™ in §0].

(ii) Let H C Ilnq,, be an open subgroup of I, . Then the com-
posite of natural homomorphisms

Autu, ), ((C)k) — Aty (Hez )/Inn(TI5)

— out(nfl)(lm(0f1)) < Zout(nfl)(Pfl(H))

[cf. (i); the discussion entitled “Topological groups” in §0] de-
termines an isomorphism

Autay ) (CEDR) = Zoweqrt,) (Pia (H)) -
Here, we recall that Autum, ), ((Ci)k) = {1}.

(iii) Let H C g, be an open subgroup of Ilng, . Then the com-
posite of natural homomorphisms

AUt(Ml,l)k((CLl)k) - AUtHMl,l (HC1,1)/IHH(H171)

— Zoumn,) (Im(p1,1)) € Zou(rm 1) (p1,1(H))
[cf. Theorem 6.13, (i); the discussion entitled “Topological groups”
in §0] determines an injection

Aut v, 1), ((CL)k) = Zowe, ) (p11(H)) -

Moreover, the image of this injection is centrally terminal
i Zowo ,)(p11(H)) [cf. the discussion entitled “Topological
groups” in §0]. Here, we recall that Aut g, ), ((Cr1)x) ~ Z/27Z.
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(iv) The composite of natural homomorphisms
Aut(uy ), ((Cr1)k) — Autry, | (e, ) /Inn(Ih 1) — Zowam, 1) (Im(p,1))

[cf. Theorem 6.13, (i); the discussion entitled “Topological groups”
in §0] determines an isomorphism

Aut g, 1), (Cri)k) = Zowe, ) Tm(p11)) -

Proof. Assertion (i) follows immediately from a similar argument to the
argument used in the proof of [MT], Proposition 1.4. This completes
the proof of assertion (i).

Next, we verify assertion (ii). First, let us recall that the description
of the automorphism group Aut(u, ,),((Ci1)x) given in the statement
of assertion (ii) is well-known and easily verified. Write & — (M 1)y
for the family of elliptic curves determined by the family of hyperbolic
curves (Cp1)r — (M) of type (1,1); U — (Cy1)x for the restriction
of the finite étale covering & — & over (M 1), given by multiplica-
tion by 2 to (Ci1)r € €. Then one verifies easily that the action of
Autiag 1), ((Cip)r) on (Cia)i lifts naturally to an action [i.e., given by
“multiplication by £17] on U over (My1),. Write P for the stack-
theoretic quotient of ¢ by the action of Aut(ay, 1), ((Ci1)x) onU; Ilp g
for the maximal pro-> quotient of the kernel of the natural surjection

71 (P) = m(Mui)r);
ppm: Hag, — Out(Ilp aq)

for the natural pro-X outer representation arising from the family of
hyperbolic curves P — (M 1),. Thus, since 2 € X, one verifies easily
that IIp,,¢ may be regarded as a normal open subgroup of Hfl. Now
let us observe that one verifies easily that

(%1): P — (My1)g is a family of hyperbolic curves of

type (0,4). If, moreover, we denote by 7 — (M)

the connected finite étale covering that trivializes the

finite étale covering determined by the four cusps of

P — (Mi1)k, then the classifying (1-)morphism 7 —

(Moa)k of P X(ay ), T — T [which is well-defined up

to the natural action of &4 on (Mg )| is dominant.

Now we claim that

(%2): every element of OutC(Hfl) preserves the normal
open subgroup Ilp, € Hfl.

Indeed, let us observe that one verifies easily that the natural surjec-
tions Iy — Iy /T 1, I /Tlp, ¢ determine an isomorphism

(I1)™ @z Z/22 — (I /M) x (T /Tp )
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Moreover, it follows immediately from the various definitions involved
that the natural action of (IIf;;)*® ®zs Z/2Z on the set of conju-
gacy classes of cuspidal inertia subgroups of the kernel of the natural
surjection I} — (II7})™ ®zy Z/27 [which is equipped with a nat-
ural structure of pro-¥ surface group of type (1,4)] factors through

pPra

(T, G /22, 5 (T, 111 4) X (T /Thpyg) 8 (I, /Tl ), and
that the resulting action of (IIf /IIp/n) is faithful. Thus, we conclude
that every element of OutC(Hfl) preserves the normal open subgroup
p/pm € Hfl. This completes the proof of the claim (x5).

To verify assertion (ii), take an element a® € ZOutC(Hfl)(pfl(H))-

Then it follows from the claim (*;) that o naturally determines an ele-
ment ap € Aut(Ilp, ) /Inn(I17;). Let us fix a lifting 8 € Out®(Ilp/pq)
of ap. Next, let us observe that since Hfl /Ip/a is finite, to ver-
ify assertion (ii), by replacing H by an open subgroup of Il , con-
tained in H, we may assume without loss of generality that 3 com-
mutes with pp/m(H) S Out(Ilp/n), ie., B € Zoweqp, ) (or/m(H)).-
Then it follows immediately from Theorem 6.13, (ii), in the case where
(g,7) = (0,4), together with (x;), that [ is contained in the image of
the natural injection Hfl /Ip/pm — Out(Ilp/aq) obtained by conjuga-
tion. Thus, ap, hence also — by the manifest injectivity [cf. assertion
(1)] of the homomorphism OutC(Hfl) — Aut(ITp ) /Inn(I17; ) implicit
in the content of the claim (*3) — a7, is trivial. This completes the
proof of assertion (ii).

Next, we verify assertion (iii). First, recall that the description of
Autag, 1), ((C1,1)k) given in the statement of assertion (iii) is well-known
and easily verified. Next, let us observe that the fact that the composite
in the statement of assertion (iii) determines an injection

Auba,), (C10)k) = Zoweqr, (P11 (H))

follows immediately from a similar argument to the argument used in
the proof of the claim (*;) in the proof of Theorem 6.13, (ii), together
with the various definitions involved. Next, let us observe that by ap-

N %
plying the natural outer isomorphism ITj; = TI; 4 % Autng 1), ((Cri)i),
we obtain an exact sequence of profinite groups

11— Aut(Ml,l)k((CLl)k) — ZOut(l'h,l)(AUt(Ml,l)k((Cl,l)k)) — OUt(Hit,l)

— where we regard Autu, ), ((C1,1)x) as a closed subgroup of Out(1I; ;)
by means of the injection “—” of the above display. Thus, the central
terminality asserted in the statement of assertion (iii) follows immedi-
ately, in light of the above exact sequence, from assertion (ii). This
completes the proof of assertion (iii).

Finally, we verify assertion (iv). It follows immediately from asser-
tion (iii) that the image of the homomorphism Aut(g, ), ((C11)k) —
Zowm, ,)(Im(p1,1)) determined by the composite in the statement of
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assertion (iv) is centrally terminal. On the other hand, as is well-known,
this image of Aut(u, 1), ((C1,1)x) in Out(Ily ;) is contained in Im(p; ;) C
Out(Il;1). [Indeed, recall that there exists a natural outer isomor-
phism SLy(Z)" = Tl ,, where we write SLo(Z)" for the profinite
completion of SLy(Z), such that the image of (_01 _01) € SLy(Z)N
in Out(Il; ;) coincides with the image of the unique nontrivial element
of Aut (i, ), ((Cr1)k) ~ Z/2Z in Out(Il;1).] Now assertion (iv) follows
immediately. This completes the proof of assertion (iv). O

Remark 6.14.1. The authors hope to be able to address the issue of
whether or not a similar result to the results stated in Theorem 6.13,
(ii), (iii), holds for other families of pointed curves [e.g., the univer-
sal curves over moduli stacks of hyperelliptic curves or more general
Hurwitz stacks] in a sequel to the present paper.
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