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Abstract

In [AKT1], WKB-theoretic transformation was introduced to describe analytic behav-
ior of Borel transformed WKB solutions near a simple turning point. The main purpose of
this article is to verify the Borel summability of the transformation series given in [AKT1]
on Stokes curves emanating from a simple turning point when all of them run into some
poles of order more than two of the potential. We also prove the Borel summability of
transformation series for simple pole equations employed in [Kol, Ko2] under the same
assumption.

1 Introduction

From the early days of its development, the turning point problem is
one of the central issues in WKB theory. Since the approximation by
WKB wave functions breaks down near a turning point, Kramers, in
his pioneering work [Kr], replaced the potential by a linear variation
(= a simple zero of the potential), and he connected WKB wave func-
tion across a turning point by matching WKB wave function to Airy
function. The matching method of this kind has been widely used in
WKB approximation theory (cf. [BW], [F], [W]).

From a viewpoint of exact WKB analysis, i.e., a WKB theory based
on the Borel resummation method initiated by Voros ([V]), Aoki, Kawai
and Takei interpreted the matching method as a transformation theory
near a simple turning point ([AKT1]); they constructed a transforma-
tion series

(1.1) 2(Z,m) = xo(Z) + 0~ w1 (T) + 0 we(T) + - -

from the stationary Schrodinger equation

d? 9
12) (45— @) i =0
with analytic potential () and a complex large parameter 1 to the Airy
equation

d2
(1.3) (@ — 772x> Y =0
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near a simple turning point of (1.2). By using the transformation series
(1.1) WKB solutions of (1.2) can be expressed by those of (1.3) as

i . ~1/2
L b= (Geen) e

Although this relation (1.4) is obtained as a formal relation, it becomes
an analytic one after Borel transformation, and they argued that the
Voros’ connection formula of Borel summed WKB solutions near a sim-
ple turning point follows from that of Gauss’ hypergeometric functions.

Since Aoki, Kawai and Takei discussed in a general situation, the
transformation series x(Z,n) was only obtained near a turning point,
and the Borel transform of (1.4) (more precisely an integral represen-
tation (2.32) of the Borel transform of ) holds only near the reference
point of the Borel sum. In this article, by assuming that () is a rational
function and also making some generic assumptions concerning on the
Stokes geometry, we will show that the transformation series z(Z, n) is
Borel summable near a simple turning point and along Stokes curves
emanating from it (Theorem 2.1).

From our results it follows that the relation (1.4) itself is now an
exact one if we consider 1), 1; and x(Z,n) as their Borel sums in appro-
priate domain. Our result also completes the proof of Voros’ connection
formula near a simple turning point in the framework of transformation
theory since the Borel transform of (1.4) holds near Stokes curves and
near the path of integration to define Borel sum.

Our argument in this article is not specific to a simple turning point
as the transformation theory is not. To demonstrate it, we also dis-
cussed a connection problem near a simple pole of (1.2) through the
transformation ([Kol, Ko2]). (This is also the case for the studies
of so-called “fixed singularities”. See [AKT2], [KKKoT1], [KKKoT?2],



[KKT1] and [KKT2] for details.) In this case (1.2) is transformed to

d? 1
(L5 (=11 ) =0

and we will show in Section 3 that the transformation series of this
case 1s also Borel summable.
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2 WKB theoretic transformation — a simple turning
point case

The main purpose of this section is to verify the Borel summability of
transformation series of (2.1) to the WKB theoretic canonical equation
(2.16) near Stokes curves emanating from a simple turning point. To
make our discussion simple, we assume that all of Stokes curves ema-
nating from a simple turning point in question run into some irregular
singular points in our discussion. (See Remark 2.5 and Remark 2.6 in
the case that Stokes curves run into a double pole of @.)

In Section 2.1 we state our main theorem (Theorem 2.1), and review
fundamental properties of WKB theoretic transformation to explain
the results obtained from Theorem 2.1. In Section 2.2 we show the uni-
form Borel transformability of transformation series constructed near
a simple turning point in question. Finally, in Section 2.3 we prove the
Borel summability of the transformation series using its uniform Borel
transformability obtained in Section 2.2.



2.1 Fundamental properties of WKB theoretic transformation and
its application

We consider the following Schrodinger equation

21) (45— 7M@) ) btz =0

with a rational potential () that has a simple turning point at & = 0,
i.e., Q(z) is holomorphic at £ = 0 and satisfies

22) Q) =0, T20) #0

Further we assume the following geometric conditions (2.3) and (2.7);
the first assumption is that

(2.3)  three Stokes curves {T]}j’:1 emanating from £ = 0 run into

irregular singular points {bj}gzl respectively.

Here Stokes curves are integral curves of Im+/Q(Z)dZ = 0 emanating
from z = 0 defined by

(2.4) Im /O ' JOGE)dT =0,

To give a second assumption we prepare some notation. Let U =
{z € C;|z| < €}. By taking sufficiently small £ > 0, we may assume
that U® \ {T]}?Z1 is decomposed into three connected components,

which we denote them by {U f }?’:1' We also let U ;ii be a connected
component of

(2.5)

g {:L‘E(C; Im/;mda?—o, iRe/;\/@dazzo}

€



which contains {UE} . For jy, jo € {1,2,3}, j1 # jo, we can take a
Stokes curve Tj so that Us ]‘?1 NnU ng C T};. We fix the branch of /@)
n (U; U U;) \ {0} so that

(2.6) Re /O " JO@)dE > 0

holds for any 2 € Tj. Our second assumption is, by taking € sufficiently

small,
(2.7) allof U , and U5, , run into b,

for any pair of ji, jo» € {1,2,3}.
Let U? be a union of integral curves that through U?, i

(2.8) U{U Uj*uTj}.

Then, from the assumptions (2.3) and (2.7), we find that U? does not
contain any poles nor turning points except for a simple turning point
at the origin.

Now we state our main theorem.

Theorem 2.1. Let Q(Z) be a meromorphic function that satisfies
(2.2), (2.3) and (2.7). Then there exists a Borel summable series

(2.9) o(@,m) =Y wp(@n "

on U? for which the following conditions (2.10) ~ (2.14) hold:
(2.10) {zx(2)},—, are holomorphic on U*,

(2.11)  wop1(z) (K =0,1,2,--+) are identically zero,
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(2.12) 20(0) = 0,

d
xNO#O OTLUg

(2.13) e

o (da(@n)\ . Iy
21) Q@) = (20 ol - 3o (ol nia).
x 2
Here {z(Z,n); T} stands for the Schwarzian derivative, i.e.,

3. /753 2,/ 7572\ 2
(2.15) d a:/d:f 3 (d a:/daiz |
de/dx 2\ dx/dz

In Section 2.2 and Section 2.3, we will give more detailed properties

of (Z,n) in Theorem 2.1 including growth estimates.
The series x(Z,n) in Theorem 2.1 is the same transformation series

as that in [AKT1], which transforms (2.1) to

Following [KT], we recall the meaning of the transformation. (See

[AKT1] for details). We first give the following relations for solutions
of Riccati equations associated with (2.1) and (2.16);

Theorem 2.2. ([KT, Theorem 2.16]) The transformation series
x(x,n) in Theorem 2.1 satisfies

(2.17)  S(@,n) = (%) S(a(z,n),m) — ! (;Z;) / (%) .

Here formal power series

(218)  S(z,7n) = Z Se(@)n™" and S(z,n) Z Sk(x

k=—1 k=—1
are respectively solutions of Riccati equations

(2.19) S? + fls =17°Q()
7



and

(2.20) SW+EE:nx
such that S_1(%) and S_i(x) satisfy
221 5.4@) = () Sualaold)

Let S™) respectively denote the solutions of (2.19) that are deter-
mined so that they satisfy g(j)(a?) = +4/Q(Z). Then the odd part
Sodq of S is defined by

_ 1 /. N
(2.29) &Mzé(ﬁﬂ—s“v.

In the same manner, we also define the odd part Syqq of S. From
Theorem 2.2, we immediately obtain

Corollary 2.3. ([KT, Corollary 2.17])  If the branches of S_; and
S_1 are taken so that they satisfy (2.21), then we have

(2.23) godd(fan) = (dﬂ?iig 77)) Sodd(fC(i’,n)?n).

Let 14 (&,n) denote WKB solutions of (2.1) normalized at a simple
turning point * = 0, 1.e.,

(2.24) ) (E,m) = \/%GXP (i /Ox Sodd(3~7777>dj) :

By the same way, we define WKB solutions ¢ (x,n) of (2.16) normal-

ized at a simple turning point x = 0. The relation for Syqq and Soqq
in Corollary 2.3 gives

Theorem 2.4. ([KT, Corollary 2.18]) Let ¥+ (%,1) and . (x,n) re-
spectively be WKB solutions of (2.1) and (2.16) normalized at their

8



simple turning points * = 0 and x = 0. Then they satisfy the
following relation;

i (3 ~1/2
23) e = (TE) sl

For simplicity, we take g = (%) as a new coordinate variable (cf
(2.13)). Then the precise meaning of the right hand side of (2.25) is

2.96) (d_) " (1 .\ M) S K)o

dx dx n! dx

n=0

where X (xg,n) is
(2.27) X(xg,m) = x(x(20), M) — 0.

Let @Zi, p and 4 p respectively denote the Borel transforms of @Zi
and Y. Through the Borel transformation, (2.26) can be rewritten as
X1y p, where X is a microdifferential operator defined by

(228) X = < o1 )1/2 (1 + g_:i) X o -

833()

Here ¢ stands for the symbol of 0,, and : - : designates the normal
ordered product. (See [A] and [AY] for details.) Since ¢y and 1
satisfy (2.25), we can represent zﬁi, B by ¥ p through the action of
X. As we will see in Appendix B, the action of X can be written
as an action of an integro-differential operator and the Borel summa-
bility of X (g, 7n), more precisely Theorem 2.9, guarantees that this
representation of ﬂi, p holds on Ve x Eiyo for some €,0 > 0 , where

220)  yolao) = / " Edm,

(2.30) Ve ={xy € C;|Im yy(xg)| < e},
(2.31) Ej:yo = U {y € Cily — s £ yo(wo)| <0}
seR



Remark 2.1. Since :1:0( ) maps an integral curve of Im+\/Q(Z)dz = 0

that passes through z to that of Imy/zdz = 0 that passes through
xo( ) bijectively, by takmg e > 0 sufficiently small, we can assume
that V¢ is contained in zo(U?).

Concretely we have

Theorem 2.5. Q;j;B and V1 p satisfy the following relation on
Ve x Eiyo for sufficiently small €,6 > 0;

i 2\ 172
(232) wi,B@(xo),y):(g—xo) be5(20,)

Y
+ K(SU(), Yy — y,, axo)wj:,B(xO) y,)dy/7
+Y0

where K (x,y,0,) is a differential operator of infinite order on Vex

1)
L +y0°

See [SKK] for the notion of a differential operator of infinite order.

2.2 Uniform Borel transformability of transformation series

As a first step to proving the Borel summability of transformation
series x(x,n) introduced in Theorem 2.1, we show the uniform Borel
transformability of x(Z,n) on U? in this subsection. Concretely we
prove the following

Proposition 2.6. Let Q() be a meromorphic function that satis-
fies (2.2), (2.3) and (2.7). Then there exist € > 0 and formal series
z(z,m) = 2o(Z) + n w1 (T) + -+ that satisfies (2.10) ~ (2.14) and
the following estimates; there exist positive constants Cy and A
such that for alln > 1 and & € U?, z,(%) satisfies

(2.3 24()] < (Jaol@)] + 1)ConlA™.
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Remark 2.2. Since we can take the constant A in (2.33) independent
of z, we use the phrase “uniform Borel transformable”. This uniform
Borel transformability guarantees that the Borel transform of x — x
is holomorphic on U¢ x {y € C;|y| < A™'}.

Proof. We first remind us the construction of x(z,n). We determine
2:(2) (k =0,1,2,---) inductively by comparing the coefficients of ="
of (2.14). First, by comparing the coefficients of n° of (2.14), we find
that x¢(Z) should satisfy

(2.34) Qi) = (dxc?é@)zxo(az).

Therefore we determine xy(Z) by

(2.35) 2o(7) = (g /O ' mdf) "

Since Q(z) satisfies (2.2), (2.3) and (2.7), we immediately find that
2o(%) is holomorphic on U? for some & > 0 and satisfies (2.12). Further,
from (2.34), we find the following relation holds;

(2.36) VQ(2)dE = \/Eda:\mo(@

Therefore xo maps the integral curves of Imy/Q(Z)dZ that start from

z € UF to those of Imy/xdx that start from :1:0( ) in a bijective manner.
Now it is clear that xy maps U? to :CO(U ?) bijectively and x( satisfies
(2.13). We take z = (%) as a new coordinate variable on zo(U?).

Next we determine z, (k > 1). By comparing the coefficients of 7%
of (2.14), we find that x; should satisfy the following relations;

d
(2.37) 2z% + 1z, = Pp(2),

11



(2.38)
dl‘k dazk
o _ 1 2
H(2) Z dz dz '8
k1+ko+ks=k,
k1,ko,k3<k—1
1 di\® dPxy,
ty o2 (dz) i
k1+ko=k—2
e + dzr dx
% _1l M1 My
Z (=1) Z dz dz
[=min{1,ks} w14+ =ko,
sy 21

3 5 di\"* d2xy, d2xy,
1 dz) di? dz?

k1+ko+ks=k—2

3 dx dx
1 { I 1 * H1 oo /~Ll‘
X E CHIESIDY = 7
[=min{1,k3} p 4+ =ks,

1, 7”121

Here we use the following notation;

(2.39)
(] (1=0),
* d.fU,ul dl’m o * dxm dxm
S T s !
pte =k, piy =k,
ps 21 \ 1,1

Since @y does not contain x,, (n > k), we can inductively determine
xy by (2.37). Concretely we take zj as
.—1/2

(2.40) OEES /0 V2, () de

so that xy is holomorphic at z = 0 and satisfies (2.37). We can easily

12



find (2.11) since we can inductively check that ®op 1 (K > 0) are
identically zero.

Now we confirm the estimation of xj. First, for sufficiently small
r > 0, we define D! and D? by

(2.41) D! = U {zeC;lz—s|<r}

0<s<1

2.42 D? = {zE(C;Z—s SL}.
(242) LZJl 2=l = =

Since 2Imz%/2/3 is expanded to

(2.43) VRez - MM+ (R%)W%MMf+-~

in D? we find that Im / \/Edz behaves like v/Rez « Imz in D? for

sufficiently large Rez. T hgrefore we can take r > 0 so that D} U D? C
iﬂo(lfg).

Then we show that xi(z) (kK > 1) satisfy the following estimates;
there exist positive constants Cy < 1 and A > 1 such that for all o
with 0 < § < /3 and

1) z € D%_(S

(2.44) 21 (2)] < Cokld" AF

2.4 < 9~ A",

(2.45) o —(2)| < Cokld™

2) z € D?—a

(2.46) 21(2)| < |2|CokloF AF
dxy, k Ak

2.4 < 107" A

(2.47) o —(z)| < Coklo™

hold. Since (2.44) and (2.45) can be verified by the same discussion as
in [AKT1], we only confirm (2.46) and (2.47) here.

13



Remark 2.3. The condition 0 < 6 < r/3 is used in the proof of (2.44)
and (2.45).

We inductively show that xj (k = 1,2, - ) satisfy (2.46) and (2.47).
First we immediately find that x; satisfies (2.46) and (2.47) since
Torr1 (K > 0) are identically zero. Just to be sure, we check that
T satisfies (2.46) and (2.47). From the assumption (2.3), the inverse
image x5 (2) of 2 tends to a irregular singular point b; of (2.1) when
z tends to +00 along positive real axis. Let Q(&) have a pole of order
p(> 3) at £ = b;. Then, from (2.34) and (2.35), we find that z((2)
and dxq/dx behave as

(2.48) (@) = O (& = by) 28,

dzy -\ _ = _ p\—(et1)/3
(@) = O (& — b))

when 2 tends to b;. Therefore we can take positive constants M and
M so that the following holds on D?;

(2.49)

d:l’)()

dz

Now we derive the estimation of x9 using the representation (2.40).
From (2.38), we immediately find that ®9(2) is given by

1 /di\> dBry 3 (di\" [ dPxo\°
251 Bolz) = = _3 |
(2:51) 2(2) 2<dz> d73 4<dz> (dﬁé?)

In order to rewrite ®o(2) by dxy/dx and its derivative in z variable,

(2.50) M || P+ (=2 < < Molay| 0/ 02,

we use the following relation for a function f(Z) of z;

(2.52)

%@(2)) = (%@)) Qdd—; ((2)) + %d% (%(z)) ) d%f(-ft(z))

14



(2.53)

T (3(2) - (%z))gj—; (3}(2)”%(%@)35_; (@(2))

() (E0) L)

Therefore ®o(z) can be rewritten to

(2.54) Dy (2) :i (%(z))Z j_; (%(z)) _2

e ]

In order to derive the estimation of ®y from that of dxy/dZ, we use
Cauchy’s formula as follows; for a holomorphic function g(z) on D?,
we have the following representation for z € D?_;

@ j! 9(2) .
2.99 — = - —d
( ) deg(Z o —— (2 . Z)j—H Z,

where we take d > 0 as
(2.56) d=6(2z|) Y2

Then we immediately find that the integral path of (2.55) is contained
in D?. Applying (2.55) to (dZ /dz)~2, we obtain the following estimates
of ®y; there exists a positive constant M such that, for z € D? 5, ®o(2)
satisfies

(2.57) Dy(2)] < M]2]672.

Actually, for example, the estimation of the first term of (2.54) is given
as follows; first, from (2.50), we find that, for 2 € {z;]|Z — z| =

15



6(2|z))~1?}, (dz/dz(%))? is dominated as follows:
di,_\
(2.58) ‘ (d—(2)>

< Mg‘gﬁ(pﬂ)/(p—?)
. <

< M3(|2] + 8(2]z]) 7YV
< M2(2]z|)2w D)/ p=2),

Using the representation (2.55) for j = 2, we obtain the following
estimates from (2.58);

Therefore, using (2.50) again, we immediately find

1
(2.59) < ;2\2\5—2M§(2\z\)2<p+1>/<p—2>.

(2.60)
1 /dz \*d® /dx N\ % 1_ o -

In the same way, we have

(2.61)

2
3 | /dz\? d [di \ ° 3 o _
E[(d_) i (29) ] < 2 TR

Combining (2.60) and (2.61), we arrive at (2.57).
Then, from (2.57), we find that, for arbitrarily small Cy > 0, we can
take A > 0 so that ®o(2) satisfies

(2.62) Do(2)] < C2|2]672A

on D? ;. Actually it sufficies to set A = vV MCy L Similarly we can
show that

(2.63) [Dy(2)| < CF52A*

16



holds on D!
Now we divide the integral path of (2.40) as follows;

~1/2

p 1 ~—1/2 2
(264)  wa(2) = = /2_1/2<I>2(z)dz+ 5 /2_1/2<I>2(z)dz.
0 1

Here we take the integral path of the first term of (2.64) as a straight
line joining 0 and 1 so that the path is contained in D! _;. And we take

the path of the second term as a straight line joining 1 and z so that
the path is contained in D? ;. Then we obtain the following estimates
of the first term of (2.64) for z € D? ; from (2.63);

~1/2 1
© / 2 V2d,(2)dz
2 Jo

Z‘—1/2

1
(2.65) < /O 2| 202672 A2|d2|

2| 1203672 4%,

IA

Similarly we find the following estimates of the second term of (2.64)
for z € D? ; from (2.62);

-1/2  pz
© / 2 V2d,(2)dz
2N

‘—1/2

(2.66) <

/1 2| Y2C3672 A2|dz|

‘Z‘_I/Q
< (|z!3/2 - 1) Cao 2 A%,

Since z € D?_;, by taking r < 1/2, we find |z|71/? < 2v/2|2|. There-
fore, combining (2.65) and (2.66), we obtain

1+8f

(2.67) [za(2)] < |2]Cgo " A7

for z € D?_;. Further, from (2.37), we immediately find the following
estimates for z € D?_;

dafg
dz

_ lal + [92(2)]

(2.68) <

17



2+ 442

< Co2A%
Finally, by taking Cy so that

1 4 82
(2.69) a \[OO <1,

3
we are convinced that zo satisfies (2.46) and (2.47).

Next we show that z; (k > 2) satisfies (2.46) and (2.47) under the
assumption that x, (1 < n < k — 1) satisfy them. As in the case of
the estimation of x9, we first examine that of ®; on Df_ 5 The first
term of (2.38) is directly estimated from the induction hypothesis as

follows:
(2.70)
d:l]k Cl[lﬁk
1 2 | 2¢—k Ak 112
dz || dz 3
k1+ko+ks=k, k1+ko+ks=k,
k1,ko,k3<k—1 k1,ko,kg<k—1

2

4
< |2|CE (k — + 12) ARk — 1)L,

Here we use the following

Lemma 2.7 ([AKT2|). For k,l e N={1,2,3,---} with [l <k, the
following inequality holds;

(2.71) >l <A R =14 1)
pa et =k,
121

In fact, we apply Lemma 2.7 as follows;

(2.72)
Yo kilklksl= ) klklksl+3 Y KK
k1+ko+ks=k, k1+ko+ks=k, k‘ll—’—]{;/?:k,
k1,ko,k3<k—1 1<ky,ko,k3<k—1 1<kt K <k—1

< 4%k — 2!+ 12(k — 1)1,

18



Remark 2.4. We have to care that (2.44) ~ (2.47) hold for k > 1, on
the other hand, z( satisfies |xo| = |z| and |dxg/dz| = 1. Therefore
the estimates |xg| < Cplz] and |dxy/dz| < Cj that is obtained from
(2.46) and (2.47) by letting & = 0 does not hold for sufficiently small
Cy. Hence, to simplify the discussion, when xy and xj (k > 1) appear
at the same time and the extra factor Cy is not important in the
estimation, we neglect the factor Cj that appears in (2.44) ~ (2.47).

Then we consider the second term of (2.38), which is the most im-
portant term in (2.38) in the sense that k! in the estimation of x
originates from this term. First we rewrite the third derivative of xy,
in T variable to that of x, in z variable using the relation (2.53). And,
multiplying (dz/dz)?, we obtain the following relation;

-\ 3 -\ 3 -\ -3

pry () () (05
dz /) di? dz3 dz ) dz \dz dz?

1 (di\° & (di\ " dxy,
+= .

2 \dz /) dz? \dz dz
Since k1 < k — 2, dxy, /dz satisfies (2.47) for all § with 0 < § < r/3
from the induction hypothesis. Now we derive the estimates of the

second and the third derivative of xy, from that of dxy,/dz through
the representation (2.55). In this case, we take

0
(k1 + 1)/2]2]

Then, for z € D? , if Z satisfies |z — 2| < §/(k1 + 1)4/2|2|, we find
that z € Df_klé/(,ﬂﬂ). Indeed, since z € D?_, we can take s > 1 so
that |z — s| < (r —9)/+/s. Therefore |z| > s/2 holds and Z satisfies

—0 )
V5 kit DRI

19

(2.74) d =

(2.75) sl <”




ST 0 N )

Vs (ki 1)ys

_ L _ k1 5

Vs (T k41 ) |
Substituting d in (2.47) for k = ki to k16 /(k1+1), we find that dxy, /dz
satisfies the following estimates for z € D?_ k16 (ky+1);

d
(2.76) "k

1\ "
(2)] < k! (1+k—) 61 AR

1
< kyled M AM

dz

Hence, using the representation (2.55), we obtain
| ~J

d’ dﬂjkzl ' ]' ) — k1 Ak

— z)| < ek A,

iz & | = w \ s 0van :

The estimation of the coefficient of dzy, /dz is given from (2.60). By
the same reasoning, the coefficient of d*zy, /dz* satisfies

(2.78)

(j—()) = (2) )

In conclusion, we gain the following estimation; we can take some pos-
itive constant M that is independent of z, ki, Cp, d and A so that

i\’ &’z
2.79 :
(2.19) ‘ (dz) dz3
holds on D? . Actually the estimates of the first term of (2.73) im-
mediately follows from (2.77);

—2
|
< 2 0 k10 AR
27 (kl + 1) 2‘Z|

20

(2.77)

1 o)A _
< %23(%1)/(1? 2)M1 SM3+\/2|z|07 L.

< |2|M (ki 4 2)16 F172 AR

d3$k1

2.80
(2.80) T3




< |z|2em ™ (kg +2)16 M2 4R

Similarly the estimates of the second and the third term of (2.73) is
obtained from (2.60) and (2.78) as follows;

(2.81)
di\°’ d (di\ " Pay, | |z M3
i I it < 93(+1)/(P=2) (.. 1 )15~ F1—2 4M
(dz) dz (dz) dz? | = 2m2 M} (i +1) ’
(2.82)

|2[M;

2(p+1 2) k1—2 1k
_WM22p+)/(p k‘5 1=2 Ak

L (de\* d* (di\ " day,
2 \dz) dz? \dz dz
Combining (2.80), (2.81) and (2.82), we find that (2.79) holds.

Now (2.47) and (2.79) enable us to estimate the second term of (2.71)
as follows;

(2.83)

1 A d3xk1 2 * dx dx
- 1 M1 H
‘2 Z (dz) A3 Z Z (=1) dz dz

k1+ko=k—2 [=min{1 kg 1 +-+p;=ko,
”17'"7#’[21
M e
—k qk—2 l *
Slel 07t A2 ) (ki +2) Z Co Y mlep!
k1+ko=k—2 l[=min{1,ko}  p1+--+p=ke,
/'Llu'"7ul21
M e
—k gk—2 -1
S’Z’;(g A Z (]{14—2 <1+ZCO4 k2—1+ ))
ki+ko=k—2 =1
M = Cl4l=1
< |z|—§F A2 k4 2)ko! | 1 0
< |2l5 > (i+2) 2<+Z(1—1)!
k1+ko=k—2 =1
M (1 + Cyeto 4
<)o) 2 +2 e )(HE) klghAR2,
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Here we applied (2.71) to the second line of (2.83). Then, since we can
take some positive constant M as (2.79) so that

di\* dxy,

dz ) dz?
holds for k1 < k — 1, by the similar discussion, we find the following
estimates for the third term of (2.38);

3 AN T
9.85 |— 14 Thy
(2.85) 4 Z (dz) di2  di?
k1+ko+ks=k—2

& * l dy, dxy,

I—min{ 13 a1+ +py=ks,
M1, 7:“[21

4
< 9|z| M?(1 + 4C3e*0) (1 + m) (k — Do F AR,

In conclusion, we obtain the following estimates for ®.(z); there

(2.84) < V/|z|M(ky + 1)16 Mt AR

exists some positive constant M that is independent of Cy(< 1) and
A such that, for k >2,0<d <r/3and z € D?

(2.86) |®1(2)] < |2|M(C2+ A2 kI6FA*

holds under the assumption that z, (1 < n < k — 1) satisfy (2.46)
and (2.47). Similarly we can show the followings; there exists some
positive constant M that is independent of Cy(< 1) and A such that,
fork>20<d<r/3and z€ D!

(2.87) |®1(2)] < M(C2+ A 2)kl6FA*
holds under the assumption that z,, (1 < n < k—1) satisfy (2.44) and

(2.45). Then, by the same discussion with the case of k = 2, we find
that zj(2) satisfies

1482
3

(2.88) an(2)] < 2| M(C2 + A 2)klo+ A
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d 2+ 442
(2.89) %(z) < +3 \[M(C§+A‘2)k!5"fAk
2z
for z € D? ;. Therefore, by taking Cy sufficiently small so that
14+ 8v2 1
(290) +3 fMO() < 5

and then A sufficiently large so that

1+8v2
3
we find that xy, satisfies (2.46) and (2.47). Thus the induction proceeds

and (2.46) and (2.47) holds for all £ > 1. By fixing 6 = /6 and
combining (2.44) and (2.46), we obtain the following estimates; there
exist positive constants r and A such that

(2.92) 21(2)] < (2] + Dk!A*

for k> 1and z € DY = D} U D?.
By the same discussion, we can show that (2.92) holds on

(2.93) DF = {z € C; ™3, ¢ D'}
for some r and A. Bearing in mind that we can take € > 0 so that

Im/ Vzdz <5}C U D;.
0

x€{0,+}

(2.91)

1
MA? < 50(),

(2.94) Ve = {z e C:

we immediately see that we can take a neighborhood U¢ of Z = 0 such
that (2.33) holds on U®, (]

Remark 2.5. By the same discussion with the proof of Proposition
2.6, we can show that the transformation series z(Z, n) satisfies (2.92)
when x,' (DY) runs into some double pole by of Q(%), i.e., Q(Z) has
the following expansion at T = by;

N o 16 3
(2.95) Q(7) = e + == b + f(z),
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where «, # € C. In fact, under the assumption, we find that

(2.96) / Q@) = Valog(i — b)) + f(@)

holds around & = by, where the integral path is taken along the Stokes
curve emanating from the simple turning point £ = 0 and f(Z) is multi-

valued analytic function that is bounded at £ = b;. Therefore, from
(2.35), we obtain the following estimates of 1/Q(Z(z)); there exists
positive constants M7 and My such that

e [ 2] < [V < s o [ 2]

holds on D?. Then, from (2.34), we find that dzg/d satisfies

X —Z €X —Z
ViR [3Va A [3Va

on D?. Since we can take some positive constant M so that

. 3/2
295
(2.99) (2 + %) — 2P <M
4

holds for @ € R, sufficiently small § > 0 and 2z € D? by the same way
with the derivation of (2.60) and (2.61), we obtain

for z € D? ;. Therefore the estimates (2.92) follows from exactly the
same discussion with the proof of Proposition 2.6.

(2.97) M,

dZCO

2.98
(2.98) dx

| . .
< Lo=1/2M =2 2 1 13/25

2.100
(2.100) o

2.3 Borel summability of transformation series

Now we show the Borel summability of transformation series. For
simplicity, we discuss in z variable as in the proof of Proposition 2.6
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and we assume that
(2.101) 2 (PUTVTBR ) =T (j=1,2,3).

We take e > 0 so that V< is contained in zo(U?) and (2.92) holds there.
Let V7 (7 = 1,2,3) denote

(2.102) Vf — {z € C;Re(e72U-Dm32) > 0} N Ve

and p;(> 3) ( = 1,2,3) be the orders of poles of Q(z) at b;. Then,
from [Ko4] (and also [DLS]), we immediately find the following

Theorem 2.8 ([Kod|). There exist some positive constants Cy, Cy
and o such that

(2.103) [Rp(z,y)| <Ci|2| 20 D202 exp[Coly|],
(2.104) |Rp(z,y)| <Ci|z| ™" exp[Calyl]

hold on (%28/3\%8/3) x B (j = 1,2,3), where Rg and Rgare

the Borel transform of R = 1 S,qa(%(2),1) — S_1(%(2)) and R =
n1Saa(z,m) — S_1(2) respectively and

(2.105) Ey =|J{yeCily—s| <4}
s>0

Now we apply Theorem A.1 to
(2.106)

z+X z(z)
F(z,X,n) Z/ N~ Soad(z,n)dz —/ N~ Soaa(E,n)dz
0 0

in X variable. Indeed, (2.23) guarantees that the transformation series
x(x,n) satisfies

(2.107) / 0 Soaa(z, n)dx
0

i)
— / N Soad(Z,m)dE = 0
v=x(zm) 0
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and the Borel summability of X (z,7n) = x(Z(2),n) — 2z on a neighbor-
hood W¢ of OV=/2 follows from that of F(z, X,n). Hence our task is to
confirm that F'(z, X, n) satisfies the conditions corresponding to (A.1),
(A.2) and (A.3). First, bearing the shape of V¢ in mind, we easily see
that we can take some positive constant r so that z+ X € V%/3 \ Ve
for (z, X) in

(2.108) D {(z X) € W& x C;|X]| < \/W}

2
and the coefficients of F(z, X, n) are holomorphic there. Since S_;(%)
and S_1(z) = y/z satisfy (2.21), we find that

(2.109) Fy(z,X) = g ((z + X3 - 23/2) .

Therefore we immediately find that Fy(z,0) = 0 and, by taking r
sufficiently small, we can take some positive constant M so that Fj

satisfies
Folz. X
(2.110) ‘ﬁ

X

for (z,X) € D:. Finally, the Borel summability of ' = F — Fj on
D5 is derived from (2.103) and (2.104) as follows; we first remind us
that the integration in (2.106) is defined by a contour integral around
2 =0. Let z+ X be in V=0 with £/3 < &y < 2¢/3. Since (2.104)
guarantees the integrability of Rp at infinity, by deforming the contour
along 8‘750, we find that the following estimates holds on D: x EJ;
there exists some positive constants C7 and C5 such that

\zM B

(2.111) ‘/ 5(2,9)dz| < Crexp|Cyyl].

Further, since dxg/dx satisfies (2.50), we find that, for some positive
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constants C] and (Y,

~ dx
RB(Za y)_

2.112
(2.112) 7

< Cy2| 7 exp[Caly]|

holds on W* x E5 and, by the same discussion as in the derivation of
(2.111), we obtain

P(2)
(2.113) ‘/ RB(a?,y)da?( < Cyexp|Calyl]
0

for (z,y) € W¢ x Ej.

In conclusion, applying Theorem A.1 to F(z, X,n), we find that
X (z,n) is Borel summable on W¢. More precisely, from (2.110),
(2.111) and (2.113), we obtain the following estimates, which is corre-
sponding to (A.11), of the Borel transform Xp of X on W¢ x E;

210 Xale) £ 7 e | (574 Ca) .

My/lo] - L\ Mr

Finally, combining (2.92) and (2.114), we validate the Borel summa-
bility of X(z,n) on V2. First, from Cauchy’s formula, we obtain

the following integral representation of Xp(z,y) in a neighborhood of
(z,4) = (0,0);

(Z + 1)2 % 1 XB<27 y) ~
2115)  Xplz,y) = dz.
(2.115) sEy) = BRI i

Here ¢y > 0 is taken so that the integral path is contained in Vel
and we assume that, by taking e sufficiently small, z = —1 is not
contained in V2. Then we deform the integral path along Ve and
find that Xp(z,y) is holomorphic on V/2 x {y € C;|y| < 1/A}. In
fact, (2.92) guarantees that the integrand of (2.115) is integrable along
OVe? and holomorphic in a fixed neighborhood of the origin under the
deformation of the integral path, i.e., this integral representation gives
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the analytic continuation of Xp(z,y). Then this integral representation
tells us that X (z,7n) is Borel summable on V/2. Further, since z(Z, n)
satisfies (2.11), we find that Xp(z,y) satisfies

(2.116) Xp(z,—y) = —Xp(z,y).
In conclusion, we obtain the following

Theorem 2.9. There exist positive constants C1,Cy, 6 and € such
that Xp(z,y) is holomorphic on VX E5 and satisfies the following
estimates there;

(2.117) 1 XB(z,y)] < Ci(]z] + 1)*exp [Caly]] -

Here

(2.118) Ey=|J{yeCily—s <6}
seR

Remark 2.6. We can also show the Borel summability of the transfor-
mation series with a minor change of discussion when the Stokes curves
run into some double poles of (). For simplicity, we consider the case
that z; (V) runs into a double pole b; and ‘A/jg (7 = 2,3) run into
irregular singular points b; (j = 2,3) respectively. Then, instead of
(2.113), we find from [Ko4| that

i(2)
(2.119) ‘/ RB(:Z*,wdﬂ?‘ < C)|2P"2 explColy|
0

holds for (z,y) € (WE N ‘715) x E. Therefore, applying Theorem A.1
to F'(z, X,n), we obtain the following estimates on <I/V8 N ‘A/f) X By

12| 40 | 2|
. X < 7 il S B .
(2.120) | XB(z,y)| < i exp [( Ny +Cy ) |y
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Similarly, we find that (2.114) holds on (WE N \7;) x Ef (j = 2,3).
In conclusion, applying the same technique as in the proof of Theorem
2.9 to the integral representation

(2121)  Xp(z,y) _exp|Cs(z + 1)%/2y]

211
—C3(2 + 1)32y| X (2
y j{ exp| 3(z45 )” 7y B(Z’y)dé,
|Z2—2z|=¢q Z— %
where a positive constant Cf is taken as
4CY
2.122 C3 > —
( ) 3 MT"

we find the following

Theorem 2.10. There exist positive constants Cy,Cy, C3,0 and €
such that Xp(z,y) is holomorphic on V¢ x Es and satisfies the
following estimates there;

(2.123) | XB(z,y)| < Crexp [(C’g + C’g\z|3/2) |y[] .

Remark 2.7. It is difficult to derive the Borel summability of X(z,n)
from (2.14) directly. Therefore we appealed to the implicit function
theorem for Borel summable series. However, since Sygqq and S, aqq are
not Borel summable on the Stokes curves, we can not show the Borel
summability of X (z,n) there only by the implicit function theorem.
Hence we used a kind of Hartogs’ phenomenon to extend the region
where X (z,n) is Borel summable. We can find a similar discussion in
[D1]. There, the convergence of inverse factorial series solution on a
neighborhood of a simple turning point was examined. And he used
the maximum modulus theorem on the set like W¢ to avoid a direct
discussion at the simple turning point. This similarity of the discussion
was suggested by Professor R. Schifke. In [D2], we can also find a
similar discussion used in Section 3.3.
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3 WKB theoretic transformation — a simple pole case

The main purpose of this section is to show the Borel summability of
transformation series, which is given in [Kol], of (3.2) to the WKB
theoretic canonical equation (3.7) near a Stokes curve emanating from
a simple pole of Q(Z) when it runs into some irregular singular points.
(See Remark 3.1 and Remark 3.2 in the case that it runs into a double
pole of Q(Z).) Discussions in this section proceed in the same way as
in Section 2.

3.1 Fundamental properties of WKB theoretic transformation and
its application

Let Q(Z) be a meromorphic function that has a simple pole at the
origin, i.e., ZQ(x) is holomorphic at £ = 0 and satisfies

(3.1) 7Q(7)|7=0 # 0.
Then we consider the Schrodinger equation
d2 2 ~ T~
32 (45— Q@) dtan) =0

with the following geometric assumptions (3.3) and (3.4); at first, we
assume that

(3.3) a Stokes curve T' emanating from & = 0 runs into an irreg-
ular singular point b.

Let l//\'i be unions of integral curves of Imy/Q(z)dz = 0 that pass
through some Zy € U\ T and :tRe/ V Q(Z)dT > 0 there. Here
Ty

U¢ denotes a disk U = {7 € C;|Z| < €} and € is a sufficiently small
positive constant. Then we assume that we can take € > 0 so that

(3.4) (Afi and U? run into b.
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We remark here that (3.3) and (3.4) guarantee that
(3.5) UF=UUU°UT

does not contain any poles nor turning points except for a simple pole
at the origin.
Now, we consider a transformation series

(3.6) 2@ ) = 3 wp(@)
k=0

of (3.1) to the following canonical equation on U*:

(3.7) (ﬁi—iﬂ)wg

dx? x
In parallel with Theorem 2.1, we have the following

Theorem 3.1. Let Q(Z) be a meromorphic function that satisfies
(3.1), (3.3) and (3.4). Then there exists a Borel summable series
x(z,m) on U° such that

(3.8)  {zk(2)},o, are holomorphic on Ue,

(3.9 xopi1(x) (K=0,1,2,--) are identically zero,

(3.10) 20(0) = 0,
d .
(3.11) -é%1¢()on176

and satisfies the following relation;
~ dx(i.a 77) i 1 1 —2 =, =,
3.12 = — - T}
B12) Q@ = (T - )
The proof of Theorem 3.1 is given in Section 3.2 and Section 3.3.
Then z(Z,n) gives the following relations (See [Kol]);
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Theorem 3.2. Let S(%,7) and S(x,n) respectively be solutions of
Riccatt equations

.. dS N
(3.13) 5%+ T 7°Q(Z)
and
dS 1
14 2, 2 22

where S_1(%) and S_(x) are taken so that they satisfy

(3.15) S_1(z) = (%) S_i(zo(%)).

Then x(x,n) in Theorem 3.1 satisfies the following relation;

~ dx 1 (d*x dx
3.16 )= — | S(x(z S g =)
Corollary 3.3. Let Soad and Soad respectively be the odd part of

S and S. And assume that S_1 and S_y are taken so that they
satisfy (3.15). Then the following relation holds;

(3.17) Sodd(jﬂﬁ = (dxiljg;: 77)) Sodd(fl?(i“,n)?n).

Now we consider WKB solutions 4 (Z,7) of (3.2) normalized at a
simple pole at the origin, i.e.,

(318) @) = %éfp (= i Sun@, )

and WKB solutions v (x,n) of (3.7) normalized at a simple pole in

the same manner. Then they satisfy the following

Theorem 3.4. Let ¢4 (Z,n) and 14 (x,n) respectively be WKB so-
lutions of (3.2) and (3.7) normalized at their simple pole at the
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origin. Then the following relation holds;

da(e )\ "
In order to simplify the discussion, we employ zp = xo(Z) as a

new coordinate variable. Then, applying the Borel transform to the
relation (3.19), we find that the Borel transform 1 5(Z, y) of ¥+ (&, n)
can be described by ¢y p(x,y) through the action of the following
microdifferential operator X’;

N ~1/2
(3.20) X = (gxo) (1 + g—ii) exp| X (xo, n)€] -,
where X (xg,n) is
(3.21) X(zo,m) = x(Z(x0),n) — o

and ¢ designates the symbol of 9,,. By the same reasoning as in Section
2.1, we obtain the following

Theorem 3.5. wig and V1 p satisfy the following relation on
Ve x Ej_LyO for sufficiently small €,0 > 0;

3.22) m,BWo),y):(%) b 5(z0,1)

Y
—+ K(I(), Yy — y,, 8x0)¢:|:,3(x07 y,)dy/7

Tyo
where
(323) l’o / —dI(),
(3.24) = {xy € C IIm yo(z0)| < €},
(3.25) iyo U {y e C;ly —sEyolxo)| <}

selR
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and K(x,y,0,) is a differential operator of infinite order on Ve x
o
EL,.-

3.2 Uniform Borel transformability of transformation series
The purpose of Section 3.2 is to verify the following

Proposition 3.6. Let Q() be a meromorphic function that satis-
fies (3.1), (3.3) and (3.4). Then there exist € > 0 and formal series
z(z,m) = xo(T)+n " o (Z)+- - that satisfies (3.8) ~ (3.12) and the
following estimates; there exist positive constants Cy and A such
that for alln > 1 and & € U, x,(&) satisfies

(3.26) |20 (2)] < (Jzo(2)] 4+ 1)ConlA™.

Proof. Proof of Proposition 3.6 proceeds in the same process as in the
proof of Proposition 2.9.

We first review the construction of x(Z,n). We inductively deter-
mine x3(2) (k = 0,1,2,---) by comparing the coefficients of n=* of
(3.12). First, by comparing the coefficients of n° of (3.12), we find that
xo(Z) should satisfy the following relation;

(3.27) Q) = (da:;;’:)) | xotﬁf)'

Then we determine xy(Z) so that it becomes holomorphic at the origin

as follows;

(3.28) 20(Z) = (% /O j md§:>2.

From the assumptions (3.1), (3.3) and (3.4), we immediately find that
xo(Z) satisfies (3.8) and (3.10). Further, by the same reasoning as
in the proof of Proposition 2.9, we see that xy maps U° to x¢(U°)
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bijectively and satisfies (3.11). From now, we employ z = x¢(Z) as a
new coordinate variable on xo(ﬁ 9.

Next we determine xp (k > 1). By comparing the coefficients of
n~F of (3.12), we find that z; should satisfy the following recurrence
relation;

d[l?k

(3.29) ZZd— — xp = 2Pp(2),
z
where Oy (2) is
(3.30)
S (-1
Pp(z) = — Z o Z Lpy =Ty
=2 ptet =k,
Ml?“‘ 7’1/l21
ks ]
dazkl da:k2 (—1) *
D DRl D sl SR TRLEE
k1+ko+ks=k, [=min{1,k3} 1+t py=ks,
k1,kok3<k—1 P11
~\ 3
z di\° d®xy,
—l_ - 1
> (7)) F
k1+ko=k—2
ko
« dx dx
X _1 ! o) S T
_Z (=1) Z dz dz
[=min{1,ky} w144 py=ko,
1y =1

3z 3 di\* 2y, Py,
1 dz) dz? di?

k1+ko+ks=k—2

3 dx dx
Z IR Z* o S
x : (=D+1) dz dz
[=min{1,k3} p1tet+p=ks,

M1, 7/le21
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Since ®; does not contain x,, (n > k), we inductively determine xj by
1/2
2

(3.31) oil(z) = - /0 12, () dz

so that z is holomorphic at z = 0 and satisfies (3.30). We easily see
that we can inductively confirm that ®o 1 (kK > 0) identically vanish
and hence (3.9) holds.

Next we validate the estimates that xp (k = 1,2,---) satisfy. We
first set

(3.32) D!= |J{zeClz—s|<r}
0<s<1
(3.33) D} =|J{z€Ci|z—s| <rVs}
s>1

for sufficiently small » > 0. Then, taking account of the fact that

1/2 s expanded to

Imz 1 (Imz)?
3.34 e R
(3.34) (Rez)1/2 8(Rez)>/2 "

2Ilmz

on D2 we find that Im [ 27Y2dz behaves as Imz - (Rez)™"/? for

sufficiently large Rez. Theroefore, by taking » > 0 sufficiently small, we
can assume that D! U D2 is included in zo(U?).

Now we inductively confirm that zj(2) (k > 1) satisfy the following
estimates; there exist positive constants Cy < 1 and A > 1 such that,
for all § with 0 < § < r/3 and z € D%_(; U D?_(g,

(3.35) 2 (2)] < |2|Cokld " AF
(3.36) %(z) < Cokls A

hold. Since x; is identically zero, it is obvious that (3.35) and (3.36)
hold when k = 1. Therefore our task is to show that xj satisfies (3.35)
and (3.36) under the assumption that z,, (1 < n < k—1) satisfy them.
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We first beware of the behavior of z¢(Z) when & tends to the irregular
singular point b along the Stokes curve T'. Let Q(&) have a pole of order
p(>3) at & = b. Then (3.27) and (3.28) tells us that xy(z) and dzy/dx

behave as
(3.37) zo(%) = O ((& = b)7*%),
dxo(i) _0 ((57 _ b)—p+1>

dz
when  tends to b. Therefore dxg/dx can be estimated by x( as follows;
there exist positive constants M; and M5 such that

(3.38)

dl’o

(3.39) M || P~ D/0=2) < < My|ag| P~/ @=2)

holds on D?.
Next we derive the estimates that ®; satisfies. Precisely we show

the following estimates; there exists some positive constant M that is
independent of Cy(< 1) and A such that, for £ > 2,0 < 6 < r/3 and

ze D! ;UD?

(3.40) D (2)] < M(C2+ A2 kl6F A

holds. Since (3.40) is obtained for z € D! 4 by the same discussion
given in [Ko4], we prove (3.40) only for 2 € D? ; here. From Lemma

2.7 and (3.35), we find that the first term of (3.30) is estimated as
follows:

k 1\ .
(3'41) | Z ( Zgl) Z Lpy = Ly

[=2 pg A=k
Mla'"?/*blzl
k 1 §
el —k Ak
< E T g 12" Copq! - - pylo™ " A
[=2 p -+ =k
:ula'“nulzl
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k

Cl_24l_2
< 4CTRIGFAR Y h
=2 '

< 4e*0C2EITTF A,

Similarly we obtain the following estimates of the second term of (3.30);
k3

dZUkl dxkz (—Dl *
(3.42) E . E 7 E Tyt Ty
k1+ko+k3=k, [=min{1,k3} pat Aty =Fk3,
k1,kg k3 <k—1 1, Sy >1

2

k—1

Now we examine the third term of (3.30). We first estimate the most

< C2(1 4 ') < Yy 12) (k —1)l67" A",

important factor

(349 di\°’ d*xy, Py, (4 S d (dE\ 7 Ay,
' dz) d3  d2? dz ) dz \dz dz?
1 (di\* &* (dz\ "~ dxy,
1= .
2 \dz) dz? \dz dz
We consider the first term of (3.43). We use the following representation
of the derivative of dxy,/dz on D?_ 5;

@ oy L an,
dz) dz 270 Sz zmq (2 — 2)711 d2
where d > 0 is taken as

)
(3.45) d = oI V2.
Then we find that the integral path of (3.44) is contained in D?_ 16/ (k1)
Actually, if we take s > 1 so that |z — s| < (r — 0)4/s, we find that
|2| < 2s holds and that Z on the integral path satisfies

_ 5
(3.46) Z2—s| < (r—08)vs+ ﬂ(/ﬁﬂ)m

(3.44) (2)dz,
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0
< (r—5)\/§+\/§(k1+1)\/%

ki
= — 0.
S(T ki +1 )

Therefore, substituting § in (3.36) for k = k1 to k10/(ky + 1), we find
that dxy, /dz satisfies the following estimates for Z € D?_ k16 (ky 1)

dzy,
- (2)
Then, from (3.44), we obtain

. —J
Y, | A/
idxkl (Z)| < .] ( 5 ‘Z| )) ekllé_klAkl-

(3.47) < kyled M AN,

(3.48)

27 \/5(]61 +1

In the same way, we find from (3.39) that the following estimates hold

for 1 =1,2;
di, \'"7 d& (dz, \'V
(@(@) i (E(ZO

<2<4—j><p—1>/<p—2> (M2>4J' /2 j(s—j
- 27 M, 2| '

In conclusion, we obtain the following estimates; there exists some
positive constant M that is independent of z, ki, Cp, 0 and A such

that
di\° d*xy,
dz da3

holds on D?_;. Therefore, by the same calculation with (2.83), we gain

(3.49)

< %‘(/«1 + 2)16 2 AR
V4

(3.50)
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the following estimates

(3.51)
~ 3 3 k‘g
2 (da:) d’xp, Z = « dzx,  dz,
SOOI ST
3
2 k1+ko=k—2 dz dz [=min{1,ks} N1‘|‘“‘+Ml;ll<32> dz dz
25 RAREY ¥ e

4Cy
< Ma +2006 ) (1 + %) kl6—k AF=2,

Similarly, we find that the fourth term of (3.30) is dominated as follows;

3z dx 4d2xk d>xy
. 2 ‘_ 1 2
s |TY (%) T
k1+ko+ks=k—2
k3
* dx dx
1 l [ 1 M1 My
x oy, ), (Nt

[=min{1,ks}p1+-+p;=ks3,
M1y 7/1’l21

k —

Summing up (3.41), (3.42), (3.51) and (3.52), we obtain (3.40).
It is now clear from (3.31) and (3.40) that x;(z) satisfies

(3.53) 2 (2)] < |2|M(CF 4 A2 klo AR

on D! U D? ;. Further, combining (3.40) and (3.53), we find from
(3.29) that

< IM?(1 + 4C3Ee*0) (1 - i) (k —1)l67" A2

d 3M
(3.54) dx’“( 2)| < O+ ARG A
2z
also holds there. Therefore, by taking Cy sufficiently small so that
3M 1
3.55 — —
(3.55) 5 Cp < 5
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and then A sufficiently large so that

M
(356) 3—A < Oo,

we find that xj satisfies (3.35) and (3.36), and hence the induction
proceeds. Now, fixing § = r/6, we obtain the following estimates from
(3.35); there exist positive constants r and A such that

(3.57) 21(2)] < |2|k!A*

for k> 1and z € D} U D?.
In conclusion, by taking €, > 0 so that

(3.58) Ve = {z e C; 'Im/ —dz

<5}CD%UD?

and zo(U?) C V¢ are satisfied, we obtain (3.26). W

Remark 3.1. As in Section 2.2, we can show that the transformation
series (%, n) satisfies (3.57) when ;' (D?) runs into some double pole
by of Q(z). We assume that Q(Z) is expanded as (2.95). Then, from

(2.96), (3.27) and (3.28), we find the following estimates holds on D?;
there exists positive constants M; and My such that

(3.59)
M/ |z |exp 2 12 do < Msv/|z| [exp - 22
\/a dz \/&

Bearing in mind that we can take some positive constant M so that

| 1/2
(z + €5y |z|> — 2

holds for € R, sufficiently small 6 > 0 and z € D?, we find from the
same discussion with the proof of Proposition 3.6 that x(z,n) satisfies

(3.57).

<

(3.60) <M
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3.3 Borel summability of transformation series

As in the proof of Theorem 2.9, we first show the Borel summability
of X(z,m) = x(z,n) — z on a neighborhood W*¢ of AV by applying
Theorem A.1 to

(3.61)

2+ X z(2) ~
F(Z,Xﬂ?)—/o UlSodd(Z,??)dZ—/o 0" Soaa(T,n)dE

in X variable. We note the following

Theorem 3.7 ([Kod|). There exist some positive constants Cy, Cy
and 0 such that

(3.62) }PLB(Z, y)} <Oy | 2| TP exp Oy,
(3.63) |Rip(z,y)| <Ci|z| 32 exp[Colyl]

hold on (‘726/3 \ ‘76/3) X E(;L, where EB and Rgare the Borel trans-

form of R = 1""Soaa((2), 1) — S-1(&(2)) and R = 17" Sgaa(z,7) —
S_1(z) respectively and

(3.64) 5 =JweCly—s<a.
5>0

We take 7 > 0 so that z + X € V2/3\ V/3 for (2, X) in
(3.65) DE = {(z,X) e W x C; |X]| gr\/\?\}.
Since S_1(#) and S_i(z) = 2z~ /? satisfy (3.15), we find that
(3.66) Fo(z, X) = 2 ((z LX) z1/2) .
Therefore we can take some positive constant M so that
(3.67) ‘Fo(z,X) > M

o RV E
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holds on D:. Then, by the same discussion with Section 2.3, we find
that the Borel transform Xp of X is holomorphic on W¢ x E; and
satisfies the following estimates; there exist some positive constants Cy
and C5 such that

(3.68) [ X5(z,y)| < Crv/|z] exp [Calyl]

holds on W# x E5". Hence, applying the same technique used in Section
2.3 to the integral representation

(z+1)° 1 Xp(zy) .
3.69 Xplz,y) = _ dz
(3.69) (2,v) i ]{ e T —

we finally obtain the following

Theorem 3.8. There exist positive constants C1,Cy, 6 and € such
that Xp(z,y) is holomorphic on V¢ x Es and satisfies the following
estimates there;

(3.70) Xp(z,y)| < Ci(|z] + 1)% exp [Coly]].

Here

(3.71) Ey=|J{yeCly—s <o},
seR

Remark 3.2. As in Section 2.3, we can also show the Borel summability
of the transformation series when x; ' (V) runs into a double pole b of
(2. In this case, we find that
B(z)
(3.72) / Rp(i,y)dz| < C1|z|? exp[Caly]]
0

holds for (z,y) € Wex Ef. (See [Ko4].) Then, applying Theorem A.1
to F(z, X, n), we obtain the following estimates on (z,y) € W¢ x Ef;

C|z| 401|z]1/2
) < _ )
(3.73) | XB(z,9)| < i exp [( Vr + Cy ) |y|
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Therefore, by the same discussion as in the proof of Theorem 2.9 to
the integral representation

exp[Cs(z + 1)1y
2T

" % exp[—Cs(2 + 1)y X p(Z, y) i,
|Z—z|=€q

(374) XB(Z7y) -

Z—z
where a positive constant C is taken as (2.122), we find the following

Theorem 3.9. There exist positive constants Cy,Cy,Cs,0 and €
such that Xp(z,y) is holomorphic on V© x Es and satisfies the
following estimates there;

(3.75) X5z, 9)] < C)exp [(02 + 03\z|1/2) |yy] |

A Implicit function theorem for Borel summable series

The purpose of this appendix is to show the implicit function theorem
for Borel summable series. Concretely we prove the following

Theorem A.1. Let F(a,n) Zn_"F ) be formal series in n
that satisfies
(A1) Fila) (k=0,1,2,--+) are holomorphic on D,,

OF
(A2)  Fylag) =0, aao (ag) 0,
(A3)  F(o,n) = Fla,n) — Fy(a) is Borel summable on D,
where ag € C and D, 1s

(A.4) D, ={o;la—ay| < r}.
Then the formal solution a(n) = ag+n"tay +n 2as + -+ of
(A.5) F(a(n),n) =0
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that starts from ag uniquely exists and &(n) = a(n) — aq is Borel
summable.

Proof. First, by expanding F'(a(n),n) at a = oy, we can rewrite (A.5)
to the following equality:;

(A.6)

- 0 s JERRNG 81Fk

B S S IR
n=0 ptk+l=n, p1ttHp=p, '

E>0.pu>1>1 p1y o >1

Therefore, by comparing the coefficients of n™" of (A.6), we find the
following equalities hold;

(A.7) an%(ao) = R,(ag, - ,a-1) (n>1).

Here R, are the remainder terms of the coefficients of ™" of (A.6)
that are determined only by ag, - -+ , a1 and F'. Since Fy/0a does
not vanish at a = g, we can inductively determine o, and hence the
uniqueness of a(n) immediately follows.

Now we show the Borel summability of the solution () of (A.5). At
first, we rewrite the assumptions on F' more concrete form as follows:
first, from (A.2), we can take M > 0 such that

Fo(Oé)

o — Q)

(A.8) inf

aED,

> M.

Next the Borel summability of F' guarantees that the Borel transform
Fp of F satisfies

(A.9) | Fp(a,y)| < Crexp[Calyl]
for (o, y) € D, x Es where Cy and Cy are positive constants and
(A.10) Es=|J{yeCly—sl <o}

s>0
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Now our task is to prove that ap(y) is holomorphic on Fjs and satisfy
the following estimates there;

A1) sl < Trew | (G4 ) ]

Since Fy(ap) = 0, Fy can be written as Fy(ag + &) = @Fy(&) where
Fy(@) is a holomorphic function on D, = {& € C;|a] < r} and
satisfies

(A.12) inf |Fy(a)| > M.

a€D,

Therefore (A.5) can be rewritten as follows;
1 ~
(A.13) a(n) = ——=——F(ayg+ aln),n).
Fo(a(n))
Let G(a,n) denote the right hand side of (A.13). We expand G(&, n)
in Q;

(A.14) Gla,n) =Y GY(n)a'

In order to obtain the estimation of ap(y), we rewrite a(n) as follows;

(A.15) aln) =Y alm),
1=0
where a@(n) (I = 0,1,2,---) are formal series that are inductively
determined by
(A.16.0) aV(n) = GYn).
(A.16.7)
al(n) = Z GU(n)-a¥(n)---a*l(n) (1> 1).

e
M1y nu_jZOJZl
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We immediately find that a")(n) has the following shape;
(A17) aVn) =&l + @l 4

Therefore &% (n) + aW(n) + - - - actually defines a formal series that
satisfies (A.12) and this gives another representation of &(n). Applying
the Borel transformation to (A.16)

o?g) () of &¥(n) satisfies

we find that the Borel transform

)

(A.18.0)
6y (y) = G ),
(A8l af) = Y 6P walsxal ) 1>1),

T
M1, 7”]207]21

where f % g(y) denotes the convolution of f(y) and g(y), i.e

(A.19) fgly /)fy v')g

Now we confirm that ozgg) (y) (I =0,1,2,---) are holomorphic on

Ejs and derive the estimation that they satisfy by using (A.18). First,
from Cauchy’s integral formula, we find that Gg)(y) has the following

representation;
—1 Fplag + &,y) da
208 Jaj=r  Fo(a) @t

(A.20) G (y) =

Since Fy(a) satisfies (A.12), we immediately find from (A.9) and (A.20)
that Gg) (y) is holomorphic on Es and satisfies the following estimates
there;

Ch

L exp[Caly]]

(A21) G| <
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Then it is clear from (A.18.0) that &g)(y) is holomorphic on Ej and
we can inductively confirm from the recurrence relation (A.18.0) that
&g) (y) (I=1,2,---) are also holomorphic on FEj.
Next, we determine positive constants B; (I = 0,1,2,---) so that
they satisfy
~ (1) ly|'
(A.22.0) ‘ozB (y)| < Bim - exp [Caly]] -

on Fs. Actually, since &9 (y) = Gg) (y) satisfies

B C
(A23) ol ()| < 57 exp[Calyl],
we can take By as
C
(A.24) By= -

Further, when (A.22.m) holds for 0 < m < [ — 1, applying these
estimates to (A.18.1), we obtain the following estimates for &g) (v);

(A.25)

[y [t

() C

)O‘B (?J)‘ < D). 3578w By — o plCaly]]
P Mr (g + -+ i+ 7)!
1 20,521

Ch |y|l
— Z —M,r.jB/” N BﬂjT exXp [CQ"!]H .
et g=l, '

iy 7”]2()’]21

Here we repeatedly used the following estimation;

|y|‘ — g |2

y—y|"y|

a20) [ TRV e Cully o+ Iy )] ]
[y [t

<
(1 + po +1)!

exp [Caly|] -
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Hence we recursively determine B; (I =1,2,---) by

(A.27.0) Bi= ) &Bu---BM..

J
i+ =,
K1, 7”]207.]21

Then we find that B; satisfies (A.22.1).
Now we derive explicit form of B; from (A.27.0). Let b (I =
0,1,2,---) be taken so that they satisfy

[+1
(A.28) B, = (%) —bl

Then the recurrence relation (A.27.1) can be rewritten to that for b; (I =
1,2,--) as follows;

(A.29.0) b= > buyeeby

We define b(t) by
(A.30) b(t) = bit"
[=0

Multiplying both hand side of (A.29.1) by ¢ for [ > 1 and summing up
all of them, we obtain

(A.?)l) Z bltl Z Z (bmtuﬁrl) . (bujtuj+1)

Py uj>0 ]>1

iz S () (5,

L p=0 p1+- +ug =1,
p1ye 5 >0

(tb(t)).

NER

1

.
I
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Since by = 1, we find from (A.31) that b(t) satisfies
th(t)
A.32 b(t) — 1= —-—.

Therefore b(t) is explicitly given by

1—+/1— ~D(1+1/2) ,,
A. b(t) = 4 .
(A.33) Q 2t (1 /2 2:: (n+1)
And, from the definition of b;, we find that b; (I = .+ ) are given
by
I'(l+1/2
(A.34) b = U+1/2) 40

['(1/2)(n+1)!
Obviously b; satisfies by < 4'. Hence, in conclusion, we obtain the
following estimates for @g)(y) on Fs;

(A.35) ‘ | < Ml' (401@’) exp [Caly|].

Then (A.11) immedlately follows from (A.35). Actually

(A.36) y)| < Z |aB | < L exp [(421\'; +02) \y\] |

This is the end of the proof. O

Remark A.1. In Section 2.3 and Section 3.3, we use the concrete form
of estimation (A.11) of &p to prove the Borel summability of transfor-
mation series.

B Representation of the action of transformation as an
integro-differential operator

The main purpose of this appendix is to derive the properties of microd-
ifferential operators X suggested in Theorem 2.5 and Theorem 3.5 from
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the Borel summability of the transformation series x(z,n). Although
the situations considered in Section 2 and Section 3 are different, in the
both cases, the microdifferential operators X have the following form

0z \'/* X\ ?
(B.1) X =: (8—xg> (1 + 8—360) exp(X¢) : .

Here x is the top order term of = that is taken as a new coordinate
variable, X denotes x—x( and & stands for the symbol of 9,,,. Therefore
it suffices to show the following proposition in order to attain our aim;

Proposition B.1. Let f(x,n) and g(x,n) be formal series in n
that have the following shape

(BQ) f(xa 77) — Z fn(x)n_na

(B.3) g(x,m) = galz)n™,

where fo(z) (n=1,2,---) and g,(x) (n =0,1,-- ) are holomorphic
on a domain U of C,. Further we assume that f and g = g — go
are uniformly Borel summable on U, i.e., the Borel transform of
them fp(x,y) and gp(x,y) are holomorphic on U x E. and satisfy
the following estimates there;

(B.4) max {|fp(z, y)|, |g5(z,y)|} < Crexp[Calyl],
where E. is
(B.5) E.=|J{yeCly—s/<e)

s>0

and C1,Cy and € are positive constants. We consider a microdif-
ferential operator P = P(x, 0., 0,) on

(B.6) Q={(z,y;&n) € T" (U xCy);n#0}
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defined by

(B.7) P = gexpllf]:.

Then the action of P upon a (multi-valued) analytic function ¢(x,y)

has the following representation,
v

(B.8) (Po)(x,y) = go(x)p(x,y) + [ K(x,y—y,0:)p(x,y")dy,

Y0

where K(x,y,0;) is a differential operator of infinite order on U X
E..

Proof. Let P,(z,n) be the coefficients of £" of gexp|é f], i.e

flx, )"
(B.9) Py(z,n) = g(z, n)%-
Then the action of P can be written as follows;
8”qb
(B.10) / ZPnB 2y —y) g, y)dy.

Y0 n=0

From (B.9), we immediately find that P, 5 (n =0,1,2,---) are given
by

(B11)  Poslz,y) = go(x)o(y) + gs(,y),
(B12) Puslr,y) = — (00l 5 (e.0) + s * [ (@,9)) (> 1)

where f7' is

(B.13) =fp*- *fB

Therefore, when we write the action of P in the form (B.8), K(z,y, ;)
is given by

(B.14) K(x,y,0:) = gu(x,y) + Y _ Puple,y)0;.

n=1
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Now we confirm that K (x,y, d;) given by (B.14) defines a differential
operator of infinite order on U x E.. First, by repeated use of (A.26),
we obtain the following estimates from (B.4) on U x E. for n > 1;

(B.15)

ot < o (lnolcr 2

Hence the symbol U(K )z, y, &) of K satisfies the following estimates
for (x7y7€> cU X E. X C§7

(B16)  [o(K)(z,y,¢)]
<|gp(z,y)| + ) €' Puple,y)]

n=1

‘nl

+ e el

‘n—l—l’y‘n

< Z (’9 nﬂ(ﬁ T Cn+1’i’n!$’n) xplCalyl
< Ci (Jgo(=)Ig] + 1) exp [2/CrIylE] + Calyl]

This estimates (B.16) guarantees that K defines a differential operator
of infinite order on U x E.. O

In conclusion, if

(B.17) 0%/0xy # 0 and X is Borel summable

in a neiborhood 4 € C, then we find that (8%/(‘%0)1/2 (1+ 0X/8:1:0)_1/2
and X respectively satisfy the assumption on f and ¢ in Theorem B.1.
Therefore we can apply Theorem B.1 to a microdifferential operator X
defined by (B.1) and we attain our purpose.
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