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Abstract

We introduce quandle cocycle invariants of Lefschetz fibrations over the 2-sphere, using quandle cocycles

of Dehn quandles. We find a cocycle with non-abelian coefficients so that the associated invariant is

equivalent to the signature of Lefschetz fibrations. We compute the second quandle homologies of some

Dehn quandles, and also study cocycle invariants with local coefficients.
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1 Introduction

A quandle is a set with a binary operation whose definition was motivated by studies of oriented

(n, n−2)-dimensional C∞-manifold pairs N ⊂M . In fact, for any such pair, the fundamental

quandle Q(M,N) was defined [Joy] in analogy of the fundamental groups. Given a quandle X,

Fenn, Rourke and Sanderson [FRS1] defined a classifying space BX, as an analog of that of

groups. By modifying the cohomology H∗(BX;A), Carter et al. [CJKLS] defined cohomology

groups H∗
Q(X;A) of quandles X, and introduced quandle cocycle invariants of links L ⊂ S3.

Roughly speaking, the invariant is defined by the pairing between “the fundamental class” of

the fundamental quandle Q(S3, L) and a 2-cocycle in H2
Q(X;A). In [CEGS], the invariants

are generalized for 2-cocycles with local coefficients and with non-abelian coefficients.

The fundamental quandles are also suitable for 4-dimensional Lefschetz fibrations. To

explain this, for an oriented closed surface Σg of genus g, we equip the following set Dg with

a quandle structure, called Dehn quandle [Y, Zab] (see Definition 2.3):

Dg := { isotopy classes of (unoriented) essential simple closed curves γ in Σg }, (1)

where “essential” means that no disk in Σg bounds γ. Further set up the fundamental quandle

Q(B,m), where B is either the 2-disk or the 2-sphere and m := {b1, . . . , bm} are m-points in

B. As is shown in [Y], the isotopy class of Lefschetz fibrations over B is determined by quandle

homomorphisms Q(B,m) → Dg. This work arises from the fact, due to Matsumoto [M], that

Lefschetz fibrations can be interpreted from monodromies using the mapping class group Mg.

Furthermore, from the viewpoint of monodromy, Zablow [Zab] combinatorially constructed an

invariant of Lefschetz fibrations over the disk; however the invariant is valued in the quandle

homology HQ
2 (Dg;Z) with trivial coefficients and there was no computation of HQ

2 (Dg;Z).
In this paper, we introduce and study quandle cocycle invariants of Lefschetz fibrations over

the 2-sphere. Let Tm,m be the (m,m)-torus link in S3. The point is to show an isomorphism

between two fundamental quandles Q(S2,m) and Q(S3, Tm,m) (Lemma 2.6). Hence, by the

observation of Yetter [Y], Lefschetz fibrations over S2 are reduced to quandle homomorphisms

Q(S3, Tm,m) → Dg. We then define quandle cocycle invariants of Lefschetz fibrations to be

those of the (m,m)-torus link using the quandle Dg. Hence the definition is applicable for

2-cocycles with local coefficients and with non-abelian coefficients (Definitions 2.9, 2.11).
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However, to compute the invariants, we have to find presentations of quandle cocycles

or determine the quandle (co)homologies. We first show that a cocycle invariant produces

the signature of Lefschetz fibrations. Precisely, we find a non-abelian cocycle so that the

associated invariant is equivalent to the signature (Theorem 3.1). A key of the proof is to

present explicitly the “global monodromy” over S2 from the view of non-abelian cocycles;

Then our result follows from Endo and Nagami [EN] who gave a formula of the signature

obtained from the global monodromy by “Meyer 2-cocycle”. In other word, our result implies

a translation of Meyer 2-cocycle to a non-abelian cocycle of Dns
g .

We next compute quandle homologies with trivial coefficients. To begin, we show an

epimorphism from HQ
2 (Dg;Z) onto Z⊕Z/2⊕Z/10 for g ≥ 3 (Corollary 4.8). It is conjectured

that HQ
2 (Dg;Z) are not so large. Furthermore, we consider the following subquandle of Dg:

Dns
g := {γ ∈ Dg | γ does not separate Σg }, (2)

which plays a key role for understanding Lefschetz fibrations of “type mI” (see Remark 2.13

in details): Then we determine its homology HQ
2 (Dns

g ;Z) ∼= Z/2 for g ≥ 5 (Proposition 4.4),

by using the Harer-Ivanov stability theorem [H1, Iva]. So far these homologies have such non-

trivial parts, meanwhile we observe that the parts capture no non-trivial cocycle invariants

(Remark 4.9).

By the observation of HQ
2 (Dg;Z), to discover non-trivial invariants, we shall study cocycles

with local coefficients. We then estimate the cocycle invariants for the class of Lefschetz

fibrations of type mI. The homotopy group π2(BX) of the space BX mentioned above is

known to be universal among such cocycle invariants [FRS1]. By computations of π2(BX)

[see Theorem 5.5], we conclude that if the coefficient group A satisfies A⊗ Z/6 = 0, then the

cocycle invariant is shown to be trivial (Corollary 5.6). In summary, for non-trivial cocycle

invariants, we have to set up coefficients with 2- or 3-torsions.

Accordingly we give an easy algorithm to produce some 2-cocycles with the local coefficients:

These 2-cocycles are obtained from the abelianizations of subgroups of Mg (Proposition 5.2).

Unfortunately the author finds no non-trivial invariants using such 2-cocycles. However, in

knot theory, some quandle cocycle invariants with local coefficients are more affluent than

those with trivial coefficients [CEGS, IK, Kab, No2]. So a problem for the future is to find

cocycles of the Dehn quandle Dg such that the resulting cocycle invariant develops new objects,

except for the signature of 4-manifolds.

This paper is organized as follows. Section 2 reviews quandles and introduces the cocycle

invariants of Lefschetz fibrations. Section 3 discusses quandle cocycles with non-abelian co-

efficients and the signature. Section 4 computes some quandle homologies. Section 5 studies

quandle cocycle invariants with local coefficients.

Notation Throughout this paper Σg means the oriented closed surface of genus g, and Σg,k is

the surface of genus g with k boundaries. Let Mg denote the mapping class group of Σg, and

Mg,k that of Σg,k which are the identity on the k-boundaries. Also we often use the notation

Dg and Dns
g described above. For a group G, we denote its abelianization by Gab.
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2 Quandle cocycle invariant of Lefschetz fibrations

Our purpose in this section is to introduce quandle cocycle invariants of Lefschetz fibrations

over the 2-sphere. For this, in §2.1, we review quandles and quandle homologies. After this

review, in §2.2 and §2.3 we interpret Lefschetz fibrations from quandle theory. In §2.4 we

define two cocycle invariants.

2.1 Review of quandle and of quandle homology

A rack is a set, X, with a binary operation ▹ : X ×X → X such that

• The map (•▹a) : X → X defined by x 7→ x▹a is bijective for any a ∈ X.

• (a▹b)▹c = (a▹c)▹(b▹c) for any a, b, c ∈ X.

Further, a rack is called quandle, if a▹a = a for any a ∈ X. A map X → Y between quandles

is called a quandle homomorphism, if f(a▹b) = f(a)▹f(b) for any a, b ∈ X. Let HomQd(X,Y )

denote the set of quandle homorsphisms f : X → Y. We will give some examples of quandles:

Example 2.1. (Conjugacy quandle) A union of some conjugacy classes of a group G is a

quandle given with the conjugacy operation x▹y := y−1xy for any x, y ∈ G.

Example 2.2. (Fundamental quandle) Let M be a connected C∞-manifold without bound-

aries, and N ⊂ M a submanifold of codimention 2. For simplisity, assume that a tubular

neighborhood of N ⊂ M is diffeomorphic to D2 ×N , where D2 is the 2-disk. Fix two points

p0 ∈ M \ N and d0 ∈ ∂D2. We define Q(M,N) by the set of homotopy classes of all pairs

(D2 × {y}, α), where y runs over N and α is a path in M \N starting from p0 and ending at

d0 (see, eg, Figure 2). The set Q(M,N) carries a quandle, called fundamental quandle, with

an operation defined by

[(D1 × {y1}, α1)]▹[(D2 × {y2}, α2)] = [(D1 × {y1}, α1 ·p0 α−1
2 ·d0 ∂D2 ·d0 α2)],

Here the symbol ∂D means the path obtained from the boundary ∂D by cutting at d0, and

the symbol ·y means the connection of two paths at a point y. See [Joy, Y] for details.

Example 2.3. (Dehn quandle) Recall the set Dg consisting of essential simple closed curves

in Σg given (1). For α, β ∈ Dg, we define α▹β ∈ Dg by τβ(α), where τβ ∈ Mg is the

positive Dehn twist along β. The pair (Dg,▹) is a quandle, and called Dehn quandle (see

[NP, Y, Zab]). As is known [FM, Chapter 3.3], Dg injects into the mapping class group Mg

by

τ• : Dg −→ Mg (α 7−→ τα). (3)

Let us provide Mg with a conjugacy quandle structure considered in Example 2.1. Then, by

the injection (3), the Dehn quandle Dg can be turn into a subquandle of Mg.

Finally we note the case g = 1. As is shown in [NP], Dg is quandle isomorphic toQ(S3, K31),

where K31 is the trefoil knot. In this paper we thus mainly deal with the case g ≥ 2.
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We review the associated group of a rack X, denoted by As(X). This group As(X) is the

abstract group defined by generators ex labeled by x ∈ X and relations ex · ey = ey · ex▹y for

x, y ∈ X. Note that a quandle homomorphism X → Y between quandles induces a group

homomorphism As(X) → As(Y ). Furthermore, we call a set acted on by As(X) an X-set.

For example,

Example 2.4. Any rack X is an X-set obtained from the action of As(X) defined by x ·ey :=
x▹y ∈ X for x, y ∈ X. This action will be often used.

We briefly review the quandle (co)homologies with local coefficients (our formulas are a

special case of those in [CEGS, §2]. See also [IK, §2.2]). Let X be a rack, Y an X-set and A

a commutative ring. We set CR
n (X, Y ;A) by the free right A-module generated by Y × Xn.

Define a boundary ∂Rn : CR
n (X, Y ;A) → CR

n−1(X, Y ;A) to be

∂Rn (y, x1, . . . , xn) =
∑

1≤i≤n

(−1)i
(
(y▹xi, x1▹xi, . . . , xi−1▹xi, xi+1, . . . , xn)−(y, x1, . . . , xi−1, xi+1, . . . , xn)

)
.

The composite ∂Rn−1 ◦ ∂Rn is known to be zero. The homology is denoted by HR
n (X;A) and is

called rack homology. In addition, when X is a quandle, let CD
n (X,Y ;A) be a submodule of

CR
n (X, Y ;A) generated by (n+1)-tuples (y, x1, . . . , xn) with xi = xi+1 for some i ∈ {1, . . . , n−

1}. Note that ∂Rn (C
D
n (X, Y ;A)) is contained in CD

n−1(X,Y ;A). Then the quandle homology

HQ
n (X, Y ;A) is defined by the homology of the quotient complex CR

n (X, Y ;A)/CD
n (X, Y ;A).

Dually, we can define the cohomology. If Y is a single point, we suppress the symbol Y and

the quandle cohomology Hn
Q(X;A) coincides with the original one in [CJKLS]

Remark 2.5. Let X be a quandle. As the special case Y = X in Example 2.4, the homomor-

phism CR
n (X,X;Z) → CR

n+1(X;Z) induced by the identification X ×Xn ≃ Xn+1 is known to

be a complex isomorphism (see [FRS2, Theorem 5.14.]).

2.2 The fundamental quandle of the 2-sphere with m-points

Let m be the set of m-points {b1, . . . , bm} in S2 with the same orientations. We will observe

the fundamental quandle Q(S2,m) explained in Example 2.2, in order to study Lefschetz

fibrations from Q(S2,m) in the next subsection.

To begin, we focus on the fundamental quandle Q(S3, Tm,m) of the (m,m)-torus link Tm,m
in S3. We regard Tm,m as the closure of a braid ∆m (see Figure 1), where ∆m is defined by

(σ1 · · ·σm−1)
m in the braid group Bm. In a view of the link-diagram by the closure, following

from Wirtinger presentation (see [Joy, §15]), the quandle Q(S3, Tm,m) is presented by

generators : ai (i ∈ Z),

relations : (· · · (ai▹ai+1)▹ · · · )▹ai+m−1 = ai, ai = am+i (i ∈ Z). (4)

Here the generator ai is represented by the path in the left of Figure 1.

We will show a quandle isomorphism Q(S3, Tm,m) ∼= Q(S2,m). For this, consider m-

elements ci ∈ Q(S2,m) shown in the right of Figure 1 for 1 ≤ i ≤ m. Notice that, by

the presentation (4), the correspondence from ai to ci gives rise to a quandle homomorphism

µm : Q(S3, Tm,m) → Q(S2,m) illustrated as Figure 1. Moreover
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ai

Tm,m
S2(i/m)-twist ︷︸︸

︷
µm

bm
bi

b1

ci

Figure 1: The quandle homomorphism µm.

Lemma 2.6. This map µm is quandle isomorphic. Namely Q(S3, Tm,m) ∼= Q(S2,m).

Proof. We will show this by examining Q(S2,m) for more details. Choose a disk D2 in

S2 containing m. By definitions the inclusion D2 ⊂ S2 induces a quandle epimorphism

κ : Q(D2,m) → Q(S2,m). Put the element ci ∈ Q(D2,m) drawn in the left of Figure 2.

By van-Kampen theorem for fundamental quandles (see [Joy, Theorem 13.1]), remark that

Q(D2,m) is the free quandle generated by ci (shown by induction on m), and that the kernel

of κ is generated by the equivalences in Figure 2. The kernel corresponds with the relation in

(4); thus the presentaions of Q(S3, Tm,m) and Q(S
2,m) imply the bijectivity of µm.

bmbib1

D2 D2

ci

Figure 2: The relation in Q(D2,m).

We will observe that Q(S2,m) is a kind of a conjugacy quandle. Let γi ∈ π1(S
2 \ m) be

the loop which circulates around bi ∈ S2 for 1 ≤ i ≤ m − 1 (see the left in Figure 3). Let us

equip π1(S
2 \m) with a conjugacy quandle structure. Since Q(S2,m) is generated by the m

pathes ci (see Lemma 2.6), we define a quandle homomorphism ι : Q(S2,m) → π1(S
2 \m) by

ι(cm) = (γ1γ2 · · · γm−1)
−1, ι(ci) = γi for 1 ≤ i ≤ m− 1.

The image is the set of elements ofm-conjugacy classes of γ1, . . . , γm−1 and of (γ1γ2 · · · γm−1)
−1.

Lemma 2.7. The quandle homomorphism ι from Q(S2,m) to π1(S
2 \m) is injective.

Proof. Since π1(S
2 \m) is a free group of rank m − 1 generated by γ1, . . . , γm−1, it is easily

seen to check the injectivity by elementary calculations.

Finally we investigate the associated group of Q(S2,m). Recall Q(S2,m) ∼= Q(S3, Tm,m).

By Wirtinger presentation, As(Q(S3, Tm,m)) is isomorphic to π1(S
3\Tm,m) (see also [Joy, §15]).

Hence π1(S
3 \ Tm,m) is presented by generators a1, . . . , am subject to relations

a1a2 · · · am = ama1a2 · · · am−1 = am−1ama1a2 · · · am−2 = · · · = a2 · · · ama1. (5)

Note that the quotient group of π1(S
3 \ Tm,m) by a1a2 · · · am = 1 is isomorphic to π1(S

2 \m).
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2.3 Lefschetz fibrations from quandle theory

Yetter [Y] studied a relation between Q(S2,m) and Lefschetz fibrations over S2 in terms of

“augmented quandles”. Our objective in this subsection is to interpret Lefschetz fibrations in

the sense of quandle homomorphisms, and to show Proposition 2.8. This discussion follows a

fortiori from theorems of Matsumoto [M].

We begin setting up some notation. Let E → S2 be a Lefschetz fibration with fiber

Σg, where E is a closed 4-manifold (see, e.g., [EN, M, Y] for the definition). Throughout

this paper, no fiber contains a (−1)-sphere, i.e., a smoothly embedded 2-sphere with self-

intersection number −1. Let m = {b1, . . . , bm} ⊂ S2 be the set of the critical values. Let

γi ∈ π1(S
2 \m) be the loop which circulates around bi for 1 ≤ i ≤ m. As is known (see [M,

Theorem 2.6]), the fibration E → S2 yields the monodromy ρ : π1(S
2 \m) → Mg, and that

ρ sends each γi to positive Dehn twists of some essential simple closed curves. Thus, recalling

the quandle monomorphisms Dg ↪→ Mg in (3) and Q(S2,m) ↪→ π1(S
2,m) in Lemma 2.7,

the restriction of the monodromy ρ to Q(S2,m) turns out to be a quandle homomorphism

fE : Q(S2,m) → Dg. Here notice that the global monodromy is the identity, i.e., the map fE
satisfies fE(c1) · · · fE(cm) = 1Mg ∈ Mg, where fE(ci) ∈ Dg is regarded as being in Mg. Then

we define a set by

Homgl
Qd(Q(S

2,m), Dg) := {f ∈ HomQd(Q(S
2,m), Dg) | f(c1) · · · f(cm) = 1Mg ∈ Mg }.

We remark that the set Homgl
Qd(Q(S

2,m), Dg) is a proper subset of HomQd(Q(S
2,m), Dg)

1.

With these notation in mind, we mention an equivalence relation on the set Homgl
Qd(Q(S

2,m), Dg).

Let Bm(S
2) be the m-string braid group on the 2-sphere S2. Recall the standard group pre-

sentation of Bm(S
2), that is, the generators are given by σ1, . . . σm−1 and the relations are

given by

σiσj = σiσj (|i− j| > 1), σiσjσi = σjσiσj (|i− j| = 1),

(σ1σ2 · · ·σm−1)(σm−1σm−2 · · ·σ1) = 1 = (σ1σ2 · · ·σm−1)
m. (6)

For σk ∈ Bm(S
2), we consider a group isomorphism Ek : π1(S

2 \m) → π1(S
2 \m) defined by

Ek(γk) = γk+1, Ek(γk+1) = γ−1
k+1γkγk+1, Ek(γj) = γj for j ̸= k, k + 1. (7)

This Ek is called elementary transformation in [M, §4] (see also Figure 3). This then yields

an action of Bm(S
2) on π1(S

2 \m). Further, it can be easily seen that the isomorphism Ek
is closed under Q(S2,m) ⊂ π1(S

2 \ m); Thus the action is regarded as that of Bm(S
2) on

Q(S2,m). Using these actions, two group homomorphisms ρ, ρ′ : π1(S
2 \ m) → Mg (or

quandle homomorphisms ρ, ρ′ : Q(S2,m) → Dg) are said to be equivalent if there are an

element α ∈ Mg and an isomorphism h : π1(S
2 \ m) → π1(S

2 \ m) derived from a braid of

Bm(S
2) so that α−1 · ρ · α = ρ′ ◦ h. Then we denote by Hom

gl

Qd(Q(S
2,m), Dg) the quotient

set of Homgl
Qd(Q(S

2,m), Dg) modulo the equivalence relation.

1For example, when m = 2, Q(S2,m) is composed of two points, c1, c2, and satisfies c1▹c2 = c1 and c2▹c1 = c2; hence, there
are many homomorphisms f : Q(S2,m) → Dg with f(c1)f(c2) ̸= 1Mg .
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bk+1bk

γk γk+1

Ek

γ−1
k+1γkγk+1

γk+1

bmb1

Figure 3: The elementary transformation Ek in π1(S
2 \m).

We will construct a map below (8). Recall here Theorem 2.4 in [M], i.e., two Lefschetz

fibrations E and E ′ with fiber Σg and the critical values m ⊂ S2 are isomorphic, if and only

if the two monodromies π1(S
2 \m) → Mg are equivalent (In particular, the resulting quandle

homomorphisms fE, fE′ : Q(S2,m) → Dg are equivalent). In summary, we obtain a map

{ Lefschetz fibration over (S2,m) with fiber Σg }/isotopy −→ Hom
gl

Qd(Q(S
2,m), Dg). (8)

Proposition 2.8 (cf. [Y, Proposition 33]). For g ≥ 2, this map is bijective.

Proof. We now construct an inverse map of (8). Given f ∈ Homgl
Qd(Q(S

2,m), Dg), it induces

a group homomorphism f∗ : As(Q(S2,m)) → As(Dg). Note that the map Dg ↪→ Mg in

(3) yields a group homomorphism τ∗ : As(Dg) → Mg. Put the composite f∗ ◦ τ∗ : π1(S
3 \

Tm,m) = As(Q(S2,m)) → Mg. The presentation (5) of π1(S
3 \ Tm,m) admits a quotient map

f : π1(S
2 \m) → Mg, since f(c1) · · · f(cm) = 1Mg . Further, by construction, f(γi) ∈ Dg for

any γi ∈ π1(S
2\m). Hence, it immediately follows from [M, Theorem 2.6] that this monodromy

f recovers a Lefschetz fibration, which takes the bijectivity of (8) by construction.

Finally, we mention a type of Lefschetz fibrations. Let f ∈ Homgl
Qd(Q(S

2,m),Dg) be a

quandle homomorphism associated to a Lefschetz fibration E → S2. Let c1, c2, . . . , cm ∈
Q(S2,m) be the elements drawn in Figure 1. The fibration is said to be of type nI, if n =

#{i | f(ci) ∈ Dns
g }, where Dns

g is the subquandle of Dg given in (2). As is known, the number

n must be larger than 0.

2.4 Definitions of two quandle cocycle invariants

Zablow [Zab, Theorem 5.3] combinatorially defined a certain invariant of Lefschetz fibrations

over the disk. This invariant is valued in the second homology HQ
2 (Dg;Z) of the Dehn quandle

Dg. In this paper, we deal with Lefschetz fibrations over the sphere S2 in a view of Propositions

2.8, and define quandle cocycle invariants, more generally, with the local coefficients and with

non-abelian coefficients.

To describe the invariant with local coefficients, we first construct a 2-cycle µY,y ∈ C2(Q(S
2,m), Y ;Z)

for a Q(S2,m)-set Y and y ∈ Y as follows. Recall from Lemma 2.6 that Q(S2,m) ∼=
Q(S3, Tm,m). According to [CEGS, §6], given a link-diagram of a link L ⊂ S3, they con-

structed a 2-cycle of the fundamental quandle of (S3, L) with local coefficients (see also [IK,

§4.2]). As is known, the homology class of the 2-cycle depends only on L.
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For our purpose, we here confine ourselves to the diagram of the torus link L = Tm,m in

the left of Figure 1. Then the 2-cycle is explicitly expressed as

µY,y :=
m∑
j=1

m−1∑
i=1

y ·ecj−i+1
· · · ecj−1

{(· · · (cj−i▹cj−i+1) · · · )▹cj−1, cj} ∈ CQ
2 (Q(S

2,m), Y ;Z). (9)

Definition 2.9. Let f ∈ Homgl
Qd(Q(S

2,m),Dg) be a quandle homomorphism associated to a

Lefschetz fibration in Proposition 2.8, and Y a set acted on transitively by As(Dg). Let us

regard Y as a Q(S2,m)-set induced by f . Put a quandle 2-cocycle ψ ∈ H2
Q(Dg, Y ;A). We

define the quandle cocycle invariant of E using ψ by the formula Φψ,y(E) := ⟨f ∗(ψ), µY,y⟩ ∈ A.

The pairing Φψ,y(E) := ⟨f ∗(ψ), µY,y⟩ is an invariant of Lefschetz fibrations as follows.

Proposition 2.10. Let X, Y and ψ be as above. Let y ∈ Y. If two quandle homomorphisms

f, f ′ ∈ Homgl
Qd(Q(S

2,m),Dg) are equivalent, then ⟨f ∗(ψ), µY,y⟩ = ⟨f ′∗(ψ), µY,y⟩ ∈ A. Further,

the value ⟨f ∗(ψ), µY,y⟩ does not depend on y ∈ Y .

This will be shown later.

Changing the subject, we next construct invariants for non-abelian cocycles as follows. Let

G be a group, and X a quandle. A map θ : Y ×X → G is called non-abelian cocycle, if

θ(y, x1) · θ(y · ex1 , x2) = θ(y, x2) · θ(y · ex2 , x1▹x2) ∈ G, (10)

for any y ∈ Y and x1, x2 ∈ X. Remark that, when Y = X in Example 2.4, such a cocycle

was called “rack 2-cocycle” in [CEGS, §5], and that when G is abelian, the condition (10) is

a 1-cocycle condition in the cochain group C1
R(X, Y ;G) in §2.1.

Let L be a link of m-components, and θ : X × X → G a non-abelian cocycle. According

to [CEGS], using a link-diagram of L so that each framings of link-components are presented

by 1, we can define a certain map Φθ,j : HomQd(Q(S
3, L), X) → Gconj for 1 ≤ j ≤ m. Here

Gconj is a quotient of G by conjugacy operations. Remark that the map Φθ,j does not depend

on the choice of such framed link-diagrams of L (see [CEGS, Theorem 5.5]).

Of particular interest to us is the case X = Dg and the diagram in Figure 4 of L = Tm,m.

We now formulate explicitly the resulting map Φθ,j. Let f ∈ HomQd(Q(S
3, L),Dg). For the

generators ai ∈ Q(S3, Tm,m) in (4), we denote f(ai) ∈ Dg by di. Further, let dj,k denote

(· · · (dj ▹ dj+1) ▹ · · · ) ▹ dj+k ∈ Dg for short. Note dj,m = dj by (4). The value Φθ,j(f) is

expressed by

Φθ,j(f) := θ(dj, dj+1) ·
(
θ(dj,1, dj+2) · · · θ(dj,m−1, dj+m)

)
· θ(dj, dj) ∈ G. (11)

Noting the symmetric group Sm canonically acts on the product of m-copies of Gconj, we

consider the quotient (Gconj)
m/Sm. Then an invariant of Lefschetz fibrations is defined as

follows.

Definition 2.11. Let θ : Dg×Dg → G be a non-abelian cocycle. For a quandle homomorphism

f ∈ Homgl
Qd(Q(S

2,m),Dg) associated with a Lefschetz fibration E → S2, we define the (non-

abelian) cocycle invariant of E by the values
(
Φθ,1(f), . . . ,Φθ,m(f)

)
∈ (Gconj)

m/Sm.
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Proposition 2.12. Let f, θ be as above. If another element f ′ ∈ Homgl
Qd(Q(S

2,m),Dg) is

equivalent to f , then the values
(
Φθ,1(f), . . . ,Φθ,m(f)

)
=

(
Φθ,1(f

′), . . . ,Φθ,m(f
′)
)
∈ (Gconj)

m/Sm.

We now prove Propositions 2.10 and 2.12 in an easy way using link-diagrams (cf. the

combinatorial proof in [Zab, Theorem 5.3] to show an invariance).

Proof of Proposition 2.10. By assumption, let α ∈ Mg and h ∈ Bm(S
2) satisfy that α−1·f ·α =

f ′ ◦ h. To begin, we consider the case h = 1Bm(S2). Since Mg is generated by Dg, we may

assume α ∈ Dg. However, in general, it is shown [IK, Lemmas 4.5 and 4.6] that if such two

cycles are conjugate, then they are homologous, and that f∗(µY,y) ∈ HQ
2 (Q(S

3, Tm,m);Z) does
not depend on the choice of y ∈ Y .

On the other hand, we impose a condition α = 1Mg . By the presentation of Bm(S
2) in

(6), it is sensible to concentrate on h = Ek : Q(S2,m) → Q(S2,m) in (7). Consider the

link-diagram D of Tm,m in the left of Figure 4, where any entry of the linking matrix is 1.

Here the band in Figure 4 means the (m − 2)-parallel strands, and the blackline is the k-th

strand and the dotted line indicates the (k + 1)-th strand,. Put another diagram D′ in the

right of Figure 4. Then we can see that the 2-cycle µ′
Y,y obtained from D′ such as (9) exactly

coincides with (Ek)∗(µY,y). Notice that the moves in Figure 4 mean that a finite sequence of

Reidemeister II and III moves give an exchange between the k-th strand and (k + 1)-th one.

Therefore we deduce that

⟨f ∗(ψ), µY,y⟩ = ⟨f ∗(ψ), µ′
Y,y⟩ = ⟨f ∗(ψ), (Ek)∗(µY,y)⟩ = ⟨f ′∗(ψ), µY,y⟩ ∈ A.

∼∼∼

D D′

Figure 4: Exchange between the k-th strand and the (k + 1)-th one of the (m,m)-torus link.

Proof of Proposition 2.12. Similarly, let α ∈ Mg and h ∈ Bm(S
2) satisfy that α−1·f ·α = f ′◦h.

In the case α = 1Mg , the proof follows from a discussion using Reidemeister moves similar to

the proof of Proposition 2.10. Hence we may assume h = 1Bm(S2) and α ∈ Dg. Notice that

Φθ,j(f
′) is obtained from Φθ,j(f) after replacing dj+k by dj+k ▹α from the definitions. By the

cocycle condition (10), we have

θ(x▹ z, y ▹ z) = θ(x, z)−1θ(x, y)θ(x▹ y, z), (12)

for any x, y, z ∈ Dg. Consequently, using (11) and (12), an elementary calculation shows

Φθ,j(f
′) = θ(d1, α)

−1 · Φθ,j(f) · θ(d1, α) as required.
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Remark 2.13. Finally, we remark cocycle invariants of Lefschetz fibrations of type mI, i.e.

the images of the associated homomorphisms f ∈ HomQd(Q(S
2,m),Dg) are contained in Dns

g .

By substituting Dg with Dns
g , the above discussion holds. Namely, given non-abelian cocycles

Dns
g ×Dns

g → G and 2-cocycles Y ×Dns
g ×Dns

g → A we can define quandle cocycle invariants

of Lefschetz fibrations of type mI in a similar fashion.

3 Quandle cocycle invariants with non-abelian coefficients

This section focuses on cocycles with non-abelian coefficients. We will construct a non-abelian

cocycle ofDg, and show that the associated cocycle invariant includes the signature of Lefschetz

fibrations. More precisely,

Theorem 3.1. Let g ≥ 3 and 1 ≤ j ≤ m. There exists a non-abelian cocycle θj : Dg ×
Dg → As(Dg) such that, for any f ∈ Homgl

Qd(Q(S
2,m),Dg), the invariant Φθj ,j(f) lies in

the center Z(As(Dg)). Further, there exists an epimorphism pZ : Z(As(Dg)) → Z so that

pZ
(
Φθj ,j(f)

)
= sign(E) + m − nf in Z, where E is the total space of the Lefschetz fibration

associated with f , and nf is the type.

To prove the theorem, we will mention Proposition 3.2 and Theorem 3.4 below.

We first construct many non-abelian cocycles, by slightly modifying [AG, CEGS, E1]:

in these papers some constructions of quandle 2-cocycles with non-abelian coefficients were

pointed out. Let X be a quandle, and Y an X-set. We give the orbit decomposition of Y ,

that is, Y = ⊔i∈IYi. Fix an element yi ∈ Yi. Then we consider a surjection As(X) → Yi
sending g to yi · g. Choose an arbitrary section si : Yi → As(X) of the surjection. Define a

map θi : Yi ×X → As(X) by

θi(y, x) := si(y) · ex ·
(
si(y · ex)

)−1 ∈ As(X), (13)

for y ∈ Y, x ∈ X. Let us extend θi to a map ϑi : Y ×X → As(X) defined by ϑi(y, x) = 1As(X)

for any y ∈ Y \ Yi. Notice that the image of ϑi is contained in the stabilizer group Stab(yi).

Proposition 3.2 (cf. [AG, Example 2.13] [E1, Lemma 9.6] ). Let X be a quandle, and Y an

X-set. Then the map ϑi : Y ×X → Stab(yi) mentioned above is a non-abelian cocycle.

Proof. By the definition in (13), for y ∈ Yi and x1, x2 ∈ X, we have

θi(y, x1) · θi(y · ex1 , x2) = si(y) · ex1 · ex2 ·
(
si((y · ex1) · ex2)

)−1 ∈ Stab(yi),

θi(y, x2) · θi(y · ex2 , x1▹x2) = si(y) · ex2 · ex1▹x2 ·
(
si((y · ex2) · ex1▹x2)

)−1∈ Stab(yi).

The self-distribute condition immediately shows the cocycle condition in (10).

Remark 3.3. For another section s′i, the resulting cocycle ϑ′
i : X ×Y → Stab(yi) is cohomol-

ogous to the previous ϑi. Namely, a function c : Y → As(X) defined by c(y) = s′i(y)si(y)
−1

satisfies ϑ′
i(y, x) = c(y) · ϑi(y, x) · c(y · ex)−1 for any x ∈ X and y ∈ Y . Thereby the cocycle

invariant using the cocycle ϑi does not depend on the choice of sections si.
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Besides, we further review a result in [EN]. Put the free group FDg generated by Dg. Then,

the map Dg → Mg in (3) passes to an epimorphism FDg → Mg. Let R denote the kernel.

With notation f in Theorem 3.1 and di = f(ci) ∈ Dg, notice that ed1 · · · edm ∈ FDg lies in

the kernel R. Then Endo and Nagami [EN, Definition 3.3] constructed a homomorphism

Cg : R → Z so that

Theorem 3.4 ( [EN, Theorem 4.2] ). With notation f, E, nf in Theorem 3.1, let di ∈ Dg

denote f(ci). The homomorphism Cg satisfies Cg(ed1 · · · edm) = sign(E) +m− nf .

We further set the following group homomorphism induced by the map Dg → Mg in (3):

π : As(Dg) −→ Mg. (14)

As is well-known, π is surjective, i.e., Mg is generated by Dehn twists. Furthermore

Lemma 3.5. For g ≥ 3, the kernel of π in (14) coincides with the center of As(Dg).

Proof. Let Z(As(Dg)) denote the center. We first show Ker(π) ⊂ Z(As(Dg)). Put an element

eϵ1x1 · · · e
ϵn
xn in the kernel, where ϵi ∈ {±1} and xi ∈ Dg. Then for any y ∈ Dg, we conclude

(eϵ1x1 · · · e
ϵn
xn)

−1eye
ϵ1
x1
· · · eϵnxn = e(···(y▹ϵ1x1)··· )▹ϵnxn) = ey as required. Here we denote by • ▹−1 xi

the inverse map of •▹ xi : Dg → Dg. Conversely, the center Z(As(Dg)) is readily contained in

Ker(π), since Mg is centerless (see [FM, Chapter 3.4]).

Proof of Theorem 3.1. By applying X = Y = Dg to Proposition 3.2, we have a non-abelian

cocycle θj : (Dg)
2 → As(Dg). We will calculate the value Φθ,j(f). By definition, note that

θj
(
dj,k, dj+k+1

)
= sj(dj,k)

−1edj+k+1
sj(dj,k+1),

where we employ the notation dj,k ∈ Dg in §2.4. Hence, from the definition in (11), we have

Φθ,j(f) =
(
θj(dj, dj+1) · θj(dj,1, dj+2) · · · θj(dj,m−1, dj+m)

)
· θj(dj, dj)

=
((

sj(dj)
−1ed1sj(dj,1)

)
· · ·

(
sj(dj,m−1)

−1edmsj(dj,m)
))

·
(
sj(dj)

−1edmsj(dj))

= sj(dj)
−1ed1ed2 · · · edmsj(dj). (15)

Here Lemma 3.5 implies that ed1ed2 · · · edm belongs to the center Z(As(Dg)) from the definition

of f ∈ Homgl
Qd(Q(S

2,m),Dg). In conclusion, the value Φθ,j(f) ∈ Z(As(Dg)) as desired.

Next, we will construct a projection pZ : Z(As(Dg)) = Ker(π) → Z as follows. According

to [EN, Proposition 3.6], the above homomorphism Cg : R → Z satisfies Cg(e−1
b eaebe

−1
a▹b) = 0

for any a, b ∈ Dg. By recalling π in (14), this Cg induces a homomorphism pZ : Ker(π) → Z
as required. Further, following Theorem 3.4, we reach the conclusion

pZ(Φθ,j(f)) = Cg(ed1ed2 · · · edm) = sign(E) +m− nf .

Remark 3.6. However, as seen in the proof, this cocycle invariant Φθj ,j(f) is not suitable for

computation of the signature.
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4 Second quandle homology groups of Dehn quandles.

We will compute or estimate the quandle homologies of the Dehn quandles in §4.2. For this,
in §4.1, we give a method to compute quandle homologies, modifying that in [E1].

4.1 First homology groups of quandles.

We give a general algorithm to compute the first rack homology as follows.

Theorem 4.1. Let X be a rack, and Y an X-set. Decompose Y into the orbits as Y = ⊔i∈IYi.
For i, choose arbitrary elements yi ∈ Yi, and denote by Stab(yi) ⊂ As(X) the stabilizer

subgroup of yi. Then the direct sum of the abelianizations of Stab(yi) is isomorphic to

HR
1 (X, Y ;Z). That is, ⊕i∈I(Stab(yi))ab ∼= HR

1 (X, Y ;Z).

This will be proved later. We next discuss an application. Eisermann [E1] gave a method

to compute the second quandle homologies with trivial Z-coefficients. While he showed topo-

logically the result using a certain CW-complex, we will give another proof as a corollary of

Theorem 4.1. To see this, let us decompose X into the orbits as X = ⊔i∈IXi under the action

of As(X) in Example 2.4, and defin a homomorphism

ϵi : As(X) → Z defined by

{
ϵi(ex) = 1 ∈ Z if x ∈ Xi,
ϵi(ex) = 0 ∈ Z if x ∈ X \Xi.

(16)

Corollary 4.2 ([E1, Theorem 9.9]). Let X be a quandle. Decompose X = ⊔i∈IXi as the orbits

by the action of As(X). Fix xi ∈ Xi for each i ∈ I. Then the quandle homology HQ
2 (X;Z) is

isomorphic to
⊕

i∈I
(
Stab(xi) ∩Ker(ϵi)

)
ab
.

From now on, we prove Theorem 4.1 and Corollary 4.2 as a slight application of the dis-

cussion in [FRS1, FRS2]. For the proofs, we review the (action) rack space introduced by

Fenn-Rourke-Sanderson [FRS1, Example 3.1.1]. Fix a rack X and an X-set Y . Equipping X

and Y with their discrete topology, we start with
∪
n≥0

(
Y ×([0, 1]×X)n

)
, and put equivalence

relations given by

(y, t1, x1, . . . , xj−1, 1, xj, tj+1, . . . , tn, xn) ∼ (y·xj, t1, x1▹xj, . . . , tj−1, xj−1▹xj, tj+1, xj+1, . . . , tn, xn),

(y, t1, x1, . . . , xj−1, 0, xj, tj+1, . . . , tn, xn) ∼ (y, t1, x1, . . . tj−1, xj−1, tj−1, xj+1, . . . , tn, xn).

Then the rack space B(X,Y ) is defined by the quotient space. When Y is a single point, we

denote it by BX. By construction, we have a cell decomposition of B(X, Y ), regarding the

projection
∪
n≥0

(
Y × ([0, 1]×X)n

)
→ B(X,Y ) as the characteristic maps. Then the complex

(CR
∗ (X, Y ;Z), ∂∗) is known to be chain isomorphic to the cellular complex of B(X,Y ).

Proof of Theorem 4.1. We easily see, by the 1-skeleton of B(X, Y ), that the orbits of the action

of As(X) on Y are bijective to the connected components of B(X,Y ). Via the decomposition

Y = ⊔i∈IYi, we regard B(X,Y ) as a disjoint union of the connected spaces B(X, Yi).

We investigate the first homology of the space B(X, Yi) for each i ∈ I, from covering theory.

Recall from [FRS1, Theorem 3.7] that the projection B(X, Yi) → BX is a covering with fiber
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Yi. Thereby the universal covering B̃X → BX factors through B(X, Yi). Since π1(BX) ∼=
As(X) ([FRS2, Proposition 5.1]), the covering transformation coincides with the transitive

action of As(X) on Yi. In addition, it can be readily seen that the covering transformation

group of B̃X → B(X,Yi) is the stabilizer Stab(yi)
(
see [FRS1, Proposition 4.5] for details

)
.

Thereby H1(B(X, Yi);Z) ∼= π1(B(X, Yi))ab ∼= Stab(yi)ab.

Finally, by considering all the connected components of B(X, Y ), we conclude

HR
1 (X,Y ;Z) ∼= H1(B(X,Y );Z) ∼=

⊕
i∈I

H1(B(X,Yi);Z) ∼=
⊕
i∈I

(
Stab(yi)

)
ab
.

Proof of Corollary 4.2. We first show (17) below. Assume Y = X such as Example 2.4.

For each xi ∈ Xi, since xi▹xi = xi, we have exi ∈ Stab(xi). Hence the restriction of ϵi :

As(X) → Z on Stab(xi) is also surjective, and permits a section s : Z → Stab(xi) defined

by s(1) = exi . Here we remark that the action of Z on Stab(xi) ∩ Ker(ϵi) induced by the

section is trivial. Indeed, g−1exig = exi ∈ As(X) for any g ∈ Stab(xi). We therefore have

Stab(xi)ab ∼=
(
Stab(xi) ∩Ker(ϵi)

)
ab

⊕ Z. Hence it follows from Theorem 4.1 that

H1(X,X;Z) ∼=
⊕
i∈I

H1(B(X,Xi);Z) ∼=
⊕
i∈I

(
Stab(xi)

)
ab

∼= ZI⊕
⊕
i∈I

(
Stab(xi)∩Ker(ϵi)

)
ab
. (17)

Further recall HR
2 (X;Z) ∼= HR

1 (X,X;Z) in Remark 2.5. It is known [LN, Theorem 2.1] that

HR
2 (X;Z) ∼= HQ

2 (X;Z) ⊕ ZI , and that the basis of ZI is represented by (xi, xi) ∈ CR
2 (X;Z)

for i ∈ I. By comparing the basis with the isomorphisms in (17), we complete the proof.

Remark 4.3. By the proof, we can see that the 1-cocycles in Proposition 3.2 detectHR
1 (X, Y ;Z).

4.2 Second quandle homology of Dehn quandles

Returning to the Dehn quandle Dg, we will determine the second quandle homology of the

subquandle Dns
g for g ≥ 5 (see (2) for the definition of Dns

g ⊂ Dg). After that, we estimate the

second quandle homology of the Dehn quandle Dg. First of all, let us show

Proposition 4.4. For g ≥ 2, HQ
2 (Dns

g ;Z) surjects onto Z/2. Further, if g ≥ 5, then

HQ
2 (Dns

g ;Z) ∼= Z/2.

Remark 4.5. In the case g = 1, recall from Example 2.3 that the Dehn quandle Dg = Dns
g is

isomorphic to Q(S3, K31). Eisermann [E2] showed that HQ
2 (Q(S

3, K31);Z) ∼= Z.

To prove Proposition 4.4, we review a result of Gervais [Ge] on the associated group As(Dns
g ).

Let g ≥ 3. As is well-known, the second group cohomology H2(Mg;Z) ∼= Z (see [FM, Kor]).

We then set the central extension associated with a generator of H2(Mg;Z):

0 −→ Z −→ Tg
proj.−−−−→ Mg −→ 0. (18)

Theorem 4.6 ([Ge, Theorems C and 1.3]). Let g ≥ 3. Then As(Dns
g ) is isomorphic to Tg×Z,

where the second projection ϵ : As(Dns
g ) → Z is given by ϵ(eβ) = 1 for any β ∈ Dns

g .

13



In the following proof, we often use the fact that, in general, an epimorphism G → H

between groups induces an epimorphism Gab → Hab.

Proof of Proposition 4.4. We first observe the stabilizer Stab(α) ⊂ As(Dns
g ) for α ∈ Dns

g .

The inclusion Dns
g → Dg induces As(Dns

g ) → As(Dg). Composing this with (14) yields an

epimorphism π : As(Dns
g ) → Mg, which we use the same notation π. Further, by Theorem

4.6, the restriction of π to Ker(ϵ) ∼= Tg coincides with the projection in (18). In particular, for

α ∈ Dns
g , we thus have π(Stab(α)) = π(Stab(α) ∩Ker(ϵ)) ⊂ Mg.

We next construct a surjection from π(Stab(α)) ⊂ Mg to Z/2 for g ≥ 2. As is shown [PR,

Proposition 7.4], we have the following exact sequence:

0 −→ Z −→ Mg−1,2
ξ−→ π(Stab(α))

λ−→ Z/2 (19)

Here ξ is the homomorphism induced by the gluing (Σg−1,2, ∂(Σg−1,2)) → (Σg, α), and λ is

defined by the transposition of the connected components of boundaries of Σg\α. By the hyper-
elliptic involution illustrated in the left of Figure 5, λ is surjective. Hence π(Stab(α)∩Ker(ϵ))

surjects onto Z/2. Therefore, by Corollary 4.2, we obtain an epimorphism HQ
2 (Dns

g ;Z) → Z/2.
Finally we show HQ

2 (Dns
g ;Z) ∼= Z/2 for g ≥ 5. By Corollary 4.2 again, recall that

(
Stab(α)∩

Ker(ϵ)
)
ab

∼= HQ
2 (Dns

g ;Z). To compute this, put the inclusion ι : π(Stab(α)) → Mg. By the

Harer-Ivanov stability theorem (see [Iva]), the composition ι ◦ ξ : Mg−1,2 → Mg induces an

epimorphism

(ι ◦ ξ)∗ : H2(Mg−1,2;Z) → H2(Mg;Z) for g ≥ 5. (20)

Since H2(Mg−1,2;Z) ∼= H2(Mg;Z) ∼= Z is known [Kor], the epimorphism is isomorphic. Let

(ι ◦ ξ)∗(Tg) denote the central extension of Mg−1,2 obtained by ι ◦ ξ. Since Mg and Mg−1,2

are perfect, the group (ι◦ ξ)∗(Tg) is also perfect by the isomorphism (20). Note that the group

Stab(α)∩Ker(ϵ) is isomorphic to ι∗(Tg). Hence the abelianization
(
Stab(α)∩Ker(ϵ)

)
ab

never

be bigger than Z/2. thus we arrive at the conclusion HQ
2 (Dns

g ;Z) ∼= Z/2.

We next discuss the Dehn quandle Dg. However it is not easy to determine the second

homology HQ
2 (Dg;Z) in general, since so is the calculation of As(Dg) in contract with Dns

g .

Then we will estimate HQ
2 (Dg;A) from lower bounds as follows. By the homomorphism

π : As(Dg) → Mg, the action on Dg of Mg gives rise to that of As(Dg). It is widely known

that the orbit decomposition of Dg x Mg is given by Dg = Dns
g ∪

(
⊔0<k≤g/2D(k)

g

)
, where

D(k)
g := {α ∈ Dg | Σg \ α is homeomorphic to Σk,1 ⊔ Σg−k,1 }.

Note that Dns
g and D(k)

g are subquandles of Dg. Inspired by Corollary 4.2, we will show

Proposition 4.7. Let g ≥ 2. Let us decompose Dg = Dns
g ∪

(
⊔0<k≤g/2D(k)

g

)
as above. Put the

homomorphism ϵk : As(Dg) → Z given (16). For αk ∈ D(k)
g , let Stab(αk) ⊂ As(Dg) be the

stabilizer subgroup of αk.

(i) If k = 1, then Stab(αk) ∩Ker(ϵk) surjects onto Z.
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(ii) If k = 2, then Stab(αk) ∩Ker(ϵk) surjects onto Z/10.

(iii) If g = 2k, then Stab(αk) ∩Ker(ϵk) surjects onto Z/2.

Before proving this, we give an application.

Corollary 4.8. Let g ≥ 2. HQ
2 (Dg;Z) surjects onto Z ⊕ Z/2 ⊕ Z/10. Further, if g is even,

then HQ
2 (Dg;Z) surjects onto Z⊕ Z/10⊕ (Z/2)2.

Proof. Remark that, for α0 ∈ Dns
g , we have Stab(α0) ∩ Ker(ϵ) → Z/2 similar to Proposition

4.4. Therefore, by combing Corollary 4.2 with Proposition 4.7, we complete the proof.

Proof of Proposition 4.7. We first observe the subgroup π(Stab(αk)) ⊂ Mg. Notice that,

by Lemma 3.5, π(Stab(αk)) is exactly the stabilizer subgroup of αk by the action Dg x
Mg. Hence, by the inclusions (Σk,1, ∂(Σk,1)) ↪→ (Σg, αk) and (Σg−k,1, ∂(Σg−k,1)) ↪→ (Σg, αk),

we obtain a homomorphism Mk,1 × Mg−k,1 −→ π(Stab(αk)). Further, according to [PR,

Proposition 7.4 (iii)] again, the kernel and cokernel are calculated as

0 −→ Z −→ Mk,1 ×Mg−k,1 −→ π(Stab(αk))
λ−→ Z/2 (exact). (21)

Here λ is defined by the transposition of the connected components of boundaries of Σg \ αk.
That is, if g = 2k, then λ is surjective by the hyper-elliptic involution illustrated in the right

of Figure 5; otherwise, λ is the zero map. On the other hand, the kernel Z is generated by

(τ−1
δk
, τδg−k

) ∈ Mk,1 ×Mg−k,1, where δi is a simple closed curves around the boundary of Σi,1.

Next, we claim that π(Stab(αk)) is contained in π(Ker(ϵk)) ⊂ Mg. This is because that

π(Stab(αk)) is generated by some non-separating Dehn twists by (21), and ϵk(eα) = 0 ∈ Z for

any α ∈ Dns
g by definition. In particular, we obtain π(Stab(αk)) = π(Stab(αk) ∩Ker(ϵk)).

Finally, we will estimate π(Stab(αk)) ⊂ Mg. First of all, the sequence (21) immediately

means (iii). Furthermore recall from [Kor, Theorem 5.1] the abelianizations of Mk,r:

H1(M1,1;Z) ∼= Z, H1(M2,1;Z) ∼= Z/10, H1(Mg,1;Z) ∼= 0 for g ≥ 3.

Here the first and second isomorphisms are induced by homomorphisms M1,1 → Z and

M2,1 → Z/10 sending each Dehn twists to 1, respectively. Therefore, by composing the

abelianizations with the sequence (21) we complete the proof of (i) and (ii).

g︷ ︸︸ ︷ g/2︷ ︸︸ ︷g/2︷ ︸︸ ︷180◦α
α g

2

180◦

Figure 5: Hyper-elliptic involutions.
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Remark 4.9. Although these homologies HQ
2 (Dg;Z) have seemingly such non-trivial parts by

Propositions 4.4 and 4.7, we now explain roughly the reason why the parts capture no non-

trivial cocycle invariants. The cocycle invariant with trivial coefficients can be regarded as an

abelianization of the invariant with non-abelian coefficients using Proposition 3.2. However,

by the equalities (15) in the proof of Theorem 3.1, the latter invariant is derived from the

kernel of π in (14). Since we obtained the non-trivial parts from some subgroups of Mg in

the proofs of the propositions, the parts therefore develop no non-trivial cocycle invariants.

5 Quandle cocycle invariants with local coefficients

This section studies the quandle cocycle invariants with local coefficients defined in Definition

2.9. In §5.1 we give an algorithm to produce some 2-cocycles with the local coefficients. In

§5.2, for Lefschetz fibrations of type mI, we estimate the invariants from upper bounds.

5.1 Quandle 2-cocycles from subgroups of the mapping class group

We will give examples of 2-cocycles with local coefficient. To see this, let X be a quandle, and

Y an X-set. For a map ϑ : Y ×X → A, we define a map ϑ : Y ×X2 → A by

ϑ(y, x1, x2) := ϑ(y, x1)− ϑ(y, x2).

We give a method to produce 2-cocycles arising from 1-cocycles as follows:

Lemma 5.1. If ϑ is a 1-cocycle with local coefficients, then ϑ is a 2-cocycle.

Proof. From the definition of δ1, for any y ∈ Y, and x1, x2 ∈ X, we can see

δ1(ϑ)(y, x1, x2) = ϑ(y, x2)− ϑ(y · ex1 , x2)− ϑ(y, x1) + ϑ(y · ex2 , x1▹x2).

For any x3 ∈ X, a direct calculation shows the equality

δ1(ϑ)(y, x1, x2)− δ1(ϑ)(y, x1, x3) + δ1(ϑ)(y, x2, x3) = δ2(ϑ)(y, x1, x2, x3).

Since ϑ is a 1-cocycle, ϑ is a 2-cocycle as desired.

In applications of the cocycle invariants, let us assume that X = Dg and the right action

of As(Dg) on Y is transitive. Hence, Y is a left quotient of As(Dg), i.e., Y = H\As(Dg) for

some subgroup H ⊂ As(Dg). Here recall from Proposition 3.2 that the abelianization of H

produces 1-cocycles. In conclusion, one has obtained 2-cocycles from the abelianizations of

subgroups of Mg or As(Dg) as follows:

Proposition 5.2. Let G be either Mg or As(Dg) For a subgroup H of G, let Y be a left

quotient H\G. Choose a section s : Y → G. Then the map θ : Y ×Dg ×Dg → (H)ab defined

by θ(y, x1, x2) := ex1 · e−1
x2
s(y ▹ x1)

−1s(y ▹ x2) is a 2-cocycle.

Proof. By combing Lemma 5.1 with Proposition 3.2 strightforward.

We now observe some examples of the subgroups and these abelianizations.
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Example 5.3. Let us regard Sp(2g;Z) as a left quotient Ig,1\Mg,1, where Ig,1 is the Torelli

group. The group Mg,1 is presented by a quotient of As(Dg) (see, e.g., [Ge, FM]). Here recall

that the abelianization of Ig,1 is given by a homomorphism

τ ⊕ BC : H1(Ig,1;Z) −→
(
∧3H1(Σg;Z)

)
⊕ Z/2Zng ,

for some ng ∈ Z (see, e.g., [FM] for details)

Furthermore, we consider the level d mapping class group. For d ∈ Z, put the epimorphism

Sp(2g;Z) → Sp(2g;Z/dZ) induced by the projection Z → Z/dZ. Denote Idg by the kernel

of the composite Mg → Sp(2g;Z) → Sp(2g;Z/dZ). When d is either odd or 2, Sato [Sat]

completely determined the abelianization of Idg .

Example 5.4. Let G be a finite group. As is well-known (see [FM, Chapter 7]), G injects

into Mg for some g. Hence, we obtain a 2-cocycle valued in Gab.

So we have obtained many 2-cocycles with local coefficients; however, the author finds no

examples of non-trivial cocycle invariants using such 2-cocycles.

5.2 An estimate of the quandle cocycle invariants

In this subsection, we restrict ourselves to Lefschetz fibrations of type mI. By Remark 2.13,

for the study of quandle cocycle invariants, we may focus on the non-separating Dehn quandle

Dns
g . In what follows, fix X = Dns

g .

Recall the rack space BX considered in §4.1. Our purpose in this subsection is to calculate

the homotopy group π2(BX), and give an estimate of our cocycle invariants as a corollary.

To state Theorem 5.5, we prepare some notation. Since it is known that π2(BX) contains

a direct summand Z (see [No1, Proposition 3.12]2), we denote the quotient by π2(BX)′, i.e.,

π2(BX) ∼= Z⊕ π2(BX)′. For a prime p ∈ Z, let π2(BDns
g )′(p) be the p-localization.

Theorem 5.5. For g ≥ 7, then π2(BDns
g )′(p)

∼= 0 for any prime p with p ̸= 2, 3. Furthermore,

if g ≥ 6, then π2(BDns
g ) is of finite order.

Before proving this, we will explain an application.

Corollary 5.6. Let ψ : Y ×Dns
g ×Dns

g → A be a quandle cocycle of Dns
g . If A⊗ Z/6 ∼= 0 and

g ≥ 7, then the cocycle invariant is trivial, i.e., ⟨f ∗(ψ), µY,y⟩ = 0.

As a conclusion (Corollary 5.6), in order to discover non-trivial cocycle invariants, we have to

set up coefficients with 2- and 3-torsions.

This corollary is easily shown as follows. Let X = Dns
g , and let L be the torus link Tm,m

(see [No1, §2] for general lines). Given a quandle homomorphism f : Q(S3, L) → X, we can

define an element ΞX(f) ∈ π2(BX)′, which was first considered in [FRS1] (see [No1, §2] for
details, although ΞX(f) is not used later.). As is known, ΞX(f) ∈ π2(BX)′ is universal among

quandle cocycle invariants with local coefficients in Definition 2.9. Precisely, any cocycle

ψ : Y ×X ×X → A and y ∈ Y admit a homomorphism Hψ : π2(BX)′ → A so that

⟨f ∗(ψ), µY,y⟩ = Hψ

(
ΞX(f)

)
∈ A,

2In [No1], the homotopy group of the rack space was denoted by π2(B̂X), and π2(BX)′ was denoted by π2(BX).
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(See the equations (6) and (7) in [No1] for details). Hence, Corollary 5.6 immediately follows

from Theorem 5.5.

Proof of Theorem 5.5. By a routine discussion of Postnikov tower on BX, we have an exact

sequence (see, e.g., Propositions 3.2, 3.3 and 3.12 in [No1] for details)

H3(As(Dns
g );Z) −→ π2(BX)′ −→ HQ

2 (Dns
g ;Z) −→ H2(As(Dns

g );Z) −→ 0. (22)

To calculate the first term, we need a lemma, which is shown later.

Lemma 5.7. If g ≥ 7, then H3(As(Dns
g );Z)(p) ∼= H3(Mg;Z)(p) without p = 2. If g = 6, then

H3(As(Dns
g );Z) is of finite order.

Recall HQ
2 (Dns

g ;Z) ∼= Z/2 for g ≥ 5 (Proposition 4.7). By localizing (22) at p ̸= 2, we have

H3(Mg;Z)(p) −→ π2(BX)′(p) −→ 0 (exact), (23)

for g ≥ 7. Further, H3(Mg;Z)⊗Z/p ∼= 0 with p ̸= 2, 3 is shown in [Ga] (Further H3(Mg;Z) ∼=
Z/12 is claimed in [Eb]). Hence we have proven the statement in Theorem 5.5 for g ≥ 7.

Finally, we consider the case g = 6. Likewise, π2(BDns
g )′ is finite as required, from which

we deduce Lemma 5.7 and the sequence (22).

Finally we will prove Lemma 5.7 by an elementary argument of spectral sequences and by

facts of the stable cohomology of the mapping class group.

Proof of Lemma 5.7. Recall from Theorem 4.6 that As(Dns
g ) is isomorphic to Tg×Z for g ≥ 3.

Thereby the homology of As(Dns
g ) is finite generated.

To analyze the homology in more details, we consider the Serre-Hochschild spectral sequence

of the central extension (18), which converges to E∞ ∼= H∗(Tg;Z). Further the E2-term is given

by

Z 0 H2(Mg;Z) H3(Mg;Z) H4(Mg;Z) · · ·
Z 0 H2(Mg;Z) H3(Mg;Z) H4(Mg;Z) · · ·

In particular, the E3-term is isomorphic to the E∞-term. Moreover notice that the differential

d2 : E1,0
2 = Z → H2(Mg;Z) = E2,1

2 is isomorphic, since Tg is the universal central extension.

Hence H1(Tg;Z) ∼= H2(Tg;Z) ∼= 0.

Next, we focus on Es,t
2 for s ≥ 2. Since H3(Mg;Q) = 0 and H4(Mg;Q) ∼= Q⊕Q (see [H2]),

it follows from the universal coefficient theorem that

H3(Mg;Z) ∼= 0, H4(Mg;Z) ∼= Z2 ⊕H3(Mg;Z).

We claim that, when localized at p ̸= 2, the cokernel of d2 is expressed by

Coker(d2 : E
2,1
2 → E4,0

2 )(p) ∼= Z(p) ⊕H3(Mg;Z)(p), (24)

where g ≥ 7. To show this, put the inclusion Mg,1 → Mg+1,1 obtained by gluing Σ1,2 along

one of its boundary components. Let M∞ := limg→∞ Mg,1. Further put an epimorphism
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δg : Mg,1 → Mg induced by gluing a disc to the boundary component of Σg,1. According to

the Harer-Ivanov stability theorem improved by [RW], the inclusion Mg,1 → M∞ induces an

isomorphism H4(Mg,1;Z) ∼= H4(M∞;Z), and δg gives rise to an isomorphism H4(Mg;Z) ∼=
H4(Mg,1;Z). Further, it is shown [GMT] that a ring isomorphism(

H∗(M∞;Z)/torsion
)
(p)

∼= Z(p)[[κ2, κ4, κ6, . . . ]],

where κ2i ∈ H2i(Mg;Z)(p) is roughly defined by a certain divisor of the Mumford-Morita-Miller

class. Hence, by the multiplication of the differential d2, we obtain (24) as required.

Notice that H4(Tg;Z)(p) ∼= (E4
∞)(p) ∼= Coker(d2 : E2,1

2 → E4,0
2 )(p). By the universal coeffi-

cient theorem, we obtain H3(Tg;Z)(p) ∼= H3(Mg;Z)(p). Since As(Dns
g ) ∼= Tg × Z, the Kunneth

theorem concludes the desired isomorphism H3(As(Dns
g );Z)(p) ∼= H3(Mg;Z)(p) for g ≥ 7.

Finally, we deal with g = 6. Similarly, the inclusion Mg,1 → M∞ and the projection

Mg,1 → Mg give rise to a rational isomorphism H4(Mg;Q) ∼= H4(M∞;Q). By iterating the

above process after rationalization, we can show thatH3(Tg;Q) ∼= 0. ThereforeH3(As(Dns
g );Z)

is finite.
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