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Abstract

A link L is called Brunnian if every proper sublink of L is trivial. Similarly, a bottom
tangle T is called Brunnian if every proper subtangle of T is trivial. In this paper, we
give a small subalgebra of the n-fold completed tensor power of Up(slz) in which the
universal sly invariant of n-component Brunnian bottom tangles takes values. As an
application, we give a divisibility property of the colored Jones polynomial of Brunnian
links.

1 Introduction

The universal invariant of tangles associated with a ribbon Hopf algebra [3, 5, 6, 7, 8,
9, 13, 14] has the universality property for the colored link invariants which are defined
by Reshetikhin and Turaev [14].

The universal sly invariant Jr of an n-component bottom tangle T' takes values in
the n-fold completed tensor powers Uy, (sl2)®™ of Uy (sla), and we can obtain the colored
Jones polynomial of the closure link cl(7T") from Jr by taking the quantum traces. Here,
a bottom tangle is a tangle in a cube consisting of only arc components such that each
boundary point is on the bottom and the two boundary points of each arc are adjacent
to each other, see Figure 1 (a) for example. The closure of a bottom tangle is defined
as in Figure 1 (b).

Our interest is in the relationship between topological properties of tangles and links
and algebraic properties of the universal sls invariant and the colored Jones polynomial.
Habiro [3] proved that the universal slo invariant of n-component, algebraically-split,
O-framed bottom tangles takes values in a subalgebra (Z:{;V)‘é” of Uy (sly)®" (Theorem
4.4). The present author proved improvements of this result with a smaller subalgebra
(Uevyem ¢ (Z;lgv)‘g’" in the special case of ribbon bottom tangles [15] and boundary
bottom tangles [16] (Theorem 4.5). Here, the result for boundary bottom tangles had
been conjectured by Habiro [3].
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Figure 1: (a) A bottom tangle T', (b) The closure link cl(T) of T'

A link L is called Brunnian if every proper sublink of L is trivial. Similarly, a
bottom tangle T is called Brunnian if every proper subtangle of T is trivial, i.e., looks
like N---N. Habiro [4, Proposition 12] proved that for every Brunnian link L, there is
a Brunnian bottom tangle whose closure is isotopic to L. A

In the present paper, we give a subalgebra Ug; of Uh(sl2)®" such that (U;V)A@m C
U g;) C (Zj{gv)@” in which the universal sly invariant of n-component Brunnian bottom
tangles takes values (Theorem 4.7). As an application, we prove a divisibility property
of the colored Jones polynomial of Brunnian links (Theorem 5.4).

The rest of this paper is organized as follows. In Section 2, we recall basic facts of the
quantized enveloping algebra Uy, (sl2). In Section 3, we define the universal sls invariant
of bottom tangles. In Section 4, we give the main result for the universal sl; invariant
of Brunnian bottom tangles. In Section 5, we give an application for the colored Jones
polynomial of Brunnian links. Section 6 is devoted to the proofs of the results.

2 Quantized enveloping algebra Uj(sls)

In this section, we recall the definition of Up(slz) and its subalgebras. We follow the
notations in [3, 16].

2.1 Quantized enveloping algebra Uj(sl,)

We recall the definition of the universal enveloping algebra Up,(sl2).
We denote by Uy, = Up(slz) the h-adically complete Q[[h]]-algebra, topologically
generated by H, E, and F, defined by the relations

K—-K!

HE - EH =2E, HF — FH = —2F, EF—FE=W’

where we set

hH
q=exph, KZCJH/2 zexpT.

We equip U}, with the topological Z-graded algebra structure such that deg F = 1,
deg FF = —1, and deg H = 0. For a homogeneous element = of Uy, the degree of x is
denoted by |z|.



2.2 Zlq, q ']-subalgebras of Uy, (sl)

We recall Z[q, ¢~ !]-subalgebras of Uj, from [3, 16].
In what follows, we use the following g-integer notations.

{i}q = qi -1, {i}q,n = {i}q{i - 1}q T {Z —n+ 1}qv {n}q! = {n}q,nv
o = {ia/ (ar (el = [nlyln — 1y 1, H = {i}an/{n}l

n
fori € Z,n > 0.
Set

EM™ = (¢7?E)"/[n),!, F™ =F"K"/[n],! € U, (1)
e=(q"?—¢VE, f=(@-1FK €U, (2)

for n > 0.

Let Uz, C Uy, denote the Z[g, ¢~ ']-subalgebra generated by K, K1, E™M and F™
for n > 1, which is a Z[q, ¢~ !]-version of the Lusztig’s integral form (cf. [10, 15]).

Let U, C Uz, denote the Z[q, ¢ ']-subalgebra generated by K, K~ e, and F( for
n > 1.

Let Uq C Uy denote the Z|g, g~ 1]-subalgebra generated by K, K1 e and f, which is
a Z[q, g~ ']-version of the integral form defined by De Concini and Procesi (cf. [1, 15]).

For X = Uz, Uy, Uy, let X° denote the Z[q, ¢~ !]-subalgebra of Uj, defined by
the same generators as X except that K*2 replaces K*!, ie., Ug¥, C Ug,q denotes the
7Z[q, q1]-subalgebra generated by K2 K2 EMm F® pn>1; UY C Uy denotes the
Z[q, ¢ ']-subalgebra generated by K2, K2 e, F(") n > 1; and U C U, denotes the
Z[q, ¢~ ']-subalgebra generated by K2, K~2 e, f.

To summarize, we have the following inclusions of the subalgebras of Uy,.

yocouy coug,
O n N
U, C L{q C Uzyq c U,

)

2.3 Completion

In this section, we recall from [3] the completion Z;{(‘;V of U;¥ in Up, and its completed
tensor powers (Z:{;’V)@” for n > 0.

First, we define U;¥. For p > 0, let F,(U;") be the two-sided ideal in U" generated
by e?. Let Ug¥ be the completion of U" in Uj, with respect to the decreasing filtration
{FpUY) }p>o0, i-e., we define U¥ as the image of the homomorphism

lim U /T Us*) = U

p=>0

induced by UgY C Up,.



We define (Z:{;V)®" for n > 0. For n = 0, we define (Z;lgv)®0 = Z[q,q"']. For n > 1,
we define (Z:lgv)‘é’" as the completion of (U$V)®™ in U™ with respect to the decreasing
filtration {F, ((U¥)®")}p>0, where we set

n

Fp(@)®r) =D )V @ By @ @)* 0, p>0,

i=1

i.e., we define

(@) = T (Y (@) B (U)) = UR™).

p=>0

For a Z[q, ¢~ ']-subalgebra A of (U$V)®", n > 0, we denote by {A} the closure of A in

(Z/N[;V)@", which is the completion of A in U, ;?" with respect to the decreasing filtration
fp((u§V)®”) NA,ie.,

{AY =T (Hm(A/ (F, (@)®") 0 4) > UR").
p>0

In particular, we denoted by (U;V)~®” the closure {(USY)®"} of (UZ¥)®™ in (Z;{(‘;V)@".

3 Universal si, invariant of bottom tangles

In this section, we recall the definition of the universal sl invariant of bottom tangles.

3.1 Bottom tangles

A bottom tangle (cf. [2, 3]) is an oriented, framed tangle in a cube consisting of arc
components such that each boundary point is on a line on the bottom, and the two
boundary points of each component are adjacent to each other. We give a preferred
orientation of the tangle so that each component runs from its right boundary point to its
left boundary point. For example, see Figure 2 (a), where the dotted lines represent the
framing. We draw a diagram of a bottom tangle in a rectangle assuming the blackboard
framing, see Figure 2 (b).

The closure link cl(T) of a bottom tangle T is defined as the link in R® obtained from
T by closing, see Figure 1 again. For each n-component link L, there is an n-component
bottom tangle whose closure is L. For a bottom tangle, we can define its linking matrix
as that of the closure link.

3.2 Universal R-matrix of U,

Set

1 h ¢
D= qu®H = exp (ZH®H) c Ug@z.



Figure 2: (a) A bottom tangle T, (b) a diagram of T'

We use the following universal R-matriz of Uy,

1 22
R =3 "ot o pt e U,
n>0

where we set formally
@ @ Ba( = af ® B1) = D¢ VK g ),
o @ fy = D7 ((~1)"F0 @ Kmen).

(Note that the right hand sides are sums of infinitely many tensors of the form = ® y
with z,y € U,. We denote them by o;f ® B for simplicity.)

3.3 Universal sl; invariant of bottom tangles

For an n-component bottom tangle ' = T1U- - -UT),, we define the universal sl invariant
Jr € UP™ in four steps as follows. We follow the notation in [16].

Step 1. Choose a diagram. We choose a diagram T of T obtained from the copies
of the fundamental tangles depicted in Figure 3, by pasting horizontally and vertically.
We denote by C (T) the set of the crossings of T. For example, for the bottom tangle
B depicted in Figure 4 (a), we can take a diagram B with C(B) = {¢1, ¢y} as depicted
in Figure 4 (b). We call a map

s: O(T) — {0,1,2,...}

a state. We denote by S(T)) the set of states of the diagram.

Step 2. Attach labels. Given a state s € S(T), we attach labels on the copies of
the fundamental tangles in the diagram following the rule described in Figure 5, where
“S" should be replaced with id if the string is oriented downward, and with S otherwise.
For example, for a state t € S(B), we put labels on B as in Figure 4 (c), where we set
m = t(c1) and n = t(ca).

Step 3. Read the labels. We read the labels we have just put on T and define an
element JT~’S € U,‘?” as follows. Let T=T, U---U Tl, where T} corresponds to T;. We
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Figure 3: Fundamental tangles, where the orientations of the strands are arbitrary

)

Figure 4: (a) A bottom tangle B, (b) A diagram B of B, (c) The labels associated to a
state t € S(B)

K
u m S’(as(c)\).\ S (Bsey) s/(as(c)XS’(ﬁs@)
o TR s

Figure 5: How to place labels on the fundamental tangles



define the ith tensorand of J; , as the product of the labels on T;, where the labels are
read off along 7; reversing the orientation, and written from left to right. For example,
for the bottom tangle B and the state t € S(B) in Figure 4, we have

Jpa = S(am)S(Bn) @ anfm.

Here, we identify the labels (") and S’(8F) with the first and the second tensorands,
respectively, of the element S’(af) ® S'(8) € UP?. Also we identify the label K**

with the element K*! € Uj,. Thus J7 ¢ 18 a well-defined element in U}?”. For example,
we have

Jp1 = S(am)S(Bn) ® anfim
= gz Vgan Vs (DL R KT S(Dye") @ DyF M K D™
 Cayengonsimn e B - g FO -2y € %,
where D = } D} @ DY = > D; ® Dj. Note that J7 , depends on the choice of the

diagram.
Step 4. Take the state sum. Set

Jr= Y Ji,
seS(T)
For example, we have
Jg = Z ‘]B’t — Z (_1)m+nq7n+2mnD72(F(m)K72nen ® F(n)K72me )
tES(B) m,n>0

As is well known [13], Jr does not depend on the choice of the diagram, and defines an
isotopy invariant of bottom tangles.

4 Results for the universal sl; invariant of bottom
tangles

In this section, we give the main result for the universal sly invariant of Brunnian bottom
tangles.

4.1 Universal sl, invariant of algebraically-split bottom tangles,
ribbon bottom tangles and boundary bottom tangles
We recall several results for the value of the universal sly invariant of bottom tangles.

Recall the sequence of the subalgebras USY C U¥ C Uty C U
For an n-component bottom tangle T, let Lk(7T") denote the linking matrix of T". Set

DLK(T) _ H sz” H Di2jmij c U}(?n7

1<i<n 1<i<j<n



where, K; =191 @ K ® 19" for 1 <i < n and
Dij — Z 1®1',—1 ® D/ ® 1®j—1ﬁ—1 ® D// ® 1®n—j7
chk — Z 1®k—1 ® D'D" ® 1®n—k’

for1<i<j<n,1<k<n,where D=> D' ®D".

Theorem 4.1 ([15, Proposition 4.2, Remark 4.7]). Let T' be an n-component bottom
tangle. For every diagram T of T and every state s € S(T'), we have

J’f‘vs e DLk(T) (u;v)@n.
More precisely, the proof of [15, Proposition 4.2] implies the following.

Proposition 4.2. Let T' be an n-component bottom tangle. For any diagram T and
any state s € S(T'), we have

JT,S € DLk(T)]:IS‘((u:;V)®n)7

where we set |s| = max{s(c) | ¢ € C(T)}.
Theorem 4.1 and Proposition 4.2 imply the following.

Theorem 4.3 ([15, Proposition 4.2, Remark 4.7]). For an n-component bottom tangle
T, we have

JT c DLk(T) (Z;{;v ) ®n

The following is the special case of Theorem 4.3 for algebraically-split bottom tangle
with O-framing (i.e., a bottom tangle with 0-linking matrix), which was proved first by
Habiro [3].

Theorem 4.4 (Habiro [3]). Let T be an n-component algebraically-split bottom tangle
with 0-framing. Then we have

Jr € (Z;{;v)®n.

In [15] and [16], we defined a refined completion (U;V)A@m C (ﬁ;")~®", and proved
the following theorem, which is an improvement of Theorem 4.4 in the case of ribbon
bottom tangles and boundary bottom tangles.

Theorem 4.5 ([15, 16]). Let T' be an n-component ribbon or boundary bottom tangle
with 0-framing. Then we have
Jr € (U)®m,

Remark 4.6. Theorem 4.5 with (U, ;V)~®" replaced with (U, ;V)A®" for boundary bottom
tangles had been conjectured by Habiro [3, Conjecture 8.9]. Here, we do not know

whether the inclusion (U;V)@" C (Ug¥) ~®™ is proper or not, but the definition of
(Ug¥)"®™ is more natural than that of (Ug¥) ®" in the settings in [15, 16].



4.2 Result for the universal sl, invariant of Brunnian bottom
tangles

The main result of this paper is the following, which is an improvement of Theorem 4.4
in the case of Brunnian bottom tangles.

Theorem 4.7. Let T be an n-component Brunnian bottom tangle with n > 3. We have
Jr € Ug;),
where we set
ug) = N{ (@ e v, O ) n @)}
i=1

Here, since a trivial bottom tangle has O-framing, a Brunnian bottom tangle also
has O-framing by the definition. To compare Theorem 4.7 with Theorems 4.4 and 4.5,
for n > 3, we have the following.

{n-comp. alg. split bottom tangles with O-framing} EA (L?;V)®”
U U
{n-comp. Brunnian bottom tangles} EA U g;)
U

{n-comp. ribbon or boundary bottom tangles with O-framing} KA (U;V)AQ?"

We can define the Milnor g invariants [11, 12] of a bottom tangle as that of the
corresponding string link described in [2, Section 13]. It is known that the Milnor u
invariants of ribbon bottom tangles and boundary bottom tangles vanish. It is also
known that the Milnor p invariants of length < n — 1 of n-component Brunnian bottom
tangles vanish. Thus we have the following conjecture.

Conjecture 4.8. (i) Let T be an n-component bottom tangle with 0-framing. If the
Milnor p invariants of T vanish, then we have Jr € (U;“’)A@".

(ii) For n > 3, let T be an n-component bottom tangle with 0-framing. If the Milnor
w invariants of T of length < n — 1 vanish, then we have Jp € Ug:ﬂ).

Theorem 4.7 is derived from the following proposition, which we prove in Section
6.1.

Proposition 4.9. Let T' be an n-component Brunnian bottom tangle with n > 3. For
each i =1,...,n, there is a diagram TY of T such that

i s € (U§V)®Fl Uz, ® (U§V)®n7i

for any state s € S(T™).
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Figure 6: (a) The Borromean bottom tangle Tz, (b) A bottom tangle T

Proof of Theorem 4.7 by assuming Proposition 4.9. For each i = 1,...,n, by Theorem
4.7 and Proposition 4.2, there is a diagram T of T such that

Jrw o € (TP @ UL © (055" ) 0 Fig (Ue)®")
for any state s € S(T¥). Hence we have
a e (O e ug, @ @) n @
foralli=1,...,n. O
Example 4.10. For the Borromean bottom tangle Tg depicted in Figure 6 (a), we have
Jr e {(Ugy® 0)%2) n @)=y

n{(Ty o Ug, 0 0) n @)

n{(m= eug,) N
See Example 6.2 for explicit expressions of Jrp.

Example 4.11. Let us add a trivial arc to the Borromean bottom tangle as in Fig-
ure 6 (b), and denote it by Ty. Note that the bottom tangle Tp is not Brunnian but
algebraically-split. We have

Iz, = Jrs @12 { (0% 0 Ug, ) 0 U)* |

5 Application to the colored Jones polynomial

In this section, we give an application of Theorem 4.7 to the colored Jones polynomial
of Brunnian links (Theorem 5.4).

5.1 Colored Jones polynomials of algebraically-split links, rib-
bon links and boundary links

We recall results for the colored Jones polynomials of algebraically-split links, ribbon
links, and boundary links.

10



For m > 1, let V,,, denote the m-dimensional irreducible representation of Uj,. Let
. 1 . . 1
R denote the representation ring of Uy over Q(q2), i.e., R is the Q(¢?)-algebra

R = SpanQ(q%){Vm | m >1}

with the multiplication induced by the tensor product. It is well known that R =

1
Q(q2)[Va].

For an n-component link L with O-framing, take a bottom tangle T" whose closure
is L. For Xi,...,X, € R, the colored Jones polynomial Jr.x, .. x, of L with the ¢th
component L; colored by X; is given by

1
JL;le'“an = (tré(l - ® tr;(”)(JT> € Q(q2)7
where, for Y =3, y;V; € R and u € Uy, we set
tr};(u) =tr¥ (K1) = Z y; trV7 (K ).
J

Habiro [3] studied the following elements in R

-1
P=T[(Va—q¢*: g %) eR, (3)
1=0
1y
p=L _pecpr (4)
RTINS

for I > 0, which are used in an important technical step in his construction of the unified
Witten-Reshetikhin-Turaev invariants for integral homology spheres.

Recall the notation {l}q; = {{}{l —1}4---{l —i+ 1}, for l € Z, i > 0. Theorem
4.4 implies the following.

Theorem 5.1 (Habiro [3]). Let L be an n-component algebraically-split link with 0-
framing. Forly,...,l, >0, we have

JL.IS/ p’ c Z(glh”"l”). (5)

oy,

Here we set

‘ {1}

where lmax = max(ly,...,1,).

2lm >4 1 -
Z(ll,wwlﬂ/) _{ ax }Q7ltnax+1Z[q,q 1]’

For [ > 0, let I; denote the ideal in Z[q, ¢~ '] generated by {I — k},!{k},! for k =
0,...,l. Theorem 4.5 implies the following improvement of Theorem 5.1.

Theorem 5.2 ([15, 16]). Let L be an n-component ribbon or boundary link with 0-
framing. Forly,... 1, >0, we have

(l1yeosln)
JL;PL/l"" 15/n S Z’I“,é . (6)

L

11



Here we set

fog,...,ln) _ ( H Ili) . Z((Lll,...,ln)

1<i<n,iFim

2max + 1
_ { + }q;lmax"!‘l H 1117

{1}‘1 1<i<n,iin
where lmax = max(ly,...,1,) and iy is an integer such that l;,, = lnax-

Form > 1, let ®,, = Hdlm(qd—l)“(%) € Z|q] denote the mth cyclotomic polynomial,
where ] dlm denotes the product over all positive divisors d of m, and w is the Mdbius
function. For r € Q, we denote by |r] the largest integer smaller than or equal to 7.

In [17], we study the ideal I; and prove the following result, which we use later.

Proposition 5.3 ([17]). Forl > 0, the ideal I, is the principal ideal generated by
g=]] omm. (7)
m>1

where

tl,m =

L%J—l for1 <m <l
0 forl <m.

5.2 Result for the colored Jones polynomial of Brunnian links

The following is an application of Theorem 4.7 to the colored Jones polynomial of
Brunnian links, which we prove in Section 6.2.

Theorem 5.4. Let L be an n-component Brunnian link withn > 3. Forly,...,l, >0,
we have
Iyeiln
Top B € Zg) (8)

’
17777 n

Here we set

2lmax + 1} g lmant1
Z(zi ..... In) _ {20max Dlbma I,
B {l}q{lmin}q! 1§i§n],;[éi1v1,im

where lpax = max(ly,...,ln), lmin = min(ly,...,l,) and iy, im, i # im, are two
integers such that l;,, = lmax, li,, = lmin, respectively.

m

Since a Brunnian link L with n > 3 components is algebraically-split with O-framing,

L satisfies both (5) and (8). Note that there is no inclusion which satisfies for all

li,...,l, > 0 between Zéll """ ) and Z](BZ; """ ) For example, we have Z§2’2’2’2) Z

12



72222 and 72222 ¢ 72222 gince
5}g.3 _
Zé2,2,2,2) — { q, Z[CL(Z 1]
{1},
=(q-1D*(q+ D)@ +q+ D)@+ D"+ + @ +d" +1)Z[g, ¢ "],

2522 = P izl g

=(q- D" +q+ )@+ D"+ ¢+ +¢" +1)Zg,q "]
For ly,...,l, >0, set

Z}(Bli,-..,ln) _ Zgll""’l7’) n Zg;,...,z”)-

The above argument implies the following refinement of Theorem 5.4.

Theorem 5.5. Let L be an n-component Brunnian link withn > 3. Forly,...,l, >0,
we have

- ~ ~(l17~--7ln)
JL;PL/ "“7Pl/ € ZBT .
1 n

For n > 3, we have
Zﬁlé ..... In) :( H Ili) _Zt(lll,...,ln)
1<i<n,itin

= ({lInin}q!Ilmin) . Zg;f”"l”) ]

Thus, comparing Theorem 5.5 with Theorems 5.1 and 5.2, we have the following for
n > 3.

J*;P’ .....
{n-comp. alg. split links with O-framing} R S
U U
JuiBl ... ()
{n-comp. Brunnian links} v ZgT
U
by P/

: : : : ln (l 7~~-7ln)
{n-comp. ribbon or boundary links with 0-framing} — Zy

Remark 5.6. By Proposition 5.3, the ideals ZL(lll""’l"), Zﬁlg"“’l"), Zgi"“’l”) and Zg;’“"l")
are principal, each generated by a product of cyclotomic polynomials. See [17] for details
and examples.

6 Proofs

In this section, we prove Proposition 4.9 and Theorem 5.4.

13



6.1 Proof of Proposition 4.9
We use the following lemma.

Lemma 6.1. For m >0 and k,l € Z, we have

S*aE) @ SH(BE) € DXV (Ugy @ Uy) N (U, @ Usy)),
Proof. For m > 0, we have

A @ Bm —D( zm(m=1) fo(m) gr—m & om )
D(gmm=VfmEg=m @ Bm) (9)
€ D( Uzq @ Ug) N (Uy @ Uzy)),
am @ B, = D7H(=1)™mEFM™ @ Kme™)
= D7 ((-n)rgEm = g KR (10)
€D ((Uz,q @ Uy) N (U ® Uzy)).
For k,l € Z, we have

)k+l

(SF @ 8Y(D*') = D*(-! (11)
(S* @ SN ((Uz,q @ Ug) N (Ug @ Uzg)) = (Uz,q @ Uy) N (Uy @ Uzg). (12)
For x € Uj, homogeneous, we have
(x ®1)D*' = D (2 @ K171, (13)
Now, (9)-(13) imply the assertion. For example, we have
S(am) ® S(Bm) = (S & S)(om @ Bm)
€ (59 8)(D((Uzg © Uy) N (Uy © Us)) )
C ((Uz,q ®Ug) N (Uy ® Uz,g)) D
=D((Uz,q @ Uy) N (Uy @ Uzy)).
O

Proof of Proposition 4.9. Let T = T; U---UT, be an n-component Brunnian bottom
tangle with n > 3. We prove the assertion for 7 = 1, i.e., we prove that there is a
diagram T of T such that

Ji, €Uz @UN @U@ --- 0 UgY (14)
for any state s € S(T). The other cases 2 < i < n are similar.
_ Since T' is Brunnian, the subtangle T5 U --- U T, is trivial. Thus T" has a diagram
T= T1 U T2 -U T whose subdiagram T2 -UT, has no crossing. See Figure 7 for

an example of such~ a diagram for the Borron}ean rings Tg.
We prove that T satisfies (14). Note that T has only two types of crossings as follows.

14



Figure 7: Borromean rings Tz and its diagram P = P; U P, U P53 such that P, U P3 has
no crossing

S’(am)\.%g’(ﬁm) N
\

Figure 8: The labels on a crossing

T, ToUu---UT, ToU---UT, T}

Type A: Crossings between Tl and TQ U---uit,
Type B: Self crossings of T}

Recall from the definition of J; ; in Section 3.3 the labels which are put on the diagram.
For the crossings of type A, by Lemma 6.1, we can assume that the labels on Ty are legs
of copies of D*! and elements of Uz.q, and the labels on TyU---UT, are legs of copies
of D*! and elements of U,. For the crossings of type B, we assume that the labels on
T are legs of copies of D¥! and elements of Uz,q. See Figure 8 for example, where os
denote elements in Uz , and os denote elements in U,.

Now, except copies of D*!, all labels on T, are elements of Uz.q, and all labels on
Ty U---UT, are clements of U,, see Figure 9 for example. We gather every copy of D*!

%
&

v

Figure 9: Labels except D*'s, where the black dots are K*!
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to the leftmost of the expression of Jj; . by using (13), and cancel these as DIK(T) =
since the matrix Lk(7T') is 0. Then we have

Ji, €Uz400,00,®---@U,.

By Theorem 4.4, we have

Ji €(Uzq®@ U @U@ ---®@Uy) N(UY)®"

cUs, U @U@ 0 U,

This completes the proof. O

Example 6.2. The following is the universal sls invariant of the Borromean bottom
tangle calculated by using the diagram Figure 6 (a) (cf. [3]).

Jr., = Z qm3+n3 (_1)n1+n2+n3q2?=1 (_%mi(mi+1)_”i+mi7”i+1_2mi”i—1)
B
mi,mz,ms,n1,n2,n3>0
F(n3) gma pr(ma) gna pr—2mo ® F(n1) gme pr(ma) gna pr—2ms ® F(n2) gms pr(ma2) gns gr—2ma
“ev\®3
€ U™,
where the index i should be considered modulo 3.

By using the diagram P in Figure 7, after the two self-crossings of the leftmost strand
cancel each other out, we also have the following expression of Jr,.

m n
Jry = ) > > tenigktmn(@)
g.h.k,l;m,n>0 i=0 j=0

e {(vg, 0 O*) nw)® |,
where
gth+m+ntitj —2g(3h+k)+3h(h—1)+h(21—1)+k(204+2n—i—j—1)—11(1—1)

tg,hi gk Lmn(q) = (—1) q
. q—l(2n+i—3j)—m(6n—i—j)+%n(n—l)—n(j—&-l)—%i(i—l)—&-%j(j—l)'

6.2 Proof of Theorem 5.4

In this section, we prove Theorem 5.4.

First of all, we recall generators of U, . and Uz as Z[q, q~!]-modules. The following
Lemma is a variant of a well-known fact about the integral form of De Concini and
Procesi (cf. [1, 3]).

Lemma 6.3. Ugv is freely Z]q, q~*]-spanned by the elements f' K ek with i,k > 0 and
jez.

16



Set

[H} (K2 —1)(g ' K2 —1)--- (¢ ° T K2 — 1)
q {s}q!

Ly (_1)S—pq%p(p+1)—3p {S
0

:{S}q'

=

B
pq

for s > 0.
The following Lemma is a variant of a well-known fact about Lusztig’s integral form

(ct. [10]).

Lemma 6.4. Uz", is Z[q, q~]-spanned by the elements FO) K2 [f} E®) with ik, s >
q
0 andjeZ.

For the elements P;, P/ € R defined in (3), (4) in Section 5.1, we have the following
results.

Lemma 6.5 (Habiro [3, Lemma 8.8]). (1) Ifl,4,i" > 0, i # i, and j € 7Z, then we
have trlt(FWK2e’) = 0.

(2) If0<l<iandj€ Z, then we have tr(};l(ﬁ'(i)KQjei) =0.

(3) If0<i<l and j C Z, then we have

e (PO R = gt T T
q q

For | > 0, recall the ideal I; in Z[g,¢ '], which is generated by {I — i},!{i},! for
i=0,...,1.
Corollary 6.6 (Habiro [3]). Forl >0, we have trf’/(Ugv) C 1.

Proof. The assertion follows from Lemma 6.3, Lemma 6.5 (1), (2), and

trg)l/(fiKQj@i) quéi(ifl){i}q! tI“(I;l/ (F(i)K2jei)
10
:q—%i(i—l){i}qli' tr) (FO K el

{i}q!
_LliGi— —1j424542 —il (- . +l—1 ) — 1
=q 2 (i—1)+l—1j+2ij+i® Z{Z}q!{l—l}q! |:.] L :| |:.]l_Z:| el
q q
for0<i<landje€Z. O

Proposition 6.7. For >0, we have {l}q!trf;’/(Ugj’q) € Zlg,q7 1.
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Proof. By Lemma 6.4 and Lemma 6.5 (1), (2), it is enough to check
Pl () pe2d || 70 -1
Whatefl (7O |1 B0) e 7,47
q

for0<i<l,s>0andje€Z.
For s = 0, by Lemma 6.6 (3), we have

{l}q!trqp{(ﬁ’(i)K%E(i)) %{q try ( FO K2, D)
{Z} !

i ] i+1—1 j—1
e AR A (§ R (B []z—z‘ } []H}
q q

tr) (FO K¢l (15)

For s > 0, by using the case s = 0, we have

(I} el (PO K2 m B0)
q

=555 ,Z 1)spgbr(r)=sp [p] el () 2020 0
q:

q

& D 2p(p-‘,—l) sp | S l—lj+2i(j+p)+i2—il L1 (J+p)+l_1 (.7+p)_1
{S}q,z ’ U e R R

—1 l—i
Ll q

)s~ sp |5 —1j+2i(j i?—i ! : :
S}q' Z Pq 1p(p+1)—sp ) ql 1j+2i(j+p)+i*—il [l . J q {G+p)+1 -1} g—i{(G+p) —1}qi1—i

g

{s} | l—1

)*Pq ip(p+1)—sp | S ql—lj+2z’(j+p)+iz—il[ ! }
g q
l—1

(; yimist 1tt+1)+(j+p+i—1>t F;i)(i(—l)l‘l u g u(utl)+(j+p=l+i-1)u [l;l]q)

= u=0

l—i l—i
_ (_1)t+uql Lj+2i+i% —il+ 2t (t4+ 1)+ (G+i—1)t+ Su(u+1)+(j—l+i—1)u

t=0 u=0
( ! (—1)°~Pg3PP D+t t+u—s)p H ) { ! } {l—z} [l—z]
{8}11! =0 P q l—1 p t . U .
l—i 1—13

=33 (-nttgs L2042 =il S (t41)+ (G Fi—1)t+ S u(ut 1)+ (—l+i—1)u
t=0 u=0

LI, e
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Here, the first equality follows from the definition of [Iﬁ , the second equality follows

q
from (15), and the other equalities follow from straightforward calculations, where we
use

n

{F}gn = D (=1)"rgdrirtrlemn) m
q

r
r=0
for k € Z and n > 0. Hence we have the assertion. O
We use the following proposition.

Proposition 6.8. Let T be an n-component Brunnian bottom tangle with n > 3. For
1<i<nandl; >0, we have

() (45 @try 21 ) (Jp) € U)oL,

(i) {1}/ (A% @ty @id®" ) (Jp) € (TeV)en-L.

Proof. We prove the assertion with i = 1. The other cases are similar. Let T = T be
a diagram of T as in Proposition 4.9. By the proof of Proposition 4.9, we can assume
that T'= Ty U--- U Ty has only two types of crossings as follows.

Type A: Crossings between Ty and T, U---U T,
Type B: Self crossings of T}
Let s € S(T). Set |s| = max{s(c) | ¢ € C(T)}. Note that, for 0 < m < p, the

elements E? and F? act as 0 on the m-dimensional irreducible representation V,, of Up.
Since each crossing of either type involves the strand T}, there is a crossing ¢ on T} such
that s(c) = |s|. Since Pl1 € Spanggi/2y{Vo, ..., Vi, }, if [s| > 1, we have
151/1 s 1®n—1 N _
(trg ' ®id )(J7.5) =0. (16)

By (16), Theorem 4.1 with Lk(T) = 0 implies (i), and Propositions 4.9, 6.7 imply
(i). O

For a subalgebra X of Uy, let Z(X) denote the center of X. Habiro [3, Proposition
8.6] proved that for an n-component algebraically-split bottom tangle with 0-framing,
we have

P/ P/ p/ ~
(d®trg? @trg® ®--- @ trg ™) (Jr) € ZUL).
We can improve this result for Brunnian bottom tangles as follows.

Proposition 6.9. Let T be an n-component Brunnian bottom tangle with n > 3. For
loy ..., 1, >0, we have

13/ 13/ S/
(d@try @try® @--- @ trg™)(Jr) € ZU).
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Proof. By Proposition 6.8 (i) and trf” U) C Zlq,q~ '] for I > 0, we have

(d@try @ tr,™ © - © try™)(Jr) € (@ try* @ @ trg " (U= )
U

It is well-known that Jr is contained in the invariant part of U}?" (cf. [3, Proposition
4.2]). This fact implies

(id®trf’2 ®trf’3 ®--- ®trf’n)(JT) € Z(Up,).
Since Uy¥ N Z(Un) C Z(Ug"), we have the assertion. O

Let C = (¢"/? — ¢ Y?)2FE +¢"/?K 4+ ¢~ /> K~ denote the Casimir element. Recall
from [3] that Z(U;V) is freely generated by C? as a Z[q,q ']-algebra, and thus, freely

spanned by the following monic polynomials in C? as a Zlg, qil]—module.
p
op = H(02 —(@"+24+q¢7"), p=>0.
i=1

Habiro proved the following.
Proposition 6.10 (Habiro [3, Proposition 6.3]). For l,m > 0, we have

P//
trg! (om) = 01m.

(41 {1}q D
where P|' = q “* )mpl/'

Proposition 6.10 implies the following.
Corollary 6.11 (Habiro [3]). Forl > 0, we have

{2l + 1}q,l+1

trfl (ZW)) c i,

q

Zlg.q Y.

Now, we prove Theorem 5.4.

Proof of Theorem 5.4. For n > 3, let L be an n-component Brunnian link and T a
Brunnian bottom tangle whose closure is L. Let Iy,...,l, > 0. Without loss of gener-
ality, we assume [y = max(ly,...,l,) and ls = min{l; | 1 < i < n}. By Proposition 6.8
(ii) and Corollary 6.6, we have

15/ j_’,/ 1—3/
{la}l(id@trg"® @trg® @ ® trg'™ ) (J7)

P’ p! P/ _
c (id®trql3 ®trql3 R ® trf;l” )((quV)®n71)

c(II »)-oy (17)

3<i<n

c( I n)-uy

3<i<n

=015 gL, Uy,
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where the last equation is follows from Proposition 5.3.
Since U;" has no non-trivial zero divisor, we have

(gl3 .- -glnuq"") n Z(Ugv) Caiy- gan(Ugv). (18)
By (17), (18) and Proposition 6.9, we have

: P P B ev
{l2}q!(1d®trq12 ®trq13 ®--® trqln)(JT) C gz 'gan(uq )- (19)

By (19) and Corollary 6.11, we have

.....

F",/
€ trg'! (gl3 .- -gan(Uf;V))

{20 + 1} 1
g 9 2lg, 7Y
{1} ’

21 + 1
:{ 1 }q711+1 H Il,,~
{1} 3Zien

Hence we have

o {2h+ 1} H L.

J D/ /)
LBy B, {1}g{l2}q! 3<i<n

)

This completes the proof. O
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