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Abstract

We develop the exact WKB analysis of an M2P1T (merging two simple
poles and one simple turning point) Schrodinger equation. Our em-
phasis is put on the analysis of the singularity structure of its Borel
transformed WKB solutions near fixed singular points relevant to the
two simple poles contained in the potential of the equation. We first
show that the WKB-theoretic canonical form of an M2P1T equation
is given by an algebraic Mathieu equation, and then we calculate the
alien derivative of its Borel transformed WKB solutions at each fixed
singular point relevant to the simple poles through the analysis of
Borel transformed WKB solutions of the Legendre equations. In the
course of the calculation of the alien derivative we make full use of mi-
crodifferential operators whose symbols are given by the infinite series
that appear in the coefficients of the algebraic Mathieu equation and

the Legendre equation.

0 Introduction

The primary aim of this paper is to study the analytic structure of the
Borel transform of a WKB solution ) of the Schrodinger equation

d2
(0.1) (ﬁ — n2Q> Y =0 (n:alarge parameter)
x

when the potential () contains two simple poles. As a simple pole
and a simple turning point give similar effects on the analytic struc-
ture of Borel transformed WKB solutions ([Kol] and [Ko2]), the above
problem is, in its setting, a natural counterpart of the problems dis-
cussed in [AKT2] and [KKKoT], where () contains two simple turning
points (in [AKT?2]) and one simple pole and one simple turning point
(in [KKKoT]). But we need much deeper insight into the structure of



the Schodinger equation in question this time. The difficulty becomes
clearly visible if we consider (), below as the simplest example of such
a potential;

1

(Oz) Qa - a2 — 72

For this potential (), we find the following relation

(0.3) /_ VQudx =,

and this indicates that the distance between two singular points of the

(a : a parameter).

Borel transformed WKB solutions whose relative location is indepen-
dent of x (the so-called “fixed singularities” (cf. [DP], [KT, p.112],
[V])) does not diminish when two simple poles in the potential (i.e.,
r = ta) coalesce into the origin. In the situation studied in [AKT2]
and [KKKoT], integrals corresponding to (0.3) tend to 0 as the relevant
turning points (with a simple pole being regarded as a turning point)
coalesce, and this fact played a key role in the semi-global study of
the problem in [AKT2] and [KKKoT]. To overcome this difficulty we
first generalize our target class of Schodinger operators so that each
operator in the class contains in its potential () two simple poles and
one simple turning point which merge as a parameter a contained in
() tends to 0. The addition of a simple turning point abates the geo-
metric rigidity which we observed above when two and only two simple
poles are relevant. For the sake of brevity and clarity we call such an
operator an M2PIT operator, an operator with merging two poles and
one turning point. We note that an MTP operator (resp., an MPPT
operator) in [AKT2] (resp., [KKKoT]) may be called an M2T opera-
tor (resp., an M1P1T operator) if we follow this form of wording. By
way of parenthesis we recall that “P” in M'TP is the abbreviation of
“point” and that “PP” in MPPT is that of “pair of a pole and”; that
is, “MTP” means “merging turning points”, whereas “MPPT” means
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“merging pair of a simple pole and a simple turning point”. Now, as
we will show in Section 1 that a WKB-theoretic canonical form (in the
sense of [KT, Chap.2]) of an M2P1T equation is an algebraic Mathieu
equation (in the sense of [Er, vol.III, p.98]) with a large parameter 7:
(0.4)

(d_Q_ (e +oBa@n) o 2l0) | - ))>¢ N

dx? r? — a? (x —a)*>  (v+a)?
where
(0.5)  Ala,n) ZA a’n % and B(a,n) ZB a’n~* with

7,k
A,(€ ) and B ,i ) satisfying appropriate growth order conditions
(cf. Proposition 1.2.1),

(0.6) AP £ BY?, AVBY #0,
and
(0.7)  v+(a) are holomorphic near a = 0.

In what follows, we simply call (0.4) a Mathieu equation. The appear-
ance of infinite series A and B connotes the necessity of employing
microdifferential operators whose symbols (in the sense of microlocal
analysis (e.g. [K?])) are A(a,n) and B(a,n) in our analysis (Section 5),
and the growth order conditions on A,(gj ) and B,(j ) are intended to guar-
antee the existence of such microdifferential operators. When we want
to emphasize the infinite series character of the constants contained in
the Mathieu equation, we call it the oo-Mathieu equation. This WKB-
theoretic reduction of an M2P1T operator to the oo-Mathieu operator
is interesting in its own right, as this is the first example where three
turning points (with a simple pole being counted as a turning point)
are simultaneously analyzed. But the Mathieu equation is notoriously
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hard to analyze. Hence to attain our original purpose, that is, to study
the analytic structure of Borel transformed WKB solutions near their
fixed singularities relevant to the simple poles at * = 4a, we further
try to separate out the simple turning point of the Mathieu equation
from the simple poles so that we may make use of the results of Koike
([Ko3]) for the Legendre equation. In order to put this idea into prac-
tice we further introduce another parameter p into an M2P1T operator
so that the geometric situation required in Section 2 may be realized.
In a word, the role of the parameter p in Definition 1.1 is designed to
visualize the situation where two simple poles coalesce into the origin
with a simple turning point being kept away from the origin; such a
situation is realized by letting p tend to 0 with keeping p/a being a
non-zero constant.
The main results in this article were announced in [KKT].

Acknowledgment.
We sincerely thank Professor T'. Koike for providing us with his draft
concerning the Voros coefficients of the Legendre equation.

1 Reduction of an M2P1T equation to the Mathieu equa-
tion

The purpose of this section is to construct a WKB-theoretic trans-
formation that brings an M2P1T equation to its canonical form, i.e.,
the oo-Mathieu equation with a large parameter 1. As our reason-
ing is highly intricate, we divide it into several steps to facilitate the
understanding of the reader. To begin with let us present the precise
definition of an M2P1T operator, i.e., a Schrodinger operator that con-
tains a triplet of two simple poles and one simple turning point which
merge as the parameter a tends to 0: Let U (resp., V and O) be a suf-



ficiently small open neighborhood of the origin {t = 0} (resp., {a = 0}
and {p = 0}) and let f(¢, a, p) be a holomorphic function that has the
following form on U x V' x O:

(1.1) f(t,a,p) =tpg(t,p)+> o’ fI(t, p)
j>1

with
(1.2)  g(t,p) and fY)(t, p) being holomorphic on U x O,

(13) g(O,,O) =1,
(1.4)  f1(0,0) #0,

(1.5)  p? # f1(0, p)? for pin O.
In what follows we use symbols fO(¢, p) and fO(¢, p) respectively to
denote tpg(t, p) and pg(t, p).

Definition 1.1. Let f(¢, a, p) be as above, let g.(t) be holomorphic
functions on U and let () denote the following potential

t t (T

f( ,a,p)+n_2( g+(t) . 9-()
t? — a? (t—a)*> (t+a)?
Then the Schodinger operator

d2
dt?
is called an M2P1T operator.

(1.6)

) (n : a large parameter).

(1.7) —'Q(t, a, p)

Remark 1.1. Tt follows from (1.3) and the implicit function theorem
that the Schodinger operator (1.7) has a simple turning point for a # 0
in V' if V' is sufficiently small, on the condition that p is different from
0.



Remark 1.2. To see how and why the numerator f in the potential )
abates the rigidity of the potential @, in (0.2) we note the following
obvious relation:

LFO 4 fD FO 4 ) FO) )

t2—a>  2(t—a) 2(t+a)

Then the condition (1.5) implies in this situation that the numerators
in the right-hand side of (1.8) are different from 0 when evaluated at

t = 0. Thus two simple poles cross in an additive manner as a passes
through 0.

(1.8)

1.1 Formal construction of the transformation that brings an M2P1T
equation to the Mathieu equation

Supposing

(1.1.1) p#£0

and

(1.1.2) p* # f1(0, ),

we first construct the formal series

(1.1.3) r=2x(t,a,p;n Z x% (t, p)a’n =",
7,k>0

(1.1.4) A= A(a,p;n Z A%
7,k>0

and

(1.1.5) B=Bla,pn) =Y By
7,k>0

so that they satisfy
(1.1.6)  Q(t,a,pin)



or\2 (aA+ —of 9+la -\—a
e e ).
o),

where {x;t} designates the Schwarzian derivative, i.e.,

L B 3 (%)
(L.17) twit) = dx /Ot "(5@/&5) '

[t is known (e g KT, Chap 2]) that appropriate growth order con-

ditions on {x% : A;jk), 2k} enables these series to relate Borel trans-
formed WKB solutions of an M2P1T equation and those of its canonical
form, i.e., the co-Mathieu equation. The growth order conditions will
be studied later in Section 1.2.

1.1.1 Construction of {A(()j), Béj),x(()j)} — the first few terms

Comparing the coefficients of ° in (1.1.6) we find

f(t,a,p)  0x0\2 aAy+ 205y

(1L T = (o) mea
where
(1.1.1.2) olt,a, p) Zxo t,p)a

7>0
(1.1.1.3) Agla,p) =" AV (p)a’

J>0
(1.1.1.4) By(a,p) =Y BY(p)a’

j>0



By multiplying (1.1.1.1) by (t*—a?)(x§—a?), we are to find (A, By, z0)
so that they satisfy

(1.1.1.5) (Zf tpaj)((z% tpaj) —a2)

j>0

:(ﬂ—a?)(Z@“”“ )<ZA (¢, p)ai ™!

720

+ (Xt ) (Yo B (0)) ).

Comparing the coefficients of like powers of a, we find
(1.1.1.5.p) (=[5.p])

_ ) (k
f(p z)Jr Z xé‘”xé >f(1)

JH+k+l=p
8£C(j) ax(k‘) - 8£C(j) ax(k) l
:t2( 0 0 40-1) 0 0 ()B(m))
Z ot ot 0 +,Z ot ot 00
J+k+l=p J+k+l+m=p

8350 8330 (-1) 8x(()j ) 8xék> D) o (m
_(4 X o > oo ).
J+k+l=p—2 Jj+k+l+m=p-2

In what follows we use the symbol [5.p] to denote (1.1.1.5.p) for the
brevity of the notation. We also note that terms whose indices do
not meet the requirements should be ignored in [5.p]; e.g. for p = 1,
f(p—?)) Z x(()j)’xém’Aéz—l) and Z Iéj>/xék)/xél)Bém> are

jrk+l=p—2 Jtk+l+m=p—2

absent in [5,p] (=[5.1]). Here and also in the following, z’ designates
Ox /0t. With these conventions we find

5.0 02O _ 202,050

9



Dividing this by t:z:éo), we find
5.0/ xéo) O = txéO)I2BéO).

Hence we find

(1.1.1.6) 20t p) = ﬁ(/ot V f(\o/)?’p) dt>2.

Here we assume that Bém can be chosen to be different from 0; we

will see later (cf. (1.1.1.22) below) that this is automatically satisfied
thanks to the assumption (1.1.1). We note that (1.1.1.6) together with
(1.2) and (1.3) entails the existence of holomorphic function 5380) (t, p)
that satisfies

(1.1.1.7) 2\t p) = t&"(t, p)
with
=(0) P
(1.1.1.8) T, (0, p) = S0
0

Although x(()) depends on B( ) at this stage, Bém will be eventually
fixed. Hence we do not make the dependence of x(()o) on Béo) explicit

in the above notation. The remark of this sort applies to Qjép ) to be
studied below. Next we study

5.1] 20w FO 4 22 f
_ (" A<>+2 (0 41, 0) B 0)
+ xé )/29081)3(() ) +x / xé )Bél)).

It then follows from (1.1.1.7) that the left-hand side of [5.1] has the
form

(1.1.1.9) 12228 a M FO + 27 F0).

10
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Thus we are to solve
5.1 220 20 O O | (002, (0 g0} _ 950),) £

o —51380)/214(()0) . xéo)’zxéo)B(()l) 4 £80)2f(1).

In view of (1.1.1.7) and (1.1.1.8) we now introduce a new variable
(1.1.1.10) s =2t p):

in what follows we use the symbol &(s, p) to designate dz /ds. Dividing

5.1) by :1;(()0),2 and rewriting the equation in s-variable, we use [5.0]" to
find

dz; (s, p)
ds

_ 40 gy [(azém')‘zjzéomf(l)} (t(s, p), p),

where t(s, p) designates the inverse function of s = x(()o)(t, p). Then we

51" 2B — B2 (s,p)

find that [5.1]” is a differential equation with a regular singularity at
s = 0 with the characteristic index 1/2. Hence it has a holomorphic
solution x(()l)(s, p) near s = ( for any Aéo) and BSO), which are arbitrary

constants at this stage. Furthermore we find

1 1 0
(1.1.1.11) 25 (0, p) = —5; (45" = 1010, p))
By

and
(1.1.1.12)

(1 1 1 - /

0
where
0’ -0 P

(1.1.1.13) Zy zxé)(O,p)(zx(())(Oaﬂ) = @)



and

/ 9.
(1.1.1.14) 2(t.p) = (2 (t,0)) "5 (¢, )2
We next consider
[5.2] — f<0) + (Qx((f)xéo) + :1:((]”2)]”(O> + Zxél)xéo)f(l) + xéo)2f<2>

— 2[4 + 2 0 AD 4 10 B

+ Qxéo) xél) x(() >B(() ) 4 ( )'2 él)Bél)

+ (Qx(()z) xéo)/ ) ) + Zx(gl)/ng)/xéO)Bél)
4 x(()O)’%éO)B(()?)} ( )2 é)Bé()).

Here we observe a new feature which we did not encounter in the study
of [5.p] (p = 0,1): [5.2] is not divisible by #? as it stands. Thus the

(2)

existence of a holomorphic solution z; (¢, p) near ¢t = 0 requires that
the following function BW (¢, p) given by (1.1.1.15) should vanish at
t = 0. Note that tBW(¢, p) is the sum of terms in [5.2] which contain

the factor ¢! only, at least explicitly.
(1.1.1.15) BY(t, p) = FO — g (V2 fO0) _ 95005 ¢() _ (07250 5(0)
Substituting (1.3), (1.1.1.8) and (1.1.1.11) into BW(¢, p), we find



—2(AY — (0, p)) FV(0, p) — p2)

= p(By") (BSO)Q — AP + 100, p)” - p2>-

In view of the assumption (1.1.1) we thus require
(1.1.1.17) B2 — A2 1 ¢ M(g p)? — p* = 0.
Assuming (1.1.1.17) , we can divide [5.2] by t2x0 ( p)? to find

d
520 B (25t (5. ) + 27 (s.0)

0)’ —2.(0
—2(x" (t,0) "2 (8, p) FOE )2 (1 p)
= —A(()l) — B(()Q)s — 2:1';6”(3, p)AéO)
— 20" (s, p)ag (s, p) B — 2 (s, p) B
— iy (s, p)%BY) — 20 (s, p)s B + 2(t, p) P (. p)

— 171 (" () (B, p) - BY(0, p)).
Here we note one universal (i.e., common to every p) phenomenon,
which was also observed for p = 1 : [5.0]" entails that the left-hand side
of [5.2]" is equal to
d

(1.1.1.18) Bl >(2s£— Dz (s, p).

This considerably facilitates the computation of 33'82) (0, p) and :i?éz) (0, p),
which are needed in our reasoning. But we postpone thelr actual com-
putation until the stage where (A(()O),B(O)) is fixed; ( ) will

be fixed without knowing the explicit form of x(() )(O p) and :1:0 ( )
whereas their explicit form becomes substantially simplified when (

B(() )) is fixed. Here we only note that (0B /0t)(0, p) etc. hould

13



be taken into account in the computation of 3382)(0, p) ete. To fix
(Aéo), B(()O)), we consider next stage, i.e., [5.3].

[5.3]
O Z xé])xék>f(l)
k=3
:t2( Z x(()j)/xékyAél)nL Z xéj)/xékyxél)Bém))
JHk+1=2 J+k+l+m=3

= [o240 + OB + () + 262 o) BY.

(3)

For the existence of a holomorphic solution x (¢, p) of [5.3] near t = 0,
we clearly need the coincidence of the value of the left-hand side at
t = 0 and that of the right-hand side. Although one immediately
notices another condition is necessary for the existence of :z:(()?’) (t, p),

we first concentrate our attention on this coincidence. Then it follows
from (1.1.1.8) and (1.1.1.11) that we have

(11119) 00|~ 1+ (ﬁ(f‘léo) - 190.9)) |

() A AP - 10,0
0

Then the substitution of
(1.1.1.17") AY? = B = (0, p)? — p?
into (1.1.1.19) entails

(1.1.1.20)
0= D0, p) (fO(0, p)* = p* = 245" F (0, p)

+1000,0)°) +0* (247 — FV(0, p))

14



= 2000, P (FV(0,p) — AY) = 202 (110, ) — AL)

=2(fD(0,p)? — p?) (F(0, p) — AY).
Thus the assumption (1.1.2) implies

(1.1.1.21) ALY = W0, p).
Substituting (1.1.1.21) into (1.1.1.17) we obtain
(1.1.1.22) B\"? = 2,

that is,

(1.1.1.22") B\ = +p.

These results lead to the following important assertions: First (1.1.1.22)
together with (1.1.1.13) implies

(1.1.1.23) 270, p) = £1,

and second, a still more important result follows from (1.1.1.11) and
(1.1.1.21):

(1.1.1.24) 25(0, p) = 0!

This result will repeatedly play a decisively important role in our sub-
sequent reasoning.

Before proceeding further, we show how these results are used in the
explicit computation of :1:(()2)(0, p), which will later become necessary
to compute (Aél), Bél)). First, in order to see the explicit form of
[t_l(xéo)/)_2 (B(1>(t,p) —BY(0, p))] evaluated at ¢ = 0, we calculate
(0B /0)(0, p):

oBW

> (0.0) =pg (0, p) - 2720 fV(0, p)i (0, p)

(1.1.1.25)

— 2820, p) — Bz (0, p).

15



In obtaining this result we used (1.1.1.24) at several spots. Replacing
F1(0, p) by A(()()), we encounter one remarkable cancellation of terms
containing A(()O) in [5.2]" evaluated at s = 0:

(1.1.1.26) —2i:87(0, p) AV + 22,2 (23 A 00, p)) = 0.

Cancellation of this sort will play a crucially important role in the
(n) A )

construction of (:UO , Ay, B ) and their estimation in the subsequent
sections. Using (1.1.1.24) again, we thus find

(1.1.1.27) BYx(0,p) = A — 120, p) + x) By,

where Xéo) is a constant fixed by g(t, p) (and Zy = 4+1). Here we notice

no Bél)—dependent terms remain in the right-hand side of (1.1.1.27).

Now let us return to the study of [5.3]. To find the conditions that

guarantee the existence of holomorphic 3383) (t, p), let us introduce the

following functions B, B, BY) and B®):
(1.1.1.28) Bit.p)=— [Vt )+ > afzy’f0

j4k+1=3
n x(()oyz A(()O) n x(()oyzx(()()) Bél)

T (220 4 900 3V 0 BO)

0 Lo 0 Lo Lo
(1.1.1.29) BO = _ ) 4 40240
(1.1.1.30) B = 230D ) 4 40725000 g1

b (6020 4 24l 1V 50 O
where

(11.1.31) 0t p) = (. p) /1,

16



and

(1.1.1.32) B =2(zal + &M al?) O 4 52 0

+ 2z Va4 702 6
[t is obvious that we have
(1.1.1.33) B =B 8L 4 252

One immediately notices that B (0, p) = 0 is equivalent to (1.1.1.19)
and that “another condition” needed for the existence of holomorphic
x(()g)(t, p) is given by

OB
(1.1.1.34) 7 (0.p) + BY(0, p) = 0.
Thus we obtain
(1.1.1.35) 27, AV 230, p) + Z,BY"

+ (&0, p) + 2280, p)) B

o f)
(,J; (0, p) + 249 Z2 " (0, p) = 0

with the help of (1.1.1.21), (1.1.1.23) and (1.1.1.24). We now substitute
(1.1.1.12) and (1.1.1.27) into (1.1.1.35) to find

(1.1.1.36) 22— (A" = £P(0,p) + xi BY)

—27,BY +32(0, p) AV + 251 (0, p)

+ 27" (0, p) AV = 0.

Dividing (1.1.1.36) by Zy(= +£1), we find
o

A 550
B(()o) 0 0

(1.1.137) 2

17



A0 B
= 2T P0,) — 240N 32572 0,9)4))
0

— 22 {10, p) — 2267 (0, p) A

Thus “another condition” for the existence of holomorphic a:é?’) (t, p)
gives a constraint on (A(()l), Bél)).
Now assumptions (1.1.1.19) and (1.1.1.34) enable us to divide [5.3]

by tQ(xéO)/)Q to obtain

5.3]
BlY (25i + 1>x(3)(3 p)
0 ds 0
—_AD _ SB(()?))_{ Z #3040 4 Z a‘:(()j):izgk)xé”Bém)]
j+éc+1l:2 jH?rleQ:?)
< Jrkbms

+ AV 4+ 5By + (x + 2s25") BY”

3

+ [Z%(t,p)}

n=0

t:t(57p)
where

(11.1.38) ¢y =2(a) 2 &l fOz)

)

(11139) ¢ = ()72 2&{Val? fO 4 507 ¢

+ 22 E M FO 4+ 702 0N
(11.140) ¢y =2(x{") 72 (&0 r0) 2l
(11.141) ¢y =t 2(=") 2 [BOt, p) + tBY(t, p) — BO(0, p)

18



= t(BY(0, p) + (9B /01)(0, p)) — (") 2]

Here we have separated out ¢g (resp., ¢o) from ¢y (resp., ¢3) to call
the attention of the reader to the peculiar roles ¢g and ¢- play in our
computation, as has already been noticed when p = 2: First, [5.0]’
entails ¢ coincides with ZBSO>:17(()3> (t, p); second, we observe ¢(t(0, p))
coincides with 2:1';82)(0, p)AéO).

It is clear that [5.3]" has a holomorphic solution x(()g)(t, p) near t =
0 for any AéQ) and Bég), on the condition that (Aéo),BéO)) satisfies
(1.1.1.21) and (1.1.1.22) and that (A\", B!} obeys the constraint

(1.1.1.37).  Using this holomorphic solution xég)(t, p), we can write
down [5.4]:

54 =P Y a0

k=4

o X A Y )

j+k+1=3 J+k+l+m=4

_( DR A T x(()j)'xém'xénBém))
j+k+l=1 J+k+1+m=2

Assuming 3364)(15, p) is holomorphic near ¢t = 0, we set t = 0 in [5.4] to

obtain

(11142) = fO0,p) +257°(0, ) Ay

+ 2207 (0, )2y (0, p) AT + 267 (0, )2 (0, p) BY
= 0.
Here we have used (1.1.1.7) and (1.1.1.24) to guarantee that there is no

contribution from the sum Z xé‘j )xék) F9 and ( Z xé‘j )lxék),
k=4 jtk+l+m=2

19



xff’Bém)) — 2022 B0 Substituting (1.1.1.12) and (1.1.1.27) into
(1.1.1.42), we find

(1.1.1.43)
— 1200, p) + AP + 240 (B) 7 (= B + 25 ((0, ) A

+ F0, p))) + Ay = 190, p) + X By

= 0.

Then the assumption (1.1.2) enables us to solve (1.1.1.37) and (1.1.1.43);
(Aél), Bél)) is fixed in terms of £2)(0, p), A(go), Bé()), 2(0, p), FY(0, p).
X(()0)7 Zy and z97(0, p). We next calculate the coefficient of ¢! in [5.4]
to find a constraint on (A(()z)’ B(§2>) which guarantees the existence of
holomorphic :cé4)(t, p) near t = 0. In principle, what we are to do now
is to repeat this procedure to find (a:(()p ) (t, p), A(()p ), Bép )) for every p and
then to estimate them. But the computation becomes more and more
complicated as p increases; hence we first describe the core feature of
the induction process in Section 1.1.2 and then brush it up in Section
1.1.3, so that the estimation may become smoothly performed with the
refined version.

1.1.2 Description of the dependence of {xgp)(t, p) }p>0 upon {A(()q), B(()q) }q>0

As the concrete computation in the preceding subsection indicates, one

constraint is placed on (A(()q), B(()Q)) for the existence of holomorphic

a:éq+2>(t, p) and another constraint on (A(()q>, Béq>) is added for the ex-

istence of holomorphic xéq+3) (¢, p); these two conditions combined will

fix (ASQ), B(()Q)). In order to confirm that this process runs smoothly
by the assumption (1.1.2), we like to know the concrete structure of
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x(()p )(t, p), or at least its “principal part”. For this purpose let us first
prepare some notations related to [5.p] (=(1.1.1.5.p)).

Definition 1.1.2.1. Assume p > 4. Then Blp] = Bp|(t, p), Blp]"”,
Bp]V and B[p]® are respectively defined by the following:

T 2
(1.1.2.1) Bjp| = Z O 0 —9 p)a 0 (t,p)A(()k)

o ot Ot
1+j+k=p—3
e oz Oy (I
+ ) (t, p)—F,—(t, p) (t, p)By
o ot ot
1+j+k+l=p—2
+ 3wt ), p) Pt p) — F(E, p),
i+j+k=p

ax(i) 6:6(‘7)
(1122) Bp| = ) 0 (4, ) X0 (¢, ) AV

. ot ot
1+j+k=p—3

f Y a2 02 5
H—j—l—ll;:ié:p 2

+ Y ay(tp)ad ( p) P p) — FE(E, p)

i+j+k=p
i,j>2,k>1

Q) ()
1) _ ;0 0y, 9% ()
(1123) B =i (ko) D St (k) BY)

1+j+l=p—2

Oz’ 0
0B

vl Y 2

i+j+l=p—3
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Jtk=p
j>2,k>1
+2:1:0 ( Z 950 tp tp))
j+k=p—1
>2,k>1
+ 3 a(t, o) (1 p) O, )
i+j=p
1,] 22,
(1.1.2.4)
Bp® = > &t o), p) f Pt p)
i+j+k=p
i,j=0,1; k>1

w23t )l )+ 3 4, )2V 0) ) FOLL, )

Remark 1.1.2.1. In parallel with (1.1.1.33) we have
(1.1.2.5) Blp] = B[p] + tB[p]"Y + *B[p]?

To rewrite [5.p] more concretely we further introduce the following
symbols. First, we let E® denote

(1.1.2.6) > a—g(t,p) 82 (t, p) Ay
i+j+k=p—1
(%o (%é‘” () (1
+ 0y )= (tp)zy (£ p) By
i+ j4k+l=p

Second, we define t-independent functions C’ép ) and D((]p ) by the follow-
ing:
(1.1.2.7) C(p) = Blp)|(0, p),
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oB[p]"

(1128) D (p) = Blp) (0, p) + =5 (0, p).
Using C’ép ) and Dép ), we define FP) by
(1.1.2.9) B (¢, p) + tBp|V(t, p) — (CF + tD).

It is then clear that F® is divisible by t* and we use the symbol £
to denote

(1.1.2.10) t2F W)

Having in mind the results in Section 1.1.1, we plan to fix constants
(A(()q>, Béq>) by equations

(1.1.2.11) Cl* =0 and DU =0,
(p)

and construct z;” by solving
5.p)] EW — ) _ B[p|® = 0.

As is observed in the preceding subsection, we can rewrite [5.p] using
the variable

(1.1.2.12) s =z\"(t, p)

and its inverse function (s, p) as follows:

5.p)

B( )(25i — 1) (7 )(3 p)

ds
= _A(()p_1> — B(()p)s - Z 350 950 Z 950 370 370 él)
i+j+k=p—1 i+j+k+l=p
k<p—2 1,5,k 1<p—1

/ 9 N ~ .
+ @ ) (6*” 22t ) fO 2. p)alf ™ 8, )
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where £7) denotes the sum of functions given by (1.1.2.10).

Remark 1.1.2.2. In parallel with (1.1.1.40) we note that the value at
s =0 of 2$éo>i‘ép _1)A80) coincides with that of [2 (3380) )_2 i“éo) )

(v _1)/] o) which originates from 0B[p]"") /0t; through the Tay-
lor expansion this term appears among the terms of £P) evaluated at
s=0. A similar relation holds between 2:1'781) i‘ép ~2) Aéo) and [2 (3380)/) =
iél) f xép _2>/} rtton) which also originates from 9B[p]")/ot. Fur-
thermore the value at s = 0 of

Z x-éi)x-éj)AE)O)

itj=p—1
0,j>2

L

is also coincident with that of

[(xéo)’)—z Z xéz‘)’xéﬁ’f(n]

i+j=p—1
1,j22

t=t(s,p)

which is a part of the coefficient of t? in the Taylor expansion of
Bp]")(t, p). These coincidences will play important roles in our sub-
sequent reasoning.

In order to facilitate pointing out the core part of our reasoning, we
further prepare the following

Definition 1.1.2.2. Let (ffo[p],éo[p’]) stand for (A(go), Aél),
AV BY, B, .. BY)) and let X = X (Ayfp], Bolp]) and ¥ =
Y(fTO p], Bolp/ ) be their functions. If X—Y depends only on (fTO lq—1],
Bolg — 1]) for some g, then we say

(1.1.2.13) X=Y.
(9)
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Remark 1.1.2.3. In the above definition we concentrate our attention
on the dependence on (ffo p], Bolp/ ]) which are newly introduced to our
discussions as parameters in the canonical form of an M2P1T operator.
Hence the influence of the quantities contained in the starting operator
such as f (k)(O, p) are taken into account only through their effects on
(Aolp], Bolp')-

As a preparation for Proposition 1.1.2.1 below, we present the fol-
lowing Lemma 1.1.2.1, where we suppose p > 4 for the sake of the
uniformity of expression. (Cf. Remark 1.1.2.4 below.)

Lemma 1.1.2.1. (i) CépH)(p) has the following structure:
(1.1.2.14)  CF(p) = [(xé())’)? A2

20 el AL + (ol el B |

t=0

A <p-3),B)1 <p-3))

)

t=0
where
(1.1.2.15) e = 2 50 4P
1+j+k=p—2
1,5,k<p—3
+ Z xéi)/xéjyxék)Bél)
itjtkrl=p—1
2<k<p—-2
N e f® gy,
i+j+k=p+1
1,j>2;k>1
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(i1) Dép )(p) has the following structure:
(1.1.2.16)
D)~ [0l 8
+ 57(()0)1‘80)/2Bép_2> + Qjéo)f(l)xép_l)

e B

t=0

+ pW») (ajg)/, a:(()i/)"(’i, i <p-—3), 37(()j>(j <p-—2),

APk <p-3),B1<p- 3))

9

t=0
where
(1.1.2.17)
p(p):iﬁ(()o)( Z x(()z')’x(()j)’ )+350 ( Z 2l xo )
i+j+l=p—2 i+j+l=p—3
1,5,0<p—3
+2£éo)( Z x(()])f(k:)> +23~7(()1>( Z xé])f(k))
Jj+k=p jt+k=p—1
Jk>2 §>2, k>1
1 Z x(g)xé])f(m 19 Z (()Z)”l,(gj)/Aék)
i+j=p 1+j+k=p—3
1,5>2
+ Z x(()k),ajé)ajo +2 Z xék)xéi)/lajéﬂBél)
i+j+k+l=p—2 i+j+k+Hl=p—2
2<k<p—3 k>2
4+ 9 Z xé’) x(()])f(k)+ Z xél)asz)f(’“) _f<p—2>_
i+j+k=p i+j+k=p
1,7>2;k>1 1,j>2;k>1

Remark 1.1.2.4. In our later reasoning we will basically use the pair
of equations CP™ = 0 and DY = 0 to fix (A(p 2 Bép_2>). Hence
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for the convenience of the future reference we have listed the concrete
form of C'((]p ™) and Dép ), not C’((]p ) and Dép ). We also note that C#+1)
and D®) will turn out to be “non-principal parts” in the computation
in what follows, in the sense that only (A(()q), B(()q)) (g < p—23) are
relevant to these parts. (See Remark 1.1.2.5 after Proposition 1.1.2.1
below.) From the experience in the previous subsection one might find

the following term in the “principal parts” of D(()p )

ND) Y
(1.1.2.18) () 2> B
to be somewhat unexpected. As a matter of fact this term originates
from
a (i)
(1.1.2.19) E( S a2l Bé”),
itj+k+1=p—2
k>2
and hence
(1.1.2.20) p—22>2 ie,p>4

is required for the appearance of this term. This is the reason why
we did not encounter this term when p = 3. Thus for the sake of
the uniformity of presentation we assume p > 4 in Proposition 1.1.2.1
below. At the same time we note that the term

(1.1.2.21) ;z»g”( 3 xgﬂ’xgﬁ’ggw)

i+j+l=p—3

t=0

in the “non-principal part” D) coincides with (1.1.2.18) evaluated at
t = 0 when p = 3. Since xél)/(o,p) = jé(()l)(O,p), the term (1.1.2.21)
had better been regarded as one of the principal terms when p = 3.
This coincidence of terms peculiar to p = 3 explains why the “principal
part” of (1.1.1.35) assumes the same form as that claimed in Ag(p) (vi)
(p > 4) in Proposition 1.1.2.1 below; this fact might, at first, look
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somewhat puzzling in view of the absence of (1.1.2.18) in the “principal
part” of (1.1.1.35).

Using these notations we now state the following

Proposition 1.1.2.1. Let :U(()p>(s,p) be a solution of the equation
5.p]" (listed below (1.1.2.12)) with subsidiary conditions

(1.1.2.22) cl = pl =o.

Then the following set Ao(p) of assertions (Ao(p)(i), Ao(p)(il), - - -,
Ao(p)(vi)) is valid for every p > 4.

(Ao(p)(i) : zz:ép)(s,p) is holomorphic near s =0,
Aofp)(i): (s, p) depends on (Aolp — 1], Bylp)
0) 41 ~1) p(0) (1
AP A A BB B,

Aop)Git): 2(0,p) = AT/BY,

Ao(p) D4 »)

: dx

A 00,00 = BB,
0

Ap)(v): ) = 2487 — Qﬁg@—?ﬁ

. ZoAY B
Aot Dép)@fz)z 50 AS =22,
\ 0

Remark 1.1.2.5. The validity of Ay(p)(v) and A (p)(vi) justifies calling
C?) and D) “non-principal parts”.

Proof of Proposition 1.1.2.1. [I] Let us first confirm A4y(4). As the
argument for this case serves as a good specimen of the reasoning for
the general case, we give it in a detailed manner. To begin with we
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summarize the results obtained in the precedent subsection. First,
we know (i) the explicit form of the equation that x(()o) (t, p) satisfies
(cf. [5.0)"), (') the concrete form of xéo)(t, p) and (ii) 3580)(0, p) and
20, p) (ct. (1.1.1.7), (1.1.1.8) and (1.1.1.23)); second, we know (i)
the concrete form of the equation that :1;((]1)(3, p) satisfies (cf. [5.1]") and
(i) 300, p) and &7(0, p) (cf. (1.1.1.11), (1.1.1.12) and (1.1.1.24)):
third, we know (i) the explicit form of the equation that xéQ)(s, p) sat-
isfies (cf. [5.2) and (1.1.1.18)) and (i) {2(0, p) (cf. (1.1.1.27)), and

fourthly we present the explicit form of the equation that x(()g)(s, p)
satisfies (cf. [5.3]"). These results, among other things, guarantee the
validity of Ap(q)(ii) (¢ < 3). At the same time we notice that we have

so far fixed (A(()l), B((]l)) (cf. (1.1.1.37) and (1.1.1.43)) to guarantee the

holomorphy of azéq)(s, p) (g < 3) near s = 0. One important obser-

vation to be made is that holomorphic x(()g)(s, p) exists for arbitrary
constants (A(()2), B(()2), B(()g)) at this stage; any constraints have not yet
been imposed upon these constants on which :Uég)(s, p) depends.

Now, to find a holomorphic solution xé4) of [5.4]" we are to suppose
084) = D(()4) = 0. To find the explicit constraints on the parame-

ters (A(()l), Bél)) and others, we want to have concrete expressions of

C’é4) and D(()4) which enable us to see their implications. The explicit
computation of all terms in C’(()p ) and D(()p ) is a laborious task, but the
filtration with respect to p we are using facilitates our computation
substantially. For example, the thorough computation of a't(()z)(O, p) is
considerably more arduous than that of :céQ)(O, p), but the confirmation
of Ay(2)(iv) is a rather straightforward task; in the right-hand side of

[5.2]" all terms except for —A(()l) — B(()2)s are expressed in terms of

(1.1.2.23) {xé@(q —0,1) and their derivatives, f%, M) and £,
AP B and B{",

29



and hence, thanks to Ay(q)(ii) (¢ = 0,1), we may ignore them in
confirming Ay(2)(iv). Similarly the confirmation of Ag(3)(iii), which
we need in confirming A (4)(vi), is not difficult, if we note the following
fact (C):

(C) If we set s = 0 in the right-hand side of [5.3]’, the remaining

terms are free from B(§2>.

Clearly Ay(3)(iii) follows from (C), and the fact (C) is a consequence
of the following two facts (C.i) and (C.ii):

(C.) —2jfé2)<0, p)AéO) and ¢-(0, p) cancel out (cf. Remark 1.1.2.2),

((j.ii)
Z j:éj)dfék)xél)Bém)}
jktlem=3 s=0
7,k Im<2
=1 > aalals)|

JkAl+m=3

)

=2
(7)) - (k 0)—1 1 0 0 m
[ B A — 0+ B 8|

Jj+k+m=1

which follows from (1.1.1.24) and (1.1.1.27). Since these terms are the
only terms in the right-hand side of [5.3]" that may contain Béz>, (C.i)
and (C.ii) entail (C). The disappearance of Bép “U'in the right-hand
side of [5.p]’ is a universal phenomenon, as we will see below.

Using A(2)(iv) and Ay(3)(iii), which we have just confirmed, to-
gether with the results obtained in the preceding subsection, we can
now confirm Ay(4)(v) and Ay(4)(vi). Let us first compute C’é4>. Then
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it follows from (1.1.2.14), (1.1.1.12) and (1.1.1.27) that

(11220 (o) = A+ 200, p) A" + 2470, p) By
(0)
_ oA _ oA p

This confirms Ay(4)(v). To compute Dé4) we apply Ag(2)(iv) and
Ap(3)(iii) together with Ay(q)(ii) (¢ < 2) to (1.1.2.16) to find

B(2)
niom) o 2a(- Ao s znp
0

4® B
+22,A (%) + 7 ( -
BO BO

ZAy 4 2

This validates Ag(4)(vi).

These concrete expressions of the “top parts” of 054) and Dé4) tell
us how the subsidiary conditions given by (1.1.2.22) (with p = 4) put
new constraints on (Aél), Bé”, A(()z)) Béz>). Now we know (A(gl), Bé”).
obeys the constraint (1.1.1.37) which may be summarized, in our cur-
rent context, as follows:

(0)
(1.1.2.26) 2%%15” — 2B = given data.
By
Considering this equation simultaneously with Cé4)(p) = 0, we find
that these two constraints are consistent, i.e., admit a simultaneous
(unique) solution (Aél), Bél)) thanks to our assumption (1.1.2) (sup-
plemented with (1.1.1.21) and (1.1.1.22)). Thus A(4)(i) is valid, and
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then Ag(4)(ii), Ag(4)(iii) and Ay(4)(iv) can be readily confirmed. In
order to make our argument as concrete as possible, let us write down
[5.4])" explicitly:

5.4
d
B >(2 @ 1) (4)
s (s,0)
3 4 .(2) . (g k .(2) . (7 k l
— AP = Bs = 3w Al = 3 50l BY
i+j+k=3 i+j+k+i=4
k<2 i,J,k,0<3

+ [(ﬂféo)l(t,p))_2(5(4>+25751)(t,p)f(>( p)ag (¢, p)

> & toa oVt p)]

itj+k=4 t=t(s,p) 7
ij=0,1k>1

where

1220 €0=| 35 it pe (104

gt 0) (a4 () By f<2>

+ 3 ( Z 7y (t,p)x ( p)B(l>)

i+j+1=2

+ iy ( ( > xy) (t, ) (¢, P)B(l))

itj+i=1

+2tx0 ( Z :UO tp p))

J+k=4
J=2,k>1

+ 205 (t, ) (£, p) S (L, p)
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+ (@(0) 10 ) — (€ + D) .

Since x((fl)(s, p) is a (unique) holomorphic solution of [5.4]’, which has a

regular singularity at s = 0 with its characteristic index 1/2, it suffices
to examine the structure of each term in the right-hand side of [5.4]" to
find how xé4)(s, p) depends on the parameters. Since we have validated
Ap(q)(ii) (g < 3), the explicit form of the right-hand side of [5.4]" entails
that x(()4)(3, p) depends on (%TO 3], By [4]). This means that Ag(4)(ii) is
confirmed. To validate Ay(4)(iii), we need Ay(3)(iv), which we have not
yet checked; but its confirmation is a straightforward one, because all
terms except for —Bég)s in the right-hand side of [5.3]" are free from Bé?’)
(and Aég)). Exactly in parallel with the confirmation of Ag(3)(iii), we
then use the cancellation of —2x'(()3)(0, p)A(()O) and 25;80)(0, p) f1(0,p)
xég),(O, p) (cf. Remark 1.1.2.2) and the relation

(1.1.2.28) [ Y ;;;g@aagﬁxgﬁggﬂ}
it jtktl=4 s=0
i k1<3
[ 5 ]|
it jtktl=4 s=0
k=23

which follows from (1.1.1.24). Here we clearly observe that the right-

hand side of (1.1.2.28) is free from Bég). Then by checking indices of

all terms in the right-hand side of [5.4]" (including terms in W) we

use Ap(q)(ii) (¢ < 3) to conclude that the right-hand side of [5.4]'
(3)

evaluated at s = 0 is independent of B;,”. Thus we have confirmed
Ap(4)(iii). The confirmation of Ay(4)(iv) is a straightforward one,
because all terms except for —Bé4>s in the right-hand side of [5.4]" are

free from B(()4> (and Aé4), which has not yet come into our discussion).

Thus we have confirmed (Ag(4)(1), Ao(4)(ii), - - - Ag(4)(vi) ). In the
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course of the confirmation new parameters (A(()?’), B(()4)) came into our

discussion, whereas (Aél), Bél)) was fixed and one constraint Dé4) =0

(2)

was imposed on (A(()z), B, ) Thus our reasoning enters the next stage
with free parameters (Aég), B(()g), Bé4)), neither free nor fixed param-
eters (A((f),B((f)) (i.e., constants controlled by Dé4) = 0 ) and fixed
constants (Aéq>, Béq)) (q=0,1).

[I1] Let us now suppose that Ay(p) (4 < p < ¢) has been validated
and show that Ag(q + 1) is valid. To begin with, we note that in part

[1] of this proof we have confirmed the following statements (S1), (S2)
and (S3) besides our real target Ay(4).

(S1) Ap(p)(i) and Ap(p)(ii) are valid for 0 < p < 3 (with the conven-
tional understanding that Aé_l) =0 ).

(82) Ap(p)(iii) is valid for p = 2,3, and Ag(p)(iv) is valid for 1 <p <3.
(52) (Aél),Bél)) is fixed.

We also note that (A(()O), B(()O)) has been fixed in Section 1.1.1.
[t then follows from (S1) that the right-hand side of [5.g41]" depends

on (EO[QL go[q + 1]) On the other hand, the conditions Céqﬂ) —

D(()QH) = 0 guarantee the unique existence of holomorphic solution

a:éqH)(S,p) of [5.¢ + 1). Hence Ay(q + 1)(i) and Ay(q + 1)(ii) are
valid on the condition that C(()QH) = D(()QH) = 0 are consistent with
previously imposed constraints on (%Yo lq], By lq+ 1]) In parallel with
the reasoning in part [I] it suffices to confirm Ay(q+ 1)(v) and Ay(q +
1)(vi); Ao(q + 1)(v) combined with Ag(q + 1)(vi) shows the existence
of constants (Aéq_Q), Béq_2>) that satisfy Déq) = C’éqH) = 0, with the
help of the assumption (1.1.2). Parenthetically Ag(q+ 1)(vi) describes
the constraint upon (A(()q_1>, Béq_l)), which will be used to fix them at
the next stage. On the other hand, the confirmation of Ag(q + 1)(v)
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and Ag(q + 1)(vi) is readily done by

(@) applying Ao(p)(ii)) (0 < p < g), Ao(p)(iii) 2 < p < ¢) and
Ao(p)(iv) (1 <p<q—1)to(1.1.2.14), and

(8) applying Ag(p)(ii) (0 < p < q), Ao(p)(ii)) (2 < p < ¢) and
Ao(p)iv) (1 <p<qg—1)to (1.1.2.16).

By way of parenthesis the counterpart of Ag(p)(iii) (p = 0,1) (resp.,
Ao(0)(iv)) is given by (0, p) = (0, p) = 0 (resp., (0, p) = 1),
which are used in the above Conﬁrmatlon.

Thus what remains to be confirmed is (Ag(g-+1)(iii), Ag(g+1)(iv)) .
Using the explicit form of [5.g+1]" together with A (p)(ii) (0 < p < q),
we immediately find Ay(q + 1)(iv). To validate Agy(q + 1)(iii), we use
the setoff between —29’68”(0, ) Aéo) and 2:%80)(0, p) fU(0, p) az'(()q>/(0, )
together with the relation

(7)) - (7) (k [
(1.1.2.20) [ 3 xg>ng>xg>gg>} .
i+j+k+l=q+1 =
1,7,k,0<q
Y sl
i+j+htl=g+1 s=0
2<k<q

Thus exactly the same reasoning used to confirm A (4)(iii) shows that

Ao(q + 1)(iii) is valid. Thus we have confirmed (Ag(q + 1)(i), Ao(q +
1)(ii), - - -, Ao(q + 1)(vi)), and hence the induction proceeds.

[l

1.1.3 Formal construction of {x%p), AP Bl

—— the case where ¢, (t) =0

}p,nZO

Although the reasoning in the previous subsection is natural and in-
structive, the setting employed there is somewhat Clumsy, partlcularly
when we want to estimate the growth order of {:UO : 0 , } 50"
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The primary purpose of this subsection is to present a more refined in-

duction procedure for the construction of {a:ép ),A(()p ), Bép ) }p>0. We

later (in Proposition 1.1.3.2) confirm that the procedure works for
- () 4 Rk

the construction of {xn Ay, By }pmzo

an M2P1T equation to its canonical form; for the sake of simplicity

which are used to transform

of reasoning we assume ¢4 (t) = 0 in this subsection. In what fol-
lows, x(go)(s, p) denotes the holomorphic function given by (1.1.1.6) and

xél)(s, p) is the holomorphic solution of [5.1]" satisfying the condition
(1.1.1.24) , that is,

(1.1.3.1) 25(0, p) = 0.

The constants Aéo) and Béo) are those satisfying (1.1.1.21) and (1.1.1.22),
respectively and (Aél), Bél)) designates a common solution of (1.1.1.37)
and (1.1.1.43): In this subsection we conventionally understand that
therelations C9 (AD. BOY — DO (A, B — g and € (AL, B
= Dé?’) (A(gl), Bél)) = O respectively mean the relations that (A(go), BSO))
and (Aél),Bél)) satisfy. We also understand 082) (A(()_l),Bé_l)) =0
to be an empty condition, which is a reflection of the fact that [5.2]
is free from the constant term. By way of parenthesis we note that
Dé3> (Aél), Bél)) = 0 is well-defined (i.e., without any extra convention)
as is given by (1.1.1.37) despite the seeming ambiguity in separating
out its “principal part” (cf. Remark 1.1.2.4). Similarly C’ép ™ Wwith
p = 3 given by (1.1.2.14) is coincident with (1.1.1.43).

In order to present the refined induction procedure we prepare some
notations and auxiliary results. We use the symbol 2y(p) to mean the
assertion that a triplet of data TO(T) = {x((f)(s, ), Aér), B(()r)} is given
for 0 < r < p so that they satisfy the following conditions:

(1.1.3.2.7) xér)(s, p) is a holomorphic solution of [5.7]" (to be found
below (1.1.2.12)) near s = 0,
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(1.1.3.3.7) 2\(s, p) depends on (Ay[r — 1], Bolr]) = (A, AL,
r—1 0 1 r
7AE] )7B(())7B(())77B(§>)7

(1.1.34.7) C’ér+3>(p) and D(()T+2)(p) depend on  (Ay[r], Bo[r]),
and (Ay[r], Bo[r]) satisfies the relations C’(()Hg)(p) =
Dy (p) =0,

(0)
(H43) 5 A40) _ 50 p(r)
(1.1.3.5.7) G ) =24, QBSO)BO ,
, nAY ,
(1.1.3.6.r) DY (p) =22,V _27,Bl".
(r B

We will show later in Proposition 1.1.3.1 that 2Ao(p) entails o(p+1).

Remark 1.1.3.1. A main difference of the contents of Ag(p) and Ay (p) is
that Ay (p) refers to the structure of C’ér+3) (p) and D(()TH) (p) forr < p—
1; in view of Lemma 1.1.2.1 one might be puzzled with the appearance
of xép H)(O, p) in the expression of Cép +3) (p) and Dép +2>(p). As Lemma
1.1.3.3 and Lemma 1.1.3.4 below show, x(()p+1)(0, p) can be written down
in terms of {Tér)}ogrgp and a;(()pH)(O, p) — A(()p)/B(()O) is free from A(()p)

and B(()p ). These facts are implicitly woven into conditions (1.1.3.4.7),
(1.1.3.5.7) and (1.1.3.6.7). The reader will find the mechanism in the
proof of Proposition 1.1.3.1, where conditions (1.1.3.5.7) and (1.1.3.6.r)
are confirmed for r = p + 1.

In proving Lemma 1.1.3.1 ~ Lemma 1.1.3.4 below we assume that
Ao(p) (p > 1) has been validated.

Lemma 1.1.3.1. The right-hand side of [5.p + 1| (p > 1) has the
following form:

(1.1.3.7) —AP — B 4 BO RV (s p),
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where B(()ij1> s a complexr number and

(1.1.3.8)
0 1 -(2) - (g k . (2) - (7) (K l
BORY e == Y A T aeB
it+j+k=p it j+k4l=p+1
k<p—1 i),k I<p
0 9 N (Y (ke
) 2( S sl A
i+j+k=p—2
+ Z SU(()) 370 + Z :UO 330
1+j+k+l=p—1 H—]n]:l;—lp—t-l
_ gl 1))} .
" +Z xO xO / t=t(s,p)
i1+j=p+1
1,5>1

Remark 1.1.3.2. The factor Béo) in front of R(()pH)(S,p) is a rather
conventional one; it will turn out to be notationally convenient when
we estimate the growth order of a:ép )(3, p) etc. with an emphasis on

their p-dependence. Recall that Bém = 4p holds by (1.1.1.22).

Proof of Lemma 1.1.3.1. Since Cép+1)(p) = D(()p+1)(p) = 0 holds by
the assumption, we can read off the above result immediately from
(1.1.1.5.p+ 1) in view of the definition of [5.p + 1]". We only note that
we have shifted

/ _2~ ~
(1139) 22" (t,p) 2y (1 p)a Vit p) FOUE, p)

t=t(s,p)
to the left-hand side of [5.p + 1]’; we have left
/ -2 i .
(1.1.3.10) [(xgm (t,p)) 2( 3 xg>ng>f<0>)} v

i+j=p+1
h,j=>1
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in B(()O)R(()p+1)(s, p) despite the fact that a term similar to (1.1.3.9), i.e
(1.1.3.11) 2(z) Pl fO ,
t=t(s,p)

is contained in the sum (1.1.3.10); this non-uniformity of treatment
is just due to the convention that the left-hand of [5.p + 1] should
contain only the (at this level) unknown function ZU(()p H)(s, p) and that
its right-hand side should consist of given data.

[l

Lemma 1.1.3.2. The function R(()p+1)(s,p) is determined by
{T }0<T< , and it 1s free from Aép).

Proof. 'This is an immediate consequence of the concrete expression
(1.1.3.8) of R*™(s, p).

[l

(p+1)

Lemma 1.1.3.3. (i) For an arbitrary complex number B we

find a unique holomorphic solution a:((]pH)(s,p) near s = 0 of the

following equation [5.p + 1]":

(1.1.3.12) (=[5.p+1]")

d
By (25— = 1)a™(s.p) = =AY = B s + BYRY (s, p).

) The solution xép+1)(s,p) depends on (Ay[p], Bolp +1]) .

(i

iit) For the above solution z7™" s, p) we find
0

(

113 13) B((]()) (p—|—1)<0 p> A(p) B( )R(p+1>( 7p)
and
(1.1.3.14) BVi" (0, p) = —B¥V + BO R 0, p).
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Proof. (i) Since C’ép le)(p) = D(()p H)(p) = 0 holds by the assumption,
and since Béo) is different from 0 by the assumption (1.1.1) together
with the relation (1.1.1.22'); the unique existence of a holomorphic
solution of [5.p 4 1]’ is evident.

(i) This immediately follows from Lemma 1.1.3.2 (on the condition
that 2Ap(p) is valid).

(iii) By setting s = 0 in (1.1.3.12), we readily obtain (1.1.3.13). By
first differentiating both sides of (1.1.3.12) and then setting s = 0, we
obtain (1.1.3.14).

[l

Remark 1.1.3.3. It is clear that relations similar to (1.1.3.13) and
(1.1.3.14) hold for any holomorphic solution IéQ)(S, p) of the follow-
ing equation

(1.1.3.15)

0 d -1 0
Bé )(25£ — 1)xéQ)(s, p) = —Aéq ) _ BéQ)S + Bé )R(()q)(s,p),

(9)

where Aéq_l) and Béq) are complex numbers and R, (s, p) is holomor-
phic near s = 0; that is, we have

0 —1 0
(1.1.3.16) By 2 (0, p) = A{™ = B R (0, p)
and
(1.1.3.17) B0, py = =B + B RYW(0, p).

Lemma 1.1.3.4. The value B(()O)R(()p+l)(0,p) is free from B(()p).

Proof. When p = 0, [5,1)" together with (1.1.1.21) entails that
B(()())R(()l)((), p) coincides with Aéo); thus it is free from B(()O). Hence we
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assume p > 1 in the discussion below. It then follows from (1.1.3.3.7)
that xér)(s,p) (0 <r < p-=1)is free from Bép). Hence the terms
in R(()p H)(s, p) whose relevance we have to check are those containing

Bép ) a:ép ) or x'(()p ). Furthermore, (1.1.3.16) with ¢ = p guarantees that

it suffices to concentrate our attention on terms containing Bép ) or rff;(()p )

Thus the terms to be checked are the following:

(113.18) -( > :ré”m,ma‘:é”(o,p)xé%,p>)Bép>,
i+j+k=1
(1.1.3.19) ( Z 350 (0, p)x O p))xéo)(O,p)BéO)
i+j=p+1
1,J<p
(X saon)( X o008
1+j=p k+i=1
(1.1.3.20) —2i(0, p)2(0, p) AL

and terms in the coefficients of the Taylor expansion of

(1.1.3.21) [(ng>’)—2 222 gl?) fO) 4 922V p >f<0>)]

t=t(s,p)

Here we encounter a situation essentially the same as that observed
in the fact (C) used for the confirmation of Ay(3)(iii) in the proof of
Proposition 1.1.2.1. First the important relation (1.1.3.1) together with
(1.1.1.7), i.e. a;é >(O p) = 0, entails the vanishing of each term in the
sum (1.1.3.18) and the sum (1.1.3.19); this reasoning corresponds to
(C.ii). Second, (1.1.3.20) is cancelled out by the term

(1.1.3.22)

2(o) a0l s
which originates from

(113.23) [(xéo)/) _2t_2 <2xéo)xép)f(1))]

=20 (0, p) (0, p) = 22(0, p) A,

t=t(0,p)

t=t(s,0)
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This fact corresponds to (C.i). We note that the contribution from

(1.1.3.24) (o) 1 20l 2 1)) .
t=t(s,p)
13
/ 2
(1.1.3.25) 2(28"'(0, ) 220, ) (0, )2 (0, p);
thus this part is irrelevant to Bép ) This completes the proof of Lemma

1.1.3.4.
]

So far we have constructed a holomorphic solution xép H)(s, p) of
[5.p+1]" by using the data given in 20y(p) together with a newly added
: (P+1)
arbitrary complex number By . Since

(1.1.3.26) ¥ (p) = D¥(p) =0

is contained in the assertion y(p), the equation [5.p + 2]’ is given by
(1.1.3.27)

d
0

where A(()p ™) and B(()p ™) are newly added arbitrary complex numbers

ag (s, 0) = =AY = B s + B RS s, p),

and R(()p+2)(s, p) is given by replacing p with p 4+ 1 in (1.1.3.8). Note
that x(()p H)(s, p) and Bép ™ are available at this stage. Furthermore,
by using exactly the same reasoning as in the proof of Lemma 1.1.3.4,
we find

(1.1.3.28) R(()p+2>(0, p) is free from (A(p+ ) an nd) B(pH)

For the sake of the completeness of the reasoning we note that no
condition on Aép ) and Bép ) are used in the proof of Lemma 1.1.3.4.

We are now ready to prove the following

42



Proposition 1.1.3.1. The assertion Ay(p) is valid for every p>1.

Proof. As we have confirmed the validity of 2(1) in previous subsec-
tions, it suffices to validate o(p+ 1) supposing that Ay(p) is valid. (It
is possible to start the induction from p = 0, but to avoid the use of

conventional interpretation of the symbol such as Dé2)

we have started
from p = 1.) As we have seen above, we have constructed x(()p H)(s, p)
that satisfied (1.1.3.2.p + 1) and (1.1.3.3.p + 1) by incorporating an
a priori arbitrary complex number Bép ) Wwith the given data. Fur-
thermore the condition (1.1.3.26) contained in 2Ay(p) enables us to find

the equation (1.1.3.27) for x(()p+2)(s,p), where A(()pH) and B((]p+2) are

a priori arbitrary complex numbers and Bép ) and a;(()p le>(5, p) are

used to define R(()p +2>(S, p). Thus what we have to do for confirming
Ao(p + 1) is to show (1.1.3.5.p+ 1) and (1.1.3.6.p + 1) and to prove
that (A(p+1), B(()p+1)) can be chosen so that

(1.1.3.29) ) (p) = D (p) = 0

may be satisfied. Meanwhile, once we confirm (1.1.3.5.p + 1) and
(1.1.3.6.p + 1), we can readily solve (1.1.3.29) to fix (A(p+1), B(pH))
thanks to the assumption (1.1.2) combined with (1.1.1.21) and (1.1.1.22).
To confirm (1.1.3.5.p + 1) and (1.1.3.6.p 4+ 1) we substitute (1.1.3.14)
and (1.1.3.16) with ¢ = p + 2 into (1.1.2.14) and (1.1.2.16) . Then
the required results follow from (1.1.3.3.7) (r < p + 1) together with
(1.1.3.13). As the reasoning is the same for (1.1.3.5.p+1) and (1.1.3.6.p+
1), we show the reasoning for C’((]p ) (p). By substituting (1.1.3.14) and
(1.1.3.16) (with ¢ = p + 2) into (1.1.2.14) we find the following;
A(O)

(1.1.3.30) CP™(p) = AP 4 2E< — B 4+ BY RV (0, p)
0

(A BORY 0, p)
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+CP (@ (i < p), 2l < p+ 1),

APk < p), B < p))

=0
Then it follows from (1.1.3.28) and the structure of C»+% ‘ 1—o Supple-
mented by (1.1.3.13) that

(1.1.3.31) 240 R (0, p) — BORP (0, p) + ¢

t=0

is free from A(()pH) and BépH); it depends on (ffo p], By [p]) by (1.1.3.3.r)
(r < p). Thus we find

A(O)
11350+ 1 clrtt = At _ g0 _plrtl)
( p+1) 0 (r1) Béo) 0

As we have noted earlier, we can readily find (A(()p H),B(p H)) that

annihilates Cép +4) (p) and D(p +3)( ) by their expressions (1.1.3.5.p + 1)
and (1.1.3.6.p + 1). Thus we obtain the required triplet T(pH) =
{xép+1)(s,p), Aép+1), OPH } Therefore Ao(p + 1) is validated, and
the induction proceeds.

[l

Next we study how the construction of triplets T = {xl S, p),
AZ(T), Bl( )} (I,7 > 0) are done. In what follows we use the symbol

(1.1.3.32) {1} )

to denote the coefficient of a?n™" of the expansion of {z;t}, that is,
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(1.1.3.33) {wt} = > {z:t}Parn ™.

p,n=>0

We eventually need more explicit description of {x;t} in terms of the
derivatives of xl(T), but it suffices to use this simplified symbol for the
time being.

First we note (1.1.6) with g+ = 0 entails

(1.1.3.34) ,

(> —a®)f = (t* —a?) (a—f> (aA+:z:B)—%n_Q(tQ—a2)(x2—a2){x;t}.
Since

(1.1.3.35)

x?u—i—l(ta a, ,0) — A2V+1(a7 p) - B2V+1(a’7 p) =0 (V — 07 17 27 o )

holds by Proposition A.1 in Appendix A, we then find the following
relation (1.1.3.36) for n > 1 by the comparison of the coefficients of
n~2" of (1.1.3.34) :

(1.1.3.36)

( Z 3722’3723') J

1+7=n

= (t2 — a2)( Z a:’%atéjaAgk + Z xéixéjx%Bm)

i+j+k=n i+j+k+1=n

1
—5( =) Y mway{mtla
i+j+1;§n—1
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1 I
+ §(t2 — a2)a2(2{x; t};(zl_l)a, )

r>0

Expanding (1.1.3.36) in powers of a and comparing the coefficients of
a?, we obtain

(1.1.3.37)
Z xgclf_)xé;)f()
qt+rtu=p
1+7)=n
2 (q)/ BW
:t[ Z Tyi Ty; 2k+ Z $2z j By,
g+r+u=p—1 q+r+utuv=p
i+jtk=n i+j+k+l=n
1
5 Z 372z 332; {'T t}% + {37 t}Qn 1]
q+r+u=p
i+j+k=n—1
(q)r (1)1 4(u) (q)r(r)_ (u) (v)
- [ Z Ty Tyi Agy’ + Z Ty; Tyj Loy By
g+r+u=p—3 q+r+utv=p—2
i+j+k=n i+jt+k+l=n
1
5 Z 9521 xzj {35 t}2k; + 3 {35 t}Qn 1}
q+r+u=p—2
i+j+k=n—1

Let us now define CDg;) and \Dgi) by the following:

(1.1.338) o) = Y afadV AW+ Y alal)al) By

q+r+u=p—3 qtr+utv=p—2
i+ji+k=n i+jt+k+l=n
§ : 0) () £(0)
( 51722 ij o 21’0 $2nf
qt+rt+u=p
t+j=n
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1
_§ Z x?z x2j {CU t}Qk + 3 {CU t}Qn 1)’

q+r+u=p—2
itj+k=n—1
(1.1.3.39)
(p) _ ( (v)
W, = Z 2 j 2k;+ Z x?z j Bzz
q+r+u=p—1 q+r+utv=p
i+j+k=n i1+j+k+l=n
-(0) 70),. () _ 1
— 21, f( >332ZZL 5 Z 372@ 372] {1’ t}2k; + {1’ t}zn 1)
qt+rtu=p
i+j+k=n—1

Remark 1.1.3.4. The separation of terms into @é];l) and \Dg;l) is somewhat
loosely done to make the expression simpler in view of our experience in
Section 1.1.1. Some terms which evidently contain the factor t2 remain

in CDg;L) ; a typical example is Z ajg?)a:g;) £ Since leaving these
1+j=n
ij<n—1

()

terms in @, does not cause any problems in our induction procedure

described below, we have not paid much attention to this point. The
term 2:1:80)90;12 £ plays an exceptional role in our reasoning, and we
have separated it from CDg;) and put —215_2:17(0) f (O)xg;) into \Ilé];) .

Thus we are to determine T {xl : AZ(T), Bl(r)} (7,1 > 0) so that
they satisfy

(1.1.3.40) o) — 2y — g

for every p,n > 0. Using the variable

(1.1.3.41) s=z\"(t, p),
we can rewrite (1.1.3.40) as
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~1
Ay VB

d
(1.1.3.42) (25— — 1)) = — "5+ Ry)(s. p),

ds B(()O) Bé )
where
(1.1.343)  RY(s, p)
()
() () Aok -
= — Z Loy Ty — (cu.i)
e By
(u,k)#(p—1,n)
(v)
«.(q) .(r) () DBy iy
M;ﬂ_x% Ty Toy, W (v.ii)
it 0
) (@), A5k
+ Z 3 Toi T ; 50 (i)
kL 0
_ By |
+t7 Z xéz)x;j>x5k>3%) (a.iv)
qﬁﬁfﬁfﬁnz 0
( ) Z xQZ x2j (u) (cv.v)
e
1,j<n—1
2t 2
( ) Z aj2nx0 (cv.vi)
ngu?ﬂ
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t72 dt\2 . " .
() X A0l e

QBS ) 5 g+r+u=p—2

i+j+k=n—1
t—2
+ ( ) {0} (au.viii)
2B 2 1
1 rdty? (@), .(r) (w) |
"Bl (E) Z_ Ty oy Aty (i)
0 gtrtu=p
i+j+k=n—1
]
( ){x S ()

QB
with 3" in («.ii) meaning the following;

(1.1.3.44) » = >

q+r+ut+v=p q+r+ut+v=p
i+j+k+l=n i+j+k+l=n
(q:8),(r.7),(u, k), (v,0)#(p,m)
Here the formula number (a.l) is put to each sum for the later reference.

We note that, as is usual,

22 rdt 2 0

(1.1.3.45) @(£> 2@ (0

has been shifted to the left-hand side of (1.1.3.42) thanks to [5.0]; this
is the reason why we encounter somewhat puzzling sums («.v) and
(c.vi). Our task is to show a generalization of Proposition 1.1.3.1 that
is applicable to Tl(r) = {xl(r), Al(r), Bl(r)} (I 2 0). In order to see how
we can, and really do, adjust the constants contained in jof to find a
holomorphic solution xg;) (s, p) of (1.1.3.42) near s = 0, we first show
a generalization of Proposition 1.1.2.1. To present the generalization

we prepare some notations.
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Definition 1.1.3.1. (i) The infinite vector (xl(m, xgl), s a:l(r), > )
) 4@ 4 O @ Rl VY

(resp., (4", 4", Al ,-+)and (B, B, .-+, B, -++))Is

denoted by 7[00 (resp Ajfoo } and B)|oc]).

(i) Z,[p] (vesp., A,[p| and B,[p]) stands for (Zo[o0], Zi[oc], -- -,

-

fn_l[OO], $£10), xgll)a B xglp)) (I”GSp., (*’AYO[OOL _)1 00]7 T ‘A)n—l[oo]a
A%O)7 Agll)a T Aglp)) and (BO[OO]a Bl[OO], T Bn_l[OO], BT(lO)p BT(ll)y
., B,

(iii) We say Z[oo] is holomorphic near s = 0 (or ¢ = 0) if there exists a
neighborhood U (resp., O) of {s € C;s = 0} (resp., {p € C;p = 0})
for which :cl(r)(s, p) is holomorphic on U x (O — {0}) for every r > 0.
(iv) We say Z,[p] is holomorphic near s = 0 (or ¢t = 0) if there exists a
neighborhood U (resp., O) of {s € C;s = 0} (resp., {p € C;p =0})
for which the following holds:

(iv.a) xlm(s, p) is holomorphic on U x (O — {0}) for 0 <[ <
n—1andr >0,

and

(iv.b) az'gp(s, p) is holomorphic on U x (O—{O}) or0 <r<p.

(v) Let X = X(A,[p], Bulp]) and ¥ = Y(A,[p], Bu[p]) be functions
of A,[p] and B,[p/]. If X — Y depends only on (Au[qg — 1], Bulg — 1]).

then we say

(1.1.3.46) X = ).
(n:q)

If there is no fear of confusion, we abbreviate it as

(1.1.3.47) xX=).
(q)
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Remark 1.1.3.5. As a convention we understand

(1.1.3.48)
(A)n[:l]vgn[_’_l]) ~ . . .
= (Ao[oo], Al[oo], S ,An_l[OO], BO[OO], Bl[OO], T 7Bn—1[oo])'

Although the following Lemma 1.1.3.5 is an immediate consequence
of (1.1.3.38) (together with (1.1.1.23)), it plays an important role in
finding the concrete description of the conditions which guarantee the
existence of a holomorphic solution :Ug;) (s,p) of (1.1.3.42) with p > r.

(Cf. Proposition 1.1.3.2 and Proposition 1.1.3.3 below.)

Lemma 1.1.3.5. If ¥5,|r| is holomorphic near s = 0, then CDS;L) (t, p)
18 holomorphic near t = 0.

As mentioned in the above, this is an immediate consequence of the
definition of CDg;l) The importance of Lemma 1.1.3.5 consists in the fact
that the holomorphy of CIDgLH)(t, p) near t = 0 is needed to describe
the conditions which guarantee the existence of a holomorphic solution
ajg;;rl)(t, p) of (1.1.3.42) with p = r 4+ 1 on the condition that @y, |r]
is holomorphic. In what follows we let [E; r, ] designate the following

equation:

d ) A= g )
(E;r, ] (QSE — 1)xl< >(S,p> — Ol l(o)s + Rz( )(s,p),
By By

where

(1.1.3.49) AET_D and Blm are complex numbers,
(-1
(1.1.3.50) AY Z o,
(11351) AUV =BY =RV —o0forry=012--,

(1.1.3.52) R is given by (1.1.3.43).
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Remark 1.1.3.6. In our subsequent discussion, we arrange our reason-
ing so that each quantity in the definition of Rg;) has been given by
preceding arguments.

Let us begin our discussion by showing the following

Lemma 1.1.3.6. Suppose that constants (Ajfoc], Bjloc] (I = 0,1,
, 2n — 1) and holomorphic (near s = 0) Zijfoc] (I = 0,1, --- |

2n — 1) are given with xl(r) satisfying |E;r, 1. Suppose further

(1.1.3.53) 2200,p)=0 (1=0,1,---,2n—1).
Then there exists a holomorphic (in s) solution xg;l)(s, p) of |[E;r,2n]

forr =0,1 for any (Ag%), Bé?l), Bé?). Furthermore they satisfy the
following:

(1.1.3.54) 2310, p) = 0,

(1.1.3.55) #\(0, )2 Béz’%,
(1.1.3.56) 231(0, )z, 2{%,
(1.1.3.57) #1(0, 2 E - iiz

(0)

Proof. We first show the existence of holomorphic x5 (s, p) and con-
firm its properties (1.1.3.54) and (1.1.3.55). Checking each term in
(1.1.3.43), we readily find that the possible singularity of Ré?z arises
from the sum (a.v). On the other hand, (1.1.3.53) and the definition
of £ entail

(11358) S 2Wal)y ( Y il %) — O

q+r+u=0 i+j=n
i+j=n 1,j<n—1
1,7<n—1
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Hence the contribution from (a.v) is holomorphic near t = 0. There-
fore [F;0,2n] has a (unique) holomorphic solution a:é?f(s, p) for any
complex number Bé%). Furthermore the contribution from («.v) de-
pends only on (ffo[oo], flﬂoo], cee ffgn_l[oo], Edoo], Eﬁoo], cee
By 1 [oo]), and 1t vanishes at ¢ = 0. On the other hand it follows from

(1.1.3.44) that each term in («v.ii) with p = 0 contains a factor a:g;g with
k <n — 1. Hence the value of (a.ii) at s = 0 is 0. Clearly («.ix) with
p = 0 also vanishes at s = O Thus we obtain (1.1.3.54) . Since

(av.ii) also depends only on ( e+, Agp_1[00], Bylodl,
Bi[oo], - -, Bon_1]oo ), R< )( ) depends only on these parameters.
Therefore we find

d (0) By, _
(1.1.3.59) (QSE _ 1)x2n (5, p) + B0 5 0,

and, in particular, we obtain (1.1.3.55).
(1)

We next investigate the structure of R; /. The contribution from
(a.v) with p =1 is:

(1.1.3.60) ( S x;%g?) 70 +( 3 x;%g)) £

g+r=1 +j=n

'z'—.l-<j:n1 ij<n—1
1, )5n—
Then it follows from (1.1.3.53) that
(1.1.3.61) 37 el = o),
g+r=1
i+j=n
1,j<n—1
0) (0
(1.1.3.62) S aflal) = o).
n

Hence the contribution from (a.v) with p = 1 is holomorphic near
t = 0. Similarly the contribution from (c.vi) with p = 1 is holomorphic
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near t = 0, because
(1.1.3.63) o) (28 FO + 2y f V) = O

by (1.1.3.54). Other terms in R;l) are evidently holomorphic near

s = 0, and hence [E; 1,2n] has a holomorphic solution ajgg(s, p) near
s = 0 for any complex numbers A;?L)? BS?L) and ng. To confirm its

property (1.1.3.56) we next show
(1.1.3.64) Rél)(O, p) is free from Bé?,).

n

The proof of this fact is basically the same as that of Proposition 1.1.2.1;
in parallel with the cancellation (C.i),

2 (0 (0
(1.1.3.65) —rin 0:9)20 (0, P)F V0, ),
0

which originates from the Taylor expansion of the second term in
(1.1.3.63), is cancelled out by the term

(0)
(0. (0) Ao

1.1.3.66 —2 ——

( ) Lo Loy Béo) $—0

in the sum («.i) evaluated at s = 0, whereas, in parallel with (C.ii),

the term which contains xé?l) and BSSL) in the sum (a.ii) evaluated at
s = 0, that is,

(1.1.3.67)
(0) ..(1),.(0) (0) ..(0) (1) }: (q) ..(r) (U)Béo)
B s=0
g+r+u=1 0
is equal to

B
(1.1.3.68) — (20 f"al +2i) a2+ (o +20x () ﬁ)
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which vanishes by (1.1.1.7) and (1.1.1.24). Thus the evaluation of
[F;1,2n] at s = 0 entails

(1.1.3.69) ) (0,p) = =20

as is required. Since RS,B(S, p) is clearly free from Bé},} (and A;},L), which
has not yet appeared in our discussion), the relation (1.1.3.57) is an

immediate consequence of [F; 1, 2n).
[

An important fact which lies behind the existence of holomorphic
()

x5, (s, p) with 7 = 0, 1 is the validity of the following:
(0) (1)
O _ 4% _ g _ 4% _
(1.1.3.70) Dy |,y = —| =P . — =0
In passing we note
@) _
(1.1.3.71) Oy |, =0
also follows from (1.1.3.53) and (1.1.3.54), although we cannot expect
dp®
1.1.3.72 =0
( ) dt lt=0

in general. Actually as we will see below (1.1.3.72) gives a constraint
on Ag?j and Bé?,b), which are free parameters in Lemma 1.1.3.6. Now,
in parallel with Proposition 1.1.2.1 we find the following

Proposition 1.1.3.2. Let us suppose the same conditions as in
Lemma 1.1.3.6, that is, the existence of constants (A;[oc], By[oc])
(1=0,1,---,2n—1) and holomorphic Zjjcc] (I =0,1,---,2n—1)
that satisfies (1.1.3.53). Then the following set As,(p) of assertions
(Aon(p)(1), Aon(p)(il), - -+, Aon(p)(vi)) is valid for every p > 0 with
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the proviso that As,(p)(v) (p =0,1,2) and As,(p)(vi) (p =0,1) are
void statements (i.e., trivially correct statements in the sense that
both sides are 0 under the convention

(1.1.3.73) AW =B =0 for q,¢ = —3,-2 and ¢’ = —1,
which supplements (1.1.3.50).)
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A2n (p) .

AQn (p) (1) :

Ao (p)(ii)

Ao (p)(iil)

Ao (p)(iv) -

Azn(p)(v) :

Ao, (p) (Vi) .

\

We can find constraints on parameters
(Agfl_m, B2 A3 Bg;_g)) which are
consistent with the constraints on (%an[ —
3], égn[p—S}) that have been given in previ-
ous stages (i,e., in Az, (p')(i) (0<p' <p-—
1)), so that a solution :Ug;l)(s, p) of |[E;p,2n]
1s holomorphic in s,

The solution x(p)(s, p) found in As,(p)(i)

_2n

depends on (Agn[p — 1], Egn[p]),

(p—1)
() — A2n
€T Oa — 3
2n( p)(2np_1) B(()O)
(p)
. (p) — B2n
Lop (07 p)(QZp) (0)’
0
g L AD
_ 3 3
CD;];) t=0 2 ,:_3)14%@ ) %Bgﬁ >a
n;p BO
(p) (0)
05| oy A 40 oy gl
dt lt=0 (2n;p—2) B<0) 2n 2n

0

Proof. With the convention (1.1.3.73) we find by Lemma 1.1.3.6 and
(1.1.3.70) that A3,(0) and As,(1) are valid. To make the induction
run smoothly we confirm Ay, (2) separately, although one may build it
in the induction procedure. We first note that Ay, (2)(vi) follows from
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Ao, (1)(iil) and As,(0)(iv) through the explicit computation of each

term in dCDgi) / dt| t_ . In the computation we repeatedly use (1.1.1.24);
for example, 2f0 x;nxo | 1> Which may depend on Ag;) through
a:2n ‘ .o actually vanishes thanks to the vanishing factor 370 ‘ 1o and

so on. Then, as the constraint on (A(O) Bé?l)) required in Ay, (2)(i),

2n>
we employ
d¢ﬂ2)
1.1.3.74 2L =0,
( ) dt li=o
the confirmed assertion Ay, (2)(vi) guarantees that this gives a linear

relation of (A;?I,)7 Bé?l)) whose coefficients are determined by (%an[—l],

égn[—l]) (in the notation of (1.1.3.48)). It is clear from the definition

of Rgi) that (1.1.3.74) together with (1.1.3.71) entails the holomorphy
of Réi)(s, p) near s = 0 and hence the existence of a holomorphic
solution :cgi)(s, p) of [E:2,2n]. Thus we have validated As,(2)(i). The
assertion As,(2)(ii) then immediately follows from the definition of
the equation [E;2,2n]. To confirm A,,(2)(iii) it suffices to show that
R%(O, p) is free from B;ll). This fact can be verified by a reasoning
similar to the proof of Lemma 1.1.3.4; the terms we have to examine
are the following:

(1.1.3.75) 24, (0, p) (0, p) AL /B,
11376 —( > @0,0i(0, p)( 0, 0)) BS /B,
q+r+u=1
(1.1.377) =280, p ( S @70, p)ay (0 ,p>Bé”)/BéO))
r+utv=1
and
(1.1.3.78) 225)(0, )" (0, p) (0, p)/ By,
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which originates from the Taylor expansion of

(1.1.3.79) 23" al)ay) /By,
ru=1

Then, as we have often observed (1.1.3.75) and (1.1.3.78) sum up
to 0, and (1.1.3.76) and (1.1.3.77) vanish by (1.1.1.24) together with
(1.1.1.7). Thus we have validated A,(2)(iii). The confirmation of
Ao, (2)(iv) is trivial, as Réi)(s, p) does not contain BS?. Summing up,
we have confirmed Ay, (2). Let us now begin the induction argument.
Suppose that Ay, (p) is valid for 0 < p < pg— 1 with py > 3. Then, as
is in the confirmation of Ay, (2), we see that Ay, (po)(v) follows from
Ao (po— 2)(iil) and As,(pg — 3)(iv), and that Ay, (pg)(vi) follows from
Ao, (po—1)(iii) and Asg, (pg—2)(iv). In order to guarantee the existence
of a holomorphic solution zz:én >(3, p) of [E; pg, 2n], we require

(1.1.3.80) | =0
and
dq)(po)
1.1.3.81 doy 1 _
( ) dt 1i=0
The condition (1.1.3.81) gives a linear constraint on (A;];O_Q), Béi 0_2))

whose coeflicients are described by (%an (o — 3], Bon[po — 3]), whereas
(1.1.3.80) supplemented by As,, (po)(v), together with the constraint on
(Ag;o_g), Béflo_g)) given in the preceding stage, i.e.,

vy

dt  li=o
fixes (Aéz;lo—fﬂ) Béﬁo_g)) in terms of (A, [po— 4], Ban[po — 4]). Here we
have used the assumption (1.1.2) together with (1.1.1.21) and (1.1.1.22).
Then the validity of As,(po)(i) and As,(po)(ii) is obvious. The confir-

mation of A, (po)(iii) requires the validation of the fact that Rén (0, p)

(1.1.3.82)
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(p 0=, - this validation can be done by exactly the same

is free from B,
reasoning used When po = 2. Thus we have confirmed As,(py)(iii).
The validation of Asg,(po)(iv) is trivial, as Ré‘g})(s, p) is free from Béff).
Hence the induction proceeds, and Ay, (p) is seen to be valid for every

p=>0.
OJ

Remark 1.1.3.7. As is clear from the above proof, “constraints on pa-
rameters (Ag;l_m, Bgff2> Ag; 3 Bgn ))” to be found in Ag,(p)(i) are
(1.1.3.80) and (1.1.3.81). These conditions turn out to be consistent
with previously imposed constraints on (%an[p — 3], égn[p — 3]) by
Ao, (p)(v) and Ay, (p)(vi), and hence we have avoided the explicit state-

ment of the conditions in As,(p)(i).

In Proposition 1.1.3.2 indices of the fixed quantity at the stage

As,(p) are not uniform; xg];) is fixed with free parameters (Aéi‘”,

B, Bg;)) and parameters (Ag; 2 BY™ 2)) constrained by (1.1.3.81),
whereas (%an[p 3], Egn[p 3]) is fixed. Hence we rearrange the set-
ting so that T = {xl : : Bl(r)} (I,r > 0), following the way
in which Prop081t10n 1.1.3.1 is Stated. In what follows we assume the
same conditions as in Lemma 1.1.3.6, that is, the existence of con-
stants (%Yl (o], ég[OO]) (I=0,1,---,2n — 1) and holomorphic &;[o<]
(I=0,1,---,2n — 1) that satisfies (1.1.3.53). Under this assumption
we use the symbol As,(p — 1) to mean the assertion that a triplet of
data Tzn {xzn (s, p), Aén), 5:3} is given for 0 <r < p — 1 so that

they satisfy the following conditions:

(1.1.3.83.1) azgg(s, p) is a holomorphic solution of [F;r,2n| near
s =0,
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(1.1.3.84.r) azgg(s, p) depends on (/an[?” — 1], ggn[r]),
(1.1.3.85.1) 25 (0, p) = 0,

dq)(r+2)
‘t o and dt ‘t:()

and (/Tgn[’l“], Egn[r]) satisfies CD
0,

(1.1.3.86.) oI+ depend on (Ay,[r], Bau[r]),
oy

|t 0 dt

t=0

A(O)
‘t 0 2Aén) —Q%Bén),
(2n;r) BO

(1.1.3.87.7) oyt

13 +2) A(O) ) )
—2n | = 27,20 4l 97 Bl

1.1.3.88.
( T) dt t=0 (2n T) B(())

Proposition 1.1.3.3. The assertion As,(p) is valid for every
p = 0.

As the proof is essentially the same as that of Proposition 1.1.3.1,
we describe its core part only. In the course of the proof of Proposition
1.1.3.2 we have seen that 20s,(p) (p = 0, 1,2) are valid. Let us suppose
that s, (p) is valid for 0 < p < pg — 1 with py > 3, and we want to
confirm 2y, (po). By adding an arbitrary complex number BéﬁO) to the

given data T. 2(2) (r < po — 1) we can define the equation [E; pg, 2n]. It
then follows from (1.1.3.86.(pg — 3)) and (1.1.3.86.(py — 2)) that

doY
|t 0 dt

holds. Hence Rg;?) is holomorphic near s = 0. Then (1.1.3.83.pg) and
(1.1.3.84.py) are immediate consequences of [E;pg,2n]. As the con-
firmation of (1.1.3.87.py) and (1.1.3.88.py) requires the description of

~0
t=0

(1.1.3.89)
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xéﬁﬁ )(O p), we further consider [E; pg + 1, 2n]; we add arbitrary con-

stants Ag;f) and By (p 0 to the given data to write down [E; pg+ 1, 2n]
with the aid of x;f,f’) (s, p) we have just constructed. Then (1.1.3.86.(po—
2)) and (1.1.3.86.(pg — 1)) guarantee

dq)(p0+1)

2n o
|t 0 dt l=0 V-

(1.1.3.90) oo+

Hence Réioﬂ)(s, p) is holomorphic near s = 0. Furthermore, by the
same reasoning as in the proof of Lemma 1.1.3.4, we can verify that
RU(0, p) is free from BYY. Then, evaluating [E;py + 1,2n] at
s =0, we find

(po+1) Aép()) (po+1)
1.1.3.91 xy (0, = R0, p).
( ) 2n ( p) (2n:p0) Béo) 2 ( p)
Using this relation together with
(po)

(70) _ _ by,
1.1.3.92 25" (0 = — :
( ) 2n ( p)( 2mpo) B(O)

0

we find (1.1.3.87.pg) and (1.1.3.88.pg). Then we can fix (A(p(’) Béff))

2n >
so that (/an[p()], égn[po]) annihilates & p 0+3) |,_, and dCD;];OH) Jdt|,_,.
as is required in (1.1.3.86.pg). We note that no constraint is imposed
(p " introduced for defining [F; po+1, 2n]
at this stage. Hence the mductlon proceeds, completing the proof.

upon the complex number B;

1.2 Growth order properties of T { }
(p,n > 0) — the case where ¢g.(t) =0

The purpose of this section is to estimate the growth order properties
of {Tr(bp )}p g SO that the formal transformation of an M2P1T oper-
ator to its canonical form (the oo-Mathieu equation) may acquire the
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microlocal analytic meaning, as will be explained later in Section 5.
For the sake of simplicity of our reasoning we assume g4 (t) = 0 in this
section. The proof of the corresponding result when g+ # 0 is given
in Appendix C. Let us first prepare some notations and elementary
inequalities which will be frequently used in our computation.

Definition 1.2.1. For [ in Ny = {0,1,2,---Yand X = (A, -+, \)
in Nj, we define

(1.2.1) C(l)

(1.2.2) c@;ﬁam.

An important property they enjoy is described by the following

Lemma 1.2.1. When X = (A1, A2, -+, An) Tanges over the set of
all vectors that satisfy

(1.2.3) AMA X+ A =1,
the sum of C(X) is dominated by C(l), that is,

(1.2.4) Yoo <.

A HAg+ A=l
See [KKKoT, Lemma B.3] for the proof.

Lemma 1.2.2. The following inequality (1.2.5) holds for any pos-
ittwe integers | and n satisfying | > n:

(1.2.5) > Al A <A (1= n 1)

M A+Ap 4+ A=l
)\11A27 a/\n21
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See [AKT2, Lemma A 4] for the proof.

In what follows we use the symbol ||A||},] for a holomorphic function
h(s) on {s € C; |s| < r} (r > 0) to denote its supremum norm on the
disc, that is,

(1.2.6) 17l = sup [h(s)].

|s|<r

Using these symbols we now give the precise statement on the growth
order of | fU)(s, p)|:

There exist positive constants oy, kg and L for which the following
inequality (1.2.7) holds for every j in Ny and p in {p € C;0 < |p| <
0'0}2

(1.2.7) 1FVC, P)log) < K0C(G) L

Here the auxiliary factor C'(7) is intended for the convenience in per-
forming the induction procedure in what follows.
We begin our estimation by studying the growth order property of

the triplet To(p) = {xép)(s,p), Aép), B(()p)} (p > 0). For the sake of
convenience we introduce the following notations:

128 AP = AP/BY wa BY = BB
3 (—1
(1.2.9) AlY =,
(1.2.10) zép)(s, p) = a:(()p)(s, p) — fl(()p_l) + Bép)s.
[t then follows from
d
(1.1.3.15') (25£ - 1) AP(s,p) = RV(s, p),
an with ¢ = p) that we fin
1.1.3.16) and (1.1.3.17 ith h find
(1211) (0, p) = 2(0,p) = Ay = =R (0, p)
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and
(12.12) 2000,0) = 20, p) + B = BP0, p).
We first prepare the following

Lemma 1.2.3. There exist positive constants (ro, Ry) and suffi-
ciently small positive constant Cy for which the following estimate
(G p, 0] holds for every p > 1 and p in {p € C;0 < |p| < 1o}.

(i) 12700, p)| < CoClp) (Rolol )"
(pii) 14”0, p)] < CoC(p) (Rolol ™)
(pii)) 12”0l < CoC (o) (Rolpl )"
(pv) 127 o)l < CoCl(p) (Rolo| )"
(pv) 1AL ()] < CoC(p)(Rolpl )"
(pvi)  [BY ()] < CoC(p)(Rolpl™)"

(G p,0] 4

Remark 1.2.1. We may assume that rg and Iy L are sufficiently small,

and hence, (R p\_l)_l is also sufficiently small. (In what follows, we
consider 7y and Ry ! as sufficiently small positive constants.) Therefore
it is clear that [G; p, 0] entails

(piit) 2 ()l < (14 70+ (Rolpl ™) ™) CoCp) (Rolol ™)
< 2C,C(p)(Rolp|™1)"
and

(p.iv) 128 0l < 2CoC(p) (Rolpl™)".

Furthermore these estimates hold for p = 1 by the concrete computa-
tion in Section 1.1.3. We also note that, as the form of the estimates
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(G; p, 0] for p > 1 indicates, we can take Cy > 0 arbitrarily small by
taking Ry > 0 sufficiently large.

Proof of Lemma 1.2.3. Before embarking on the induction, we check
the situation concretely when p = 0. When p = 0, B(()O) = 1 and

\A(()O)\ = \A(()O)\ /lp|. Thus (0.v) and (0.vi) are violated. Furthermore
x(l)(O = '
o (0, p) =0 entails

(12.13) 2(0,p) = =AY,

and hence (0.1) is also violated, whereas (0.ii), (0.iii) and (0.iv) trivially
hold as zéo)(s,p) = x(go)(s,p) —BSO)S = 0 holds. Since the results
in Section 1.1.3 confirm [G; 1, 0], we assume that [G;p, 0] is valid for
1 <p < po— 1 and validate |G; pg, 0]. As the reasoning is lengthy, we
separate it into several parts.

1] Let us first confirm the most delicate statement (pg.i). As we will
see later, the confirmation of (pg.ii) can be done in a similar manner
(actually simpler because the relevant index is pg, not pg + 1). To be-

()

gin with we note that Proposition 1.1.3.1 guarantees that Ty" exists
for every p > 0 and that it annihilates CID(()p )\tzo and dCD(()p ) Jdt|—p (cf.
(1.1.3.38)) for every p. Hence R(()p)(s, p) given by (1.1.3.8) is holomor-
phic in s if taken as a whole, though each individual term in the sum
may be singular at s = 0. Therefore we find

1 ds
1.2.14 R0, p) = — / Ry (s, p)—
(1.2.14) o0 (0.p) =5~ o T (s,)~
1 ( _|_1) dS
- R Po -
o P T (s
In order to clarify our reasoning we label the terms in R(()p 1) as follows:
(1.2.15)
R Vs.p)
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= > i (s i (s, ) A (6.)
Z+j+k =DP0
k<pp—1

- > iy (s, p)i (s, p)ay (s, p) By (8.i)

i+j+k+l=py+1
Z’j7k7lgp0

”_2( >y (s, p)ig (s p)A(k>) (3.iii)

i+j+k=po—2

+t—2( ST iy (s, )iy (s, p)a U(S,p)fgé”) (5-1v)

i+ j+k+H=po—1

(VL Al o o0 0) ()

(dt)z - ( > 2 (s, p)a (s, p) f U (1(s, p) p)) (6.vi)
i+J7=Ppo
(cclii) Ef( Z 370 s, )T p)) (B.vii)
(32)2 ;<2>f (s, ), ). (.viil)
0

In what follows we use the symbol (5.5) (j = 1,ii,--- , viii) to de-
note the sum labeled by the symbol; for example, we denote Cauchy’s

integral of the second sum in R(p 1) as follows:
1 ds
1.2.1 — A1) —.
(12,16 A
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Since (.ii) is holomorphic near s = 0, this is equal to

(12.17) — > 0,00, p)a (0, p) BY.
i+j+k+l=py+1
i,7,k,l<pg

In using the induction hypothesis we have to take extra care in dealing

with iéo), xéo) and B(()O), and we also use

(1.2.18) 257(0, p) = 0

as an excellent substitute of (p.i) with p = 0. Thanks to the constraint
on the indices in (1.2.17), at most two indices among (4, j, k, [) may be-
come 0. Furthermore (1.2.18) implies the vanishing of annoying terms
such as @ (0, )2 (0, p) B and i (0, p)a (0, )z (0, p) BY.
Among the surviving terms let us consider the estimation of the fol-
lowing terms as an example; this term is one of the terms that give the
worst contribution to the estimates of ((3.ii):

(1.219) |70, )25 (0, p)2 (0, p) BY|
< 22(C(0))2C2C(0)C(1)C (py — 1)C(0) (Rolp| )™

Since :i:éo)(O, p) = Béo) = 1, the estimates (1.2.19) follows from (py —
1.i), (1.ii), (po—1.v) and (1.vi). The unnecessary factor (C(0))~2C(0)?
is inserted for the convenience of applying Lemma 1.2.1 to the estima-
tion of the constant (N.ii) used in (1.2.21) below. In this way, we ob-
tain the following estimates from the induction hypothesis and Lemma,

1.2.1:
(1.2.20)
= > w00 0,020, 0B

1+j+k+l=pp+1
Zv.]akJSpO

< (2(C(0)2+ 2(C(0))'Cy + 2'CH) ) (Rolol )"
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(Actually it suffices to use (2%(C/(0))72 4 2°(C(0))*Cy + 2'C§) Cj as

the extra factor due to the vanishing of :céo)((), p).) Hence we obtain

1 ds
1221 —
1221 Jo 4
where
(1.2.22) N(ii) = (2%(C(0))7* + 2°(C(0))~'Cy + 2*CF) Cy.
It is clear that N(ii) has the form vCjy with a constant v that is uni-

< N (i) CoC (po) (Rolp| )™,

formly bounded for Cy < 1. Otherwise stated, we can choose a suf-
ficiently small constant N (ii) that is independent of pg by choosing
Cy sufficiently small. The choice of N(ii) is made in accordance with
the number of sums used to compute 2 (p 0t >(O, p), that is, 7 at this
stage, although we need to make it Smaller to sum up around 20 kinds
of such sums in computing (A(p O), Bép O)). This is the reason why we
keep an extra constant Ny in (1.2.56) below. Thus, logically speaking,
we should fix N(j) at the very end of the proof of this lemma. The
important point is that we can choose them independent of py,

Since the domination of Cauchy’s integral of (3.i) requires some
delicate treatment as we will see below, we next study the contribution
from (5.7) (7 = iii,iv,v). As these terms may contain singularities
at s = 0 through the factor 2, we estimate the contour integral for
ro # 0. When py = 2, (4.iii) reduces to t_zfl(()o), and hence we find

1 dS 1 s? ~(0) ds ~(0)
1.2.23) — =2 — — Ay — = A, I(r).
( ) 271 %(6 I po = ) S 27T’L |s|=rg 12 0 s3 def 0 (T)

Therefore we have the following relation (1.2.24) for Ry > 1:

1

(1.2.24) 2—/ (B.1ii; pg = 2) —‘ < Np(iil) CoC'(2) (R0|p|—1)2’
T J|s|=ro

where Ny(iii) is a constant which has the form

(1.2.25) YRy!
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with v being given by

(1.2.26) (CoC(2)) 1AL NI (Rolpl )™

When py > 3, the induction hypothesis entails the following:
(1.2.27)

1 ..ds
5 j'{ CR
S* [ 5(0) (o (o~
s [ SV X il i)
‘8‘ =70 1+j=pp—2
ij>1
~(k . —2—k
o AP e+ Y i s it (s0)
1<k<pp—3 i+j=po—2—k
ij>1
“(n—2)] dS

< 1)1 (1CO) ALY+ Co) + 4CH(1 + o) + 1)
x CoC(po—2) (Rofﬂf_l)po_2
< N(iit)CoC(po) (Rolp| )"

where
(1.2.28)

N(ii) = 4/7(r)| (4(C(0)) A |(1+Co)+4]p|Co(1+Co) + ] ) Il By ™

Here the factor 4 dominates C'(py — 2)/C(po) for pg > 3. The estima-

tion of the integral of (3.5) (j = iv, V) can be done in a similar manner,
and we find

(1.2.29) ‘f{ iv —‘ < N(iv)CoC(po — 1)(Rolp| )"
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and

d
(1.2.30) |j[(5.v)—8
s
where
. 1y -1
(1.2.31) N(iv), N(v) = v(Rolp| ")
with a uniformly bounded constant v for Rg|p|™* > 1. The domina-

N(v)CoC(po — 1)(Rolp| )"

tion of the integral of (0. Viii) is trivial: by (1.2.7) we have

fiomn
with

(1.2.33) N(viil) = (Rolp] ") "'

Thus what remain to be examined are (8.i), (6.vi) and (G.vii). In-

(1.2.32)

< N (viil)CyC'(pg — 1)(R0’P’_1)p0

terestingly enough, their estimation is closely related to the fact C
observed below (1.1.2.23) in the proof of Proposition 1.1.2.1.

We first study (8.vii). By the Taylor expansion we find
(1.2.34) > ay (s e (s.p)

i+j=pg+1
ij>1

= > 250, )i (0, p)

1+j=po+1
1,7>1

+2 37 20(0,0)a(0, p)s + O(s?).

i+j=po+1
1,521

Since f©) = pg(t, p) with g(0, p) = 1, the substitution of (1.2.34) into
the integral in the left-hand side of (1.2.35) below entails the following:

1259 |50 §(3) 5/ ( 3 487

1+7= p0+
1,5>1
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[ f () Qs T oo

i+j=po+1
ij>1
i : ds
> ) 0.)i(0,0)) +O(7) }5 |,
1+j=pp+1
ij>1

where Zy = £1 (cf. (1.1.1.13) and (1.1.1.22)). Clearly there is no
contribution to the resulting integral from the third term in the braces
(i.e., O(s?)), whereas [G; p, 0] (p < pg—1) is effectively used to estimate
the contribution from the first sum and that from the second one. Let
us now recall

(1.2.36) 23(0, p) = 0.

Hence the indices (7, j) in the first sum and the index ¢ in the second
sum may be assumed to be equal to or greater than 2. Hence the
induction hypothesis entails

1
(1.2.37) | — jf (5. V11)
where
(1.2.38) N(vii) = vCo((Rolp| ™) ™ +2)
with v being a uniformly bounded constant for Cyy < 1.

We next study the contribution from (3.i) and (§.vi). At first one
might be puzzled by the term

(1.2.39) — Z xo S, p)T p)A()

i+J=po

(vil)CoC'(po) (RO‘P‘_l)pO

which contains
(1.2.40) —23:\ 40),
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Fortunately the contribution of this term is cancelled by the contribu-
tion from the coefficient of s? in the Taylor expansion of

(1.2.41) ( ) ( Z o (s, )l (s,0)) F O (E(5. ), )

after the contour integration ¢ ds/s, as we see below. By expanding

(1.2.42) > (s p) (s, p)

i+J=po

in powers of s as

(1.243) > (0, ) (0, p)
i+J=D0o
+25 Y @30, p)25(0, p)
i+j=po
{ > @0, p)28(0, p)
i+J7=po
+ 3 20,0 0,0
i+J=D0o
+0(s%),
we find
1 ds
(1244) % (/BVI)? = I() + Il,
where
(1.2.45)
1 1 s? rdt\2 : : ds
Jo— — _<_) ( . (1) 0, . (7) 0, ) (1) t,p)—
"= 5mi 50 P 2 s H;poﬂé‘o( pig (0,p) ) f(E, p)—
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and

11 [s*/diy? i 4
(1.2.46) I “omi g0 t—Q(%) { Z xé)(O,p)xéj)(O,p)
0

+j=pg
,j>2

+2s( Y a0, ) (0,p)

i+j=pg

1>2
32< > xéi)(O,p)iféj)(O,p))
i+g'>=2p0

=0 ()

On the other hand (1.1.1.21) and (1.1.1.23) entail
1
(1.2.47) — —0( 3" &0, p)i ))A@

i+j=po
Hence the puzzling part (1.2.39) of the contribution from ((3.i) is can-
celled out by Iy ! Therefore

1 . . ds
where
ds
(1.2.49) ( Z xo s, p)xy (s p)A(k>)—.
27TZ i+j+k= =Dy S
1§/€§p0—1
Since
(1.2.50) Z xo S, p)T p)A(k)
i+j+k=p(
1§/€§p0—1
. (i ~(k
=20 > il (s,0A))
Jj+k=pg

Jz1, pg—1=k=>1
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(17 . (7 ~(k
+ Y il il (s, p) A
i+j+k=p
i,j>1, pg—1>k>1

holds, the induction hypothesis entails the existence of a constant N (i)
which satisfy the following:

(1.2.51) |Io] < N(@)CoC(po) (Rolpl ™)™,
(1252) N(l) = 400(2 + Co)
To estimate I;, we note that 515(()0)(5, p) =0 and

.(j 1 (j ds
1253 0.0 | a0

< 215 *CoC(po) (Rolpl ™)™
holds for 7 > 1. Using these facts, we find

(1.2.54) 1] < N(i)CoC(po) (Rolpl ™)™
with
(1.2.55) N(vi) = 7(00 (Ro) ~|p|+ Ry + ro‘lCoRal),

where 7 is a constant originating from innocent factors in the integrand
(i.e., irrelevant to Cy, Rg and |p| ™1 ).

Summing up the estimates of the contributions from B(j) (j =
i1, - -+, viii) we find that [G;p,0] (1 <p < py— 1) entails

1
(1.2.56) 28710, p)| < NoCoC(po) (Rolpl ™)™,

where Ny is a constant which is independent of py and can be chosen
as small as we want if we choose Cy and Ry' sufficiently small. Note
that each N(j) found in the above contains a factor Cy or Ry * or their
sum. We also note that the estimate (1.2.56) validates, in particular,

(po-i).
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Let us next confirm (pg.ii). In view of (1.2.12) we start with (1.2.57)
below, whose counterpart in the confirmation of (pg.i) is (1.2.14).

1257 0.0 = B0 = o f BP0 o

omi

An important difference between (1.2.14) and (1.2.57) is the follow-
ing point: the index in question in (1.2.14) was (pg + 1), whereas the
corresponding index is pg in (1.2.57). Thus the domination is easier
this time. Actually, as we will note below, even the estimation of the
contribution from (3.i) (cf. (1.2.40) and (1.2.60) below) does not re-
quire the subtle reasoning related to the fact C observed in the proof of
Proposition 1.1.2.1. Hence we avoid the detailed reasoning and content
ourselves with locating the points which need some special attention.
In what follows we let I(j) (j =1i,ii,- -+ ,viii) denote

(1.2.58)
1 d
5 [(8.7) with the index (pg + 1) being replaced by po] —j
) S

(i) Concerning the estimation of I(i): Since we have

(1.2.59) Soooalay A
i+j+k=pg—1
k<pp—2

flé (pro by Z T 1’0)

t+j=py—1
1,521

(po—1—Fk)
+ g ( Ty + g 3:0 xo ),
1<k<py—2 i+j=po—1-k
1,521

we find that the most troublesome term may be

(1.2.60) 2 AW =)
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However, even the contribution from this term is dominated by

(1.2.61) AP 1o 12C0C (po — 1) (Rolp| )™
Clpo—1) - _
- Q‘A(()O)’ %RO 1000(]90) (Ro’p’ 1)p0.
Hence we can readily find
(12:62) 16)] < NG)COCpo) (Rolol ™)™

with a constant N (i) that can be chosen arbitrarily small independently
of po by choosing R, I sufficiently small. Making a contrast to the
carlier estimation of §(3.1)ds/s with the index (py+ 1), the estimation
I(i) does not require the cancellation among terms in (3.i) and (3.vi).

(ii) Concerning the estimation of I(ii): The integral I(ii) cannot enjoy

2

such a simple form as (1.2.17), because the double pole s7 is con-

tained in the integrand. Still, the restriction on indices (4, 7, k, [) again
guarantees that at most two of them are allowed to be 0. Hence the
induction hypothesis entails

(1.2.63) [1(ii)| < N(ii)CoC(po) (Rolpl ™)™

for a constant N(ii) that contains a factor Cj like the constant N(ii)
in (1.2.22).

(iii) Concerning the estimation of I(iii): Since we have (for pg > 4)

(1.2.64)
1 s (). () 7(k)) dS
I(iii) = 5 j{ t_2( Z xé)xé])Aé )>¥

i+j+k=po—3
L L5 40 (o009 (0) ()
1+j=pp—3
ij>1

7



—3—k) -3 ds
+ Z A ( (po— + Z 3705136)>—|—A(p0 )>¥’

1<k<pg—4 i+j=py—3—k
1,j>1

we use the induction hypothesis to find
(1.2.65) |I(iii)| < N(iii)CoC(po) (RO,p,_l)po—z

with a constant N(iii) that can be chosen arbitrarily small indepen-
dently of py by choosing Cy and Ry sufficiently small.

(iv), (v) The estimation of I(iv) and I(v) can be done in the same way
as in the estimation of I(iii).

(vi) Concerning the estimation of I(vi): By using the Taylor expansion
of

(1.2.66) Z 950 (s,p)x ( . P)

i+j=po—1

in s, we can readily confirm
(1.2.67) [1(vi)] < N(vi)CoC(po) (Rolpl )"

with a constant N(vi) that can be chosen arbitrarily small indepen-
dently of py by choosing Cy and R, L sufficiently small. We note that
the estimation is uniformly done including the part corresponding to
Iy given by (1.2.45), that is,

(1.2.68)

1 1 ds

I (1) b

i 50 ( V(X W0 0.0) 0%
0 i+j=po—1

just because the required exponent in the right-hand side of (1.2.67) is

Do, not pg — 1.

(vii) The estimation of I(vii) can be done similarly as that of I(vi)

with the help of the Taylor expansion of :céi)(s, p) in s.
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(vili) The required estimation of I(viii) is attained by choosing Ry
sufficiently large compared with kg and Lg in (1.2.7).

Summing up the observations (i), (ii), - -+, (viii) we find that the
validity [G;p, 0] (1 < p < py— 1) implies that

(1.2.69) 280, p)| < NiCoCl(po) (Rolp| ™)™

holds for any given small constant N if we choose Cy and Ry suffi-
ciently small. In particular we have thus confirmed (py.ii).

I1] Using the results in part [I], together with the induction hypothesis,
we next confirm (pg.v) and (pg.vi). For this purpose let us write down
the conditions CDép 0+3)\t:0 and dCDép 0+2) /dt|;=o using s-variable. For the
sake of notational simplicity, in what follows, we keep some t-derivatives

as they are; they are denoted as :U(()k)/ etc. as usual.

d —2
(1.2.70) (—S) P+

dt s=0
:[ Y 030 AW
1+J+k=pg
ds\ —2 P
(G (X alla s s )
i+j+k=po+3

D DR

i+j+k+l=py+1
= A¢Y + 220" (0, p) Ay
+ 3 20, p)28(0, A

i+j+/€=p0

s=0
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S 20, p)a 0/)))]‘(”(0,/))

1+j=po+2
1,j>2

+ > @ 25(0, p) f*(0, p)

i+j+k=py+3
i.j.k>2

+a" 00, ) B

£ 3 W00 00,8

i+j+k+l=po+1
2<k<p

+( (p0+1)<0 p> +A<p0))BéO)

+ 3 i, p)2d 0, p)AY
i+j+k=pq
i,5,k<pp—1

Z 950 (0, p)x O p))A(0>

1+j=po+2
1,j>2

+ > w 500, p)f®(0, p)

i+j+k=po+3
ij.k>2

> w000, 00, ) By,

i+j+k+l=py+1

2<k<pq
(1.2.71)
dsy -2 dpit?
(%) dt s=0
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d - 7 (4
() aeay

ds 2 .
+(d_j> ( > wé%é”ﬂ@'—gxg%gwfmy)

1+j+k=po+2
dsy -1 o ]
v2(%) (2 Al - () )
at i+ ds
1+j+k=po+2
+2<%) ( 2 ol By
Z+]+k+l:p0
oy il By B
k
=272y > 20,0 (0, p) A
1+j+k=pg—1
Z 330 (0, p)z O p))
i+j=po+2
i,j>2
D DR §(0,0).£%(0, p)
i+j+k=pg+2
i,j>2,k>1

+ 27, x(p0+1)<0 p)A(O)

+220 37 4)(0.p)ag’ (0, p) A

i+j=po+1
2<j<pg

J,k=>2
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+ 220" (0, p)zi (0, p) B

w22y % ay"(0,p)ig 0, )l (0, p) By

i+j+k+l=pg
2<k<pgp—1

+ 32270, p) BY + ZyB{™

+20 3 a0 (0,0)i (0, )i (0, ) By

i+j+k+1=pg
Za]7kul§p0_1

_ QZO( (po+1 )(O 0) +A(po))A80)
—I—BZ ( (po )(O p) B(pO))BéO) —|—ZoB(()p0)

22y Y 20, p)a)(0, p) A

i+j+k=po—1

> (0, p)a 0p)>

1+j=py+2
1,j>2

+ > @ §(0, ) £%(0, p)

i+j+k=po+2
ij>2, k>1

+ 22 Z 370 (0, p)x U(O p)A(O)

i+j=po+1
2<7<pg

+22 > iy (0, p)a(0, )£ P(0, p)

i+j+k=po+2
Jk=2

—|-ZZ()£U(()> (0, p)x; (ro >(O p)B<O)
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i (7 k [
w22y Y a0, p)i (0, p)i (0, p) BY

i+j+k-+l=p(
2<k<pp—1

. (7 (7 (k l

+2Z0 Y (0,p)ig (0, p)ig” (0, p) BY.
i+j+k+I=p
Za.]vkalgpo_l

In the above computation we have repeatedly used

(1.2.72) V(s p) =5 (cf.(1.1.1.10)),
(1.2.73) 200, p) =0 (cf. (1.1.1.24)),

(1.2.74) O, p) = tpg(t, p) with ¢(0, p) = 1 (cf. (1.1) and (1.3)),

(12.75)  Zy=a""(0,p) = +1 (cf.(1.1.1.13) and (1.1.1.23)),

(1.2.76) FO0,p) = AV (ef. (1.1.1.21)),

(1.2.77) BY = Zp (cf.(1.1.1.13)),

(1.2.78) 2P0, p) = 20, p) + AP (of. (1.2.11))

and

(1.2.79) #70, p) = 20, p) = BP  (cf. (1.2.12)),

and we have separated out (Aép 0), Bép 0)) from other terms. Here we

have used Lemma 1.1.3.4 together with (1.1.3.3.r) that Tér) satisfies.

Thus we have found the following relations which determine (/Nlép 0),

Bépo)):
(1270) —2( B AP — AP BY)
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(1.2.71)

)

Al
_ _2A(()po) —I—Q%BSPO)

B\

= 2 (0, p) A

+ 200, p) BY

+Zx00p

1+j+k=p(

+Zx00p

i+j=po+2
1,7>2

LD DR

i+j+k=pg+3
i,j.k>2

s> a0 0.0 0.0) B By

i+j+k+l=po+1
2<k<pq

— F (PO)
def

_ Z(Aéo)flép(’) B B(()U)B(()po)

(0)

A
— _9 0 A(po) + QBSPO)

B
0. p)AY

84
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+2 Y @0, p)ag) (0, p) B A (6.1ii)

1+j+k=po—1
+Zop( > 20,02 Op)) (8.iv)
1+j=po+2
i,j>2
20 Y 2 0.0)25(0,0) (0. ) (6:v)
i+j+k=po+2
i,j>2, k>1
+2 3 @0, p)2 (0, p) AY (5.vi)
i+j=po+1
2<j<pg
2% i (0,025 (0,0) M0, p) (6.i)
i+j+k=po+2
§,k>2
+227"(0, p)2i(0, p) B (8.vii)
» |
23 20,0250, p)x” (0,0 BBy (6.0x)
1+j+k+l=pg
2§/€§p0—1
(1
oy a0,08) 0,08 0,08 B (0x)
i+j+k+l=pg
1,5,k 1<pp—1
— A(po)

def

Then, by using the assumption (1.1.2) together with (1.2.75), (1.2.76)
and (1.2.77), we obtain the following relation (1.2.80) from (1.2.70’) and
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(1.2.71):

(1.2.80)

i (po) (0) (o) (0) A (p0)

) Gy (S

B 2 4000 _ 5O A
Hence it suffices to dominate each of terms (v.5) (j = 1,ii,- - - , vi) and

(0.5) ( =1,ii,--- ,x) by a constant of the form
(1.2.81) NCoC(po) (Rolpl ™)™

with a constant N which can be chosen sufficiently small and inde-
pendent of py by letting Cy and Ry sufficiently small. As we have
already confirmed the estimate of this sort for («.i), (v.ii), (0.i)) and
(.i1) it is enough to examine other terms. The reasoning is basically
the same as that used in part [I]. For example we find the following
estimate (1.2.82) for the sum (.iv), which one may think to be the
most troublesome one in view of the range of indices:

(1.2.82) |(v.iv)]

=| 32 a0, 020, A

i'+5'=pg
i/,j/21
i'+1 7 (7 /41 (5 0
S| S 00+ AD) 0.0+ A A
i'+j"=pg
i/,j/ZI

< 4CHC (po) (Rolpl ™)™ A"

Therefore we find

(1.2.83) [(7.iv)] < N(7.iv)CoC(po) (Rolp| ™)™
with
(1.2.84) N(y.iv) = 4] A" | Gy,
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The same technique that makes full use of the estimate of ]z(()p o+l) (0, p)|
also applies to (v.v), (y.vi), (0.iv), (d.v), (6.vi), (4.vii), (d.viii) and
(0.ix), whereas the rest of terms, i.e., (+y.iii), (d.iii) and (d.x) are rather
easy to handle. For example we readily find

(1.2.85) |(6x)] < N(6x)CoC(po) (Rolp| )™
with
(1.2.86)  N(6x) = 4((0(0))—2 1+ 2(C(0)"1Cy + 403) 19|Co.

Thus the induction hypothesis together with (1.2.80) entails that

(1.2.87) ALY < NoCoC(po) (Rolp| ™)™
and
(1.2.88) B < NaCoC(po) (Rolp| )"

hold, where Ny is a constant which is independent of py and can be
chosen as small as we want if we choose Cy and R, ! sufficiently small.
In particular we have thus confirmed (pg.v) and (pg.vi).

[ITT] Next we validate (po.iii) and (pg.iv). We first note that, by the

same reasoning with the estimation (1.2.69) of R(()p())((), p) (cf. (1.2.57)),
we find

(12.89) RG], < NaCoClpo) (Rolol )™

holds, where Ny is a constant which is independent of py and can
be chosen as small as we want if we choose Cy and Ry sufficiently

small. ( Since R(()p ") i holomorphic at s = 0, the estimates (1.2.89)
directly follows from the maximum modulus principle and the induction
hypothesis.) Then, to obtain (pg.iii), we use the following integral
representation (1.2.91) of the holomorphic solution xép 0)(5, p) of the
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equation (1.2.90).
(1.2.90) (=[E; po, 0] )

d o .
(25 = 1)af"(s,0) = = A0 = B + R(s, p),

ds
(1.2.91)
(ro) _ (ro) 0
x5 (8, p) = xg" (0, p)
1/2  ps ~ ~
4 37 32 <Rép0)(u,p) . A(()po—l) . B(()p())u + xépO)(O,p))du.
0

Here we note that the integrand of the integral in the right-hand side
of (1.2.91) is integrable near u = 0, because (1.2.11) entails that it has
the form

(1.2.92) w12 ((Rg’o)(u, p) — R0, p))u ! — Bép())).

Therefore, combining the results in part [I}, [II] and (1.2.89), we obtain
the following estimates:

(1.2.93) 127 C. p)|[,, < NaCoCl(po) (Rolol )™,

where Ny is a sufficiently small constant. Then (pg.iii) immediately
follows from (1.2.87), (1.2.88) and (1.2.93). Further, to obtain (pg.iv),
we rewrite (1.2.90) as follows:

1 i .
(1.2.94) ™) (s, p) = (xgm)(s,p)—Agpo 1>—ng0>s+Rgp0><s,p>).

2s
Then the following estimates follow from the maximum modulus prin-
ciple:
(1.2.95) |26, )], < NaCoClpo) (Rolpl )™,

where Ny is a sufficiently small constant. Thus (pg.iv) follows from
(1.2.88) and (1.2.93).
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Summing up the results in part [I], [II] and [III], we conclude that
the induction proceeds. This completes the proof of Lemma 1.2.3.

[l

We now embark on the proof of Proposition 1.2.1 below. In order
to facilitate the concrete expression of the Taylor expansion of the
Schwarzian derivative {x;t} we prepare the following notations.

Definition 1.2.2. (i) For multi-indices & = (K1, kg, -+ , ;) and
A= (A, Az, -+, A\y) in Nij, we define
1]
(1.2.96) M=\,
j=1
.
(1.2.97) M=T]A
j=1
. - - (0) ()
(ii) For (A, )-dependent quantities X" (such as dxy;”" /dt) we define
Lm
(1.2.98) xM =TT X
j=1
and
(1 for u =0
* ) a .
1299 D7 > X =0% SI[XY forp>
Blu=k | X|,=l |§|;>=1k X, =t =1
| 2

For the notational convenience we also introduce the following

Definition 1.2.3. We define flg;) and B;fj} by the following:

(1.2.100) Ay = Ayl By, By = By By,
(1.2.101) ACY = 0.
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Proposition 1.2.1. There exist positive constants (ro, R, A) and
a sufficiently small constant Ny for which the following estimate
(G p, 2n] holds for everyp > 0, everyn > 1, every p in{p € C;0 <
p < ro} and any positive constant € that is smaller than rq/3 :

p.2n)(i) |y, (0, )| < NoC(p) (Rlp|™")" (2n)le > (Alp| )",
p,2n H) AL (p)] < NoC(p) (Rlp|~")" (2n)le=2" (Alp|™")",
BY)(p)] <NoC(p) (Rlp|~")" (2n)le=2" (Alp| )",
) [|22)(, p)lliry—e) < NoC'(p) (Rlp| )" (2n)le 2" (Alp| )",
(- NoC(p) (Rlpl™")" (2n)le™* (Alp| )"

V) 1125, p)lliry—e) <

In what follows, for the simplicity of the notation, we use the symbol
|2l to denote ||A(-, p)]|j;) even when a holomorphic function A(s, p)
contains p as an auxiliary variables other than s.

Remark 1.2.2. We note that, as the form of the estimates |G p, 2n] for
n > 1 indicates, we can take Ny > 0 arbitrarily small by taking A > 0
sufficiently large.

Remark 1.2.3. As we will see in the proof below, the order of |p|
relevant to n in [G; p, 2n] is inductively determined by the contribution
from (a.ix) in (1.1.3.43). (Cf. (1.2.179) and (1.2.180).)

Remark 1.2.4. In view of Remark 1.2.1, we see that |G, p,2n] with
n = 0 coincides with [G; p, 0] in Lemma 1.2.3.

Proof. Aside from the treatment of terms originating from the Schwarzian
derivative, the flow of the reasoning is basically the same as that in the
proof of Lemma 1.2.3. As the proof is lengthy, we separate it into four
parts, part [I] ~ part [IV]. Before beginning the proof we note that the
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term in the left-hand side of each (p,2n)(j) (j = (i), (i), - - - , (v) with
(p,n) = (0,1) vanishes. This fact is implicitly confirmed in what fol-

lows, but, in view of its interest, we give a detailed proof in Appendix
B.

] Let us first study how to dominate the contribution from {x; t}gfgz—w-
Using the Taylor expansion we find

(1.2.102)

(it} )

Pryly gy =y )
- Y T Y ()T XS
l;1+k2:n:1 v=min{1,ko} |Rlv=k2 |)\|u—l3
1H2+3=p

ENl >’l

d2xgk1) d2x( 2) k3

3 X S X ewesn((E) )"

k1+ko+kg=n—1 y:min{l,kg}
1 +lg+lg+lg=p

B

Klu=k3 |X|,=l4

where we use the symbol ((dxo/dt)_”_l)(l2) (resp., ((dxo/dt)—V—Q)(l?))
to mean the coefficient of a2 (resp., a®) of the Taylor expansion of

(dwo/dt)~"~1 (vesp., (dxo/dt)™"~?) in powers of a. To dominate them
we prepare the following

Lemma 1.2.4. Let xy(s, a, p) denote

(1.2.103) S a(s, p)a”

p=>0
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Then Lemma (1.2.3) entails the ezistence of some positive con-
stants ro, My and R for which the following inequality holds:

(1.2.104) H <(d$0)_y)

Proof. Since we may assume that

dz dty -1
- (p)

holds on {s;|s| < 7o}, it follows from the estimates (p.iii) of 4" in

< MyC() (Rl )"

0]

(1.2.105)

Remark 1.2.1 that there exist some positive constant M, for which
(dxo/dt)™! is holomorphic on Q = {(s,a, p); |s| < 7o, 2Rolal < |p|}
and

drog|-! -
(1.2.106) sup ; < M,y
holds. Hence we find

d 5
(1.2.107) Sup‘( xo) < M.

This then implies

(1.2.108) H ((dm) ) [ro]

On the other hand it immediately follows from the definition (1.2.1) of
C'(1) that

< MY (2Rolp) )"

3
22

holds for every [ in Ny. Therefore we obtain

(1.2.110) H ((dmo)_y)

(1.2.109) 27172 < O(l)

< MyC(l)(Rlp| ™)'

o]
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by setting
8

(1.2.111) My = ?772]\% and R =4R,.

This completes the proof of Lemma 1.2.4.
]

We now resume the proof of Proposition 1.2.1. Let us begin our rea-
soning by dominating the first sum in the right-hand side of (1.2.102),

namely
(») dgwékf S o ( (07 =)
(12112) Sy, ;) = > e > (=1 ((7%;> )
k1+ko=n—1 v=min{1,ko}
11+l +g=p

« 3 Zd‘”z.

Rlv=Fk2 |X|,=I3

We first note that (p.iii) Remark 1.2.1 and Cauchy’s integral formula
applied to dxél) /dt entail

2,.(0)
(1.2.113) 4y <M0C’(l)(R|p|_1)l€_1
- dt? lrg—) ’
0
dgl“(()l) —1\!_—2
(1.2.114) ‘ — ‘[ SAMC() (Rlpl™)'e
ro—¢

for I > 0 and some positive constant M. Indeed, (1.2.113) and

(1.2.114) follow from (1.2.105) and the following relations for the dif-
ferentiation of a holomorphic function f(s) with respect to the two
variables ¢ and s:

(1.2.115) %(s) — (d;(?) _zj;f(s) p1d <dt<8)) L),
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3 s\ -3 3 S\ -3 2
(1.2.116) %(s)z(dg(s)) zgSf(SH%(diz(s)) s

@) W) e

Remark 1.2.5. Since we can take the constant Cy in (p.iii) in Remark

1.2.1 for p > 1 arbitrarily small by taking R, sufficiently large, we
can take My in (1.2.113) and (1.2.114) for [ > 1 also arbitrarily small.
However this fact does not hold for [ = 0. Fortunately, our reasoning
below does not require My to be arbitrarily small. Hence, for the
simplicity of presentation, we use the estimates (1.2.113) and (1.2.114)
in the form that is applicable to both cases [ = 0 and [ > 1, that is,
we only assert the existence of some positive constant M there.

Further, the following lemma follows from the induction hypothesis:

Lemma 1.2.5. For each (I,k) (I > 0,k > 1), [G;1,2k](v) entails
the following:
(1.2.117)
Hd%zk
ds?
(1.2.118)
Hd"”x%
ds?
where e = 2.718 - - -

Proof. Let € denote ke/(k + 1). Then |G}, 2k](v) entails

< NoC (1) (Rlpl ™) (2k + 1)l (Alp| )",

7’ 8

< ENC) (Rlol ™)' 2k + 2l (A7)

’f’ 8

(1.2.119) sup |5)(s),

|s|<r—é&

< NoC(1)(Rlp| ™) 2k)1e 2 (Alp| )"
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= NoC(D)(Rlo| ) (2K)! (1 i %> = (Alp| ™)
< NC () (Rlol ™) (2k) e (Alp )"

To derive (1.2.117) and (1.2.118), we use (1.2.119) together with the
following representation of d’ x;llg /ds’ (j = 2,3):

N . (1)~
(1.2.120) day _ i =) () .
2. e — — 45
s 21/ —1 (5§ —s)
|5—s|=(k+1)"1e
Since
(1.2.121) 15 < |5 — s| +|s]
<(k+Dleqr—c¢
=7r—=c

holds for s in {s;|s| < r — e} and 5 on the above contour, we obtain
(1.2.117) and (1.2.118).

[l

We note that Lemma 1.2.5 together with (1.2.115) and (1.2.116) im-
plies the following inequalities (1.2.122) and (1.2.123) for some positive

constant M:
(1.2.122)

< MyNoC(1)(2k + D) (Rp| ™) e (Alp| )",

[ro—¢]

3
Hd x5
dt3

Let us again return to the proof of Proposition 1.2.1. First we observe

< MyNoC(1)(2k + 2)1(Rlp| ™) e 22 (Alp| )"

7”08
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that (1.2.114) and Lemma 1.2.3 (via Lemma 1.2.4) entail the following:

Z d?’xéll) ((dx()) —1) (I2)
dt? dt
l1+lo=p

< 2MiC(p)(Rlpl ™) e

(1.2.124) [l

7“08_

[ro—¢]

To dominate Séf)z_w for n > 2 we assume that [G; [, 2k] for 0 < [ <
pand 1 < k < n — 1; this assumption is a part of the induction
hypothesis to be employed in parts [I1], [III] and [V]. We then perform
its estimation by separating the situation into the following three cases:

(i) k1 = 0, (ii) ks = 0 and (iii) ki, ks £ 0.

(i) k1 = 0 : In this case, applying Lemma 1.2.1 and Lemma 1.2.2, we
find

(1.2.125)
-1 dro\ —V~ (I2) dCE2
> - z ()X X5
11+12+13_p v=1 Rly=n—1|X|,=l3 [ro—¢]
n—1
< > 2By (BIp )" (Y MyCw) (Rl ")
l1+la+i3=p v=1

x 47 (AMyNo) C(I5)(2(n — 1) — v + 1)
> (R‘p|_1)l3 5—2(n—1) (A‘p|_1)n_1
< 2MyNoC(p) (Rlp[™1)"(2(n — 1))le™"

n

1 — (4M5N0)V_1

[

x (Alpl™)"

r=1

< 2 M MENC (p) (Rlp| ) (200 — 1) e (Alp| )"



Here M, is taken so that
ds

1.2.126 sup |—| < M,
( | |t\§17?0 de 1=
holds.
(ii) ko = 0 : In this case we find
d?’xém drzoy —1z (I2)
(&) )
(1.2.127) > - —
l1+lo=p [ro—¢]

— —m —1\n—1
< MgNoC'(p)(2n)!(Rlp| )" e (Alp| ™)
(iii) Ky, ko > 1 : We first observe

(1.2.128)
ko
U dCU() —v—1\ (l2) dl’z
> oer((G) )X Y
v=min{1,ky} Rlv=Fka |X|,=l3 [ro—¢]
ko
< 3" MO (L) (Rlpl ™) (MoNo) O (13)47 1 2k — v + 1)!
v=1

NN L1\ k
> (R‘,O‘ 1)38 2k2(A’p’ 1) 2
< M MNONLC (1) O(l) (Rlpl ™)™ (2k)le ™ (A]p] )"
Hence we obtain (1.2.129) below by (1.2.123) and (1.2.128):
(1.2.129)

k
d3x() 2 d oy 12 d
2%1 v AT0 x2
> o > () )ZZ
kq-+ko=n—1 v=min{1,ks} |Klv=ka |X|,=l3 [ro—¢]
l1+lo+13=p
k1,ko>1

< MieMEONZC(p) (lo] ) (2n) e (Alpl )"
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Thus the following estimate (1.2.130) follows from (1.2.125), (1.2.127)
and (1.2.129) for some positive constant M that is independent of
Ny, Cp, R and A:

(1.2. 130)

[E% < MNoC(p)(Rlp|™")" (2n) ™" (Alp| )"

(n— 1H7‘—€]

The reasoning given so far equally applies to the second sum in the
right-hand side of (1.2.102), i.e.,

() 2..(2)

3 Pryy, oy
1.2.131) — — -
128 -5 2

k1+ko+kg=n—1

ll+12+l3+l4:p

i dajo —V—= l3 d£C2
< > e )T X S
v=min{1,k3} Rlv=k3 |X|,=l4

Summing up, we have found
(1.2.132) {13 |],,, oy < 2MC(p) (Rlp| ) e,

by Lemma 1.2.3 via Lemma 1.2.4, and we have also confirmed, for
n > 2,
(1.2.133)

ety 1, < MNGC() (Rlp| )" (2n) e (Alp| )"

for some positive constant M that is independent of Ny, Cy, R and A
by assuming the validity of [G;1,2k] for 0 <l <pand 1 <k <n-—1,
besides Lemma 1.2.4.

Making use of these results, we now show that the validity of |G} g, 2k]
(q: arbitrary, 1 < k < n — 1) together with the validity of [G;r, 2n]
(r < pg—1) entails [G; po, 2n]. In what follows we call these assump-
tions as the induction hypothesis for short. It is clear that the induction
hypothesis is stronger than the assumptions we have used to confirm
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(1.2.133) with p = py. We also remark that the validity of [G; 0, 2n] is
guaranteed by the same reasoning if we assume the validity of |G q, 2k]
(q: arbitrary, 1 < k < n — 1) besides Lemma 1.2.3 (i.e., the validity
of [G;q,0] for ¢ > 1). Parenthetically we note that it suffices to use
only |G;q,2k] (1 < k <n—1)with ¢ < pg to validate |G} py, 2n]; the
situation is the same when pg = 0.

[11] Let us first dominate a:;];,LOH)(O, p) — 121;1;0) on the above induction
hypothesis. The reasoning used for the domination is basically the
same as that used in the proof of Lemma 1.2.3 reinforced with the
results in part [I], which are applied to the estimation of terms («.j)
(7 = vii, viil, ix, x) in (1.1.3.43). Hence in what follows we focus our
attention on the points which require some special care, and we will
try to avoid routine repetitions. As in the proof of Lemma 1.2.3 we use

the concrete expression (1.1.3.43) of Ré]:rl)(s, p) to dominate

(12134) = a0, p) + ALY = REV(0, p)
1 (po+1) ds 1 j{ (po+1) ds
- R Do o R Do -
It T P g

As in (1.2.16) we also use the notation

1 ds
(1.2.135) 9 (a.j) ~
to denote Cauchy’s integral of the term labelled by («.7) (j =1, 1i, - - , x)
in (1.1.3.43). In what follows we use the notation introduced in Defini-
tion 1.2.3; Ag,? / Bé()) ete. in (1.1.3.43) are respectively denoted by flg}?
etc.

To begin with, we note that the contribution from the parts

(1.2.136) — Y @(s, p)a (s, p)AY

q+r=pq
i+j=n,t,5<n—1
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and
(1.2.137) —2 37 @(s, p)ay (s, p) A
q+r=pg

in (.i) are cancelled out respectively by the worst (in estimating) part
of the contribution from (a.v) with « = 1 and by that from («.vi) with
u = 1, that is,

1 2. 138
F(t p . (r ds
- 75 g i e O O L)
g+r=py
i+j=n,i,j<n—1
and
FO(t p ds

(1:2.139) 27m% O ds) t2( Z x2” 0, p)2 O p))

g+r=po
The mechanism of the cancellation is the same for both parts; first
() ()

we consider the Taylor expansion ;' (s, p)z,; (s, p) and pick up the
coefficient of s* and then we use

dt 0
1.2.140 Dit,p) (5 )— = AV
( ) f ( p) dS t2 s—0 0
Once (1.2.138) is set aside, other contributions from (c.v) with u = 1,
le.,
(1.2.141)

Jasu(: p 21
o B v (%) 5 (0. 128 0. )
q+7’—po
i+j=n,t,5<n—1

ds
+2337§z)(0 P)Qféj)@ p)+s xéQ(O p)a?;}(o P)) S

is seen to be tame. In fact, each integral to be examined contains either

xég)(o, p) (1 <i < n—1)in its integrand and hence the integral is
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dominated by
(1.2.142) M |p| " N2C(po) (R|p| =)™ 2n) e 2" (Alp|™)"
=M R™'N;C(po) (Rlpl ™')™ (2n) e " (Alp] "),

where M is a constant that originates from the innocent part of the
integrand such as

(1.2.143) ((iﬁ) = 1, p)) %.

If we set aside (1.2.139), we use the same reasoning to find the contri-
bution from (a.vi) with u = 1 is dominated by

(1.2.144) MR NoC(po) (Rlp| ™)™ 2n)l e (Alp|™")".
Because of the constraint on the indices
(1.2.145) q+7r+u=py+1,

contributions from (c.vi) with v > 2 and (a.v) with u > 2 are dom-
inated by similar constants, whereas contributions from (a.vi) with
u = 0 and (a.v) with v = 0 require some special care. To fix the
notation we discuss the contribution from («.vi) with u = 0; the con-
tribution from (c.v) with u = 0 is handled in the same manner. We
first note that f(©) has the form ptg(t, p) with ¢(0, p) = 1. Hence we
find

(1.2.146) 2;@,7{% 2( ) ( S 2l )@

0
B( q+r=po+1
q4<po
1
" omi 2ZO_gtp( )( D g )_
q+r=pgo+1
q4<po

Thus we observe that the annoying factor 1/ Béo) has disappeared
and that it suffices to study the Taylor expansion (in powers of s)
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of Y ngl)xér) up to the degree 1 part; each term in the Taylor expan-
() (r)

sion to be estimated contains x,,’ (0, p) or x, (0, p) as its factor. Since

x(()m does not appear in the sum, [G;p,0] (p > 1) and the induction
hypothesis guarantee that each contribution is dominated by

(1.2.147) MCoNoC(po) (Rlpl ™) (2n) e " (Alp]™")"

with some positive constant M that is independent of C\, Ny, R and
A. (In what follows, M stands for such a constant.)

Returning to the estimation of (a.i), we find by [G;p,0] (p > 1) and
the induction hypothesis that each term in (a.i) except for (1.2.137)
and (1.2.136) is dominated by a constant of the form

(1.2.148) M (Cy+ No)NoC(po) (Rlp| ") (2n) e (Alp|™")".

Next let us study the contribution from (c.ii). This term is basically
handled by the application of the induction hypothesis. Since :it(()o)((), )
and Béo) are not covered by [G;p, 0] (p > 1), we have to pay attention
to them. However, all the terms in (a.ii) contain two factors; one of
them has a suffix (2k1, (¢1)) with k1 > 1 and the other has a suffix
(2k2, (q2)) with g2 > 1. Thus we can dominate the contribution from

(cv.ii) by
(1.2.149) MCoyNoC(po) (Rlp| ™) (2n) e (Alp| )"

The succeeding target is (a.iii). In view of the structure of the in-
duction hypotheses, we rewrite

(1.2.150)
Sy
q+r+u=py—2
1+j+k=n
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:A(()O) (2370 x2€zo - Z x22 372;) + Z A;@:i:;?:i:;?

q+r=pg—2 q+r+u=py—2
i1+j=n 1+j+k=n
(¢,7),(r,5)#(0,0) (u,k)#(0,0)
_ o 4(0):(0) - (po—=2) , 4(0) (po 2) ()
=2A,"%y T3, T+ A ( Z 372z x2]> + A
q+r=py—2
i+j=n
(¢,1),(r,5)#(0,0)
A(w) - (0) . (r) A(w) - (q) - (r)
+ 2 Z Ag g xs + Z Ay o Ty
r4+u=po—2 q+r+u=py—2
j+k=n it+jt+k=n
(u,k),(r.j)#(0,0) (uk),(g,9),(r,5)#(0,0)

Thus the worst contribution from («v.iii) is dominated as follows:

0 (002 ds
(1.2.151) ‘27@%152 (24} )
< M|p| ™ NoC(po) (Rl )" (2n)! ™ (Al )"

< MR™'NoC(po) (Rlpl ™)™ 2n)te 2" (Alp| )"

Parenthetically we note that the contribution from A(p 0 Q)xém (=

A;J;o—2)) is weaker than (1.2.151) by the factor |p|.
In parallel with the study of (a.iii) we can readily find that the worst
contribution from (c.iv) is

L [8% 02 (1) 401 48
(1.2.152) %%72 (2o "z ' By )g ,
which is dominated by
(1.2.153) M NoC(po) (Rlp| ™M)~ (2n) =2 (Alp| )"

The domination of contributions from (a.vii) ~ (a.x) can be done in
a similar manner. Since the domination of contributions from (a.viii)
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and («.x) are straightforward, we concentrate our attention on (cv.vii)
and (a.ix). Among the contributions from (a.vii) the worst ones are

L[ 077 rdiN2 opp ) 48
(1.2.154) ‘277'7; % 2B(()0) (%) 0 (ot 2(n-1) o

and

(1.2.155) |271m'7{B() (ji) P )—

which are respectively dominated by

(1.2156)  |p| "M NoC(po) (Rlp|™)™ " (2n)1 e~ (Alp| )"

)

:MR_lNOC(p()) (R‘p‘_l)po(zn)] 5_2n(A’p’_1)n_1
and
(12157)  MRT'NoClpo)(Rlol ™)™ (2n)te>" (Alo| )"

Concerning the contributions of («v.ix) we discuss the case n = 1 and
the case n > 2 separately. When n = 1, (a.ix) evaluated at s = 0 is
given by

(1.2.158) 5 Y 0,020, ) ()Y |

(0)
2B0 qt+r+u=pgy+1
qr=>2

)
5=0

which is dominated by
(1.2.159) ol " MC2C (o) (Rlp| )P e
= MC{(NoRA)'NoC(po) (Rlp| ") e A.

When n > 2, it follows from the results in part [I] together with
the induction hypotheses that the sum (a.ix) evaluated at s = 0 is
dominated by

(1.2.160)  MCoNo|p| ™' Clpo) (Rlp| ™)™ (2n)1 ™" (Alp| ™))"

104



— MCyR™ NoC(po) (Rlp| ™)™ (2n) 2" (Alp| )",

Summing up the results obtained in this part, we find

(1.2.161) 220, p) — AP = |REV(0, p)

< NoNoCl(po) (Rlpl ™)™ (2n) ™" (AlpI )",
where
(1.2.162) Ny = M(Cy+ No+ R+ Co(NgRA) ™).

By using the same reasoning as above, we also find

(1.2.163) 20(0, p) + BY| = |RE (0, p)
< NaNoC'(po) (R\ﬂ|_1)p0(2”)! e (Alp|™)".

Actually the domination is easier than the confirmation of (1.2.161),
because this time we do not need to seek for the cancellation of annoying
terms such as (1.2.136), (1.2.137), (1.2.138) and (1.2.139). Hence we
omit the proof of (1.2.163).

Remark 1.2.6. By taking Cy and Ny sufficiently small and then letting
R and A sufficiently large, we may consider the factor Ny is sufficiently
small. Here we note that the factor A is not used essentially in the es-
timation in part [II] (and also part [III] below), that is, we can obtain
(1.2.161) and (1.2.163) with N, sufficiently small from the induction
hypothesis without taking A sufficiently large. The factor A plays an
essential role in part [IV] to make the constant M (NgA)™t Ny (resp.,
MA N in (1.2.179) (resp., (1.2.180)) sufficiently small. Parentheti-
cally we also note that this stage of the reasoning is not an appropriate
place to detect the proper order of |p| relevant to n; for example the
order in question is 0 in (1.2.160), whereas it is —1 in the estimate
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(1.2.179) of the corresponding term in part [IV]. Since (1.2.179) is a
consequence of Lemma 1.2.3 as we will see later, that is the spot where
we find the appropriate order.

[I11] Using the results in part [II] we dominate 121;1;0) and E%O) by the
induction on pgy. The reasoning is basically the same as the reasoning in
part [I1] of the proof of Lemma 1.2.3 except for the estimation of terms
involving the effect of the Schwarzian derivative. By concretely writing

down the conditions (ds/dt) > ®s p°+3 |, = (ds/dt)” (d@;ﬂow)/dt) |,
= 0, we obtain the following relatlons which determine (flg;f’), BS‘ZO)),
where z§n>(s p) stands for x( >(3 p) — Aéﬁo_w—l—ééi(’)s. (Cf. (1.2.70),
(1.2.70'), (1.2.71) and (1.2.71 V)

(1.2.164)
(B AR — AP B

. 0 ~ .
= 2:07(0, p) A (74)
+ 2870, p) BY (.ii)
. (r 0) 5(u FUR
+ Y @00 0.0 AY (5t
g+r+u=p
i+j+k=n
(q7i),(r7j)7(u,k)7é(p0,n)
2 3 a0, p)25)(0, )£ (0, p) (3.v)
q+r+u=py+3
q>2,r,u>1
= > a0, 9250, ) £(0, p) (3.v)
q+r+u=py+3, q,;,uZl
i+j=n,1,7>
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+ Y @000,

g+r+utv=py+1
i+j+k+l=n

s=0

u 0) pv
p)xék)<OaP>B(() >B§l>

1 r v
9 Z xé?((), p>xéj>(07 p){; t}gk‘) ‘5:0

g+r+v=pgy+1
i+j+k=n—1

F(PO)

2n

ef

(1.2.165)
—2(A 48 - BB
940t g )
+ BB( )zén)(o p)

+ 2 Z xé(i)"ié?flgz?\szo

g+r+u=py—1
i+j+k=n

Y 0001

q+r=po+2
i+j=n

> w00,

q+7’+U:pO+2au21
i+j=n

. (9) (r)
+ > i (0, p)y;
q+r=pgy+1
i+j=n,(r.j)#(po+1.n)

”,20)
o) (F,,)

(0, p)f(l)(o, p)
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Y @0, a0, p) f 0, p) (8.vii)

q+r+u=py+2,u>2

i+j=n
v2 30 (ale))| 0,08y (6.vii)
qg+r+utv=p(
i+j+k+l=n
+ > #0880, 00 (0,9)BY) (8ix)
q+r+utv=p
i+j+k+l=n
(42),(r,4),(w.k), (0,1)#(pgm)
l/d 2) <
* 5( { t}2p2b 1) t=0 (6]
l/d <
§<dt Z Loj Lo {z t}%) (0.xi)
q+rt+u=pq
i+j+k=n—1
_ Alpo)
dzf AQn

Thus, as in part [I1] of the proof of Lemma 1.2.3, it suffices to confirm
that
(1.2. 166)

P91 AT < NyNoC(po) (Rl o))" (2n) e (Alp| )"

holds, where N3 is a sufficiently small constant given by (1.2.162).
Using the induction hypothesis, we readily find that |(5.7)] (j =
i,1i,1ii) is dominated by a constant of the form

(1.2.167) N3 NoC (po) (Rlp| ™)™ (2n)! e~ (Alp| )"
with

(1.2.168) N3 = MN, for (4.i)
(1.2.169) Nj = [p| Vs for (7.ii)
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(12170) N3 = MC() for (’~}/111)

In view of the wideness of the range of indices we are to pay some
attention to (¥.iv) with « = 1. This term is seen to be dominated by
a constant of the form (1.2.167) with (1.2.170) if we set

(1.2.171) j=q—1, F=r—1
and use [G;q,0] ((¢.1) and (¢.v)) and |G;7,2n] ((7,2n)(i)). Paren-

thetically, here we observe that ¢q,7 < py, as we have noted before
beginning the discussion of part [I1]; this is consistent with our delicate
way of constructing a:g;)(s, p). (Cf. Proposition 1.1.3.3.) The same
reasoning also applies to (3.v) and (7.vi). We find they are dominated

by a constant of the form (1.2.167) with
(1.2.172) N = MN,

and (1.2.170) respectively. It immediately follows from (1.2.132) and
(1.2.133) that |(7.vii)| is dominated by a constant of the form (1.2.167)
with

(1.2.173) N3 = M|p>(NoRA) ™ forn =1
and
(1.2.174) N3 = M|p]*(RA) ! forn > 2.

To dominate (7.viii) we use (1.2.132) and (1.2.133) together with the
technique employed in dominating |(.iv)|. Then we find (7.viii) satis-
fies the estimates of the form (1.2.167) with

(1.2.175) N3 = M|p|*Co(RA) .
Thus we have seen that |Fg;°)| satisfies (1.2.166). The domination of
\A;Z;O)] can be done in the same manner. We only note that, using

Cauchy’s inequality, the domination of ajg)/’ in (5 dii) and the differen-
tiated terms (0.x) and (d.xi) can be done without any trouble, because
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their value are considered at s = 0; the order of ¢ is not affected by
differentiation as in Lemma 1.2.5. Thus by rewriting (1.2.164) and
(1.2.165) in the form of (1.2.80) we conclude that |AY"| and |BY|
are dominated by

(1.2.176) N2 NoC'(po) (Rlpl ™)™ (2n) e 7" (Alp| )",
where Nj is a sufficiently small constant of the form (1.2.162).

IV] Finally let us dominate 2P0 ro_g and 3 0) ra—el- We first note
on Il[ro—¢] 2n l[ro—¢]
that, by a straightforward calculation, we find

(12277) RS e < NalNoCl(po) (Rl )" (2n) e (Alp] )"
with
(1.2.178) Ny=M(Cy+ No+ R+ (NgA)™).

(We can not expect the cancellation of terms in Ré‘g’)(u, p) which is

similar to that observed between (1.2.136) and (1.2.138). However,
without the cancellation, we can still confirm (1.2.177), although N,
contains a term (NgA)™!: to make this term small we take A suffi-
ciently large.) Here we only mention the estimation of (a.ix), whose
contribution determines the order of |p| relevant to n in [G;p,2n]. It
follows from (1.2.132) and (1.2.133) that

1 diy2 i )
(1.2.179) H o (E) S e a3y
2BO q-+r-+u=pq

[ro—e]

< Mp|~ Cpo) (Rlp| )™ 2! e™
< M(NoA) " NoCl(po) (R|p| ") 21> Alp]

forn =1 and

1 /dt\?2
12180) || — (%) e
| | 2380) ds q+a;u:p0 i 2]{ b [ro—e]
itj+k=n—1
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< M| NoC/(po) (Rlp| )" 2n)t e (Alp| )"
< MA™'NoC(po) (Rlpl ™)™ (2n)le " (Alp| )"

for n > 2.
Then the domination of Ha:' H rg—c] and ||x || rg—c] Ccan be readily
done by the same reasoning as part [III] in the proof of Lemma 1.2.3.

Thus the induction proceeds. This completes the proof of Proposition
1.2.1.

[l

1.3 Correspondence between a WKB solution of an M2P1T equa-
tion and that of the Mathieu equation

The purpose of this section is to show how we can relate a WKB
solution of an M2P1T equation to an appropriate WKB solution of
an oo-Mathieu equation. To begin with we summarize the results in
Section 1.1, Section 1.2 and Appendix C in the form of Theorem 1.3.1
below. To avoid the notational confusions which we will later explain
in Remark 1.3.1, we now assume

(1.3.1) B\ = p.

Theorem 1.3.1. Let Q(t,a, p) be a potential of an M2P1T oper-
ator given in Definition 1.1. Then there exist positive constants r
and Ry, and holomorphic functions

(1.3.2) Agy(a, p) ZAM 7
(1.3.3) Ban(a, p) =Y B (p)a’
=0
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and
(1.3.4) Ton(t, a, p) Zw2n (t,p)a

(n>0) on
(1.35) B, ={(t a,p) € C7:[t| <10 < |p| <7, Rolal < |p[}
for which the following conditions are satisfied there:

(1.3.6)  Ala,p,n), Bla,p,n) and x(t,a, p,n) satisfy (1.1.6),

(1.3.7) Ap(0, p) = f1(0, p),
(1.3.8) By(0, p) = p,
(1.3.9) 850(0 0,p) =1,

(1.3.10) the function xy(t,a,p) of t is injective for each fized a
and p on Eﬁ,Ro ,
(1.3.11) zo(t,a,p)|,_, = *a.

Furthermore there exists a positive constant Ry for which the fol-
lounng estimates hold forn > 1:

(1.3.12) | As(a. p)| < |pl@n)IRY|o| ",
(1.3.13) Baula, p)| < |pl(2n)IRy|o| ",
(1.3.14) 2u(t, @, p)| < (20)!RY|p| ",
dxo, N
(1.3.15) "2 (1,a,p)| < (20) Rl

dt
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Remark 1.3.1. Using this occasion we make a correction in our an-
nouncement paper |KKT, (1.105) and (1.106)]; the exponent of |p|
should be —n, not —n + 1. We note that the exponent of |p| in [KKT,
(1.103) and (1.104)] should be kept intact, i.e., —n + 1.

Proof. Tt suffices to show (1.3.10) and (1.3.11), as the other relations
have been explicitly stated in Section 1.1 and Section 1.2. In what
follows, by taking r sufficiently small, we assume

(1.3.16) f(£a,a,p) #0,

which the assumptions (1.3), (1.4) and (1.5) guarantee. Since Ay, By
and x( satisfy

(1.3.17) (x5 — a®) f = (t* — a*)(z))*(a Ay + 20 By),

by letting ¢t = £a in (1.3.17), we find that

(1.3.18) r3(+a, a, p) = a’

holds. Since x(()j)((), p) =0 (j=0,1), it follows from (1.1.1.13) that

(1.3.19)
(0) 00
xo(*a,a,p)  xy (£a,p) 1) (j) 9
- + ta, p)a’
- - + x5 ( a,p)+aj2;x0 (£a, p)a
oz p
— 5 (Oap>—i@-

Hence (1.3.1) and (1.3.18) entail (1.3.11).

To confirm (1.3.10) we use s = :1380) (t,p) as a coordinate. Take rq
and ¢ be sufficiently small so that x((s, a, p) is holomorphic on

(1.3.20)
E ocp, ={(s,a,p) € C’:|s| <1 +2¢,0 < |p| <1y, Rola] < |pl}-

r
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Then, by taking Ry sufficiently large, we can assume that
(1.3.21) |xo(s,a,p) —s| < e

holds on E;1+2€,Ro' Therefore, for any § in $0<E7}1,R0)> we find |s — §| >
e holds on {s € C : |s| = r; + 2¢}. Appealing to Rouché’s theorem,
we find that xy(s, a, p) is injective on {s € C : |s| < r;}. By taking r
so that xéo)(t, p) is injective and satisfies |a;'éo) (t,p)| <1 on Eﬁ Ry WE
obtain (1.3.10).

[]

Remark 1.3.2. When B((]O) = —p, some minor adjustments of signs etc.
are needed at several points in Theorem 1.3.1. For the sake of the
reader’s convenience, we list up the formulas that require the adjust-
ments below; each formula is appropriately modified and endowed with
a new label obtained by adding ’ to the original number of formulas.
In accordance with the adjustments, (1.1.6) is also changed to

(1.1.6")  Q(t,a,p;n)

() (A (B )
1

—2
- 39

(1.3.3) A(a, p,n), B(a, p,n) and z(t, a, p,n) satisfy (1.1.6").

(1.3.5) By (0, p) = —p.
8:1:0
/ - g
(1.3.6) 5(0.0,p) = —1.
(1.3.8") xo(t, a, p)‘tzia = Fa.
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As is shown in [KT], Theorem 1.3.1 entails the following
Theorem 1.3.2. Let S and S be a solution of

. 0S
(1.3.22) 5%+ - =nQlt,a, p,n)

and

(1.3.23) §2+a_§:n2 <M+n2 (<g+(a) + g‘(_a)2>)

oz r? — a? r—a)? (r+a)
respectively, and suppose that
(1.3.24)
A Ox
arg S—l(ta a, p) = arg (6—:51(370@7 a, p)7 a, AO(a’a p)7 Bo(CL, p)))

holds. Then they satisfy

A

(1.325)  Soad(t,a,p,n)

ox\ -
- (E) Sodd(x(tacL?pv n)7a7A(a7p’ ?7)7B(a’p’ ?7)’77)’

where S’Odd and Syqq respectively be the odd part of S and S.
We also have the following theorem (cf. [AKT1]):

Theorem 1.3.3. Let ﬂi(t, a, p,n) be WKB solutions of a generic
(i.e., ap #0) M2P1T equation (1.7) that are normalized at a simple
pole t = a as

. 1 L,
(1.3.26) Ya(t,a,p,n) = ———exp <j:/ Sodddt) :
V Sodd a

and let zﬁi(as,a,A,B,n) denote WKB solutions of the Mathieu
equation

(1.3.27)2
(Bor (2 (250 253)) o




whaich are normalized at a simple pole x = a as

N 1 T
(1.3.28) Yi(z,a,A, B,n) = ———exp (:I:/ Sodddx> :
Sodd a

Then Qﬂi and 1y satisfy the following relation on the set Eﬁ,Ro
given by (1.3.5):

(1.3.29) u(t,a,p,n)

O —1/2 ~

- (E> wi<x(t7a7p7 n)aaaA(CL?p?n)?B(a’p’n)’n)’

where x(t,a, p,n), Ala, p,n) and B(a,p,n) are the series given in
Theorem 1.3.1.

2 Reduction of the Mathieu equation to the Legendre
equation near its simple poles

The main purpose of this section is to construct a transformation that
brings the Mathieu equation

(2.1)
(5or (2 (250253

with genuine constants A(# 0) and B to the following Legendre equa-

tion
(2.2)

d? o [ al\? . Val sazv + a*(p* — 1)

R - . — 0
(sz (22_a2+77 22 (22 — a2)2 >>¢

on a neighborhood of the line segment connecting two simple poles at
r = *a.
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We note that introducing the large parameter n as in (2.2) to the
classical Legendre equation is a natural one from the WKB-theoretic
viewpoint; an elementary evidence for the naturalness is given by the

fact that the WKB solutions v+ of (2.2) with v = 0 and p? = 1/4 is
expressed in a closed form, i.e.,

1y —1/2 V22 = a2\ var+1/2)
(2.3) (n\/aAJré) (Z2_a2)1/4(2+ CZL a ) U

which forms a counterpart of the interesting formula for Pjg//f and

Qilaf ([Er, vol.I, p.150])). This naturalness seems to have enabled

Koike ([Ko3]) to find the explicit form of the Voros coefficient for (2.2),
of which we will make essential use in Section 4. However, there is

)

one technical problem with the equation (2.2); it contains a term with
degree 1 in n. Although the appearance of degree 1 (or, more generally,
an odd degree part) in n is natural from the viewpoint of the general
theory of simple-pole type operators (cf. e.g. [KKoT]), it is somewhat
unhandy in this paper; the equations we are dealing with in this paper
contain only even degree terms in 7. Hence, as an auxiliary equation
we consider the following equation:

@9 (o (5T (P55 £5p)) ) o0

which can be smoothly related with (2.1). We will show the WKB-
theoretic equivalence of (2.2) and (2.4) later in Proposition 2.1. Thus

our first task is to construct the transformation series

(2.5) 2(w,a,A,B,n) = > zon(w,a, A, B)p~"
n=0

and

(2.6) [(a, A, B,n) = > Tau(a, A, By
n=0
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so that they satisfy

(2.7) M 2 <(9+(a) 9(—@)2>

2 — g2

02\ al’ _ g.(a g_(—a
(Y (L (@) g0
ox 22 —a (z—a)? (z4a)
I _
— §U 2{233?}-
In order to attain the required reduction of the Mathieu equation

to the Legendre equation near its simple poles, we need several deli-

cate properties of the series including their domains of definition and
estimates. Hence the precise target is to prove the following

Theorem 2.1. There exist holomorphic functions zo,(x,a, A, B)
and 'y, (a, A, B) on

(2.8)
E? . ={(z,a,A B) € C':|z| <rilal,a #0,4#0,|B| < rq]Al}

1,72
for some constants r1 > 1 and ry > 0 such that z(x,a, A, B,n) and
['(a, A, B,n) respectively given by (2.5) and (2.6) satisfy (2.7) and
the following conditions there:

(2.9)  the function z(x,a, A, B) of x is injective on D, o =
{x € C:|z| < ri|al} for fixed a, A and B,

(2.10) 2o(xa,a, A, B) = *+a,
(2.11) %(m, a, A, B) # 0.

Furthermore they satisfy the following estimates: for any h > 0
we can take sufficiently small 0 > 0 so that

(2.12) |zon(x,a, A, B)| < (2n)\h"|aA|™",
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(2.13) Ton(a, A, B)| < (2n)\h"|aA|™"
hold on E} 5 forn > 1.

In order to explain the geometric meaning of Theorem 2.1, we give
some remarks before beginning its proof.

Remark 2.1. Since the two simple poles of (2.1) are contained in D, |,
Theorem 2.1 guarantees that the reduction of (2.1) to (2.4) is successful
on a full neighborhood of the line segment joining these two poles. On
the other hand, Theorem 2.1 does not say anything about the simple
turning point of (2.1).

Remark 2.2. Two simple poles at x = 4=a and the simple turning point
at v = —aA/B all merge at the origin when a tends to 0. But, by
taking B/A sufficiently small, we can regard that the turning point is
sufficiently far away from the two simple poles in the scale of a.

Proof of Theorem 2.1. Let &, 2, B and 7 be

(2.14) T =x/a,

(2.15) zZ=z/a,

(2.16) B = B/A,

(2.17) 7= Vad,
(

then (2.1) is rewritten as follows:

d> 1+ 2B o[ g+(a) g-(—a) T _
(da%?_" (572 Y ((@_1)2+@+1)2>>>¢0'

(2.19) 2, B,i) =) Zou(#,B)i ™"




and
(2.20) D(B,7) = > Ton(B)ij ™"

so that they satisfy

(2.21) 137_'_ ‘%B ‘|‘ﬁ_2 <(9+(a) + g(—al)

-5 Az
then we find
(2.22) 2(z,a,A,B,n) = ai(x/a, B/A, VaAn)
and
(2.23) [(a, A, B,n) = AT(B/A,VaAn)

satisfy (2.7).
Therefore it suffices to show the following properties of z and I':

(2.24)  Z9, (&, B) and T'y,(B) are holomorphic on
B2, = {(@ B) € C*+|i] < vy | B| < 1}
for some positive constants 71 > 1 and ro > 0,

(2.25) the function Z(#, B) of # is injective on D,, = {# € C :
@] < 71} for fixed B with |B| < r,

(2.26) (1, B) = +1,
e

(2.27) o

(z,B) #0 on D,
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and they satisfy the following estimates: for any h > 0 we can take
sufficiently small 0 > 0 so that

(2.28) Dan(B)| < (2n)IR",
(2.29) 200 (2, B)| < (2n)!h"
hold on th(s forn > 1.

We first show (2.25), (2.26) and (2.27). Comparing the coefficients
of )’ of (2.21), we find that Zy and Ty satisfy

1+3B (850)2 Ty

2.30 =
(2:30) 1—22 \oz/) 1-2

Therefore we take Z, and 'y as follows:

i E 1 (" [1+iB

(2.31) Zo(Z, B) = cos Ji - dx
~ ~ —1 1+ a:B
(2.32) / e

From (2.31) and (2.32), we immediately find that
(2.33) 50(#,0) = 7,

(2.34) [o(0) =1

and (2.26) hold. Let r; > 1 be a constant. Then, for any positive con-
stant £, we can take § > 0 so that Zy(z, B) and ['y(B) are holomorphic
on E31+2€5 {(z,B) € C*: |2| <1 +2¢,|B| < 6} and satisfy the
following estimates there:

8z0

(2.35) max{\io(a?,é)—ﬂ ——1| To(B —1|}<5
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Therefore, for any y € 50(E31,5)7 we find |2 — y| > € holds on {7 €
C : |Z| = r1 + 2¢} and hence, appealing to Rouché’s theorem, we find
that (2.25) holds for 79 < . Note that (2.27) follows also from (2.35).
Next we show (2.24). Comparing the coefficients of 772" (n > 1) of
(2.21), we obtain the following relations for (2o, ['2,) (n > 1):

(2.36)
oMy 02007, (020" 230y _ 97\> DTon -
~9 ~ ~ - ~9 2Z2n + ~ ~9 - CDQTL)
Z— 10z 0 or ) (z5—1) or ) z5—1
where @y, (n > 1) is a sum of terms that are determined by (ng, fgk) (
< k < n—1). Multiplying both sides of (2.36) by (z5—1)/(2I00zy /0% ),
we can rewrite (2.36) as follows:

(-

(%Qn (920 20 N ({950 an
02 2 =y,
or 01 z5 — 07 20,
Now, we give the concrete form of ®,, (n > 1). The concrete form
of ®, is rather simple:

233) o
- z(;f—ol (fg) { (57} + ( 5 116?2)

(&) (~o )y

Then, to simplify the expression of ®q, (n > 2) and also the discussion
given below, we introduce yo, (&, B) (k =0,1,---) by

(2.37)

~D [~ ~
o~ (@, B)—1
(239) y()(CU, B) - i’Q 1 )
k
(2.40) ygk(a:,B):562_IZzgl(x,B)zz(k_l>(x,B) (k> 1).
=0
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We immediately see that they satisfy the following relation:
(2.41) (@ = 1)) i "yanlE, B) = #(&, B,7) — 1.

Further we use the following notation: for a multi-index £ = (K1, K2, « - -
k,) in Njj and for k;-dependent (j = 1,2,--- , u) quantities Xy, we
define

J

7]
(2.42) 7|, = Z K,
j=1
)
1 for p =10
(2.43) > X X, =3 Y Xuyo X, forp>1.
Rlju=k e
/-cjzl

Using these notations, we can describe the concrete form of @y, (n > 2)
as follows:

(2.44) Oy, = 08 + %) 4 @Y

2n

where @én), CD%?,L) and CDS’L) are

(2.45)
1 o 1d20 Z Z y2/—£1 yQ’W
- 2dz gl Yl
1 dz\ " dzar, dZop, ~
_ I
o, 2 (d@) di dz "
/{:1+---—|—/€4:n

]{31 ky<n—1

v Z Z y2/—$1 O yQKM

p=min{ 1k}l =Fa
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dZO E 22k122k27
—1dz.

k1+ko=n
(2.46)

~ -2 3~
d° oy,
72— 1 dZ() 1
o= ( T ) da3

+ko=n—1

<D 2= 7 7 7

p=min{ 1o} —k2

20\ ° 23y, d23 2
z dZQ d ngl 2ko
—— 2 (da?) A di?
817

k1+ko+k3=n—1

k3 « . @) H dg%ﬂ Ny dZQNHH’
<D 2 Ve IE) s

pr=min{ 1,k } |l =k

o 21 dz\ don, A, ~g+(a1))2
q)é?;‘) T O2f“ Z X dz dz dr (Z) —
0 /{:—H{:Q—H{:g n— )
1 1 22/{1 N Z2"€M
D S WS
p=min{1 k3 } K|, =k3

20\ dzop, oo, g-(—a)

2 dzg dzog, dZop,

0 T )

A 2 (d@) di di (% +1)
QFO k1+ko+ks=n—1

k3 . } 1)22@ e 22,{#.
D DD SN C (72 Go i1

p=min{1,k3}|R|,=k3
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Then we recursively determine (Z9,(%, B), [an(B)) (n > 1) as follows:
(2.48)

_ oy [} _
[yp(B) = — / (1 — 22)"1%®,,(z, B)dz,
T N1
(2.49)

. Ty, dZ
~n~B:1_~21/2/ ( _ﬂ_o)d~
(7, B) = (1- 2) )

Ty, dZ
—(1-2 1/2/ 2 (@ 222 dz.
(1-2) e
Now we inductively confirm that (Z9,(%, B), T (B)) (n > 1) satisfy

(2.24), (2.37) and
(2.50) Zon(£1, B) = 0.

We first confirm that (2,(&, B), T's( B)) satisfies (2.24) and (2.50). From
(2.27) we immediately see that {Z;Z} is holomorphic on E? .. Fur-
thermore, using (2.25) and (2.26), we find that

(2.51) (z5— 1) <(§+_(CL1))2 B (?9?)2 (2z+—(a1))2>
St (B2 ()

is holomorphic at £ = 1 and hence on Ef,l r,- By the same reasoning,
the counterpart of (2.51) in ®o, i.c.,

. g_(a) 0% ’ g_(a)
(2.52) (20— 1) <<@ +1)2 B <853> (20 + 1)2>

B ()20—1 H+1\°  [(0%)°
IS I W 07
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is also holomorphic on Ef” ,- 1 conclusion @ is holomorphic on EEN .
It is clear from the representation (2.48) (resp. (2.49)) of I'y (resp. Z)
that they are holomorphic and satisfy (2.37) and (2.50) on Efmz.

Next we confirm that (Za,, ['s,) satisfies (2.24), (2.37) and (2.50)
under the assumption that (Za5, Tar) (1 < k < n — 1) satisfy these
properties. By the same reasoning as the case of n = 1, it suffices to
show that ®g, is holomorphic on E%,rg' We first note that, since 2y

satisfies (2.25) and (2.26), 1o is holomorphic and satisfies
(2.53) yo(Z,B) #0 on E?

r1,r2°

Further the holomorphy of yor (1 < k < n — 1) follows from the
induction hypothesis (2.50). Then the holomorphy of CDS,L) and CDS,L)
immediately follows from the induction hypothesis also. On the other
hand the seeming poles at & = +a that appear in (2.47) are cancelled
out thanks to Lemma C.1 in Appendix C, and hence CDSL) is holomorphic
on E? (Indeed, we can apply Lemma C.1 with wy = Zy = 1 and

T17T2.
wr = Zop (k= 1,2,--+) in this case.) Thus, we find that @y, is
holomorphic on E? Then the induction proceeds, and hence we

T2

obtain (2.24) and (2.50) for n > 1.

Now we embark on the proof of the estimates (2.28) and (2.29). Let
N be an arbitrarily large natural number. In order to derive these
estimates, we introduce a new variable  given by

1 x
ool (2)
(254) ¢ = exp [ log (&
and we consider a holomorphic function g(Z) on Dy = {2 € C: |Z] <

N} as a holomorphic function g(N¢V) on {¢ € C: [¢| < 1}.

Remark 2.3. As we will see below, to obtain (2.28) and (2.29) for
arbitrarily small h, we will let N sufficiently large so that (2.65) holds.
Then Dy becomes larger and larger as N increases. Still, the same
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reasoning as in the proof of (2.24), (2.25) and (2.27) guarantee that,

(2.55) for arbitrary large N, we can take § > 0 sufficiently small so
that Zo, (2, B) (n=0,1,2,---) are holomorphic on EJQM.

In what follows, we use the following notation: for a holomorphic

function f(¢) on {¢ € C: |(| < 1}, we define || f|| o} by
(2.56) [fll¢zy = sup | f(C)

I¢|<1—e

for 0 < € < 1. Then our task is to show the following

Lemma 2.1. There exist positive constants Co(< 1) and Cy such
that, for arbitrarily large natural number N, we can take a suf-
ficiently small positive constant § (depending on N) so that the
following estimates hold for |B] < 6 and 0 < ¢ < (2N) 'log N:
for1 <k <N —1,

(2.57) Tor| < CoN*"N(eN)"2(2K)(Cy log N)*,
(2.58) 1Zon ]|y < CoNFF1N(eN) 2R (2k)1(Cy log N,
s
(2.59) | ;;’f < CoN"M(eN)"*(2K)(Cy log N)*,
{e}
(2.60) | W) <N eN) ks N
and for k > N,
(2.61) Toi| < CoN~HeN)"2*(2k)(Cy log N)*,
(2.62) 1Z26]1 1oy < ColeN)"2"(2k)!/(Cy log N)",
s
(2.63) ‘ % < CoN"L(eN) 2 (2Kk)1(Cy log N,
{e}
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Yor

< CyN~YeN)2*2K)(C log N)*.
Yo

{e}
As the proof of Lemma 2.1 is delicate and lengthy, we describe its

(2.64) ‘

role in our whole reasoning before proving it; the proof of Lemma 2.1
will be given after we explain its role. Now a crucial point is that the
estimate (2.28) (resp. (2.29)) we want to prove follows from (2.57) and
(2.61) (resp. (2.58) and (2.62)). This can be confirmed in the following
manner: Let A > 0 be an arbitrarily small number. Then we take N
so that it satisfies

4CH

log N

By taking e = (2N) tlog N, we obtain the following estimates from
(2.57) and (2.61) for n > 1:

(2.65) < h.

4CY )n

. [9n(B)] < ~1(2n)!
(2:66) Lo (B)] < CON ) (7

for \B | < 6, where § is a positive constant appearing in Lemma 2.1.

By the same way, we obtain the following estimates from (2.58) and
(2.62):

4C1 )”
log N

for |¢| < 1 — (2N)'log N and |B| < §. Here we note that, for
sufficiently large IV,

(2.68) |Z| > NY2/2 holds when |(| =1 — (2N) 'log N.

Indeed, (2.68) follows from the relation & = N¢V and the following
inequality:

(2.67) 220l B)| = |220(NCY, B)| < Cof2n)(

(2.69) N(1 -



holds for sufficiently large N. Thus we can assume that (2.67) holds for
%] < NY2/2. Hence, by taking N so that it satisfies 7, < N'/2/2 and
(2.65), we obtain (2.28) and (2.29). In conclusion, we obtain Theorem
2.1. Thus the proof of Theorem 2.1 will be completed if we verify
Lemma 2.1.

Proof of Lemma 2.1. To begin with we confirm that (2.57) ~ (2.60)
hold for k = 1. We first show that &, satisfies the following estimates:
there exists a positive constant Cyy such that, for an arbitrary positive
constant p > 1, we can take a positive constant 0 so that

(2.70) sup |Po(7, B)| < CoN P+
|#|<N

holds for |B| < 6.
Remark 2.4. As (2.33) and (2.34) indicate, we readily find

(2.71) P9, (2,0) =0 for n > 1.

Therefore it is natural to expect that (2.70) holds by taking § suffi-
ciently small depending on N and p.

Indeed, by taking 0 > 0 sufficiently small, we may assume that
To, yo and dZy/d% are holomorphic on E]QV Ly Furthermore, since
To(0) = wo(%,0) = d2/dz(#,0) = 1, by letting § > 0 sufficiently
small again, we may also assume that

_ dzo £l
e s S| (5) | <2
|Z|<N+NP X

|B|<d

holds. We fix B in the disc {B : |B| < 6}. Then we obtain the
following estimates for y = 1,2, - .- from Cauchy’s inequality:

d’ z

2.73 .
(2.73) sup | ——

|Z[<N

<2(j — 1)IN~Ubp,
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Therefore, from (2.73) we obtain
(dig ) —1 d3 50
dx dz3

(2.74) {z0: 2} <

Jr3 (dzo) (d220)2
2| \dx dz?

on Dy. In what follows, we fix p at N +2 and take ¢ sufficiently small
so that (2.70) holds.

Next we derive the estimates of (2.51) on Dy. Since (2.51) is holo-
morphic on Dy, appealing to the maximum modulus principle, it suf-
fices to estimate (2.51) on the boundary 0Dy of Dy. Further, since
g+(x) is holomorphic at the origin, we can assume that

(2.75) l9<(£a)] < Gy

< 39N

holds for some positive constant C}. From the representation
8z0 z 6220

2.76 =1 r— 1 T

276 a@)=1+@- D52 - [ G-

of Zy(¥), we obtain

Z—1 0z\~ 2 0% [T, 0%
(2.77) (5:—1) (83:) _@—1%/1(37_1)Wd$

aé 823, 2
( — 1 012 ) '
Here we note that it follows from (2.73) that the following estimates

hold on 0D y:
2(N +1)?

o CRLE
1), Ve N_1

Further, by taking § sufficiently small, we may assume that (2.35) holds
with e = 1/2 on Dy, and hence,

3 3
(2.79) N-S<|a£l<N+3

(2.78)

NP
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holds on dDy. Then, combining (2.75), (2.78) and (2.79), we obtain
the following estimates of (2.51):

o0 ((__11) (%) )
< Gy (v ()

(2.80) sup
F=N

< 320C,N~P*,

By the same reasoning, we obtain the same estimates with (2.80) for
(2.52). Therefore, combining (2.72), (2.74), (2.79) and (2.80), we obtain
(2.70).

Now we derive (2.57) ~ (2.60) from (2.70) for £ = 1. Since 0 <
e < (2N)tlog N, (2.57) for k = 1 immediately follows from the
representation (2.48) of Ty, (2.70) for Cy > (Cy)~'Cy as follows:

—1

o dz
up [0a] 1= 372 (52) 7 )

T
281) [o(B)| < 4|2
|# <N 1

< 8CyNPH!
< 8CyNP"H(eN)™2272(log N)?
< CoNP2(eN)"221(Cy)"'Cylog N.

Next we consider the estimates of Zo. Since 25 is holomorphic on Dy, it
suffices to estimate it for £ € 0D y. We obtain the following estimates
from (2.49) and (2.70) for £ € 0Dy N {Rez > 0}

~

(2.82)  |%(z, B

< 20(2)
<[1- 21/2( yr\)/o 11— 25|12 dzo|
#<N 2|T]
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< 5(2N +3)CoN P Cylog N
< 20C,CoN P 2log N
S CoN_p+4(€N)_22!(Co)_15éoég 10g N,

where the integration path is taken as a straight line segment that
connects 1 and x; thus this choice of the integration path together with
the assumption on T enables us to dominate the multivalued integral
in the following manner:

Z0(2) N
(2.83) sup / 11— 227Y%|d%| < Cylog N,
:|:|I~{‘e<i’]%70 +1

where Cy is a positive constant that is independent of N. Using the
second representation of (2.49), we find that Z, satisfies the same es-
timates with (2.82) for & € 0Dy N {—Rex > 0}. Therefore (2.82)
holds on Dy. Then, since |[NCY| < N for |[¢| < 1 — ¢, by taking
C1 > (Cy)~'5C,Cy, we immediately have (2.58) for k = 1. Further,
from (2.37), (2.70), (2.81) and (2.82), we obtain the following estimates
on Dy:

(2.84)
0%y 0% o 0%y Iy
< k i)
7| S |ar 12| aran, 1%
N+1/2 . . . .
~ (N ;I—S//2)2400002Np+2 10g N + 16CON_p+1 + CON_p+1

< Cy(320C, log N + 17)N P+

< CoN7PT3(eN)7221(2C,) 1 Cy(320C, + 17) log N.

Therefore, by taking C; > (2C)~'Cy(320C, + 17), we obtain (2.59)
for k = 1. Finally, from (2.40) and (2.82), we obtain the following
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estimates on Dy:

(2.85) 2] <

1 | 2o
_N+1/2
- (N=1)7
< CyN PP (eN)~221(Cy) "1 Cy160C, log N.

40C,CoN P2 log N

Hence we obtain (2.60) for k = 1 with C; > (Cy)'Cy160C,. In
conclusion, we obtain (2.57) ~ (2.60) for k = 1. Here we remark that,
from the discussion above,

(2.86) we can take Cy > 0 arbitrarily small by taking C sufficiently
large.

Next we show (2.57) ~ (2.60) for k =n (2 < n < N — 1) under
the assumption that these estimates hold for 1 < k <n — 1. We first
confirm the following estimates:

(2.87) [Panll ey SCoCEN™ N (eN)~2"(2n)ICT (log N)" 1,

where Cj is a positive constant that is independent of n, N and e. Let

us consider the first term of CIDgln) From Lemma 1.2.2 and the induction

hypothesis, we obtain the following estimates:

1d210 y2f<; " Y2k
s [[LE Y e
MU= 2|/{| =N 0 {5}
< L % : ‘ Y2rin
2 e} 2 i {5} Yo e}

< z": Z* CHN™ M (eN)"2"(2k1)! - - - (2k,)(Cy log N)"
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(4Co)"(2n — p+ D)IN" N (eN)2*(Cylog N)"
—2

—N\u
< N"(eN)™(2n — 1)!(Cylog N)" Z (48)]1[2)!)

< 16 OCEN"2N (e N) 72 (2n — 1)!(Cy log N)™.

=

Here we note that the same reasoning as in (2.88) entails the following
estimates for 1 < k <n — 1:

(289) Z Z y2/—$1 0 yQKM

p=1[g| =k (e}

< 4eCO NN (e N)72%(2k)1(Cy log N)F.

Next we consider the second term of CDé,l,f Since at least two of k;’s are

non-zero, the factor Cy N~ appears at least twice in the estimation of
the term. For example, the following part of the term with ko = k3 = 0
is one of the essential terms in the estimation:

[y sty

k1+kg=n p=1|R|,=ky Yo {e}
1<ky,ky4<n—1
< 8elCENT AN (e N)2(2n — 1))(C) log N)™.
On the other hand, when at least three of k1, - - - , k4 are non-zero, the

factor Co N~ appears at least three times. Then, since CoN " <« 1,
we obtain better estimates than (2.90) for these terms. Therefore the

second term of CDS,L) satisfies the following estimates for some positive
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constant C’O:

(2.91)

d,g()) dZle d22k2 F o
3

HQFO kl‘f‘ T hy=n (dﬂNf dCC dCC

k‘4<n 1
y2l€1 "Yox
DD wE :
pr=min{ 1k} =hy %
< CoC2N" N (eN)™2"(2n — 1)/(Cy log N)".

Finally, since |23 — 1| > (|2] — 3/2)? > N/8 holds for |[¢| = 1 —¢
(0 < e < (2N)tlog N) (cf. (2.68) and (2.79)), the estimates of the
third term of CDSL) follows from the maximum modulus principle and

{e}

the induction hypothesis as follows:

dz
(292) H2 1 da? Z Zleszg

k1+ko=n

< 8CEN"™ 2N (e N) 2" (2n — 1)!/(Cylog N)".

We thus obtain the following estimates of (IDS,L) from (2.88), (2.91) and
(2.92) for some positive constant Cj:

(293) oWl < CoCEN™12N (e N) 2" (20, — 1)1(Cy log N)"

< CoC2N™N(eN)™2(2n — 1)IC7(log N)™ !

Now we consider the estimation of CID%) We first show the following

Lemma 2.2. Let dZo/dZ satisfy (2.59) for 0 < e < (2N) tlog N.
Then the following inequalities hold:

(2.94)
H d232k;
dz?

(1 — &) NON"1"N(eN)2 12k 4+ DI(Cy log N,

{8}
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(2.95)
H d?’zgk
dz3

oS 62(1 . 5)_2NC0Nk_2_N

log N ~2k—2 | k
X (1 + 2/<:+2) (eN) (2k +2)/(Cylog N)".

Proof. Appealing to the maximum modulus principle, it is enough to
show (2.94) and (2.95) for || = 1 —e. We first note the following
relation:

d*zy, N d dzy,

2.96 = —
(2.96) dz? N2 d¢ dx
(2 97) d3zgk _ C_2N+2 d? n —N + 1< ONL1 d dZQk;
' dz3 N4 d¢? N4 dC
We use the following representation:
& dz ! 2 :
(2.98) Tk oo d6
d¢’ dx o2/ —1 dr (¢ — ()it
[C=¢l=(k+1)71e

We immediately find that the integral path of (2.98) is contained in
(| <1—&with & =ke/(k+1). Since

dz
| < CoNY (EN) (2R (C log N)*

(2.99)
{8

2k
= CuNF=N (1 + %) (eN)"2F(2k)1(C; log N)*

< 2CoN N (eN)"2(2k)(C log N)*
follows from (2.59), we obtain the following estimates from (2.98):

(2.100)
H d? dZy,

R (k4 1Y e 7 2CoN N (eN)*(2k)!(Cy log N)*.

{6}
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Then, from (2.100), we obtain the estimates of (2.96) and (2.97) as
follows:

C—N+1id22k
N2 d¢ dz ll{e)

< X1 — &) VOO NN (eN) 2k 4+ 1)I(Cy log N)F,

(2.101) ‘

(2.102)

H (T2NF2 2 N+1C N d digk
N4 d§2 N4 d¢ {c}

< e*(1—¢e) OyN" 2 N(eN)2~ 2(2/<:+2) (Cilog N)*

e)” 2N Oy NF—2- N(EN) —2h= 1(2/<:+1) (C’llogN)

2e*(1 —
Since eN < 27'log N, (2.94) and (2.95) immediately follow from
(2.101) and (2.102).

[]

We return to the estimation of CDS,L) Let us consider the first term of

CD%) By the same reasoning as the estimation of (2.89), the following
holds for £ > 1:

dzo\ " dZo dzay,
(2.103) HZZ ( ) i dr

p=1|g|,=k

{e}

< 8P NN (e N)72F(2k)1(Cy log N)F.

By the discussion similar to the estimation of (2.91), we find that the
terms with k&1 = 0 or ky = 0 are essential in the estimation. In
particular, since (2.73) holds, we see that the following term with ky = 0
is the worst contribution:

21 (d7)\ 7 B
AT, ( di ) di3
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< 2(N(1 — )N 4 3)eX(1 — ) 2NN 3N
X (1 + 1ogN> (eN)"#"(2n)!(Cy log N)"~

2n
< 2CoN"M(eN)""(2n)!(Cy log N)"~

Therefore, having (2.73) in mind, we obtain the following estimates for
some positive constant Cy:

51 > (dé()) 2 By,
N dz dz3
ko oy 3
* dzo\ " dz,. dZo,.
X _11“ ... o
> Y () T
p=min{ 1k} 7] —hs

< CoCoN"N(eN)™2*(2n)!(Cy log N)" .

(2.105)

{e}

By the same reasoning, we find that the following estimates for the
second term of CDgi) follows from (2.94) and Lemma 1.2.2:

(2.106)

Py (3) 2
STy, o, \di) A d
* dgo I dig,{ din{
1) 1) [ 22 L, .. "
: Z QZ( )(“+)(daz> di | di
pmmnin kg |F

< CoCoN" 1"V (e N)™21(2n — D)I(Cy log N)™

{e}

Thus we see that the following estimates hold for some positive constant
Coi
(2107)  |O |15 < CoCoN" N (eN)~2"(2n)(C) log N)" !
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Finally we consider the estimation of @gi) Let us consider the first

term of @éi) Since it is holomorphic on || < 1, it suffices to estimate
it for |¢| = 1 —e. We first note that, since |z — 1| > 4~'v/N holds
on [(| =1 — ¢, we find the following estimates:

Z2I€1".22H
9108 H )22 z
TR Do) sy mI

p=1|g| =k

{e}

< 32e32C0C NP N2 (e NY=2R(2k)1(C log N)E.

By the same discussion as the estimation of (2.91), we find that the
terms with one of k;’s being n — 1 are essential in the estimation. In
particular, since 32e32¢%0N~1/2 < 1, comparison of (2.108) and (2.59)
entails that the worst is the term with k3 = n — 1, which can be
estimated as follows:

(2.109)
Zo+ 1dZpg.(a Zoky " 22y,
1)
Zo— 1 dx 2FO Z Z Iu i (20 — 1)“ {e}
p=1|§| ,=n—1
NI —e)" +3/2 3~ 3¢

4°C oC

SNV —g/2 ¢

x N' N2 N)=2=U (9, — 2)1(Cy log N )"~

N—1/2 (log N)?

n2

< £C1 PN (eN) 7 (2n)!(Crlog N)™ ™,

< 43¢, e3Py N™ (eN)""(2n))(Cy log N )"~

where C| is a positive constant that Satisﬁes (2 75). In this way, we can
obtain the estimates of the first term of CD2n On the other hand, we
immediately find that the second term also satisfies the same estimates
with the first term. Therefore we find that the following estimates hold
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for CDS,L) with a positive constant Cl:
(2110) B |1ey < CoCoN" N (eN)~2"(2n)!(C) log N)" .

By taking C;!' < Cj and summing up (2.93), (2.107) and (2.110), we
obtain (2.87).

Now we confirm (2.57) ~ (2.60) for k = n. We first note that the
following estimates follow from (2.48) and (2.87):

A0 -1 o .
o / 11— 212 dz]| Dol 1)
m 1

< 8CHCEN"N(eN)~2(2n)1CT (log N)" L.

Then, by taking Cj sufficiently small so that they satisfy 8CyCp < 1,
we obtain (2.57). Next, from (2.49), (2.87) and (2.111), we obtain the
following estimates on {|2] = N(1 — &)V} N {Rez > 0}:

(2.112)

2on(3, B)| < |1 — 23" / 1= 724 d0] (2l + 2
1 2|To]

< 20(1 — e)NCyCrCEN 1N (e N) 2" (2n)!(C) log N,

(2111)  [[2u(B)] <

where Cy is a positive constant appearing in (2.83). By the same dis-
cussion, we find from the second representation of (2.49) that (2.112)
also holds on {|Z| = N(1 —¢&)"} N {—Rex > 0}. Since Zy, is holomor-
phic on {|Z| < N(1 — &)™}, we see that (2.112) holds there. Hence,
by taking Cy so that 20C,C>Cy < 1 holds, we obtain (2.58) for k = n.
Then, using the relation (2.37), we obtain the following estimates from
(2.87), (2.111) and (2.112):

(2.113)
82211 N(l—E)N—I—l/Z ~ N
n g 2Fn (I) n €
% o = 2a oy —agap e + 2Tl 1 2anllee
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< (320C)Cy + 9CH)CEN™ N (eN) =2 (2n)!(C} log N)™.

Therefore, by taking Cy so that (3206062 + 96’0)00 < 1 holds, we
find that 25, satisfies (2.59). Furthermore, by the maximum modulus
principle, we obtain the following estimates from (2.40), (2.58), (2.69)
and (2.112):

(2.114)

[Y2nll 2y

n—1

1 N N s N
< N2 = e = 1<2HZOH{5}||22n||{s} + ; HZ%H{a}HZQ(n—k)||{e})

2N A~ o~ - 1-N
§N2(1_€)2N (8ON(1 —&)*"CoCy +2n 'N*HY)

x CEN" 1N (e N)=2(2n)1(C} log N)™

< 4(80CCy + 1)CEN™N (e N) =2 (2n)/(C} log N)™.

Therefore, by taking Cj so that it satisfies 4(806’062 +1)Cy < 1, we
obtain (2.60) for k = n. Thus the induction proceeds and we obtain
(2.57) ~ (2.60) for 1 <k < N — 1.

Now, we confirm (2.61) ~ (2.64) for £ > N. We first remark that,
from (2.57) ~ (2.60), we find that (2.61) ~ (2.64) also hold for 1 <
k < N — 1. Hence we show (2.61) ~ (2.64) for k =n (n > N) under
the assumption that these estimates hold for 1 < k < n — 1. By the
same discussion with the derivation of (2.57) ~ (2.60) from (2.87), it
suffices to show the following estimates:

2.115 Doy || o2 <CoCEN"HeN) "2 (2n)1C™ (log N)™ L,
{e} 0

where Cj is some positive constant. We first confirm the following
estimates:

(2116) |04 (|12 SCoCINT! (eN)™"(2n — DI(Cylog N)".
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Then, since log N < n, we find that Q)gln) satisfies (2.115). As in the
derivation of (2.93), the following term is essential in the estimation of
GD;B:

1 1 dg() *
2117 H— =0 o 3
(2.117) 272 1 dﬁ:kl%n k1 72k
< 8N7IC2(eN)~2"(Cylog N)" Z (2k1)!(2k>)!

k1+ko=n
< 32C0:N 1 (eN) ™" (2n — DI(Cylog N)".

Here we used the fact that |25 — 1| > N/8 holds for [(| =1 —&. In
(1)

this way, we can show that the first and the second term of @~ also
satisfy (2.116) by the same discussion with the estimation of (2.88) and

{e}

(2.91).
Next, we show the following estimates:
(2.118) 10511y <CoCoN "' (eN)~2"(2n))(CY log N)" .

We first note that, by the same discussion with the proof of Lemma
2.2, we obtain the following estimates for k = 1,2, --- from (2.63):

(2.119)
Hd%k

=3 < e*(1—¢e) NCyN2(eN)2*1(2k + 1)/(Cy log N)*,

{e}

(2.120)
H d332k;
dz3

o= 62(1 — 8)_2NCQN_3

log N —2k—2 , k
X (1+ 2k+2> (eN) (2k + 2)!(Cylog N)".

(2)

5, Which is essential in the estimation

Let us consider the first term of ¢
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of @gi) Since log N < n, we find the following estimates from (2.120):

3e?
| < (1= &) PGNP eN) P 2n)!(Crlog N

And, since log N < N, we find the following estimates from (2.120)
for1<k<n-—2

(2. 122)

d3z
| =5, < =) VAN N) PRI o N

Then, by the same reasoning with the estimates of (2.105), we obtain

the following estimates for the first term of CDgi):

(2.123)
21 (dz)\ 7 [ Pz
AT, \ di di?

ks oy N
d’ 2ok, * dzo\ " dzo, dZo
D= NP <—1)“(di, e

k1+ko=n—1 p=min{1,ko }|K|,=Fk2
~ nN— 1 ~ —u ~ ~
d ZO <d210 dZQ%1 o dZ2/<;N
dx dx dx

< 8N2(1 — ) M{eX(1 — )2 NCuN 3 (eN) ™2 (2n)!(C) log N)"~
+ 8e8C0T2(1 — &) 2PNCEN 3 (e N) 2" (2n)(C log N)™ !
+ 8SNCy NP (e N) 2D (2 — 2)1(Cy log N)™ '}
< 8CoN~'(eN)™"(2n)|(Cylog N)"
x {2 4+ 8e*02 () + SON P22 (log N)?L.
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Since p > N+2, we immediately find that the first term of CID%) satisfies
(2.118). In the same way, from (2.119), we can show the following
estimates:

(2.124)
H (22 —1) Z (d50> = Py, P2y,
SCo o, \di ) d d@
B\ " dzae, s,
8 N mzn{:l k?,}g:k?, e+ 1) (di) 7 7
< CyCyN2(eN)™"(2n — 1)!(Cy log N

Hence, from (2.123) and (2.124), we obtain (2.118).
Finally, by the same discussion with the estimation of (2.109), we

{e}

obtain the following estimates:
(2125) |05 <CoCON"2(eN)=2"+2(2n — 2)1(C log N

Then, since N2 < n and (eN)? < n, we find that &\ satisfies
(2.115).

Summing up, we have confirmed (2.61) ~ (2.64) for k = n. Thus
the induction proceeds. This completes the proof of Lemma 2.1, com-
pleting the proof of Theorem 2.1.

[l

As is shown in [KT], we can deduce the following Theorem 2.2 from
Theorem 2.1:

Theorem 2.2. Let S and S respectively be a solution of

(2.126) SM@—n (M+n‘2((g+<a) +g‘(_a>>)

Ox r? — a? r—a)  (v+a)?
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and

2177 S+ 95 _ - ( al’ - (<g+(a) N 9—(—a)2>) |

0z 22 — a? z—a)P  (z2+4a)
and suppose that
(2.128)
arg g—l(aja a, A? B) = arg (%51(20(37, a, A7 B)7 a, FO(aa A7 B)))
x

holds. Then they satisfy

(2129> Sodd<x7 a, Aa Bv 77)

Ox

on E? where godd and Syqq respectively denote the odd part of

1,127

S and S.

- (%> Sodd(z(x7 a, A7 Ba ?7)7 a, F(CL, A’ B’ 77)’ n)

We also have the following

Theorem 2.3. Let 1. (x, a, A, B, 1) be WKB solutions of the generic
(i.e., a # 0) Mathieu equation (2.1) that are normalized at a simple
pole x = a as

N 1 T
(2.130) Yi(z,a,A,B,n) = exp (:I:/ Sodddx> :

V SV1odd
and V4 (z,a,U',n) be WKB solutions of the Legendre equation (2.4)
that is normalized at a simple pole z = a as

1 z
(2.131) Vi(z,a,1,n) = \/S_exp (:I:/ Sodddz> .
odd a

Then they satisfy the following relation (2.132) on an open set E

2
1,72
given by (2.8):

~

(2132) 77D:|:(x7a7"47B777)
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Ox
where z(x,a, A, B,n) and I'(a, A, B,n) are the series constructed

0z\ 2
N (_> ¢i(z(x,a,A,B,n),a,F(a,A,B,n),n),

m Theorem 2.1.

We have so far discussed how WKB solutions of (2.1) are related
to WKB solutions of (2.4). But we need in Section 3 the Legendre
equation in the form (2.2). Here we discuss how WKB solutions of
(2.4) and those of (2.2) are related; as we will see below the relation
can be found in a straightforward manner. For the sake of simplicity
of description we consider the situation when the parameter I' in (2.4)
is a genuine constant; this restriction does not cause any problems in
our later discussion, as appropriate use of microdifferential operators
will enable us to relate (2.4) with I' being a genuine constant and (2.4)
with I" being infinite series. (See Proposition 4.3.) To relate (2.4) and
(2.2) we define an infinite series

(2.133) Aa, T, n) ZA a, 1)

and functions p(a) and v(a) of a by

(2.134) A= \/F + (Van)~? (g+(a) +g-(—a) + -

(2.135)  p=/1+2(g+(a) + g-(—a)),
2136) v =2(g.(a) - g (~a).
Since A(a, ', n) satisfy

(2.137) al' = ah® + 0~ 'VaA —n (g, (a) + g_(—a)),
we immediately obtain (2.4) from (2.2) by choosing A, p and v in
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(2.2) respectively by (2.134),(2.135) and (2.136). Therefore we find the
following

Proposition 2.1. Let Tyqq(z,a, A, u,v,m) and ¢(z,a, A, pu,v,n)
respectively be the odd part of the solution of the Riccati equation

(2.138)

and WKB solutions of (2.2) that are normalized at a simple pole
Z=a as

1 z
(2.139) O+ (z,a, N\, v, m) = = exp (i/ Todddz> :
odd a

Then the following relations hold:
(2.140) Sodd (2, a, 1, n) = Toaa(z, a, AM(a,T',n), u(a),v(a),n),

(2141) 2pzl:(za a, Fa 77) — ij:(z, a, A(CL, F) 77)7 ,[L(CL), V(CL)a 77)7
where the infinite series A(a, 1", n) and the functions u(a) and v(a)
are those given by (2.134), (2.135) and (2.136) respectively.

Remark 2.5. Since A(a,',n) given by (2.134) is a convergent power
series in 1, A,(a,I") (n > 1) satisfy the following estimates: There
exists a positive constant C' such that

214 An(a,T)] < VT ( %)

holds for al’ # 0 and n > 1.

3 Analytic properties of Borel transformed WKB solu-
tions of the Legendre equation with a large parameter

The main purpose of this section is to present analytic properties
of Borel transformed WKB solutions of (2.2) with genuine constants
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a,\, p and v. To begin with, we show the following important

Proposition 3.1. Let Tyqq(z, a, A, n) be the odd part of the solution
of (2.138) whose top degree part T 1(z,a,\) is chosen so that it is
positive for positive a, z(> a) and A. Then we have

(3.1) %Todd(z, a,\,n)dz = 2wiv/al\n + wi,

Y

where v 1S a closed curve that encircles two simple poles z = +a
counterclockwise.

Proof. Let
(3.2) T (z,a,Am) = > T (2,0, A)p™"

be the solutions of (2.138) whose top degree parts Ti?(z,a,/\) are

respectively given by

al\?
2 _ g2

(3.3) TH(z,a,A) = &

Then To(i) and Tl(i) are respectively given by
1z 1 1

3.4 T 1~ 4o
(34) 0 222 —a®  2/22—a?
and
(3.5) ) _ j:Zlcu/z + a*(4p® — 1)

. 1 - .

Svah(z2 — a2)?

Further we can inductively confirm that 7Y (n > 2) have the follow-
ing form:

(3.6) T = Z c(i>(z2 — a2)_p/2

p,n
2<p<n+2
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+ Z d 2(2% — a®) P2,

3<p<n+2

where cz(,?_;) and dﬁ? are constants. Hence, by noting that

= 2m

37) 7{ ——

and
(3.8) f{ THdz =0
y

hold for n > 1, we immediately obtain (3.1).

Now we consider the Voros coefficient
(3.9) Via,Ag)=> Vin™
n=1

of (2.2), which is, by definition, given by

o 1
(3.10) /a (Todd — T]T_l — g) dz

(cf. [DP], [AKT2]). Let gbg_fo) be WKB solutions of (2.2) that are
normalized at infinity as

(3.11) Cbs_too) = G e+ exp i/z Toaa — 11 — 1 dz| ,
Toaa 22

0

where

/\2
(3.12) yi(z,a,\) = / ¢

Then WKB solutions (2.139) of 2 2) that are normalized at z = a as
(2.139) are written by V' and gbi as follows:

(3.13) dr = a2 exp (£V) ¢£_LOO>.
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An important property of qbs_fo) is that they are Borel summable when

(3.14) the path of integration of (3.11) from oo to z can be de-
formed so that it does not intersect Stokes curves of (2.2).

See [KoS| for the proof of the Borel summability of 6. Hence the
representation (3.13) of ¢+ entails that the calculation of the alien
derivative of ¢ is reduced to that of V. Fortunately the explicit form
of V" has been given by T. Koike ([Ko3]) as follows:

1

(3.15) V, =
n(n+1)(val)"
(n + 1 1\ 2
<[Bar ¥ Srad(z) - -]
k+42l=n+1
k>0
for n > 1, where B,, (n = 0,1,2,--+) are Bernoulli numbers defined
by
(3.16) — = Z —t”
and

(3.17) 0s(p,v) — \/ it V2“4 -

In [Ko3] the derivation of (3.15) is done in a parallel way to the compu-
tation of the Voros coeflicient of the Weber equation and the Whittaker
equation. See [SS| and [T] (resp., [KoT]) for the computation of the
Voros coefficient of the Weber equation (resp., the Whittaker equa-
tion). Hence the Borel transform Vg(a, A, y) of V' is concretely given
by

(3.18)

Vp =

ylexp(y/v/aA) —1)
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o) - (2) - (22}

It immediately follows from (3.18) that Vp behaves as

(3.19) Vi = 2\/15/\ G _ 6+ 93)) L0y

near y = 0 and

14 (=1)" — cosh (2mmif, ) — cosh (2mmif_)
2mmi(y — 2mmi/al\)

near y = 2mmiy/al for m € Z\{0}. Therefore Vj is singular at

y = 2mmi/a\ (m € Z\{0}) and it has simple poles there.
Now let us compute the alien derivative

(3.21) AV = Z Ay—ommiyarV

m>1

(3.20) V= +0(1)

of the Voros coefficient V' by using the alien calculus initiated by [Ec]
and developed by [P], [DP] and [Sa]. Since Vj is single-valued and only
has simple pole singularities, A, o, 7V is given by the residue of
Vg at y = 2mmi/al\, i.e.,
(3.22)
14 (=1)" — cosh (2mmif. ) — cosh (2mmif_)

p- :
Then, by employing the alien calculus, we find

(3.23)

Ayszm\/ﬁAV -

Ay:2m7m'\/5/\ exp(:I:V)

1+ (=1)" — cosh (2mmif, ) — cosh (2mmif_)
m

=+

exp(£V).
Noting the fact that
(3.24) Ay ammiyan (€7@ 260 ) =0
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hold for m > 1 under the condition (3.14), we find (3.13) entails the
following relations when (3.14) is satisfied:

(325) Ay:2m7m'\/5/\ (€:F77y+¢:|:)
= Ay _omriy/an <€$ny+a$1/ i eXp(iVWS_LOO))

= e T+ CL:Fl/QQbSI:OO) Ay:2m7m'\/5/\ (GXp(:l: V) )

14 (=1)" — cosh (2mmif. ) — cosh (2mmif_)
m

x T+ F1/2g () exp(£V)

==

14 (=1)" — cosh (2mmif. ) — cosh (2mmif_)

m
Summing up all these, we obtain the following

Theorem 3.1. Let ¢p.(z,7n) denote the WKB solutions of the Leg-
endre equation (2.2) that are normalized at a simple pole z = a as
in (2.139). Then their Borel transform ¢+ p(z,y) are singular at

(3.26) y = Fy.(2) + 2mmivah (m=0,+1,42 ),

where y, (z) is the function given by (3.12), and its alien derivative
there satisfies the following relation (3.27) for z that can be con-
nected with z = oo by a path that is contained in the interior of a
Stokes region of the Legendre equation.

(3.27)
(Ay::Fy++2mm'\/5A¢j:)B (Za y) ==t Em(,ua V)gbj:,B(Za Yy— me\/&/\),

where
(3.28)

— + eﬂFﬁy+¢i_

Em(lua V) — E

1 2 /14 — 12
1+ (=1)" — cosh 27Tz'm\/’u i 2,u Y
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o0 /A _ 2
— cosh 27T7jm\/'u H v

2

4 Analytic properties of Borel transformed WKB solu-
tions of the Mathieu equation — properties relevant
to simple poles

The principal aim of this section is to deduce analytic properties of
Borel transformed WKB solutions of the Mathieu equation (2.1) for
a # 0 and A # 0 that are relevant to its two simple poles from those
of the Legendre equation (2.2) through the transformation obtained in
Section 2. To begin with, we show a result corresponding to Proposition
3.1 for the Mathieu equation. First, combining Proposition 2.1 and
Proposition 3.1 we immediately find

(4.1) %Sodd(z, a,T',n)dz = 2miv/a\(a, T, n)n + w1,

Y
where v is the path given in Proposition 3.1. Therefore Proposition
4.1 below follows from Theorem 2.2.

Proposition 4.1. Let S,q4(z, a, A, B,n) be the odd part of the so-
lution of (2.126) whose top degree part S_1(x,a, A, B) is chosen so
that it satisfies (2.128). Then we have

(42) 74 Soaalw, a, A, B, n)dz = 2wi/al(a, Ta, A, B, n), n)n + i,
:

where the infinite series A(a, ', n) and I'(a, A, B,n) are those given
in Proposition 2.1 and Theorem 2.2 respectively and v is a closed
curve that encircles two simple poles counterclockwise.

Let us now employ the relation (2.141) between ¢ and 1+ to deduce
analytic properties of ¢4 g from those of ¢4 . Here we make full use
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of microlocal analysis, which has been made possible by the estimation
(2.142) that A, satisfies. The concrete procedure is as follows: first, by
the Taylor expansion, the right-hand side of (2.141), can be written as

= A(a,T,n) 0"
uy) S AODD O (2 0 Afa. D). pla). v(a). ),
k=0 '

where

(44) ]\(CL, Fa 77) - /\(CL, Fa 77) o AO(aa F)
Then, taking into account the estimates (2.142) of A,,, we can rewrite
(4.3) in the form of an action of a microdifferential operator

(4.5) L =:exp (Aby) :

upon ¢4 p through the Borel transformation. Here : - : designates
the normal ordered product (cf.[A1]) and 0 is the symbol of 0y, i.e.,
. 0p == Ox. More concretely, we can write the action of £ as an action
of an integro-differential operator so that (4.3) can be rewritten as
follows:

Proposition 4.2. Suppose that the constants a # 0 and A in (2.2)
are different from 0. Let ¢ p (resp., Yy p) be the Borel trans-
formed WKB solutions of (2.2) (resp., (2.4)) and suppose that they
are both normalized at a stmple pole z = a. Then they satisfy the
following relation:

(4.6)

Qb:l:,B(Za a, F? y)

)
— KA(CL, Fa Y — y/7 aA)gbi,B(Za a, A7 :u(a’)7 I/(CL), y/>dyl
Fy+

where Kx(a,T',y,0n) is a differential operator of infinite order that
is defined on {(\,y) € C*}, which analytically depends on a and T

A=Ag(al)’
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with the exception al’ = 0, and

(4.7) (z,a,T) /p¢___

(4.8) Aola,T) =

Here p(a) and v(a) are functions that are respectively given by
(2.135) and (2.136).

See [K] and [SKK] for the notion of differential operators of infinite
order.

Remark 4.1. The differential operator K is locally defined for a, I # 0.
However, as (2.134) implies, K is multivalued on {(a, T, A,y) € C*:
a,I" # 0}.

Remark 4.2. Tt immediately follows from (4.7) and (4.8) that

(4.9) (z,a,T) L/,WM“F

Therefore, comparing (3.12) and (4.9), we find that y, is preserved by
a change of parameters from (A, p, v ) to (I', g+(a), g—(—a)).

Combining Theorem 3.1 and Proposition 4.2, we obtain the following

Lemma 4.1. Let ¢ (z,a,I',n) denote the WKB solutions of the
Legendre equation (2.4) that are normalized at a simple pole z =

a as in (2.131). Then their Borel transform vy p(z,a,l',y) are
singular at

(4.10) y=Fy,(z,a,1) +2mmivall (m=0,+1,£2,--),

where y, (z) is the function given by (4.7). Furthermore their alien
derivatives there satisfy the following relation (4.11) on the condi-
tion that z can be connected with z = oo by a path that 1s contained
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in the interior of a Stokes region of the Legendre equation (2.4):

(4.11)
(A?JZZF?J—F—I-?mm\/a_F ¢i) B (Z7 a, F: y)

=+ =, (u, V)(exp(—Qmm\/E/N\n)wi)B(z, a, I,y — 2mmival),

where p = p(a) and v = v(a) are functions that are given by
(2.135) and (2.136) respectively and A(a,T',n) is a formal power
series given by (2.134) and (4.4).

Proof. From the representation (4.6) of ¢, p and the definition of the
alien derivative, we find

412) (D, i €7 0) (20 Ty)

_ (0)

— £2mm'\/EA (Ay:2mm’\/EA ¢j: )B(Za a, A7 y) ‘A:AO(avr)
holds, where L, is the integro-differential operator obtained by taking
y = 1o as the end point of integration instead of y = Fy, in (4.6) and
gbgg ) = eTW+@.. Therefore it follows from Theorem 3.1 that the right
hand side of (4.12) is equal to
(4.13)

— 0 :
- :m(ﬂ(a>7 V(a)>£2mm’\/c_z/\ (gbg:,)B(Za a, Aa Yy — 277”57”\/5/\)) |A:A0(a,F)'

Let us introduce the following coordinate transformation from (y, A)

to (v, \):

(4.14)

y =y — 2mmival
N =A.

We now prepare the following general lemma:

156



Lemma 4.2. Let F': (y,Ay,--- | \y) — (¥, A}, -+, A}) be a coor-
dinate transformation given by

( y/:y+f(‘/\17 7/\]?)
No= A

(4.15) I
\/\;: Ay,

where f(A1,---,\,) is a holomorphic function of A = (Ay,--- ,A)) €

CP at A=A. Let Ay,--- ,/N\p be symbols of microdifferential oper-
ators of the following form:

(4.16)

AJ(Ala"' 7/\]?977) - Zn_n/\]}n(/\l?”' 7AP) (] — 17"' 7p)'
n=1

Then the following relation holds:
(4.17) L exp (A(A, n) - 0y) :

= exp [/ (f(A + A) — FAD)] = exp (f\(/\’,n’) Oy)
where 0" = o(0/0y’), On, = o(0/ON1),--+, O = (On,,--+ ,04,),

etc., and - is the inner product.

Proof. Let P(A, 0),n) denote the symbol of the left-hand side of (4.17),

ie.,
(4.18) P(A,0y,m) = exp (/N\(/\, 1) - 64).
We first note the following equality:
(4.19) - P(A,05,m) = P'(N,0y,7)
where P’ is given by
(4.20)

P'(N, 0y, 7')
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= exp [ — F(y,\)- (1, QA/)} exp(0y - 0y + @éA -04)
x P(A, 0y, %) exp [F(,A) - (n, 0]

(4. 0)=(3.0)=F (/.
Or=i=0

= exp(0; - 9 + 0, - O3) P(A, Or, 1)

X exp [(F(y + 9y, A+ /A\) - F(ya A)) | (77/7 9/\/)] ‘(y,A):F_l(y/,A/)'
A=§=0,=n=0
(Cf. [SKK, Chapter 2, Theorem 1.5.5]. See also the proof of [AKY,
Proposition 1.2.13].) Since

(4.21) (Fly+9,A+A) = Fly,A) - (1, 00)
=g+ (FA+A) = FA)) + A Oy
and
(4.22) e " exp(9; - 9:)e™ f(¢) = F(C+¢)
holds for a holomorphic function f(¢), we find
(4.23) PN, 0n,7)
= exp(0, - O)P(A, On, 71 +17)
xexp [(f(N+A) = F(A)n + A -6,y

(y, M) =F~(y".\)
A=j=0=i=0

— eXp(@éA . 6’]\) exp ([\1 (/\, n/)éAl) < eXp (f\p(/\; n/)é/\p)
X exp [(f(/\ + A) — f(A)n' + A ‘9/\’}

A=A
A=6,=0

=exp [/ (f(A + A) — FN)) + A- On].
Thus we obtain (4.17) from (4.19).

We resume the proof of Lemma 4.1. It follows from (4.17) that
(4.24) L =:exp (/N\(a, L,1)0) :
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=: exp ( — 2mmiv/an'Aa, T, 77’)) ;L exp (/N\(a, I n’)@A/) L
Therefore we find
(4.25)

‘CQmﬂi\/aA (¢£S,)B(Z7 a, A7 Yy — 2m7T’L\/aA))

=: exp ( —2mmiv/a(Ay 4+ Ao~ 4 - - )) : (£0¢$?B)(z, a, Ny,
where the action of : /=1 : is fixed by taking ¢/ = 0 as the end point
of integration. Here we note that, from (4.6) and (4.8), we obtain

(4.26) (Lodp) (2,0, Ay = 2mmin/al)| 1

- (e:Fnyiwﬂ:)B<Za a, F, Yy — 2mmi V CLF)

Then (4.11) follows from (4.12), (4.13), (4.25) and (4.26).
[]

From (4.1) and (4.8), we find that (4.11) can be rewritten as follows:
(427) (Ay:q:y+—|—2mm'\/ﬁ ¢:I:> B (Za a, F? y)

— i(_l)m5m<:ua V) ( exp(—m j{ Sodddx)wi)3<zv a, F7 y)

Now, we will study the singularity structure of Borel transformed
WKB solutions of the Mathieu equation (2.1) using the transformation
obtained in Theorem 2.1. To begin with, to simplify the notation, we
restate the estimates (2.12) and (2.13) in the following form: there
exists

(4.28) a continuous increasing function h : R.y — R that satis-
fies h(d) — 0 when 6 — 0

such that 2o, and I'y, (n > 1) given in Theorem 2.1 satisfy the following
estimates on EEL 5 for 0 < < ry:

(4.29) |zon(x,a, A, B)| < (2n)!h"(0)|aA|™",
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(4.30) Ton(a, A, B)| < (2n)!R"(6)|aA|™".
Let us consider the following oo-Legendre equation:

(4.31)
N )

We immediately see that WKB solutions @Dl(z, a, A, B,n) of (4.31)
that are normalized at its simple pole z = a are given by

(4.32) Di(z,a, A, B,n) = ¥s(z,a,T(a, A, B,n),7).

Similarly to the relation between ¢4 p and 14 p discussed in Proposi-
tion 4.2, by applying the Taylor expansion and the Borel transforma-
tion successively to (4.32), we can relate the Borel transform of wl with

that of ). through the action of a microdifferential operator defined
by

(4.33) G = exp(l'ér) -,
where
(4.34) [(a, A, B,n) =T'(a, A, B,n) — Ty(a, A, B)

and 6 is the symbol of Or. To be more specific, we find the following
thanks to (4.30):

Proposition 4.3. Let ¢, p (resp. wLB) be the Borel transformed
WKB solutions of (2.4) (resp. (4.31)) fora # 0 (resp. A #0) that
are normalized at a stmple pole z = a. Then Y1 p and wLB satisfy
the following relation.:

(4.35)
¢l,B(za CL, A7 B7 y)
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Y
B / KF(a7A7B7y o ylaar)wi,B(z7a’7F7yl)

Y+

I'=To(a,A,B)’

where Kr(a, A, B,y,0r) is a differential operator of infinite order
that is defined on

(4.36)
{(a,A,B,T,y) € C*:a,A+0,|B/A| < rs, h(|B/A]|y| < \/]aAl},

(4.37) (z,a,A,B) = /\/aFOaAB z,

2 _ 42

and

1 aA+xB
4 To(a, A, B) = o d.
(438) vTo(a, 4, B) 2m'\/a/7 2—a

In view of Lemma 4.1, we expect that wl 5 have singularities at
Yy = Fy, + 2mmiv/aly (m = 0,41,42,---). This is the case if
the representation (4.35) holds there, that is, they actually have the
singularities there that correspond to those of 14 p. Let us confirm this

fact when these singularities are contained in the domain of definition
of the integro-differential operator given in Proposition 4.3. We first
note that I'y is independent of a. Indeed, by taking & = z/a as a new
variable, we obtain

(4.39) J/Tola. A B) = — / AviB .
Y

271 72 —1

Therefore, by taking ry sufficiently small, we can assume that
(4.40) %\A[ < |Tola, 4, B)| < 2|4]

holds on {|B| < r9|A|}. Hence, if m € Z, A and B satisfy
(4.41) 2V2|m|rh(|B/A]) < 1,
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the m-th singular point is in the domain of definition of the integro-
differential operator. For each m € Z, this condition is satisfied by
taking |B/A| sufficiently small. Further, through the representation
(4.35), we can derive from Lemma 4.1 the following

Lemma 4.3. Let wl(z, a, A, B,n) denote the WKB solutions of the
oo-Legendre equation (4.31) that are normalized at a simple pole
z = a. Then, when (4.41) holds, its Borel transform wl’B(z, a, A, B,
y) is singular at

(4.42) y = Ty4(z,a, A, B) + 2mmir/aly(a, A, B)

and its alien derivative there satisfies

(4.43)
<Ay=¢y++2mm\/m ¢l) B (Z’ ¢, A’ B, y)

= +(=1)"Zu(p, v) (exp(—m j{ Staade )WL) oz, a, A, B, y),
8

where ;. = p(a) and v = v(a) are functions that are given by (2.135)
and (2.136) respectively and S;de is the odd part of the solutions of
the Riccati equation associated with (4.31).

Proof. As in the proof of Lemma 4.1, it suffices to show

(4.44)
Gommivar(( exp(—QmWi\/E/N\n)wf))B(z, a, ',y — QmWi\/a_F)) ‘F:FO

= (exp(—m%S;deda:)e”y*wl)B(z, a, A, B,y),
v

where G, is the integro-differential operator obtained by taking y = yo
as the end point of integration instead of y = Fy, in (4.35) and @bf ) —
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et+q),. Let us introduce the following coordinate transformation
from (y,I") to (y/,I):

(4.45)

y =y — 2mmival
["=T.

Then, from Lemma 4.2, we obtain
(4.46)
G =: exp (f’(a, A, B,n)ﬁp) ;

=: exp [— 2m7r7j\/577’(\/ "+ T — \/ﬁ)} ;L exp (f(a,A, B,n’)ﬁpz) -
Therefore we find

(4.47)
Q2mm-\/a—r((exp(—ZmWi\/&/N\n)wf))B(z, a, ',y — 2m7ri\/a_F))

=:exp [ — 2mmiv/an (VI + T — \/ﬁ)] :
X 1 exp (f(a, A, B,n')HF/) : (exp(—Qmm\/a/N\??/)wg))B(Z,CL; I, y)
=: exp [ — 2m7r7j\/517/(\/ R \/ﬁ)] ;

x ((exp(—2mmiv/anAa, ' + T, ) (z,a, T+ T,17))

where the action of : /! : is fixed by taking v’ = 0 as the end point of
integration. From (4.8) and (4.32), we find that, by replacing I' with
['o(a, A, B), the rightmost term of (4.47) equals to

(4.48)
. exp [— 2m7m'\/677(/\(a, ['(a, A, B,n),n) — \/Fo(a, A, B))] :

X (ej”””wl)B(z, a, A, B,y — 2mm’\/aF0).

163



Then (4.43) follows from the following equality:
(4.49)

ngdd(z, a, A, B,n)dz = 2wiv/al(a,T(a, A, B,n),n)n + mi.
Y
[]

Now, we derive the singularity structure of Borel transformed WKB
solutions of the Mathieu equation (2.1) from Lemma 4.3. We first
remark that the Mathieu equation has two simple poles and one simple
turning point. On the other hand, the (0o-)Legendre equation has only
two simple poles. Therefore, if we want to relate the Mathieu equation
with the Legendre equation, in other words, if we want to focus our
attention on the two simple poles of the Mathieu equation, we have to
remove the effect of the simple turning point. This can be attained by
controlling the merging velocity of the turning point, that is, |A/B].
Indeed, since the turning point is located at * = —a A/ B, it is distant
enough from the poles located at * = 4a if |A/B| is large. The
existence of the function h(§) that satisfies (4.28) ~ (4.30) enables us to
ignore the effect of the simple turning point and to derive the structure
of Borel transformed WKB solutions of the Mathieu equation at the
(fixed) singularities related only to the two simple poles from that of
the Legendre equation as is discussed below (especially in Theorem
4.2).

Let ¥, be WKB solutions of the Mathieu equation (2.1). Then,
from (2.132), we obtain the following relation:

(4.50)

~ 0z\ ~1/2
Vulw,a, A, Byy) = (52) vka(e.a, A, B.n),a. A, B.n)

For the simplicity of discussion, we take zo(x,a, A, B) as a new co-
ordinate variable instead of x. This is guaranteed by Theorem 2.1.
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Let M and L respectively be the Borel transformed Mathieu opera-
tor expressed in (2o, a, A, B, y)-coordinate and the Borel transformed
oo-Legendre operator, i.e.,

835)—2 02 B 8233(81‘)—3 1,

Dz0/ 0z5  022\0z/ 0z

_aA+zB 0> ~ g+la)  g-(—a)
22 —a? 0y*> (x—a)? (z+a)?

0 CLF(CL, A7 B7 a/ay) 0 g+(a) g—(_a>

e 22— a? 2 (20—a)? (20+a)?

(451) M :(

(4.52) Lo

Then, we find the following

Theorem 4.1. There exist tnvertible microdifferential operators
Z and YV that satisfy

(4.53) MZ =WL
on
(4.54) {(20,y,a,4, B;{y,n) € T* C,, xT*C, x C?:

|20] < rilal,a #0,A#0,|B| <1 Al}

for some positive constants r1 and ro with the exception of 25 —a* =

0. The concrete form of Z and VW are as follows:

Ox\ 1/2 95\ —1/2
:U) <1 < ) exp (Z(ZO, a, A, B, n)CO) 3

(4.55) 2= <a_z0 o

Oz \ —3/2 0% \3/2 . .
(4.56) W =: (8—,2()) (1 + 8—,2()) exp (Z(z0, a, A, B,n)Co) -,
where

(4.57) Z(z0,a, A, B,n) = z(x(20,a, A, B),a, A, B,n) — 2.
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Theorem 4.1 follows from the following proposition (cf. [AY]):

Proposition 4.4. Let x(t) be a holomorphic change of variables
at the origin from C; to C, satz’sfyz’ng

(4.58) z(0) =0 and —( ) #0

and suppose that the following microdifferential operators P and
Q are given:

0? 9\ 0
0? a9\ 0°
(4.60) Q= 2 (l’a a_y)a—yy

where p (resp., q) are microdifferential operators of order 0 de-
fined near t = 0 (resp., v = 0) except for n = 0. Furthermore
let r(x,n) be the symbol of a microdifferential operator of order
—1 and suppose that the total symbols p(t,n) = U(p(t,ﬁ/ay)),
q(z,n) = o(q(x,8/dy)) and z(xz,n) = x + r(x,n) satisfy the fol-
lowing relation:

dz(x(t),n)\?2 I _
161) pltn) = (FEY ettty m)m) — S (etale) et}
Then the following relation holds:
(4.62) PX =)0,
where X and ) are microdifferential operators defined by
dz\ —1/2
(4.63) X = (%) exp (r(z(t), n)§) -,
dz\3/2
(4.64) Y= (d_§> exp (r(z,n)§) :

and £ = o(0/0x).
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be total symbols of P, Q, X and ) in (x, y)-coordinate. For example,

P(x,&,m) and Q(x, &, n) are respectively given by

465 Plem = (D) e - (B Lhe i),

dx dr/ dx?
and
(4.66) Q(z,&m) =& —n'qlz,n),
where t(z) is the inverse function of x(t). Then it suffices to show
(4.67) PoX(x,&n) =Y oQ(x,&,m),

where the composition o is defined by

(4.68) Po X(z,&,m) = exp (856@)1[’(3:, f, nX(z,&n) ‘?2
(Cf. [A2, Proposition 2.5].) We first note that P(x, &, n) is expressed
in terms of the total symbol

(4.69) P(t,7,m) = 7" —11°p(t. )

of P in (¢, y)-coordinate, where 7 = o (9/0t), as follows:

(4.70) P(x,&,n)=¢e" exp ((9 (9) (t 7,1m)e’ z()¢ o)
7=0
Combining (4.68) and (4.70), we find
(4.71) P o X(z,& )
= exp (0:0,) P(t, 7,m) exp (9:0:)e DX (3,€,m)|[ -
p=z,E=¢

= exp (0:05) P(t, 7, m)e" D~ X (a(f), &, )

t=t(x)
#=0
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Therefore it follows from the concrete form of P(t, 7, n) and (4.71) that
(4.72)  PoX(w,&n) =—1'p(t(x),nX(z,¢n)

82 1 o .
o G (CTOR X))

ot? f=t(z)
On the other hand, since Y satisfies 8§Y = r¥(z,n)Y, we find

(4.73) Y oQ(x,&,n)
=Y (2,&,n)Q(x,&,n) — Z——Yﬂfgﬁ)a kQ( ;1)

=Y (2, &m)Q(x,&n) +n°Y (x,€,m)q(z,m)
— 0’ (z,&,n)q(x + r(z,n),n)
=Y (x,&nE = 1°Y (x,€,m)q(z(x,n),n).
Then, since Y = (dz/dt)*X, it follows from (4.61) and (4.73) that
(474)  YoQ(x,&n) =Y(x,&n)E = X(x, & n)p(t(x),n)

~ (50X (@6 n)

Thus, comparing (4.72) and (4.74), we find that (4.67) immediately
follows if the following relation is confirmed:

(4.75)

O ( ali)-21e x (37 v y
Ot2 (6 (37< )7&”)) i—t() (513 £, ) ——{z } (g; £, )

Since the left hand side of (4.75) is equal to

(4.76) e~ ;; <(dz(i§?’ ) ) P exp (2(ald) me))

t=t(x)
0% sdzN\ —1/2 dz\ 3/2
— e (e, )€ oy ()4 (B e ().
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we find that (4.75) is an immediate consequence of

(4.77) (1) = —2(

This completes the proof.

dz)1/2 d? (dz>—1/2
dt dt? \ dt '

[]
Remark 4.3. In the situation of Theorem 4.1, P and Q correspond to
M and L, respectively.
In view of (4.29), we obtain the following
Proposition 4.5. Let ¢¥1 p and @Zi,B respectively be the Borel
transformed WKB solutions of (2.4) and (2.1) for a # 0 and A # 0

that are normalized at their simple poles as (2.131) and (2.130).
Then they satisfy the following relation:

(478> QL:I:,B(Z(b a, A7 B? y)

Yy
- KZ(Z()a a, A? B) y— y/7 azo)wi,B(Z()? a, A’ B’ y/)dy/’

Fy+
where K. (20, a, A, By, 0,,) is a differential operator of infinite or-
der that is defined on

(4.79)
E?  ={(20,a,A,B,y) € C°:a, A#0,|z| < ri|al,|B/A| < 1o,

WIB/AN | < V/]aAl}

with some positive constants 1 > 1 and ro > 0 and

['o(a, A, B)
(4.80) (20,0, A, B) / \/a o, dzo.

2 _ g2

In conclusion, by employing similar discussions to Lemma 4.3 and
Proposition 4.1, we obtain
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Theorem 4.2. Let Q;i(l‘, a, A, B,n) be WKB solutions of the Math-
ieu equation (2.1) with a # 0 and A # 0 that is normalized at a
simple pole x = a. Then, for each integer m we can take some pos-
itive constant 0 so that the following holds when |B/A| < § is sat-
isfied: The Borel transform ¢+ p(x,a, A, B,y) of ¥+(z,a, A, B,n)
15 singular at

(4.81) y = Fy,(x,a, A, B) + 2mmiv/al'y(a, A, B)

and its alien derivative there satisfies

(4.82)
<Ay:q:y+—|—2mﬂ‘i\/a—ro 77Zj:) B (xa a, A: B7 y)

= i(—l)mEm(N; V) ( eXp(_m % godddx)qui—)g(xa a, A? Ba y),
Y

where
(4.83)

1 2 /A2

Zm(p,v) =—1< 14 (—=1)" — cosh 27Tz'm\/'u VR TV
m 2
2 _ 1_ 2
— cosh 27Tim\/ a 2'u Y :

(4.84) p=pla) = /1+ 2(g+(a) + g—(—a)),
(4.85) v=v(a) =2(gs(a

/A B
(4.86) (r,a,A, B) = / e
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and

1 aA+axB
4 [o(a, A, B) = \———d.
(4.81) vTo(a, 4, B) 277;\/5/7 P

Here v is a closed curve that encircles two simple poles counter-

clockwnse.

Remark 4.4. In Theorem 4.2, the positive constant ¢ should be taken
so small that (4.41) is satisfied for |B/A| < § for an arbitrarily given
m € 7.

Remark 4.5. In (z,a, A, B)-coordinate, y (z, a, A, B) is given by (4.86).
However, since

1 Y JaA+ xB
(4.88) z(z,a, A, B) = acos< aFo/a \/%dx)

satisfies

(4.89) =13, ) =

aA+xB [0z 2 al’y
r? — a? 25 —a®
we find (4.80) is equivalent to (4.86).
5 Analytic properties of Borel transformed WKB solu-
tions of an M2P1T equation

In this section, we study WKB theoretic structure of an M2P1T equa-
tion

d? 5 ,
51 (57— mQlta.pm))i =0,
where the potential Q(t, a, p) is given in Definition 1.1. We constructed
transformation series x(t, a, p,n), A(a, p,n) and B(a, p,n) in Section
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1 that give equivalence between an M2P1T equation and the following
oo-Mathieu equation:

d_2 2 CLA(CL,p, 77) + xB(a,p, 77)
33'2 —CL2

(o

r—a)? (r+a)?
As the following discussion shows, (5.2) behaves as the WKB theoretic
canonical form of an M2P1T equation.
Let o and ¥ respectively be WKB solutions of (5.1) and (5.2)
that are normalized at their simple poles t = a and x = a. Then, from
Theorem 1.3.3, we find the following relation holds:

ox

. —1/2~]L
53)  deltapm=(5) Pl apn).apm).

For the simplicity of discussion, we take z((t,a, p) as a new coor-

(5.2)

dinate variable instead of £. This is guaranteed by Theorem 1.3.1.
Let N and M., respectively be the Borel transformed M2P1T op-
erator expressed in (xg, a, p, y)-coordinate and the Borel transformed
oo-Mathieu operator, i.e.,

ot\—20* Ot 0t\3 d 0*
(54) N _<8x0) ozl N dx? (8330) oy Qlt,a,p, a/ay)ﬁ—y?
(5.5)
M 0*  aAla,p,0/0y)+ xoB(a,p,d/dy) O

Ox z? — a? dy?

B g+(a) _ g-(—a)

(o —a)?®  (zo+a)?*

Then, from Theorem 1.3.1 and Proposition 4.4, we obtain the following
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Theorem 5.1. There exist tnvertible microdifferential operators
X and Y that satisfy

(5.6) NX = YM,,
on
(5.7) {(wo,y, a, p; &, m) €T Cy, xT* C, x C*:
x| < 7,0 < |p| <7, Rola| < |p|}

for some positive constants v and Ry with the exception of v3—a* =

0. The concrete form of X and Y are as follows:

Of \ 1/2 07\ —1/2 i
(58) zZ = <a—x0) (1 + a—;) exXp (l’(ﬂfo, a, p, 77)50) >

Ot \ —3/2 0T \3/2 3 .
(5.9) W =: (8—95‘()) (1 + 8—xo> exp (Z(zo, a, p,n)&o)
where
(5.10) z(xg, a, p,n) = z(t(xg, a, p),a, p,n) — xg.

For the correspondence of Borel transformed WKB solutions, we
have the following

Proposition 5.1. Let ﬁi,B and 1@;3 respectively be Borel trans-
formed WKB solutions of a generic M2P1T equation (i.e. a,p #0)
and the oo-Mathieu equation that are normalized at their simple
poles t = a and x = a. Then they satisfy the following relation:

(5.11)

Y

QL:I:,B<5607 a, p, y) - Kx<x07 a, P,y — y/7 ax())QLiLB(QZ'O, a, p, y/>dy/7
Fy+

where K, (xo,a, p,y,0y,) is a differential operator of infinite order
that is defined on

(5.12) E71’7R0>R1 = {(xg, a, p,y) € C* :|xo| < 7,0 < |p| <,
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Rola| < |pl, Rily| < V/|pl},

and

5,13 (0.0, ) / \/ (0.0) + 2oBlasp) |

_ a2
zi—a

Thus, the analysis of the singularity structure of Borel transformed
WKB solutions of an M2P1T equation should be reduced to that of the
oo-Mathieu equation. However the complete singularity structure of
Borel transformed WKB solutions of the (oo-)Mathieu equation is too
complicated to be analyzed directly. Fortunately, as the discussion in
Section 4 shows, the singularity structure of Borel transformed WKB
solutions of the Mathieu equation that is relevant to its two simple poles
is now clarified. Using this knowledge for the Mathieu equation, we
discuss the singularity structure of Borel transformed WKB solutions
of an M2P1T equation in what follows.

We first relate the oo-Mathieu equation with the Mathieu equation.
To this end we use the following relation:

(5.14) DL (x,a,p,n) = bi(z,a, Ala, p,n), Bla, p,n),n).

Applying the Borel transformation to (5.14), we can relate the Borel
transform w 1 pof zpi with zpi p through the action of a microdiffer-
ential operator

(5.15) AB =: exp (A0, + BO3) -,
where

(5.16) A(a, p,n) = Ala, p,n) — Ao(a, p),
(5.17) B(a, p,n) = Bl(a, p,n) — Bo(a, p)

and 04 (resp. 6p) is the symbol of 94 (resp. 0p). Thanks to the
estimates (1.3.12) and (1.3.13), we obtain the following
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Proposition 5.2. Let gZLB and gZiB respectively be Borel trans-
formed WKB solutions of the oo-Mathieu equation and the Math-
reu equation that are normalized at their simple poles t = a. Then
they satisfy the following relation:

(5.18)
Q;jt’B(xa CL, 107 y)
Yy ~
= KA,B(a'a P Y — y/’ (9,4, aB>¢:I:,B(x7 a, A7 B7 yl>dyl A=Ap(a,p)’
Fy+ B=By(a.p)

where K4 p(a, p,y —y',04,0p) is a differential operator of infinite
order that is defined on

(5.19)
{(CL?p: AvBay) < C5 0 < ‘p| <, R0|CL| < |p’7R1‘y| < v ‘p‘}
with some positive constants r, Ry and Ry and

(5.20) (z,a,p) /\/ ap+$B(ap)dx

2 _ g2

Now we study the singularity structure of ¢ . p using Theorem 4.2.

Let us focus on the m-th singular point of 1+ p located at (4.81).
Evidently, from (4.41), the following condition should be satisfied:

(5:21) 2v2[m|mh(|Bo(a, p)/Ao(a, p)|) < 1,

where h(d) is a function that satisfies (4.28) ~ (4.30). Since Ay(0,0) =
£1(0,0) # 0 and By(0, p) = p, Lemma 1.2.3 tells us that, by taking
Ry sufficiently large, we can assume that Ag(a, p) and By(a, p) satisfy

(5.22) %\f<1>(0,0)| <|Ao(a, p)| < glf“)(0,0)l,

(5.23) Ipl <|By(a, p)| < —\p\
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on {Ryla| < |p|}. Since hA(6) is an increasing function, we find that
(5.21) follows from

(5.24) 2v/2|m|mh(3|p|/|f1(0,0)]) < 1.

Therefore, by taking p sufficiently small with keeping the relation
Rolal < |p|, we can make |By(a, p)/Ao(a, p)| arbitrary small so that
(5.24) holds. On the other hand, when

(5.25)  2[m|wRi/|alo(a, Ao(a, p), Bola, p)| < v/Ipl

is satisfied, the m-th singular point is contained in the domain of def-

inition of the integro-differential operator in (5.18). Hence, in view of
(4.40) and (5.22), it suffices to take a sufficiently small relative to p so
that

(5.26) 2v/3|m|m Ry /| FD(0,0)[v/]a] < v/|pl

holds. Then, using Theorem 4.2 and Proposition 5.2, we can show the
following

Lemma 5.1. Let J denote the WKB solutions of the oo-Mathieu
equation (5.2) that are normalized at a simple pole x = a. Then,
when (5.24) and (5.26) hold, its Borel transform gbi plT,a, A, B,y)
18 singular at

(5.27) y = Fy+(z,a,p) +mpla,p)

and its alien derivative there satisfies
(528) (Ay::':y+—|—mp q;jl:) B (CL’, a’? p? y)
= +(=1)"En(p,v) ( exp(—m 7{ Sldddx)@t)B(xv a; p,y),
gl

where

(5.20) pla, p) = / Htap)

t2—a2
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and =, (1, v), pla) and v(a) are functions that are given by (4.83),
(4.84) and (4.85) respectively.

Proof. We first note the following relation, which is an immediate con-
sequence of Proposition 4.1:

(5.30) j{ggdd(az, a, p,n)dx
2l

= 2miv/alA(a,T'(a, A(a, p,n), B(a, p,n),n),n)n + i,

where A and I' are formal power series given in Section 2, gidd is the
odd part of a solution of the Riccati equation associated with the oo-
Mathieu equation and v is a contour that encircles two simple poles of
the oo-Mathieu equation counterclockwise avoiding its simple turning
point. Especially, we find

(5.31) pla, p) = 2wi/alo(a, Ay(a, p), Bola, p)).

Then, in a way parallel to the proof of Lemma 4.3, applying Lemma
4.2 to the symbol of AB and using a coordinate transformation F' :
(y, A, B) = (y/, A", B) defined by

y' =y — 2mmiy/alo(a, A, B)
(5.32) A=A

B'=B
instead of (4.45), we obtain Lemma 5.1.

Remark 5.1. From (4.40), (5.22) and (5.31), we find
(5:33) p(a, p)| = O(v/]al)

when a tends to 0.

Now, from Theorem 1.3.2 and (5.30), we obtain the following
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Proposition 5.3. Let godd be the odd part of a solution of the
Riccati equation associated with an M2P1T equation. Then

(5.34) jzf Soualt, a, py )t
Y

= 2miv/aM(a,T(a, A(a, p,n), B(a, p,n),n),n)n + mi

holds, where v s a contour that encircles two simple poles of
the M2P1T equation counterclockwise avoiding its simple turning
point.

In conclusion, combining Proposition 5.1, Lemma 5.1 and Proposi-
tion 5.3, we obtain

Theorem 5.2. Let 1. (t,a, p,n) be WKB solutions of a generic
(i.e. a#0, p#£0) M2P1T equation that is normalized at a simple
pole t = a. Then, for each integer m we can take some positive
constants 01 and do so that the following holds when |p| < d; and
0 < |a| < 0s|p| are satisfied: The Borel transform v g(t, a, p,y)
of g@i(t, a, p,m) 1s singular at

(5.35) y = Fy+(t,a, p) + mp(a, p)

and its alien derivative there satisfies

(536) (Ay::;:y++mp 1@:&) B (ta a, p, y)

=+(—1)"=n (1, V)<€Xp(—m%goddd$)¢i)3(ta a, p,y),

Y
where

(5.37)

1

2 I_ 2
=, v) = —< 1+ (=1)" — cosh 27rz'm\/’u Ve Y
m

2
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2 9

o0 /A _ 2
— cosh 27T7jm\/'u H v

(5.38) p=pla) = V/1+2(gi(a) + g-(—a)),
(5.39) v=v(a)=2(g+(a) — g-(—a)),

(5.40) y.(t,a,p) = / \/%dt

and

(5.41) pla, p) :/ %dt.

Here v is a contour that encircles two simple poles of the M2P1T
equation counterclockwise avoiding its simple turning point.

Remark 5.2. In Theorem 5.2, the positive constants d; and 09 should
be taken so small that (5.24) and (5.26) are satisfied for |p| < d; and
0 < |a| < d2|p| for an arbitrarily given m € Z.

Remark 5.3. In (t, a, p)-coordinate, y, (¢, a, p) is given by (5.40). How-
ever, since x(t, a, p) satisfies

flt,a,p  (Oxg * ady + 2By
t2—a2 \ Ot 2

rg — a?
we find (5.40) is equivalent to (5.13).

(5.42)
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A The vanishing of the odd degree (in ') part of the
transformation z(¢,a,n)

The purpose of this section is to prove Proposition A.1 below. From the
logical viewpoint this result should be placed in Section 1.1.3. But in
order not to divert the reader’s attention from the main stream of the
reasoning we separately show this result here. We also note that one
can bypass this reasoning by first constructing x(¢, a,n) that consists
of even degree part and then proving its convergence. We hope the
proof of Proposition A.1 will give some insight into the structure of
x(t,a,n). For the sake of simplicity we assume

(Al) g+ = 0
in this section.

Proposition A.1. The transformation x and constants A and B
respectively have the form (1.1.3), (1.1.4) and (1.1.5), that is, their
odd degree parts in n~' vanish.

Proof. Let us begin our discussion by studying the structure of

(A.2) z1(t, a, p) Zajl t,p)ar
p>0
and
(A.3) =Y APa” and Bi(a) = BPa”.
p=0 p>0

It then follows from (1.1.6) that we have

(AA)
2vor1f= (t2— CL2) [($6)2(GA1-|— roB1+ IlBo)—l— 2$6$/1(CLAQ + I(]Bo)} ,
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where

(A.5) Ty = Z a:ép)(t, p)a’
p=0
and
(A.6) Ay = Z Aép)ap and By = Z Bép)ap.
p=>0 >0

Comparing the coefficients of a” in (A.4), we find
(A.7)

2200 0= (@) (a0 B+ oV BY) + 20 B

Then we obtain

(A.8)
227 O
d
— 2 (33(()0)’)2 [(SBiO) + Béo)xg())(s, p) + QB(()O)S%I@(& P))} ) p)
s=x " (t,

Dividing both sides of (A.8) by tQ(x(()O)’)Q, we use [5.0]" divided by t,
le.,

_(0) 7 2
A9) HOFO — (407250
to find
d
(A.10) Béo) (23% — 1)x§0)(3, p) = —33%0).
Therefore we obtain
B
0
(A.11) x(l)(s,p) = —%S.
By

In particular, we have

(A12) 27(0,p) = 0,



(A.13) #0, p) = — %.
By
Similarly comparison of the coefficients of a'! in (A.4) entails
(A.14)
2(33(()0):17(11) + xél)x(lo))f(o) + 2x(§0>x§0>f<1>

2@ AY + 1 B + VB + 2B + o BY)

+ 200 (GO B 4 20 B0 4+ 2405 40
+ 2030 O L 9g 01150 5O
+ 2:1:80)/90(10)/9081)3( ) — 2:1:(() Y (1 )/xéO)Bél)} .

It then follows from (1.1.1.7), (1.1.1.24) and (A.12) that the left-hand
side of (A.14) has the form

(A.15) 262 (7l + 12V E ) FO 422507 )
where
(A.16) 0 =150,

Hence by dividing both sides of (A.14) by ¢? (x(()o)/)z, we readily find

0 (5.4 ). (1)
(A.17) B, (QSdS 1):171 (s, p)

— A" —sBY 4 2(a) PP O — 25V AP 4 v,

where

~

(A18) v =2(al) a0 fO

t=t(s,p)
— (2"BY + 2" B{" + 2i{"sBY 4 2 V2" B
+2iM s B + 22"l BY 4 2" s BYY).
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Here we note that V' vanishes at s = 0, and furthermore (1.1.1.21)
entails

(A.19)
2(xf”) 2y 2 1| = 22330, p) A = 248730, p),

t=0

where Z; stands for 5178)(0 p) = 1 (cf(1.1.1.13) and (1.1.1.23)).
Therefore we obtain

0
A

B

(A.20) (0, p) =

Next, by comparing the coefficients of a? in (A.4), we encounter
terms which do not have factor 2 explicitly, that is,

(A.21) 2f(1)xéo)x(11)
in the left-hand side of (A.4) and
(A.22) — [(9680)/)2 (xéO)Bfo) + x(lo)BéO)) + 233(()0)/$(10)/1‘80)B(()0)

in the right-hand side. It is clear that each term in (A.21) and (A.22) is
divisible by t!. Hence the existence of a holomorphic solution atgz)(s, p)

requires
(A.23)
o002+ () @ B2 B 120 ]| =0
Then by using (A.12), (A.13) and (A.20) we find that
(A.24)
2Ago>zo% + 2B + Zo( ~ %) By +273( - %) B
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A(O)
- 2ZO<

0 4(0) 0\ _

should hold. Similar computation of constant terms in the coefficients

of a® in (A.4) shows the vanishing of the following sum is required for

the existence of xg?’):

(A.25)

jk+1=3
A7 AP 5B )

+ 2330 370 )/(a: WY 4 T >B(()O))

+ 2200 (A9 4 5O B 4 oV BO)
+ (29080)/95(11)/ + 2:1:(() )/ xg )/) xéO)Bém} o
= AP+ of1(0, B+ 2740, A
— 24 — 2%39

B

The vanishing of (A.25) together with (A.24) entails the vanishing of
(Ago),Bfo)) by the assumption (1.1.2) combined with (1.1.1.21) and
(1.1.1.22). Then it follows from (A.11) that

(A.26) :1;50)(3, p) = 0.
Thus we can define
(A.27) T1(t,a,p) = a 'x1(t, a, p)
and
(A.28) A =a A, and By =a'By.
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On the other hand, dividing both sides of (A.4) by a, we find
(A.29)
23303?1]( = (t2 — CL2> [<$6>2(GA1 + x0B1 + ClAle()) + 251?6@‘/1 (CLAO + Cl?oBo)} .

Hence by repeating the reasoning which guaranteed the vanishing of

A

(3350)(3, ), Ag()), Bf())), we find the vanishing of (§7§O>(3, ), Ag()), Bf()))
— (a:&”(s, ), Agl), Bf)). By repeating this reasoning we find

(A.30) z1(s,a,p) =0
and
(A?)l) Al(a’v p) - Bl<a7 ,0> = 0.

To prove the required result we use the induction: let us assume

(A.32.v) z9,_1(s,a,p) = 0and Ay, 1(a, p) = Boy_1(a,p) =0

hold for n < v,
and show (A.32.v 4 1) is valid. First we multiply (1.1.6) (with g+ = 0)
by (22 — a?) (t* — a?) to find

(A.33) 1
(r"=a*)f = (&) (aAd+2B)(F'= a”) — on (" = a”) (" = a”) {1}

Comparing the coefficients of 72"~ in (A.33) we find
(A34) 21‘01‘2,/+1f = (t2— CL2) [(1‘6)2(CLA2,/+1 + IoBQV+1 + $2y+1Bo)
+ 2x6x'2y+1(aA0 + CEQBQ)} .

This has the same form as (A.4); only the suffix 1 in (A.4) is replaced
by v + 1. Hence the same reasoning used to show x1 = A1 = B1 =0
applies to (A.34). Then we find (A.32.v + 1) is valid. Therefore the
induction proceeds, completing the proof of Proposition A.1.

[l
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B  The vanishing of xgln)((), P, 121;?,2 and Bg%) for n > 1 when
gi(t) = 0.

In Section 1.1 and Section 1.2, the vanishing of xél)((), p) repeatedly

played an important role in our reasoning. Hence it is reasonable for
the reader to wonder how is the situation for the higher order terms.
The answer is that a similar vanishing is observed if g4 (t) = 0 but that
it does not hold in general when g4 (t) # 0. Hence we content ourselves
with a rather weak statement given in Lemma 1.1.3 so that the rea-
soning in Section 1.1.3 may be applicable to the case where g+ (t) # 0.
(See the reasoning in Appendix C.) It may be, however, of some inter-
est to see how the actual situation is when g+ = 0. Accordingly, we
show the following

Proposition B.1. Assume g.(t) = 0. Then we find the following
properties for the triplet Téz) = {x;];) ,Ag;) ,Bg;)} constructed in
Section 1.1.3:

(B.1) a:é,l,z)(o,p) =0 for n>0,
(B.2) #00,0) =0 for n>1,
(B.3) Ag?j = Bé%) =0 for n>1.
Proof. Let us first recall

(B.A) 23(0,0) =0 for j=0,1,2,-- .

(Cf. (1.1.3.54).) Then, by using (B.4), we validate by the induction on
k the following statement V(k) (k > 1):

(
r(l) :ng)(()ap):oa 221,2,,k,
(i) AY =By =0,i=1,2,-,k

(B.5) V(k)

7\
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Let us first prove V(1). To begin with, we note
1 (dt

(B.6) B0 = oo ) sl

(0)(

other terms in R (s, p) do not exist because of the constraints on the
indices. Since flg_l) = 0 by the assumption (1.1.3.50), (B.6) entails
(B.7) :z:(o)(s, p) = —B(ms +0(s).

We also note that zé )(3 p), which is; by definition, azg )(3 p)— 121(_1) +

~

Bgo)s, satisfies

(B.8) (0, p) = 0.
We next show
(B.9) R0, p) = 0.

In what follows (untill (B.18)), we use the symbol (a.j) (j =1, 1i,- - - ,x)
to denote the term labelled by (.j) in (1.1.3.43) with (p,n) = (1, 1);
for example, (@.i)|s—g means

(B.10) N @00, )50, )AL

q+r+u=0

i+j+k=1

(u,k)#(0,1)
Using this expression together with (B.7), we find
(B.11) (cvi)|s=0 = —2257(0, p)af (0, p) A

~(0) 7(0
B4,

Seemingly the p-dependence of this term is wilder than that one might
expect at this stage. But fortunately, as we will see below (cf. (B.16)),
it is cancelled out by (a.vi)|s=, which is equal to

(B.12) t2 S (s, p)aty (s, 0) (L, p)

r4+u=1

s=0 .
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Since we have

(B.13) w0 (s, )i (s, ) fOt, p) = O(5%)
thanks to the relation
(B.14) 257(0, p) = 0,

it suffices to study the contribution from :cg (s, p)xo (s, p) fO(t, p).

Then it follows from (B.7) and the relation (ds/d¢|,_ 0)2 = 1 that

o2

(5B.15) im0 (5,0 1Vt )
BO s=0

2 =~ (0)y 4(0 ~(0) (0
2 (B0 — oB0 Y
By
Thus we find
(B.16) (a.d)]s—0 + (a.vi)|s—g = 0.

In view of the constraint on the indices, we find that (a.j) (j =
iii, iv, v, vii, viii, x) contains no term. It is clear that («.ix)|s—¢ vanishes.
Thus the remaining term to be studied is only (a.ii)|s—o; because of
the constraint on the indices, we find either (i) ¢ + r + v = 1 or (ii)
q+r—+v=0.Incase (i) u is 0, and hence :c;?(o, p) vanishes by (B.4).
In case (ii), u should be 1 and hence the constraint (u,k) # (1,1)
entails k = 0, leading to the vanishing of this term by (B.14).

Summing up all these, we thus find

(B.17) R0, p) = 0.
This implies
(B.18) 2000, p) = 0.

By using this and (B.8), we next show Fgo) = Ago) = 0 by examining

each term in (1.2.164) and (1.2.165). We use symbols (7.5) and (9.k)
to mean terms labelled by them there.
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The vanishing of (7.1) and (#.i1) immediately follows from (B.8) and
(B.18). For (pg,n) = (0, 1), one of (¢, j, k) in (7.iii) should be 1, which
is forbidden in (4.iii). Thus (¥.iii) contains no term.

Concerning (7.iv), we first consider the case where u = 1, 1.e., g+r =
2. If ¢ = 2, then r = 0; thus xg)(O,p) =0by (B4). Ifg=0o0r1
a:éq)(O, p) vanishes by (B.4) or (B.14). Thus every term with v = 1 in
(7.iv) is 0. The same reasoning applies to terms with v = 2. Thus
(7.1v) is 0. It is clear that (§.v) contains no term when n = 1. To study
(9.vi), we first consider the case where ¢ +7r +v = 1. Then u = 0,
and hence ZISSZ}(O, p) vanishes by (B.4). When g+ 7r+v =0, u = 1;
then the constraint (u, k) # (1,1) forces k to be 0. Hence xéz)(o, p)
is 0 by (B.14). Thus (4.vi) is 0. The term (7.vii) does not exist for
(po,m) = (0,1). The vanishing of (7.viii) is an immediate consequence
of (B.4) (with j = 0). Thus we have confirmed

(B.19) Y = o.

We next study Ag)). Again by (B.18) and (B.8) we find that (.1)
and (6.i1) are 0. When (pg,n) = (0,1), (4.iii) contains no term. To
study (0.iv), we may assume (7, ) = (0, 1) without loss of generality.
Then :13;3)(0, p) vanishes for ¢ = 0 or 1 by (B.4) or (B.14), whereas
xg)(O, p) vanishes for ¢ = 2 (and hence r = 0). Thus (0.iv) is 0 in

~

our case. The vanishing of (§.v) can be confirmed in the same manner.

Concerning (9.vi), :c;;)((), p) = 0 for r = 0 by (B.4). On the other

hand, r = 1 forces 7 to be 0, and hence the vanishing of CEé?(O, p)

follows from (B.14). Thus (4.vi) is also 0. The vanishing of (4.vii)
is clear for (po,n) = (0,1). For each term in (0.viii), w = 0 in our
case, and hence the vanishing of (9.viii) follows from (B.4). When
(po,n) = (0,1), (4.x) contains no term because of the constraint on
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the indices, and (d.x) does not exist. Finally in (d.xi) we find

r 0)\2
(B.20) xgz)x;j) = (xé )) = 5%,
Hence
d S
(B.21) SO alallwnl))| | =0
q+r+u=0
1+j+k=0
Thus we have confirmed
(B.22) AP =0,
Therefore (B.19) and (B.22) imply
(B.23) AP = BV = 0.
Then
(B.24) (0, p) = 0
follows from (B.7) and (B.23), and
(B.25) 25700, p) = A + 257(0,p) = 0

follows from (B.18) and (B.23). Thus we have validated V(1).
Let us now validate V(n) (n > 2) by assuming that V(k) (1 < k <
n — 1) have been validated. To validate V(n) we first prove

(B.26) RY)(s.p) = O(s%).

From this point to (B.34), (a.j) (7 = i,ii,---,x) means the term
labelled by (a.j) in (1.1.3.43) with (p,n) = (0,n). As (a.j) (j =
i, iii, iv, vi, vii, viii, x) contains no term, we concentrate our attention
on other terms.

To study (a.ii), p = 0 implies ¢ = r = v = v = 0. Then the
convention (1.1.3.44) entails

(B.27) ikl <mn—1.
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Hence at most two of (i, 7, k,[) are allowed to be 0; otherwise stated,
at least two of them are equal to or greater than 1. Therefore it follows

from V(n — 1)(i), (iii) that
(B.28) (vii) = O(s%)

(including the possibility of its vanishing).
Concerning (a.v) with n > 2, the constraint on the indices entails

(B.29) i, ) > 1.
Hence V(n — 1)(i) implies

(B.30) w§)2l) fO = 0(s?),
that is,

(B.31) (a.v) = O(s?).

As to (a.ix) we divide the situation into two cases: (i) k < n — 2, (ii)
k=n—1 Incase (i),i+7=n—1—k > 1 and hence (B.4) and
V(n — 1)(i) entail

(B.32) 252 {11y = O(s%),

whereas in case (i) we find ¢ = j = 0 and thus
0)_(0 0

(B.33) zy g {athy) ) = O(s).

In any event, we obtain

(B.34) (a.ix) = O(s%).

Summing up all these, we find

(B.35) RY)(s.p) = O(s%).

Next we study RSB(O, p). From this point to (B.44), (a.j) stands for
the term labelled by it in (1.1.3.43) with (p,n) = (1,n), where n > 2.
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Let us first examine (a.i)|s—g. It follows from the definition that

(B.36)
. - (0) . (0) 7(0 . (0) - (0) x(0
(@illmo=— Y (@ A7) = D (@yay)Ay)|
R

Then the second sum vanishes by V(n — 1)(iii). On the other hand, all

terms except —(iéo)ié(g + i’é?,)i‘(()o)) A(()())

V(n — 1)(i). Thus we find

in the first sum vanish by
5=0

(B.37) (000)]smg = =205 (0, p) AY.

As one expects, this term is cancelled out by (a.vi); let us confirm
it first, by setting aside the study of other terms. Since (B.4) and
V(n — 1)(ii) guarantee xé?fajél) fO = O(s?), what we have to worry
about in («.vi) is the term

2072 1 dtN? (o) .1

(B.38) @(E) zh) sfO(t, p) L
which cancels (a.i)|s—g by (B.4). Let us now return to the study of
(au.ii)|s=p, following the numbering. To study (a.ii)|s—o, we first note
that ajg}?(o, p) with u = 0 vanishes by (B.4), and hence we suppose
u = 1. But then, the condition (u,k) # (1,n) forces k < n — 1.
This means that one of (7, 7,1) is equal to or greater than 1. Hence
V(n — 1)(i), (iii) guarantees

. (0) . (0) 5(0
(B.39) i5)ay) By =0.
Thus we find
(B.40) (i) |s=0 = 0.

It is clear that («v.iii) and («.iv) contain no term when p = 1. As to
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(c.v) we rewrite

Ba) Y S0 = 3 a0 Y a0

q+r+u=1 q+r=1 i+j=n
i+j=n i+j=n 1,j<n—1

Then, in the first sum either ¢ or r is 0 and both 2 and 7 is equal to or
greater than 1. Hence V(n — 1)(i), (ii) implies

(B.42) a;ég)xg?f(o) = O(s").

It is also clear from V(n — 1)(i) that each term in the second sum is of
O(s%). Thus we obtain

(B.43) (a¥)] oo = 0.

Since (a.vii), (a.viii) and («.x) contain no term and since («.vi) has
already been examined, what remains to be studied is (a.ix). But,
either ¢ or r is equal to 0 in each term in (a.ix). Hence (B.4) guarantees

(B.44) (.ix)[s=0 = 0.
Thus we have confirmed
(B.45) R0, p) = 0.
We now show
(B.46) Y = Al =,
To begin with we note
(B.AT) 2,(0,) = 2,(0,p) = 0

follows from (B.35) and (B.45). Then, using the symbol (7.i) etc. to
denote the corresponding term in (1.2.164) and (1.2.165) with py = 0,
we find by (B.47) that

(B.48) (7.i) = (§.i) = 0.
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Concerning (¥.iii), we first note

(B.49) g=r=u=0
and hence the constraint on the indices entails
(B.50) 1,7,k <n—1.

Therefore at least one of (i, j, k) is equal to or greater than 1. Then
V(n —1)(i), (iii) guarantees

(B.51) (.iii) = 0.

It is clear that (7.iv) contains no term when pg = 0. As to (§.v) each
term in the sum has the form

(B.52) 25 (0, )3, (0, p) S0, p)
with ¢, 7 > 1. Hence V(n — 1)(ii) implies it vanishes, and thus we have
(B.53) (7.v) = 0.

Regarding (7.vi) we divide the situation into two cases: (i) u = 1 and
(ii) uw = 0. In case (i), (u, k) # (1,n) entails £ < n — 1, and hence at
least one of (i, 7, 1) is equal to or greater than 1. Therefore V(n — 1)(i),
(iii) implies that the term in question is 0. In case (ii), (B.4) applies to
the term. Thus

(B.54) (7.3i) = 0.

Clearly (7.vii) does not exist. Concerning the sum (5.viii) either ¢ or

r is equal to 0 in each summand and hence (B.4) entails its vanishing.
Thus we find

(B.55) 'Y —o.
As to AY (0.i) and (.ii) vanish by (B.47), and (4.iii) contains no

2n>
term for py = 0. Concerning (9.iv), we rewrite Z xgg)((), p)x;;.)(o, p)
q+r=2
i+j=n
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as follows:

(B36) 2> 20,0250, p) + > 250, p)ad})(0, p).
i+j=n i+j=n

Then (B.4) implies the vanishing of each term in the first sum. On

the other hand, if one of (7, 7) is n then the other is 0 in each term in

the second sum. Hence V(n — 1)(ii) entails the vanishing of the second

sum. Thus we find

(B.57) (0.iv) = 0.
Similarly (B.4) guarantees

(B.58) (0.v) =0,

and we can readily confirm the vanishing of (4.vi) in the same way as
that used for the confirmation of (B.57). The vanishing of (J.vii) and
(0.viil) is an immediate consequence of (B.4). Concerning (4.ix) with
po = 0, the constraints on the indices entail

(B.59) ikl <n—1,

and hence at least two of (7,7, k,l) are equal to or greater than 1.
Hence V(n — 1)(i), (iii) guarantees that every term in (d.ix) should be
0. As (0.x) does not exist for py = 0, the last term to be examined for
(0)

the confirmation of the vanishing of Ay is (.xi): each term in (9.x)

for pg = 0 contains the factor a;;?)xgy. Thus we find

(B.60) (0.x1) = 0.
Summing up all these we have confirmed

(B.61) RY)(s.p) = O(s%),

and

(B.62) R$)(0,p) =0
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together with

(B.63) Iy = AL =0,

which implies

(B.64) AL = B — .
Therefore we find

(B.65) 5, (0, p) = =By, + RS0, p) = 0,
(B.66) 2 (0,p) = Ay + Ry, (0,p) = 0.

As (B.64), (B.65) and (B.66), together with V(n — 1), imply that
V(n) is validated. Thus the induction proceeds, and the proof of the
proposition is completed.

Remark B.1. By following the reasoning in Appendix C, one can con-
firm that, if g (¢) # 0, xél)(O, p), together with (Ag)), Eém), is different
from 0 in general.

]

C Construction and estimation of the transformation
series that brings an M2P1T equation to the Mathieu

g.(t) g-(t) .
—a) + t+ a)2) 1s not 0.

equation when 77_2(<

The purpose of this appendix is to confirm the results in Section 1.1.3

and Section 1.2 without assuming g+(¢) = 0. For the sake of definite-
(0) (0)r

ness of the description we assume B, = p (and hence z;" (0, p) = 1).
—p
For the sake of computation of terms of the form < Z zl(t)n_l) (p
1>0

= 1,2) we first prepare the following Lemma C.1. The computation of
the above series with p = 2 is not used in this appendix but used in
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Section 1.3. As the reasoning for the case p = 2 is basically the same
as that for the case p = 1 we bring them together here.

Lemma C.1. Let wi(t) (k = 0,1,2,--- ,n) be holomorphic func-
tions at t =ty and satisfy

dw
(C.1) —(to) #0
and
(C.2) wi(t)) =0 (k=0,1,2,--).
Then f,(t) and g,(t) (n=1,2,---) defined by
(C.3)
dwy, dw 3 w w
ky QW * pp " We
fn(t) — Z dtl dt2 Z Z (_1)Iu w,u M’
k1+ko+ks=n u:min{l,k3}|§|ﬂzk3 0
(C.4)
dwkl dwkz Wgy =+ Wy,
w= D Z > (D Wl
k1+ko+kz=n p=min{1,k3}|K|,=k3 0

satisfy the following relations:

dwy dw,,
(C.5) fulto) = o |,
(C.6) gn(to) = 0.

In particuler, wy ' g,(t) is holomorphic at t = t.

Proof. Using the assumption (C.2) we define ay, by
B (dwo) —Ldw;,
=ty \ dt dt
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In order to obtain (C.5), it suffices to show

ks
€8 = Y aan, Y (1Y
k1+ko+ks=n p=min{1,k3}

for n > 1, where ﬁ,i“ )'is a constant defined by

(C.9) 6,2“) = Z Qy ** * Q-

|’Z|u:k’

Since g = 680) =1, 5(k) =0fork>n+1and

(ClO) Z 84 1/6k=2 _ nlu+1 )
k1+ko=n
we find
(C.11)
k3
Z Q) Xy Z (_1)MBIE§)
ki+ko+ks=n p=min{1,k3}
—204050 oszrﬁO Z Oékloékfr%z
kl—l—k‘g n
ks
+ 2ay Z aklz “ﬁkz + Z Ofk:lafk‘gz
k1+ko=n k‘l—l—k‘Q—l—kg n p=1

= 20, + B¢ +Z 1) B +2Z w+1+z

= 20, — V.

n

Since ﬂ,ﬁ” = q;, we obtain (C.8).
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Next, we show

ks
(C'12) Z Ok Qo Z (_1)M(:u + 1)5/(;;) =0
k1+ko+ks=n p=min{1,ks}

By using the same result as above, we can rewrite the left-hand side
of (C.12) as follows:

(C.13) Z Qg gy + O Z o+ 1)pW

k1+ko=n
—|—20éoz Ozklz ,u—|—1ﬁk2
k1+ko=n
k3
+ Z @kl@kzz —1)"(p+ 1)5;5;?
k1+ko+k3=n p=1
Z @kl&k2+z :u"'l ()
/{:1—0—]62 n
n—2
+2Z M+ 1B+ Y (=1 (e + )BT
p=1

=2an+ﬁn — 26" — B

Since A1) = a,, we obtain (C.12); thus we have confirmed (C.6).
[]

Let us now confirm Proposition 1.1.3.2 together with the estimate
|G, p,2n] given in Proposition C.1 below, which is totally the same
estimates with [G; p,2n] in Proposition 1.2.1, when the lower order
term

(C.14) 77—2((9+(t) . g—(t) )

t—a)? (t+a)?
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is not assumed to be 0. In what follows we sometimes refer to this
lower order term as the additional term so that the background of our
reasoning may become apparent. The main reason why we perform the
construction and the estimation simultaneously is that we want to use
the analyticity of {l’gk(t, a, p)}o cpey,q O a sufficiently large set, say
on E) . in constructing zo(t, a, p); the analyticity of {22k} ocpen s
enables us to find Lemma C.2. The relation (C.18) leads us to introduce
the auxiliary functions {yigk(t, a, p)}o 1 which facilitates the
manipulation of the singularities at ¢ = +a contained in the additional
terms, as we will see below.

Proposition C.1. There exist positive constants (ro, R, A) and
a sufficiently small constant Ny for which the following estimate
(G';p,2n] holds for every p > 0, every n > 1, every p in {p €
C;0 < |p| < 1o} and any positive constant € that is smaller than
’r’o/3 .

[G";p,2n] =

) [0, )| < NoC(p) (Rlp| )" (2n)le=2 (Al p| )",
i) |AY)| < NoCl(p)(RIp| )" (2n)1e=2"(Alp] )",

iii) [ BY)| < NoC'(p)(Rlp|™")" (2n)le=2" (Al p| )",
p.2n)(iv) |23 |y < NoClp) (Rlp| ™)’ (2n)e =2 (Alp| )",
(0. 20)(v) (|25 ling—e) < NoC'(p) (Rlp| )" (2n)-€_2”(z4\p|_1)n-

To confirm Proposition 1.1.3.2 and Proposition C.1 when the po-
tential @) contains the additional terms, we first note that (1.1.6)

I’GQU_iI’GS L = ZnZO x2n(t7a’7p)n—2n7 A — ZnZO A2n(a’7p)n—2n7 and

p

N\

p, 2

[ (p,2n)(
(p, 2n)(
(p, 2n)(
(p, 2n)(
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B ="~ Banla, p)n~?", should satisfy

(C.15)

@ = f 02 (gt + g 1) ]

= (2 — a?) (%)Q{a/l +aB 4+ <x J_r Zg+(a) - J_r Zg—(—a)) }
_ %n—w a®)(a? — a®){z;t}

Since the additional terms do not affect the relation that Ay(a, p),
By(a, p) and xo(t, a, p) should satisfy, Proposition 1.1.2.1 and Lemma
1.2.3 apply to the case where () contains the additional terms.

In parallel with (1.1.3.36), the comparison of the coefficients of 72"
(n=1,2,---) of (C.15) leads us to the following relation:

(C.16)

Z 372k1372k2> J

k1+ko=n
t+a t—a
+ ( Z T2k  L2ky — Op1a ) (t 9+(t) + i ag—(t))
k1+ko=n—1
= (t2 o a2)( Z xéklx;k2aA2k'3 + Z x;klxék2x2k332k4)
k1+ko+kg=n k1+-+kg=n

2 2 / /
+ (t —a ) E : I2k1$2k2x2k3
k14 —0—/€4 n—1
> ( g+(a') z : x2f€1 T 372/@
To — Z (g — a)*

@ pmmnin{ 1k YR =k
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—(—a u L2 L2
+gx (—I- ) Z Z ;1 —I—a):H>
U pmmin{ Lk} Rlu=hy 0

2
—a)a § $2k1332k2
/{:1—1-/{:2—1-/{:3 n—1
> (g+(a’) 2 : z : 372/{1 CU2;—cﬂ
To — (xg — a)H
pr=min{1, k3}\ﬂ\u=k3
_ g-(=a) Z Z x%l x%u)
o+ a (xg+ a)H

p=min{ 1k}l =ks

1
_ §(t2 — a2) Z $2k1372k2{333 t}2k3

k1+ko+ks=n—1
1
+ §(t2 — CLQ)CLQ{I; t}2(n—1)a

where d,,1 is the Kronecker delta and {w;t}o; is the coefficient of 5~
of {x;t}.
Let us now confirm that Ay, (p) (p > 0) hold under the assumption

that Agi(p) and [G';p,2k] hold for 0 < k < n—1land p > 0. It
follows from [G”; p, 2k] (p > 0) that xox(s, a, p) is holomorphic on

(C.17)
Bl = {(s,0.0) € €t [s] < 10,0 < |p| < o Ja] < (2R) o]}
Using this analyticity we first show the following
Lemma C.2.
(C.18) Tor(t, a, p)|t=ta = 0
holds for 1 <k <n —1.
Proof. 1t follows from (C.16) with n = 1 that x5 satisfies the following
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relation:

(C.19)
2x0xof + (a:?)

t+a t—a
@) (7 () +

9-(1)

(42 2 / / ! /
=(t"—a )( E $2k1$2k2a142k3+ E x2k1$2k2x2k332k4)

k1+ko+ks=1 k1+-+ky=1
+ a To— Q
2 a2\ (o 2(370 (= )
# (1= @) ah) (B (@) + 2y (—a)

_ %(# — (a2 — Az tho.

Since xq satisfies (1.3.11), by setting ¢t = +a in (C.19), we obtain
(C.20) 2ax5(t, a, p) f(t,a, p)|i=ea = 0.

Hence (C.18) for k = 1 follows from (1.3.16). Next we show (C.18) for
k=1(2<1<n-—1)under the assumption that (C.18) holds for
1 <k <Il—1. Bysettingt=ain (C.16) with n = [, we obtain

(C.21)

(2ax25f+4a g+x2l 3 |t .

o+ a
2 2 0
= (t*—a”)g+(a)
o — a
X kalek‘g af — CL)’LL
ky+ko+hkg=1—1 p=min{1, k‘4}|/~f|u—k‘4 ’ =

Since wy = xo—a and wy, = xoy, satisty (C.1) and (C.2) at tg = a, (C.5)
implies that the right-hand side of (C.21) is equal to 4a? g+x2
Hence we obtain

‘ta

(C.22) 2axyf|,_, =0
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We then see that z9|1—, = 0. Using the same reasoning as above, we
find x|, = 0 holds. Hence we obtain (C.18) for k = I.
]

Let us now define y4 ox(t,a,p) (k=0,1,2,---) by

o+ a
C.23 —
(C.23) Yo =T,
Lok
C.24 _
(C.24) Yok = g

Then, from Theorem 1.3.1 and (C.18), we find that (y40) " and y4 ok

(k = 0,1,2,--+) are holomorphic on E1 2or We denote the coeffi-

#:(p) (p)

cients of a? of (y£o) ™" (= 1,2,-+-) and y4 o by wiy"’ and yi%

respectively as follows:

(C.25) (ya0) (¢, a, p) Z wh

(C.26) y+2k(t, a, p) Zyi% t,p)a

We also denote the coefficients of ¥ of g+ by gg_f >, ie.,

can ()= Y g0

p=0

In parallel with (1.1.3.37), comparison of the coefficients of a? in (C.16)
leads us to the following relation:

(C.28)
> ablaby [+ Fy)
ll+12—|—l3:p
k1+ko=n
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42 ()1 1)/ 3) p(l4)
—t[ Z %/il 2k2 2k;3+ Z %k 2/32 2/5332/34

l{+lg+l3=p—1 l4-+ly=p
k1+ko+kg=n k1+-+kg=n
1
5 > %k x2/€2{x t} 5 {35 t}Qn 1)
ll+l2+l3:p

k1+ko+kg=n—1

(1) (I2)r 4(13) ()7, (L2)!_ (I3) (la)

- [ E : Lok, Lok, A2k3 + E : Lok, Lok, 37%3321{:4
H+lg+l3=p—3 ++ly=p-2
k1+ko+kg=n k1+-+kg=n

1
) Z 332/% $2k2{x t} + {x t}2n 1} —I-QSZ),

W +lg+ig=p-2
kl —|—/€2+k3:n—1

where féi) and Qéﬁ) are functions that depend only on CEélk):, yi)% (0<

k<n-—112>0)and gr. The concrete forms of féi) and Qéﬁ? are
given as follows:

(©29)  FP =g 1) 3 2l b gi0) 3wy

l1+lo=p l1+lo=p—1

~1 —2
+tg+(t)yf 0 )+g+(t)yf e

l [
g (t) > @y gty Y 2y

l1+l2—p li+lo=p—1
—1 -2
—tg-(t)y¥y" + g_<t>y9’o ),

(C.30) .7:2(2) =2tg. (1) Z xol y+ 2 (n-1)

l1+lo=p

* l
ttget) Y alty

ki+ko=n—111+lo=p
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z
+2g(t) Z x(()l)yi 2)(71 1)

l1+lp=p—1

+ g+ (t Z Z 952/% y+ 2k2

k1+ko=n—1l1+lo=p—1

(l)
+ 2tg( Z %1 y! 2 (n—1)
ll—l—lg—p

+tg_( 7 y: 2/3;19 ko

k1+k:2 n—11l1+lp=p

z
—2g-(1) Z 2"y 2)(71 1)

li+lp=p—1

Z Z 3721%?/ 2ks

k:l—l—/{ig n—1101+lp=p—1

for n > 2 and
(C.31)

h) () (13) (lg)
ggn :( Z xglil) 1'2]32 $2]§3g+4

k1+-+kg=n—1
l{++lg=p

l l l [
DD

ky4-thy=n—1
I+ +lg=p—1

ky

2 : ,u—i-l (I5) z : 2 : (Au+1)
> +2I€1 ceey

p=min{1,ky} |Rlu=ka |X|,=lg

[ l
S DD i AT
k1++kg=n—1

Iy ++lg=p
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[ l l [
Y )

kq+-thky=n—1
l4-+lg=p—1

ky

M+J.l5 (Au+1)
> E E E —2fi1 ceey

p=min{1,ky} IRl u=k4 |)\|u—l6

[ [ [
e Y el

k1+-+kg=n—1
l1+-+l5=p—1

(L) (l2)r (I3)
+ Z Togy Togy 9 )
ki +-hy=n—1

I+ +l5=p—2

ky

2 : Ak+1 (I4) 2 : 2 : (Apt1)
> +2I€1 ceey

p=min{1 ky} IRlu=ka |X|,=15

(X e

ki+-+kg=n—1
[+ +H5=p—1

X A Caee)

kp+-thg=n—1

++l5=p—-2
ky
1,(14)
S SIRTELD i LT L
p=min{1 ky} IRl =ka | X| =15
forn > 1.
Now, we define @é];) and Ré];) by
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~ t= sdt
(C.33) R} = Ry + E(d—) (Fa) =G,
where @gjl) and jof are respectively given by (1.1.3.38) and (1.1.3.43).

It is evident from (C.28) that, if we want to construct {x, A, B} when
g+ # 0, cf>2 ?) (resp., f%én) ) is the required substitute of q)én) (resp., Rén) )

n

used in Section 1.1.3. Since .7:2n (2_ )O and QQn (2_ )O for any p > 0 and
niq

q > 0, by the same reasoning as that in Section 1.1.3, we find As,(p)
(p > 0) is also valid in this case.

Next we estimate the constructed series as Proposition C.1 requires.
For this purpose we prepare the following

Lemma C.3. The series .7-"2(2) and géi) (p > 0) satisfy the following
estimates for some positive constant My under the assumption that

G p,0] and [G";p,2k] (1 <k <n-—1,p>0) hold:

(C.34)
F | < MyATINGC () (Rl o) ™) (20 — 2)le ™22 (Al p] )",
(C.35)
JF < MyAT NG (p) (RIp| ™Y (20 — 2)le ™2 (Alp| 1),

o = MoNoC () (Rlp| )" (2n = 2)1e™ 2 (Alo] )",
(C.37)

|92p+3 ‘t:o‘ < MOA_lN()C(p) (R]p!_l)p@n . 2>!8—2n+2 (A‘p‘_l)n7
(C.38)

G| o] < MoA™ NUC(p) (Rlpl ) (2n = 2172 (][ )"
(C.39)

Hgé]:l)”[ro—g] S M()N()C(p) <R|p|—1>p(2n . 2)!8—2n+2 <A|p|_1>n_1_
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Proof. To begin with, we derive the estimates of yﬁf)% and wgf ) from

(p)

those of o} o AS follows:

Lemma C.4. The functions yf)% and wi’(p) 0<k<n-1,p>
0, > 1) satisfy the following estimates for some positive constant
M under the assumption that [G;p,0] and [G';p,2k] (1 < k <
n—1,p>0) hold:

(C.40) luoll, < MC)(RIpl )",
1) ™), < MPCE) (Rl

(C42) |yl € MNCp)(Rlo| 1) (2k)e 2 (Alpl )"

Proof. Since (y+0)*! are holomorphic on E},2 » and bounded by some
positive constant M there, we find that, by taking R sufficiently large

if necessary, yﬁf}o and w/- (p > 0, > 1) satisty (C.40) and (C.41).

Further, it follows from the definition of y4 91 that yﬁf)% satisty the

following relation:

(C.43) y =t (2l £y,
(1)

where we conventionally regard y, o, as 0. It is then evident that

we can estimate Hyﬁf)%H roe] in an inductive manner with the help of

(G, p,2k]. Actually, with an appropriate choice of constants M and
R that is specified below, the maximum modulus principle enables to
find the following;:

(C.44) Hyff,)QkH[ro—e]

A
w|§ | 2

(HkaHTO 8 + Hyﬂ:2/€ HT‘O 6])

(1+ MR p|Cp—1)C(p)")
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x NoC(p) (Rlp| V)" (2k)le= (Alp| )"

_ _ 1\ k
<M NoC(p)(Rlpl )" (2k)le ™" (Alp| )"
Here we take M > 0 so that
(C.45) sup [t71(s)] < M /2

|s|=rg—e

holds for 0 < € < ry/3 and assume that, by taking R sufficiently large,

(C.46) MR plClp—1)C(p)~" <1
holds.

[]
Remark C.1. As the recursive relation (C.43) for yﬁf)% (k > 1) implies,

(p) (p)

if we write y) 5, in terms of 3, it looks as if it had a pole at ¢ = 0
whose order became higher and higher with increasing p. However
(C.18) guarantees that the pole actually does not appear. This is also

the case for yf’)o and wi’(p )

Now let us return to the proof of Lemma C.3. Suppose g+ is bounded
by some positive constant M as follows:

(C.47) o[, < M.

Then, for example, the second term of .7:2(p +3), ie., gy Z xéll)yig
l1+lo=p+2

1s estimated as follows for ¢ = 0:

(C.48) loslly Do |y,

l1+lo=p+2

< M*CoC(p+2)(Rlp| )"

In this way, we can readily confirm that the following estimate holds

for p > 0:
(C.49) |FF| | <AMPCyC(p +2)(Rlpl )",
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Therefore, by taking M, sufficiently large so that 4M?CyR < MyN,
holds, we obtain (C. 34) for n = 1. In the same way, we easily
find that .7-'2p+3 |t 0 = 2,3,---) satisfy (C.34). The estimation

of ]_—2p (p+2) | =0 requn‘ed in (C.35) can be also done in a similar man-
ner; by using Cauchy’s inequality we can estimate, for example, the

derivative of the third term of ]-'2(? )‘ o evaluated at ¢ = 0, e,
0. (1 (), () Y follows:
g+ (1) Z 0 Yy ooy ) |,_, 2 follows:
l1+lp=p+1 B
(C.50)
W, (I ’
[CHONDIRE S TN
l1+lo=p+1 B
2
< ol Do Mt lgllo el
l1+lo=p+1
3M?N, n—
< “Clp+2)(Rlpl )" (20— 2)le ™2 (Alp| )"

To
In this way, we find the estimation (C.35). The estimate (C.36) is an

immediate consequence of the induction hypothesis.
Next, we confirm (C.37). Since

(0)r
(C51) 22 (0 9)] < = llwaelly,

holds for some positive constant M and since we may assume that gg)

satisfy
(C.52) 90 < MC (g,

211



the first term of QQ can be estimated as follows:

(C.53)

s

Z |a:2k1 (0, p szi@ (0, p szkg (0, p ||g+ ‘

key+-thy=n—1

I +-+lg=p+2
< p+1,(Is) Aut1) (A2)
X Z H H’r‘o Z Z Hy+2’f1 H[TQ 8] Hy—FZ‘iNHTO 8]
p=min{1,ky} |Rlu=ka |X|,=lg
M3 ~ ~ -
< Gz (Rl e (Ao

< ¥ C(gl)caz)c*(zg)c*(u)(2k1)!(2k2)(k><!fll|g)

kq+-tky=n—1

l1+-+lg=p+2
k4 .
XY MPPHINEC(5)C(le) Y (2k0)! - (2k,)!
p=min{1,ky} Rlju=Fa

< 97“0_2M364M2N00(p + 2) (R\p\_l)pﬂ@n — 2)le™*" 2 (Alp \_1)n_1.

Similar estimation is validated for other terms in g | o Hence, by

taking My so that 36r;, > M3e AM*No B < Ny M holds, we obtain (C.37).
We can confirm (C.38) in a similar manner. The validation of (C.39)

is a straightforward task.
[]

Finally let us discuss how to deduce [G’; py, 2n] from Lemma C.3.
Since the estimates (1.2.161) still holds, we can deduce the following

estimates for R<p0+ >(O, p) from (C.34) and (C.37) with p = py — 2:
(1) R0, )] <NNoCl) (RIpl (ot (Alpl )"
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where
(C.55) Ny =M(Co+ No+ R+ (NgA) ™)

with a positive constant M that is independent of Cy, Ny, R and
A. Since (1.2.163) and (1.2.177) also hold, we obtain the following
estimates from (C.36) and (C.39) with p = py:

(C56)  |RYY(0, p)] <NINC(po) (Rlpl ™)™ (2n) e~ (o] )",

(©57) (1B, SNNoCpo) (Rlpl )" (2n)te 2 (Alp] )"
Now let us define Fén) and Ag;) by

(C.58) M0 =18+ (F = 68|

) AR -a (- o),

(Here we note that Fén) and Aén) are obtained from & p (p+3) ‘ o and

P p (p+2)! ‘ .o Tespectively.) Hence, in view of (C.32), we ﬁnd that what
(P)

plays the role of 'y (resp., A;} ) in this case is FgTB (resp., A( )) Then,
combining (1.2.166), we obtain the following estimates from (C.34),
(C.35), (C.37) and (C.38) with p = py:

(C.60) TS|, [ASY] <NiNoCl(po) (Rlp| ™)™ (2n) e (Alp| )",

Thus, by the same reasoning with part [III] and [IV] in the proof of
Proposition 1.2.1, we find that [G’; p, 2n] follows from (C.54), (C.56),
(C.57) and (C.60). Therefore, the induction proceeds, and hence, we
obtain Proposition C.1.

213



References

Al]

A2]

AKY]

(AKTI]

(AKT?)

T. Aoki: Symbols and formal symbols of pseudodifferen-
tial operators, Advanced Studies in Pure Mathematics, 4,
Kinokuniya, 1984, pp.181-208.

Calcul exponentiel des opérateurs microd-

ifferentiels d’ordre infini. I, Ann. Inst. Fourier, Grenoble
33 (1983), 227-250.

T. Aoki, K. Kataoka and S. Yamazaki: Hyperfunctions,
FBI transformations and pseudo-differential operators of
infinite order, (in Japanese) Kyoritsu-Shuppan CO., LTD,

2004.

T. Aoki, T. Kawai and T. Takei: The Bender-Wu analysis
and the Voros theory, Special Functions, Springer-Verlag,
1991, pp.1-29.

. The Bender-Wu analysis and the Voros theory. 11,
Advanced Studies in Pure Mathematics, 54, Math. Soc.
Japan, 2009, pp.19-94.

T. Aoki and J. Yoshida: Microlocal reduction of ordinary
differential operators with a large parameter, Publ. RIMS,
Kyoto Univ., 29(1993), 959-975.

E. Delabaere and F. Pham: Resurgent methods in
semi-classical asymptotics, Ann. Inst. Henri Poincaré,
71(1999), 1-94.

J. Ecalle: Les fonctions résurgentes, I, I1, I1I, Publ. Math.
d’Orsay, Univ. Paris-Sud, 1981 (Tome I, IT), 1985 (Tome
1),

214



[Ex]

[KKKoT]

KKT]

[KKoT]

KT]

[Kol]

A. Erdélyi: Higher Transcendental Functions, I, II, III,
McGraw-Hill, 1955; reprinted in 1981 by Robert E.
Krieger Publishing Company, Malabar, Florida.

S. Kamimoto, T. Kawai, T. Koike and Y. Takei: On
the WKB theoretic structure of the Schrodinger opera-

tors with a merging pair of a simple pole and a simple
turning point, Kyoto J. Math., 50 (2010), 101-164.

S. Kamimoto, T. Kawai and Y. Takei: Microlocal analysis
of fixed singularities of WKB solutions of a Schrodinger
equation with a merging triplet of two simple poles and
a simple turning point, to appear in The Mathematical
Legacy of Leon Ehrenpreis, 1930 - 2010.

M. Kashiwara, T. Kawai, T. Kimura: Foundations of Al-
gebraic Analysis, Princeton University Press, Princeton,
1986.

T. Kawai: Systems of linear differential equations of infi-
nite order — an aspect of infinite analysis, Proc. Symp. in

Pure Math., 49, Part 1, Amer. Math. Soc., 1989, pp.3—17.

T. Kawai, T. Koike and Y. Takei: On the exact WKB
analysis of higher order simple-pole type operators, Adv.
in Math., 228 (2011), 63-96.

. Algebraic Analysis of Singular Perturbation The-
ory, Amer. Math. Soc., 2005.

T. Koike: On a regular singular point in the exact WKB
analysis, Toward the Exact WKB Analysis of Differen-
tial Equations, Linear or Non-Linear, Kyoto Univ. Press,
2000, pp.39-54.

215



SKK]

Sal

S5

: On the exact WKB analysis of second order linear
ordinary differential equations with simple poles, Publ.

RIMS, Kyoto Univ., 36 (2000), 297-319.

. In preparation.

T. Koike and R. Schafke: in preparation.

T. Koike and Y. Takei: On the Voros coefficient for the
Whittaker equation with a large parameter —— Some

progress around Sato’s conjecture in exact WKB analy-
sis, Publ. RIMS, Kyoto Univ., 47 (2011), 375-395.

F. Pham: Resurgence, quantized canonical transforma-
tions, and multi-instanton expansion, Algebraic Analysis,
Vol. II, Academic Press, 1988, pp.699-726.

M. Sato, T. Kawai and M. Kashiwara: Microfunctions and
pseudo-differential equations, Lect. Notes in Math., 287,
Springer, 1973, pp.265-529.

D. Sauzin: Resurgent functions and splitting problems,
RIMS Kokytroku, 1493, 20006, pp.48-117.

H. Shen and H. J. Silverstone: Observations on the JWKB
treatment of the quadratic barrier, Algebraic Analysis of
Differential Equations, Springer, 2008, pp.307-319.

Y. Takei: Sato’s conjecture for the Weber equation and
transformation theory for Schrodinger equations with
a merging pair of turning points, RIMS Kokytroku
Bessatsu, B10 (2008), 205-224.

A. Voros: The return of the quartic oscillator — The
complex WKB method. Ann. Inst. Henri Poincaré, 39
(1983), 211-338.

216



	web-title
	M2P1T

