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Abstract

Let G be a group. Any G-module M has an algebraic structure called “G-family of Alexander quandles”.
Given a 2-cocycle of a cohomology of this G-family, topological invariants of (handlebody-)knots in the
3-sphere were defined. This paper develops a simple algorithm to algebraically construct n-cocycles of
this G-family from G-invariant group n-cocycles of the abelian group M. We provide many examples of
2-cocycles of these G-families by facts in (modular) invariant theory.
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1 Introduction

A quandle is a set with a binary operation whose definition was motivated from knot theory.
A particularly interesting class is that of “the associated quandles to G-families of Alexander
quandles” proposed by Ishii et al. [IIJO]: Specifically, each quandle in the class is defined to
be the product M x G of a group G and a right G-module M with the binary operation

(M xG)x (MxG)— M xG, (a,9,b,h) — ((a—b)-h+b, hlgh). (1)

For any quandle X, Fenn, Rourke and Sanderson defined rack space BX (see [FRS] and
references therein), in analogy to the classifying spaces of groups. By slightly modifying its
cohomology H*(BX), Carter et al. introduced quandle cohomologies Hp,(X; A); further, if X
is of finite order, with respect to its 2-, 3-cocycles, they defined quandle cocycle invariants of
links in the 3-sphere L C S® and of knotted-surfaces in the 4-sphere 3, < S* (see [CJKLS,
CKS]J). Furthermore, Ishii et al. [IIJO] showed that, if X is a quandle of the form M x G
above and its quandle 2-cocycle satisfies certain strong conditions, then the cocycle invariant is
generalized for “handlebody-knots” in the 3-sphere, i.e., embeddings of handlebodies H, < S°.

However, there are a few methods to find cocycles in the quandle cohomology H&;(X P A),
compared with group cohomology theory. We here refer to two results: first, for any quandle
X, Inoue and Kabaya [IK] constructed a map from the homology H,(BX) to a “simplicial
homology of X” in order to interpret the Chern-Simons class as a quandle cocycle. On the
other hand, most of known quandle 3-cocycles is obtained by Mochizuki [Moc|: he determined
all the 2-, 3-cocycles of some “Alexander quandles”, which are subquandles of the forms
M x {1} ¢ M x G with G = Z and M = F,; further the proof was to solve carefully all the
cocycle-conditions through differential equations.

This paper deals generally with arbitrary groups G and right G-modules M, and develops
a simple algorithm to algebraically construct n-cocycles of the above quandle on M x G
(Theorem 3.2). Actually, after a review of quandles in Section 2, we construct a chain map ¢,
from the quandle complex of the quandle M x G to the G-coinvariants of the group complex of
the abelian group M (Proposition 3.1), where we define this map ¢,, by modifying the Inoue-
Kabaya map above (see Remark 3.4). Moreover, Section 4 shows that the pullback using the
chain map ,, permits the strong conditions in [I[IJO] mentioned above (see Propositions 4.3,
4.4 for details); Also Section 4.2 particularly gives simple formulae of such quandle 2-cocycles,



while it was not easy to obtain n-cocycles of the G-family so far even if G is abelian (cf. [II,
Proposition 12] in abelian case). In conclusion, if we find a G-invariant group n-cocycle of
M, then we obtain a quandle n-cocycle as the pullback via the chain map ¢,, (Theorem 3.2),
which will consequently enable us to compute the associated cocycle invariants of tame links,
of knotted surfaces and of handlebody-knots.

In sections 5 and 6, for the case G and M are of finite order, we seek G-invariant group
n-cocycles of M in the forms of G-invariant multilinear maps M™ — A. Our approach is based
on known results in (modular) invariant theory. For example, with respect to finite groups of
Lie type, Chern-Weil theory and the Dickson theorem produce many G-invariant multilinear
maps (Examples 6.3, 6.4); However, in general, as is known in modular representation theory,
it is not easy to pick G-invariant multilinear maps, even if G is a cyclic group. Meanwhile we
address two modular representations: first, in respect to the standard action of G = SL(2;F,)
on M = (F,)?, following from the work [CSW] to determine the G-invariant polynomial-ring
F,[M®"]%, one can list all the G-invariant multilinear maps M"™ — F, with n = 2 or 3; further
using the Bockstein map, we succeed in discovering its quandle n-cocycles (Propositions 6.6
and 6.8). On the other hand, we also work with the indecomposable representation of the cyclic
group Z, on (F,)? in §6.3. In summary, thanks to invariant theory, we describe explicitly many
expressions of quandle cocycles of the quandle M x G.

In doing so, we can obtain more examples of n-cocycles of the quandles M x G, which we
hope will be applicable in the study of knot theory; furthermore, our results will provide a
motivation to find G-invariant polynomials.

2 Reviews of quandles and of quandle homologies

In this section, we review G-families of quandles and quandle homologies.

A quandle, X, is a non-empty set with a binary operation (z,y) — = <y such that, for
any z,y,2 € X,z <zr =1z, (r<y) <z=(r<z)<(y<=z) and there exists uniquely w € X
satisfying w <1y = z. For example, a Z[T*]-module M has a quandle structure given by
x <y :=Tx+ (1 —T)y, called Alezander quandle. Another example is a group X = G with
conjugation as the quandle operation: ¢ <h = h~gh € G.

We next review G-families of quandles introduced in [IIJO]. Let G be a group with identity
e, and let S be a set. Given a map <€ : S2x G — S, let us denote <%(z,y, g) € S by <19y for
any (g,z,y) € 8% x G for short. A triple consisting of (S, G, <%) is referred to as a G-family
of quandles [ILJO], if it satisfies the following three axioms:

e Forany g € G and x € S, we have z <9 x = .
e For any g,h € G and 2,y € S, we have z <"y = (z <9 y) <"y and x <y = .
e Forany g,h € G and z,y,2 € S, we have (z <9 y) <" z = (z < 2) <" 9" (y <P 2).

In a typical example of the G-family of quandles, for any right Z[G]-module M, let us define
amap <% : M? x G — M sending (x,y,9) to (z —y) - g +vy. Then its triple (M, G, <) is
a G-family of quandles. Let us call such a triple (M, G, <%) G-family of Alexander quandles.
Furthermore, we remark that, for a G-families of quandles (S, G, <), the direct product S x G
has a quandle structure with the operation defined by (z,g) <1 (y, h) := (x <"y, h~1gh) [I1JO,



Lemma 2.2]. The quandle on & x G is called the associated quandle X with the G-family
(S, G, <) [recall also (1) in Alexander case|; Hence, the class of G-families of quandles can
be considered to be a subclass of quandles. Meanwhile, note that, for any g € G, the subset
S x {g} is a subquandle of S x G. For instance, in Alexander case of the G-family, the
subquandle on § x {g} is an Alexander quandle mentioned above.

We set up the associated group of a quandle X, denoted by As(X) [FRS]. This group
As(X) is the abstract group defined by the generators e, labeled by z € X and the relations
€y ey = €y- €y for z, y € X. In addition, an X-set is a set acted on by As(X). For example,
any quandle X is an X-set obtained from the action of As(X) defined by z-e, =z <y e X
for z,y € X; We call it the primitive X -set. As another example, a single point is an X-set.

We briefly review the quandle (co)homologies with local coefficients (our formula is based
on that in [IK, §2.2]). Let X be a quandle, Y an X-set and A a commutative ring. We set
CE(X,Y; A) by the free A-module generated by the elements (y, 71, ..., z,) of Y x X™. Define
a boundary 0 : CE(X|Y; A) — CE (X,Y; A) to be

8f(y,x1, Ty =

Z (“D)((y - €as 1 Q@ i1 QT Tty -, Tn) — (Y T, Tyt Tigt, - - -5 Tn)).

1<i<n
The composite 97 ;| 0 OF is known to be zero; The complex (CE(X,Y; A), OF) is called rack
complex', and HE(X,Y; A) denotes its homology. In addition, let CH(XY; A) be a sub-
module of C®(X,Y; A) generated by (n + 1)-tuples (y,z1,...,x,) with z; = z;,; for some
i€ {l,...,n—1}. Since OF(CH(X,Y;A)) is known to be contained in C  (X,Y;A), we
can define a complex (C¢(X,Y; A),0F) by the quotient CF(X,Y;A)/CH(X,Y; A), and set
its homology HP(X,Y; A) called quandle homology. Dually, we can define the cohomolo-
gies Hp(X,Y; A) and Hp(X,Y; A). Furthermore, a representative cocycle of an element in
HR(X,Y; A) (resp. Hj(X,Y;A)) is called rack cocycle (resp. quandle cocycle). Hereafter, in
the case where Y is a single point, we will suppress the symbol Y; we note that the quandle
cohomology H}(X; A) coincides with the original one in [CJKLS].

Remark 2.1. Let X be a quandle, and let Y be the primitive X-set. As is known (see [FRS,
Theorem 5.14]), we can easily verify that the homomorphism CH(X, X;Z) — CF(X;Z)
induced by the identification X x X" ~ X"*! is a complex isomorphism.

As mentioned in the introduction, for applications of knot theory, it is significant to find
concrete expressions of quandle 2-; 3-cocycles (see [CJKLS, CKS, I1JO] for details).

3 From G-invariant group cocycles to quandle cocycles

In this paper, our main concern is with the class of G-families of Alexander quandles; we shall
establish some notation in what follows.

Notation We denote by G a group, by Z[G] the group ring over Z and by M a right Z|G]-
module. We fix the associated quandle X (= M x G) with the operation (1). Furthermore,
commutative rings with unit are often denoted by A.

L As is known [CJKLS, CKS], the chain (CE(X,Y; A),d2) coincide with the cellular complex of the rack space BX [FRS], by
regarding an X-set Y as a local system.



Our goal in this section is to describe a simple algorithm to obtain quandle cocycles of X
from G-invariant group cocycles (Theorem 3.2), inspired by [IK] (see Remark 3.4 for details).

For this, we briefly review G-coinvariants of non-homogeneous chains of groups with trivial
coefficients as follows (see [Bro, §11.2]). Let us regard the G-module M as an abelian group.
Then we can construct a complex C#(M;7Z) by putting the free Z-module C#"(M;Z) spanned
by (z1,...,2,) € M™ and letting its boundary map 98 (ay, . ..,a,) € C (M;Z) be

(ag,...,a,) + Z (=D (ay, ..., i1, + Gip1, Qigo, .. an) + (=1 (a1, ..., an_1).
1<i<n—1
Under the diagonal action of G on C8(M;Z), the G-coinvariant part of C&(M;Z)¢ is defined
by C8(M;Z) Qg Z. Let HE'(M;Z)g denote its homology. In addition, we set up the
subcomplex CN(M; Z)q of C&(M;Z)q generated by the elements (ai, ..., a,) € M™ such that
a; = 0 for some 1 < i < n. As is well-known [Bro, §1.5], the canonical quotient chain map
C¥(M;Z)g — C&(M;Z)g/CN(M;Z)g induces an isomorphism between the cohomologies
of their G-invariant parts Hy,(M;A)¢,
n-cocycle k : M™ — A of an element of H" (M;A) is called normalized group cocycle.

nor

H" (M;A)Y. Furthermore, a representative group

For a parallel discussion, we now reformulate the rack complex C2(X; Z) in non-homogeneous
coordinates (cf. [Moc, §2.1.2]). In this section, a symbol § means a n-tuple (gq,...,9,) € G"
for short; further we use the following symbols: for i <n — 1,

Gy = (915 90 Givas -+, 9n) € GV,

Jiaiy = (92‘111919@'“, e 79;r11gi92'+1, 9it2, Git3s - -+ Gn) € Gt
Define a module C*v(X;Z) to be the free Z-module generated by the elements of G x M™,
and let its boundary map be

Of (G UL, ... Un) = > (=D ((Gy; s, Uit Ui + Uied, Upga, - Up) =

i<n—1
(§{<n‘}; Ui giv1,- -3 Um0 9iv1, Ui gigr + U1, Uiy, - Un)) € 0551()(; Z),
for any generator (¢; Ui, ...,U,) € CE(X;Z). As a conclusion, we can see that a bijection
X'=(MxG" —G"x M", (T1, 91, s Tny Gn) > (G301 — T2y o Ty — Ty, Tpy) (2)

gives rise to a chain isomorphism Y, : (CE(X;Z),0F) = (CEv (X;Z),0%v).

We next construct a chain map ¢, from the complex C(X;7Z) to the coinvariant part
C%(M;Z)q. For this, put a set K,, := {k, = (k1,...,k,) € {0,1}" | ky = 0} of order 2" 1.
For k,, € K, let |k,| € Z be ky + --- + k,. Furthermore, given § = (g1,...,9,) € G", we
define notation gy, ; := gzglgff; gt eGfori<n—1,and G, ; =€ € G for i =n. We
then define the required map ¢, (g1,...,9n; U1, ..., Uy,) by

Z ( )“kn (Ul gkn 1, U2 glkn 2y Un ' gknv") € Cﬁr(M’ Z)G (3)

For example, when n = 2 and n = 3, the definition of the map ¢,, is rewritten in

¢2(f,g5a,0) = (a,b) — (a-g,b), (4)
es3(f,9,h;a,b,¢) = (a,b,¢) —(a-g,b,c) —(a-h,b-h,c)+ (a-(gh),b-h,c). (5)



Proposition 3.1. Let G be a group, M a right Z|G]-module, and X the quandle on M x G
with the operation (1). Then the map p,:CE (X;Z) — C&(M;Z)g is a chain map.

Proof. This will be proven by direct calculation. See Appendix A for details. m
In conclusion, we can obtain rack and quandle n-cocycles via the map ,,. Namely

Theorem 3.2. Let G, M and X be as above. Then for any G-invariant group n-cocycle
0 : M™ — A of the abelian group M, the pullback ¢} (0) is a rack n-cocycle of the quandle X .
Moreover, if the cocycle 0 is normalized, then the pullback ¢} (0) is a quandle n-cocycle of X.

Proof. The former part is the dual of Proposition 3.1. The latter is easily seen from (3). [

Remark 3.3. As a result, we obtain the induced map from the G-invariant part ¢* : H;,(M; A)% —
H{ (X5 A). We now discuss its kernel. There are chances that its pullback *(x) is zero for
some group cocycle k € Hy (M; A)Y e.g., see §6.2 and 6.3. However, other group cocycles &
afford non-trivial quandle cocycles ¢*(k). To verify these non-trivialness, the cocycle invari-
ants of links with respect to ¢*(k) are useful. Actually, as is shown [CJKLS, CKS], if the
cocycle ¢*(k) is null-cohomologous, then the invariant is trivial.

Remark 3.4. Finally, we roughly explain a relation between our map ¢,, and a chain map ¢k
introduced by [IK, §3] in some detail. For any quandle @, Inoue and Kabaya defined a “sim-
plicial complex C2(Q;Z)” by a certain quotient of Z(Q"*!) in its homogeneous coordinate,
and constructed a chain map ¢ : CF(Q;Z) — C2(Q;7Z) by using shuffle products. Their
motivation was from the Chern-Simons invariant using a special quandle on (C*\ {0})/{=%}.

Returning to our subject, let () be the associated quandle X = M x G. Then a certain
canonical projection X™"*! — M™ induces an epimorphism 7 : C2(X;Z) — C&(M;Z)g. We
can further see that the composite mok coincides with our map ¢,,. In summary, Proposition
3.1 means that the composite 7o pk is a chain map, and simply relates the rack homology of
X to the G-invariant group homology in inhomogeneous term.

4 Cocycles of the G-family of Alexander quandles

Moreover, this section observes that the chain map ¢, is practicable to obtain examples of
“n-cocycles of G-families of quandles” defined in [IIJO]. Readers who are interested not in
general discussions on n-cocycles but in only such 2-cocycles may skip to §4.2.

To explain the definition of such cocycles, we first review a quotient of the rack complex
CE(X:Z) defined in [I1JO, §4]. Let X be the associated quandle on M x G. Let an X-set Y’
satisfy the equality (Y- €4 4)€an = Y- €agn for any y €Y, (a,g), (a,h) € X. Let CP(X,Y; A)
be the submodule of CF(X,Y; A) generated by the elements of the following two set:

U {(y;qla"'7Qi717(aag)7(a7h>7%+27'"7qn>‘yeya Q17"'7QTL€X7 gahEGa CLGM.},

1<i<n—1

n

U{ (Wi q1, - Gims (A, Gh), ity -+ @) — (Ui @1y -+ -3 Qi1 (0,9)y Qiv1s -1 Gn) | GG €X, yEY }
im1 _(y'e(a,g);ch<](a7g)7--'7Qi—1<](avg)a(aah)aQi-f—ly--'aQH) g7h€Ga aec M

Then the submodule CP(X,Y;Z) is known to be a subcomplex, ie., 0F(CP(X,Y;A)) is
contained in CP (X,Y;A) [IIJO, Lemma 4.1]. Hence, considering the quotient complex



CR(X,Y;Z)/CP(X,Y;Z), we have its (co)homology HE(X,Y; A), H:(X,Y; A). A repre-
sentative map ¢ : Y x X” — A in the cohomology H@;(X,Y; A) is called a cocycle of the
G-family (M, G) with an X-set Y. According to [I1JO], if finding such a 2-cocycle, we can
define and compute a topological invariant of handlebody-knots in the 3-sphere.

Remark 4.1. Any n-cocycle of the G-family ¢ : Y x X™ — A is also a usual quandle n-cocycle,
since the subcomplex CP(X,Y';Z) above includes the subcomplex C# (X Y;Z) defined in §2.
Compare [II, Proposition 12] where Ishii and Iwakiri conversely suggested a sum-formula of
cocycles of the G-family obtained from quandle cocycles under some conditions, when G is
abelian. However, we will give simple formulae of cocycles of G-families, including cases of
non-abelian groups.

4.1 A relation between the subcomplex C”(X,Y;Z) and the chain map ¢,

In this paper, to involve cocycles of the G-family from the chain map ¢, (Theorem 4.5), we
restrict ourselves to the case where an X-set Y is either the single X-set or the primitive X-set.
Roughly speaking, the theorem 4.5 says that the map ¢,, yields two homomorphisms from the
proceeding homologies: HS' (X, X; A) — HE (M; A)g and HS'(X; A) — HE(M; A)g.

Under the restriction, we first observe the subcomplex CP(X,Y’;Z) as that of the complex
Clv(X;Z) via the bijection (2). For s = 1 or 2, define C)V(X;Z) to be a submodule of
CEv(X;7Z) generated by the elements of the following two sets:

U {(g;Uly-~~,Ui71707Ui+17~~-;Un)| Q’E an Ul,...,Uifl,UZ#l,...,UnGM.},

1<i<n—1

n

U (917'"7gn;U17'“JUTL)_(QIJ"‘7gi—17gihagi+17"'7gn;U17"'7UTL) gl?"'7gn7h'€G
+(gi_1.glgi7 ) agi_lgi—lgi7h7gi+17 «v oy Gn; Ulgiv .. '7Ui—lgi7 UZ 7Un) U17 R Un S M ’

Lemma 4.2. Let ¥, : CE(X;Z) — CEv(X;Z) and ©,, : CE(X, X;Z) — CE (X;Z) be
the chain isomorphisms induced by (2) and mentioned in Remark 2.1, respectively. Then the
restriction of Y, on CP(X;Z) gives an isomorphism CP(X;7Z) = C’TglU (X;Z). Furthermore,
when Y is the primitive X -set, the restriction of the composite T, 00, on CP(X, X;7Z) is an
isomorphism CP (X, X;7) = C'anLQ(X; 7).

Proof. This is shown by elementary calculations and definitions; so we omit the details. [

Next, we study the images of the subcomplexes CPV(X;Z) via the chain map ¢, in (3).
To begin, let s = 2. Recalling the (acyclic) subcomplex CY(M;Z)q of the group complex
Ce(M;7Z)¢ explained in §3, we later show the following:

Proposition 4.3. Then the image gpn(C’fg (X 7)) is included in CN(M;Z)q.

However, for the case s = 1, the similar discussion does not hold for integer coefficients.
To modify this, we fix a ring A, and an additive homomorphism A : G — A. Further, define
a map \ : Chv(X;Z) — A by X(gl, ey On, Uy Uy) = A(g1). In addition, define a map
O CR (X Z) @ A — CF(M,Z)g @ Aby (¢, @z A) - \.

Proposition 4.4. Let s = 2. Then the image gpnvk(C’leU (X;Z)®A) is contained in CN(M; A)g.



We later give the proofs of Propositions 4.3 and 4.4 in Appendix A.
In conclusion, composing Propositions 4.3 and 4.4 with Lemma 4.2 readily shows

Theorem 4.5. Let ©,, and Y, be the chain isomorphisms in Lemma 4.3. Let ,,:CHv(X;7Z) —
CE(M;7Z)¢ be the chain map (3). Then, regarding X as an X -set, the composite pp41 00O, 0
T, : CE(X,X;Z) — C%.(M;Z)¢ induces a homomorphism H{ (X, X;Z) — HE'\ (M;Z)g.
Moreover, for a group homomorphism X : G — A, the composite o, 0 Y, : CE(X; A) —
C#(M; A)g induces a homomorphism HSH(X; A) — HE (M; A)g.

4.2 Concrete expressions of 2-cocycles of the G-family of quandles (M, G).

As a special case n = 2, we now give a more useful description of Theorem 4.5, for users of
the quandle cocycle invariants of links.

First, we consider the primitive X-set X. Let x : M3 — A be a G-invariant normalized
group 3-cocycle. Let ¢, : X® — A denote the pullback of x via the composite 30 05 0 Ty in
Theorem 4.5. Precisely, recalling 3 in (5), the map ¢, € C3(X; A) is then expressed by

gbm((a: f)v <b7g)7 (C, h)) = /{(a' - bab -G C) - I{((CL - b) ’ g7b -G C)
—k((@a—=1b) - h,(b—c) h,c)+£((a—"b)-gh,(b—c)-h,c),
for a,b,c € M, f,g,h € G. Then, Theorem 4.5 with n = 2 concisely means

Corollary 4.6. The map ¢, is a 2-cocycle of the G-family (M,G) with the primitive X -set.
Further, by Remarks 2.1 and 4.1, the map ¢, s also a usual quandle 3-cocycle in H%(X; A).

On the other hand, we work with the X-set Y consisting of a single point. As mentioned
above, fix an additive homomorphism X : G — A. For a G-invariant group 2-cocycle 6 : M? —
A, let g : X? — A denote the pullback of 8 via the composite @) © Yo in Theorem 4.5:
That is, the map ¢y, € CE(X; A) is expressed by

qbg,,\((a,g), (b, h)) = (9(a —b,b)—0(a-h—0- h,b)) “AMg) € A, forg,he@G, abe M.
Then the latter part of Theorem 4.5 with n = 2 is reduced to

Corollary 4.7. The map ¢g. is a 2-cocycle of the G-family (M,G) with the single X -set.

Remark 4.8. Notice that the homomorphism A\ : G — A factors through its abelianization
G.p; thus, to obtain non-trivial 2-cocycles, we should choose appropriate groups G such that
|Gab| # 0 and the coefficient ring A is annihilated by |Gap|.

5 Preliminaries for G-invariant group cocycles and invariant theory

In §5 and 6, we will give examples of G-invariant group n-cocycles; As a result, following
Corollaries 4.6 and 4.7, we will describe explicitly quandle cocycles of the quandle X and
of the G-family (M, G). Furthermore, for applications to the cocycle invariant of links (see
[CJKLS, CKS, I11JO)), in §5, 6 we focus mainly on group 2-, 3-cocycles, and we should assume
finiteness of G, M and A: To be specific,

Assumption Groups G, G-modules M and coefficient rings A are of finite order.



5.1 Easy cases where |G| is coprime to |M|

To begin, we assume that the orders |G| and |M| are coprime. To study the cohomology of
the finite group M, it is sensible to assume that |G| € Z is invertible in the coefficient ring A.
Then we can define an A-homomorphism from the cochain group of the abelian group M to
its G-invariant part by
Cr(M; A) > Co(M; A, f s é S/
geG
As is well-known, we see that this is a chain map and surjective; thus we easily have a
G-invariant group cocycles, since it is easy to construct cocycles of the abelian group M.

Furthermore, we remark that, by the transfer map (see [Bro, §I11.9]), the G-invariant part of
the cohomology Hg, (M; A) is isomorphic to Hy, (M x G; A).

Example 5.1. From our viewpoint, we now observe the quandle 3-cocycles found by Mochizuki
[Moc]. Let M be a finite field F, of order ¢ = p", and let w € F, \ {0,1}. Let ¢ denote the
order of w. Consider the case where G' = Z; acts on F, by multiplication of w. Since the order
¢ is coprime to ¢, we can easily describe G-invariant group n-cocycles 6 of the abelian group
M = (Z,)". Thus, by Theorem 3.2, we obtain the resulting quandle n-cocycles () of the
quandle X = M x G =F, xZ,. When n = 2 or 3, it can be seen that the restricted n-cocycle
©*(0) on the subquandle F, x{1} coincide with some n-quandle cocycles found in [Moc].

To avoid such easy cases, we later discuss the case where |G| and |M| are not coprime.

5.2 Quandle cocycles from G-invariant multilinear maps

To obtain G-invariant group cocycles of M, we find it the most convenient to study G-invariant
multilinear maps. Here, for an A-module M, say A = Z/|M|Z, an A-multilinear map f :
M™ — A is said to be G-invariant, if it satisfies

flay,...;an) = flar-g,...,a,-9g), forany (a,...,a,) € M", g€ G.
We now summarize descriptions of quandle cocycles from G-invariant multilinear maps:

Theorem 5.2. Any G-invariant A-multilinear map f : M™ — A is a normalized G-invariant
group n-cocycle of M. Further, the pullback ¢ (f) by (3) is a quandle n-cocycle of the quandle
X. In particular, if n = 3, the resulting quandle 3-cocycle ¢; € C%(X; A) forms

¢f((a17gl)7 (a2792)7 (a3ag3)) - f((a’l - a?) ’ (]' - 92)7 az —as, as- (1 - 93—1))7 (6)
for ay,as,a3 € M and g1, g2, g3 € G. Furthermore, if n = 2, the resulting 2-cocycle forms
¢f((a1791)7 (a2,g2)) = f(al —as, az- (1 — 92_1))7 (7)

Therefore, until the end of §6, we seek G-invariant multilinear maps with respect to some
G-modules M. To begin, we present two simple examples arising from Chern-Weil theory:

Example 5.3. Take M to be A®™. Let G = SL(n; A) act on M canonically. Notice that the
determinant det : M®" — A is an SL(n; A)-invariant A-multilinear map. In particular, when
n = 3, the resulting quandle 3-cocycle ¢ € C’%(X ; A) is represented as

¢((v1,91), (v2,92), (vs, g3)) == det ((vr — va) - (1 = g2), v2 —vs, v3- (1 —g3")). (8)



Example 5.4. Let GL(n; A) act on the matrix ring Mat(n x n; A) by conjugation. Given a
subgroup G of GL(n; A), we regard Mat(n x n; A) as a G-module. Let M be a G-submodule
of Mat(n x n; A). Then we put known two G-invariant multilinear maps c3 : M?® — A and
co : M? — A defined by c3(S1, S, S3) = Tr(515:53) and ¢y(S1,S9) = Tr(S51S,) for S; € M,
respectively; thus the resulting quandle cocycles c3, ¢y € Cj(X; A) are of the forms

Cé((Sh g1), (52, 92), (53, 93)) = Tf((sl -5 — 92_15192 +92_15292)(52 — S3)(Ss — 935393_1))7

Cl2(<Sl)gl)7 (S2792)) = TI'((Sl - 52)(52 - 928292_1))7 for S; € M, g; € G.

6 Some quandle 2-, 3-cocycles from modular invariant theory.

Inspired by Theorem 5.2, in this section, we ask for some ways of finding G-invariant multi-
linear maps from modular representation theory. For this, we now assume that the coefficient
ring A is the finite field I, of order ¢. Namely, the G-module M is a representation of G over
F,; we often denote M by V as a F,-vector space, in what follows.

In §6.1 we review a classical method, the full polarization, to obtain G-invariant multilinear
maps from G-invariant polynomial rings. In §6.2 and §6.3, in the case G is SL(2;F,) or Z/pZ,
we deal with G-invariant group cocycles not derived from the full polarization.

6.1 From G-invariant polynomials to G-invariant multilinear maps

We review a full polarization (see, e.g., [CW, §1.9]). There is nothing new in this subsection.
Set the (dimg,V')-variable polynomial ring F,[V]. For d € Z, let F,[V]; denote the subspace
consisting homogenous polynomials of degree d; Further, for (A,...,\,,) € N we define a
subspace of F,[V®™] = F [V]®™ of degree (A1,..., \n) by

.....

----------

be the G-invariant subspace of F,[V], of degree d. For its element f € F,[V], consider a
d-variable polynomial of the form f(v; + -+ -+ vg) € F [V®?], where (v1,...,v4) € V®L Then
the full polarization of f is defined by

P(f) =7mq,.., 1)(f(01+"'+71d))GFq[V@d](l ,,,,, 1)-

By definition, the full polarization P(f) is a G-invariant F -multilinear map. In summary

Lemma 6.1. For any G-invariant polynomial f € F,[V]$ of degree d, the full polarization
P(f): V¥ = F, is a G-invariant F,-multilinear map.

Remark 6.2. Notice P(f)(v,...,v) = d%f(v) by definition; thereby, in general, the polariza-

.....

To obtain G-invariant multilinear maps, we now sketch some examples of F,[V]§.

Example 6.3 (Chern-Weil theory). Let G be an algebraic group scheme over A, and g the
associated Lie algebra. The invariant parts A[g]® under the adjoint actions of G on g are much



studied. For instance, considering special cases of G = GL(n;F,) or O(n;F,), the invariant
polynomials represented as the i-th coefficients of det(/,,t — B) € F,[g][t] relate to the orbit
Chern, Pontrjagin and Euler classes, where B € g.

Example 6.4 (Dickson theorem). Fortunately, for some modular representations p : G —
GL(V;F,), these G-invariant parts F,[V]§ are determined (see, e.g., [CW], [NS]). For example,
when G = GL(V:;F,) and p = id, thanks to Dickson theorem (see, e.g., [NS, §6]), the G-
invariant polynomial ring FF,[g]¢ is generated by “Dickson polynomials” which are derived
from the orbits Chern classes and the Euler class of G. Accordingly, in the case G C GL(V),
the part IF,[V]§ is partially related to such classes as well (see [NS, §7.4]).

6.2 The standard representation of SL(2;F,)

As mentioned in Remark 6.2, the polarization P : F,[V]§ — Fq[V@‘g]g,Ll) is not always
surjective. However, in general, it is not easy to find generators of the cokernel. Actually,
the study to decompose the tensor representation V ® V ® V is a hard problem in modular
representations theory, even if G is cyclic (see, e.g., [CW, §4 and §7]). Hereafter we fix a field
extension F, C F, and a notation n € Z such that ¢ = p™ (possibly n = 1).

We now observe the cokernel under the standard action of G = SL(2;F,) on V =F, @ F,
canonically, as an interesting example (cf. the Dickson theorem which implies that, for m < 3,

the invariant part Fq[v]fnL(Q;Fp)

is zero with p # 2.). From the cokernel, we will find two
cocycles of the associated quandle V' x G (Propositions 6.6 and 6.8).

To see this, we review the work [CSW, Theorem 8.1]: fortunately, they have presented
generators of the G-invariant F,-polynomial ring F,[V®™]¢. However, if describing explicitly
their results, we had to set up many notation and polynomials; we here consider their result
with m = 2 and m = 3, and describe the G-invariant F -multilinear maps (Theorem 6.5
below). To describe them, we put ey, €}, e, €}, €3, €5 as the canonical basis of V¥3, and denote

elements v of V® by v = 22:1 zrex + yre), with xy, yi € Fy. Set a polynomial defined by
stu s t u S t U S t U
S = (w1 ) (w2 + ) (23 +ys)P — ) b ah —yf vh b
Theorem 6.5 (A special case of [CSW, Theorem 8.1]). Let m be either 2 or 3. Let ¢ = p™ for
some n € Z. Without (p,m) = (2,3), the space composed of G-invariant F,-multilinear maps
V&m — T, is spanned by the following set I, consisting of polynomials .7-"“

{.7-““. Sft—xftyfs | 0<s,t<n—1, andl1<i<j<m. }.

Furthermore, if p = 2 and m = 3, the space composed of G-invariant F,-multilinear maps
Vem — T, is spanned by I; U{G5§" | 0 < s,t,u<n—1}.

Proof. This can be shown by observing carefully the multidegree parts Fq[V@m]g\l ..... o) with
; = p° (possibly A\; = 0). See [CSW, Theorem 8.1] for details. O

Meanwhile, we now describe 2-cocycles of the G-family (V, SL(2;F,)) with the single X-
set. Considering Remark 4.8, we note that SL(2;F,) is perfect for p > 5, and that the
abelianization of SL(2;F,) is Z, for p = 2 or 3. Recall from Theorem 6.5, the space composed
of G-invariant [F -bilinear maps is generated by I». By applying this case to Corollary 4.7, we
easily have a 2-cocycle of the G-family as follows:

10



Proposition 6.6. Let p =2 or 3. Let ¢ = p". Let A : SL(2;F,) — F, be its abelianization.
For 0 < s,t <n—1, we define a map ¢s, : (V x SL(2;F,))? = F, by

Buel(@r, 91, 9), (2,0, 1)) 1= Mg) (1 =) (1= )yt )+ (=9 (L= D)zt epe)” ).

where a, b, c,d € F), are defined by i

2 =h € SL(2;F,). Then the map ¢s, € Cr(X;F,)
is a 2-cocycle of the G-family (V,SL(2;F,)) with the single X -set.

Remark 6.7. If s =¢ and p = 2, then the map ¢, is cohomologous to zero. Namely we can
verify ¢, s = 0 (M(g) (2} + v + z13)" ).

Next, we discuss 2-cocycles of the G-family with the primitive X-set. Following Theorem

6.5, we now calculate quandle 3-cocycles obtained from the polynomials .7-'15;

unfortunately the resulting cocycles are trivial as follows. By the definition of ¢} [see (5)],

in I3, although

it is verified that the pullback 3(F;}) is zero without (i,j) = (1,3); Further, the remaining
cocycles o} (F5L) are null-cohomologous: precisely, SR B — 2 yp") = oi(Ft) € CH(X;TF,).

Incidentally, in respect to p = 2, we briefly comment the reminder polynomial G5 in
Theorem 6.5. The pullback 3(G5™) is not a null-cohomologous cocycle. Indeed, it is seen

that the cocycle invariant of the trefoil knot using ¢3(G5™) is non-trivial (recall Remark 3.3).

Although we can not obtain many quandle 3-cocycles directly from Theorem 6.5, we now
construct another group 3-cocycle; For any prime p, consider the following polynomial 2:

< < t < i i & t < i
O = ([0 + b W5 17— [of ,uh + o [P [o),of [P+ [of o) P) /p € B, [V, (9)

where 0 < s,t <n —1 and we denote by |e, | the determinant map V ® V' — F,, and denote
by e : V — V the Frobenius map sending v = (z,) to (zF",y?"). By direct calculation,
we see that the polynomial O, is a G-invariant group 3-cocycle. Hence, by computing the
pullback @, ; := ¢3(0;,), Corollary 4.6 immediately amounts to

Proposition 6.8. Let p be a prime. Let ¢ = p". For 0 < s,t < n — 1, we take a map
q)s,t : (v X SL(2’FP)>3 — Fq deﬁned by q)s,t((vhf)? (UQ,Q), <U37 h)) =

([0 + o8 5 P = o} g+ o o P = o b o BT P ol g ol R

e AR L AR e Al L Y A A e L R A A O )
Further, define another map @5, by the variable change CI>S¢((U1, 1), (v2, 9), (vs, h)) = 53’15((1)1—

v, f), (vg — vs, g), (Ug,h)). Then the map @y, is a 2-cocycle of the G-family (V,G) with the
primitive X -set. Furthermore, this ®,, is also a quandle 3-cocycle contained in C3(X;F,).

Remark 6.9. The cocycle @, is expected to be not null-cohomologous, except s = ¢ and
p = 2, although we here have no proof to verify the non-trivialness.

s t
2Let Bm : Hg (M; F)& — H$+1(M; Fq)€ be the Bockstein map. Then the polynomial map ©s ¢ is obtained by Ba(xh v —

t s
:pg yf ) from the definition of the Bockstein map, although we omit the detailed calculation.
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6.3 2-dimensional modular representation of the cyclic group Z,

Finally, we study the right upper triangular subgroup G of SL(2;F,) and the restricted action
on V = TF,®F, This G is isomorphic to the cyclic group Z,. As is known, the minimal
algebra generating set of F,[V®™]“ are determined (see [CW, §7.4]). For simplicity, we confirm
ourselves to the subspace F, [V®m]ﬁ,...,1) with m = 2, 3. To state this, we define a set by

Js = { x19x3, T1(Yar3 — Y322), Ta(Yzw1 — y173), T3(Y172 — Yor1) } (10)

Theorem 6.10 (see also [CSW, Theorem 7.4.1]). When m = 2, the space IFq[V@Q](C’Ll) is
spanned by two polynomials r1xs and x1ys — y1x9. Furthermore, when m = 3 and p # 2,
the space FQ[V@?’](C’;JJ) is spanned by the set Js in (10). In addition, when p = 2, the space
Fq[v@3]g,1,1) is spanned by the set J3 and by a polynomial (x1 + y1)(x2 + ya2) (T3 + Y3) + Y1Y2Ys3-

For the application, we first consider m = 2. Note that ¢}(x122) = 0 using (4). Hence, by
calculating the pullback of the polynomial x,ys — y125, Corollary 4.7 gives

Proposition 6.11. Define a map ¢ € Cx(X;F,) from (V x Z,)? to F, by setting

¢(($17 Y1,9), (T2, Y2, h)) = 9((% —za)h +y1 — y2)$2-
Then the map ¢ is a 2-cocycle of the Z,-family of quandles (V,Z,) with the single X -set.

On the other hand, unfortunately the action of the group G = Z, on V' is incompatible with
2-cocycles of the G-family with the primitive X-set. Actually, with respect to any polynomial
f in (10), the pullback j(f) vanishes. Furthermore, when p = 2, the remainder polynomial
(x1 4+ y1) (22 + yo) (3 + y3) + T12223 + Y1Y2y3 in Theorem 6.10 is the restriction on G = Z,
of a polynomial G3'' in Theorem 6.5. In addition, if we construct group 3-cocycles similar to
Proposition 6.8, then the results are the restricted 3-cocycles on G arising from SL(2;F)).

A Appendix. Proofs of Propositions 3.1, 4.3 and 4.4

We will use the notation gy, Giagy € G ! and Gi,; € G™ defined in §3. Furthermore, for
1 < n—1, we set up the following two subsets of IC,,:

K::,z = {(kl, ey kn) € {0, 1}n ’ k‘l - O, ki+1 - 1}, ’C?L»l = {(kl, ey k’n) S {O, 1}” ’ ]fl - ki+1 - O}
Note that |}, = |Kp ;| = 2% and K, = K, UK, for any i <n — 1.

Proof of Proposition 3.1. Our goal is to show the required equality 98" o ¢,, = ¢, 100 . We
now start computing ¢, 1 0 9%: for g € G" and (Uy,...,U,) € M",

Pn—1 Oar]fU(i Ula"'aUn) =

= Sﬁn—l( Z (=1 ((Fgy; Uns -+ Uiet, U Uiy 1, Uiga, - Un) = (Fraiys Ur- ists - -5 Ui gig1+U0is1, Uiga, - 'vUn)))

i<n—1
K, o . . o o
E ( g I I+ U1 Ok, 15 Ui * Ok, i1, (Uz' + U¢+1) * Ok, ,i+1, Uito C Ok, i42s s U, 'gk,,,,n)
i<n—1 k, EIC
k., o _, . _, o
- E D (U G 1v o Uimt - G im1, (Ui - Gt +Ui1) - i i1 Ui Gy ias - - -7Un'g]kn,n>)
knekt
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Z( > (=Dl Ul'gk,,L,la-~-anfl'g]k,,L,ifla(Ui'g§i1+Ui+l)'§kmi+laUi+2'§kmi+2a---aUn'gk,L,n))~ (11)
i<n—1k, €KX,

On the other hand, we next compute 08" o @, (q; Uy, ..., U,) as
=0 (3 0 U Gt U i) )

kn €,

= Z (— 1)l ((Uz Gen2s - Un  Genn) + (1" (U1 Ginits- -+ Un—1 * Genin—1)

Ky eKn
; - S ks - - o
H(D 0 DU Gty Uicd - Geiots (Ui - g5y + Uiga) - Gt Uiz - Giegit2s - Un 'gu«mn))
i<n—1
k,, - -
(> + D ) (U G2 Un - Gy m)
ko€ kn €KY |

+( Z + Z )(_1)‘k"'|(U1 Gands s Un—1 Genne1) + (Pn1008) (G Uns ..., Un),  (12)
kn€K) ., kn€K]

n,n—1

where we use (11) for the third term in the last equality. For the proof it suffices to show that
the first and second terms are zero. For this, we define the bijection K ; — K ; by

(kla ceey ki—lv Oa ki+17 R kn) = (k17 ) ki—l? 17 ki+1a s 7kn)
By considering the case ¢ = n — 1, we can formulate the second term as

Z (*1)“1{”' ((Ul 'g]kn,la ey Un—l 'g']kn,n—l) - (Ul 'glkn,l “Ony -y Un—l 'gkn,n—l gn)) = 0 S O%il(Ma Z)G
k,, X0

n,n—1

Finally, it readily follows from the bijection with ¢ = 1 that the first term in (12) vanishes. [

Proof of Proposition 4.3. Recall that the subcomplex C’f} Y(X) is generated by the elements of
the two sets defined in §4.2. Concerning the former set, by definitions, it is evident that

Son(( g;Ul,...,Ui_l,O, Ui+1,...,Un)) - CfLV(M,Z)G

Next, we claim that, for the generators of the latter set are sent to zero via the map ¢,.

Actually, for 2 < i < n, using a notation ghkw = g]_fll . gl’h’~C gffll oo gk with § < i, we

now compute

en (g1, 03Uty Un) + (97 91905 -2 97 ' 9i-19is hs Gits - -+ G0 UnGiy - - Uiz195, Ui,y .. U))

(Y o+ D U Gy U )

kneKt, | kn€K

n,i—1

+ Z Ve l(Uy - gy, 1 Uisr - ghy, i1, Ui - G i Uikt - Gt ts - - Un - Gieyon)
kn, elCm 1
+ Z 1)l Hl (U1 Gepts -2 Ui Genin U1 - Gnsitts-- - Un 'ﬁkn,n))
kneK} )
Z + Z DL ghk 1o Uicr - ghy, i 1, Ui - Gy iy Uit - Gyt -+ Un - Gen)
kneKt, | kn€K) i,
= on(91,-,9i-1,9ih gix1 - g Ur, ..., Un), (13)

where the first and third equalities are derived from the definitions of ¢, and of K, ; =
ICO UKCT

TLZ’

further the second equality is obtained by offsetting the second term by the forth.
In Concluswn all the generators of the subcomplex le (X) are sent in CN(M;Z)g; thus the
image gpn(C’DU(X Z)) is included in CN(M;Z)g as desired. O
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Proof of Proposition 4.4. Remark that the homomorphism A : G — A satisfies A(h™'gh) =

Ag) for any g,h € G. From the definitions of A : C®(X;A) — A and of ¢,, it can be
easily seen that if we replace ¢,, by ¢, , then the equality 08 o ¢, x = (pn_1.) © 8,{?U and the
equalities (13) hold in a similar fashion. Finally, as the remainder case i = 1, it suffices to
show the following equality:

@n,k((glw"7gTL;U17"'7Un) + (ha927"'7g’n;U1 aUn))
= Spn(gla"wgn;Ula"wUn) )\(gl) +(pn(h,g2a"'7gn;U17---7Un> )\(h)
= So’ﬂ(gthg?w-‘7g’n;U17"‘7Un> A(glh) = Son,)\(glhag27"'7gn;U17'"7Un)7

where we use the equality gon(gl,gg, e gy Upy sy Un) = gpn(k,gg, Y UL T Un) for any
keG O
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