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Abstract

We introduce and study a certain class of nonhomogeneous quadratic algebras
together with the distinguish set of mutually commuting elements inside of each,
the so-called Dunkl elements. We describe relations among the Dunkl elements.
This result is a further extension and generalization of analogous results obtained
in [10],[32] and [21]. As an application we describe explicitly the set of relations
among the Gaudin elements in the group ring of the symmetric group, cf [30].

Yet another objective of our paper is to describe several combinatorial prop-
erties of some special elements, the so-called Cozeter element and the longest
element, in the associative quasi-classical Yang—Baxter algebra. In the case of
Cozeter element we relate the corresponding reduced polynomials introduced in

. . . . . (n)
[40], with the -Grothendieck polynomials [11] for some special permutations 7rkn .

Moreover, we show that the specialization & (1) of the B-Grothendieck poly-

n)
nomial Qi(’?)

(
T
o (X3) counts the number of k-dissections of a convex (n + k + 1)-gon

s

according ]‘Eo the number of diagonals involved. When the number of diagonals
in a k-dissection is the maximal possible, we recover the well-known fact that the
number of k-triangulations of a convex (n + k + 1)-gon is equal to the value of a
certain Catalan-Hankel determinant, see e.g. [36]. We also show that for a certain
5-parameters family of vexillary permutations, the specialization z; = 1,Vi > 1,
of the corresponding S-Schubert polynomials 61(,? )(1) coincides with some Fuss-
Narayana polynomials and their generalizations. As an example we show that the
reduced polynomial corresponding to a monomial z7, %3 counts the number of
(n,m)-Delannoy paths according to the number of N E-steps, see Lemma 3.2.

We also point out on a conjectural connection between the sets of mazimal
compatible sequences for the permutation o, 2,20 and that 0y, 2,412, from one
side, and the set of VSASM (n) and that of CSTCPP(n) correspondingly, from
the other, see Comments 3.6 for details. Finally, in Section 3 we introduce and
study a multiparameter generalization of reduced polynomials introduced in [40],
as well as that of the Catalan, Narayana and (small) Schréoder numbers.

In the case of the longest element we relate the corresponding reduced polyno-
mial with the Ehrhart polynomial of the Chan—-Robbins polytope.



Introduction

The Dunkl operators have been introduced in the later part of 80’s of the last century
by Charles Dunkl [7], [8] as a powerful mean to study of harmonic and orthogonal
polynomials related with finite Coxeter groups. In the present paper we don’t need the
definition of Dunkl operators for arbitrary (finite) Coxeter groups, see e.g. [7], but only
for the special case of the symmetric group S,,.

Definition 0.1 Let P, = C[xy,...,x,] be the ring of polynomials in variables x1, . .., x,.
The type A1 (additive) rational Dunkl operators Dy, . .., D, are the differential-difference
operators of the following form

(0.1)

Here s;5, 1 < i < j <mn, denotes the exchange (or permutation) operator, namely,

Sii(F) (@1, @iy @y xn) = f(@1, e Ty Ty T

0

5, stands for the deriwative w.r.t. the variable v;; A € C 1is a parameter.

The key property of the Dunkl operators is the following result.

Theorem 0.1 ( C.Dunkl [7] ) For any finite Coxeter group (W, S), where S = {s1,...,s}
denotes the set of simple reflections, the Dunkl operators D; := Dy, and D; := D, com-

Another fundamental property of the Dunkl operators which finds a wide variety of
applications in the theory of integrable systems, see e.g. [15], is the following statement:

the operator
!
2 (D)
i=1
“essentially” coincides with the Hamiltonian of the rational Calogero-Moser model re-
lated to the finite Coxeter group (W, .S).

Definition 0.2 Truncated (additive) Dunkl operator (or the Dunkl operator at critical
level), denoted by D;, i =1,...,1, is an operator of the form (0.1) with parameter A = 0.

For example, the type A, _; rational truncated Dunkl operator has the following form

Clearly the truncated Dunkl operators generate a commutative algebra.
The important property of the truncated Dunkl operators is the following result discov-
ered and proved by C.Dunkl [8]; see also [1] for a more recent proof.
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Theorem 0.2 (C.Dunkl [8], Y.Bazlov [1]) For any finite Coxeter group (W,S) the al-
gebra over Q generated by the truncated Dunkl operators Dy, ..., D; is canonically iso-
morphic to the coinvariant algebra of the Coxeter group (W, S).

Example 0.1 In the case when W = §,, is the symmetric group, Theorem 0.2 states

that the algebra over Q generated by the truncated Dunkl operators D; = 3 it ;_f; L 1=
1T

1,...,n, is canonically isomorphic to the cohomology ring of the full flag variety F1, of
type An—l

Q[D17...,Dn] g@[l‘h...,l'n]/q]n, (02)
where J,, denotes the ideal generated by the elementary symmetric polynomials {ex(X,,),
1 <k<n}.

Recall that the elementary symmetric polynomials e;(X,,), i =1,...,n, are defined

through the generating function

1+ a(X) t =] @+t ),

i=1 i=1

where we set X, := (z1,...,2,). It is well-known that in the case W = §,, the
isomorphism (0.2) can be defined over the ring of integers Z. [ |

Theorem 0.2 by C.Dunkl has raised a number of natural questions:

(A) What is the algebra generated by the truncated

e trigonometric,

e elliptic,

e super, matrix, ...,

) additive Dunkl operators ?

) Ruijsenaars—Schneider-Macdonald operators 7

) Gaudin operators ?

B) Describe commutative subalgebra generated by the Jucys—Murphy elements in

e the group ring of the symmetric group;

e the Hecke algebra ;

e the Brauer algebra, BMV algebra, .. ..

(C) Does there exist an analogue of Theorem 0.2 for

e C(lassical and quantum equivariant cohomology and equivariant K-theory rings of
the flag varieties 7

e (Cohomology and K-theory rings of affine flag varieties ?

e Diagonal coinvariant algebras of finite Coxeter groups 7

e Complex reflection groups ?

The present paper is a short Introduction to a few items from Section 5 of [18].

The main purpose of my paper “On some quadratic algebras, II” is to give some
partial answers on the above questions in the case of the symmetric group S,,.

The purpose of the present paper is to draw attention to an interesting class of
nonhomogeneous quadratic algebras closely connected (still mysteriously !) with different
branches of Mathematics such as

Classical and Quantum Schubert and Grothendieck Calculi,
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Low dimensional Topology,

Classical, Basic and Elliptic Hypergeometric functions,
Algebraic Combinatorics and Graph Theory,
Integrable Systems,

What we try to explain in [18] is that upon passing to a suitable representation of
the quadratic algebra in question, the subjects mentioned above, are a manifestation of
certain general properties of that quadratic algebra.

From this point of view, we treat the commutative subalgebra generated by the
additive (resp. multiplicative) truncated Dunkl elements in the algebra 37,(5), see
Definition 2.1, as universal cohomology (resp. universal K-theory) ring of the complete
flag variety FI,. The classical or quantum cohomology (resp. the classical or quantum
K-theory) rings of the flag variety Fl,, are certain quotients of the universal ring.

For example, in [20] we have computed relations among the (truncated) Dunkl el-
ements {6;, i = 1,...,n} in the elliptic representation of the algebra 37,(5 = 0). We
expect that the commutative subalgebra obtained is isomorphic to (yet not defined, but
see [14]) the elliptic cohomology ring of the flag variety Fl,,.

Another example from [18]. Consider the algebra 37,,(5 = 0).

One can prove [18] the following identities in the algebra 37,,(8 = 0)

(A) Summation formula

n—1 n—1 j—1 n—1
E ( H “b,b+1> U1,n (H Ub,b+1) = H Ua,a+1-
b=1 a=1

j=1 b=j+1

(B) Duality transformation formula Let m < n, then

n—1 n—1 m—1 j—1
E ( H ub,b—i—l) |:H Ug,a+n—1 ua,a+n:| Um,m+n—1 <H ub,b+1> =
j=m b=j+1 a=1 b=m
m m—j n—1 Jj—1
E |:H Ug,a+n ua+1,a+ni| (H ub,b—l—l) [H Ua,a4+n—1 ua,a+ni| -
j=1 a=1 b=m a=1
m m—1 n—1
§ |:H Ugq,a+n—1 ua,a+n:| Um,n+m—1 (H ub,b+1> UL n-
j=2 a=j b=m

One can check that upon passing to the elliptic representation of the algebra 37T, (8 =
0), see [18], Section 5.1.7, or [20] for the definition of elliptic representation, the above
identities (A) and (B) finally end up correspondingly, to be a Summation formula and a
Duality transformation formula for multiple elliptic hypergeometric series (of type A,,_1),
see e.g. [16] for definition of the latter.

After passing to the so-called Fay representation [18], the identities (A) and (B) become
correspondingly to be the Summation formula and Duality transformation formula for
the Riemann theta functions of genus g > 0, [18]. These formulas in the case g > 2



seems to be new.
|

A few words about the content of the present paper.

In Section 1, see Definition 1.2, I introduce the so-called dynamical classical Yang—
Bazxter algebra as “a natural quadratic algebra” in which the Dunkl elements form a
pair-wise commuting family. It is the study of the algebra generated by the (truncated)
Dunkl elements that is the main objective of our investigation in [18] and the present
paper.

In Section 2, see Definition 2.1, we introduce the algebra 3HT,, (), which seems to be
the most general (noncommutative) deformation of the (even) Orlik—Solomon algebra of
type A,_1, such that it’s still possible to describe relations among the Dunkl elements,
see Theorem 2.1. As an application we describe explicitly a set of relations among the
(additive) Gaudin / Dunkl elements, cf [30].

»» It should be stressed at this place, that we treat the Gaudin elements/operators
(either additive or multiplicative) as images of universal Dunkl elements/operators (ad-
ditive or multiplicative) in the Gaudin representation of the algebra 3HT,(0). There are
several other important representations of that algebra, for example, the Calogero-Moser,
Bruhat, Buchstaber—Felder—Veselov (elliptic), Fay trisecant (7-functions), adjoint, and
so on, considered (among others) in [18]. Specific properties of a representation chosen
! (e.g. Gaudin representation) imply some additional relations among the images of the
universal Dunkl elements (e.g. Gaudin elements) should to be unveiled. <<«

In Section 3 we describe several combinatorial properties of some special elements in
the associative quasi-classical Yang-Baxter algebra 2, denoted by mn The main
results in that direction were motivated and obtained as a by-product, in the process of
the study of the the structure of the algebra 3HT,, (). More specifically, in the course
of “hunting for descendant relations” in the algebra mentioned, an important problem
to be solved to construct a basis in the nil-quotient algebra 37, 9 This problem is still
widely-open.

The results of Section 3.1, see Proposition 3.1, items (1)-(5), are more or less
well-known among the specialists in the subject, while those of the item (6) seem to be
new. Namely, we show that the polynomial @Q,(x;; =t;) from [40], (6.C8), (c), essen-
tially coincides with the S-deformation [11] of the Lascoux-Schiitzenberger Grothendieck
polynomial [25] for some particular permutation. The results of Proposition 3.1, (6),
point out on a deep connection between reduced forms of monomials in the algebra

IFor example, in the cases of either Calogero-Moser or Bruhat representations one has an additional
constraint, namely, ufj = 0 for all i # j. In the case of Gaudin representation one has an additional
constraint ufj = pgj, where the (quantum) parameters {p;; = ﬁ7 i # j}, satisfy simultaneously
the Arnold and Plicker relations, see Section 2, (IT). Therefore, the (small) quantum cohomology ring
of the type A,—; full flag variety Fl,, and the Bethe subalgebra(s) (i.e. the subalgebra generated by
Gaudin elements in the algebra 3HT,,(0)) correspond to different specializations of quantum parameters
{gij} of the universal cohomology ring (i.e. the subalgebra/ring in 3HT,(0) generated by (universal)

Dunkl elements. For more details and examples, see [18].

2 The algebra AC'Y B,, can be treated as “one-half” of the algebra 3T},(3). It appears, see Lemma 3.1,
that the basic relations among the Dunkl elements, which do not mutually commute anymore, are still
valid.



fEY\Bn and the Schubert and Grothendieck Calculi. This observation was the starting

point for the study of some combinatorial properties of certain specializations of the

Schubert, S-Grothendieck [12] and double -Grothendieck polynomials in Section 3.2
One of the main results of Section 3.2 can be stated as follows.

Theorem 0.3
(1) Letw €S, be a permutation, consider the specialization x1 = q,x; = 1, Yi > 2,
of the [3-Grothendieck polynomial &) (X,). Then

Ruol(q, 8+1) =P (z) =q,2;, =1, Vi >2) € N[g,1+ 0]

In other words, the polynomial R,(q, 3) has non-negative integer coefficients 3.
For late use we define polynomials

Ru(q, B) == ¢" "W Ry (q, B).

(2) Letw €S, be a permutation, consider the specialization z; == q,y; =t, Vi > 1, of
the double B-Grothendieck polynomial e (Xn,Yn).  Then

BUD (g, .= q,y;, :=t,¥i > 1) € N[g,t, ).
(3) Let w be a permutation, then

mw(laﬂ) = 9{1><w(07ﬁ)'
Note that R, (1,5) = Ry-1(1,5), but R, (t,3) # Ry-1(t, 3), in the general case.

For the reader convenience we collect some basic definitions and results concerning the
[-Grothendieck polynomials in Appendix.

Let us observe that R, (1,1) = &,(1), where &,,(1) denotes the specialization
x; =1, ¥i > 1, of the Schubert polynomial &,(X,) corresponding to permutation w.
Therefore, R,,(1,1) is equal to the number of compatible sequences [4] (or pipe dreams,
see e.g. [36] ) corresponding to permutation w.

Problem 0.1

Let w € S,, be a permutation and | := {(w) be its length. Denote by CS(w) =
{a=(ay <ay<...< @) €N} the set of compatible sequences [{] corresponding to
permutation w.

e Define statistics r(a) on the set of all compatible sequences CS, := [[] CS(w)

’LUGSTL

in a such way that

S g B =Ru(q.0).

acCS(w)

e [ind and investigate a geometric interpretation, combinatorial and algebra-geometric

properties of polynomials s (X,),

3For a more general result see Appendix, Corollary A2.



where for a permutation w € S,, we denoted by S (X,,) the B-Schubert polynomial
defined as follows

l:=0(w)
sOx)= Y g ] .
acCS(w) i=1

We expect that polynomial s )(1) coincides with the Hilbert polynomial of a certain
graded commutative ring naturally associated to permutation w.

Remark 0.1 [t should be mentioned that, in general, the principal specialization
BB (g =gt Vi > 1)
of the (8 — 1)-Grothendieck polynomial may have negative coefficients. [ |

Our main objective in Section 3.2 is to study the polynomials R, (¢, 3) for a special
class of permutations in the symmetric group S,,. Namely, in Section 3.2 we study
some combinatorial properties of polynomials R, , (g, B) for the five parameters family
of vezillary permutations {w, ,} which have the shape

Ai=Xppp = (p(n—i+1)+b, i=1,...,n+1) and flag

¢p=¢p,=k+r@i—-1),1=1,...,n+1).

This class of permutations is notable for many reasons, including that the special-
ized value of the Schubert polynomial &, ,(1) admits a nice product formula 4 see
Theorem 3.6. Moreover, we describe also some interesting connections of polynomials
Re, , (¢, B) with plane partitions, the Fuss-Catalan numbers % and Fuss-Narayana poly-
nomials, k-triangulations and k-dissections of a convex polygon, as well as a connection
with two families of ASM. For example, let A = (b") and ¢ = (k™) be rectangular
shape partitions, then the polynomial R, (g, 3) defines a (g, 3)-deformation of the
number of (ordinary) plane partitions ¢ sitting in the box b x k X n. It seems an inter-
esting problem to find an algebra-geometric interpretation of polynomials R, (g, 3) in
the general case.

We expect that the reduced polynomials corresponding to the higher-order powers
of the Coxeter elements also admit an interesting combinatorial interpretation(s). Some
preliminary results in this direction are discussed in Comments 3.5.

40ne can prove a product formula for the principal specialization G, (i = ¢, Vi > 1) of the
corresponding Schubert polynomial. We don’t need a such formula in the present paper.

®We define the (generalized) Fuss-Catalan numbers to be F cP) (b) == ﬁ (”pn+b). Connection
of the Fuss-Catalan numbers with the p-ballot numbers Bal,(m,n) := %mp:ll ("*™+1) and the Rothe
numbers Ry (a,b) = P ey (atlb”) can be described as follows

FCP(b) = R, (b+1,p) = Bal,_1(n,(n — 1)p+b).

6 Let A be a partition. An ordinary plane partition (plane partition for short)bounded by d and
shape A is a filling of the shape A by the numbers from the set {0,1,...,d} in such a way that the
numbers along columns and rows are weakly decreasing.

A reverse plane partition bounded by d and shape A is a filling of the shape A by the numbers from
the set {0,1,...,d} in such a way that the numbers along columns and rows are weakly increasing.
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In Section 3.3 we give a partial answer on the question 6.C8(d) by R.Stanley [40].

Almost all results in Section 3 state that some two specific sets have the same number
of elements. Our proofs of these results are pure algebraic. It is an interesting problem
to find bijective proofs of results from Section 3 which generalize and extend the bijective
proofs presented in [44], [36], [41] to the case of S-Grothendieck polynomials, the (small)
Schroder numbers and k-dissections of a convex (n + k + 1)-gon. We are planning to
treat and present these bijections in (a) separate publication(s). [ |

At the end of Introduction I want to add two remarks.

(a) After a suitable modification of the algebra 3HT,,, see [22], and the case § # 0 in
[18], one can compute the set of relations among the (additive) Dunkl elements (defined in
Section 1, (1.3)). Inthecase 8 =0 and ¢; = ¢ 6j_i1, 1 <i < j <n, where d,p is the
Kronecker delta symbol, the commutative algebra generated by additive Dunkl elements
(1.3) appears to be “almost” isomorphic to the equivariant quantum cohomology ring
of the flag variety Fl,, see [22] for details. Using the multiplicative version of Dunkl
elements (1.3), one can extend the results from [22] to the case of equivariant quantum
K-theory of the flag variety Fl,, see [18].

(b) In fact one can construct an analogue of the algebra 3HT,, and a commutative
subalgebra inside it, for any graph I' = (V, E)) on n vertices, possibly with loops and

multiple edges, [18]. We denote this algebra by 3T,(I'), and denote by 3T:°/(T) its nil-
quotient, which may be considered as a “classical limit of the algebra 37,,(I")”.

The case of the complete graph I' = K,, reproduces the results of the present paper
and those of [18], i.e. the case of the full flag variety Fl,. The case of the complete
multipartite graph I' = K, .., reproduces the analogue of results stated in the present
nys see [18]

,,,,,

,,,,,

for details.

We expect that in the case of the complete graph with all edges having the same
multiplicity m, [' = K,S’"), the commutative subalgebra generated by the Dunkl elements
in the algebra 3T,§0)(F) is related to the algebra of coinvariants of the diagonal action
of the symmetric group S,, on the ring of polynomials Q[X,sl), . ,X,sm)], where we set
X0~ 12 o).

Example 0.2 Take I' = Kyy. The algebra 3T)(T) is generated by four elements {a =
U13, b = Uyg, ¢ = Ugz, d = ugy} subject to the following set of (defining) relations
o ’=0P=c2=d>=0, cb=bec, ad=da,
e aba+bab=0=aca+cac, bdb+dbd=0=cdc+dcd,
abd—bdc—cab+dca=0=acd—bac—cdb+dba,
e abcat+adbec+badb+bcad+cadc+dbcd=0.
It is not difficult to see that *

Hilb(3TO (Ky),t) = [3)7 [4)?, Hilb(3T (Ky5)®,t) = (1,4,6,3).

Here for any algebra A we denote by A% its abelization.

"Hereinafter we shell use notation
(ag,ai,...,ax); := ag + art + - - + axtk.



The commutative subalgebra in 37 (K, ,), which corresponds to the intersection
3T (Ky5) N Z[6:,02,05,04], is generated by the elements ¢; := 6 + 6y = (a + b+ c+
d) and ¢y := 01 03 = (ac+ ca+ bd + db+ ad + be). The elements ¢; and ¢, commute and
satisfy the following relations

2 _ 2
A —2cc=0, c—cjcy=0.

The ring of polynomials Z[cy, ¢5] is isomorphic to the cohomology ring H*(Gr(2,4),Z)
of the Grassmannian variety Gr(2,4).

This example is illustrative of the similar results valid for the graphs K,,, . .., i.e. for

.....

the partial flag varieties [18]. The meaning of the algebra 3T£0)(F) and the corresponding
commutative subalgebra inside it for a general graph I, is still unclear. [ |

Conjecture 1
LetT' = (V) E) be a connected subgraph of the complete graph K,, onn vertices. Then

Hilb(3TO (), ¢) = V=1 T(D;1+¢71,0),

where for any graph T the symbol T(I';x,y) denotes the Tutte polynomial corre-
sponding to this graph.

Problem 0.2
Let T, (%) be a spanning star subgraph of the complete graph K,.
Compute the Hilbert series of the algebra 3T£0)(Fn(*)).
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1 Dunkl elements

Let A, be the free associative algebra over Z with the set of generators {u;;, 1 <1,j < n}.
We set z; == wuy;, 1 =1,...,n.

Definition 1.1 Define (additive) Dunkl elements 0;,i = 1,... n, in the algebra A, to
be

J=1
ji

We are interested in to find “natural relations” among the generators {u;;} such that
the Dunkl elements (1.3) are pair-wise commute. One natural condition which is the
commonly accepted in the theory of integrable systems, is

e (Locality condition)

(v, 23] =0, wij up = w wig, if {3,530 {k, 1} = 0. (1.4)
Lemma 1.1 Assume that elements {u;;} satisfy the locality conditions (1.4). Then
[0:,0;] = [% + Z Uik, Ui +sz} + [WmZ l’k} + Z Wijk,
ki, j k=1 ki

where
wijk = [uij,uik -+ Ujk] + [Uika U,jk] + [.CEZ', Ujk] + [Uik,.il?j] + [Jfk,uij]. (15)

Therefore in order to ensure that the Dunkl elements form a pair-wise commuting family,
it’s natural to assume that the following conditions hold

10



e (Unitarity)
[Uij + U]’i,ukl] =0= [uij -+ uji,a:k] fO?" all ’i,j, /{, l, (16)

i.e. the elements u;; + u;; are central.
e (Crossing relations)

[Z xk , uii] =0 for all 1,j. (1.7)

k=1

e (Dynamical classical Yang—Baxter relations )
[uij,uik + Ujk] + [uik, Ujk] + [l‘i, Ujk] + [Uik,l‘j] + [mk,uij] =0, (18)
if 7, j, k are pair-wise distinct.

Definition 1.2 We denote by DCY B,, the quotient of the algebra A, by the two-sided
ideal generated by relations (1.4),(1.6),(1.7) and (1.8).

Clearly, the Dunkl elements (1.3) generate a commutative subalgebra inside the algebra
CDY B, and the sum Y ., 6; = > 1" | x; belongs to the center of the algebra DCY B,,.

Example 1.1 (A representation of the algebra DCY B,,, cf [9])

Given a set g1, ..., ¢,—1 of mutually commuting parameters, define ¢;; = Ha i Gas 1
i < j and set ¢;; = ¢;; in the case ¢ > j. Clearly, that if i < j <k, then ¢;;q;x = qix.

Let z1,..., 2, be a set of variables. Denote by P, := Z[z,. .., z,] the corresponding
ring of polynomials. We consider the variable z;, ¢ = 1,...,n, also as the operator acting
on the ring of polynomials P, by multiplication on z;..

Let s;; € S,, be a transposition. We consider the transposition s;; also as the operator
which acts on the ring P, by interchanging z; and z;, and fixes all other variables. We
denote by

0ij = —1 — Sij> 0; := O iq1,
Zi — Zj
the divided difference operators corresponding to the transposition s;; and the simple
transposition s; := s;,;11. Finally we define operator (cf [9] )

Qijy = 0i+ -+ 0;210;0j1 -+ 05, 1f 1<

The operators d;jy, 1 < i < j < n satisfy (among others) the following set of relations

(cf 9])

i [Zj7a(lk)] 0, Zf J ¢ [ } [ (15)> ZZ:Z’ Ztl] =0,
° [a” 8(kl]— ik [zj,all]%—&l [8k] ], if 1< 7, k<.
Therefore, if we set u;; = q;; Ouj), if i <j, and ug; = jiy, of ©> 7, then for

a triple ¢ < j < k we will have

[wig, WigAjne] A [Wan, W] + [26, win] 4 [wir, 23]+ [20, win] = G350 1065), O] + Gin[Oany» 23] = 0.
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Thus the elements z;,¢ = 1,...,n and {u;j, 1 <i < j < n} define a representation of the
algebra DCY B,,, and therefore the Dunkl elements

0; =z + Z Uiy = 2 — Z 450 + Z ¢i50i5)
i j<i >
form a pairwise commuting family of operators acting on the ring of polynomials
Zlqr, - qn-]lz1, -+, 2n), cf [9].
|

Comments 1.1 -

(Non-unitary dynamical classical Yang—Baxter algebra) Let 4,, be the quotient of
the algebra A,, by the two-sided ideal generated by the relations (1.4), (1.7) and (1.8).
Consider elements

91':1'@'-1-2 Ujq, and 0}2—13—1—2 up;. 1 <o <j<n.
aFi b#j
Then .
[05,0,) = 1D wn i) + D wany.
k=1 k#i,j

Therefore the elements 6; and §; commute in the algebra A,.

In the case when x; = 0 for all ¢ = 1,...,n, the relations w;;;, = 0, assuming
that 1,7, k are all distinct, are well-known as the (non-unitary) classical Yang-Baxter
relations. Note that for a given triple (4,7, k) we have in fact 6 relations. These six
relations imply that [0;,0;] = 0. However,

0;,0;] = [Z Wik 5 Wi +uﬁ] £ 0.

k]

In order to ensure the commutativity relations among the Dunkl elements, i.e. [0;,0;] =
0 for all 7,7, one needs to impose on the elements {u;;,1 <7 # j < n} the “twisted”
classical Yang—Baxter relations, namely

[wij + Wik, W] + [wi, up) =0, if 4,7,k are all distinct. (1.9)

Contrary to the case of non-unitary classical Yang-Baxter relations, it is easy to see that
in the case of twisted classical Yang—Baxter relations, for a given triple (i, j, k) one has
only 3 relations.

2 Algebra 3HT,

Consider the twisted classical Yang—Baxter relation
[Wij + Wi, Wja) + [Wia, uji] =0, where i,j,k are distinct.

12



Having in mind applications of the Dunkl elements, we split the above relation on two
relations
Uij Wik = Ujk Uik — Wik Uy and - Uj, Uij = Uig Uk — Wji Uik,

and impose the unitarity constraints
wi; +ug =,

where (3 is a central element. Summarizing, we come to the following definition.
Definition 2.1 Define algebra 3T,,(5) to be the quotient of the free associative algebra
Z1B] ( wy, 1<i<j<mn ) bythe set of relations

o (Locality) wi; wg = ug wiz, if {4,570 {k, 1} =0,

& Uy Ujk = Uik Wij + Uk Wik — B Wik, Ujk Uig = Uy Wik + Uig Wik — B Wik,

ifl<i<j<k<n.
It is clear that elements {u;j, ujk, wix, 1 < i < j < k < n} satisfy the classical Yang—

Baxter relations, and therefore, the elements {6; := Z#i uij, 1 =1,...,n} form a
mutually commuting set of elements in the algebra 3HT,,(53).

Definition 2.2 We will call 64, ... ,0, by the (universal) additive Dunkl elements.
For each pair ¢ < j, we define element ¢;; := u?j — B uy; € 3T,(B).

Lemma 2.1
(1) The elements {q;;, 1 <i<j<n} satisfy the Kohno— Drinfeld relations
( known also as the horizontal four term relations)

Qij Gkl = qkl Gij, if {ia.j} N {ka l} = ®>
[Gijs @ir + @ie) =0, [qij + Gin,qin] =0, if i<j<k.
(2) For a triple (i < j < k) define w;ji = w;j — wi, + wjp,. Then
uie = B Wik + Gij + Gk + G-

(3)  (Deviation from the Yang-Baxter and Cozeter relations)

Uij Uik Ujk — Ujk Uik Uiy = [Uika%j] = [ijauik]a

Wi Ujke Wig — Ujk Uij Uik = Gij Uik — Wik k-
Comments 2.1 [t is easy to see that the horizontal 4-term relations listed in Lemma 2.1,

(1), are equivalent to the locality condition among the generators {g;;}, together with
the commutativity conditions among the Jucys—Murphy elements

d; .= i gij, 1=2,...,n,

j=i+1

namely, [d;,d;] = 0. In [18] we describe some properties of a commutative subalgebra
generated by the Jucys-Murphy elements in the Kohno— Drinfeld algebra. It is well-
known that the Jucys—Murphy elements generate a maximal commutative subalgebra in
the group ring of the symmetric group S,. It is an open problem to describe defining
relations among the Jucys—Murphy elements in the group ring Z[S,]. [ |

13



Finally we introduce the “Hecke quotient” of the algebra 37,,(3), denoted by 3HT,,.

Definition 2.3 Define algebra 3HT,, to be the quotient of the algebra 3T,(5) by the set
of relations
Qij Qkl = Gkl ij, for all 4,7,k

In other words we assume that the all elements {¢;;, 1 < i < j < n} are central in
the algebra 37,(5). From Lemma 2.1 follows immediately that in the algebra 3HT,, the
elements {u;;} satisfy the multiplicative (or quantum) Yang-Baxter relations

Uij Uik Uik = Ujk Uik Uij, Zf 1< j < k. (210)

Therefore one can define multiplicative analogue ©;, 1 < ¢ < n, of the Dunkl
elements 6;. Namely, to start with, we define elements

We consider h;j(t) as an element of the algebra ?T[Tﬁ :=3HT, ® Z[[5, qut.l, t,x,y,...]],

where we assume that all parameters {3, ¢;;,t, x,y, ...} are central in the algebra 3HT,.

Lemma 2.2
(la)  hij(x) hij(y) = hy(z +y + B 2y) + g ©y,
(16)  hij(x) hyji(y) = hij(x —y) + By —qy v y, ifi <j.
It follows from (1b) that h;;(t) hji(t) =1+ 8t —t* ¢, if i < j, and therefore the

elements {h;;} are invertible in the algebra 3HT,.
(2)  hij(x) hyr(y) = hr(y) hie(x) + hir(y) hij(z) — hi(z +y + B zy).
(3) (Multiplicative Yang-Baxter relations)

hij hzk h]’k = hjk hzk hij, Zf 1 < j < k.

(4) Define multiplicative Dunkl elements (in the algebra 3/]-1\1{71) as follows

0, 1= 0,(t) :( f[ h;j) ( I hs ) 1<j<n. (2.11)

Then the multiplicative Dunkl elements pair-wise commute.

Clearly

[[o;=1 ©;=1+t0;+(..), and ©; [ (L+1t8—1q;) € 3HT,.
=1 igl el
1<jJ
Here for a subset I C [1,n] we use notation ©; = [[,.; ©a,
Our main result of this Section is a description of relations among the multiplicative
Dunkl elements.
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Theorem 2.1
In the algebra 3HT,, the following relations hold true

S or I a+tp—tqy)= mmﬁ.

I1C[1,n] igl,jeJ
|I|=k i<j

Here {Z] denotes the ¢g-Gaussian polynomial.
q
Corollary 2.1

Assume that ¢;; # 0 for all 1 <i < j <n. Then the all elements {u;;} are invertible
and ui_j1 = qlgl(uij — ) Now define elements ®; € 3HT,, as follows

1 i+1
CIDZ-:{H u;il} {H uia}, 1=1,...,n.
a=1—1 a=n

Then we have
(1) (Relationship among ©; and ®; )

T 0;(t7) o = (1) @y

(2) The elements {®;, 1 <i < n,} generate a commutative subalgebra in the algebra

—_—

3HT,.
(3) For each k = 1,...,n, the following relation in the algebra 3HT, among the

elements {®;} holds
Z H (—qij) ®; = BFH),

IC[1,n] i¢l, jeI
|I|=k i<j

where @1 := [[,c; Pa.

In fact the element ®; admits the following “reduced expression” which is useful for
proofs and applications

o= {TH{TT o)) {TT{TT )} o2

i e
Let us explain notations. For any (totally) ordered set I = (i; < is < ... < i) we
denote by I, the set I with the opposite order, i.e. I, = (ix > i1 > ... > 1y); if

I C [1,n], then I¢ = [1,n] \ I. For any (totally) ordered set I we denote by ﬁ the
iel
ordered product according to the order of the set I.
Note that the total number of terms in the RHS of (2.12) is equal to k(n — k) >

15



Finally, from the “reduced expression” (2.12) for the element ®; one can see that

I a0 o= {[L{TT ¢ )} {TI{TL v} } =0 camm,

igljel jer iers JeIy i€l
i<j i<s i<j

Therefore the identity

IC[1,n]
|T|=k

is true in the algebra 3HT,, for arbitrary set of parameters {g;;}.

Comments 2.2
(I) In fact from our proof of Theorem 2.1 we can deduce more general statement,
namely, consider integers m and k such that 1 <k <m <n. Then

Yoo 1 (1+t5_t2qij):[7z + ) uas (2.13)
]

IC[1,m i€[l,m\I,j€J } 1+t8 AC[1,n],BC[1,n]
|I|=k i<j |Al=|B|=r
where | by definition, for two sets A = (i1,...,4,) and B = (ji,...,J.) the symbol
ua,p is equal to the (ordered) product []'_, u;, ;.. Moreover, the elements of the sets
A and B have to satisfy the following conditions:
o foreacha=1,...;ronehas 1 <i, <m<j,<n, and k<r<k(n-—k).
Even more, if r = k, then sets A and B have to satisfy the following additional conditions:
e B=(j1 <jo<...<jk) and the elements of the set A are pair-wise distinct.

In the case f =0 and r = k, i.e. in the case of additive (truncated) Dunkl elements,
the above statement, also known as the quantum Pieri formula, has been stated as
Conjecture in [10], and has been proved later in [32].

Corollary 2.2 (/21])
In the case when B =0 and ¢;; = q; 0;—;1, the algebra over Ziq, ..., ¢,—1] generated
by the multiplicative Dunkl elements {©; and ©; ', 1 <i < n} is canonically isomorphic

to the quantum K-theory of the complete flag variety Fl,, of type A, _1.

It is still an open problem to describe explicitly the set of monomials {u4 g} which
appear in the RHS of (2.13) when r > k.

(II)  (Truncated Gaudin operators ) Let {p;; 1 < i # j < n} be a set of
mutually commuting parameters. We assume that parameters {p;;} are invertible and
satisfy the Arnold relations

1 1 1 ) .
—=—4—, 1<k
Dik Dij Pjk

For example one can take p;; = (z; — z;) ', where z = (21,...,2,) € (C\0)™
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Definition 2.4 Truncated (rational) Gaudin operator corresponding to the set of param-
eters {pi;}, is defined to be

Gizz Py sy, 1<i<n,
JFi

where s;; denotes the exchange operator which switches variables x; and x;, and fives
parameters {p;;}.

We consider the Gaudin operator G; as an element of the group ring Z[{pfcjl}] [Sh],
call this element G; € Z[{p NIS,), i =1,...,n, by Gaudin element and denoted it by
6.

It is easy to see that the elements w;; := pl_]1 s, 1 <1 7é 7 < n, define a representation
of the algebra 3HT,, with parameters $ = 0 and ¢;; = u pz]

Therefore one can consider the (truncated) Gaudm elements as a special case of
the (truncated) Dunkl elements. Now one can rewrite the relations among the Dunkl
elements, as well as the quantum Pieri formula [10] , [32], in terms of the Gaudin elements.

The key observation which allows to rewrite the quantum Pieri formula as a certain
relation among the Gaudin elements is the following one: parameters {pi_jl} satisfy the
Pliicker relations

1 1 1
= +
Dik Pji Dij Pkt Dil Pjk

, if 1< i<k<l

To describe relations among the Gaudin elements 9§"), t=1,...,n, we need a bit of
notation. Let {p;;} be a set of invertible parameters as before.
Define polynomials in the variables h = (hy, ..., hy,)

IC[1,n—1] Hie[ DPin JC[1,n]
[I|=r [1|+m=|J|+k

i:lJ = Z H hj H pimlaa

KCJ, LCJ, icJ\(K| )L ko€K, lg€L
K=zl K=o JENEUD B

where

and summation runs over subsets K = {k1, ks < ... <k} CJ, and L={l, € J, a=
1,...,7}, such that k, <l,, 1 <a<r, and I,...,[, are pairwise distinct.

Theorem 2.2 (Relations among the Gaudin elements, [18], cf [30])
Under the assumption that elements {p;;, 1 < i < j < n} are invertible, mutually
commute and satisfy the Arnold relations, one has

o Goir(O, 0 {pi}) =0, if m>k (2.15)

o Goor(0™, .. 08 {pi;}) = ex(ds, . ... dy), where ds, . .., d, denote the Jucys—Murphy
elements in the group ring 7Z[S,] of the symmetric group S,.
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It is well-known that the elementary symmetric polynomials ex(ds, . .., d,) := C, k =
1,...,n, generate the center of the group ring Z[piijl] [Sn], whereas the Gaudin ele-

ments {(91("), i = 1,...,n}, generate a maximal commutative subalgebra B(p;;), the
so-called Bethe subalgebra, in Z[p;;'][S,]. It is well-known, see e.g. [30], that B(p;;) =
D, Bx(pij), where By(p;;) is the A—isotypic component of B(p;;). On each A—isotypic
component the value of the central element Cj, is the explicitly known constant c(\).
It follows from [30] that the relations (2.15) together with relations

Go,o,k(egn)y S 795?)7 {pij}> = cx(A),

are the defining relations for the algebra By (p;;).

Let us remark that in the definition of the Gaudin elements we can use any set of
mutually commuting, invertible elements {p;;} which satisfies the Arnold conditions. For
example, we can take

)
pl_] L 1 o qJ_Z 9
It is not difficult to see that in this case

an) Jj—1
lim — = —dj = —Z Sajs
a=1

1<i<j<n.

where d; denotes the Jucys-Murphy element in the group ring Z[S,] of the symmetric
group S,,. Basically from relations (2.15) one can deduce the relations among the Jucys—

Murphy elements ds,...,d, after plugging in (2.15) the values p;; = % and
passing to the limit ¢ — 0. However the real computations are rather involved.

Finally we note that the multiplicative Dunkl / Gaudin elements {©;, 1,...,n} also
generate a maximal commutative subalgebra in the group ring Z[plijl] [Sy]. Some relations
among the elements {©;} follow from Theorem 2.1, but we don’t know an analogue of
relations (2.13) for the multiplicative Gaudin elements, but see [30].

(ITII) Shifted Dunkl elements ?; and 9;

As it was stated in Corollary 2.2, the truncated additive and multiplicative Dunkl
elements in the algebra 3HT,(0) generate over the ring of polynomials Zg, . . ., ¢,_1]
correspondingly the quantum cohomology and quantum K — theory rings of the full
flag variety Fl,. In order to describe the corresponding equivariant theories, we will
introduce the shifted additive and multiplicative Dunkl elements. To start with we need
at first to introduce an extension of the algebra 3HT,, (/).

Let {z1,...,2,} be a set of mutually commuting elements and {3, h,t,¢;; = gj;, 1 <
i,7 < n} be a set of parameters.

Definition 2.5 Define algebra 3T H, () to be the semi-direct product of the alge-
bra 3T H,(B) and the ring of polynomials Zlh,t|[z1,. .., z,] with respect to the crossing
relations

(1) Zi Ukl = Ukl %4 Zf 1 ¢ {k‘,l},
(2) Zi Uiy = Ujj Zj+,82’7,+h, 25 Ui = Ujj ZZ—BZl—h, Zf 1§Z<]<k’§n

Now we set as before h;; := h;;(t) = 14t ;.
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Definition 2.6
e Define shifted additive Dunkl elements to be

Dizzi—z uij"i_z uji~
1<j 1<J
e Define shifted multiplicative Dunkl elements to be

1+1

D, = ( f[ h;;) (14 2) (H h)

a=1—1

Lemma 2.3
[Di,bj] = O, [9“9]] =0 fOT all ’L,j

Now we stated an analogue of Theorem 2.1. for shifted multiplicative Dunkl elements.

As a preliminary, for any subset I C [1,n] let us set ©; =[] .; Dq. It is clear that

9, [[ +tB—1 g, €3HT,(B).

igl, jeI
i<j

Theorem 2.3
In the algebra 3HT, (B) the following relations hold true

1+t8

I\%\l:] z¢ZI<J]€J
1+ Bt)" % — (14 pt)*
H |:Za<1+5t)n_k+h ( +B) B( +5) i|

~
N
=
3
e
Il
—

]
I={iqy,..., ip}

In particular, if 8 = 0, we will have
Corollary 2.3 In the algebra 3HT,, ( ) the following relations hold

Yo I 1—t2qij):(7;)+ 3 ﬁﬁ(za+th n—k—za+a)>

IC[1,n] i¢l,jed IC[1,n] a=1 a=1
\I\ k 1<j I={iy,..., zk}

One of the main steps in our proof of Theorem 2.3. is the following explicit formula for
the elements ®;.

Lemma 2.4 One has

/ N\
D=0 (1+1 -1 q) H (H ma) TT (0 20) TT has)-
bel Zil acl Zié
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Note that if a < b, then hy, = 1 + 5t — uy,. Here we have used the symbol

/ N
[T (IT )
el e

to denote the following product. At first, for a given element b € I let us define the
set I(b) := {a € [1,n]\I, a < b} = (a'” < ... < a!) for some p (depending on b). If
I = (b <by...<by), then we set

k

/" Y
H (H hba) - H(ubjﬂs Ubj,a‘%I R ubjﬂl) .

bel ag¢l 7j=1
a<b

For example, let us take n =6 and I = (1,3,5). Then

D1 = hsahsahsa(1 + 21)highiahi2(1 + 23)hsghga(1 4 25) hse.
|

3 Combinatorics of associative quasi-classical Yang—
Baxter algebras

Let 8 be a parameter.

Definition 3.1 ([18]) The associative quasi-classical Yang-Baxter algebra of weight [,

denoted by ACY B,(f), is an associative algebra, over the ring of polynomials Z|[f],
generated by the set of elements {z;;, 1 <1 < j <n}, subject to the set of relations

(a) Tij T = Tiy Tij, if {i.tn{k, 1} = 0,

(0) @ij Tjk = i, Tij + Tjp Tk + B wa, f1<1<i<j<n,
Comments 3.1  The algebra 37,,(3), see Definition 2.1, is the quotient of the algebra
ACY B,,(—p), by the “dual relations”

TjkTij — Tij Tik — ik, Tig + 0z =0, 1 <j <k.

The (truncated) Dunkl elements 60; = Z#i x5, ©=1,...,n, do not commute in the al-
gebra mn (6). However a certain version of noncommutative elementary polynomial
of degree k > 1, still is equal to zero after the substitution of Dunkl elements instead of

variables, [18]. We state here the corresponding result only “in classical case”, i.e. if
B =0and ¢; =0 for all i,3.

Lemma 3.1 ([18/) Define noncommutative elementary polynomial Lg(z1,...,x,) as
follows
Li(xq,...,2,) = Z Tiy T+ T, -
I=(i1<i2<...<ix)C[1,n]
Then Ly(01,60,...,0,) =0.
Moreover, if 1 < k < m < n, then one can show that the value of the noncommutative
polynomial Ly (61,...,0,) in the algebra mn(,@) is given by the Pieri formula, see

[10], [32].
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3.1 Combinatorics of Coxeter element

Consider the “Coxeter element” w € /E’Y\Bn (6) which is equal to the ordered product
of “simple generators”: w :=w, = HZ: Zaa+1- Let us bring the element w to the
reduced form in the algebra mn(ﬁ), that is, let us consecutively apply the defining
relations (a) and (b) to the element w in any order until unable to do so. Denote the
resulting (noncommutative) polynomial by P(x;;; 3). In principal, the polynomial itself

can depend on the order in which the relations (a) and (b) are applied.

Proposition 3.1 (Cf [40], 8.C5, (¢);[28])

(1) Apart from applying the relation (a) (commutativity), the polynomial P(x;;;3) does
not depend on the order in which relations (a) and (b) have been applied, and can be writ-
ten in a unique way as a linear combination:

n—1 s
P55 8) = Z proe Z H Tig jos
1 }

s= {ia a=1

where the second summation runs over all sequences of integers {i,}5_, such that
n—1>i>i>...20, =1, and iy, <n—a for a=1,...,s—1; moreover, the
corresponding sequence {j,}'—1 can be defined uniquely by that {i,}"—{.

e It is clear that the polynomial P(z;;;3) also can be written in a unique way as a

linear combination of monomials [[°_, x;, ;, such that j; > jo... > js.

(2) Denote by T,,(k,r) the number of degree k monomials in the polynomial P(x;;; 3)
which contain exactly v factors of the form x,,. (Note that1 <r <k<mn-—1). Then

r (n+k—r—2 n—2
T"(k’”:E( n—2 )(k;—l)'

In particular, T, (k, k) = (Z:f), and Tp(k,1) =T(n— 2,k — 1), where

o=k (1) )

is equal to the number of Schrioder paths (i.e. consisting of steps U = (1,1), D =
(1,—-1),H = (2,0) and never going below the z-axis) from (0,0) to (2n,0), having k
U’s, see [37], A088617.

Moreover, T,,(n — 1,7) = Tab(n — 2,7 — 1), where

Tab(n, k) =

kE+1 (Qn—k

() = e

n

is equal to the number of standard Young tableaux of the shape (n,n — k), see [37],
A009766. Recall that FT(LP)(Z)) stands for the Fuss—Catalan number.
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(3) After the specialization x;; — 1 the polynomial P(z;;) is transformed to the
polynomial

n—1
Pu(B) =Y _ N(n.k) (1+B),
k=0
where N(n, k) =1 (7) (k+1) k=0,. — 1, stand for the Narayana numbers.

Furthermore, P,(8) = 31" s,(d) ﬁd, where

Sn(d)zn%l—l(an_d) <n;1>

is the number of ways to draw n — 1 — d diagonals in a convex (n+ 2)-gon, such that no
two diagonals intersect their interior.

Therefore, the number of (nonzero) terms in the polynomial P(xz;;; 3) is equal to
the n-th little Schroder number s, == 15— é $n(d), also known as the n-th super-Catalan

number, see e.g. [37], A001003.

(4) Upon the specialization x1; — t, 1 <j <n, and that x;; — 1, if2 <i < j <
n, the polynomial P(x;;; 8) is transformed to the polynomial

PuBt)=t > (1+p" " Y ™
k=1 T

where the second summation runs over the set of Dick paths w of length 2n with exactly
k picks (UD-steps), and p(m) denotes the number of valleys (DU-steps) that touch upon
the line x = 0.

(5) The polynomial P(x;;;3) is invariant under the action of anti-involution ¢oT,
see Section 5.1.1 [18] for definitions of ¢ and T.

(6) Follow [40], 6.C8, (c), consider the specialization
rij — t;, 1<i<j<n,

and define P,(t1,. .., th—1; ) = Po(xi; = ti; B).
One can show, ibid , that

Pn(tla--‘atn—l;ﬁ) :Zﬁn_k t“tzk, (316)
where the sum runs over all pairs {(a1,...,ax), (i1,...,1;) € Z>1 X Z>1} such that 1 <
ap <as <...<ag, 1<i;<iy...<i9,<n and i; < a; for all j.

Now we are ready to state our main result about polynomials P, (t1,...,t,; ).
Let m € S,, be the permutation m= L2 3 M) Then
1 n n—-1 ... 2

Pn(tla'-- nla <H tn z>®ﬁ tlw--vt;ll)
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where & (1,...,2,_1) denotes the B-Grothendieck polynomial corresponding to a per-
mutation w € S, [11], or Appendiz.
In particular,

i
L

6D =1,... .00 1=1)=Y N(nk) 1+ )",
0

i

where N(n, k) denotes the Narayana numbers, see item (3) of Proposition 3.1.

e Note that if 5 = 0, then one has ®$:0)(m1, ooy Tp1) = Gy, ..., T0), thatisthe
[B-Grothendieck polynomial at 5 = 0, is equal to the Schubert polynomial corresponding
1 2 3 .on

1 n on-1 .. 2)’“16“

to the same permutation w. Therefore, if 7r:<

Gﬂ—(l’l = ]., ce 7tn—1 = 1) = Cn—ly (317)

where (), denotes the m-th Catalan number. Using the formula (3.16) it is not diffi-
cult to check that the following formula for the principal specialization of the Schubert
polynomial &,(X,,) is true

n—1

Sa(L,q,...q" ) =q("s") (), (3.18)

where C),(q) denotes the Carlitz - Riordan g-analogue of the Catalan numbers, see e.g.
[38]. The formula (3.17) has been proved in [13] using the observation that 7 is a vexillary
permutation, see [26] for the a definition of the latter. A combinatorial/bijective proof
of the formula (3.18) is is due to A.Woo [44].

Comments 3.2
The Grothendieck polynomials defined by A. Lascoux and M.-P. Schiitzenberger, see
e.g. [25], correspond to the case § = —1. In this case P,,(—1) = 1, if n > 0, and therefore

the specialization (‘550_1)(351 =1,...,zp,1=1)=1foral we€S,.
|

3.1.1 Multiparameter deformation of Catalan, Narayana and
Schroder numbers

Let b = (B1,...,0,—1) be a set of mutually commuting parameters. We define a multi-

parameter analogue of the associative quasi-classical Yang—Baxter algebra M@Bn(b)
as follows.

Definition 3.2 The multiparameter associative quasi-classical Yang—Baxter algebra of
weight b, denoted by M@Bn(b), 1s an associative algebra, over the ring of polyno-
mials Z[B1, . .., Bn-1], generated by the set of elements {z;;, 1 < i < j < n}, subject to
the set of relations

(a) @i o = x x5, if {6,530 {k, 1} =0,

(b) Tij Tjk = Tig Tij + Tjk xzk:"i_ﬁz Tik, Zf1§1<l<j§n
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Consider the “Coxeter element” w, € MZC\YB,L([J) which is equal to the ordered
product of “simple generators”:

n—1
wn = H :L'a7a+]_.
a=1

Now we can use the same method as in [40], 8.C5, (c) , see Section 3.1, to define the
reduced form of the Coxeter element w,. Namely, let us bring the element w, to the
reduced form in the algebra MmBn(b), that is, let us consecutively apply the defining
relations (a) and (b) to the element w, in any order until unable to do so. Denote the
resulting (noncommutative) polynomial by P(x;;;b). In principal, the polynomial itself
can depend on the order in which the relations (a) and (b) are applied.

Proposition 3.2 (Cf [40], 8.C5, (c);[28])
Apart from applying the relation (a) (commutativity), the polynomial P(x;;;b) does
not depend on the order in which relations (a) and (b) have been applied.

To state our main result of this Subsection, let us define polynomials

Q(Bla-‘-aﬁn—l) = P(.TZ] = 1,VZ,j ;Bl—l,ﬂg—l,...,ﬂn_l—l).

Example 3.1

Q(B1, B2) =1+2 B+ B + fF,

Q(B1, B2, B3) = 14 301 4+ 262 + Bs + 3687 + Bif2 + Bufs + 55 + 57,

Q(Br, B2, B3, Bs) = 1 441 + 3B2 + 203 + Ba + B1(681 + 302 + 303 + 284) + B2(362 +
Bs 4 Ba) + B3+ BF (461 + Ba+ Bs + Ba) + B1(Bs + B3) + B3 + B

Theorem 3.1
Polynomial Q(f1, ..., Bn_1) has non-negative integer coefficients.

It follows from [40] and Proposition 3.1, that
Q(b1, -5 Pu) = Cat,,.

Polynomials Q(f1, ..., 8,—1) and Q(51 + 1,..., 8,1 + 1) can be considered as a multi-
parameter deformation of the Catalan and (small) Schréder numbers correspondingly,
and the homogeneous degree k part of Q(f1,. .., 5,—1) as a multiparameter analogue of
Narayana numbers.

3.2 Grothendieck and g-Schroder polynomials

3.2.1 Schroder paths and polynomials

Definition 3.3 A Schréder path of the length n is an over diagonal path from (0,0) to
(n,n) with steps (1,0), (0,1) and steps D = (1, 1) without steps of type D on the diagonal
x=y.
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If p is a Schréoder path, we denote by d(p) the number of the diagonal steps resting on
the path p, and by a(p) the number of unit squares located between the path p and
the diagonal x = y. For each (unit) diagonal step D of a path p we denote by i(D) the
x-coordinate of the column which contains the diagonal step D. Finally, define the index
i(p) of a path p as the some of the numbers i(D) for all diagonal steps of the path p.

Definition 3.4 Define q-Schréder polynomial S,(q; 3) as follows
Salq; B) =) ¢"HW) i), (3.19)
P

where the sum runs over the set of all Schroder paths of length n.

Example 3.2
Si(g; 8) =1, Sa(q; B) = 1+q+B ¢, S3(g; B) = 142 q+¢°+¢°+5 (¢+2¢*+2¢°)+5° ¢°,
Silq; 8) =1+ 3¢+ 3¢* +3¢° + 2¢" + ¢° + ¢° + B(q + 3¢*> + 5¢° + 6¢* + 3¢° + 3¢°) +
B2(¢® +2¢* + 3¢° + 3¢°) + 8° ¢°.
Comments 3.3
The ¢-Schréder polynomials defined by the formula (3.19) are dif ferent from the
g-analogue of Schréoder polynomials which has been considered in [5]. It seems that there
are no simple connections between the both. [ |

Proposition 3.3  (Recurrence relations for ¢-Schrider polynomials)
The q-Schroder polynomials satisfy the following relations

k=n—1

Sut1(: 8) = (144" +8 4") Sulg; )+ D (@ +B8¢" ™) Sela; 4" * B) Sui(g; B), (3.20)

k=1
and the initial condition Si(q;0) = 1.

Note that P,(8) = S,(1; 8) and in particular, the polynomials P, () satisfy the following
recurrence relations

i
L

Po1(B) = 2+ 5) Pu(B) + (14 5) B (B) Pai(B). (3.21)

1

Theorem 3.2 ( Evaluation of the Schrider - Hankel Determinant )
Consider permutation

e
Il

m (1 2 ... k kE+1 k+2 ... n
T 12 ..k onm -1 .. k+1)
Let as before
n—1
P(B) =Y N(nj) (1487, n>1, (3.22)
5=0
denotes the Narayana-Schroder polynomials.  Then
k
(]. + B>(2) 67(221)@(71 == ]., N ].) = Det |Pn+k—i—j(5) |1§i7j§k- (323)
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Proof is based on an observation that the permutation 7T,(€n) is a vexillary one and the

recurrence relations (3.21).

Comments 3.4

(1) In the case § = 0, i.e. in the case of Schubert polynomials, Theorem 3.1 has
been proved in [13].

(2) Inthe caseswhen =1 and 0 <n—k <2, the value of the determinant in the
RHS(3.22) is known, see e.g. [5], or M. Ichikawa talk Hankel determinants of Catalan,
Motzkin and Schroder numbers and its g-analogue, http: /denjoy.ms.u-tokyo.ac.jp. One
can check that in the all cases mentioned above, the formula (3.22) gives the same results.

(3) Grothendieck and Narayana polynomials

It follows from the expression (3.22) for the Narayana-Schrdoder polynomials that
P,(B—1)=M,(5), where

21 0) (1)

=

denotes the n-th Narayana polynomial. Therefore, P, (5 — 1) = M,(5) is a symmet-
ric polynomial in § with non-negative integer coefficients. Moreover, the value of the
polynomial P,(5 — 1) at § = 1 is equal to the n-th Catalan number C,, := n+r1 (277)

It is well-known, see e.g. [42], that the Narayana polynomial 91,(3) is equal to the
generating function of the statistics w(p) = (number of peaks of a Dick path p) —1

on the set Dick,, of Dick paths of the length 2n

Ma(B) =) B
p

Moreover, using the Lindstrom-Gessel-Viennot lemma see e.g.
http://en.wikipedia.org/wiki/Lindstrom—Gessel-Viennot lemma,
one can see that

Det [Msiiei (B)1<ijer = 5(3) Z Br(e0+otnlon). (3.24)
(P1s5Pk)
where the sum runs over k-tuple of non-crossing Dick paths (pq,...,px) such that the

path p; starts from the point (¢ — 1,0) and has length 2(n — i+ 1), i =1,..., k.

We denote the sum in the RHS(3.24) by NP (B). Note that ‘ﬁ,(i)l(ﬁ) =1 for all
k> 2.

Thus, nk) (B) is a symmetric polynomial in § with non-negative integer coefficients,
and U +itj—1
NP (3 =1) =k — A

(F=1 Al =5
1<i<j<n—k+2

As a corollary we obtain the following statement

Proposition 3.4 Let n > k, then
8 N =1,....0, =1) =P ().

(n)
Tk



Summarizing, the specialization 057(2;)1)(% =1,...,z, = 1) is a symmetric polynomial
in 8 with non-negative integer coefficients, and coincides with the generating function
of the statistics Zle 7(p;) on the set k-Dick, of k-tuple of non-crossing Dick paths
(plv'-'apk>‘ u

Example 3.3 Token =05, k=1.Then 7T§5) = (15432) and one has
60 (La.q".q%) = ¢ (1,3.3,3.2.1.1) +¢° (1.3.5.6.3.3) 5 +¢(1.2.3.3)5" + "5,

It is easy to compute the Carlitz-Riordan q-analogue of the Catalan number Cs, namely,
Cs(q) =(1,3,3,3,2,1,1).

(4) Grothendieck polynomials Qi(ﬂ(,)l) (x1,...,2,) and k-dissections

Let k € Nand n > k — 1, be a integer, kdeﬁne a k-dissection of a convex (n+k + 1)-
gon to be a collection £ of diagonals in (n + k& + 1)-gon not containing (k + 1)-subset of
pairwise crossing diagonals and such that at least 2(k — 1) diagonals are coming from
each vertex of the (n+k+1)-gon in question. One can show that the number of diagonals
in any k-dissection & of a convex (n + k + 1)-gon contains at least (n + &k + 1)(k — 1)
and at most n(2k — 1) — 1 diagonals. We define the index of a k-dissection £ to be
i(€) =n(2k — 1) — 1 — #|&|. Dnote by

() = 3 5
&

the generating function for the number of k-dissections with a fixed index, where the
above sum runs over the set of all k-dissections of a convex (n + k + 1)-gon.

Theorem 3.3
Qi;?)(m =1,...,z,=1) = 7;(1@)(5)‘

A k-dissection of a convex (n + k + 1)-gon with the maximal number of diagonals
(which is equal to n(2k — 1) — 1), is called k-triangulation. It is well-known that
the number of k-triangulations of a convex (n + k + 1)-gon is equal to the Catalan-
Hankel number Cﬁ’?l. Explicit bijection between the set of k-triangulations of a convex
(n+ k + 1)-gon and the set of k-tuple of non-crossing Dick paths (71, ...,7x) such that
the Dick path ~; connects points (i — 1,0) and (2n — i — 1,0), has been constructed in
[36], [41].

(5) Polynomials §u(5), Hu(8), Hu(q. ;) and Ry(g; )

Let w € S,, be a permutation and P (X,) and o (X,,Y,) be the coressponding
[-Grothendieck and double 5-Grothendieck polynomials. We denote by &\ )(1) and by
(’5&,6)(1; 1) the specializations X,, := (z; =1,...,2,=1), Y, =(p1 =1,...,y, = 1) of
the B-Grothendieck polynomials introduced above.

Theorem 3.4 Let w € S,, be a permutation.  Then
(i)  The polynomials §,(B) := 651,5_1)(1) and  $H,(0) = Qiz(f_l)(l; 1)
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have both non-negative integer coefficients.
(i)  One has
Du(B8) = (1+ )" §u(67).

(1ii) Let w € S,, be a permutation, define polynomials

f)w(qvta/g) = ngpﬁ)<x1ZanQ:qw"vxn:q:yl:t7y2:ta"'7yn:t)

to be the specialization {x; = q,y; = t, Yi}, of the double 5-Grothendieck polynomial
@Sf) (Xn,Yn). Then

Du(q,t;8) = (g+t+ 8 ¢ )™ Fu(L+8 q)(1+ 5 1)).

In particular, $,(1,1;8) = (2 + B8)" ™ F,((1+ B)?).
(iv) Letw € S, be a permutation, define polynomial

Rw(q7ﬁ) = 61(111871)(3:1 =4q,T2 = 1,1}3 = 17 .- )

to be the specialization {x; = q,x; =1, Vi > 2}, of the (6—1)-Grothendieck polynomial
051(5‘1)()(”). Then
Ru(q; B) = ¢"V7" Ru(q; 8),

where Ry, (q; B) is a polynomial in q and [ with non-negative integer coefficients, and
R,(0;6=0)=1.

Remark 3.1
One can show, cf [26], p. 89, that if w € S,, then R,(1,8) = Ryu-1(1,5).
However, the equality R, (q,5) = R,-1(q,5) can be violated, and it seems that in
general, there are no simple connections between polynomials R, (q, 5) and R,-1(q, 5),
if so.
From this point we shell use the notation (ag, ay,...,a,)s = Z;ZO a; B, ete.

Example 3.4  Let us take w = [1,3,4,6,7,9,10,2,5,8]. Then R,(q, 5) =
(1,6,21,36,51,48,26)5 + ¢B (6,36,126,216, 306, 288, 156) 5+
(% (20,125,242, 403, 460, 289)5 + ¢>3° (6,46, 114,204, 170)5. Moreover,
MRy(g, 1) = (189,1134,1539,540),.  On the other hand,
wt=11,8,2,3,9,4,5,10,6,7], and R,-1(q,[) = (1,6,21,36,51,48,26)5+
qB (1,6,31,56,96,110,78)5 + ¢*8 (1,6,27,58,92,122,120, 78) 5+
B (1,6,24,58,92,126,132,102,26)5 + ¢*3 (1,6,22,57,92,127,134,105,44) 5+
¢°B (1,6,21,56,91,126,133,104,50)5 + ¢°3 (1,6,21,56,91,126, 133,104, 50) 4.
Moreover, R,-1(q, 1) = (189, 378, 504, 567, 588, 588, 588),,.
Notice that w = 1 X u, where u = [2,3,5,6,8,9,1,4,7]. One can show that
Ru(g,8) = (1,6,11,16,11)5+¢5? (10, 20,35, 34)5+¢*B* (5,14,26)5. On the other hand,
uw ' =17,1,2,8,3,4,9,5,6] and R,-1(q, 8) = (1,6,21,36,51,48,26)5 = R.(1, 3).

[ Recall that by our definition  (ag,a1,...,a,)p: =37 a; [/, etc]
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Problems 3.1

(1) Define a bijection between monomials of the form [[._, w;, ;. involved in the
polynomial P(x;;; 3), and dissections of a convex (n + 2)-gon by s diagonals, such that
no two diagonals intersect their interior.

(2) Describe permutations w € S, such that the Grothendieck polynomial &,,(ty, ..., t,)
15 equal to the “reduced po/ly@mial” for a some monomial in the associative qasi-classical

Yang—Bazter algebra ACY B, (). ¢
(3) Study “reduced polynomials” corresponding to the monomials
Mip ‘= T12723 ';ﬂil,nﬂfnd,nq © X232, (%211723 e 'xnfl,n)k-
in the algebra ACY B, ()™

(4) Construct a bijection between the set of k-dissections of a convex (n+k+1)-gon

and “ pipe dreams” corresponding to the Grothendieck polynomial & (EL) (x1,...,2,). As

for a definition of “pipe greams” for Grothendieck polynomials, see [23] see also /]Z/

Comments 3.5 We don’t know any “good” combinatorial interpretation of polyno-
mials which appear in Problem 3.1, (3) for general n and k. For example,
Py =1;8) = (3,2),  Puy(y =1;8) = (26,42,19,2),
P (x; =1;0) = (381,988, 917,362, 55,2) and Pmls(m” 1; 1) 2705.
One can compare these formulae for polynomials P, ,(x;; = 1;3) with those for the
p-Grothendieck polinomials corresponding to transpositions (a,b), see Comments 3.6.
As for the powers of Coxeter elements, one has 8
Plary 203)2(B8) = (6,6,1), Play s za02(8) = (71,142,91,20,1) = (1,16, 37,16, 1) 511,
Plarswasesa)? (8) = (1301, 3903, 4407, 2309, 555,51, 1) = (1,45, 315,579, 315,45, 1) 341,
Plary 223 w51 245)2(B) = (1266, 3798, 4289, 2248, 541,50, 1) = (1,44, 306, 564, 306, 44, 1) 5,1,
Pipsramrans (8 = 1) = 12527, P, 2(8=1) = 12193

12 23 T34 T45

Lemma 3.2 One has

min(n,m) ntm—k m . min(n,m) n m .
Pt = X (TR = X (3) () aver

k=0 k=0

Moreover,

o polynomial Pl yeysz,_y . ym (B — 1) is a symmelric polynomial in B with non-negative
coefficients.

o polynomial Py, 4m (B) counts the number of (n,m)-Delannoy paths according to the
number of NE steps. °

Conjecture 2 Let ky,...,k,_1 be a sequence of non-negative integer numbers, consider
. Ko
monomial M := z¥yxk2 .. xn"_lln. Then

e reduced polynomial Py (6 — 1) is a polynomial in 5 with non-negative coefficients.

8To simplify notation we set Py, (3) := Py(zi; = 1;3).

9Recall that a (n, m)-Delannoy path is a lattice paths from (0,0) to (n,m) with steps E = (1,0),
N =(0,1) and NE = (1,1) only.

For the definition and examples of the Delannoy paths and numbers, see [37],4001850, A008288, and
http://mathworld.wolfram.com/DelannoyNumber.html.
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3.2.2 Principal specialization of Grothendieck polyno-
mials, and ¢-Schroder polynomials

Let 7T,(€n) =1F x wénik) € S, be the vexillary permutation as before, see Theorem 3.1.

Recall that
) _ 1 2 ... k k+1 k+2 ... n
e \1 2 ... k n n—1 ... k+1)°

(A) Principal specialization of the Schubert polynomial &
k

Note that 71']5;”) is a vexillary permutation of the staircase shape A = (n—k—1,...,2,1)
and has the staircase flag ¢ = (k+1,k+2,...,n—1). It is known, see e.g. [43], [26], that
for a vexillary permutation w € S, of the shape A and flag ¢ = (¢1,...,¢,), 7 = £(N),
the corresponding Schubert polynomial &,,(X,,) is equal to the multi-Schur polynomial
sx(Xyp), where X, denotes the flagged set of variables , namely, Xy = (Xy,,...,Xs,)
and X,, = (z1,...,%y). Therefore we can write the folloing determinantal formula for
the principal sg)ecialization of the Schubert polynomial corresponding to the vexillary
permutation Wkn)

—i4+j5—1
o(La, ¢ .. )=pET(|" 17 )
GW;C)(,QMCL ) [ k+1—1 . 1§i,j§n7k,

where {Z} denotes the g-binomial coefficient.

q
Let us observe that the Carlitz—Riordan g-analogue C,,(q) of the Catalan number C,,

is equal to the value of the ¢-Schréder polynomial at 5 = 0, namely, C,(q) = S,(g,0).

Lemma 3.3 Let k,n be integers and n > k, then

n—it+j—1 ("35) k)
) DET( . ) =gl ,
(1) [ E+i—1 L 1<ij<n—k a )
(2) DET(CHM_Z'_]'((J)) = P D (En=2k=5)/6 (k) (.
1<i,j<k
(B) Principal specialization of the Grothendieck polynomial 6(’?31)
Tk
Theorem 3.5
n—k+1\_ 7. n—k i
gU 5600 DETIS, i (6 B) <ok =
k—1
gF— D@k 1)/6 H(1 +¢7'B8) & _wm(lq,q,..).
a=1 g
Corollary 3.1 (1) Ifk=n—1, then
n—2
DET‘Sanlfifj(q; qlilﬂ)llgi,jgnfl _ q(nfl)(nf2)(4n73)/6 H(1 + qaflﬁ)nfaflj
a=1
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(2) Ifk=mn—2, then

q"? DET|San—o—i—j(¢:¢" " B)1<i jen—2 =

n—3
n—2)(n— n— a— n—a— 1+ nil—l
g De=n=D/5 TT(1 4 g1 ) 2{( 6?3 }
a=1

e Generalization

Let n = (ny,...,n,) € N? be a composition of n so that n = n; + --- 4+ n,. We set
nt) =ni+---+mn; 7=1,...,p, n® =0.

Now consider the permutation w® = w(()nl) X w(()m) X e X w(()"p) €S,

where w(()m) € S,, denotes the longest permutation in the symmetric group S,,. In

other words,

w® — 1 2 L.ony n® oo omi+1 0 o peh n
“\ng m—1 ... 1 m+1 ... n®» . n oo 4

For the permutation w™ defined above, one has the following factorization formula for
the Grothendieck polynomial corresponding to w™, [26],

(8) (8) ) B)
ij(“) - @ (nl) le"l Xw(()"Q) x ®1n1+n2 Xwén?’) Xoeee X 6]_"7'14"-"’7'17—1 Xwénp)'
In particular, if
w(n) — U)(() 1) X w(()”2) X w(()np) c Sm (325)

then the principal specialization Q5( ( Of the Grothendieck polynomial corresponding to
the permutation w, is the product of g-Schroder—Hankel polynomials. Finally, we observe
that from discussions in Section 3.4, Grothendieck and Narayana polynomials, one
can deduce that

p—1
(8-1) . (@)
S, (1 =1,... H mnﬁﬁn
j=1
In particular, the polynomial e () (xl, ..., Zy) is a symmetric polynomial in 8 with

non-negative integer coefficients.

Example 3.5

(1)  Let us take (non vexillary) permutation w = 2143 = s; s3. One can check that
6 (1,1,1,1) =3+3 8+ 2 =1+ (B+1) + (B+1)% and Ny(B) = (1,6,6,1), MNy(5) =
(1,3,1), My(B) = (1,1). It is easy to see that

I5; &Y (1,1,1,1) = DET gigg% ﬁzggg ’ On the other hand,

DET‘ gigg; %gg; ‘ = (3,6,4,1) = w (1 + B8). Tt is more involved to

check that

Su(q; B)  Ss(q; B)

@1+ 8) 6D (1,q.¢% ¢") = DET‘ Ss(q;9B)  Sa(q;qb)
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(2) Let us illustrate Theorem 3.3 by a few examples. For the sake of simplicity, we
consider the case = 0, i.e. the case of Schubert polynomials. In this case P,(q; 5 =
0) = Cy,(q) is equal to the Carlitz—Riordan g-analogue of Catalan numbers. We are
reminded that the g-Catalan— Hankel polynomials are defined as follows

CW(q) = ¢" IRV DET|Criii i (@)1<ij<n.

In the case § = 0 the Theorem 3.3 states that if n = (n4,...,n,) € N? and the permu-
tation wy) € S, is defined by the use of (3.25), then

G (1, g, %) = ¢= () ™) (q) x C™Em) (q) x Clm)(g).

ni+nz ni+n2+ns

Now let us consider a few examples for n = 6.
e n=(L5), = &,m(La...)=q" Cs"(a) = Cs(q).

¢ n= (27 4)7 = Gw(ﬂ)(L q,.. ) = q4 OQ)(Q):DET‘ CG(q; CS(Q) ’ :
Note that Gw(2,4)(1, q, .. ) = 6w(1,1,4)<1 q,. )

¢ n= (2a272) = Gw(n)(laQ7"') 0(2)((]) ( )

¢ n=(L10) = Sl =q (o) Pl = ¢* o)

the last equality follows from that C ]i) (q) =1 for all k> 1.

e n=(1,23) = &, m(lq...)=¢ (J§ ( ) C¥P(g). On the other hand,
e n=(3,21) = S,m(lq...)=qCq) C(q) =q CP(g) = q(1,1,1,1).
k+1
Note that Ck+2( )= .
Exercise.
Let 1 <k <m < n be integers, n > 2k + 1. Consider permutation
(1 2 k E+1 ... n
w_(m m—-1 ... m—k+1 n ... ... 1)68”'
Show that

Gw(la q,-- ) = qN(D w)) Cn m—l—k(q)

where for any permutation w, n(D(w)) = > (d’izw) and d;(w) denotes the number of
boxes in the i-th column of the (Rothe ) diagram D(w) of the permutation w, see [26].

p.-8.
|

(C) A determinantal formula for the Grothendieck polynomials Qﬁ(fi)
T

Define polynomials
n

UM (X,) = ea(Xn) B

a=m

1 a ‘] n ) . . .
A j(Xngr—1) = ; . (— ) CID,(CJ: ; )(X;H,H), if 1<i<j<n,
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and
i—j—1

), if 1<j<i<n.
a

Aij(Xpgn) = en—i—a(Xn+k—i) (
Theorem 3.6
DET’A13|1<zj<n =6 B(k) (Xk—l—n 1)
k+n
Comments 3.6 One can compute the Grothendieck polynomials for yet another inter-
esting family of permutations. namely, permutations a,(c”) =

O 1 2 ... k-1 k k+1 k+2 n+k\
B \1 2 ... k=1 n+k k E+1... n+k—1 o
SkSk41 -+ Sntk—1 € Spyk.
Then
E—1 n+j—1
6((,.i)(n)<xl7 cee 7xn+k:) ( ) en+j(x17 s 7xn+k> (1 +ﬁ>]
7=0

In particular,

k .
n+j7—1 4
62)(")(9”1 = 1,. ey Ltk = 1) = Z ( J ) ﬂj.

Problems 3.2

(1)  Give a bijective prove of Theorem 3.3, i.e. construct a bijection between

e the set of k-tuple of mutually non-crossing Schréder paths (pi,...,px) of lengths
(n,n—1,...,n—k+ 1) correspondingly, _and

e the set of pairs (m,T), where T is a k-dissection of a convex (n+ k+ 1)-gon, and
m is a upper triangle (0,1)-matriz of size (k — 1) x (k — 1),

which is compatible with natural statistics on both sets.

(2)  Letw € S, be a permutation, and CS(w) be the set of compatible sequences
corresponding to w, see e.g. [4].

Define statistics c(e) on the set C'S(w) such that

6 N =lay=1,..)= Y p

aceCS(w)

3.2.3 Specialization of Schubert polynomials

Let n, k, r be positive integers and p, b be non-negative integers such that r <
p+ 1. It is well-known [26] that in this case there exists a unique vexillary permutation
W := W) € So Which has the shape A = (A1, ..., A\py1) and the flag ¢ = lag ¢ = (¢1, ..., Gns1),
where

Ai=n—i+1)p+b, Gi=k+1+r(i—-1), 1<i<n+1
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According to a theorem by M.Wachs [43], the Schubert polynomial & (X) admits the
following determinantal representation

&o(X) = DET (In.-111(X2)

1<i,5<n+1

Therefore we have G,(1) :=64(z1 =1,20=1,...) =

DET(((n—z—Fl)p—Fb—fH—j+k+(2—1)r)> .
k+(i—1)r 1<i,j<n+1

We denote the above determinant by D(n, k,r,b,p).

Theorem 3.7 D(n,k,r,b,p) =

I i+b+jp I (k—i+D(p+1)+(G+j—1)r+rb+np)

(,5)EAn k.1 ! (4,§) EBr ko, k—it+1l+(i+j—1r

)

where
A ={G5) €22 | j<n j<i<k+r-Dm-)},

Bopr = {(i,j) €72, | i+j<n+1, itk+1l4rs, s ezzo}.

It is convenient to re-wright the above formula for D(n, k,r, b, p) in the following form
D(n,k,r,b,p) =
((n=j+Dp+b+k+G=1)r=1)! (1 —j+1)!
<k+ (j — 1)7‘)! ((n—j—l— 1)(p+1) +b>!

H <(k—z’—|—1)(p+1)+jr+(np+b)r>.

1<i<j<n

X

n+1
Jj=1

(=) The case r=1

We consider below some special cases of Theorem 3.5 in the case r = 1. To simplify
notation, we set D(n,k,b,p) := D(n,k,r = 1,b,p). Then we can rewrite the above
formula for D(n, k,r, b, p) as follows  D(n,k,b,p) =

ntl <(n+k—j+1)(p+1)+b>! ((n—j+1)p+b+k>! (j— 1)

o ((n—j+1)(p+1)+b)! ((k+n—j+1)p+b+k>! (k+j—1)

Corollary 3.2
(1) Ifk<n+1, then D(n,k,b,p)=

: Cn+k+1—ﬁ@+n+w)(@—jm+b+k)juk—ﬁWn—j+n!
- n—j+1 J n+k—j+1)!

J
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In particular,

o Ifk=1, then
1+b (p+1)(n+1)+0b (p+1)
D(n,1,b,p) = = E (b
(TL,,,p) 1+b—|—(n+1)p( n+1 n—l—l()’
where Ffl’(b) — % (P”n*b) denotes the generalized Fuss-Catalan number.
o ifk=2, then
240)(2+0b
D(n.2.b,p) = Ga 0@t D) RV 0) FEV0)

(1+b0)2+b+ (n+1p)(2+b+ (n+2)p) "

(2) (R.A. Proctor [35]) Consider the Young diagram

For each box (i,j) € X define the numbers c(i,j) :=n+1—1i+ j, and

o Sl if i<t l-ip-1)+b,
@ = AP if (1= (p—1) <j—b< (n+1—i)p.
Then
D(n,k,b,p) = H L gy (k). (3.26)
(3,7)EXN

Therefore, D(n, k,b,p) is a polynomial in k with rational coefficients.
(3) Ifp=0, then

n+k

: (b+k J+b iniin »
D(n,k,b,0) = dim V(ii;;k) — H (T) (mh+1-j)

J=1

where for any partition p, €(u) <m, VI denotes the irreducible gl(m)-module with
the highest weight p. In particular,

e D(n,2,b0) = n+12+b ("+§+b) ("ﬁfl’) is equal to the Narayana number N (n+b+2, b);

(b+ k) (b+k+1)!
Kbk + D)I(b+ 1)

and therefore the number D(1,k,b,0) counts the number of pairs of non-crossing lattice
paths inside a rectangular of size (b+1)x (k+1), which go from the point (1, 0) (resp. from
that (0,1)) to the point (b+ 1, k) (resp. to that (b, k4 1)), consisting of steps U = (1, 0)
and R = (0, 1), see [37], A001263, for some list of combinatorial interpretations of the
Narayana numbers.

(4) Ifp=0b=1, then

o D(1,k,0,0) = =Nb+k+1,k),

% ritj—1
Dink,1,1)= ] e it

1+7—1
1<i<j<n+2 T
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(5) ( R.A. Proctor [35],[34] ) Ifp=1and b s odd integer, then D(n,k,b,1)
is equal to the dimension of the irreducible representation of the symplectic Lie algebra
Sp(b+ 2n + 1) with the highest wright kwy, 1.

(6) (Cf[13] ) Let @y be a unique dominant permutation of shape X := N, and
0:="lypp = 3(n+1)(np+ 2b) be its length. Then

Z 1_[964—aZ ) =10 B(n,z,p,b).

acR(w,) =1

Here for any permutation w of length I, we denote by R(w) the set {a = (a1,...,a;)} of
all reduced decompositions of w.

Remark 3.2

It is well-known, see e.g. [35], or [38], vol.2, Exercise 7.101.b, that the number
D(n, k,b,p) is equal to the total number pp*»r®(k) of plane partitions ° bounded by
k and contained in the shape A, ;,. Finally we recall that the generalized Fuss-Catalan
number FT(LT; )(b) counts the number of lattice paths from (0,0) to (b + np,n) that do
not go above the line x = py, see e.g. [24].

Theorem 3.8  Let w1, be a unique vexillary permutation of the shape A, := (n,n—
L,...,2,0)p and flag ppp = (k+1,k+2,....,k+n—1,k+n). Then

n+1
_ 1 n+1\ [(n+1)p
. BN = ()( )6“
n,l,p() jz:;rm—l J j—1

o Ifk>2 then Gop(B) = 6L 1 (1) is a polynomial of degree nk in 3, and
COeff[B"k]( n,k,p( )) D(n k? 17p 17 O)

The polynomial > " i1 (?) (j}f‘ 1) 771 = FN,(t) is known as the Fuss-Narayana poly-
nomial and can be considered as a t-deformation of the Fuss-Catalan number FC?(0).

Recall that the number % (?) (jp_”l) counts paths from (0,0) to (np,0) in the first
quadrant, consisting of steps U = (1,1) and D = (1, —p) and have j peaks (i.e. UD’s),
cf. [37], A108767.

For example, take n =3,k =2,p=3,r=1,b=0. Then

W3,2,3 = [1, 2,12,9,6,3,4,5,7,8, 10, 11] € Si9, and G37273(5) =

(1,18,171,747,1767,1995,1001). Therefore, G323(1) = 5700 = D(3,2,3,0) and

Coe f fipo(Gs23(8)) = 1001 = D(3,2,2,0).

|

10 Tet A be a partition. A plane (ordinary) partition bounded by d and shape A is a filling of the
shape A by the numbers from the set {0, 1,...,d} in such a way that the numbers along columns and
rows are weakly decreasing.

A reverse plane partition bounded by d and shape A is a filling of the shape A by the numbers from
the set {0,1,...,d} in such a way that the numbers along columns and rows are weakly increasing.
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Comments 3.7 (=) The case r=0
It follows from Theorem 3.5 that in the case » = 0 and k£ > n, one has

n+1 ((n—j+1)p+b+k:—j+1)

— ol(k+1) nil k—j+1
D(n, k,0,p,b) = dim V, " = (1 +p)%) [1 (D)
Jj=1 n—j+1
Now consider the conjugate v := v, ,5 := ((n 4+ 1)°,nP, (n — 1)?, ..., 1?) of the partition

Anpp, and a rectangular shape partition ¢ = (k,..., k). If £ > np + b, then there exists
——

np+b
a unique grassmannian permutation o := o, of the shape v and the flag 1, [26]. It
is easy to see from the above formula for D(n, k,0,p,b), that

_ (k—1) _
S (1) = dim Vygn’(p’b ) =

On,k,p,b

n n k+j—2
(1+ )() k+n_1 ” ”_]+1) ((n ]—il)p—i—b)
P m—j+(p+1)+0b A ((n JHL)(p+1)+b— 1)
j=1 i

n—j

After the substitution k£ := np 4+ b+ 1 in the above formula we will have

n np-‘rb-i—g 1)
On,np+b+1,p,b p p+1

(o)

In the case b = 0 some simplifications are happened, namely

o T (o 750)

n n—j P

Sospo(D) = (1) ] ()
Jj=1 n—j

Finally we observe that if &k = np + 1, then

(n—j+1)p+n— j 1)— - n(p—1)— .
j=1 ]tz ?+ J) =2 (](pgti 1) ngz) Y (n+7)

ﬁ (5 p) :ﬁ (o) _ TT T 1((19+1)j +i) AW,

where the numbers A”) are integers that generalize the numbers of alternating sign
matrices (ASM) of size n x n, recovered in the case p = 2, see [31], [6] for details.

Examples 3.1
(1) Let us consider polynomials &,(3) := Qﬁéﬁ;}l)m(l)
o Ifn=2 then gg400 = 235614 € Sg, and &,(8) = (1,2,3) :=1+ 25 + 35%
Moreover, Ry, ,,,(¢; 8) = (1,2)5 + 3 ¢5°.
o Ifn =3, then o360 = 235689147 € Sy, and  &3(3) = (1,6,21, 36,51, 48, 26).
Moreover, R, ,,,(q; 8) = (1,6,11,16,11)5 +q 5%(10,20,35,34)4 +q2f34(5 14,26)4;
Ry pan(:1) = (45,99, 45),,
o Ifn=4 then o4520=1[2,3,5,6,8,9,11,12,1,4,7,10] € Sia, and &4(8) =
(1,12,78,308,903, 2016, 3528, 4944, 5886, 5696, 4320, 2280, 646 ).
Moreover, Ry, ., ,(q; 8) = (1,12,57,182, 392,602, 763, 730,493, 170) 3 +
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g52(21, 126, 476, 1190, 1925, 2626, 2713, 2026, 804) 5 +

¢ 3*(35,224, 833, 1534, 2446, 2974, 2607, 1254) 5 +q°°(7, 54, 234, 526, 909, 1026, 646 ) 5;

R cao(¢:1) = (3402, 11907, 11907, 3402), = 1701 (2,7,7,2),.

e Ifn =5, then 05102 = [2,3,5,6,8,9,11,12,14,15,1,4,7,10,13] € S;5, and
®5(8) = (1, 20,210, 1420, 7085, 27636, 87430, 230240, 516375, 997790, 1676587, 2466840,

3204065, 3695650, 3778095, 3371612, 2569795, 1610910, 782175, 262200, 45885).

Moreover, R, 000 (¢: 8) = (1,20,174, 988, 4025, 12516, 31402, 64760, 111510, 162170,

202957, 220200, 202493, 153106, 89355, 35972, 7429)5—|—

q3? (36,432, 2934, 13608, 45990, 123516, 269703, 487908, 738927, 956430, 1076265,

1028808, 813177,499374, 213597, 47538) 5 +

¢234(126, 1512, 9954, 40860, 127359, 314172, 627831, 1029726, 1421253, 1711728,

1753893, 1492974, 991809, 461322, 112860)5 +

q335(84,1104, 7794, 33408, 105840, 255492, 486324, 753984, 1019538, 1169520, 1112340,

825930, 428895, 117990)5 +

¢*55(9, 132, 1032, 4992, 17730, 48024, 102132, 173772, 244620, 276120, 240420, 144210,

45885),5.

R 1000 (¢ 1) = (1209078, 6318243, 10097379, 6318243, 1299078), =

59049(22, 107,171, 107, 22),.

We are reminded that over the paper we have used the notation (ag, a1, ..., a,)s =
Yo a; [ ele
One can show that degis®,(8) = n(n—1), deggRos, on20(¢,1) =n—1, and looking
on the numbers 3, 26, 646, 45885 we made
Conjecture 3  Let a(n) := Coef f[3"~V] ((’5”(5)) Then

a(n) = VSAM(n) = OSASM(n ﬁ

Jj=1

(3j +2)(6j + 3)! (2 +1)!
(47 +2)! (45 +3)!

where

VSASM(n) is the number of alternating sign 2n + 1 x 2n + 1 matrices symmetric
about the vertical axis;

OSASM(n) is the number of 2n x 2n off-diagonal symmetric alternating sign
matrices.

See [37], A005156, [31] and references therein, for details.

Conjecture 4
Polynomial R, ,, ,,(q; 1) is symmetric and R, ,, ,,(0;1) = A20342(2n—1), see [37].

(2)  Let us consider polynomials §,(3) := Qi(fi 2}L)+1 20(1).
o Ifn=1,then o1320=1342€ Sy, and F2(f) =(1,2) =1+ 20.
e Ifn =2, then 02520 = 1346725 € S;, and 33( ) ( 6,11,16, ]_]_)
Moreover, Ro, ., ,(¢;6) = (1,2,3)5 + ¢B8(4,8,12)5 + ¢*5*(4, 11)
o Ifn= 3 then 03,7,2,0 = [1 3 4 6 7 9 10 2 5) 8] S SlO; and 321(&) =
(1,12,57,182,392,602, 763, 730, 493, 170).
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Moreover,
Ro,.00(0;8) = (1,6,21,36,51,48,26)5 + ¢ 3 (6,36,126,216, 306,288, 156)4
+ ¢233(20, 125, 242, 403, 460, 289)5 + ¢3B3°(6,46, 114,204, 170);
Rosrao(@;1) = (189, 1134, 1539, 540), = 27 (7,42, 57,20),.
o Ifn=4, then 04900 =1[1,3,4,6,7,9,10,12,13,2,5,8,11] € Sy3, and F;5(p) =
(1,20,174,988,4025, 12516, 31402, 64760, 111510, 162170, 202957, 220200, 202493,
153106, 89355, 35972, 7429).
Moreover,
R0 B) = (1,12,78,308,903, 2016, 3528, 4944, 5886, 5696, 4320, 2280, 646) 5+
qf (8,96, 624,2464, 7224, 16128, 28224, 39552, 47088, 45568, 34560, 18240, 5168) 5+
¢*3(56,658, 3220, 11018, 27848, 53135, 78902, 100109, 103436, 84201, 47830, 14467) 5+
q>°(56, 728, 3736, 12820, 29788, 50236, 72652, 85444, 78868, 50876, 17204) 5+
q*B7(8, 117,696, 2724, 7272, 13962, 21240, 24012, 18768, 7429) 5;
Roo00(q; 1) = (30618, 244944, 524880, 402408, 96228),, = 4374 (7, 56,120, 92, 22),.
One can show that §,(3) is a polynomial in 3 of degree n?, and looking on the
numbers 2,11,170, 7429 we made

Conjecture 5 Let b(n) := Coef fiz-12 (Sn(ﬁ)> Then

b(n) = CSTCPP(n). In other words, b(n) is equal to the number of cyclically
symmetric transpose complement plane partitions in an  2n x 2n x 2n box. This
number is known to be )

’ﬁ (35 4+ 1)(65)! (25)!
4j+1 (4! 7’

J

see [37], A051255, [2], p.199.

It ease to see that polynomial R (¢; 1) has degree n.

On,2n+1,2,0
Conjecture 6
COfo[ﬂn] (mo'n,2n+1,2,() (q; 1)) = A20342(2n),

see [37];
Ron anirao(0;1) = 3"=D/2 ASM (n), see [37], A059491.

Proposition 3.5 One has

Sin"4,2n+l,2,O <07 6) = Q§n(/B) = ng’i;i)g’o(l)? %Un,Qn,ZO (07 ﬁ) = Sn(ﬁ) = Q5(g‘ii2i)+17270(1>’

Remarks 1 One can compute the principal specialization of the Schubert polynomial
corresponding to the transposition 4, := (k,n — k) € S,, that interchanges k and n — k,
and fixes all other elements of [1,n].

Proposition 3.6

k .
(n—1)(k—1) -1 -2 3 _ -1 (2) n—1 n—2+4j
‘ Sty (La g a7 ) = Y (=177 b [k—j k1]



Exercises.
(1) Let n > 1 be a positive integer, consider “zig-zag” permutation
(204 0 2% 2%k+2 .. m g
YT\ 3 0 2%k—1 2%k+1 ... ... 2m—1 2n
Show that

n—1 1— BQk‘
Ru(e,8) =[] ( - +q52’“)-
k=0

(2) Let ogym be grassmannian permutation with shape A = (n™) and flag ¢ =
(k+1)™ ie.

(1 2 ...k k+1 k+n k+n+1 ... k4+n+m
Tknm =\ 1 9  k k4+m+1 ... k+m+n k+1 ... k+m |

Clearly 0441,n,m = 1 X 0 pm. Show that the coefficient
Coef fgm | Royn (1, 6)) is equal to the Narayana number N(k + n + m, k).
(3) Show that

> {a%—Z—lL[a—i—z—l]q[bercL:1+@(Z(_1)k(§>q(§)),

(asb,c)ezd k>2
a>0

3.2.4 Specialization of Grothendieck polynomials

Let p,b,n and 14, 2¢ < n be positive integers. Denote by 7;(2)71 the trapezoid, i.e. a
convex quadrangle having vertices at the points

(ip,i), (ip,n—1i), (b+ip,i) and (b+ (n—1i)p,n—1i).

Definition 3.5 Denote by FC’ZSZ;R the set of lattice path from the point (ip,i) to that
(b+ (n —1i)p,n — i) with east steps E = (0,1) and north steps N = (1,0), which are
located inside of the trapezoid 7;(2)”

Ifp € FC’IE’@‘;W is a path, we denote by p(p) the number of peaks, i.e.

p(p) = NE(p) + Ein(p) + Nena(p),

where NE(p) is equal to the number of steps NE resting on path p; FEi,(p) is equal to
1, if the path p starts with step E and 0 otherwise; Nenq(p) is equal to 1, if the path
p ends by the step N and O otherwise.

Note that the equality N,,q(p) = 1 may happened only in the case b = 0.

Definition 3.6 Denote by FC’IEZ)’n the set of k-tuples B = (p1,...,px) of non-crossing
lattice paths, where for each i1 =1,....k, p; € rct

b,p,n"
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Let i
chép)’n (8) := Z 61’(‘13)

perc®)

b,p,n

denotes the generating function of the statistics p(B) := Zle p(p;) — k.

Theorem 3.9 The following equality holds
6P (r1=lwy=1,...)=FC% _(8+1).

On,k,p,b

3.3 The “longest element” and Chan—Robbins poly-
tope

Assume additionally, cf [40], 6.C8, (d), that the condition (a) in Definition 3.1 is
replaced by that

(a') : x;; and xy commute for all i, 7, k and [.

Consider the element w(()n) i= [li<icjen @ij- Let us bring the element w[()”) to the
reduced form, that is, let us consecutively apply the defining relations (a’) and (b) to
the element w[()") in any order until unable to do so. Denote the resulting polynomial by
Qn(zij; B). Note that the polynomial itself depends on the order in which the relations
(a’) and (b) are applied.

We denote by @, () the specialization z;; = 1 for all i and j, of the polynomial
Qn(fﬁz‘ja B).

Example 3.6

Q3(8) = (2,1) =1+ (B+1), Qu(B)=(10,13,4) =1+5(8+1) +4(8+1)%,
Qs(8) = (140, 336,280,92,9) = 1 + 16(8 + 1) + 58(8 + 1)* + 56(8 + 1)* + 9(8 + 1)*,
Qs(B) = 14+42(8+1)+448(8+1)*+1674(8+1)>+2364(5+1)*+1182(5+1)°+169(5+1)°.

What one can say about the polynomial Q,(3) := Qn(¥ij; B)|z;;=1,vi,j 7
It is known, [40], 6.C8, (d), that the constant term of the polynomial @, (5) is equal
to the product of Catalan numbers H;:ll C;. It is not difficult to see that if n > 3, then

degs(Qn(B)) = 2(n —3) and Coef fig1)(Qn(B)) = 2" —1— ("31).
Theorem 3.10  One has

Qu(B8 = 1) = (D uCRwam) ) (1= g,

m>0

where C'R,,, denotes the Chan—Robbins polytope [3], i.e. the convex polytope given by
the following conditions :

CR,, = {(aij) € Maty,xm(Z>o)} such that

(1) ey =1, > a;=1,

(2) a; =0, if j>i+1.

Here for any integral convex polytope P C Z¢, (P, n) denotes the number of integer
points in the set nP N Z<.
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In particular, the polynomial @, () does not depend on the order in which the relations
(a') and (b) have been applied.

Now let us denote by @Q,,(5,t) the specialization z;; = 1, if (i, 7) # (1,n), and =1, = ¢,
of the (reduced) polynomial Q),,(z;;; 5) obtained by applying the relations (a’) and (b) in
a certain order. The polynomial itself depends on the order selected.

Conjecture 7 (A) Letn >4 and write

2n—6

Qu(Bt) = (L+B)" cun(t), then cpnlt) € Zsolt].

k=0
(B) All roots of the polynomial — Q,(8)  belong to the set  R_y.

Comments 3.8
(2) We expect that for each integer n > 2 the set

Vi1 = {w € Spuoy | 64, (1) = [ [ Cat;}
Jj=1

contains either one or two elements, whereas the set {w € Sy, 5 | &,,(1) = [[;_, Cat,} is
empty. For example, ¥, ={ [1,5,3,4,2] }, ¥5={][1,5,7,3,2,6,4], [1,5,4,7,2,6,3] },
Ve ={w:=1[1,3,2,8,6,9,4,57], w '}, U, ={777}.
Question Does there exist a vexillary (grassmannian ?) permutation w € S, such
that &,(1) =[[}_, Cat; ?
For example, w = [1,4,5,6,8,3,5,7] € Sg is a grassmannian permutation such that
G,(1) = 140, and R, (1, B) = (1,9,27,43,38, 18, 4).

Remark 3.3 We expect that for n > 5 there are no permutations w € S, such that
Qu(p) = &)(1).

3) The numbers €, := [[_, Cat; appear also as the values of the Kostant partition
7j=1 J
function of the type A,_; on some special vectors. Namely,

2
see e.g. , 6. , an , —178. More generally , (7,18), (7.25),0one has
[40], 6.C10, and [17], 173-178. M lly [17], (7,18), (7.25) h

n+d—2 ;
1 n+d+j
Kan)(na) = pp™ (d) €y = ’
am)(ma) =™ (d) & =[] 2j+1< 2j )

j=d

¢, = ch(m)(%), where v, =(1,2,3,...,n—1, _(n>)’

where 7,4 = (d+ 1,d+2,....,d +n — 1,—n(2d + n — 1)/2), and pp°(d) denotes
the set of reverse (weak) plane partitions bounded by d and contained in the shape

6p = (n—1,n—2,...,1). Clearly, pp>~(1) = ] Ziz—ﬂ = (), where C,, is the n-th

Catalan number 1.

11 For example, if n = 3, there exist 5 reverse (weak) plane partitions of shape d3 = (2, 1) bounded

" 0 0 0 1 0 1 0 1 11
by 1, namely reverse plane partitions {(0 ), <0 ), (0 ), <1 >, (1 )}
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Conjecture 8
For any permutation w € S, there exists a graph ', = (V, E), possibly with multiple

edges, such that the reduced volume vol(Fr,) of the flow polytope Fr,, see e.g. [39] for

a definition of the former, is equal to &,,(1). u
For a family of vexillary permutations w,, of the shape A\ = pd,;; and flag ¢ =
(1,2,...,n—1,n) the corresponding graphs I',, , have been constructed in [29], Section 6.
In this case the reduced volume of the flow polytope Fr, , is equal to the Fuss-Catalan
number 1+(n1+1)p ((”J“i)fl’“)) = Gy, (1), cf Corollary 3.2

Problems 3.3
(1) Assume additionally to the conditions (a') and (b) above that

x?j:5$¢j+1, if 1<i<j<n.

What one can say about a reduced form of the element wq in this case ¢
(2) According to a result by S. Matsumoto and J. Novak [27], if = € S, is a per-
mutation of the cyclic type A = n, then the total number of primitive factorizations (see
definition in [27]) of m into product of n—L(X) transpositions, denoted by Primy,_yxy(\),
15 equal to the product of Catalan numbers:

L(N)
PTimn_Z()\)()\) = H Cat,\l.,l.
=1

Recall that the Catalan number Cat, = C, = %(2:) Now take X = (2,3,...,n + 1).
Then

n
2

Qn(l) = H Cat, = Prim )()\)

a=1
Does there exist “a natural” bijection between the primitive factorizations and monomials
which appear in the polynomial Qn(xi;; B) ¢

Appendix Grothendieck polynomials

Definition A1l Let S be a parameter. The Id-Coxeter algebra IdC,(f) is an asso-
ciative algebra over the ring of polynomials Z[3] generated by elements <61, e ,en_1>
subject to the set of relations

o ciej = eje;, if ‘z —j‘ > 2,

® €66, = €566y, if )Z —j’ = ]_,

o ¢?=f¢, 1<i<n-—1.

It is well-known that the elements {e,, w € S,} form a Z[f]-linear basis of the
algebra IdC, ().  Here for a permutation w € S, we denoted by e, the product

€i iy - - €, € 1dC,,(B), where (i, s, ..., 1) is any reduced word for a permutation w, i.e.

W = 8;,Siy - -+ 8i, and £ = L(w) is the length of w.
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Let w1, 29,..., 2y 1,2 = Y, Tps1 = 2,... be a set of mutually commuting variables.
We assume that x; and e; commute for all values of 7 and j. Let us define

hi(z) =1+ xe;, and A;(x H ha( i=1,...,n—1.

a=n—1

Lemma A1l One has
(1) (Addition formula)

where we set (z @ y) =z +y + Bzy;
(2) (Yang-Baxter relation)

hi(z)hiyi(x © y)hi(y) = hiv1(y)hi(x © y)hiza(z).

Corollary A1l

(1) [hir1(2)hi(x), hisa(y)hi(y)] = 0.

The second equality follows from the first one by induction using the Addition for-
mula, whereas the fist equality follows directly from the Yang—Baxter relation.

Definition A2 (Grothendieck expression)

G, (r1, .. 1) = Ar(z1)Az(x) -+ - Ap1 (1)

Theorem A ([11]) The following identity

Q5n(x17 o 7$n—1) = Z 61(1;5)()(71—1) Ew

holds in the algebra IdC, ® Z[z1, ..., 2, 1]

Definition A3 We will call polynomial &, (Xn_1) as the g-Grothendieck polyno-
mial corresponding to a permutation w.

Corollary A2

(1) 1If B = —1, the polynomials (’55,)_1)()(”_1) coincide with the Grothendieck poly-
nomials introduced by Lascoux and M.-P. Schiitzenberger [25].

(2) The p-Grothendieck polynomial e (Xp-1) is divisible by xiu(l)fl.

(3) For any integer k € [1,n — 1] the polynomial & (xk =q,x,=1,Ya#k)isa
polynomial in the variables ¢ and  with non-negative integer coefficients.

Proof (Sketch) It is enough to show that the specialized Grothendieck expression
&, (xx = ¢z, = 1,Va # k) can be written in the algebra IdC, (5 — 1) ® Z|q, 8] a
a linear combination of elements {e, },es, with coefficients which are polynomials in
the variables ¢ and [ with non-negative coefficients. Observe that one can rewrite the
relation € = (8 — 1)ex in the following form eg(er, + 1) = B ex. Now, all possible
negative contributions to the expression &, (z;, = ¢,z, = 1,Va # k) can appear only
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from products of a form ¢,(q) := (1 4 gex)(1 + ex)®. But using the Addition formula one
can see that (1 + geg)(1 4+ ex) = 1+ (1 + gB)ex. It follows by induction on a that c,(q)
is a polynomial in the variables ¢ and 3 with non-negative coefficients.
|

Definition A4

e The double 8-Grothendieck expression &,,(X,,,Y,) is defined as follows

G (X, Y,) = 6,(X,) &, (=Y,) " € IdC,(B) @ Z[X,, Y]

e The double S-Grothendieck polynomials {®,,(X,,Y,)}wes, are defined from the
decomposition

W(X0n, Y, = Z G, (X,,Y,)

wEeS,,

of the double §-Grothendieck expression in the algebra IdC,,(5).
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