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Abstract

In this paper, we announce our recent results on the Borel summability
of O-parameter solutions of second order nonlinear ordinary differential
equations with a large parameter. O-parameter solutions are formal
power series solutions with respect to a large parameter, and we es-
tablish their Borel summability for a wide class of equations including
Painlevé equations. We also study the singularity structure of a 1-
form w for the Painlevé equations, which plays an important role in

our analysis.

0 Introduction

The main purpose of this article is to announce the results of [KKo]
on the Borel summability of O-parameter solutions of second order
nonlinear ordinary differential equations with a large parameter.

The exact WKB analysis was initiated by A. Voros. He discussed
WKB analysis of a Schrodinger equation

(0.1) (— — 77262(:1:)>¢(as, n) =0 (n: alarge parameter)

using the Borel resummation method ([V]). To employ the exact WKB

analysis, it is important to know where the WKB solutions are Borel

summable. In [KoS1] and [KoS2|, such a problem was studied by

considering a formal solution S(z,n) = nS_1(z) + So(z) +n~ 151 (x) +
- of the Riccati equation

02) DS = Q)

associated with (0.1). (See also [CDK] and [DLS] for the Borel summa-
bility of WKB solutions.)
Following their results we will study in [KKo] the Borel summability
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of a formal solution

(0.3) At ) = Xo(t) + 07 Au(t) + - -

of the second order nonlinear ordinary differential equations of the form
d2_>\ _ QP(tv )‘) 4+ Rl(ta )‘7 )\)

a2 = T Q N T Re(t,N)

where P(t, \),Q(t, \), Ro(t, \) € C[t, A], Ri(t, A\, A) € C[t, A, \] and
A =d)\/dt, and P, Q, Ry, Ry satisfy some suitable conditions. Typical
examples of the above equation (0.4) are Painlevé equations with a

(0.4)

large parameter studied in [KT]. Therefore, following the usage in
(KT, we call (0.3) a 0-parameter solution of (0.4) in what follows. In
our study, a 1-form

~[(BP)(t, M(1))
(05) “"\/ Qlt ()

plays a central role when we determine regions in which a O-parameter

solution A(t,n) is Borel summable: Indeed, the most important condi-
tion of the Borel summability of A\(t,n) at t = ¢, is that there exists a
neighborhood V' of ¢, such that all of the integral curves of Imw = 0
which pass through V' run into singular points of w of order less than
or equal to —1.

This report consists of two sections: In §1, we explain core results
of [KKo]. In this report we mainly limit ourselves to the case Ry = 0
in (0.4) to make our arguments clear. In §2, we study the singularity
structure of w for the Painlevé equations, which is necessary to examine
the Borel summability of their O-parameter solutions.
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1 O-parameter solutions and their properties

The main purpose of this section is to give the conditions for the Borel
summability of O-parameter solutions of (0.4). For simplicity, we con-
sider the case where Ry =0, i.e.,

d’\ P(t, \
(1.1) — = = ﬁM.
dt? Qt, \)
To begin with, let us construct a O-parameter solution. By multi-
plying (1.1) by Q(¢, \), we obtain

d?\
1.2
(1.2) pr)
By substituting (0.3) into (1.2) and comparing both sides degree by
degree with respect to 1, we find that the coefficients of n? give

(1.3) P(t, (1)) = 0.

(£, \) = P(t, ).

Therefore we choose Ay(t) as a root of (1.3) and fix it in what follows.
Then the lower order terms Aq, Ao, -+ are recursively and uniquely
determined when

(1.4)  O\P(t, Ao(t)) is not identically 0.

Indeed, by comparing the coefficients of n' of (1.2), we find
(15) (00P) (£, Mo(t) (1) = 0.

Hence we obtain from (1.4) that

(1.6) A(t) = 0.

Next, by comparing the coefficients of 5" of (1.2), we find

d?\

(L.7) —

(t, M) = (O P)(t, M) Aa(2).



Therefore Ay(t) is given by

Q(t, No)  d*X
(O\P) (¢, No) dt*

Then, proceeding the discussion, we can inductively confirm that, by

(1.8) Ao(t) =

comparing the coefficients of n™" (n = 1,2, -+ ), Ay42(t) are uniquely
determined by Ag(%), -, Apy1(t) and satisfies

(19) )\2k+1(t) =0 (k} = 1,2, T )

In this way, we can uniquely determine a O-parameter solution of the

form
0

(1.10) Altm) =) P A(t)

k=0
for each root Ag(t) of (1.3).
Remark 1.1. We immediately find that, if Ay = 0, then Ay = 0

(k =2,3,--+). Therefore, in what follows, we assume that Ay is not
identically 0.

Since we cannot expect that the O-parameter solution (1.10) con-
verges, we consider its Borel sum

(1.11) Ao(t) +/ e M \p(t,y)dy
0
with respect to 7 (see, e.g., [B]). Here (¢, 1) = (¢, 1) — Ao(t) and
. A

- t)
1.12 Splty) = Syt
(1.12) slt,y) =y 28)

k=1
is the Borel transform of S\(t,n) with respect to n, and the path of
integration in (1.11) is the positive real axis as usual.
Our main theorem (Theorem 1.2 below) claims that, under suitable

conditions, the integral in (1.11) is well-defined, i.e., A(t,n) is Borel
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summable. Therefore our main concern is to study the analytic prop-
erties of S\B(t, y) in y-plane. To see how our assumptions naturally
appear, let us see the outline of our argument before stating our main
theorem.

To study the analytic properties of A 5(t,y) we study the Borel tran-
soform of (1.2):

82 52 N

(113 QUM g — (BaP) (6 M0 5 5) At

d)\o

=SS (e M)Ay
k>1

P\p  «
- Z (5YQ(t, M) —tB * A (1, y)

k>1

a N\ %
+ Z Ll a)\ t AO))ay ABk(tay)a
k>2

where - * - is the convolution operator defined by

Yy

(1.14) gk Ap — / sty — (o )dy
0

and

(1.15) N =Ap*-- % \g.

We also impose initial conditions which follows from (1.2):

< %))
(1.16) Ap(t,0) =0 and a—B(t 0) = As(2).
Y
Remark 1.2. We may regard the left-hand side of (1.13) as the principal
part in the following sense: when we define the weight of 9/0t and 0/dy
by 1 and that of - % - by —1, then the left-hand side of (1.13) has the

weight 2 and the right-hand side has the weight less than 2.
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To simplify left-hand side of (1.13) we employ the Liouville trans-
formation, i.e., a coordinate transformation (¢,y) — (z,y) defined by

t
(1.17) 2(t) = / w,
to
where t; € C is a fixed point and
O\P(t, \o(1))
1.18 W = dt.
19 \/ QUMD

We assume that w is holomorphic and does not vanish in the region
where we consider. Then, in (z, y)-variable, (1.13) is rewritten as fol-

lows:
0> dz\-1d*z O 0%\ ~
(119)  (0\P)(t, )\0)(@ (%) e ay2>)\3(t(z),y).

Further, applying a gauge transformation

(1.20) (Aa()) " Ap(t(2). 4) = Ap(z.),
we find that XB(,Z, y) satisfies
0* '\~
(az2 B ayz)AB(z’y)
— _L)\B(Z7 y)

1 1 A= N, .

B T Z(07Q(t, \o)) N
((9)\P> (tv )‘O) )‘2 dtQ = k! ( AQ( ? O)) B (Zv y)
1

dz\ 2 Ay
(0:P)(t, o) (E) &

(1.21)

k!
k>1

y ( (923\\3
022
2

1 1 A\ 2 .
" ((%P) (t) )\O)EZk_?(al/\CP@; )\O)) 8y2)\Bk(Z’y)’

k>2

+ Lp(z,9) ) * N (2,)

7



where

dz\ —2d*z LAY 0
(1:22) L_{(dt) ae T _}5
(@) ~2d%z A_ld)\ Y 1 d* Ao
dt/ di*"? dz dz?
This Ap(z,y) also satisfies the initial conditions
AB
(1.23) A5(2,0) =0 and %—y(z 0) =

To study a solution of (1.21), we use

Proposition 1.1. Let XB(z,y) satisfy

( 0% 02

(1.24) i ay2>}:B<Zay) = ®(z,y)

and initial conditions

(1.25) /)\\B(Z,O) =0 and %ﬁ(z,O) = g(2),
Y
where
(1.26)
m - " Op _~,
zy) =Y [N (= Y) + DA (7 x M)
k=1 k=0
- @9 XB ek - (3) PN
+ka (>8 5 X B(Z,y)Jerk (Z)é’—yz B (2,9)
k=1 k=2

and m s a positive integer, and assume that

(1.27)  all f,ij)(z) and g(z) are holomorphic and bounded on
El={zeC:|lmz| <r}

for a positive constant r. Then /)\\B(z, y) is holomorphic on

(1.28) E? n=1(z9) € C*: |Imz| < r/2, [Imy| < r/2}

r
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and satisfies the following estimates for positive constants Ci and

CQI
(1.29) Ap(2,y)| < Cyexp[Calyll.

Indeed, we can rewrite the differential equation to the following in-
tegral equation:

R 1 z+ z+y— y
(1.30) Ap(z,y) 25/ 2\dz' ——/ / (2, y)d2'dyf
2=y z—y+y

and, employing the iteration method, we can show the above proposi-
tion. (See [KKo] for the details.)

Now, our task is to examine the conditions for a O-parameter solution
so that we can apply Proposition 1.1 to it. Our first assumption is

(1.31)  there exists a neighborhood U of t = ¢, and singular points
t = t4 of w of order smaller than —1 such that endpoints of
a curve I'; are t, and t_ for each point £ in U,

where ['; denotes an integral curve of Imw = 0 that passes through a
point £. This condition guarantees that z(¢) extends to 4=oco along I';
without encountering any singular point of it. Let U denote User I
Then we can take r > 0 so that E! C 2(U) and z(¢) is locally biholo-
morphic on U

Our second assumption is

(1.32) U does not contain ¢ = oo in its interior.

(Cf. Remark 1.3 and Remark 1.7.)

Remark 1.3. When we take s = 1/t as a coordinate variable, (1.1) is
rewritten as follows:

EXx, P(sL ) 1dA

1.1 — =
(1.1 ds? ?73462(5_1,)\) sds’
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It does not have the form of (1.1). Therefore, when we restrict our
equation to the form (1.1’), we assume that the discussion is held on
C. On the other hand, since P(t, ) and Q(¢, \) are polynomials, we
may regard that (1.1) has the form of (0.4). Hence, as we will mention
in Remark 1.7, when we extend the following discussion to (0.4), we
do not have to pay special attention to the point oo € P!.

By taking the form (1.8) of Ay into account, it suffices to confirm the
holomorphy and the boundedness of the following terms on U:

(DY P) (t, M) A5 . (DYQ) (£, o)A
(OAP) (L, Ao) Q(t, Mo)

Indeed, under the assumptions (1.31) and (1.32) (and modifying the
gauge transformation (1.20) if necessary), we may assume that the

(1.33)

(k> 1).

coefficients of £ are holomorphic and bounded on U.
To guarantee the holomorphy of all terms in (1.33) on U, we impose
the third assumption:

(1.34) the discriminant Discp(t) of P(t,A) and the resultant
Res(pg)(t) of P(t,A) and Q(¢, A) do not vanish on U.

Note that the condition (1.34) is violated at finitely many points on U
if Discp(t) and Res(p)(t) are not identically equal to 0. However, if
the terms (1.33) are holomorphic there, then Theorem 1.1 below holds
even though (1.34) is violated.

To give the last assumption to ensure the boundedness of the terms
(1.33), we prepare some notations. Under the assumption (1.34), by
shrinking U if necessary, it suffices to show the boundedness of them
at the singular points t4. For simplicity, we assume that ¢, € C and
Ao(t) behaves as

(1.35) Mo(t) = Byt — )" +o((t — 1))
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with oy € Q and B, # 0 when ¢ tends to t,. Let F/(t,\) = F,,(t)\" +
-+ Fy(t) € Clt, \] be a polynomial and assume that Fj(t) (k =
0,1,---,n) behave as

(1.36) Fi(t) = F(t — )% + o((t — 1))

with Fk(o) # 0 and v, € Z>o={0,1,2,---}. Then, we define an index
indy" (F) (relevant to Ag(t)) by
0

(1.37) indf\z(F) = min {ko + v}

0<k<n

and a polynomial D} (\) by
(1.38) DN = FUN,
k

where the sum is taken over k that give the minimum in (1.37), i.e.,
ko +v, = indt;;(F ). In the same way, we can define an index indiB(F )

and a polynomial D (\) at t = ¢_ for

(1.35) Xo(t) = B(t —t-)* +o((t —t_)*).
We note that the constant 3, in (1.35) (resp., f_ in (1.35")) is given
by one of the roots of Dt () = 0 (resp., Dy (A) = 0).

Our last assumption is

(139) Dy p(f+) # 0 and Dy (B=) # 0 hold.

This condition (1.39) entails that the order of 9\P (¢, Ao(t)) (resp.,
Q(t, Mo(t))) at t = ¢4 coincides with the index ind?ﬁ(@AP) (resp.,
indtfg(Q)). We also note that the first condition Dgfp(ﬁi) # 0 is
equivalent to that the leading term [Bu(t — t4)* of A\g(t) at t = t4 is
different from that of the other roots of P(t, A\) = 0. In this sense, if
(1.39) holds at t = t4, we call £ = ¢4 a nondegenerate singular point.

Further, we can derive the boundedness of the terms (1.33) at t = ¢4
from (1.31) and (1.39).

11



Remark 1.4. When t, = oo, by taking s = t~! as a coordinate variable,
we can define the index indt;O(F ) and the polynomial D% ()) in the
same manner as above.

Remark 1.5. If the order of the singular points t = ¢+ of w is strictly
less than —1, we can modify the condition (1.39). See [KKo] for details.

Now we state our main theorem:

Theorem 1.1. Let \y(t) be a root of (1.3) and assume that (1.31),
(1.32), (1.34) and (1.39) hold. Then the 0-parameter solution \(t,n)
of (1.1) that has Ao(t) as its initial part is Borel summable on
U. More precisely, the Borel transform Ap(t,y) of A(t,n) — Ao(t)
satisfies the following estimates on U x {y € C: |lmy| < r} for
positive constants r, C7 and Cy:

(1.40) Rp(t. )] < Cu(1Aa(t)] + 1) explCalyl]

Remark 1.6. We give a remark here on our results of the Borel summa-
bility of 0-parameter solutions in the case when R; # 0 in (0.4). In
this case, \o(t) is given by

Q(t, )\O) (d2>\0 _ R1 (t, )\0, )\0))
(O\P) (¢, M) \ dt? Ro(t,Ng) /°
In addition to the assumptions of Theorem 1.2, if thi following terms

(1.41) and (1.42) are holomorphic and bounded on U, we obtain the
same results as Theorem 1.2:

(95 Ra) (t, Xo) M Q) A2 X (0% Ry) (t, M) A5
Ry(t, o) (O\P) (¢, \o) dt? Ry(t, \o)
for £ > 0 and

(1.8") Ao(t) =

(1.41)

Q(t, ho) (BB (1 X0, d)A5 A3
(O\P) (¢, Xo) Ry(t, \o)
for {k1, ke > 0} \ {k1 = ko = 0}. (See [KKo] for details.)

(1.42)
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Remark 1.7. In parallel with Remark 1.3, when we take s = 1/t as a
coordinate variable, (0.4) is rewritten as follows:
(0.4 *x 5, P(s7h,\) _Qld)\ Ri(s7H A, —s%d)\/ds)

' sz s*Q(s7HA)  sds s*Ro(s71,A)
We may regard that (0.4") has the form of (0.4). Therefore, when the
terms corresponding to (1.33), (1.41) and (1.42) for (0.4") are holomor-

phic and bounded at s = 0, we can extend Theorem 1.1 to the case

where U contains ¢t = oo in its interior.

2  Singularity structure of w for the Painlevé equations

In Section 1, we gave a condition for a O-parameter solution of (0.4) to
be Borel summable. (Cf. Theorem 1.1 and Remark 1.6.) Taking the
results into account, we define a turning point and Stokes curves for a
O-parameter solution of (0.4).

Definition 2.1. We call t = ty a turning point of a 0-parameter
solution of (0.4) when the order of a 1-form w defined by (1.19) at
t =ty is greater than —1, i.e., w behaves as

2.1 _ (Co(t —to)” +o((t —t9)?))dt att=tyeC
( . ) W = (Cot—W—Q _i_O(t—v—Q))dt att— oo

with Cy # 0 and v > —1. Especmlly, when

(2.2) \P(to, o) =0,
23) 2 P(to, fo) #
(2.4) 1P (to, Bo) #
(2.5) Q(to, o) #

hold for a root By of P(ty,By) = 0, we call t = ty a simple turn-
ing point of the corresponding 0-parameter solution. Further, the

13



integral curves of Im w = 0 that emanate from turning points are
called Stokes curves.

Remark 2.1. In s-variable with s = ¢~!, the behavior (2.1) of w at
t = o0 is rewritten as follows:

(2.6) w=(—Cps"+0(s7))ds ats=0.

We remark here that the Borel summability of O-parameter solutions
except on the Stokes curves does not automatically follow. We have to
take into account the effect of the lower order term R;/ Ry and confirm
the nondegeneracy of singular points of w. In this section, we study

the singularity structure of w for the Painlevé equations with a large
parameter 1. (Cf. [KT].)

Remark 2.2. In general, turning points of the Painlevé equations except
for t = 0 of Py, t = 0 of Py and ¢t = 0, 1, 0o of Pyy are simple turning
points. However, when parameters of the Painlevé equations satisfy
some relations, these simple turning points become “double turning
points”. See [T2, Proposition 2.4] for precise conditions.

Example 2.1 (the first Painlevé equation). We consider the first
Painlevé equation:

d’\
P — =1 (6N + ).
(Py) (e
The 1-form wy defined by (1.18) for (Py) is given by
(2.7) wi = /12M(0)dt,
and the roots of Pi(t,\) = 6A% + t are A\() )y/—1/6 t1/2
(I =1,2). Since the discriminant Discy(t) of PI( ,)\)
(2.8) Discy(t) = 144t

we find that wy is holomorphic and does not vanish except for ¢ = 0
and o0.
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First, we focus on the behavior of wy at t = 0. Obviously, t = 0 is
a simple turning point of A(¢) (I = 1,2). Then, the index (1.37) for
O\P; relevant to these A)(¢) at t = 0 and the polynomial (1.38) are
respectively given by

| 1
(29) lndg(l) (a)\PI) = é
and
(2.10) DH(B) =687 +1=0 (I=1,2).

Since D%I(D(ﬁ) has no multiple root, Dg;(]lj)l(:lz —1/6) # 0, and hence,
the order vél) of wy for AU (I =1,2) at t = 0 is given by
1

1,
(2.11) M = ind}o(9nFr) = 7.

Second, let us consider the behavior of wy at t = co. Since A(s) =
(—1)'/—1/6 s with s = ¢!, the index indS((O\F) at t = oo is
given by

o 1
(2.12) ind7) (O\F1) = —3 (I1=1,2).

Since wy is represented as

(2.13) wr = —/12\(s)s 2ds

in s-variable, we find the order %()lo) of wy for A (1 =1,2) at t = oo is

given by

1. 9
(2.14) A = Sindy (W) - 2= - (1=1,2)
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=1 2
ol —1/2 —1/2
U | —/=1J6 | /=16
MO 9/ | —9/4

Table 1: The leading term B of AU () and the order
(1)

Yoo of wr at t = 0.

Remark 2.3. We find that the above discussion indicates the Borel
summability of O-parameter solutions of (Py) except on the Stokes
curves emanating from ¢ = 0, and hence, we can take the Borel sum
of them. On the other hand, as is discussed in [T1], t = 0 actually
behaves as a turning point and O-parameter solutions of (Pr) are not
Borel summable on these Stokes curves. Hence, when we consider the
analytic continuation of the Borel sum of a O-parameter solution across
a Stokes curve, Stokes phenomena occur, and a so-called “1-parameter
solution” appears. We can also show the generalized Borel summability
of it. See [K] for the details. Here, we mention that a similar kind of
formal solutions called “transseries solutions™ are studied in [C], which
are the formal exponential series solutions at an irregular singular point
of nonlinear ordinary differential equations. Further, the generalized
Borel summability of transseries solutions is discussed there.

Example 2.2 (the second Painlevé equation). Next, we consider the
second Painlevé equation

N 5
(Prr) proiall (2A° +tA +¢).

We discuss on the singular points of

(215) Wi = \/ 6)\2(t) +t dt

16



with a root A(t) of Pyy(t, \) = 2A3+ A+ c. The discriminant Discyy(#)
of Pyi(t, A) is given by

(2.16) Discrr(t) = 8(2t* 4 27¢%).

Therefore, when ¢ # 0, Discyy(t) = 0 has three distinct roots, i.e.,
t=t;:=307(c?/2)"/3 (j = 0,1,2) with 6 = exp[2my/—1/3]. In what
follows, we assume that ¢ # 0. We examine the behavior of the roots

of Pi(t, A) = 0 and wyy for the roots at ¢ = ¢;. We first note that three
roots of Pi(t,\) = 0 behave as A§l)(t) = ﬁj(-l) +0o(1) (I =1,2,3) at
t =t;, where {ﬂ;l)}?zl are the roots of

(2.17) DEV () =28 + 4,8+ ¢ (1=1,2,3).

Since Discrr(¢;) = 0, two of them coincide. Let ﬁ;l) = 63(-2) be such

roots. Then, we immediately find that ¢ = ¢; is a simple turning point
l . ti,(1), H(1 1

of \V(t) (1 = 1,2). Since 9:D5(8") = 6(8")2 + t; = 0, the

J
Newton polygon of Py(t, ) :== Pyl(t, ﬁ;l) + ) =2\ + 65](.1)5\2 + (t —
)N+ ﬁ;l)(t — ;) at t = t; is given by Figure 1 below. Therefore, two

of the roots 5\(‘1)(75) and 5\52) (t) of Pyu(t, \) behave as

j
218 AV =8~ 1) +ol(t — 1)) (1=1,2)
where Bj(-l) are the two distinct roots of
t'v(l) 2 B,

(2.19) D3 () =63*+1=0 (1=1,2),
and hence,
(2.20) ind” (8; Py) = mi {1121}—1 (1=1,2)

. 1n5\§_l) A1) = 1Inin D% 5 —2 = 1,4).

Therefore, the order fyj@ of wyy for )\;l)(t) (I =1,2) at t = t; is given

17



0 1 2 3 k
Figure 1: Newton Polygon of ]511(75, 5\) at t =1;.

by

A D P |
(2.21) 7§):§1nd;(l)(8;PII):Z (1=1,2).
J

Remark 2.4. Since D' (81") = ;05" (8Y) = 0, we find that

t=1t; (j =1,2,3) are degenerate singular points, and hence,

1.
(2.22) 7> §1nd7;](.1)(8APH) — 0.

J

However, by considering S\E.D(t) (1 =1,2) and Py(t, \) instead of )\ED (t)
(I =1,2) and Py(t, A), we can reduce these singular points to nonde-
generate ones as above. Then, we can measure the order fyj(-l) by the
. ot ~

index 1nd;(.l)(8XPH) as (2.21).

J

On the other hand, since (?QD%’I(S) (6](-3)) # (0, we find that the other

root A§3) (t) is holomorphic at t = t;, and hence, wyy for A§3> (t) is also
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holomorphic and does not vanish there.
Now, let us focus on the singular points of wiy at t = oo. We find
that three roots of Pyi(f, \) behave as Table 2 below.

[=1] 2 3
a1 =12 | —1/2
U —c | /=12 —/=1)2
NI —5/2] —5/2 | —5/2

Table 2: The leading term 5% 1o of )\g(t) and the order
()

Yoo of wip at t = oo.

Table 2 indicates that D;(;I’(l)(ﬁ) (I = 1,2,3) has no multiple root.
Hence, the order ordi?l) (OxPrr) of Oy Pt AY (t)) at t = oo is given by

(223) Ol"di?l) ({APH) = iﬂd;?l) ((9)\PH) = mil’l{QOégo), —1}

Therefore, we find that the order fyéé) of wyp for )\Q (t) at t = oo is
given by

1 5
1 100
(224) ’)/éo) = ilnd)\&)(ﬁ)\Pﬂ) — 2= —5

On the other hand, the order 7&) of wrr for the other roots is given by

1 5
(2.25) A = Sind (hPi) —2=—5 (1=2,3).

Example 2.3 (the third Painlevé equation). Let us consider the third
Painlevé equation

d°X 1 dM\\2 1dA !
(PIH) — = —( ) - —— 4+ 8772 QCOO>\3 + C%)? —

% _ <0
>\ tdt

¢ A

dt
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In what follows, we assume that ¢, ¢, ¢f, and ¢q are not equal to 0.
Let wirr be a 1-form defined by

C[8(8BeaatN3(t) + 3L A (1) — )
WIIT = ()

with a root A(t) of Pir(t, A) = 8(2cactA* 4 i A® — A — 2¢qt). Since
the discriminant Discy(t) of Pi(t, A) and the resultant Resyyi(t) of
Pui(t, \) and Qui(t, A) = tA are respectively given by

(2.26) dt

2.2
| Dizgzm(t) :Nlcoot((cgo)?’(c())?’ — (272 () + 27(c ) e
— 6Coo(cly)?(ch) o)t + T68c cl cheatt — 4096¢5 cit®)
and
(2.28) Resi(t) = Nacot?

with some integers N1 and No, wirp may have six singular points {¢; }?:1
except for t = 0 and oo in general. Indeed, the discriminant of Discyyy()
1s written as

(2.29) NeZ(clo)(ch) et (cao(ch) = (ch)e0)” (cnolch)” + (i) o)

with some integer N, and hence, Discyyy(t) has seven distinct roots
when it does not vanish. Since Discp(t;) =0 (5 =1,2,--- ,6), two of

the roots ﬁj(-l) and ﬁj@) of Pi(tj, 3) = 0 coincide. Then, we find that
t = t; are simple turning points and that two of the roots 5\§1>(t) and
A (t) of Pui(t, \) := Pult, ﬁ;l) + )\) behave as

J
~ (1 -
(2:30) () = B0t — 1)1 4 ot — 1,)172)
where ﬁN]@ are the two distinct roots of
(2.31)
WD) 5 1 -
D%I(I)(ﬁ) = 58)2\PIII(tja 5;-”)52 + 0y P15, ﬁ](.”) =0 (I=1,2).
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Indeed, 9% Py (¢, 63(»1)) and 0, P (t;, ﬁj(.l)) do not vanish when ¢4 (c})?

—(c..)?cy # 0, and hence, we can read the behavior of S\y)(t) (1=1,2)
at t = t; from Figure 2.

Figure 2: Newton Polygon of Py(t, A) at t = t).

Since Resmi(t;) # 0 (j = 1,2,---,6), the order of Qml(t, )\él)(t))
(I =1,2,3,4) at t = t; coincide with iﬂdi‘\j(l)(QIH) = (. Therefore, the

J

order fyy) of wiyy for A§l)(t) (I =1,2) at t =t; is given by
L, = o 1
(232) /Yj() = é(md;(‘w(ame) - lnd)i(‘l)(QIH)) = Z (l = 1, 2)

J J

On the other hand, we immediately see that the other roots )\E-l) (t)
(I = 3,4) are holomorphic at ¢ = ¢; and wyyy for these roots is also
holomorphic and does not vanish there when cq(c)? + (. )?cy # 0.

Otherwise, one more multiple root BJ(»?’)(: ﬁf)) appears. However,
applying the same reasoning as above to the pair )\5-3) () and )\5.4) (1),
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we find that A\”(#)
[ =3 and 4.

Now, we focus on the behavior of wyyp at t = 0. We find four roots
of Pri(t, A) behave at t = 0 as Table 3 below.

)\g»l)(t) — ﬁ;l) behave as (2.30) and 7]@ = 1/4 for

[=1 2 3 1
o1 0 0 1
By | —2c0/ch | /bl | =/ b/ e | —Cho/ 200
WO 1 ] —12 | —1)2 ~1

Table 3: The leading term ﬁ(()l>t0‘(()l) of )\él)(t) and the order

fyél) of wrr at t = 0.

Since Table 3 indicates that the leading terms of these four roots are
different, we immediately see that the orders of 0)P(t, Aé”(t)) and
Quu(t, )\él)(t)) are simply given by

(2.33) Ofdi(l)(a)\PHI) — ind(;(()l) (a)\PIH) — mil’l{l 4+ 3&8”, 204807 O}

0

and

(2.34) Ol’d(/)\(z)(QHI) = indg(l) (Qui) =1+ o).
0 0

Hence, the order ’y[()l) of wryyy for A;l)(t) (I =1,2,3,4) at t = 0 is given
by

2

Finally, we study the behavior of wyp at ¢ = oo. The behavior of
the roots of Ppi(t, A) at t = oo is given in Table 4 below.

1, .
(2-35) W(Sl) = —(lﬂdiél)(ﬁ)\P 111) — lndiéz)(Qm)).
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[ =1 2 3 4
U0 0 0 0
C(Q vV Co/Coo | V—=1/C0/Co0 | —v/C0/Coo | =V —11/C0/Cox0
()
NN 9 9 9

Table 4: The leading term Béé) t_o‘go) of )\g(t) and the order

%()Q of wyr at t = oo

Since the leading terms of these four roots are different, we find

(236) ordi?l)((‘?APm) md ((%PHI) = mm{ 1+ 304< ) 2@007 O}

(2.37) Ol"d (QHI) lﬂd (QHI)_—l—I—Ong)
and

1
(2.38) 7&) (md ((%PIH) md QHI)

where ’yéo) (I =1,2,3,4) are the order of wyyy for )\ED( t)att =
Example 2.4 (the fourth Painlevé equation). We consider the fourth
Painlevé equation

2N 1 /d\\2 2

P = — —

(Prv) dt2 2)\(dt> )
2[3 3 9 9 4CO

In what follows, we assume that ¢y # 0. Let us study the singularity
structure of

BA3(t) 4+ 6tA2(t) + 2(12 + 4y ) A(2)
(2.39) Wiy — \/ )\(t) dt

with a root A(t) of Pv(t, A) = (3A* + 8tA% + 4(* + 4c1) A — 16¢y) /4.
Since the discriminant Discry (t) of Py (t, A) is a polynomial of degree
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8 and the resultant Respy(t) of Pryv(t, A) and Qpy(t, A\) = X are given
by Respy(t) = N¢p with some integers IV, wry may have eight singular
points {tj}§:1 except for t = oo in general. Indeed, the discriminant
of Discry(t) is written as

(2.40) Ny (—4ct 4 cp)®(4cf + 3ep)?

with some integer N, and hence, Discry () has eight distinct roots when
it does not vanish. Since 9% Py (t;, 3;) and 8;Pry(t;, 3;) do not vanish
when —4cf + ¢g # 0 for a multiple root 3; of Pry(t;,3) = 0, we find
that these singular points {t; }§:1 are simple turning points.

Now, we focus on the singular point of wyy at ¢t = oco. The leading
term of the roots of Py (¢, A) at t = oo is given in Table 5 below.

=1 2 3 | 4
U1 1 1|1
BY | \Jeo/2 | —/eo2 | —2/3| =2
N 3 3 | -3 |-3

Table 5: The leading term Béé) t—aé@ of )\gg(t) and the order

%(Q of wry at t = 0.

Since the leading terms of these four roots are different, we find
(2.41) ord 7 (O Frv) = ind T (Or )
— min{SozSQ, —1+ 204&2, —2+ ozSQ},

(2.42) 0rd’, (Qrv) = ind’5, (Quv) = o,

and hence, we obtain the order %@ of wry at t = 0.

Example 2.5 (the fifth Painlevé equation). Let us consider the fifth
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Painlevé equation:

(Pv)
) _1)\2
Cclit;\ :(21)\ T - 1> gfy B (%) le? + 2 tQD (22 - %)
e et ) =g ey et ]

In what follows, we assume that ¢, = ¢y + ¢, ¢, ¢1 and ¢y are not
equal to 0. In general,

. a)\PV(tv >‘<t))
(2.43) Wy = \/ oo

has nine singular points {tj}?zl except for t = 0 and oo, where
(2.44)  Py(t,\) =2(co + o)A (A — 1)% — 2¢9(A — 1)°
— 2e5tA* (A — 1) = 212 N2 (A + 1)
=260\ + 650\ + 2(2¢0 + Beo — ot — 11PN
+2(2c) — Coo + ot — 11%)N* — G\ + 2cy,

Qv(t,\) = t?A(A — 1) and A(¢) is a root of Py (¢, \). Further, we find
that {tj}?zl are simple turning points.

Now, we focus on the singular points at £ = 0 and co. We first note
that, at t = 0, Py(f, \) is factorized as

(2.45) Py(0,8) = 2(8 — 1)*((coo + c0) 3% — o).
Since Py (0, 3) has a multiple root § = 1, we consider
(246)  Py(t,\) :==Py(t, 1+ \)
=2 N 4 48 N + 2(Copo — Cot — clt2)5\3
— 4(cot + 201152)5\2 — 2(cot + 5clt2)5\ — 4eit?

instead of Py(¢,A). When cw # 0, the leading term of the roots of
Py(t,\) at t = 0 is given in Table 6 below.
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[=1 2 3 4 5

al'l 1 1/2 1/2 0

Bél) —2c1/ca | \/CafCoo | —\/C2/Co0 | =1+ \/C0/Coo | =1 — \/C0/Cno
—1

WO 1 =34 | —3/4

Table 6: The leading term Bél)t@(()l) of Xél)(t) and the order
vél) of wy at t = 0.

Then, the order 7(()[) of wy at t = 0 immediately follows from the

following relations:
(247) Ordi)\(()l) (@)\P\/) = lnd(;\(()l)(a}’\p\/‘)

= min{4a)’, 3a, 2al’, 1+ &\, 1},
(2.48) o}y (Qv) = ind(Qv) = min{2a), ay'} + 2,

where Qv (t, \) == Qv(t, 1+ \).
Finally, we display Table 7 below.

[=1 2 3 4 H
NI 1 0| -1 —1
@(Q Ve | —vea/er | =1 vVe1/éeo | =V 1/ Cx

(1)
NON I 9 |9l 9

Table 7: The leading term 80¢2% of AU (#) and the order
%()Q of wy at t = 0.

We can read the order 7(()? of wy at t = oo from the Table 7 and the

following relations:

(249) Ofdi(()l) (a)\Pv) = iﬂdic()l) (a)\P\/)
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— min{4a¥, 30V, =2 + 20 -2 + o 0},

00

(2.50) ordi?l)(QV) = ind?&)(Qv) — min{2a¥, o} — 2.

Example 2.6 (the sixth Painlevé equation). Finally, we consider the
sixth Painlevé equation:

(Pvi)

?N 171 1 1 d\\ 2 1 1 1 d\

WZQ(X+A—1+A—t)(dt) _(¥+t—1+)\—t>dt
QMA—UQ—iwL_V—2M+t
Pi—1p N 1)

t t—1 t(t—1)
N TN _C’f(x—@?}]

In what follows, we assume that ¢, := ¢y + ¢1 + ¢ + €, Co, €1 and ¢

+772{(co +c1+ ¢+ ) — ¢

are not equal to 0. In general,

O\Py (t, \(t))
2.51 wy = dt
2y v \/ RG]
has nine singular points {t;}7_; except for t = 0,1 and oo, where
(2.52)
Pyi(t, \)

=2(co + 1 + ¢ + Coo)NEHA = 1PN — )% — 2cot(A — D\ — t)?
+2e1(t — DA — 1) — 2t (t — 1)A*(X — 1)?

=20 A — 4é (1 + )N
+2(—C1 + Cog + (—Co + 1 4 ¢ + 4 )+ (—¢; + Exo )N
+4((co — oo + €1 — )t + (cg — €1 + g — B Jt)N?
+2((=co + et + (—deg — 1 — ¢ + Eoo)t* + (—co + 1))\
+ deo(t? + )\ — 2¢t?,

2
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Quit, \) = t2(t — 1)’A(A — 1)(A — t) and A(t) is a root of Pyi(t, \).
Further, we find that {tj}?zl are simple turning points. Since we can
discuss the singular points ¢ = 1 and oo in a similar manner to t = 0
(e.g., by considering P(£, \) := P(1+t,1+\) at t = 1), we focus on the
singular point at ¢ = 0. Let us see Table 8 below, where {Bé2l_), 6820}
(I =1,2,3) respectively are two distinct roots of

(2.53) DEV(B) = 2(—co + ) 3 + 4B — 2co,
(2.54) DEP(B) = 2(—c1 + )8 + 2(—co + 1)
and

(2.55) DEI(B) = 2606/ — 46 + 2(—c1 + Eo).

(=1 2 3 | 4
o 12200
ﬁél) BSD 682) 583) ﬁé4> 6(()5) 666)
WO 1 | -1 —3/4] =3/4) =1 | —1

Table 8: The leading term ﬁél)to‘(()l) of )\él)(t) and the order

’yél) of wyr at t = 0.

Since ﬁél), 5(()2), ﬁé5> and 586) are not equal to 1, we find that the
following relations hold:

(2.56) ordiu)(@AP\/) = indi(l)(aAPVI)
0

0
= min{BOzél), 4046”, 304(()l), 1+ 2048”, 1+ a(()l), 2},

(257) ord ) (Qwr) = ind’(Qv1) = min{3aq, 20y, 1+ o'} + 2.

0 0

Then, the order 7(()0 of wyr at t = 0 immediately follows.
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