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ABSTRACT. In this paper, we study some group-theoretic constructions as-
sociated to arithmetic fundamental groups of hyperbolic curves over finite
fields. Ome of the main results of this paper asserts that any Frobenius-
preserving isomorphism between the geometrically pro-I fundamental groups
of hyperbolic curves with one given point removed induces an isomorphism
between the geometrically pro-I fundamental groups of the hyperbolic curves
obtained by removing other points. Finally, we apply this result to obtain
results concerning certain cuspidalization problems for fundamental groups
of (not necessarily proper) hyperbolic curves over finite fields.
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INTRODUCTION

In the present paper, we consider the following problem:

Problem.

Suppose that we are given a hyperbolic curve over a finite field in which [ s
wnvertible. Then, given the geometrically pro-l fundamental group of the curve
obtained by removing a specific point from this hyperbolic curve, is it possible
to reconstruct the geometrically pro-l fundamental groups of the curves obtained
by removing other points which vary “continuously” in a suitable sense?
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We shall formulate the above problem mathematically.

Let [ be a prime number, X a hyperbolic curve over a finite field K in which
[ is invertible. For n a positive integer, we denote by X,, the n-th configuration
space associated to X (hence, X; = X), and write IIx, for the geometrically
pro-l fundamental group of X. Here, the fiber of Xy — X over a K-rational
point z € X may be naturally identified with X \{z}, so we may regard X, — X
as a continuous family of cuspidalizations of X. Therefore, the above problem
can be formulated as follows (where Y denotes a hyperbolic curve over a finite
field L in which [ is also invertible, and we use similar notations for Y to the
notations used for X):

Theorem A.

Let

o : 1\ (ay — gy

be a Frobenius-preserving isomorphism [cf. Definition 8.5] which maps a specific
decomposition group D, of x onto a specific decomposition group D, of y. Here,
we shall denote by @ : lx = Iy (resp., D, ﬁy) the isomorphism obtained by
passing to the quotients Ilx\r,y — Ix, Iy — Iy (resp., as the image of
D,, as the image of D).

Then there exists an isomorphism

Q9 . HX2 e Hy2

which is uniquely determined up to composition with an inner automorphism by
the condition that it be compatible with the natural switching automorphisms up
to an inner automorphism and fit into a commutative diagram

a2
IIx, —— Iy,

al |

My —— Ty
that induces « by restricting oy to the inverse images (via the vertical arrows)
of Dy and D,.
In particular, if ' (resp., y') is a K-rational point of X (resp., an L-rational
point of Y ), and we assume that the decomposition groups of x', y' correspond
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via «, then we have an isomorphism
o+ T\ oy — Ty gy}

such that o and o' induce the same isomorphism I1x = Ily.

Now let us explain the content of each section briefly. In Section 1, we recall
the notion of the (log) configuration space associated to a hyperbolic curve and
review group-theoretic properties of the various fundamental groups associated
to such spaces. In particular, the splitting determined by the Frobenius action
on the pro-I étale fundamental group Ay, of X, X K gives rise to an explicit
description of the graded Lie algebra obtained by considering the weight filtra-
tion on Ax, (cf. Definition 1.6). This explicit description will play an essential
role in the proof of Theorem A.

In Section 2, we discuss a certain specific choice (among composites with in-
ner automorphisms) of the morphism between geometrically pro-/ fundamental
groups obtained by switching the two ordered marked points parametrized by
the second configuration space. This choice will play a key role in the proof of
Theorem A.

Section 3 is devoted to proving Theorem A. Roughly speaking, starting from
a given geometrically pro-/ fundamental group Ilx\(,}, we reconstruct group-
theoretically a suitable topological group, i.e., HI;(IS (cf. Definition 3.1), which
contains the geometrically pro-I fundamental group of the second configuration
space, by using the explicit description of graded Lie algebra studied in Section
1. Next, we reconstruct the automorphism on HI;(IE induced by the specific
choice of the switching morphism studied in Section 2. Finally, we verify that
IIx, can be generated, as a subgroup of H%}s, by the given fundamental group
IIx\{z} and the image of this fundamental group via the specific choice of the
switiching morphism studied in Section 2; this allows us to reconstruct IIx, as
a subgroup of IT{¢.

In Section 4, as an application of (a slightly generalized version of) Theorem
A, we give a group-theoretic construction of the cuspidalization of an affine
hyperbolic curve X over a finite field at a point “infinitesimally close” to the
cusp z. That is to say, we give a construction, starting from the geometrically
pro-/ fundamental group IIx of X, of the geometrically pro-l fundamental group
Hyicog of the log scheme obtained by gluing X to a tripod (i.e., the projective

line minus three points) at a cusp x of X:

Theorem B.
Let X (resp., Y ) be an affine hyperbolic curve over a finite field K (resp., L),
x a K-rational point of X \ X (resp., y an L-rational point of Y \'Y ). Let

QZHX;)HY

be a Frobenius-preserving isomorphism such that the decomposition groups of x
and y (which are well-defined up to conjugacy) correspond via «. Then there
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exists an isomorphism

0517:[/ . Hylcog — H?Log

which is uniquely determined up to composition with an inner automorphism by
the condition it map the conjugacy class of the decomposition group of T to the
congugacy class of decomposition group of y, and induce o upon passing to the

quotients Hylog — Ilx, Hylog —» 1ly.
@ y
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At the end of this paper, we consider the cuspidalization problem for (geo-
metrically pro-/) fundamental groups of configuration spaces of (not necessarily
proper) hyperbolic curves over finite fields (cf. Theorem 4.4):

Theorem C.
Let X (resp., Y') be a hyperbolic curve over a finite field K (resp., L). Let

Qg HX AN HY
be a Frobenius-preserving isomorphism. Then for any n € Z>, there exists an
isomorphism

[0 7% HXn ; Hyn
which 1s uniquely determined up to composition with an inner automorphism by

the condition that it be compatible with the natural respective outer actions of
the symmetric group on n letters and make the diagram

Qp41
HXn+1 HYn+1
al |
Iy, —— I
Xn Yn

(i=1,---,n+1) commute.

Finally, we make a remark on the results in the present paper. When the
curves involved are of genus > 2, Theorem A may be obtained as an immediate
consequence of [12], Theorem 3.1; [4], Theorem 4.1; [4], Corollary 4.1 (i). Also,
Theorem C is already proved in [12] for the case where n = 2 and X is proper,
and in [4] for the case where n > 3 and X is proper. On the other hand, the



cuspidalization problem for hyperbolic curves 5

proof of Theorem A given in the present paper is considerably simpler and more
direct than the proofs of [12] and [4]. Indeed, in the present paper, we shall
apply Theorem A to give (cf. Theorem C) a substantially simpler proof of [4],
Theorem 4.1, than the proof given in [4], which, moreover, includes, for the first
time, the affine case.
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NOTATIONS AND CONVENTIONS

Numbers:

We shall denote by Q the field of rational numbers, by Z the ring of rational
integers, and by N C Z (resp., Li>q C Z) the additive submonoid of integers
n>0 (resp., the subset of integers n > a for a € Z). If [ is a prime number,
then 7, (resp.7 Ql) denotes the l-adic completion of Z (resp., Q)

Topological Groups:
For an arbitrary Hausdorff topological group G, the notation

Gab

will be used to denote the abelianization of G, i.e., the quotient of G by the
closed subgroup of G topologically generated by the commutators of G.
For each closed subgroups H of G, let us write

No(H):={geG|g-H-go' =H}

for the normalizer of H in G. We shall say that a closed subgroup H C G is
normally terminal in G if the normalizer Ng(H) is equal to H.
If G is a center-free, then we have a natural exact sequence

1 — G — Aut(G) — Out(G) — 1,

where Aut(G) denotes the group of automorphisms of the topological group G;

the injective (since G is center-free) homomorphism G — Aut(G) is obtained by

letting G act on G by inner automorphisms; Out(G) is defined so as to render the

sequence exact. If the profinite group G is topologically finitely generated, then

the groups Aut(G), Out(G) are naturally endowed with a profinite topology, and

the above sequence may be regarded as an exact sequence of profinite groups.
If J — Out(G) is a homomorphism of groups, then we shall write

G J = Aut(G) Xowe J
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for the “outer semi-direct product of J with G”. Thus, we have a natural exact
sequence

1—>G—>GO>%tJ—>J—>1.

out
It is verified (cf. [4], Lemma 4.10) that if an automorphism ¢ of G x J preserves
out
the subgroup G C G % J and induces the identity morphism on G and the

out

quotient J, then ¢ is the identity morphism of G % J.

Log schemes:

Basic references for the notion of log scheme are [7] and [6]. In this paper,
log structures are always considered on the étale sites of schemes. For a log
scheme X'°8, we shall denote by X (resp., M) the underlying scheme of X'°&
(resp., the sheaf of monoids defining the log structure of X'°¢). Let X'°¢ and
Y98 bhe log schemes, and f1°¢ : X8 — Y198 3 morphism of log schemes. Then we
shall refer to the quotient of M x by the image of the morphism f*My — Mx
induced by f'°¢ as the relative characteristic sheaf of f'°6. Moreover, we shall
refer to the relative characteristic sheaf of the morphism X'°¢ — X (where, by
abuse of notation, we write X for the log scheme obtained by equipping X with
the trivial log structure) induced by the natural inclusion O* — My as the
characteristic sheaf of X'°8.

We shall say that a log scheme X'°8 is fs if M x is a sheaf of integral monoids,
and locally for the étale topology, has a chart modeled on a finitely generated
and saturated monoid. If X' is fs, then, for n a nonnegative integer, we shall
refer to as the n-interior of X'°% the open subset of X on which the associated
sheaf of groupifications of characteristic sheaf of X'°8 is of rank < n. Thus, the
O-interior of X'°® is often referred to simply as the interior of X8,

Curves:

Let f : X — S be a morphism of schemes. Then we shall say that f is
a family of curves of type (g,r) if it factors X — X — S as the composite
of an open immersion X < X whose image is the complement X \ D of a
relative divisor D C X which is finite étale over S of relative degree r, and a
morphism X — S which is proper, smooth, and geometrically connected, and
whose geometric fibers are one-dimensional of genus ¢g. We shall refer to X as
the compactification of X.

We shall say that f is a family of hyperbolic curves (resp.,tripod) if f is
a family of curves of type (g,r) such that (g,r) satisfies 2g — 2 +r > 0
(resp., (g,7) = (0,3) and the relative divisor D is split over S).

We shall denote by

Mg r)+s
the moduli stack of r+ s-pointed stable curves of genus g for which s sections are
equipped with an ordering. This moduli stack may be obtained as the quotient
of the moduli stack of ordered (r+ s)-pointed stable curves of genus g (cf. [8] for
an exposition of the theory of such curves) by a suitable symmetric group action
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on r letters. We shall denote by ﬂlg(jigﬂ + the log stack obtained by equipping

M 1)+ With the log structure associated to the divisor with normal crossings
which parametrizes singular curves.

Fundamental Groups:

A basic reference for the notion of Kummer étale covering is [6]. For a locally
Noetherian, connected scheme X (resp., a locally Noetherian, connected, fs log
scheme X'°%) equipped with a geometric point T — X (resp., log geometric
point 78 — X&) we shall denote by 7 (X, Z) (resp., (X8, 7°8)) the étale
fundamental group of X (resp., logarithmic fundamental group of X'°8). Since
one knows that the étale and logarithmic fundamental groups are determined
up to inner automorphisms independently of the choice of basepoint, we shall
omit the basepoint, and write 7 (X) (resp., m (X8) ).

For a scheme X (resp., fs log scheme X'°8) which is geometrically connected
and of finite type over a field K in which a prime number [ is invertible, we
shall refer to the quotient ITx of m(X) (resp., the quotient Ilyie of 71 (X'°8))
by the closed normal subgroup obtained as the kernel of the natural projection
from (X xx K) (resp., 71 (X" xg K)) (where K is a separable closure of
K) to its maximal pro-l quotient Ax (resp., Axig) as the geometrically pro-1
étale fundamental group of X (resp., geometrically pro-l logarithmic fundamen-
tal group of X'°). Thus, (if we write G for the Galois group of a separable
closure of K over K, then) we have a natural exct sequence

1 —Ax — Iy — Gg — 1

(l"eSp,l — AXlog — ]:[Xlog — GK — ].)

Note that if the log structure of X'°¢ is trivial, then we have natural isomor-
phisms A yios — Ax, s — Iy.

If K is finite, then write G’}( C Gk for the (unique) mazimal pro-l subgroup
of Gk (so G}{ = 7). Also, for a profinite group II over G, we shall use the
notation

I = x¢, GI, C 1L
and refer to it as the restricted pro-l group of II.

1. FUNDAMENTAL GROUPS OF (LOG) CONFIGURATION SPACES

The purpose of this section is to recall the notion of the (log) configuration
space associated to a curve and review group-theoretic properties of the various
fundamental groups associated to such spaces.

Let [ be a prime number, K a field in which [ is invertible,_? a separable
closure of K, where we shall denote by G the Galois group of K over K, and
X a hyperbolic curve over K of type (g,r).
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Definition 1.1.
(i) For n € Z>y, write X*™ for the fiber product of n copies of X over K.

We shall denote by
X,(€ X7

the n-th configuration space associated to X, i.e., the scheme which rep-
resents the open subfunctor

of the functor represented by X *".

Let us denote by Yfg the n-th log configuration space associated to X
(cf. [15]), i.e.,
——log

—log
XTL = SpeC K szoi‘] Mg,[r}Jrn

— where the (1-)morphism Spec K — ﬂ;{gﬂ is the classifying mor-
phism determined by the curve X — Spec K, and the (1-)morphism
——log —log
Mg,[THn —M

g,[r] 18 obtained by forgetting the ordered n marked points

of the tautological family of curves over M;Oﬁ] +n- In the following, for

simplicity, we shall write X for Yllog.

Proposition 1.2.

(1)

The O-interior (cf. §0) of the log scheme Yifg 18 naturally isomorphic
to the n-th configuration space X, associated to X.

The log scheme ylsg 15 log reqular and its underlying scheme is connected
and reqular.

The projection p® - Yrg — X, 1,
—lo —lo, . .
/\/lgfan — Mg)[ngn_l obtained by forgetting the k-th (ilz 1,---,n)
ordered points of the tautological family of curves over M ;ﬁ} 4y 18 log
smooth (cf. §0) and its underlying morphism of schemes is the natural
projection p, : X, — X,,_1 obtained by forgetting the k-th factor, and
hence, s flat, geometrically connected, and geometrically reduced.

X% induced from the (1-)morphism

Proof. See, for example, [4], Proposition 2.2. O

Definition 1.3.
We shall denote (cf. §0) by

[Ty, (resp.,Ax,)

the geometrically pro-l étale fundamental group of X,, (resp., X,, xx K), and

Hyfg (I"eSp ,Hylogxn)



cuspidalization problem for hyperbolic curves 9

the geometrically pro-I log fundamental group of Yfg (resp., the fiber product

X" of n copies of X' over K ). Moreover, we shall denote (cf. §0) by

I, Al (2 Ay,), T il

flog 9 flog Xmn

respective restricted pro-/ groups.
Also we shall write

AL 1T .
k - AXn - AXvn—l’ pk: * HXn - HXn—l

for the morphisms induced by the projection py X x K : X, X x K — X1 X K,

k@ X, — X,_1 obtained by forgetting the k-th factor (these morphisms of
groups are only defined up to conjugacy in the absence of appropriate choices
of basepoints of respective schemes) and write

AX/nI;)A)Q“ A‘Xv/nl(—>]:[)(

n

for the kernels of the surjections pg : Axn — Ax,_,, pi: x, — Iy, ,. Then
we have exact sequences

1 — Ay, —>H( —>G — 1

A A
k Yk Py
L— Ak Ay, P Ay, — 1

’ —

s _y pl _
1 - A];(n/nfl L) Hg(n) pk—> HFX) 1 - 1

— where the symbol (—) denotes either the presence or absence of “1”.
Also, we have a square diagram

(=) fL‘
- P -) -) -)
Hanl HXn 1_IX Xg&( G( -) H
H(Y_l;}g ) — H(Y_l;}g E— H(y_lggxn )

— which can be made commutative without conjugate-indeterminacy by choos-
ing compatible base points — arising from a natural commutative diagram

Pk
Xpg —— X, — X%

! ! l

log plog log logxn
— X R —
X8 L xes X

Then, it follows from Proposition 1.2 (i), (ii) together with the log purity theo-

rem (cf. [6], [9]) that the three vertical homomorphisms are isomorphisms. In the

n
N

following, we shall identify i X, ) with Hflog, ) . with H P U~

ylog Xn

(-)
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with the surjection H;Zg — H;k))g by

n—1

and the surjection p}! : Iy, — Ilx,

n 1

means of these specific isomorphisms.

Proposition 1.4.
(i) A’j(n/nil may be naturally identified with the maximal pro-l quotient of

the étale fundamental group of a geometric fiber of the projection mor-
phism p » X, — X, _1.

(i) The images of the iy : A’%n/nil — Ay, , where k = 1,--- n, generate
Ax. .

(iii) The profinite groups Ax,,, A’)“(n/n_l, H}n, H;m are slim (i.e., every open
subgroup of each profinite group is center-free).

Proof. Assertion (i) follows from [15], Proposition 2.2, or [19], Proposition 2.3.
Assertions (ii) and (iii) follow from induction on n, together with the exact
sequence

A
n pr

VAN
K3
1— A% S Ay, P Ay — 1

displayed in Definition 1.3. Indeed, with regard to (ii), A’)“(n/nil maps to A’)“(nfl/niz
(for k =1,---n —1) via p2 : Ax, — Ax,_,, and it is verified that this map
’)“(n/nil — ’}cnil/n% is surjective by regarding it as the morphism induced by
an open immersion between the hyperbolic curves that arise as geometric fibers
of the projection morphisms involved. With regard to (iii), the slimness of Ay
is well-known (cf., e.g., [10], Lemma 1.3.10); the slimness of IT}, follows from the
fact that the character of G arising from the determinant of A3 coincides with
some positive power of the cyclotomic character; the other statements follow

from the fact that an extension of slim profinite groups is itself slim. Il

Next, we recall from [12], § 3, the theory of the weight filtration of fundamen-
tal groups and the associated graded Lie algebra.

Definition 1.5.

Let [ be a prime number; G, H, A topologically finitely generated pro-I
groups; ¢ : H — A a (continuous) surjective homomorphism. Suppose further
that A is abelian, and that G is an [-adic Lie group.

(i) We shall refer to as the central filtration {H(n)},>1 on H with respect
to the homorphism ¢ the filtration defined as follows:

H(1):=H
H(2) := Ker(¢)
H(m) == ([H(m1), H(mz)] | mq +mg =m) for m > 3

— where (N; | ¢ € I) is the group topologically generated by the N;’s.
In the following, for a,b,n € Z such that 1 < a < b,n > 1, we shall
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write

H(a/b) := H(a)/H(b)
Gr(H) := @ H(m/m+1)

m>1

Gr(H)(a/b) := €D H(m/m +1)

Grg,(H) := Gr(H) ®z, Q
Grg,(a/b) := Gr(H)(a/b) ®z, Q,
H(a/oc) :=lim H(a/b) .

b>a

(ii) We shall denote by Lie(G) the Lie algebra over Q; determined by the
l-adic Lie group GG. We shall say that G is nilpotent if there exists a
positive integer m such that if we denote by {G(n)} the central filtration
with respect to the natural surjection G — G (cf. (i)), then G(m)={1}.
If G is nilpotent, then Lie(G) is a nilpotent Lie algebra over Q;, hence
determines a connected, unipotent linear algebraic group Lin(G), which
we shall refer to as the linear algebraic group associated to GG. In this
situation, there exists a natural (continuous) homomorphism (with open
image)

G — Lin(G)(Q))

(from G to the l-adic Lie group determined by the Q;-valued points of
Lin(G)) which is uniquely determined (since Lin(G) is connected and
unipotent) by the condition that it induce the identity morphism on the
associated Lie algebras.

In the situation of (i), if 1 < a € Z, then we shall write

Lie(H(a/oc)) := lim Lie(H (a/b))

b>a
Lin(H (a/o0)) = lim Lin(H (a/b))

— where we note that each H(a/b) is a nilpotent [-adic Lie group.

Definition 1.6.
For n € Z>;, we shall denote by

{Ax, (m)}

the central filtration of Ax_ with respect to the natural surjection Ay, — A%’Xn

(where X denotes the smooth compactification of X (cf. §0)), and refer to it
as the weight filtration on Ax,.
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Proposition 1.7.
If we equip A’}}n/n_l with the central filtration induced from the identifica-

tion given by Proposition 1.4 (i) and its weight filtration, then the sequence of
morphisms of graded Lie algebras

r(i2 r(p2
1— Gr(ak, )T aray,) T aray, ) — 1

induced by the second displayed exact sequence of Definition 1.3 is exact.

Proof. See [4], Proposition 4.1. d

Next, let us fix a section o : Gxg — Ilx, of the surjection IIy, — G
arising from the structure morphism of X,,. This section ¢ determines a natural
conjugate action of Gx on Ay, , hence also on

Grg,(Ax,)(a/b), Lie(Ax,(a/b)), Lin(Ax,(a/b))(Qi)
or a,b € Z such that 1 < a <b.

Proposition 1.8.

Let us assume that K is a finite field whose cardinality we denote by qx, and
write Fr € G for the Frobenius element of Gg. Then, relative to the natural
conjugate actions determined by o:

(i) The eigenvalues of the action of Fr on Liex,(a/a + 1) are algebraic

numbers all of whose complex absolute values are equal to q%ﬂ (i.e.,
weight a).

(ii) There is a unique G -equivariant isomorphism of Lie algebras
Lie(Ax, (a/b)) = Grg,(Ax,)(a/b)
which induces the identity isomorphism
Lie(Ax, (c/c+ 1)) = Grg,(Ax,)(c/c+ 1)
for all c € Z>y such that a < ¢ <b.

Proof. Assertion (i) follows from the “Riemann hypothesis for abelian varieties
over finite fields” (cf., e.g., [16], p. 206). Assertion (ii) follows formally from
assertion (i) by considering the eigenspaces with respect to the action of Fr. [

The following proposition is a special case of a result proven previously
(cf. [18]). For simplicity, we discuss only the case used in the proofs of the
present paper.

Proposition 1.9.
Forn = 1,2, the graded Lie algebra Gr(Ay,) has the following presentation.

(i) The casen =1 (i.e., X, = X):
generators (1 <j<r 1<i<g)

o (; €Ax(2/3)
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® (O, ﬁz S Ax(l/Q)

relation

o1 > i G+, 8] =0

— where (; (j = 1,2,--- , 1) topologically generates the inertia subgroup
in Ax (well-defined up to conjugacy) associated to the j-th cusp [relative
to some ordering of the cusps of X Xy KJ.

(ii) The case n = 2:
generators (1<j<r, 1<i<g, k=1,2)
o, ( € Ayx,(2/3)
. (j € A%, (2/3)

o ok, B € Ak, (1/2)

relations (1 < j, 7' <wr, j#£j, 1<ii <g, {kk}={1,2})
® C+Z§:1Cf+2?:1[@f>ﬁﬂ =0

o [af. (1= 165 ¢f1=0

o3 [Cf?Cﬁ/]ZO

®4 [af,afﬁ’]:[ 5755/]:0
)¢ (ifi=1)

— where ( topologically generates the image in Ax,(2/3) of the inertia
subgroup in Ax, (well-defined up to conjugacy) associated to the diagonal
dwisor of X Xy X, and Cjk generates the image in A’)“(Q/l(Q/S) of the
wnertia subgroup in A’)“(Z/l asssociated to the j-th cusp [relative to some
ordering of the cusps of X x i K| of the k-th factor of X.

2. SWITCHING MORPHISM ON CONFIGURATION SPACES

We continue to use the notation of Section 1. In this section, we shall intro-
duce certain closed subschemes of Y;Og equipped with induced log structures —

1 . . . :
denoted by D¢ and X ; ® — and consider various automorphisms induced by
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the automorphism of Y;Og determined by switching the two factors of X. The
geometry of such log schemes allows us to prove the uniqueness of certain spe-
cific conjugates of induced switching morphisms between fundamental groups
that satisfy certain conditions. This uniqueness (Proposition 2.5) plays a key
role in the proof of Theorem A.

First, we define a log scheme
Dlog

to be the log scheme obtained by equipping the diagonal divisor X C X, (which
is the restriction of the (1-)morphism Mg 41 — Mg 142 obtained by gluing

the tautological family of curves over M;[gr] 41 to atrivial family of tripods along

the final ordered marked section) with the log structure pulled back from Yl;g.

Thus, if we write d : D8 — X 120g for the natural diagonal embedding, then it
follows immediately from the definitions that p; od = pyod : D' — X is

a morphism of type N (cf. [2]), i.e., the underlying morphism of schemes is an
isomorphism, and the relative characteristic sheaf (cf. §0) is locally constant

with stalk isomorphic to N.

Observe that the (1-)automorphism on ./\_/llgjgr] 4o Over Mlﬁﬂ given by switch-
ing the two ordered marked points of the tautological family of curves over
Hf;{i} 4o induces automorphisms s, s, and sp, which fit into a commutative
diagram as follows:

d —log p:=(p1,p2) —zlog —5log
Dlos 4, xws pEor) s %

SDJ SJ, EJ, (*)X
lo d ~slog  pi=(p1,p2) —log —log
D% —— X,° ——— X " xg X .
Lemma 2.1.
In the notation of the above situation,

(1) $ is the morphism determined by switching the two factors.

(i) sp is the identity morphism on the underlying scheme; on the sheaf of
monoids defining the log structure of D%, for any ¢tale local section s
of Myp such that “s = 0" defines the diagonal divisor X C X5,

sp(s) = —s.

Proof. Recall that X, is obtained by blowing-up X x x X along the intersection
of the diagonal divisor and the pull-backs of the cusps via p1,ps : Xo — X.
Thus, one verifies easily that assertions (i) and (ii) follow immediately from the
fact that the ring homomorphism corresponding to 5 in an affine neighborhood
of any diagonal point may be expressed as
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/ !/
E aj®aj|—>2 a; @ aj ,
J J

hence maps s to —s for any local section s such that “s = 07 defines the diagonal
divisor X C X xg X. O

Remark 2.1.1.

Lemma 2.1 (ii) can be interpreted as the assertion that the automorphism
induced by sp on the sheaf of monoids My, defining the log structure of D'°#
may be expressed, relative to the étale local splitting of Mp — Mp/O% =
corresponding to s, as

N ¢ Oy —N & 0%

(m,v) — (m, (=1)"v) .

Next, we introduce the log scheme Y}Sg that appears in the discussion at the

beginning of this section. Let x'°¢ — X' be a strict morphism (cf. [6], 1.2)
such that the underlying scheme of #'°8 is K-isomorphic to Spec(K). We shall
write

1 —>log
= xog Xylog XQ 3

~log . _lo lo,
% 1= 1% Xi0s D5,

~-log

X

T

— where the morphism 7120g L XE (resp., D& — ybg) in the fiber product
defining Yfg (resp., 7'°8) is p; (resp., p;od = pyod) — and refer to Yfg (resp.,
7'°8) as the cuspidalization of X at x (resp., diagonal cusp of Yfg). We note

that both the log structure of z'°¢ and the underlying scheme of Yfg depend
on the choice of x € X:

(1) The Case z € X:
In this case, x = z'°8, i.e., the log structure of x'°% is trivial. As we

discussed in Section 1, the underlying scheme of Yfg is naturally iso-

. ~ .. . ~ . . vl
morphic to X; this isomorphism maps = to = and the interior of X ; ¢

onto X \ {z}.

(2) The Case z € X \ X:
In this case, the log structure of 2'° has a chart modeled on N, which
determines a local uniformizer of X at z. The scheme X, consists of
precisely two irreducible components, one of which maps to the point

x € X (resp., maps isomorphically to X) via Yiog Lkl e 1Og; denote
this irreducible component by Py (resp., X, via a slight abuse of no-
tation). Thus, X, Px are joined at a single node v,. Let us refer to

X (resp., Px, v,) as the magjor cuspidal component (resp., the minor
cuspidal component, the nexus) at z, and denote by X , @ﬁg , V8 the

log schemes obtained by equipping X, Pk, v, with the respective log

structures pulled back from Yifg (cf. [14], Definition 1.4). Note that the
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l-interior of X ¢ (resp., Fl;zg ) is naturally isomorphic to X (resp., is a
tripod).

cusps

Cuspidalization
at x € X(K)

(the two thick arrows in the picture do not represent morphisms of log schemes)

Now, if we denote by

H]D)log ; Hylzog

the geometrically pro-I log fundamental groups of D', Yicog respectively, then
the map 7; : Y?g — Ylf of log schemes induces an outer homomorphism
[i}'] : Tlie — Ilx, of profinite groups, and the above diagram (+)* induces a

diagram of outer homomorphisms of profinite groups as follows:

[d"] [p"]
H]D)log E— HX2 E— HX X G HX

{smz [s“]ll [z“]lz ()"

N [d"] I "] I

Dlog —— Xy — X XGg HX .

Note that the homomorphisms corresponding to the arrow [ill] and the arrows
in the diagram (%) are only defined (i.e., in the absence of appropriate choices
of basepoints of respective log schemes) up to conjugacy, and that [3"] coincides
with the morphism obtained by switching the two factors. The main purpose of
this section is to give characterizations of certain specific choices within these
conjugacy classes of homomorphisms.

Definition 2.2.
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(i) We shall denote by
(C3Y) (resp., (C}), (Cpy), (CT))
a choice of a specific homomorphism [i.e., in the sense that it is not

subject to conjugacy indeterminacy!]

it Mgox — Ilx,
(resp., plf Iy, — Iy, pg Iy, — Ilx, d": Mo — HX2)
induced by the morphism of log schemes 7; : Y?g — Yéog (resp., p1 :
DD GUBTED CaED Gl LI e}

(ii) We shall denote by

(CF) (resp., (Cp))

a choice of a specific subgroup — i.e., of a specific decomposition group

D; C Tlpios (resp., Dx C Ily,)

associated to 7'°® of Ylog (resp., the diagonal divisor of X5), among the
various conjugates of this subgroup. Note that such a choice determines
a choice of a specific subgroup — i.e., of a specific inertia group —

Ij = Di N AX21/1 g Hyi?g (resp., [X = DX N Ale/l g HXQ)
among the various conjugates of this subgroup.

(iii) Assume that we have fixed a choice (C%) of a specific decomposition
group D; C Tlguee (hence also of a specific inertia group Iz C Ioe).

Then we shall denote by
(C5)

[

a choice of a specific section

ol Gg(_) — p\)

&
— where the symbol (—) denotes either the presence or absence of “1”
[thus, a choice (C%X) determines a unique choice (CX) by restriction] —

of the natural surjection D;_) — Gg(_) (cf. Remark 2.2.1) and by
(&3
a choice of a specific 1-cocycle map
representing the Kummer class —1 € (K*)" (cf. Remark 2.2.1).
Before proceeding, we pause to make a remark concerning Definition 2.2.

Remark 2.2.1.
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(i) Recall that the natural surjection Dz — G (which, since G is abelian,
is uniquely determined without any conjugacy indeterminacies) has a
section. Indeed, when x € X (resp., * € X \ X), fixing a choice of such
a section is equivalent to extracting roots of any local uniformizer(s) of
the divisor(s) D C X, (resp., D € X, and X, C X») at 7.

(i) We shall consider the restriction map H'(Gg,I;) — H' (G}, I;) of co-

homology groups induced by the natural inclusion G}( — Gg. Since

G is the maximal pro-I subgroup of G and I; is isomorphic to Z;(1)

as a Gg-module, this restriction map determines an isomorphism of

HY(Gg, I;) with H'(GY., I;), hence also with the maximal pro-I comple-

tion (K )" of the multiplicative group K* of K. Therefore, if we denote

by ZY(GY., I;) (vesp., Z'(Gk,I;)) the set of (continuous) 1-cocycles of

G}( (resp., Gk ) with coefficients in I, then it makes sense to refer to any

element of Z' (G, I;) (vesp., Z'(Gx, I;)) belonging to the inverse im-

age of a € (K*)" = HY (G, I;) (resp., = H'(G'., I;)), via the natural

surjection, as a (continuous) 1-cocycle representing the Kummer class a.
Lemma 2.3.

For any choice (CZX) (resp., (C3)) of a specific decomposition group Dz C

Hylzog (resp., Dx Cllx, ), Iz (resp., Ix) is normally terminal in Akm (cf. §0),

and Dé_) (resp., Dg(_)) — where the symbol (—) denotes either the presence or
absence of “17 — coincides with Nnylog(ji)(_) (resp., Ny, (Ix)2))(cf. §0).

Proof. Recall that, by definition, we have Iz = Dz N A}(z/l Clly, and Ix =
Dx N A}(Z/l C Ilx,. Next, let us recall the well-known fact (cf., e.g., [17],
(2.3.1)) that I; and Ix are normally terminal (cf. §0) in Aﬁ(m. Thus, the resp’d

assertion follows immediately from the fact that pi! maps Dy onto ITy. On the

other hand, the non-resp’d assertion follows immediately from the observation

that the images of D; and Ilg.s via pil o il coincide. This observation is a

consequence of the geometry of the corresponding morphisms of log schemes,
which implies that both of these images coincide with a decomposition group
C Il associated to the point x. O

Lemma 2.4.

(i) If we fix a choice (CF) of d : Tpee — Ilx,, then there exists a unique
choice (C3) of Dx C Ilx, such that the image of dV coincides with Dx.
By contrast, if we fir a choice (C%) of Dx C Ilx,, then there exists a
(not necessarily unique!) choice (CX) of d : Tpes — Ilx, such that the
image of d' coincides with Dx.

(it) If we fix a triple of choices (CX), (C:X) and (CY), then there exists a
unique pair consisting of a choice (C’;g) of pit : lx, — Ix and a choice
(CX) of Dx C Iy, that satisfy the following conditions:
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(1) The image of the inertia group Ix C Dx in Ilx, coincides with the
image of Iz via i\l

(2) The homomorphism (pil, pt') : x, — Ix Xg, IIx maps Dx onto
the image of the diagonal embedding Iy — Ilx X, lx.

Proof. Assertion (i) follows immediately from the definitions of Ipiwe and Dy.
Next, we consider assertion (ii). First, let us observe that it follows immediately
from the various definitions involved that Ix and [; are IIy,-conjugate. Since,
by Lemma 2.3, Dx coincides with the normalizer of Ix in Ily,, it suffices to
take Dx to be the normalizer of I; in Iy, and pi to be such that the condition
pit = pllis satisfied on Dy. Uniqueness follows immediately from the conditions
(1), (2) and the surjectivity of the restriction of pif to Dx. O

Proposition 2.5.
If we fix arbitrary choices (CX), (C.), (CF), (CIY), and (C5X), then there
exists a unique triple of choices consisting of (ng), (C3), and a choice of a

specific automorphism induced by s : 712(% = Ygog

st H}Z - H}Q
— which we shall denote by (CI*) — satisfying the two conditions (1), (2)
stated in Lemma 2.4, (ii), as well as the following conditions:
(1) the morphism 51 : I X gt ml, = 1l X gt 1T, induced by passing to

;
the quotient H&Q 2 I, X a1 11l determined by pi, pit coincides with the
morphism obtained by switching the two factors.

(2) st preserves DY, C HEQ, and the restriction st| ;- DY = DI corre-
X

sponds to an automorphism induced by sp : D'°8 = D8 vig the identi-

fication Hg)log = D& determined by some choice of a specific homomor-

phism d™ : Tpes — Iy, whose image coincides with Dx (cf. Lemma

2.4, (i)).
(3) The continuous function Gl — H;Q defined by

g— (sToo")(g)-of(g)™"

is valued in Iz C H}Q and coincides with the “5” determined by (C{).

In particular, s* induces the identity morphism on Ix C H}Q.
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Proof. We begin by proving the existence portion. Let us consider the following
(not necessarily commutative) diagram

T T
— T, L T x g T

o v | Ol

t i
oo, ok X1 1Tk
induced by (%) consisting of the horizontal arrows arising from the choice
(Cyy) fixed in advance and the pair of choices (CY), (Cf) obtained by applying
Lemma 2.4 (i), (ii), and arbitrary choices of the vertical arrows. By the surjec-
tivity of pf, we can take s', 3" such that the right-hand square of the diagram
()T commutes, and condition (1) is satisfied. The commutativity of the rec-
tangle in (%) up to conjugacy implies that there exists \ € Hﬁ( X gt H& such
that 3" o (pf o dt) = Inn(\) o (pf o d') o 5T (where Inn()) denotes the inner au-
tomorphism obtained by conjugating by A). By the construction of the choice
(CX) (cf. condition (2) of Lemma 2.4 (ii)), p od" maps IT},,, onto the subgroup

of diagonal elements of HE( X HE(; thus, Inn(\) preserves this diagonal sub-

Gl
group. Since ITk is center-free (by Proposition 1.4 (iii)), we thus conclude that
)\ is a diagonal element. Thus, by taking a lifting A € H]E)log of A\ and replacing
st by Inn(A") o s, we can make the rectangle in (x)! commute in the strict
sense. Next, we observe (by applying again the commutativity of the rectangle
in (x)f up to conjugacy) that st o dt = Inn(u) o df o st for some p € IT'_. By
the commutativity of the rectangle in ()7, p projects via p' into the center of
H;( X gl H;-, hence (by Proposition 1.4, (iii)), to the unit element. Therefore,
by replacing s™ by Inn(p~1) o s', we conclude that we may choose s', sf, and 5
so that the diagram (x)T commutes, and, moreover, conditions (1) and (2) are
satisfied.

Next, observe that by restricting s' to D&, we obtain a commutative diagram

pDT

1 Ix Dl —% 1t 1
sT‘leZ sT'pi{J/l idJ/Z
Pt
1 Ix D, —% 1l 1

in which the right-hand vertical arrow is the identity automorphism of HE(.
Write M C Q for the monoid of positive rational numbers with [-power de-
nominators, and N for the monoid of global sections of the sheaf of monoids

defining the log structure on a universal geometrically pro-l két covering of
1% X ciox D8, When = € X (resp., € X \ X), N admits a direct sum de-

composition N’ =~ M & K (resp., N = M@ M & K ), where (cf. Remark
2.2.1 (i)) the first factor (resp., first two factors) of the direct sum arise(s) from
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extracting roots of a local uniformizer of the divisor D C X at & (resp., of local

uniformizers of the two irreducible divisors defining the log structure of Yl;g at
7) in a fashion compatible with the choice (CIX) of . Here, in the resp’d case,
we assume that the first factor “M” corresponds to the divisor D C X,. Next,
observe that it follows from Lemma 2.1 (ii), together with the well-known local

structure of X in a neighborhood of Z, that the automorphism of N 22 MoK
(resp., N 2 M e M ¢ ?X) induced by the automorphism s! of I, may be

Dlog
expressed in the form
a a a_
(s k) = (e (= 1) 1)

[m’

aq a9 aq a9 a
(resp., (7o g B) = (o T (—1)ms

k)

for a suitable choice of a projective system {(—1)1%"}m62>0 of l-power roots
of —1. In particular, we conclude that the restriction sﬂ 1 1s the identity
morphism, and that the 1-cocycle GI. 3 g — (st 0 6T)(g) - 67(g)~" is valued in
Ix = I; (cf. condition (1) of Lemma 2.4 (ii)). Therefore, by replacing s', s by
their composites with a suitable Ix-inner automorphism, we may assume that
condition (3) is satisfied. This completes the proof of the existence assertion.
Next we prove the uniqueness portion. If SJ{, sg are two maps that satisfy
conditions (1), (2) and (3), then s! o (sh)™! = Inn(n) € Aut(HE(Q) for some
n e H&Q, and it follows from condition (2) that Inn(n) preserves the subgroup
D; C HE(Q. Since D; is normally terminal in HE(Q (cf. Lemma 2.3), we thus

conclude that 7 is in Di(. Moreover, it follows from condition (1) and the fact

pil 4
that IT% is center-free (cf. Proposition 1.4, (iii)), that 7 lies in Ker(D; X
HE( X gt HE(), i.e.,n € Ix. On the other hand, since the section o' acts faithfully
on Ix via the cyclotomic character, condition (3) implies that 7 is the unit

element, i.e., that SJ{ = s; t

Remark 2.5.1.

In the case [ # 2, —1 coincides with the unit element 1 in (K*)". Therefore,
in the statement of Proposition 2.5, by taking the choice (C’g) to be such that
I-cocycle map § is trivial, we may obtain an “s!” satisfying s’ o of = o,

3. THE PROOF OF THEOREM A

This section is devoted to proving Theorem A. We begin with a review of
the notation and setup. Let [ be a prime number, K a finite field in which
[ is invertible, and K a separable closure of K. We shall denote by G the
Galois group of K over K. Next, let X be a hyperbolic curve over K of type
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(g9x,7rx) and x'°% a strict K-rational log point of X% = Yllog; write Yfg =
—log . .

'8 X 1o o X R X gioe D°2. In addition, we assume that we have

fixed choices (C)X), (C;)), (C5), (CX), (C5) [i.e., in the sense that they are not

subject to conjugacy indeterminacy].

As a first step, we define two actions of G on various topological groups,
graded Lie algebras, and linear algebraic groups associated to the fundamental

groups of Yrg and X,. As we shall discuss in the following, these two actions are
mapped to one another via the morphisms induced by the switching morphism
obtained in Section 2.

Definition 3.1.

(i) The choice (Cy) of a section ¢ : Gxg — Dz determines, by composing
with the natural morphism Dz — Iliee (vesp., Dz — Ilx,, Dz — Hxx2),

i opll
a natural action of Gk by conjugation on Ay, = Ker (Il 2 TIy)

(resp., Ax,, Axx2), hence also on

Grré(w1 = GrQl(A§<2/1),
(resp., GrX2 = GrQl(AXg)a GrXXQ = GTQI(AXW))7

Lieﬁ(w1 = Lie(Aﬁ(m(l/oo)),

(resp., Liey, := Lie(Ax,(1/00)), Liexx2 := Lie(Axx2(1/00))),

Lirﬁ(g/1 = Lin(A&Q/l(l/oo))(Ql).
(resp., Liny, := Lin(Ay,(1/00))(Q;), Linyxz := Lin(Axx2(1/00))(Q)).
In the following, we regard these objects as being equipped with these

Gk-actions. From the discussion in Definition 1.5 (ii), we have the
following commutative diagram consisting of G g-equivariant morphisms

1 i1 p

Xopy T Ax, —— Axx2

.1 Z'Il"in . pLin .
LmXQ/1 —— Liny, —— Linyxxn

and topological groups equipped with G g-actions
A%(}Qe = AXXQ XLinX2 LinX2, Hg(‘ls = A%(—ls X GK
as well as G g-equivariant homomorphisms of topological groups

Intg : Ax, — A Int} : IIy, — II5E.
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(ii) Next, the choice (Cy), (Cs) yields a new section of the surjective homo-
morphism D; — Gg

o5 : Gx — D;

g 4(g)-o(9)

— which is a homomorphism of topological groups. Then the section o
determines, in a similar way to (i), a natural action of G’ by conjugation
on

o1 1
Ger = Gr@l(AXQ/l),

(resp., Grx, := Grg,(Ax,), Gryxe := Grg,(Axx2)),

v 1 .
Liey,,, = Lle(Akm(l/oo)),

(resp., Liex, := Lie(Ax, (1/00)), Liexx2 := Lie(Axx2(1/0))),

Link, , == Lin(Ak, (1/00))(@).

(resp., Liny, := Lin(Ax, (1/00))(Q;), Linyxe := Lin(Axx2(1/00))(Q;)).

— where, in the following, we regard these objects as being equipped
with the G'x-actions just defined — as well as topological groups equipped
with Gx-actions

A Lie . Y rLie .__ A Lie
AX2 = AXXQ ><L“inX><2 LlIlX27 HX2 = AX2 X GK.

Next, let us recall that by applying Proposition 2.5, together with the
choices (C;,), (Cyp,), (Cz), (Cs) and the choice (C) determined naturally
by (C,), we obtain a choice (C]) of a specific automorphism s : H}Q —

H}Q. Let s : IIx, = Ily, be an automorphism that induces the outer

. . o : <l 1
automorphism determined by the switching morphism sy : Xo= — Xo

and is compatible with s' : H}z — H}Q. Then, by Lemma 3.2 below, we
obtain G g-equivariant isomorphisms of topological groups

Alie | ALie _~ A Lie e | yrLie _~  tyLie
S . AXQ — AXQ 9 8 . HX2 — HXQ
induced by s and a (non-G g-equivariant) commutative diagram as fol-

lows:
SA I
AXQ Em— AX2 HX

Int)A( l lInt)A( Intg l llntg

AlLie A AlLie TTLie ST []Lie
X, — 7 A%, X > i,
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Lemma 3.2.
The G -action induced by o5 (cf. Definition 3.1 (ii)) on Ax, (hence also on
Gry,, Liey,, Liny, and A%(‘Qe) coincides with the action

Gk — Aut(Ay,)
g — Inn(s" o il 0 0 (g)).

Proof. This follows immediately from condition (3) of Proposition 2.5, together
with the definition of the Gx-action induced by oy. U

Lemma 3.3.
Int% and Intyy are injective (cf. [4], Lemma 4.3 in the case where X is proper).

Proof. 1t suffices to verify that Ax, — Liny, is injective. But this follows from
the discussion in Definition 1.5 (ii) and the fact that (1,5, Ax(m) =1 (cf. [18],
Corollary 2.6). O

Next, we shall construct certain graded Lie algebras equipped with a G-
action — which we shall denote by £} and £3 — by using various subgroups of
IT505. Comparing these graded Lie algebras to the graded Lie algebras discussed
above (cf. Lemma 3.5, 3.6) will allow us to reconstruct various groups associated
to Ilx, from those associated to Hylog (cf. Proposition 3.8). This will play an

important role in the proof of Theorem A.

Definition 3.4.
(i) For each j = 1,2,--- ,r, let us fix a choice of the inertia subgroup

1T 5,11
I; C A§<2/1 = Ker(HYLog "5V TIx) associated to the j-th cusp (relative
to some ordering of the cusps of X Xy K) among the various Aﬁ(m—
conjugates of these subgroups. Then, we have canonical isomorphisms

77]‘3]5; ;)IJ (j:]-aQ) 7T)
Indeed, recall that the kernel of the natural quotient (A&Z/l)ab — A%

coincides with the submodule ,_, I;; C (Aﬁ(m)ab; thus, since the

subgroup I; of (Aﬁ(z/l)ab is contained in this kernel, it follows that the

. -1 .. . .
composite Iz — @;,:1 Iy — I Dy ; of this inclusion with the natural

projection to j-th factor multiplied by —1 yields the required isomor-
phism.

For n = 1, 2 we shall denote by V" the completion with respect to the
filtration topology of the free Lie algebra generated by

vi=Le (PLesy)”
j=1

equipped with a natural grading (hence also a filtration) by taking I, I;
to be of weight 2, A2 to be of weight 1.
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(ii) If X has genus > 1, then we shall write
MX = HOIHZZ (HQ(Ay, ZZ)7 ZZ)

Note that My is canonically isomorphic to Iz as a Gx-module. Indeed,

recall the natural quotient (Aﬁ(m/ <I; >j1... ;) = Ax; the associated

maximal cuspidally central quotient (cf. [12], Definition 1.1 (i)) yields

an extension of A+ by I;; this extension determines a generator of the

rank one free Zi-module H*(Av,I;) = Homg, (Mx, I;) (cf., e.g., [11],

Lemma 4.2, (i), (ii), (iii) ), hence an isomorphism Mx — I, as desired.
The cup product on the group cohomology of A+

2
/\Hl(Ay, MX) — Hz(Ay, MX ®Zl MX) & MX
determines an isomophism
(H'(Ag, Mx) =) Hom(AR, My) — A2 (= Hom(H'(Ag, My), Mx)),

hence composites of natural homomorphisms

¢:I@L>MX—>/2\A§}’, ¢:/2\A§?—>MXL>I@.
If X has genus 0, then we take ¢, ) to be the zero maps.

(iii) We define L% to be the quotient of V™ by the relations determined by
the images of the following morphisms (which are patterned after the
presentations given in Proposition 1.9):

(1) When n = 1,
o I; — V'(2/3) s m (idr, + 3, + ¢)(m)
(2) Whenn=2(1<i<g, 1<j,j <r j#j, {kk}={12}),
o I; — V%(2/3); m—m+ix(> n; +¢)(m)
o, I; ®z, A%b — V2(3/4) ;m @ a — [ir, onj(m),ip(a)]
o3 I; — V*(4/5) ; m — [ix o m;(m), i 0 my(m))]
o5 N\ A% — V2(2/3) sa Nd — in(a),ip(a)] — Y(aAad)

— where “[, ]” denotes the Lie bracket, and for k = 1,2, i : (D 1; ®
N’ AR) — (P I;® A’ A#)9? denotes the inclusion into the k-th factor.

(iv) The natural Gk-action on each direct summand in V" determines a nat-
ural G g-action on V". One verifies immediately that the ideal generated
by the relations defined in (iii) is preserved by this Gk-action. Thus, we
obtain a natural G'k-action on the graded Lie algebra

Ly (resp., LX)
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and a Gg-equivariant homomorphism
L. pl 2

of graded Lie algebras determined by the map on generators given by

@1 SAR) — L@ @1 @ A)®

(avb) = (a721(b>>a

as well as a G g-equivariant isomorphism
L.p2 ~. p2
sy Ly — L%

of graded Lie algebras determined by the map on generators given by

0 (PLe AR e PLe A2y

j=1

<a7 b17b2) = (a7627bl)~

Lemma 3.5.

Consider the homomorphism of graded Lie algebras V' — Gr@l(Akm) deter-
mined by the natural inclusions A% — Gr@l(A}(Q/l)(l/Q), I; — GrQZ(A§2/1)(2/3)
and I; — Gr@l(A}Q/l)@/S). This homomorphism of graded Lie algebras factors
through LY, and the resulting homomorphism h* : LY — Gr@z(A§2/1> is a G-
equivariant isomorphism of graded Lie algebras, whether we regard Grg, (Aﬁ(m)

as the underlying graded Lie algebra (i.e., without Gk-action) of Grﬁ(z/1 or as

the underlying graded Lie algebra of dr;m.

Proof. The asserted Gk -equivariance follows immediately from the definitions.
Thus, it suffices to verify that h* is an isomorphism. When z is not a cusp of
X, this follows immediately from Proposition 1.9 (i), applied to X,. Thus, it
suffices to verify that h' is an isomorphism in the case where z is a cusp of X.
Let S be a mixed characteristic trait S whose residue field is isomorphic to the
residue field of z, and write S'°8 for the log scheme obtained by equipping S with
the log structure determined by the closed point of S. Next, let us take a stable
log curve Ylgg — S'°8 whose special fiber is isomorphic to Yfg — 21°¢ and such
that the interior U of X gog is a hyperbolic curve over the fraction field of S. Then
(cf. the discussion of [14], §0, in the characteristic zero case) we obtain a natural
isomorphism Aiog = Ay by composing a certain “specialization isomorphism”
Ayl;g = Ayg)g with an isomorphism Ayg’)g = Ay arising from the “log purity

theorem”. Hence, the fact that h' is an isomorphism follows immediately by
applying this isomorphism Aylog = Ay, together with Proposition 1.9 (i). O
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Lemma 3.6.
Let

. o - v 1 v . o
Lie ., 1:.1 : Lie . 1 . Lie . 1: ~ .
1 L16X2/1 — Liey,, ©%°: L16X2/1 — Liex,, sx°:Liex, — Liey,

be the Gg-equivariant homomorphisms of graded Lie algebras induced by i} :

Mioe — Tlx,, il Mo — Tx, and st Ty, = My, respectively.
xT

Then there exist G ;z—equz'vam'ant isomorphisms of graded Lie algebras
~ . v ~ v 1
hY : LY — Lle§(2/1, R : LY — L16X2/1,

h% : L3% — Liex,, h3 : L% — Liey,

which fit into the following commutative diagrams consisting of G i -equivariant
mophisms

1 g 2 1 it 2 9 % 9
EX > EX ‘CX > ‘CX ‘CX _— EX
1 2 71 72 N
thZ thZ hXJ(I hXJ(l h%{lg h%{lg
ke i1 e e
L1eX2/1 —— Liey, LleXz/1 —— Liey, Liey, —— Liex,.

Proof. Consider the homomorphism of graded Lie algebras V? — Grg,(Ax,)
determined by

Ij D (@ ]j D A%)GB? —_— GI‘Ql(AXQ)
j=1

(CL, bl,bg) d le_[<(1+b1) +S§( OZII_I(bQ)

Then it follows from Proposition 1.9 (ii) that this homomorphism of graded Lie
algebras factors through £%, and that the resulting homomorphism h? : £3 —
Grg,(Ax,) is a Gg-equivariant isomorphism of graded Lie algebras, whether we
regard h? as the morphism of underlying graded Lie algebras (i.e., without G -
actions) h? : L3 — Gry, or as the morphism of underlying graded Lie algebras

. y . < ¢ 1 v
h% : L% — Gry,. If we denote by " : GI%Q” — Gry,, 157 : Ger — Gry,,
s§: Gry, — Gry, the Gg-equivariant homomorphisms of graded Lie algebras

induced by il : Hgoe — Ilx,, it [T — Ily,, and s My, — I,

respectively, then we obtain G K—equivariaflt commutative diagrams as follows:

. L L
1 ' s
Ly —— L% Ly —— L% i A S 3
hlll h2l2 Ellz iﬂlz thz ﬁZJ(g
Gr iGr Gr

1 5 v 1 I v S¥ v
GTX2/1 — GI‘X2 GI"X2/1 — GrI"X2 Ger — Ger,
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On the other hand, it follows from Proposition 1.8 that we have G x-equivariant
commutative diagrams as follows:

.Gr 2Gr G
1 b v 1 I v SXr v
G'YXQ/1 — Gry, G’“XQ/1 — Gry, Gry, —— Gry,.
K K I I K
.1 ilfie . o1 ;%ie o S[)A(ie o
L16X2/1 —— Liey, LleX2/1 —— Liex, Liex, —— Liey,.

By composing the vertical arrows in these commutative diagrams, we obtain
the required isomorphisms. Il

Now, let L be a finite field of cardinality prime to [, Y a hyperbolic curve over

L of type (gy,ry), y'°8 a strict L-rational log point of Y8 . 7110g; we shall use

similar notation for objects obtained from Y (e.g., Y5, Ylog IIy,, H*log, etc.) to

the notation used for objects obtained from X.

Definition 3.7.
(i) Let us take an isomorphism of profinite groups a : Iy — IIy (resp.,
H—log 5 H—log) Then the natural surjections IIxy — Gg, Iy —

Gr, (resp H*Iog - Gk, 710,; — (1 ) arising from the structure
morphisms over finite fields may be characterized group-theoretically
(cf. [20], Proposition 3.3) as the (unique) maximal (Z-)free abelian quo-
tient. Thus, o induces an isomorphism Gx — Gy,

We shall say that a is Frobenius-preserving if the isomorphism G —
(1, obtained as above preserves the Frobenius elements.
(ii) We shall denote by

—log ~ —lo,
X, 25y,

(C,77) (vesp., (Cagy 7))
a choice of a specific Frobenius-preserving isomorphism ITy — IIy (resp.,
H—log = H—log) which maps the decomposition group of = (resp., the

dlagonal cusp z) onto the decomposition group of y (resp., the diagonal
cusp ¢) up to conjugation.

Proposition 3.8.

Xlog :)YI()g

Let us fix specific choices of (CY), (C)), (CY) and (Cry ). Denote by

~slog ~ lo.
X g*)Y €

o Hflog S| ylos the isomorphism determined by (Cgy ). Let us assume

that the decomposztzon subgroups determined by (C3'), (C)) are compatible with
respect to «.

(i) There exists a unique pair consisting of a choice (C}) of a specific 1-
cocycle 0 : G, — I; :== Ker(D; — Ily) and a choice (CY) of a specific
section T : G, — Dy which are compatible with (C5*) and (C2X), respec-
tively, via (CX°Y) in an evident fashion.
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(ii) There ezists a G -equivariant isomorphism a2 T AR S AR of topo-
logical groups satisfying the following conditions:
(1) a? “ s also Gg-equivariant when we regard it as a map AL‘e =

AXL/“J' under the natural identifications A5 = AI)’QS, Afe = AI;);
without G -actions. y y

(2) If we denote by o : A I§e = TIge, e IT5e = I3 the semi-
direct products of a5 e wzth the zsomorphism Gk = Gy (i.e., de-
termined by «) relative to the respective actions of Gk and G, then
these morphisms make the following diagrams commute

H Int Lol [Lic m y Sg[(Lie L
. - ie ie
xoe ——— 15 X2 mye X 1Y
Li — = i
O‘JIZ Oégl ie ll OzXOéJ{l ag[LleJ( dngeJ/
Int!log . riLie

y-1 Lie . s VR

Mg = T —— Ty M Y e

Proof. Assertion (i) follows immediately by “transport of structure”. Next, we
consider assertion (ii). Since « is assumed to be Frobenius-preserving, it fol-
lows from [13], Corollary 2.7 (i) that (gx,7x) = (gv,ry), and that « induces
an isomorphism o : A2 = A2 and a bijective correspondence between

the respective sets of cusps of X, Og 7 as well as isomorphisms of the inertia
subgroups of cusps correspondmg via thls bijection. By applying these isomor-

phisms (together with the construction of L, L%, L), LY), Lenlqma 3.6 yilelds
G i-equivariant isomorphisms ol LleX/ = L16Y2/1 alie LieXz/1 = Lieym,

ol : Liex, & Liey, and &4 : Liex, 2 Liey,. These morphisms give rise to a

G k-equivariant commutative diagram as follows:

e

SLie “‘Lie 1
LleX/ S Liex, —— LleX2 e L16X2/1

olie l N %le l ! &%ie J,Z glie lz

glie o ;Lie o1

. ite . . .
L1e§/2/1 —— Liey, —— Liey, «—— Liey, .
Then it follows from the functoriality of Lin(—) that we obtain a Gx-equivariant
commutative diagram as follows:

L1n glin 7:Lin 1

X
LlnX/ A, Liny, — LlnX2 o L1nX2/1

OéLinJ(Z %mlz d%inlz dLinll

Lm SLin ;Lin 1

Llny/ SRLEN Liny, —— Llny2 — L1nY2/1
Note (cf. [12], Remark 35) that modifying the choice (CX) of a specific section
Gk — D; by a cocycle G — I; determined by the choice (C5*) affects the

Galois invariant isomorphisms of Proposition 1.8, (ii), by conjugation by an
element cx of the subgroup obtained by tensoring I; with Q;; a similar statement
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holds, with respect to some “cy”, for objects associated to Y when we modify
(C’f ) by (C}'). One may verify easily that o maps cx to cy, hence that o" =

N as a morphism of underlying topological groups (i.e., without G g-actions).
Next recall that the morphisms @Ifm and s%" o 41 are compatible with the

correspondlng morphisms “H" and “sHnoiLm” associated to Y via the natural
identification of Liny, with LinX2 (i.e., Wlthout G i-actions). Also let us recall

that Liny, (resp., Liny,) is generated by the zmages of LlnX o N LmX2 (resp.,
“Lin L1n
L1nX2/1 5 Liny,) and the composite LIHX2/ 1, LmX2 S Liny, = Liny, (resp.,

“Lin Lin
5 Y . Sx v Lin

v 1
7 o vL1n
L1nX2/1 — Liny, = Liny, = Liny,). Since the restrictions of %

and &

to these image subgroups coincide by virtue of the equality o™® = a7, we

obtain that o™ = a}®. Therefore, by Constructlon akin(= vLm) induces the
required G g-equivariant isomorphism a2 AI)}‘; — A%}e of topological groups
satisfying conditions (1), (2). This completes the proof of assertion (ii). O

One of main results of this paper, i.e., (a slightly generalized version of)
Theorem A, is the following:

Theorem 3.9.
Let X (resp., Y') be a hyperbolic curve over a finite field K (resp., L), x a
K -rational point of X (resp., y an L-rational point of Y) Xy (resp., YQ) the

second configuration space associated to X (resp., Y), Xx (resp., Yy ®) the
cuspidalization of X at x (resp., of Y aty) [cf. Definition 2.2], Dz C 5o

(resp., Dy C Hog ) a specific decomposition group of the diagonal cusp T'°®
Y

(resp., §'°8) [cf. the discussion following Remark 2.1.1].
Let

(07 Hylcog — H?LOg

be a Frobenius-preserving isomorphism [cf. Definition 3.7 (i)] which maps Dj
onto Dy. Let us denote by @ : lIx — Ily the isomorphism obtained by passing

to the quotzents H—log — Iy, H?mg — Ily. Let us denote by D, C Ilx (resp.,

D, C Ily) the decomposztzon group of x (resp., the decomposition group of y)
determmed by the image of D; (resp., as the image of Dy) via the quotient

[ios = Iy (resp., H?LOg — Iy ).

Then there exists an isomorphism
Qg . HX2 = Hy2

which is uniquely determined up to composition with an inner automorphism

by the condition that it be compatible with the natural switching automorphisms

[¢f. the discussion following Remark 2.1.1] and with the specific decomposition

groups associated to the respective diagonal divisors determined by Dz, Dy [cf.



cuspidalization problem for hyperbolic curves 31

Lemma 2.4 (ii)], fit into the following commutative square

a2
Iy, —— Iy,

0| ot (%)

HX L HYJ

and induce « upon restriction to the inverse images (via the vertical arrows of
(**)) Of D, Cllx and Dy CIly.

Proof. Let us fix specific choices of (C)Y), (CX), (CY), (Cy). By applying
—log:flog
Proposition 3.8 to these choices and the choices of (C3), (C}), ( A

given by hypothesis, we obtain a commutative diagram as follows:

Lie
II 11 II
Int’ o2y

I [Tkie X [Tkie
Y;Og X2 X2

Lie . rLie

Int}n,oill_[ Li sgLie Li
ie ie
My ——— T —— T

. . . Lie Lie .
Now observe that by the various constructions involved, s§ o st = idppe,
2
T1kie 11 11 . . . II 11 11 .
and sy o Inty o4} coincides with Inty o iy for some iy : Hyfg — Hylog

2
(within the conjugacy class of homomorphisms determined by 73!) induced by

io Y?g — Ylfg. Thus, it follows from Proposition 1.4 (ii) that (Int'y 0ty ) (Tsp1ox)
and (s% o Intl} o ilf)(Aﬁ(m) generate Ilx,, and that Iy, is preserved by the

action of s . Similarly, Ily, is generated by (Intgoilf)(H?;og) and (si" oIntlo
i{[)(A%@/l), and Ily, is preserved by the action of s, Therefore, since the
above diagram is commutative, o' maps ITx, onto IIy,. Thus, the restriction
g of ol to Iy, makes the diagram (%) commute and is compatible with the
switching automorphisms. Since the specific inertia subgroup of Iy, associated

to the diagonal divisor determined by Dy is the image of Iz C Il5is via Int o

il (cf. Lemma 2.4 (ii)), the isomorphism s, which is an extension of the
isomorphism «, is compatible with the corresponding specific decomposition
groups associated to the respective diagonal divisors. This completes the proof
of the existence assertion.

Next, we consider uniqueness. Let ¢, iy : Iy, — Ily, be isomorphisms
both of which make the diagram (%) commute and induce a|A§<2/1 (i.e., the

restriction of o to Aﬁ(m) upon restriction to the kernels of the vertical arrows

of (xx). Then ¢, ' o ép determines an automorphism of the exact sequence
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which induces the identity automorphism on A}(m and IIx. This implies that

&y ! o Gy is the identity morphism (cf. §0). O

Corollary 3.10.
Let X (resp., V) be a hyperbolic curve over a finite field K (resp., L), z,x’
K -rational points of X (resp., y,y' L-rational points of Y ). Let

(67 Hylzog — HVLog

be a Frobenius-preserving isomorphism such that the decomposition groups of T
and § (which are well-defined up to conjugacy) correspond via . Suppose that
the isomorphism @ : Illx — Iy induced by passing to the quotients Mios — 1,
e — Iy maps the conjugacy class of the decomposition group ofzx’ to the

conjugacy class of the decomposition group of y'.
Then there exists a Frobenius-preserving isomorphism

/
. - SN .
o HXlzo/g HYLo,g

which is uniquely determined up to composition with an inner automorphism by
the condition that it induce & upon passing to the respective quotients and map
the conjugacy class of the decomposition group of the diagonal cusp x' to the
conjugacy class of the decomposition group of the diagonal cusp y'.

Proof. The existence assertion follows from Theorem 3.9 and the fact that if
D, C Iy, D, C Ily denote the decomposition groups of z’, 3’ respectively,
then we have natural isomorphisms Hylolg 2 Dy Xy x,, Hvlolg = Dy Xy ys,.
x Yy
Next, we consider the uniqueness assertion. Let &/, d : o = [Ties be
12, y/

Frobenius-preserving isomorphisms both of which induce @ upon passing to
the respective quotients and map some specific decomposition group of the
diagonal cusp z’ to the same decomposition group of the diagonal cusp ¥’.
Write 3 := (&)~ 0@’ € Aut(IT50s). Then it follows from the existence portion

of Theorem 3.9 that 3 induces an element Bs € Aut(Ily,) which induces the
identity morphism of IIxx2 upon passing to the natural quotient Iy, — IIxx2.
Note that (3, defines an element [3,] € Out"“(Ay,). Moreover, since 3, induces
the identity morphism of TTxxz, it follows that [3;] maps to the identity element
of Out(Ayx) (cf. [5] for the definition of and results concerning to “Out™“”).
But Out™(Ax,) — Out(Ax) is injective (cf., e.g., [5], Theorem A), so we have
[B2] = 1 i.e., the restriction of 5 to Ax, coincides with an inner automorphism
Inn(b) determined by an element b of Ax,. By the construction of (2, Inn(b)

(preserves the subgroup A}(z/l of A, and) induces the identity morphism of A x

1
X2/1
(cf. Proposition 1.4 (iii)), we thus conclude that b maps to the identity element

of Ax via Ay, - Ax. In particular, b is an element of Hylog. Thus we have two

automorphisms 3, Inn(b) on e which coincide upon passing to the quotient

upon passing to the quotient Ay, - Ax, /A = Ax. Since Ay is center-free
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Hylog — D, C IIx as well as upon the restriction to Aﬁ(m C Hylog. This
implies that 3 = Inn(b) (cf. §0), hence completes the proof of the uniqueness
assertion. O

Remark 3.10.1.

Any Frobenius-preserving isomorphism is quasi-point-theoretic (cf. [20], Corol-
lary 2.10, Proposition 3.8; [13], Remark 10, (iii)), i.e., induces a bijection be-
tween the sets of decomposition groups of the points of X, Y. Therefore, in the
statement of Corollary 3.10, given a closed point z” of X, there always exists
a closed point 3" of Y which corresponds, at the level of conjugacy classes of
decomposition groups, to x” via @ (but this choice is not necessarily unique!).

4. CUSPIDALIZATION PROBLEMS FOR HYPERBOLIC CURVES

In this last section, we apply Theorem 3.9 to obtain group-theoretic con-
structions of the cuspidalization of a hyperbolic curve at a point infinitesimally
close to a cusp (cf. Theorem 4.3), as well as of arithmetic fundamental groups
of configuration spaces of arbitrary dimension (cf. Theorem 4.4).

We maintain the notation and set-up of the discussion at the beginning of
Section 3. Moreover, until the end of Theorem 4.3, we shall assume that X is
affine (i.e., 7 > 0), and that z is split cusp of X, ie., z € X(K)\ X(K). As
discussed following Remark 2.1.1, the major and minor cuspidal components

—log’

—log’ : : :
X", Py at z, together with the nexus % at z, determine strict (cf. [6],

1.2) closed sub-log schemes of Y;Og. These closed sub-log schemes determine
subgroups well-defined up to conjugacy

H—l ! Hfl / H log - Hfl ;
Xog ? P;g Y Vg = Xzo%

— which we shall refer to, respectively, as the major verticial, minor verticial,
and nexus subgroups (cf. [14], Definition 1.4).

Lemma 4.1.
Write

HOiH
D, = Im(Ilgee "= TIy).
(Thus, D, C Ilx is a specific decomposition group of x, i.e., well-defined without
any conjugacy indeterminacies.) Then:
(i) For any choice of a specific major verticial subgroup Hylog/ C Ilsoe , the
composite morphism

(pTodf',phloill)
Hylog/ > Hylog > D.”L’ XGK HX
T
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is an isomorphism. (In particular, the major verticial subgroups may
be thought of as defining sections of the natural surjection Ilgios —

IIx Xg, Ds.) Moreover, the inverse of this isomorphism maps the sub-
group Dy Xa, Dy C Dy X, Illx to the nezus subgroup Hyiog - Hylog/.

(ii) In a similar vein, let Fl;ég be the 1-st log configuration space associated
to a tripod P over K (cf. Definition 1.1 (ii)). Then for any choice of a
specific minor verticial subgroup Hﬁlog/ C Ilsn0e, the composite morphism

X T

(! piloill)
Hﬁl}?g/ e Hylzog — Hﬁligg XGK Dx

— where pY denotes the homomorphism Hi0s — o (well-defined up
T K

to conjugatiﬂz) induced by the natural morphism Yfg — F;g given by
contracting X (C X, ) to v, — is an isomorphism.

Proof. We shall only consider assertion (i) since assertion (ii) follows from a sim-
ilar argument. Let us consider the commutative diagram of natural morphisms
of log schemes

log log log
v, — X XKX

l l

—log’ —log
X — X XK xlOg

— where the horizontal arrows are the strict closed immersions. Now recall
that: (a) két coverings may be constructed by means of descent with respect
to (non-logarithmic!) étale morphisms; (b) restriction from a henselian trait to
its closed point induces an equivalence between the respective categories of két

coverings (cf. [6]). Since the bottom horizontal arrow X X% x2'°8 in the
above diagram is an isomorphism on the respective complements of the images
of the horizontal arrows in the above diagram, it suffices (by (a), (b)) to verify
that the induced morphism between the log inertia groups of v/°¢ and 2'°8 x g x'°®
(i.e., Ker(Il jog - Gx) and Ker(Iliosy ;o006 — Gx)) is an isomorphism (cf. [6],
4.7 for the terminology “log inertia subgroup”). Fix a chart, modeled on N, of
7'°% (i.e., roots of a local uniformizer at x in X). Then such a chart determines
charts, modeled on N @ N, of 2!°¢ x - 2!°¢ and 16, By using these charts, one
verifies easily that the homomorphism of monoids induced by the morphism
vo8 — 2108 x4 71°¢ may be expressed as follows:

NoN-—N&N

(a,b) — (a+b,b).

Then, by applying the functor Hom(( - )&, Z;(1)) to this morphism of monoids,
one verifies immediately that the induced morphism of log inertia groups be-
tween 1% and 71°¢ x j 2'°% is an isomorphism. O
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Lemma 4.2.
Suppose that we fix a choice of a nexus subgroup Il e C Ils0s among its

various Uog-conjugates. Then:
x

(i) There exists a unique pair of inclusions
Hylog’ - Hyicoga Hﬁl;gg' - Hyicog

(among their various Il -conjugates) both of which contain 1105 C
Hyrg .

(ii) The inclusions Hylzog C Hylog/ - Hylzog, IT e C HF}?E/ C Hylzog obtained
in (i) make the diagram

]._.[V}Cog E— Hﬁl)?g/

! |

Hylog/ E— Hyl;g

commute and co-cartesian in the category of profinite groups equipped
with an augmentation to G whose kernel is pro-l.

Proof. Assertion (i) (respectively, (ii)) follows immediately from [14], Proposi-
tion 1.5, (ii) (respectively 1.5, (iii)). O

Next, we turn to the proof of Theorem B. Theorem 4.3 given below may
be regarded as a slightly weakened version of Theorem B (as stated in the
Introduction). This weakened version, however, will be sufficient to prove The-
orem 4.4 below (which corresponds precisely to Theorem C in the Introduction).
Moreover, one may conclude Theorem B (as stated in the Introduction) from
Theorem C (cf. Remark 4.4.1). On the other hand, if we did not restrict our
attention, in the statement of Theorem 4.3, to this slightly weakened version
of Theorem B, then it would have been necessary to (essentially) repeat, in our
proof of Theorem 4.4 below, arguments already applied in the proof of Theorem
4.3.

Theorem 4.3.
Let X (resp., Y ) be an affine hyperbolic curve over a finite field K (resp., L),
x (resp., y) a K-(resp., L-)rational point of X \ X (resp., Y \Y). Let

OéZHX;HY

be a Frobenius-preserving isomorphism such that the decomposition groups of
x and y (which are well-defined up to conjugacy) correspond via o. In the
following, we shall apply the notational conventions introduced in the discussion
following Remark 2.1.1.

Then there exist finite extensions K of K and L of L and an isomorphism

O‘[z7y : Hyllog XGK GK — H?Log XGL GL
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which 1s uniquely determined up to composition with an inner automorphism
by the condition that it map the conjugacy class of the decomposition group of

T to the conjugacy class of the decomposition group of y and induce oz|HXXKK :

Uy, . — Uy, i upon passing to the quotients Hylcog Xax G = My, ks
H?,l;g XGL GL - HYXLL'

Proof. The asserted uniqueness follows immediately from the uniqueness por-
tion of Corollary 3.10. Next, we shall consider the existence assertion. First,
observe that there exists a connected finite étale covering f : Z — X, where Z
is a hyperbolic curve over a finite extension field K of K whose (smooth) com-
pactification admits at least two distinct K-rational points z, 2’ lying over x at
which f is unramified. Indeed, this follows immediately from the well-known
structure of Ax. In the following, we shall, for simplicity, replace K by K (i.e.,
assume that the base fields of X and Z coincide).

Write Z for the partial (smooth) compactification of Z at 2’ and 7lzog for the

cuspidalization of Z at z. Thus, the underlying scheme Z, of 7120g is proper.

Denote by
—log’ —log’

log
z -, P, v

z

the major and minor cuspidal components and the nexus of ELOg at z, respec-
tively (cf. the discussion at the beginning of the present §4). Let us fix specific
choices of the decomposition groups D, C I, of z and D, C Ily of = such
that D, NI, = Dz. Denote by D, the image of DZ via the quotient II, — Il
(which may be considered as the decomposition group of z in II;). Thus, the
natural inclusion DZ C D, is in fact an equality DZ = D,, and we have a
natural isomorphism D, = D,. By applying Corollary 3.10 (cf. also Theorem
3.9) to the hyperbolic curve Z = Z \ {2/} together with the K-rational points
z and 2’, we may reconstruct, group-theoretically from II,, the profinite group
Il os together with its natural augmentation to D,. Also, by [13], Corollary 2.7
(iii)z, we may reconstruct, group-theoretically from the natural augmentation
e — D,, the conjugacy classes of the major verticial, minor verticial and
nexus subgroups of Il e associated to the cuspidalization at z. Now let us fix
specific choices of the Iznajor verticial, minor verticial and nexus subgroups of
Hjlzog
Il e, Hﬁlzog/, IT, o

such that: (a) the subgroup II s C Hflog maps, via the natural morphism
I Zos = Iz, onto the subgroup D.; (b) T e © Mo C 11 78 and I jos C

Hﬁlog/ C Tls. (These choices are possible by virtue of Lernmas 4.1(1), 4.2.) If
VA z

we denote by ]P’K the 1-st log configuration space associated to a tripod Pg
over K, then we obtain (cf. Lemma 4.1 (ii)) a composite

]._.[Viog — Hﬁ?g/ —_— H@l}({)g XGK Dm
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Here, we may regard Il5ie as an object group-theoretically reconstructed from
K
H@bg/ by thinking of Il0s as the quotient of the kernel of the natural composite
z K
augmentation Hﬁlog/ — D, — G (i.e., which is naturally isomorphic to Ap,. X
Z
Z,(1)) by its center (i.e., Z;(1) — cf. Proposition 1.4 (iii)). Also, we obtain (cf.
Lemma 4.1 (i)) a diagram of natural morphisms
D, %G x «— D, xg, D, == D, Xg,c Dy ¢TI 1os
induced, by restriction, from a diagram of natural morphisms

DI XGK HX A DZ XGK HZ — Dz XGK HZ — Hzlog/-

Thus, for suitable choices of the subgroups Hylog/, Hﬁlog/, I jos © Tliog (cf.
X z x
Lemma 4.2 (i)), we obtain a natural commutative diagram:

Hleg’ A — HVLOE — Hﬁl;()g/

| | |
D, Xy My —— Tos —— Tlpex X, Do,

where the vertical arrows are all isomorphisms by Lemma 4.1(i), (ii). In par-
ticular, it follows from Lemma 4.2 (ii) that II.e may be identified with the
colimit of the lower horizontal sequence — Whichg,c by the above discussion, may
be reconstructed group-theoretically from the data (Ilx, D, C IIx)! — in the
above diagram. Therefore, by comparing this diagram to the corresponding
diagram for Y, the proof is completed. O

Next, we consider Theorem C, i.e., the cuspidalization problem for geomet-
rically pro-l fundamental groups of configuration spaces of (not necessarily
proper) hyperbolic curves over finite fields.

Theorem 4.4. (cf. [12], Theorem 3.1; [4], Theorem 4.1)
Let X (resp., Y ) be a hyperbolic curve over a finite field K (resp., L). Let

aq HX L> HY
be a Frobenius-preserving isomorphism. Then for any n € Z>, there exists an
1somorphism

(67790 HXn ; Hyn
which is uniquely determined up to composition with an inner automorphism by

the condition that it be compatible with the natural respective outer actions of
the symmetric group on n letters and make the diagram

Qn41
HXn+1 HYn+1
pll lpi
Qn
Iy, —— Iy,

(i=1,---,n+1) commute.
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Proof. First, we recall that the case where n = 2 and X is proper follows
from [12], Theorem 3.1. Next, we consider the case where n = 2 and X is
affine. As we noted in Definition 3.7 (i), oy induces an isomorphism

OéoZGKgGL

of profinite groups. Now, by combining Theorem 3.9 and Theorem 4.3 together
with the fact that «; is quasi-point-theoretic (cf. Remark 3.10.1), we conclude
that «y induces an isomorphism

Qg : HX2 XGx Gf( St Hy2 Xar GL
— where G C Gk, G; C G|, denote open subgroups corresponding to cer-
tain finite extensions K of K and L of L, respectively. If we denote by a2

the restriction of dy to Ay,, then (cf. Theorem 3.9) a5 maps onto Ay,, i.e.,
determines an isomorphism

CYQA . AXQ = AY2'
Let
vx 1 Gxg — Out™(Ay,) (resp.,yy : G — Out™(Ay,))
(cf. [5] for the definition and results concerning to “Out™®”) be the morphism
obtained by lifting elements of Gk (resp., G) via the surjection Iy, - Gg
(resp., Iy, — 1) and considering the action of these elements by conjugation.
Then a5, g give rise to two composites vy o ag and [a5'] o yx

T o ap, [ag]oyx : Gk — Out™(Ay,)

— where [a4] denotes the isomorphism Out™(Ay,) = Out"™(Ay,) that sends
an element g € Aut(Ax,) to a2 ogo (a2)™' € Aut(Ay,). It follows from the
constructions of ag, a5 that 7y o ap and [a8)] o vx coincide after composing
with the natural morphism Out™(Ay,) — Out(Ay). On the other hand, since
Out™(Ay,) — Out(Ay) is injective (cf., e.g., [5], Theorem A), we conclude

that vy o ag = [a8] o vx. Therefore, by applying the natural isomorphisms
out

IIx, = Ax, x Gg and Ily, = Ay, O;t G, we obtain an isomorphism Ilx, =
ITy,, which satisfies the required uniqueness and compatibility properties (cf.
the construction of dg; Theorem 3.9). This completes the proof of the assertion
in the case where n = 2 and X is affine.

Finally, the assertion in the case n > 3 follows from an inductive argument
on n applied to an argument similar to the argument of the above discussion.
Indeed, consider the natural exact sequence

11

q4

out
x IIx), where x denotes

n—1

(which induces an isomorphism Ilx, = Ay, 7\ (21
a K -rational point of X, and an denotes the morphism induced by the projection
X, — X to the j-th factor. Since the natural morphism OutFC(A(XXK?\{x})nfl) —
OutFC(A(XXKF\{I})n_Q) is injective (cf. [5]), we may carry out a similar argu-
ment to the above discussion by replacing G by Ilx and Ay, by A v, 7\ (21

n—1"
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Hence, for j = 1,---,n, we obtain an isomorphism o : IIx, — Iy, that fits
into a commutative diagram
ITx

al,
. — ly,

fori=1,--- ,n—1. But it follows from the induction hypothesis (concerning to
the asserted uniqueness), together with the injectivity applied above, that the
ad’s coincide, for j = 1,--+ ,n, up to composition with an inner automorphism,
and that the asserted uniqueness and compatibility with symmetric group ac-
tions for n are satisfied. O

Remark 4.4.1.

As explained in the discussion preceding Theorem 4.3, one may conclude
Theorem B (as stated in Introduction) directly from Theorem 4.4 as follows.
Let X, Y, x, y and a be as in the statement of Theorem B. Then, by applying
Theorem 4.4 in the case n = 2, we obtain a unique isomorphism

s : Ilx, — 1y,

well-defined up to composition with an inner automorphism, which fits into two
commutative diagrams as follows:

HX2 L HYQ HX2 L} HY2
p?l lp? p?l lpg
HX L Hy s HX L) Hy .

On the other hand, we may have natural identifications Hylzog = (pH~H(D,),

~

Mowe = (py)~'(D,). Hence the right-hand diagram above induces (since

Oé(Dw) = Dy) an isomorphism
T,y X o8 ” yloe

by restricting asp to the inverse images (via the vertical arrows) of D, C Iy
and D, C IlIy. On the other hand, it follows from [13], Corollary 2.7 (i) that
o, maps the conjugacy class of the decomposition group of Z to the conjugacy
class of the decomposition group of §. Thus, the left-hand commutative diagram
above induces, by restricting the upper horizontal arrow of the diagram to the
domain and codomain of ¢, ,, a commutative diagram

A,y
Hylzog E— H?Log

Py J lp?

HX L HY)
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which completes the proof of Theorem B. (The proof of uniqueness is similar to
the proof of the asserted uniqueness in Corollary 3.10.)

Finally, we shall conclude the paper with the following corollary.

Corollary 4.5. (cf. [4], Corollary 4.1)
Let X (resp., Y) be a hyperbolic curve over a finite field K (resp., L), and
n e Zzo. Let
a HX ; HY
be a Frobenius-preserving isomorphism, and xe := {x1, -+ ,x,} an ordered set
of distinct K-rational points of X. Then there exist an ordered set y, :=
{y1, -+ ,yn} of distinct L-rational points of Y and an isomorphism

N D S L SV TR

which is uniquely determined up to composition with an inner automorphism
by the condition that it induce o upon passing to quotients Ilx\ (4, ... »,3 — llx,
I\ (g1, wy — y and map the conjugacy classes of the decomposition groups
of the points in x4 to the conjugacy classes of the decomposition groups of the
points in ye in the order of numbering.

Proof. The existence assertion follows, by induction on n, from Theorem 4.4
together with the fact that any Frobenius-preserving isomorphism between hy-
perbolic curves over finite fields preserves the set of decomposition groups of
closed points (cf. Remark 3.10.1). The asserted uniqueness follows from the
uniqueness asserted in Corollary 3.10, applied successively to the cuspidaliza-
tions at corresponding points of x4, Ye. U
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