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1 Introduction

In this paper, we study the exact WKB analysis for a completely integrable system (a holonomic
system) of two variables with a large parameter n > 0:

0
77718:1:1\11 P(Il)x27 )\I] P 371,1'2, 277 P xlul‘Q
(11) 9 n>0
_laim\ll = Q('Ilavan)\p’ Q(xlaJ:Zan) = Zn_nQn(:ElaxQ)a

n>0

where P, (z1,22) and Qp(z1,22) (n =0,1,2,---) are 3 x 3 matrices with holomorphic entries.

As in the case of ordinary differential equations, the Stokes geometry (i.e., turning points and
Stokes surfaces) is an important ingredient of the exact WKB analysis for completely integrable
systems. In [4], we discussed the Stokes geometry for two concrete completely integrable systems,
that is, the Pearcey system and the (1,4) hypergeometric system. For example, the Pearcey
system is a completely integrable system of the following form:

1 0
n 187\11 Po(l‘l,:tz)\l/
(1.2) 5t
7771(% U = {Qo(z1,m2) + 1 'Q1(z1,72)} ¥,
where
0 1 0
0P,
(1.3) P=| o 0 1|, Q=P+ @ =22
3 oxq
—931/4 —332/2 0

This system is obtained from a system of partial differential equations

(ax§+2"a+4">w_0’

0 ?
<n8:1:2 - M) P =0,

which the Pearcey integral ([7])

(1.4)

(1.5) W= /exp {77 (t4 + zot? + xlt) } dt



satisfies, through the transformation

2
(1.6) U = exp (779662> K Oxy
82

n

8m%

As discussed in [4], the point (x1,x2) = (0,0) plays a crucially important role in the global study
of the Stokes geometry for the Pearcey system (1.2)—(1.3). In fact, the point (x1,z2) = (0,0) is
a degenerate point where the characteristic equation

T2 T
1. 3724 -
( 7) 51 ) 51 4 0

of the first equation
83 T2 0 I
(1.8) (mg + *7)271 + 773> Y =0

of (1.4) has a triple root. Furthermore, at (x;,22) = (0,0) we observe a phenomenon that
two turning points z; = 70 (x9) and z; = 7 () of different types of (1.8) for x5 # 0 (i.e.,
z1 = 7 (xy) (i = 1,2) are points where (1.7) has a double root and, further, their types are
different in the sense that pairs of roots merging at z; = 7()(29) are different with sharing only
one common root) coalesce at 1 = 0 when x9 tends to 0. This degeneracy is related to the fact
that a new Stokes curve of (1.8) discussed by Berk et al. ([3]) is included in the Stokes surface
for the Pearcey system and plays a central role in the global study of the Stokes geometry for
the Pearcey system (1.2)—(1.3).

As shown in [4], similar results hold also for the (1,4) hypergeometric system. Thus, in this
paper, we study the behavior of a general completely integrable system (1.1) of two variables
with 3 x 3 matrix coefficients near such a degenerate point where two turning points of different
types coalesce.

The main theorem of this paper is as follows: We consider a completely integrable system
(1.1) near (x1,x2) = (0,0) where two turning points of different types coalesce. Here we assume
that P,(z1,22) and Qn(x1,22) (n =0,1,2,--+) are 3 x 3 matrices with holomorphic entries in
Dy, = {(z1,22) € C*; |zj| < po} satisfying

(1.9) 1Pull g po - 1@l g < Ca™nl

with some norm ||| (see (2.3), (2.4) for the precise definition) and some positive constants

£0,P0
C and a. As we will see later (cf. (2.8)), we may assume trPy = trQQp = 0 without loss of
generality. Then, letting a(z) and ag(z) be holomorphic functions defined by det (§; — Py(z)) =

€ + ag(x)€1 + as(w), we may assume that az(z) and ag(r) satisfy
(i) a2(0) = a3(0) =0,

since the characteristic equation & + az(z)&1 + as(x) = 0 is expected to have a triple root at a
degenerate point where two turning points of different types coalesce. In addition, we suppose

.., Oas
(ii) 87:131(0) # 0.
6a2 8a2
-—(0) ——(0)
(iii) det gwl O £0.
oas 0) %(0)
8]}1 ( 81’2



(In fact, under these assumptions, we can show that two turning points of different types coalesce
at (z1,22) = (0,0).) Then there exists a WKB theoretic transformation

(1.10)

U (1, x2,1m) :T(acl,xg,n)\fl(iﬁl(acl,acg),fg(xl,a:g),n), T(x1,x2,1n Zn n(x1,2)
n>0

near (z1,z2) = (0,0) such that the completely integrable system (1.1) is transformed into the
Pearcey system (1.2)-(1.3) by the transformation (1.10). That is, if ¥U(x1,z2,7n) is a solution
of (1.1), then W(Z, T, 7) defined by (1.10) is a solution of the Pearcey system (1.2)—(1.3) with
the independent variable (z1,72). Here (Z1(x1,x2),Z2(z1,22)) is a biholomorphic coordinate
transformation near (x1,z2) = (0,0) and T5,(x1,22) (n = 0,1,2,---) are 3 x 3 matrices with

holomorphic entries in D, for some 0 < p < pg satisfying
(1.11) |l < Ca™n!

with some positive constants C and a.

We explain the meaning of the assumptions (ii) and (iii). First, the assumption (ii) (together
with the assumption (i)) means that Py and Q) satisfy a relation similar to the second relation of
(1.3) near (x1,z2) = (0,0). To be more specific, there exist holomorphic functions by (z1, z2) (k =
0,1,2) near (z1,z2) = (0,0) such that

(1.12) Qo = bQ(ZL‘l, :EQ)POQ + b (:L'l, $2)P0 + bg(l‘l, 1‘2)

holds (cf. Lemma 2.2). Furthermore, by using this relation we can verify that the set of turning
points for the completely integrable system (1.1) is given by the zeros of the discriminant (with
respect to &) of the characteristic equation det (§1 — Po(x1,x2)) of Py(z1,x2) (cf. Proposition
2.1). We can also confirm that the assumption (ii) automatically follows from the assumptions
(i) and (iii) by using the compatibility condition. (see Proposition 2.2.) Next, the assumption
(iii) means that the set of turning points for (1.1) is analytically equivalent to the set of turning
points for the Pearcey system {272% + 8z3 = 0} near (x1,22) = (0,0). The claim of the main
theorem is that, under these geometric assumptions, the completely integrable system (1.1) is
transformed into the Pearcey system (1.2)—(1.3) by a WKB theoretic transformation near a
degenerate point where two turning points of different types coalesce. In particular, near such a
degenerate point, the Stokes geometry for (1.1) is analytically equivalent to the Stokes geometry
for the Pearcey system (1.2)—(1.3) by the coordinate transformation (z1(z1,z2), T2(x1,z2)) in
the main theorem.

The WKB theoretic transformation (1.10) is, as a formal transformation, the same as the
one that Wasow [9], [10] used in transforming a system of ordinary differential equations

d -n
(1.13) n- d —WU = P(x,n)¥, P(x,n)= gon P,

into a canonical form. Aoki-Kawai-Takei [2] first used this type of transformations in the frame-
work of the exact WKB analysis, that is, in connection with the Borel resummation method
with respect to the large parameter n. In [2], Aoki-Kawai-Takei considered a WKB theoretic
transformation for a second-order linear ordinary differential equation

(1.14) (dd ~ Q) ) v =0

near a turning point and showed that (1.14) is transformed into the Airy equation near a simple
turning point by a WKB theoretic transformation, such a WKB theoretic transformation acts



analytically on Borel transformed WKB solutions, and that several properties (for example,
the connection formula on Stokes curves) of the Borel sum of WKB solutions can be obtained
by these facts. In this paper, suggested by [8], we employ the WKB theoretic transformation
(1.10) for the analysis of a completely integrable system (1.1) of two variables. In particular, the
estimate (1.11) guarantees that T'(x1,z2,7n) acts analytically on the Borel transform of a WKB
solution W.

The paper is constructed as follows: In Section 2, we explain the precise statement of the
main theorem and discuss a generalization of the main theorem to completely integrable systems
of two variables with m x m matrix coefficients. Furthermore, we give some remarks on the main
theorem in Subsection 2.1. In particular, we show an important property of the set of turning
points and the Stokes surface for (1.1). Lemmas shown in Subsection 2.1 play an important
role throughout the paper. In Subsection 2.2, we give a proof of the generalization of the main
theorem to completely integrable systems with m X m matrix coefficients by using the main
theorem. Then in Section 3 we consider some examples to which the main theorem is applicable.
We discuss the (1,4) hypergeometric system in Subsection 3.1 and the (2,3) hypergeometric
system in Subsection 3.2. In Sections 4 and 5, we give a proof of the main theorem. We
construct a WKB theoretic transformation in Section 4 and prove the estimate (1.11) for it in
Section 5.

The author sincerely thanks Professor Y. Takei, Professor T. Kawai, Professor T. Koike and
Dr. S. Kamimoto for their many valuable advices and encouragements. The author also thanks
Dr. K. Kaneko for his comments on Theorem 4.1.

2 Main theorem

In this section, we first consider the completely integrable system

4 0
g ¥ =P, Pl = > P
(21) 5 n>0
T ¥ = QT Q) = 17" Qu(x
n>0

where P,(z) and Qu(x) are 3 x 3 matrices with holomorphic entries in D, =
{a: = (z1,22) € C?; |z;] < ,00} for some pg > 0 and satisfy an estimate

with some positive constants C' and «. Here we define || Al for a matrix A(z) = (a;;(x))

p1,p2
with holomorphic entries in D,, (0 < p1,p2 < po) as follows:

(2.3) 1ALy, o = sup A,

lz1[<p1,l@2|<p2

(2.4) [A(z)]| = Z jaij(

Note that the system satisfies the compatibility condition

40P _10Q
2. P, L= == =0.
(2.5) PRI g =g =0
As its consequence we have
(26) [P07 QO] = 07



0 0
(2.7) PL, Qo] + [Po. Q1] af;’ - ﬁf —0.

Without loss of generality we may assume that Py and Qg satisfy
(28) tI‘PO == tI‘QQ =0.

In fact, taking the trace of (2.5), we obtain

P 9Q\

In particular, tr (Py(z)dz; + Qo(z)dz2) is a closed one form. Then, by a gauge transformation
U = exp {n ["tr (Py(z)dz1 + Qo(x)dzz) /3} @, (2.1) is transformed into

g (- D g

’]7 =
ox1 3
(2.10)
S AR T N

Our main theorem is the following

Theorem 2.1. Let as(x) and as(x) be holomorphic functions defined by det (&1 — Py(x)) =
€ + as(x)€&1 + as(x). Suppose that az(z) and az(x) satisfy the following conditions:

(i) QQ(O) = a3(0) =0.

., Oag
(ii) 871:1(0) # 0.
da da
(o ©@ 35,
(iii) det Das Das # 0.

92,V 32,0

Then there exist a sufficiently small positive constant 0 < p < pg, holomorphic functions
zi(xz) (1 = 1,2) in D,, and an infinite series of 3 x 3 matrices {Ty,(x)},~, which satisfy the
following properties:

e 71(0) = 72(0) = 0.

o 2(x) = (z1(x),Z2(x)) is a biholomorphic map from D, to T (D,).

o Every entry of T,,(x) is holomorphic in D, and det To(x) # 0 (z € D,).
o T, (z) (n>0) satisfy

(2.11) | Tl < Camn!

with some positive constants C and a.

e By a formal transformation

(2.12) U(w,n) = T(x,n)C(E(x),n), T(x.n) = 0 "Tu(x),
n>0



(2.1) is transformed into the following system of equations:

i G = B, P = 0P,

971 >0
(2.13) - n
s =V =Q@n¥, Q@mn) =Y 1"QuE
n>0

where Po(Z) and Qu(Z) are given as follows:

0 10
(2.14) Pr=| 0 0 1|, P.=0 (n>1),
—F1/4 —72/2 0
~ B o~ 0P o~
(2.15) Q=F+2, Q= 5? Qn=0 (n>2)

?7
Note that the system (2.13) is equivalent to the Pearcey system

<8~3+ 2 o, +477>¢ 0,

(210 FREAY
Tow, 0w )V T

through the transformation

(G
» o ~
» 2 -1_Y
(2.17) ¥ = exp (n?) ! 8%11/)
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We call (2.13) also the Pearcey system in this paper.
We next consider a generalization of Theorem 2.1 to a completely integrable system of two
variables with m x m matrix coefficients:

d
—1
g ¥ =P, Pl = > P
(2.18) P n=0
g = Q) Qe = 0" Qule
n>0

where P,(xz) and Q,(zr) are m x m matrices with holomorphic entries in D,
{z = (z1,22) € C?; |zj| < po} for some pg > 0 and satisfy an estimate

(2.19) 1Pl pg,p0 - 1Qnll 5y pp < C'nl (n = 0)

with some positive constants C and .

Theorem 2.2. Suppose that D(x,&1) = det (& — Po(x)) satisfies the following conditions:
(i)* The equation D(0,£&1) = 0 has a triple root £, that is, & satisfies

oD 0°D oD

(2.20) D(0,¢7) = 96, 7 (0.60) = 351( &) =0, &}

=23 (0,67) #0.



(i) 5 (0.60) #0

9D 9D

6:31 8302

2p 22D |lwea—w0en O
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Then there exist a sufficiently small positive constant 0 < p < pg and an infinite series of mxm

(iii)* det

matrices {1} ()}, which satisfy the following properties:
o Every entry T} (x) is holomorphic in D, and detTi(z) # 0 (x € D,).
o T (z) (n>0) satisfy
(221) T2l < C* ()"

with some positive constants C* and o*.

e By a formal transformation

(2.22) U =T"z,n)T, Tx,n)=> n "I
n>0

(2.18) is transformed into the following system of equations:

(9
—1 __ D% * * —n p*
g = Pram e Pa) 2;77 P
(2.23) P =0
n’lax U* = Q*(z,n)¥*, Q% (x,n)= Z n"Qn(x)

n>0

where PY(x) and QF(x) are block-diagonal matrices

+(1) Wy
(224) i) = (P" . p,t@)(x))’ = (Q " Q#Z)(x))’

Prf(l)(az), ( ) (resp., it ( )s Qn ( )) are 3 x3 matrices (resp., (m—3)x(m—3) ma-
trices), and all coefficients P, Y )( ) and Q ( ) (j=1,2,n=0,1,2,---) are holomorphic
in D, and satisfy an estimate

(2.25) HP;U')H HQ*O H < @) (j=1,2)
PP
with some positive constants C* and &*. Furthermore we have
1 *(2
(2.26)  det (51 —pt )(x)> o)) = 0 det (gl - P )(:c)) o)) 7 O

o The subsystem

a * * * * —n *
n oW = PO e () = P (a

81‘1 >
(2.27) 9 n=0
n‘lafm\l’*(” = QW (z,nu®, @W(zn) => QM (a
n>0

of (2.23) can be transformed into the Pearcey system (2.13) near x = 0 in the sense of
Theorem 2.1.



2.1 Some remarks on Theorem 2.1

In this subsection, we give some remarks on Theorem 2.1. Let us begin with the following
lemmas, which play an important role throughout this paper.

Lemma 2.1. Let ay(x) and as(x) be holomorphic functions defined by det (& — Py(x)) = & +
az(x)&1 + az(x). Suppose that ax(x) and as(x) satisfy the following conditions:

(i) a2(0) = a3(0) =0,

.\ Oag

(ii) 87:1(0) # 0.

Then there exists a 3 x 3 matriz TT(z) which satisfies the following properties:

e Every entry of T'(x) is holomorphic near x = 0 and det T7(0) # 0.

» 0 1 0
. (TT(x)) Bo(@)TT(@)=] o 0 1
—as(z) —az(x) O

Proof. Since Py(0)® = 0 by the assumption, there exists a constant matrix TlT € GL(3;C) such
that (7 1T )P (O)T;r can be expressed as one of the following:

0 00 010 010
Casel: |0 0 0|, Case2: |0 0 0|, Case3: |0 0 1
0 00 000 0 00

Case 1 : Let p;(x) be a C3-valued function defined by (TlT)_lPo(a:)TlT = (p1(x),p2(z), p3(x)).
Then we have p;(0) =0 (i = 1,2,3) and

6&3 . 0
(2.28) gz (0) = — g det ()],
et (Oer _ 9p2 _ 9ps
= — det ( aml(()),o,o) det <0, Pa (0),0) det (o,o, Ds (0))
=0.

This contradicts the assumption.
Case 2 : Let p;(r) be a C3-valued function defined by (Tf)*lPo(x)TlT = (p1(z), p2(x), p3(x)).
Then we have p;(0) =0 (i = 1,3) and

Oas B 0
et (2P _ op2 _ 9ps
= —det <8x1 (O),pg(O),O) det (0, 2, (0),0) det (O,pg(O), O (0))
=0.

This contradicts the assumption.
Hence (T{r)_lPO(O)TlJf must be of the form of Case 3. We next define a 3 x 3 matrix Tg(x)
with holomorphic entries near x = 0 as follows:

(1,0,0)
(2.30) Ti(x) = | (1,0,0)(1}) " Po(2)T}
(1,0,0) (T]) "' Po(x)?T]

8



Since (Tf)_lpo(O)TlT is of the form of Case 3, TJ(O) is the identity matrix. Hence TQT({L‘) is
invertible near x = 0. Furthermore, we have

(2.31) T3 (2)(T)) " Po(2) T = | (1,0,0) <TI1 “1Py(2)*T}

(1,0,0) (1))~ Py(2)T]

= (1,0,0) (T])~* Py(2)?T]

—as(w) (1,0,0) — az() (1,0,0) (T}) "' Ry ()T}
0 1 0

=1 o 0 1|T@).

—az(x) —ag(z) O

Therefore T7(z) = TlTTQJr (x)~! satisfies the properties in Lemma 2.1. O
Using this lemma, we prove

Lemma 2.2. Under the same assumptions in Lemma 2.1, there exist unique holomorphic func-
tions bi(z) (k =0,1,2) near x = 0 such that

(2.32) Qo = ba(x) P + b1 () Py + bo(z).
Proof. Since [Py, Qo] = 0 follows from the compatibility condition, we have the following relation:
(2.33) [(TT)—lpoTT, (TH1QoTt] = (71" [Py, Qo) TT = 0,

where TT = T'(z) is the one given in Lemma 2.1. We denote by by(x) (resp., bi(z), ba(z)) the
(1,1) (resp., (1,2), (1,3)) entry of TT(z)"'Qo(z)T(x) and consider the following matrix

(2.34) (TT) ™ (Qo — ba(x) P§ — b1(x) Py — bo(x)) T'.
For this matrix, we have
(2.35) (T RTH (T (Qo — ba(2) P§ — ba(x) Py — bo(x)) Tq =0,

and the (1,1), (1,2) and (1,3) entries of (2.34) are all zero. Thanks to this fact and Lemma
2.1, the (1,1) (resp., (1,2), (1,3)) entry of the left-hand side of (2.35) is the (2,1) (resp., (2,2),
(2,3)) entry of (2.34), and hence the (2,1), (2,2) and (2,3) entries of (2.34) are all zero. By
the same argument, we can verify that the (3,1), (3,2) and (3, 3) entries of (2.34) are also zero.
Thus we have proved that (2.34) is the zero matrix.

We next prove the uniqueness of bi(x) (k = 0,1,2). If holomorphic functions gk(:n) (k =
0,1,2) near x = 0 satisfy

(2.36) by(2) P2 + by () Py + bo(z) = 0,
then we have
(2.37) [0 ((TT)—lpoTT)2 (@) (TH BT 4 bo(x) = 0.

By the choice of T7(z), the (1,1), (1,2) and (1,3) entries of the left-hand side of (2.37) is given
by bo(z), bi(x) and be(x), respectively. Therefore we have bg(x) = 0 (k = 0,1,2). This means
the uniqueness of by (z) (k =0,1,2). O



Note that, by the definition of as(z) and as(z), Py satisfies the following relation
(2.38) P3 + as(x) Py + as(z) = 0.

Similarly, for P, we have

(2.39) %+%%+ﬂ:

1 0.

We now discuss the Stokes geometry for the system (2.1) near z = 0, using Theorem 2.1.
First, let us recall the definition of a turning point for the system (2.1). Let & ; (i = 1,2,3)
be three roots of the algebraic equation det (& — Py(z)) = & + ao(x)é + az(x) = 0. In
view of Lemma 2.2, we find that by()&5,; + bi(x)€14 + bo(x) is a root of the algebraic equa-
tion of det (£2 — Qo(x)) = 0. By this fact, we label three roots of the algebraic equation
det (£&2 — Qo(x)) = 0 as follows:

(2.40) €0 = ba(2)&F; + bi(x)&a + bo(x) (i =1,2,3).

Definition 2.1. A point ¢ € C? is called a turning point for the system (2.1) if there exist
i, € {1,2,3} (i #1') such that

(2.41) 1,i(c) = &ir(c), &a,i(c) =& u(c).

Proposition 2.1. The set of the turning points of the system (2.1) is explicitly given by
(2.42) {z; 27a3(z)* + das(z)* = 0} .

Proof. By (2.40), the condition (2.41) is equivalent to

(2.43) €ric) = &1 (0).

Hence a turning point for the system (2.1) is a point where the algebraic equation &} + ag ()€1 +
az(r) = 0 has a multiple root, that is, a zero of the discriminant of & + ag(7)&; + ag(x) = 0.
This completes the proof . O

Remark 2.1. Under the assumptions of Theorem 2.1 we find that the set of the turning points
(2.42) is transformed into the set of the turning point of the Pearcey system {z P 2723 + 825 = 0}
by a coordinate transformation z(x) = (4as(x),2as(x)) near x = 0. In particular, the set of the
turning points (2.42) has a cusp at x = 0.

We have the following relations between ay(z) and bg(x) as a consequence of the compatibility
condition.

Lemma 2.3. Suppose that the compatibility condition (2.5) is satisfied. Then ay(x) and by(x)
satisfy the following relations.

0
87 (2b2a2 - 360) = O,

1
(244) % = QbQ% + bl% + 3%a3 + 2%0,2,
8.7}2 8.1‘1 8.7}1 8901 8-731
8(13 b()

= blﬂ +3—1a3 —

87332 N 6951 81‘1 87.%'1&2'

10



Proof. By a transformation ¥ = T7(2)¥T with TT(z) being given by Lemma 2.1, (2.1) is trans-
formed into the following form:

1O gt = Pl mut, Pl = S 0 B@),

" 01 =
_1671'2\IJT = QT(‘T’n)\I’Tv QT(ﬂfﬂl) = ZU_HQIL@?)»
n>0
where
ort
(2.46) PH(a,n) (1) Pl )T o (1) O
1
oTt
(2.47) Q" () =(T) 7' Q(a, T — ™1 (T~ .
2
In particular,
0 1 0 bo b ba
(248) Pg = 0 0 11, er) = | —bsas —boas + by by
—az —as O —biag —boag — bias —boas + by

hold in view of Lemmas 2.1 and 2.2. Since the system (2.1) satisfies the compatibility condition,
the system (2.45) also satisfies the compatibility condition

OPT el
t At 198 19«
In particular, we have
(2.50) [PJ ,Qé] =0,
Pl Q]
1) )i 0o _ Y%o _
(2.51) {Pl’QO} + [PO’QJ + Ory  Oxp 0

For k = 0,1,2, we have

(2.52) w{ (P)* ([P Qb] + [P @l]) }
=u {(B))PLQ} — (P Qbpl} — o { (R PIQ] - (Pl )}
—tr |(R))" P}, Q}] - [P, (R)"Q]]
=0

in view of (2.50). Hence

Pl aQ!
2. trd (POF [ 52 - =20 | ¢ =
( 53) I'{( O) (85[32 81‘1 0
holds for £ = 0,1,2. On the other hand, using (2.48), we obtain by straightforward computations
arl  aQh\| o
(254) tr { (am — 671'1 _871'1 (262&2 — 3b0) y
oP!  aQ! day das das . Obs by
2. plZ0 _~x0 =— — 4+2bg—— +b— — 2——
( 55) tr { 0 (61‘2 61’1 ) } 6932 + 28%‘1 + 161‘1 + 361‘1 3 + 81‘1 @2
oP!  aq! das das O )
2. tr (P2 [ =0 — =<0 =— — 4+ b— — 2a9— (bg — b .
( 56) 1"{( 0) (61‘2 6%1)} a$2+ 13.%1 +363§‘1a3+ a28m1 ( 0 2a2)
Using (2.53), (2.54), (2.55) and (2.56), we obtain (2.44). O

11



Proposition 2.2. The assumption (ii) of Theorem 2.1 follows from the assumptions (i) and
(iii) of Theorem 2.1.

Proof. This proposition is verified by using the compatibility condition for the system (2.1). As
a matter of fact, by the assumption (i) of Theorem 2.1 and (2.44), we find

0 0 0 0 0
S2(0) 52(0) S2(0) 262(0) 52 (0) + b1(0) 522 (0)
1 T2 _ 1 1 T
(2.57) det oa 9a =det oa 9a
3 3 3 3
5 0 520) 5. 0 b (0)5.(0)

— _2b,(0) (ggj’(m)Q.

Hence, using the assumption (iii) of Theorem 2.1, we get the assumption (ii) of Theorem 2.1. [J
Remark 2.2. By Proposition 2.2, the assumptions of Theorem 2.1 is equivalent to

(i) as(0) = as(0) = 0.
6&2 6a2 0

-—(0) -—=(0)
(i) det gz; ; gﬁ; . £0.
70,0 5,0

Remark 2.3. By Remark 2.1, we find that
(1)" a2(0) = a3(0) = 0,

(ii)" {z; 27as(x)? + 4az(z)® = 0} is transformed into {z ; 2723 + 823 = 0} by some coordinate
transformation z : C2 — C2% near x = 0,

are necessary conditions for (i) and (i)’ in Remark 2.2. Furthermore, we can prove that (i)"
and (ii)" are necessary and sufficient conditions for (i) and (ii)'.

We now see that the Stokes geometry for (2.1) is transformed into the Stokes geometry for
the Pearcey system near z = 0 by the coordinate transformation z(x) given by Theorem 2.1.

Lemma 2.4. Let x(x) be the coordinate transformation given by Theorem 2.1. Let 512(55) (1=
1,2,3) be roots of

(25%) dot (&~ Po(@) = (&) + 286+ 2L =0,

and let Egl(f) be roots of det (Eg — @ME)) , that is,

(2.59) 63 = (Bu@) + 2

Then

(2.60)  &pi(z) = El,i(aé(x))gi + Eg,i(f(x))gij, £oi(z) = g,i(f(x))gi + 52”'(5(””))32
satisfy

(2.61) det (&1 — Po(x)) = & + az(2)&1 + as(x) =0, & = ba(x)&] + bi(a)&1 + bo(a).

Conversely, any solution of (2.61) is given by (2.60).

12



Using this lemma, we have

Proposition 2.3. A point c € D, is a turning point of the system (2.1) if and only if (c) is a
turning point of the Pearcey system (2.13).

The proof of Lemma 2.4 and Proposition 2.3 is given in Subsection 4.1.
Finally, we consider the Stokes surface for the system (2.1).

Lemma 2.5. Fori=1,2,3, we have

0 061

2.62 = .
( 0 ) 6$1 61’2

Proof. For simplicity, &1 ; and {2 ; are denoted in the proof by & and &2, respectively. We show
the lemma near a point x € C? which satisfies 3¢ ()% + ag(x) # 0, that is, outside the set of
the turning points for the system.

Taking the partial derivative of & + aa ()€1 + as(z) = 0 with respect to the variable 21 and
T9, we obtain

(2.63) (361 + a2) . TGt =0,
(2.64) (361 + a2) e TGt =0.

Since 3&1(x)? + az(z) # 0, it suffices to prove that (9&/0z1) (x) also satisfies the following
equation

({')52 80,2 8@3
2 —_— —_— —_—
(2.65) (3¢ + as) o + angl + 0.

Using (2.40), (2.63) and Lemma 2.3, we obtain

(2.66)

= (3¢} + a2) {(25251 + b1) gill + gzzlg + 2211517" + gi(i} * giz& - gzz
= (2b2€1 + by) (—ZZ?& - g?;’) + (361 + a2) (ggjﬁ% + gillfl + SZ?) + gzz& + gzz
_ <_2b2§ij _ 22221@2 + 3222) 2 4 <—2bz§ii - b1gz? - 32221% - 22211@ + (%) &1
=0.
[

Note that Lemma 2.5 guarantees that &; ;dz1 + &2 ;dxs is a closed 1-form. Based on this fact,
the Stokes surface for (2.1) is defined as follows:

Definition 2.2. Let ¢ € C? be a turning point which satisfies (2.41). A Stokes surface for the
system (2.1) emanating from x = c is a real 3-dimensional surface defined by

(2.67) g/ {(&14dxy + Ea4dwr) — (&10day + &g 0das) } = 0.

13



By using the coordinate transformation z(z) of Theorem 2.1, we have
Proposition 2.4. Let x¢ be a point in D,. Then we have
T z(z) , -
(2.68) / (&1,idzy + &2 4dxo) = / (51,id51 + 52,1‘0352) .
o z(xo)

In particular, a point x € D, is in the Stokes surface for the system (2.1) if and only if Z(x) is
in the Stokes surface for the Pearcey system (2.13).

Proposition 2.4 is an immediate consequence of Lemma 2.4 and Proposition 2.3.

2.2 Derivation of Theorem 2.2 from Theorem 2.1

In this subsection, we give the proof of Theorem 2.2.
By the assumption (i)* and using the arguments of [9], [10] and [8], we can verify that there
exist a sufficiently small positive constant 0 < p < pg and an infinite series of m x m matrices

{15 () },,> satisfying
e Every entry of T;(z) is holomorphic in D, and det 7§ (z) # 0 (x € D,).
o T (x) (n > 0) satisfy

(2.69) 175 (@), < C* (%) nl

with some positive constants C* and o*.
e By a formal transformation
(2.70) U =Tz, ¥, Tx,n)=> 1 "T)x)
n>0
the first equation of (2.18) is transformed into the following equation:

0

(2.71) 7 e

—U* = P*(z,n)¥*, P*(x,n) Zn_”P*
n>0

where Pr(z) is a block-diagonal matrix

*(1) x
(2.72) Pi(z) = (Pn ) P;@)(x)),

P,f(l)(as) is a 3 x 3 matrix, P (z) is an (m — 3) x (m — 3) matrix, and all coefficients
Pﬁ(l)(az) and P (x) are holomorphic in D, and satisfy an estimate

(2.73) P <@y (=1,2)

with some positive constants C* and a*.

o DO (z,¢)) = det (51 - Pg(”(x)> and D (z, &) = det (51 - p® (az)) satisfy

(2.74) D(z,&) = DW(x,6)DP (x,&),

W)a exy . ODW 92D 9°DM
(2.75) DY(0,&7) = 9%, ——(0,¢&) = 851( 1) =0, %lmfn¢
(2.76) @(0,¢1) # 0.
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(The proof of the estimate (2.73) is provided in [8].)
Furthermore, by using the argument of [8], we also find that the second equation of (2.18)
is transformed by the transformation (2.70) into the following equation:

L0

(2.77) 7 02g

U= Q*a,n)T*, Q(x,n) =Y 1 "Qh()

n>0

where Q7 (x) is a block-diagonal matrix

*(1) 2
.19 Qmw(%()me>

Qz(l)(x) is a 3 x 3 matrix, QZ(Q)(x) is an (m — 3) x (m — 3) matrix, and (by replacing p, C*
and a* if necessary) all coefficients Q,*l(l) () and Q;@) (x) are holomorphic in D, and satisfy an
estimate

< CH@)"n! (j=1,2).

(2.79) ‘

Thus what remains to be proved is the last claim of Theorem 2.2 for the completely integrable

system
- ail v = PO, ®, POy =3 e
(2.80) o -—
,137x2 1) _ Q*(l) (x,n)\l’*(l), Q*(l)(x7 7]) = anan(l)
n>0

Let a}(x) (k = 1,2,3) be holomorphic functions near x = 0 defined by
(2.81) DO (z,61) =det (& — P; V()
=& — &)° +ai(@) (& — &) + a3(@) (& — &) + a3 ().
Then, by (2.75), aj(x) (k = 1,2, 3) satisfy
(2.82) ai(0) = 0.
Using (2.74), (2.75) and (2.81), we have

M 5D
S 0.60) =27 —(0.6) D0, + DV, 6) 7 —(0.60)

_% (2) *
=05 D0,

(2.83)

Hence, by the assumption (ii)* and (2.76), we find

Oa}

(2.84) =~

2(0) # 0.

On the other hand, using (2.74) (2.75), (2.81) and

o*’pM - da
M(O’El) = 8xj(0)’

(2.85)

15



we have

oD 9D daf  da
O0xy O ‘ o ox1 Oxo
9%°D 9%’D (.61)=(0,£) —

2.86 det D®(0,£5)? det
1

dal  Oaj }9610'
8x18§1 8x28§1 8$1 8%2
Hence, by the assumption (iii)* and (2.76), we find
OJajy  Oaj
8%1 8$2
(2.87) det s da o # 0.
8x1 6$2
By using a gauge transformation U*(1) = exp { [P tr ( (x)dxy + QO ( )d:cg) /3} o+

(2.80) is transformed into

+(1)
1.9 g _ <P*(1)($’n) _ W) (1)

8$1 3
(2.88) :
. trQt " (2)
1 * 0 @*(1)'
v <Q Ma,m) = ===
Let a3(x) and aj(z) be holomorphic functions defined by
*(1)
* tr P é ~% ~%
(2.89) det {sl - (PJ”(x) - 3”> } = & + a6 + )
Then we have
ai(x)° ai(z)as(z) | 2ai(x)’

(2.90) a3(e) = as(a) - U2 @) = ajo) -

Hence, by (2.82), (2.84) and (2.87), a3(x) and a}(z) satisfy

3 27

(2.91) a3(0) = @(0) = 0,
o
(2.92) o (0 £0,
oas  oas
8%1 8$2
(2.93) det oy o |0 # 0.
8$1 a$2

That is, (2.88) satisfies the assumptions (i), (ii) and (iii) of Theorem 2.1. Thus the system (2.80)
is transformed into the Pearcey system near x = 0 thanks to Theorem 2.1. This completes the
proof of Theorem 2.2.

3 Examples
3.1 The (1,4) hypergeometric system

Let us consider the following system
;1 0

o

(3.1) 1

n—l(,;; — (Qo(@) + 17 Qu(x)) T,

U = P(2)V,
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22/9 1 0
, 4 2 8 ,
(3.2) P() = 0 2%2/9 1 s Qo = PO — ngP(] + §.CI}1 81$2, Ql
a/3  —x1/3 —4x9/9

0P,
a:L' 1

where « is a complex constant. This system is equivalent to the following holonomic system

0% 2 0% 1 0 «
<83+ 27762+17728—3773>¢:()a

0 0?
- = =0,
<77 O0xa (996%) v
which belongs to the class of the hypergeometric systems of two variables studied in [6]. Note
that (3.3) has the following solution

(3.3)

(3.4) Y= /eXp {n (£ + 2ot + 21t) } " Ldt.

Since the system (3.3) and its solution (3.4) are determined by the partition “(1,4)” of the
natural number 5, we call (3.1) the (1,4) hypergeometric system. In what follows, we assume
a #0.

We first study turning points for the (1,4) hypergeometric system. Let & (resp., &2) be an
eigenvalue of Py (resp., Qo). Then & and & satisfy

(3.5) det (&1 — Po(x)) = & + as(2)&1 + az(z) = 0,
1 4, 16 , 2 a
(3.6) az(x) = 371~ 57%2 az(x) = 75982 ~ 578182 ~ 3,
2 8
(3.7) f =& — $2§1 + 9%~ 8133%

In view of (3.7) we find that a turning point for the (1,4) hypergeometric system is given by a
zero of the discriminant 27ag(x)? +4az(z)? of (3.5). A singular point of the set of turning points
for the (1,4) hypergeometric system is given by

(3.8) az(x) = as(x) =0,
that is,

35/3

(3.9) = <34/3a2/364ﬂﬁ(j1)/37 a1/362wﬁ(j1)/3> —¢ (j=1,2,3).

Furthermore, we have

(3.10) gz?n( ) = 3-4/32/3 ATV =1(j~1)/3 £0,

aag aag

———(¢j) 7(c)

oz dxo 2 (o473 23 amy/=T(j—1)/3
(3.11) det | 501 ol = (3 a2/3¢ ) £0

ale(Cj) 6732(03')

Hence in a sufficiently small neighborhood of z = ¢; (j = 1, 2, 3) the (1,4) hypergeometric system
can be transformed into the Pearcey system.
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3.2 The (2,3) hypergeometric system

Next we consider the following system

02w = (Pya) 40 Pu) 0,

(3.12) 3(9931
—1
=y = 7
T By Qo(7)V,
(3.13)
x1/6 1 0 0 0 0 )
2 2
Bo=| 0 m/6 1 |, Pi=|0 0 0|, Q=—R+ PRt
22/2 )2 —x1/3 0 —1/2 0 2 2 2o

where « is a complex constant. This system is equivalent to the following holonomic system

(83 r 9% —at+nl 5,0 @ 3)11}:07

03 292 T 2 Tan 2

0? 9
(81’183}2 — 1 > 77/) - 07

which belongs also to the class of the hypergeometric systems of two variables studied in [6].

(3.14)

Since (3.14) has the following solution

(3.15) = /exp {17 <t2 + ot + %) } gy

and it is determined by the partition “(2,3)” of the natural number 5, we call (3.12) the (2,3)
hypergeometric system. In what follows, we assume x4 # 0 and a # 0.

Similarly to the preceding subsection we study turning points for the (2,3) hypergeometric
system. Let & (resp., {&) be an eigenvalue of Py (resp., Qo). Then &; and & satisfy

(3.16) det (&, — Py(z)) = & + ao(x)é1 + as(x),
2 3
Ty « Ty axry X2
1 = —— — — —_ — J—
(3.17) @) =-75 -5 @@ =gty o
2 T x2 2
3.18 _ L2 M T .
( ) &2 o & + 325 &1 0ry  3uy

Thanks to (3.18) a turning point for the (2,3) hypergeometric system is given by a zero of the
discriminant 27a3(w)? + 4az(z)? of (3.16). A singular point of the set of turning points for the
(2,3) hypergeometric system is given by

(3.19) az(z) = as(z) =0,
that is,
(3.20) r=+ (\/—6a, %\/—Ga) =y
Since
das o«
(3.21) 871(%) =15 70
9% (0) 2% (cy)
or1 = By | V6«
(3.22) det %(6) %(C) =+ D #0
01‘1 + 83)2 +

hold, in a sufficiently small neighborhood of z = ¢4 the (2,3) hypergeometric system can be
transformed into the Pearcey system.
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4 Construction of the transformation

In this section, we discuss the construction of Z(x) and {T,,(2)},>o. The estimate (2.11) for
T, (z) will be verified in Section 5.
Suppose that the system (2.13) is obtained from (2.1) through the transformation

(4.1) U(z,n) = T(x,n)¥(&(z),n), #(x)= (@1(z), T2(x)), =Y 0 "l

n>0

Then z;(x) (i = 1,2) and T'(x,n) should satisfy the following relation:

T<8x1 +a‘r2Q> lal:PT’

o0x1 ox1 Oxy
(4.2)
8x1 Oy L 0T
r <a$2 + Oz9 Q) Ory QT
that is,
'To %Po ﬂ@o = RyTo,
(4.3) O
' oz 8:(:
Ty ( g 0t 2@0) = QoTo.
" 0Ty = 0Ty ~ T,
(4.4) ;Z:%Tj <3931P"‘J + a:le”‘J> Dy an ]T], (n>1)
. n ~ ~ n =
61'1 ~ 81'2 ~ 8Tn 1
]Z(:)j} <61’2Pn_] + 81/'2@”_]> ZQH —7 ]7

4.1 Construction of the transformation, I

In this subsection, we prove

Proposition 4.1. Let az(x) and az(x) be holomorphic functions defined by det (&1 — Py(x)) =
€ + ag(x)€1 + ag(x). Suppose that as(x) and as(z) satisfy the following conditions:

(i) a2(0) =a3(0) =0,

(i) 520) £0,

8@2 8@2
871(0) 87@(0)
20,
%(0) %(0)
8331 al’g

(iii) det
Then there exist a sufficiently small positive constant 0 < p < pg, holomorphic functions
zi(z) (1 =1,2) in D,, and a 3 x 3 matriz To(x) which satisfy the following properties:
e 71(0) =72(0) = 0.
o 2(x) = (z1(x),x2(x)) is a biholomorphic map from D, to T (D,).

o Every entry of To(x) is holomorphic in D, and det To(x) # 0 (z € D,).
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e By a transformation

(4.5) U(x,n) = To(x)¥(Z(x),n),

(2.1) is transformed into the following form:

i LG = PGS, P =S 0B,

0Ty =
(46) 8 . . . . TL_O .
gV = Q@ MY, Q@) =D " Qu(@),
n>0
where
0 1 0 .
(4.7) Py = 0 0o 1|, Q=P+ 32

—T /4 —T9/2 0

Here ﬁn(x) and @n(x) are 3 x 3 matrices with holomorphic entries in D, and satisfy an
estimate

<Ca™! (n>0)
p.p

(4.8) ‘ B,

a

7
p.p
with some positive constants C' and .

Since the system (4.6) is obtained from (2.1) through the transformation (4.5), z;(x) (i = 1,2)
and Ty(z) should satisty the following relations:

Ty %ﬁﬁ-%@ "‘77_1% = PTy,
(4 9) 81‘1 8951 8x1
' 071 ~ Oxg ~ _10Tp
T, (S p 4 912 P20 _ gry
0 (aZCQ + a$2 Q> +n 81‘2 Q 0y
that is,
( 0T ~ OTo ~
T (22 PB + ﬂ@o = PyTo,
(4.10) Oy Oy
| T (2R 855@ = QoT
0 81’2 0 ) ) 0] — Y010,
( 011 ~ 0T9 ~ oT;
T (2P 2 Q1)+ =2 =PTy,
(4 11) 6931 15) 1 le
' 011 ~ 0T9 ~ oTy
To (8372 94 Ql) + G @17,
( T~ To ~
T <8”’1P 0r Qn> — P,
(4.12) el (n>2)
011 ~ 079 ~ -
TO Pn Qn = QnT()a
\ 8-732 0 2

We first show
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Lemma 4.1. z;(x) (i = 1,2) satisfy the following system of nonlinear partial differential equa-
tions:
(4.13)
(72 <a@>2 3_ 0% 0Ty o (aafl

2
P — _—y—— - = —= =0
12 61‘1 4:L‘1 8.1:1 833‘1 2 8.%‘1) + a2 (:L‘) ’

B (05, H (05§ (05 BRE (061 B (0) 05,
16 8331 108 81‘1 4 8331 8 8561 6901 6 8$1 81‘1 3 ’
071 To 071072 Ty (0 071

0T 071\> | T (0727 0%
a@—b“”{(am) +6(axl> oG

Proof. 1t follows from (4.7) and the first equation of (4.10) that

0T9 ~ 0Ty To 0%
4.14 PTy=Ty | =2P2+ 22 py 4 2222
( ) 0Lo 0<a 0+8x1 0+36x1)

It follows from this relation, (2.38) and (2.39) that

(4.15)

0= (Pg’ + ag(x)Po + ag(x)) To

—To <81‘2 P2 8:’51 ﬁ :fg 8'@) (81‘2 2 81‘1 :’ng 8'952

9T p 12 2 01 T
R R W P +3ax>+“3($)°

B (05" 3y 001 (032\' T (001\'0% 0% 5

12 8.151 4 181’1 8%1 2 8%1 8%1 @2 8331 0
Bom (98:\* 3. (00 \10h B (0B 0%

+ {12 8x1 (83:1) 43?1 <8.CE1 8x1 2 8%1 + a2(m)8x1 PO

2B = 797N\ e 95 [0\ 2 = a5
g 02\" &1 (0T " IaTp 0 (0%, T 0%
+{<16 + ) (81‘1) 4 (6:1:1) 8 Oz (8%1 +a2<m) 3 0z +a3(x) )

Hence, by the same reasoning as in the proof of Lemma 2.2, we get

0%y [ 32 (0T2\? 3. 07,070 Ty (0F1\° B
(4.16) 81:1 {12 (81‘1) B 4x18x1 0xy 2 ox1 taz(@) ¢ =0,
0% [ 32 (0T2\? 3. 0%, 0T2 Ty (0F1\° B
(4.17) Py {1 (ax) ~ 1m0 2 \am ) T@ (=0
727 ~\3 = 97 =0\ 2 T OF
G 02\ 1 (0:1\" 0¥, 0%, (0%, 2 0T _
(4'18) < ) (a.rl) 4 <al‘1> 8 8.%‘1 <8l‘1 +a2($) 3 8.%‘1 +a3($> =0

Here, if (071/0x1) (0) and (0T2/0x1) (0) simultaneously vanish, then we have (Jas/0z1)(0) = 0
by the assumption a3(0) = 0 and (4.18). This contradicts the assumption (dag/dx1) (0) # 0,
that is, (071/0z1) # 0 or (0Z2/0x1) # 0 holds near z = 0. Hence we get the first equation of
(4.13) by (4.16) and (4.17). Furthermore, using the first equation of (4.13) and (4.18), we obtain
the second equation of (4.13).

Next, using (2.32), (2.39) and (4.14), we obtain

(4.19)
QoTo = (ba(z)P§ + bi(z) Py + bo(z)) T
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_ 0%9 ~o 071 ~ To 0To 2 0%Tg ~o 071 ~ To 079
_bg(a:)To <81‘1P0 + aixlpo + 38331) + b1($)T0 (8%1 0 By 3 01y
1 (

07\ Ty (0722 0%

T9 071 0Ty 71 [072\2 07

by () {_381‘161’1 1 (8:1:1> } +b1(x)8761
~9 ~ 2 ~ ~ ~ ~ ~
Ty (072" 31 051 0%z T2 0T

bg(l‘) { 9 (31'1) 2 al’l 6::31 } + bl(x) 3 61'1 + bo(l‘) ’

On the other hand, the left-hand side of this equation can be expressed as

Py

+

Oy ~y  OT1~  Tp 0%
4.2 To=1Ty | =—F, — P+ ==
( O) QO 0 0 (6.%2 0 * 8:1@2 0 + 3 (9.%2)

in view of (4.7) and the second equation of (4.10). Hence, we get

07 071\2 Ty (0722 07
4.21 gtz _ gr1 T2 (0% 0z
( ) 8.732 bQ(x){<8x1> + 6 <69c1) +b1(w)8x1’
071 To OT1 000 T (0T 071
4.22 it et Sl Rt N (it o
( ) 8.732 bg(l’) { 3 3331 8.%'1 4 (81‘1) } + bl (J:‘) Ba;l’
(4'23) 3 6352 _b2(x){ 9 (81’1 2 8.%'1 81’1 + bl(x) 3 8.%'1 + bo(l’)

Thus we get the third and the fourth equations of (4.13).
Finally, we show that (4.23) follows from (4.13). Using the fourth equation of (4.13), we find
that (4.23) is equivalent to

~9 ~ N2 ~ ax a~ ~ ~ \ 2
Ty (0T2\° _ 7107107y Ty (01 _
(4'24) b2(m) {18 <69:1) 2 8.731 6951 3 <81‘1 + bo(l‘) =0

On the other hand, Lemmas 2.1 and 2.2 imply

(4.25) 0 =trQp
=tr (ba(2) Py + b1 (2) Py + bo(0))

=tr [bQ(x) {(TT )_1P0TT}2 + b1 (2)(TH P TT + bo(O)]
= — 2bs(x)ag(x) + 3bo(z).

Hence (4.24) is equivalent also to

~9 ~ N2 ~ o~ o~ ~ ~ \ 2
z3 0o B ﬁaxl 0o Ty 011 2 B
(4‘26) bg(l’) { 18 (81131) 2 8:]01 8$1 3 <8$1 + 3@2(%) =0

This relation exactly coincides with the first equation of (4.13). O

In what follows we discuss the existence of a holomorphic solution (z1(z),z2(z)) of (4.13)
near x = 0.

Let F' (resp., G) denote the left-hand side of the first (resp., second) equation of (4.13). Then
we can first prove the following
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Lemma 4.2. Let us consider a system of ordinary differential equations

F =0,
(4.27) { am0 0

‘1‘2:0
obtained by restricting ' =0 and G = 0 to x9 = 0. Then this system has a holomorphic solution
(z1(21,0),72(1,0)) near x1 = 0 satisfying

8.@1

(4.28) 71(0) =0, Z2(0)=0, Z—(0)
Z1

£0.

In the proof of this lemma we use the following Briot-Bouquet type theorem for a system of
ordinary differential equations verified by Kaneko and Ohyama ([5]).

Theorem 4.1. Let h(t,u,v) and k(t,u,v) be holomorphic functions near (t,u,v) = 0 satisfying
e 1(0) =Ek(0)=0.

e For any non-negative integer n,

oh Oh
5,0 —5,0)

ok ok
—%(0) n-— %(O)

(4.29) det £0.

Then the system of ordinary differential equations

du

h(t7 u7 v)?
(4.30) fllt
Y k(t,u,0)
dt ) M

has a holomorphic solution (u(t),v(t)) near t =0 satisfying u(0) = v(0) = 0.
Proof of Lemma 4.2. Let Y (z1), Y (21), Z(21) and Z(z1) be holomorphic functions defined by

(4.31) Til, =Y =a1Y, T, =Z=uZ.
By the assumption a(0) = a3(0) = 0, ag‘ , and ag} , can be expressed as follows:
(4.32) m 0 Zag nTl, a3 m 0 ZCLg nTl.
n>1 n>1
Using these symbols, we can write (4.27) as
(4.33)
~ = 1~ 3=
f(x1,Y,Z,Y1,2)) :=— 5Zyl ~ Yz + 122221 +) agna Tt =0,
n>1
~ = 1~ 1 5 Tl
Y, Z, Y1, Z1) = — -YYP + L2222, + Y I 2P+ Y22 + Z3Z !
9(z1,Y,Z, Y1, Z1) it it 21+ 11+16 1% 708 1+T;a3nfv
-0,

where Y1 = dY/dxy and Zy = dZ/dx;.
First, by the assumption (Jaz/0x1) (0) = asz1 # 0, a solution of

(4.34) {f(O,p, ¢,p,q) =0,

9(0,p,¢,p,q) =0
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is given by

2a9,1
(4.35) p= (40,3,1)1/4 #0, ¢g=—"-5.
5) (a371)1/2

Using this fact, we have

of  of

oY, 07, o _ 9.5
(4.36) det g g |00, 2020 pama) = 6P 7O

oY1, 073

Then, thanks to the implicit function theorem, we can rewrite (4.33) as

(437) {Y1 = H(z1,Y, 2),

Zl :K(xlv?ag)

with some holomorphic functions H (1, }7, 2), K(a:l,l?, Z) near (z, }7, 2) = (0,p,q). Introduc-
ing new unknown functions Y =Y — p and Z = Z — ¢, we further rewrite (4.37) as

~

dy N N N PN PPN
r1— =H(x1,p+Y,q+2Z)—p—-Y = H(x1,Y,2),
da:l
(4.38) 17
.’El%:K(xl,p+?,q+/Z\>_q_/Z\: [?(37171/}72)’
1

where ﬁ(wl, }A/, 2) and I?(xl, )A/, 2) are holomorphic functions near (z1, }7, 2) = 0. Substituting
these relations into (4.33), we have

(4.39)

OH

2q oK
— 0)=—-—— —
)4

H(0) =0, == =
©) VA

4  OH . oK
0)=-3, —= —

5
50 =0 KO=0 "= (0) = -3

This condition means that (4.38) satisfies the assumptions of Theorem 4.1. Hence, applying
Theorem 4.1, we find that (4.38) has a holomorphic solution (?(ml),Z(m)) with Y(0) =

Z(0) = 0, that is, (4.27) has a holomorphic solution (%1 (z1,0),%2(x1,0)) near z; = 0. The
construction of the solution also verifies

(4.40) T1(21,0) =21 (p+ O(x1)),  Ta(21,0) = 21 (¢ + O(a1)) ,
that is, (4.28) holds. O
For this solution (71 (x1,0),Z2(x1,0)), we have

Lemma 4.3. Let (z1(21,0),Z2(x1,0)) be the holomorphic solution of (4.27) near x1 = 0 obtained
in Lemma 4.2. Then the following initial value problem

(07, Ty OT) 0Ty T (0T 07

(4.41) 0%y 071\ T [(072\° 04
Tm_b2($) 87331 +F (971'1 +b1(x)87$17

5z"mZ:O :fi(.ﬁl,O), (2: 172)

\

has a holomorphic solution near x = 0.
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This lemma is an immediate consequence of the Cauchy-Kowalevski theorem.
Lemma 4.4. The holomorphic solution (z1(x),Z2(x)) given by Lemma 4.3 satisfies
(4.42) F=G=0.

Proof. For simplicity, in this proof F' } (F1.72)= (31 () T () and G’ (F1.52)= (@1 () Fa () 2L€ denoted by

F and G, respectively. We prove that F' and G satisfy the following system of partial differential

equations
F F
OF o5, 06 3, 28 30y g
(4 43) 6$2 ox I ox I (91'1 8 I
’ 0G 0G 1 0 oby 2 Oby
=b -b F—-2 — ——F(F -2
9y~ Dgmy T 3%y, I~ 20) 435 0G5 F(F — 2az).

Using the definition of F' and G, we have

(4.44)
O (g gy =T (0EN 5 (BN ORI (3. 0F o 0E) O
O Y716 \om 4\ dzx, ) O 4 0r Pon ) 022
BT 3 0T\ IT,
6 Ox; 1" Yo, Ox?’
(4.45)
0 fl 61’1 8302 (91'2 1 851 4 11 8%1 2 852 2
— (G —ag) =4 L ) r=m () (22
8.7}1 4 61’1 01'1 8%’1 4 8.7}1 24 (9%'1 8$1
3_ (07 1%y (072\° 7207, 0%y | 0%7
+{_ xl(am) T3 (axl) * 3 On, 0m1 [ 02
3~2 652 (9:62 .1‘11‘2 8.1‘1 61’2 le 8252
+{16%1 (axl) 3 <8331> + 4 Bx, 0x1 + e 6 (axl) } oz’
(4.46)
O g gy (L30T0TY 01 [T (052" 1 (031)*) 07
8902 “2) = 481‘1 81’1 8952 6 8901 2 3$1 81’2
(35 0% O _Oh 303 3. Om\ 0°F
43318 T 281‘1 33318.%’2 6 8951 4 81’1 63318.%’2’

0 gy = [T (0N 1 (00 B0m (032)*) 0
81‘2 3 8 8951 81‘1 8 81'1 8([31 31'2
7 @g :m@19@2+@f@12@39@
36 6$1 8 a$1 8%1 3 3:61 8$1 (91’2
. w12+%@ 0m\* | B OE 05| 0Ty
4 8951 8 81‘1 3 83:1 81‘1 8$1al‘2
4 1 6162 2 + 8332 + 1'1172 81'1 afﬁg + 61’1 2 6252 .
16 81‘1 83:1 4 a$1 81‘1 6 81‘1 63:18:32

Here, by (4.41), we find
(4.48)

O o[ 30mom B (08
8x18x2 _8331 o 3 83?1 axl 4 81‘1
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To 079 0% T 0%, (0T2\° To 0% 0%Fy Ty 070 0%To
Fhple){-2ERETL SO (PR IRy IRl
3 Oz Oxf 12 0x1 \ Oz 3 Oxq Oxy 2 0z Oxy
861 651 62§1
871‘1(:17)6751 1(1‘)7&6% )
(4.49)
9~ ~\2 ~ ~ \ 2 ~ a2 ~ o\ 3
0“9 8b2() % +2 % + bo(a) 2%83021_‘_1 % To 0To 0%Fo
0x10x2 Oz 0x1 6 \ Oz O0xy Oxy 6 \ Oz 3 axl 83:1
oby , 0Ty *To
Then, using these relations, we can confirm by a straightforward computation that
(4.50)
0 Oba oby
— (F — — 2by— (G — —by— (F — —-3—= — —2—(F — =
Dg (F' = a2) 290 (G —a3) ' (F —az) =35 o (G —as) =25 o (F'—a2) =0,
0 0 1. 0 9 0by 2 Oby 9
— (G — —-b G — —=b F— -3— (G — ———(F — =0.
8%2 ( ag) 18 X1 ( a3) 3 28 X1 ( a2) 8.731 ( ag) 381’1 ( aQ)

In view of (2.44) and (4.25), (4.43) immediately follows from (4.50).
On the other hand, by the construction of (z1(x), z:

(4.51) F{m =0~ G}SCQ =0~

2(x)), F and G satisfy

Hence, by the uniqueness of solutions for the initial value problem (4.43) and (4.51), we obtain

(4.42).

We have thus confirmed that the system (4.13) has a holomorphic solution (z(z),

near x = 0. This solution has the following properties.

O
Ta(x))

Lemma 4.5. Let (z1(x),z2(x)) be the solution given by the above argument. Then (z1(x),ZT2(x))

satisfies
e 71(0) =22(0) =0.

e The Jacobian

81‘1 8:]51

> () —(x)
(4.52) T3 (z) = det Sﬁ; giz
8751(93) 87@(95)
of Z(x) = (z1(x), Z2(x)) is non-zero near x = 0.

Proof. By Lemma 2.3 and the assumption as(0) = a3(0) = 0, we find

8@2

(0)

0 0 0 o
G0 (0 22 0) 2by(0) 2 (0) + bu (0) S22 (0)
(4.53) det Oy Oy —det Oy 0y 0z
| % 0) 9% o) 093 ) bi(0) 2%
di Oy 81‘1 0x1
dag 2

Hence, using the assumptions of Proposition 4.1, we get

(4.54) ba(0) £ 0.
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It follows from the third and the fourth equations of (4.13) and (4.28) that

. gi; (0) =b3(0) {_52250) gi (O)gg (0) - Elio) (22@)2} +bl(0)gi(0)
()52 0)

(4.56) giz(m —by(0) {(gzi(@y - %Qéo) (gii(@)z} + 61(0>gii(0>
=b,(0) <gii(0)> 2 +b1(0 )gij (0).

We thus obtain

(4.57) |/ (0) = b2(0) (gfi(o)):ﬂ 70,

that is, |J3| () is non-zero near z = 0. -

Next, we construct 7p(x) which satisfies (4.10).
Lemma 4.6. There exists a 3 x 3 matriz To(xz) with holomorphic entries which is invertible

near x = 0 and satisfies

(4.58) T, (‘9:”1 Ot

AP+ 222Q0 | = PyTo.
al0 8x1Q0> 010

Proof. Using (2.39), (4.7) and the first and the second equations of (4.13), we have

(4.59) (axlpo 0T, Qo) + az(x) <8x1 &CQ Q0> + az()

0 I 0 4o
07 OF1 ~ T2 072\° 0Ty ~, 0Ty ~  To 079
(aleo 8x1P°+38xl> + as(x )(a 1POJra—P 3 B >—|—a3( )
~ 3 ~ ~ 2
_J3 (03,7 8. 0B (0%:\" _ % (03" 0% 072\ po
_{12 <aﬂ£’1> 4l‘1 8$1 <6$1 2 a$1 3:61 +a2($)8 P
L[Bom (0m)\t 3. (0m\om T P5) ) 22
12 8901 81‘1 4$1 8%1 8IE1 2 81'1
N x§+:§§ 0%\ F (0T FTiE 031 (0% az(@) - 4s(2)
27 (9331 4 6951 8 81‘1 8$1 3
=0.

Then, by the same argument as in the proof of Lemma 2.1, we can find a 3 x 3 invertible matrix

T (z) with holomorphic entries near z = 0 which satisfies

_ 0 1 0
(4.60) (T (g Py +Q0> 0 0 1
1 —ag3 —ay O

If we set Ty(z) = T (2)T1(2) !, where TT(z) is a 3 x 3 matrix given in Lemma 2.1, Ty () satisfies

the properties of this lemma. O

Furthermore, we have
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Lemma 4.7.

OF1 ~ 0%~ \
(4.61) To <8x2P0 + 81:2Q0> = QoTp.

Proof. Using (2.32), (2.39), (4.7), the third and the fourth equations of (4.13), (4.14) and (4.23),
we obtain

(4.62)

QoTo
= (b2(2) P + ba() Po + bo()) To

B 0%y =~y 01~ T2 072\’ 0%y ~y  OF1~  To 07

_bg(x)T() <8x1P0 +87[L‘1P0+ .T> +b1(fL’)T{) <$1P0 +71P0+771 +b0($)T0

. 6%1 2 .?l?g 8%2 2 an

_T(] ( bZ(l‘) { <6£L’1> + F <8£I}1> + bl(x)aixl
To 0T 0F2 Ty (0T2)\° 07

~2 ~ N2 ~ a~ a~ -
Ty (0%2\"_ 1107073 | bi(@) o OFp
b2(96){ 9 <83:1> 5 9y D1 } + 3 x26m1 + bo(x)

81}2 0 3 81’2
0r1 5 013
=To | 7—F
0 <833‘2 0 O QO)

Using these lemmas, we now prove Proposition 4.1.

Proof of Proposition 4.1. Let (Z1(x),Z2(z)) be a holomorphic solution of (4.13) constructed in
Lemmas 4.2, 4.3, 4.4 and 4.5, and let Tp(x) be a 3 x 3 invertible matrix with holomorphic entries
given in Lemmas 4.6 and 4.7. Let us define 3 x 3 matrices P,(z) and Qn(z) by

5 (et 9% (o OT) 0Fs (o 0T
) P = (|Jz| To) {8x2 PiTy 9z, )~ Q1 To 925 ) [
- < foR _ I 0 _ %
Q1 = (|Jz| To) {83:1 (QITO 8352) D0 <P1To 8351) },
f)n = (| To)i1 (61'2Pn - anQQn> T,
(4.64) %3;32 6(;2 (n22).
~ Sy -1(971  On1
Qn = (’Jx‘TO) <8x1Qn a$2pn> T07

\

Then there exists a positive constant p > 0 such that all the required properties in Proposition
4.1 except for the estimate (4.8) are satisfied.

We finally prove the estimate (4.8). Since (07;/0x;) () (i,7 = 1,2), To(x), (|J5] (2)To(z)) ",
Pi(x) (i = 0,1) and Q;(z) (i = 0,1) are holomorphic in D,, we have

< Ot
8.%']' =C

Psp

157; ) @2

(4.65) ‘
050

T, J=| Ty —1H
p7p7 H Hp7p7 (’ $‘ ) p}p?
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with some positive constant C'f. Here we define |f|
(0 < p1,p2 < po) as follows:

p1.p» fOr @ holomorphic function f(z) in D,

(4.66) flpypy = sup |f(2)].

lz1|<p1,|z2|<p2

Then, if we define positive constants C and & by
~ 3

(4.67) C:max{cT, 2(0*) c}, & = max {1, a},
the estimate (4.8) does really hold. In fact,
(4.68) 2| || <cr<e

PP PP
o Al Jal] <ot <n

PP PP
trivially hold and it follows from (4.64) that

(4.70) ‘ P (CT>3 Ca™n! < Ca"n!

@] <2
PP PP

for n > 2. ]
Finally, we prove Lemma 2.4 and Proposition 2.3 by using the construction of z(z).

Proof of Lemma 2.4. For simplicity, &1i(x), &2.i(z), 511(35) and 521(5) are denoted by &;(z),
&(z), £1(%) and & (), respectively. Combining (2.58), (2.59) and (2.60) with (4.13), (4.18) and
(4.23), we have

(4.71) &i(2)* + ag(2)é1(x) + az(z)
~{a@ >>§+(§1 ) oy Bl
+aro) {GE) 52 + (6@ ) L 20 o)
{2 (%)'- % ) () e §ii}< )’
AT () - () 5 -5 () s i e
AGRE) G e <2ii> i <>}
(4-72):2;(36)61 (2)* 4 bi(z)&1(x) + bo(x)

hy(a) {gl(g(x))gi NEEO) gii N @gii}z

2 8%2 1‘2 8352

) {EEGE + (GEw) 2+ 25 ni)
— |bo(2) { (gi)z + % <gii>2} + bl(a:)gif] (é(f(a;)))2
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~ ~ ~ ~ ~ 2
+ b<x>{_3gg§-z(g) }+b< )8‘””1]51< @)
2 (0%,\? T 0%, 0% z) . 0F
+ b2(:6){92(ng> ;g;g;}+blé )@gﬁwo(:ﬂ)]
=22 (6@) + @) + 222
=S ) + Sl a)
=&2(x)

Proof of Proposition 2.3. Using (2.60), we have

(4.73) (i) = & (@), ai(w) — Ea0(2))
I O 1
= (6143 ~ (30, s B0)) ~ Bt | S22 522
1 x2

Hence, by the definition of turning points and Lemma 4.5, we immediately obtain Proposition

2.3. O

4.2 Construction of the transformation, II

As a consequence of the argument of the previous subsection, we may assume that the completely
integrable system in question has the following form

0
-1
pr —V = P(z,n)¥, P(z,n) = z;n
(4.74) n20
1w = Q) Q) = S
6.%'2 n
n>0
Here
0 1 0 .
(4.75) Py = 0 0 1|, Q=r2+=2

3
—x1/4 —x2/2 0

and P,(x) and @, (x) are 3 x 3 matrices with holomorphic entries in D, satisfying an estimate
(4.76) 1Pnll g, po + [@nll py pp < Cd™nl (1> 0)

with some positive constants C and .
In this subsection, we prove

Proposition 4.2. There exist a sufficiently small positive constant 0 < p < pg and 3x3 matrices
To(z), Th(x) which satisfy the following properties:

o Every entry of To(x) and Th(x) is holomorphic in D, and det Ty(z) # 0 (x € D,).
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e By a transformation
(4.77) U(x,n) = T(z,n)¥(z,n), T(z,n) = To(x) + 1 "Ti(x),

(4.74) is transformed into the following form:

i\I/ P(a: 17)\1/ P(z ,n) Zn_”P

o0x1 >0
(4.78) L0~ "
N g V= Q¥ Q@) =3 0" Qnle
n>0
where
~ ~ ~ ~ 0P,
(4.79) Py=Py, Pi=0, Qo=PFF+ 2 =5
3 oz’

and ]5,1(3:) and @n(x) are 3 X 3 matrices with holomorphic entries in D, satisfying an
estimate

(4.80) ‘ﬁ < Camn!  (n>0)

with some positive constants C and a.

Since the system (4.78) is obtained from (4.74) through the transformation (4.77), T'(x,n)
should satisfy the following relation:

L aT

Tﬁ+n‘5—<:Pﬂ
(4.81) N o7
TQ +nt = QT,
0o
that is,
(4.82) {w@ﬂﬂzo’
[Qo, To] = 0,
( oT,
[P, T = 670 — Py,
(4.83) oT, . op
T T T2 — T
[Qo, 1] = 92 T D Q1 70,
WT
81+%&—&R—Hﬂ_0
(4.84) 1
oT dP,
L ThQo — QoTh + T =2 — Q1T =0,
\ 029 ox1
(485) {ToPn — P,Ty+ TP,y — Py 1Ty =0, n>3)
ToQn — QnTo +T1Qn—1 — Qn_1T1 =0, B

First, by [Ty, Po] = 0 and the same argument as in the proof of Lemma 2.2, we find that
To(z) is of the form

(4.86) Ty = co2(x) By + co1(z) Py + coo(x)

with some holomorphic functions ¢ (z) (kK = 0,1,2) near x = 0. Note that Tp(x) then auto-
matically satisfies [Ty, Qo] = 0 since [Py, Qo] = 0.
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We next consider

o7
[Py, Th] = = _PTy=F,
(4.87) %} op
[Qo,T1) = LT =2 — QT =: B
833‘2 8331

For this system, we have

Lemma 4.8. If F| and Fy satisfy

?Mﬂﬂﬂzo (k=0,1,2),

(4.88)
Fy = Pyl + F1 P,

then the system (4.87) has a solution T;.

Proof. Let T (z) be a 3 x 3 matrix with holomorphic entries near x = 0 defined by

0 00
(4.89) T\ =AF, + A2F,Py, A=|1 0 0],
0 10
then, by the explicit calculation of matrix entries, we find
0 0 0
(4.90) [Py, Th] = F1 — 0 0 0

X
uﬂw@+§mﬂ)mm%)um)

Hence, using tr (F1P}) = 0 (k= 0,1,2), we find that T} (z) satisfies the first equation of (4.87).
Furthermore, using Fo = PyF} + F1 Py, we obtain

(4.91) [Qo, Th] = [P, T]
=PyT\ — T\ P}
=Py [Po, Th] + [Po, T1] Py
=PoF1 + F1 Py
=F5.

O]

In what follows, we try to determine the matrix Ty of the form (4.86) so that the relations
(4.88) may be satisfied.
Sublemma 4.1. There exist holomorphic functions di(x) (k = 0,1,2) near x = 0 which satisfy
ory
61‘1

Proof. Using the compatibility condition of the system (4.74) and the explicit form of Py and
Qo, we have

(4.92) Q1 — — PyP1 — PPy = da() P§ + dy (2) Py + do ().

0P, 0P,
(493) P(],Ql _ 0 (POP1 + Plp()) = | Py, Ql S [P(),P()Pl + Plpo]
8951 81’1
ory  0Qo
[P0, Q1] + Ds Oy [Qo, 1]
=0.
Then, by the same argument as in the proof of Lemma 2.2, we get (4.92). O
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Using this sublemma, we find

Lemma 4.9. The relation (4.88) implies that (coo(x),co1(x),co2(x)) satisfies the following
system of partial differential equations:

(4.94)
0,0 €0,0
(321 + 42y PY) ail co | = {diag (0,—1,—2) + z1eq(x) — dea(2) Py — der (@) P2} | cos |
0,2 0,2
o €0,0 . o €0,0 - €0,0
o, | 01| T 2F, oz, | 0 + (do(%) P5 + di(x) Py + do()) con | >
€0,2 €0,2 €0,2

where AT designates the transposed matriz of A, diag (a1, as,a3) is a diagonal matriz whose
(i,1) entry is a;, and ex(z) = tr (PLPY) (k= 0,1,2). Conversely, if (coo(z),co1(z),co2(x)) is
a holomorphic solution of (4.94), then the relation (4.88) holds.

Proof. First, we consider

(4.95) tr <F1Pé“) =0 (k=0,1,2).
By the explicit form of Py, we have
(4.96)
GPO 6P0 8PO 1
Py) =0, tr(P?)=- tr( =— | = Py— | = tr( P=—— ) = —=.
tr (Py) =0, r( 0) Zo, r<8x1) 0, tr( 03:U1> 0, r< v 1
It follows from these relations that
(4.97)
0 0
tr (F1) = — 29 ;;)’12 +3 86210 — ea(z)co2 — e1(z)co1 — eo()co 0,
(4.98)
0 0 1
tr (F1Py) = — %xl aca(c)f — 8C£11 — (2 — %el(x) — Zleo(x)> co2 — ea(x)co 1 — e1(x)cop,
(4.99)
.7}2 800 2 3 800 1 800 0
tr (FP3) =2 -- = — 2
1“( ! 0) 2 8.171 4$1 83)1 2 8.%‘1

- (-Fesl@) - Fer(@)) o - (}l - Feil) - jle()(x)) co = e2(7)coo-

If we multiply (4.97) (resp., (4.98), (4.99)) by x1 (resp., (—4), (—4)), we get the first equation
of (4.94).

Next, we consider
(4.100) Fy = By + F1 By.

Using (4.92), we find that this relation is equivalent to

(4.101)

Ty opF, oly, JTy oF,

— Ty, — | — Pp— — —Fy = F Ty — —Ty | — Py (F: PiTy) — (F; PiTy) P,
pr [0,(%1] 0 g B 0 <2+Q1 0~ By 0> o (F1 + PiTo) — (Fi + PiTy) Py

OP,
= (Q1 - Y _ PP — PlPo) T,
Tl
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= (dg(a?)POQ + dl(fL‘)Po + do(ZL‘)) To.
Note that
(4.102) — —2—PF =

holds by the explicit form of Py. Hence, as

T

(4.103) P34+ 2P+ 0
2 4
holds, the left-hand side of (4.101) becomes
(4.104)
oTy 0P, oTy, 0Ty
T0 |, 20— p2te %op
8%2 + |: 0 6951} 083:1 (‘9:1:1 0
Oco2  ,0c01\ 2 Oco 1 Oco2  ,0co0 Ocoo | w1 0cp2
—(Zh2 %) p ’ 2 _ 900 ) p 04 B0,
( 8.%'2 8a:1 ) 0 + 83?2 T2 8951 8951 0 + 81‘2 + 2 8901
0P, oF, 0P, 0P, 0P, 0P,
T 2% 0p )\ Py (S0 290 T %0 p
+ 0072(1:) { <8$2 8.%‘1 0> 0 * 0 <a$2 61‘1 O> } + Co’l(x) (833‘2 8331 0)
Oco2  ,0c01\ 2 Oco 1 Oco2 ,0co0 Ocoo | w1 0co2
— (S0 o0l p ’ 2 _ %00 p 0 TLT02)
( 0xo o0x1 > ot 0xo + a2 ox1 0z o+ 0xo + 2 Oz

On the other hand, in view of (4.103), we can rewrite the right-hand side of (4.101) as
(4.105) (do(x)P§ + di(2) Py + do(z)) Tt
x
={ (do(@) = S da()) o2 + dr(@)co. + da(@)coo | P
x x x
+{(-Fdi(@) = Tda(@)) coz + (dox) = T da(a) ) o1 + di(x)eo0 ) Po
x x
+ {(_Zldl ($)> co2 + (—ZldQ(ZU)) co,1 + do(l’)C(),o} .

Comparing (4.104) and (4.105), we obtain

dc oc x
(106) 02— 270 — (dy(w) ~ To(a) ) eoz + da(w)co + da(w)eng.
(4.107)
Ocor | 02 900 (—ﬁd () — 24 (x)) coo + (d (z) — 24 (x)) co1 + di(z)c
8.%’2 2 8.1'1 aCCl 2 1 4 2 0,2 0 2 2 0,1 1 0,0

0 0
(4.108) €,  *1 00,2:( 1

0xo 2 0x1

Thus we also get the second equation of (4.94).
The “converse” part is clear from the above argument.

We now prove the existence of a holomorphic solution of the system (4.94).

Lemma 4.10. Let

€0,0 €0,0

d [ | . ,

(4.109) 3:U1d—xl co1 | = {diag (0,—1,-2) + z1e9(z) — dea(z) Py — 461(:U)P02} ’xFO Co,1
€0,2 €o,2
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be a system of ordinary differential equations obtained by restricting the first equation of (4.94) to
xg = 0. Then (4.109) has a holomorphic solution (coo(z1,0),co1(z1,0),co2(z1,0)) near 1 =0
satisfying

0070(0) 1
(4.110) c01(0) | = —4e5(0)
6072(0) —261 (0) + 862(0)2

In the proof of this lemma we use the following

Theorem 4.2. ([9]) Let A(t) be an n X n matriz with holomorphic entries near t = 0. Suppose
that A(0) has no eigenvalues that differ from each other by positive integers. Then there exists an
n xn matriz B(t) with holomorphic entries near t = 0 with B(0) = I, such that a transformation

(4.111) W = B()W

reduces a system of ordinary differential equations

(4.112) % —ABW

to the following system of ordinary differential equations

d —
(4.113) t% — A(0)TW.

Proof of Lemma 4.10. By  the explicit form of Py, the eigenvalues of
(1/3) {diag (0, =1, =2) + z1e0(x) — dea(z) Py — 461(x)P02}T |z:0 are given by 0, —1/3 and
—2/3. Hence, applying Theorem 4.2, we find a 3 x 3 matrix B(x1) which satisfy the properties
in Theorem 4.2. By the transformation

—_—

€0,0 €0,0
(4.114) coi | =B(x1)] con |
0,2 0,2

the system (4.109) is transformed into the following system:

—_—— —_—~—

d €0,0 0 0 0 €0,0
(4.115) $1d7x1 €o,1 = g —462(0) -1 0 Co,1
c0,2 —4e1(0) —4e2(0) -2/ \coz
Since
C(],o 1
(4.116) o1 | = —4e3(0)
€,2 —261(0) + 862(0)2

is a solution of the system (4.115),

0070 1
(4117) €o,1 = B(xl) —462(0)
€0,2 —26’1 (O) + 862(0)2
is a solution of the system (4.109). Since B(0) = I, (4.117) also satisfies (4.110). O
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Lemma 4.11. Let (coo(z1,0),c01(21,0),c02(z1,0)) be a holomorphic solution near x1 = 0
given in Lemma 4.10. Then the following initial value problem

5 [0 9 €0,0 , . €0,0
or | 01| T 2F, oz; | 0 + (do(x) Py + di(x)Po 4+ do(z))" | o1 |,
(4.118) €0,2 C0,2 €0,2
€0,0 co,0(1,0)
o1 ’mzo = | co,1(x1,0)
Co,2 co2(71,0)

has a holomorphic solution near x = 0.

This lemma is an immediate consequence of the Cauchy-Kowalevski theorem.
Furthermore, we can verify

Lemma 4.12. The holomorphic function (coo(z), co1(x), co2(x)) given by Lemma 4.11 satisfies
the first equation of (4.94).

Proof. By the argument of Lemma 4.9, it suffices to prove that

(4.119) To = co2 (:):)P02 + Coyl(w)Po + Co,g(x)
satisfies
T
(4.120) tr { <8° - P1T0> ng} =0 (k=0,1,2).
61'1
Let fox(z) (k=0,1,2) be holomorphic functions defined by
T
(4.121) for = tr 9 _ p, PEL (k=0,1,2).
’ 8901
We prove that (foo(z), fo1(x), fo2(x)) satisfies the following system of partial differential equa-
tions
fo,0 P fo,0 fo,0
(4.122) 92s for | = 28751 Po | for | ¢ + (da(z)B5 + di(x) Py + do(2)) | fou
fo,2 fo,2 fo,2

For k£ =0,1,2, we have
(4.123) tr ([PQ, Qo] Topg) —tr <P2Q0TOP§ - Q0P2T0P6“>

=tr [PQTOP(;C7 Qo}

:O,
(4.124) tr <[P0, QQ] T()Péﬁ) =tr <P()QQT()P(§€ — Q2POT()Pé€>

—tr [P, QuTy P |

=0

in view of [Py, Qo] = 0 and (4.86). Furthermore, it follows from (4.92) that
(4.125)
k) _ 2 2 K
tr ([PLQUTVPY ) =tr (| P, 52 + PPy + PPy + do(@) B + i () o + do(a) | ToFy
1
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OP,
=tr <[P1, aixo -+ d2([E>P02 —+ dl( )PO —+ do :| T()PO)
1
Ftr {(P1P0P1 + PPy — PyP? — PLPyP,) Ty P! }
[ OPR
:m«( P, =2 o, uc + do(z) P} + di(x) Py + do(x) Topgf)
(

+tr [Pl TPk, PO}

0P, |
:tr< Py, 5=+ da(x )PE + di(x) Py + do(x) | ToP} | .
Ty
By using these relations, the compatibility conditions, (4.92), (4. 101)
(4.126)

8f070_r 0°Ty —@T _p%
81‘2 axlal‘g 8952 0 181‘2

nd (4.102), we obtain

0 OP, 0T oT, OP,
=tr [83}1 { [TO, 8&60] Poa—m(l) + 370 o + (Q1 - 70 — PP — P1P0> TO}

8x1
+ {[P%Qo] + [P, Q1] + [Po, Q2] — (:)9211} 0

0P, o7 0T 0P,
—P = |To, == | + Po=— + 2Py + Ql_io_Popl PRy | Th
ox1 0x1 ory 0z

:28i1tr { (gf? — P1T0> Po} + tr { <?)$T1 - P1T0> (da(2) PF + di () Py + dO(””))}

= 8:1: + do(x) fo2 + di(x) foa + do(x) fo.0,

dfo1 0T, 8P1 0Ty 0Ty 0Py
— =t —To — P P, — — P|T,
81’2 3 { (83}183}2 6112 0 Lo, 6 T2 0 + 8 T 170 8:62
0 0P, 0Ty 8T 0P,
= T _ 279 _
=tr [33«“1 { [ 05 ] + Po— 05, + 8301 <Q1 01 PP — P1P0> TO}PO

+ {[P%QO] + [P1, Q1] + [Po, Q2] — 26511 } ToPo

0P, 0T, 0T, 0P,
— P T, =2 | + P22+ 2P+ (Qi— =2 — RyPL— PPy | Ty p Py
8 ox 1 ox 1 a$1

0Ty oF,
0 _p
" (3 T 1T0> ( Ox 1P0>]

0 0T, 0T
_267$1t { <a(1J — PlTo) P02} + tr { <a:1,‘(1) — PlTO) (dg(ﬂf)Pg + d; (CL‘)PO2 + dQ(LE)Po)}
8
8f0 2 4 dy(2) fop + (—%dz(iﬁ) + do(iﬁ)) Jo1 + (—%dz(ﬂﬁ)) Jo0;
(4.128)
fo2 _ ’*Ty  OP Ty oty oORy oPy
D2 _tr{<8x13m2 om0~ Py, ) P+ <8x - P1T°> (a@P P, 2>}

0 OF 0Ty 01 OF,
e[ 2 [0 20) B o (g 90 )

Oz
+ {[P%QO] + [P1, Q1] + [Po, Q2] — 6211 } ToP?

0P, 0Ty 0T 0P,
—Pl{ |:T0,80:|+P06$(1J+8?P0 <Q1—axf—P0P1 Plpo)TO}Po2
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+ (aTO - P1T0> (281301302 + 2P08POPO>]

O0x1 O0x1 0y
0 8T0 6T0
. 9foq 1 9fo0
2 8.%1 2 69:1

Z2

7d1(-73)) fo1 + <—zld1($) - ;) fo,0-

+ (—%dg(x) n do(x)> foo + (—%dg(x) -2

Thus we get (4.122).
Note that the system (4.109) means fy ,(x) (k = 0, 1,2) vanishes on {(z1,0) ; 1 # 0}. Thus,
by Lemmas 4.10 and 4.11 and the holomorphy of fj (), we find that

foo
(4.129) fou | lpyeo =0

foz2
Hence, by the uniqueness of solutions for the initial value problem (4.122) and (4.129), we obtain
(4.120). 0

We have thus obtained a holomorphic solution of (4.94) near = = 0, that is, we have con-
structed a 3 x 3 matrix Tp(z) with holomorphic entries satisfying the relation (4.88). Using this
To(z), we prove Proposition 4.2.

Proof of Proposition 4.2. Let Ty(x) be a 3 x 3 matrix thus obtained. By (4.110), we have
(4.130) det Tp(0) = det (¢ 2(0)Py(0)? + c0,1(0)Po(0) + co,0(0)) = 1.

Hence, there exists some positive constant 0 < p < pg such that Ty(z) is holomorphic in D, and
det To(z) #0 (x € D,,).
Next, define a 3 x 3 matrix 77 (x) by

(4.131) T, =A 0Ty _ PTy ) + A? 0T _ PT,| Py, A=
o0x1 Oxy

S = O

0
0
1

o O O

Then T} (x) is holomorphic in D, and it follows from the argument in the proof of Lemma 4.8
that T3 (x) satisfies the relation (4.83).
Furthermore, define 3 x 3 matrices P,(z) and Q,(x) as follows:

~ orT
Py =T, <P2To +PTy — 1) ;

8951
4.132
Q=T QT +Ti —Th—— — |,
81'1 3.%2
Po =Ty (PaTy = TyPas + Pt Th)
(4.133) (n>3).

Qn="T;" (QnTo —T1Qn1 + Qn—1T1) ,

Then these matrices are holomorphic in D, and satisfy the relations (4.84) and (4.85).
Finally, we prove the estimate (4.80) for P,(x) and Q,(x). Since T;(z) (i = 0,1), To(x)~ !,
Pi(z) (i=0,1,2) and Q;(z) (¢ = 0,1, 2) are holomorphic in D,, we have

<t
PP

ﬁi 7Qvi

(4.134) 13l 157, oy
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with some positive constant CT > 0. Then, if we define positive constants C and & by
~ 2
(4.135) C:maX{CT, C(a—l—l)}, &:max{l, a, Q(CT) },

the estimate (4.80) holds. In fact, we have

(4.136) H]SOH,),,)’ ( @OHM <ct<¢,
(4.137) HEH,,,,)’ ( @1Hp’p <ct < Ca,
(4.138) HEHM, ( QQHM <ct < a2,

and, using the definition (4.133) of P,(z) and Q,(z) and an induction on n > 3, we obtain

(4.139) ‘ B,

a

" ‘ S (CT)2 (Cann! +Ca Y (n— 1)+ Ca L (n — 1)!)

g% (Ca +C+ C) a"nl

<Ca"n).

4.3 Construction of the transformation, III

Thanks to the argument so far, we may assume that the completely integrable system in question
has the following form

., 0 n
ITJH‘PZP(*%U)\I“ P(95>77) :Zn Pn(x)’
(4.140) n20
1 0 —n
g Y = QY Q) = > 07" Qu(x)
n>0
Here
0 10
oP,
(4.141) = o 0 1|, P=0 Q=P+2 Q=220
3 8.%‘1

—.%'1/4 —.%'2/2 0
and P, (x) and @Q,(x) are 3 x 3 matrices with holomorphic entries in D, satisfying an estimate
(4.142) 1Pl I1Qull,, < Camnl  (n>0)

with some positive constants C and «.
In this subsection, we prove

Proposition 4.3. There exists an infinite series of 3 x 3 matrices {Ty,(2)},>q which satisfies
the following properties:

o Every entry of T,,(x) is holomorphic in D, and det To(x) # 0 (x € D,).
o T, (x) satisfies

(4.143) |T]l,,, < Camn!

with some positive constants C and a.
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e By a formal transformation

(4.144) U(z,m) =T(x,n)¥(z,m), T(x,n)=> n "Th(z)
n>0

(4.140) is transformed into the following form:
1 0

aw\II P(z,n)V, P(z,n) = Zn P, (x),
(4.145) 5 - 20
T Y = Q¥ Qm) =3 0" Cnle
n>0
where P,(z) and Q,(x) are given as follows:
(4.146) Py=Py,, P,=0 (n>1),
(4.147) Q=Qn Q1=Q1 Qu=0 (n>2)

In this subsection we only discuss the construction of {T},(x)},~,- The estimate (4.143) will
be proved in the next section. -

Since the system (4.145) is obtained from (4.140) through the transformation (4.144), T'(x,n)
should satisfy the following relation:

TP + n—lg— = PT,
(4.148) N 8‘2}
T ! =QT
that is,
Py, T, = Fna,
(5,) Fo.Tnl = Fus 5 ),
[QOa ] - n27
where
(4.149) Fo1=Fy2 =0,
0Ty
1,1 T
’ 8$1
(4.150) o % r %
1,2 = 81172 0 8331 )
87h_1 n—2
Fn = - n—ilis
= g ZP T,
(4.151) oT oF (n>2).
Fn = nol n— zT n =0

We now discuss the construction of {15, ()}, satisfying the relations (E,). Having Lemma
4.8 in mind, we prove the following assertions (S,,) (n =0,1,2,---) by an induction on n.

(Sn) There exist 3 x 3 matrices T;(x) for i = 0,1,--- ,n that satisfy the following:
e Ti(z) (i=0,1,---,n) are holomorphic in D,,.

e The relations (E;) hold for j =0,1,---
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o tr(Foy11PY)=0 (k=0,1,2).
o Froi120=RFy11+ P b,

We trivially have (Sp) by setting To(x) = I. Let us prove (S,) provided that (S,—1) should
hold. For this purpose it suffices to construct T),(z) that satisfies the following conditions:

e T, (x) is holomorphic in D,,.

e The relation E,, holds.

o tr (Fry11P)) =0 (k=0,1,2).
o Fhy12="RFh11+ Fup115.

It follows from the induction hypothesis that F}, 1 is holomorphic in D, and satisfies:

tr (F,1PF) =0 (k=0,1,2),
(4.152) P (Fn i) ( )
Fho=PF,1+ F,1P.

We now define a 3 x 3 matrix T,,(x) as follows:

(4.153) Ty =Thi + Thyo,
(4.154) T =cn2(2) P + cnp(x)Po + cnola),
(4.155) Tnz =AFn1+ AN Foi1 Py,

where ¢, ;(z) (k = 0,1,2) are holomorphic functions in D, which will be determined later. Then
T, (z) is holomorphic in D, and satisfies

(4156) [PO; Tn] = [Po, Tn,Z] = Fn,la
(4.157) [QO; Tn] = [QOv Tn,Q] = Fn,Q

by the same argument as in the proof of Lemma 4.8. Hence (E,,) is satisfied. Thus, in what
follows, we determine holomorphic functions ¢, x(z) (k = 0,1,2) in D, so that

tr (Fhp1aP¥) =0 (k=0,1,2),
(4.158) {r( +1.15%) ( )

Foii1p0=PFu11+ Fhpi1 P

may be satisfied.
Let F! and F! be 3 x 3 matrices defined by
n+1,1 n+1,2

0T,
(4.159) sz—l—l,l =Fpy11 — 8.;1 )

_— T, P,
(4160) Fn+1,2 —Fn+1,2 - s - |: n,1, aiwl )

that is, F£+1,1 (resp., Fw;r+1,2) is the part of Fy411 (resp., Fy+1,2) which is independent of T;, ;.
For FJHJ and F:LHJ, we have

Sublemma 4.2. There exist holomorphic functions gi(z) (k = 0,1,2) in D, which satisfy

(4.161) —Fl o+ Fl o Pot+ PoF) 1 = g2(2) P+ g1(2)Po + go().
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Proof. By the definition, hall nt11 and F +1 o have the following forms

aT n—1
(4.162) F;[Jrl’l :Tn,Z - Z PnJrlfiTi,
R
8T 2 0P
(4163) F’l-i-l,? e ZQn+1—zT + [Tn 29 a 1:| .

Using the compatibility condition, (E;) (j =0,1,--- ,n—1), (4.156) and (4.157), we have
(4.164)
{—F£+12+ +11P0+P0 n+, 17P0}

0Ty 2 0Ty.2 0P, 0P,
[Pm s } + { P ,Qo] + P { n278x1:| - [Tn,Q, (%1] Py

n—1 n—1 n—1
- Z PoQny1—iT; + Z QoPp1-iT; — Z Phi1-iTiQo + Z Qn+1-iTi Py

=0 1=0 =0 =0
dP, 0T, 1 “=0P i, s~ _ 0T,
= — | = Tn - T P’VL Z
( |:81L“2’ 72:| + 83318%2 i—0 al‘ Z xz
0Qo T,y <= 0Qn—i oT; oT,—1 OF
= Tug| - T noig— — S
+ (|:a.7}1 ’ 72:| 01'18.1‘2 + ; (9:61 + Z Q 01‘1 8.7}1 8.1’1

0F, OF,
83:(1)] - |:Tn27 o O] P _ZPOQn+1 iLi +ZQ0Pn+1 ~iT;

+P0[ 7,2

— n—11:—-2
+< an-i—l ZQOT+ZPn z Z n— z|: z;gf?:| _ZZ n+1— ’LQ’L ka>

=2 k=0

n—11i—
(ZQn—H ZPOT ZQn za,rz +Z Qn—l—l 7 z ka>
=2 k

=0
:[T 0P, 8@0 [ 5'P0H

ory OT1 0Py
2 8.%'2 81‘1

+ [PO,T —_—
S0P 0Qu_i
o Z n—t n—1 T’z -
81'2 81’1

8.731 5'371
-1

n—2 ap
((Por Qusr ] + [Past 0 QDT+ 3 Pas [T 0}
=0

i=0 =0 Oy
n—111—2
D> D (Puy1-iQik — Qui1-iPi i) T
=2 k=2
oT. OP n—2n+1—i
_ [[po,Tn,z] s, axo] 3 [P Quin i WT,
1 1 i=0 k=0
n—1 n—2 9P n—3n—i—1
0
- ([POaQnJrlfi]"‘[ n+1— ZaQO T+ZPH z|:17 :| Z Pk7Qn+1 —i— k]
=0 =0 =0 k=2
n—2 n—2
0P,
:[_ Pn zT +ZPTL 7,|:270:|+Z nz;Ql
=0

n—

[ n— 178P0:|T+Z n— Zan
0

1=

=0.
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Hence, by the same argument as in the proof of Lemma 2.2, we get (4.161). O
Using this lemma, we find

Lemma 4.13. The relation (4.158) implies that (cn0(2), cn1(2), cn2(x)) satisfies the following
system of partial differential equations:

;

, [0 Cn,0 —x1ho(x)
(3551 + 4$2P(,)T) % Cn,1 | — dlag (07 -1, 72) Cn,1 + 4h,1(.%') )
1
c c 4ho(x
(4.165) 2 m? 2()
Cn,0 Cn0 go(x)
) o0
9 | 1| = 2F, oy | + | gi(z) |,
Cn.2 Cn,2 g2(x)
where
(4.166) ho(z) = tr (Fgm) . h(w) =tr (FLl,ng) . hoz) = tr (FLLIPD) .

Conversely, if (cno(x),cn1(x), cn2(x)) is a holomorphic solution of (4.165), then the relation
(4.158) holds.

Proof. First, we consider
(4.167) tr (FnH,ng“) =0 (k=0,1,2).
By the relations (4.96), we obtain

8cn72 acmo

4.168 tr (F, =— 3 h
( ) r(Fog11) T2 91, + Dy + ho(x),
3 acng 8Cn1 1
4.169 tr (F; Py)=—- = — — — — h
( ) r (Fry1,1FPo) 0 2, 5Cn2 2(7),
220cho 3 Ocpa Ocpo 1
4.170 tr (F 1 P2) =222 _ = LS n o hi(x).
( ) 1"( n+1,1 0) 2 O 4361 oy T2 By 4Cn,1+ 1(z)

If we multiply (4.168) (resp., (4.169), (4.170)) by z1 (resp., (—4), (—4)), we get the first equation
of (4.165).
Next, we consider

(4.171) Froy12 =Py + Fap11Bo.

Using (4.161), this relation is equivalent to

(4.172)

oT, OP oT,, or,
1 [ 0 ] _ pYint 2Py = g2(2) P2 + g1 () Po + go(x).

i 1 0 —_
89&2 8:1@1 o altl 8951

By (4.102) and (4.103), we have

6Tn 1 8P[) 8Tn 1 aTn 1
4.1 4 Ty, — | = Bp—22 — =P,
( 73) T2 + [ 1 81‘1] 0 81‘1 8.%‘1 0
acn 2 8Cn 1 2 6cn 1 8Cn 2 6cn 0 8Cn 0 il 8cn 2
— I _ 2 ) P I I _ 2 L P I - ) .
< 8.%‘2 81’1 ) 0 + 8.%‘2 T2 81‘1 8.1:1 o+ 01‘2 + 2 61’1
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Comparing the left-hand and right-hand sides of (4.172), we obtain

Ocp 2 Ocn 1

4.174 = —2—r =
( ) 8552 axl 92 (w)7
4.175 : = —2— =
( ) 8952 * 2 8561 8951 g (33),

acn 0 I aCn 2
4.176 : — = = .
( ) 81‘2 2 61’1 g0 (:U)
Thus we also get the second equation of (4.165).

The “converse” part is clear from the above argument. O

We now prove the existence of a holomorphic solution of the system (4.165).

Lemma 4.14. Let

g [0 Cn,0 —x1ho(x)
(4.177) 3v1— | enn | =diag(0,-1,-2) | cp | + | 4ha(z) || _
dxrq ’ ’ x2=0

Cn72 Cn,Q 4h2($)

be the system of ordinary differential equation obtained by restricting the first equation of (4.165)
to xo = 0. Then (4.177) has a holomorphic solution (cn0(z1,0),cn1(21,0), ¢ 2(z1,0)) near
x1 = 0 satisfying

(4.178) cn0(0) = 0.
Proof. By the method of variation of constants, we find
1 1
cn,o0(21,0) = 3/ {—z1ho(715,0)} ds,
0

1 1
(4.179) n,1(21,0) = 3/ {45_2/3h1(9:15,0)} ds,
0

1 1
cn2(x1,0) = 3/ {4371/3h2(x13,0)}d3
0

is a holomorphic solution of the system (4.177) satisfying (4.178). O

Lemma 4.15. Let (cy0(21,0),cn1(21,0),cn2(21,0)) be a holomorphic solution near x1 = 0
given in Lemma 4.14. Then the following initial value problem

Cn,0 Cn,0 go(l‘)
o Cn,1 :2Pgi cna |+ | ai(2) |,

8372 ™ 8:01 e

c ¢ x

(4.180) 0,2 1,2 g2(x)
Cn,0 Cn,0(1,0)
Cn,1 }12:0 = Cn,l(wla 0)
Cn,2 Cn,2(1,0)

has a holomorphic solution near x = 0.

This lemma immediately follows from the Cauchy-Kowalevski theorem.
Furthermore, we can prove

Lemma 4.16. The holomorphic function (cno(z1,0),cn1(21,0),cn2(21,0)) given by Lemma
4.15 satisfies the first equation of (4.165).
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In the proof of this lemma we use the following

Sublemma 4.3. For k =0,1,2, we have
(4.181)

} |

n—1 n—1
E Pn idi | + E n 72'1—‘1‘ P =tr F aE Pn sz
H 2 (z 0 o ) 01 (ioQ " >} ’ {6 w | ~0 o

Proof. By the compatibility condition, (4.141) and (E;) (j =0,1,--- ,n), we have

(4.182)
n
a-Pn—i-l —i 8Qn-‘rl —1 k
t — T, P,
Y{Z( 81112 8:61 o
=0
n n+2—1i
=tr Z j Qn+2—i—j]TiP(§€
=0 j=
n n+1—1
=tr Z Pj,Qn+2_i_j}E+Pn+2—i [QO:TZ']_Qn-i—Q—i [P07Tﬂ P(;C
=0 7=1
n n+l—:
=tr | Y > [P, Quya—ij] TiP}
=0 j=1
" T, 4 dP, T, 4
+ tr Z Pryo—i 8;2 ap Qi*jTj—FTiflaixl — Qnta—i 8;1 ay PijT;
=1 Jj=0 7=0
n—1ln+1—1i
=tr Z Z [P}, Quia—i—j] T,PE
i=0 =2

= oT;_ dPy oT;_
+tr{Z(Pn+218 1+Pn+2 L 181 Qn+2 z&nll)P(;c}

=1

Z Z Qn—i—? i—J ] - Pn—i—l—in EP(;C
=0 \Jj=2

n—1 n—1
oT; 8 oT;
=tr (;[Pn—&-l—i?Ql}EPg)""tr{; <Pn+1 za +Pn+1 —1 z Qn—H z >P0}
n—1
—tr (Z Pn+1iQ1ﬂPé€)
=0
= oT, oT, = 9Py
:tr{z (Pn—l-l i Qn—l—l z ) }—i—tr{Z( n+1—z z Qan—l-l —1 z> P(;C}
=0 =0
1
i }

ne
oT; oT; OP,
:tl‘{ PnJrlz QnJrlz 1>P(§€}+t {80
P x
Proof of Lemma 4.16. By the argument of Lemma 4.13, it suffices to prove that

n—1

P(;gaZPn+1 sz

(4.183) T = n2(2)P5 + ena(2)Po + cpo()
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satisfies

(4.184) tr (Fnﬂ,ng“) =0 (k=0,1,2).
Let fnr(x) (k=0,1,2) be holomorphic functions defined by

(4.185) o = tr (Fnﬂ,lpg) (k=0,1,2).

We prove that (f 0(z), fn,1(2), fn2(x)) satisfies the following system of partial differential equa-
tions

9 Jn,0 P Jn,0
(4186> .. fnl =2— PO fnl
O0xa ’ 0x1 ’
fn,Q fn,2
By the second equation of (4.158), we have
(4.187) tr (Foy1,2) =2tr (Fpg,100) = 2fn 1,
(4.188) tr (Ft1,2P0) =2t1 (Fo1,155) = 2fn2,
T
(4189) tr (Fn+172P02) :2t1“ (Fn+1,lpg) = _fo”J — ?lfn’o,
that is,
tr (Fn+1,2) fn,O
(4190) tr (Fn+172P0> = 2P0 f’fl,l
tr (Frq1,2P7) fn2
Hence (4.186) is equivalent to
9 k 9 K
(4.191) s {tr (Fnﬂ,lpo )} = 5o {tr (FnH,QPO )} (k=0,1,2).

By using Sublemma 4.3, we can confirm these relations as follows:

(4192)  — {U"( nt1,1)} — {tl”( nt1,2)}
it 5Fn+1,1 _ 3Fn+1,2
8562 axl

0T,
=tr [{8$26$1 - 67332 (an—i-l —i z)}
o*T, oT, 0P
B {81‘18$2 8561 (z; Qn+1—z Z) |:a$1 8951]}
_ip ) O _ [ 9Tn 01
! 8x1 ox1 ’ o0xy

an+1 1Lq
:0’
0 8
(4193) 671'2 {tI‘ (Fn+1 1P0)} —_ = {tl" ( n+1, QPQ)}

8Fn+1 2 0P, 0P,
Py — =Py + F, — — F, —
D 0 921 0+ fnt11 9 n+1,2 91

0T,
= - a_ Pn iLg
tr [{ 8.17201‘1 8.%‘2 (Z = ) }
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0*T, oT,, 0P,
- n 1Lq a. v o P
{ 83718.%2 3$1 (; Q = ) [8901 8:(}1 :| } 0

0P, 0P,
+2Fp411 OPO — (PoFny11 + Fry11Po) =—
oxy 0y
ony [ =2 oT, 0Py oP,
= P P, Tl — P, Py, F, —_—
=tr {83; o,z +1- [axl 92, 0 + [P0, Frv1,1] 071
0P, o1, oT,, 0P,
=t P, — P,
r{al‘l |: o 8:131:| |:8£L‘1’6£L'1:| 0}
0P, oT,,
=tr | —PFy, —
{&Tl 0 8951}
:0,
(4194) P {tI’ ( n+1, 1P0)} - {tr ( n+1 2P0)}
0F 411 OF 41,2 0 0
=tr( el pg a; P3+Fn+1,16—2 (1) - Funnag (1) )

0°T, P2
=t [{83:28961 014 <§ Potii Z)}

0T, oT,, 0P, 9
- n 1Lq ) P
{&m@xg 8.%‘1 (ZX:Q = ) |:833‘1 61‘1:| } 0

0Py 0P 0P 0P
F, 2P, Py+2—FP PyF, F,11P Py + P,
+ +1,1< 081 0+ D2 o> (PoFn+1,1 4+ Fati O)<8x1 081)}
n—1
0Py | 5 oT,, 0P, 9 0P,
= P P,n Zj—‘l P P ’Fn "~
o { o Z - [8161 8:1:1] 0+ [F6: Fatt] Oy

Ok [ o OT, or, 0P|
=tr { ax |:P0 8951] |:8$1 ’ 8x1:| PO }
—tr |:8PO 027 8T”:|
6951 8351
=0.
Thus we obtain (4.186).

The system (4.177) means that f, i(z) (k = 0,1,2) vanishes on {(x1,0) ; z1 # 0}. Thus, by
Lemmas 4.14 and 4.15 and the holomorphy of f, (), we find that

fn,O
(4.195) ot | |puo =0
fn,2

Hence, by the uniqueness of solutions for the initial value problem (4.186) and (4.195), we obtain
(4.184). O

We have thus obtained a holomorphic solution of (4.165) near x = 0, that is, we have

constructed T),(x) satisfying (4.158).
The solution ¢, i (z) (k = 0,1,2) of (4.165) thus obtained enjoys the following property:

Lemma 4.17. The solution (cn (), cn,1(), cn2(x)) of the system (4.165) is holomorphic in D,
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and has the following integral representation

1 1

cnolx) = 3/ {—J)lho({BlS,[IJgSz/S) + 2x23_1/3g0($1s,x232/3)} ds,
0
1 M

(4.196) en1(x) = 3/ {45_2/3111(3015,93252/3) + 2x2g1(x13,x252/3)} ds,

0
1

Cn2(z) = 3/ {4871/3}12(:1318,35282/3) + 2x251/3gz(x13,x282/3)} ds.

0

Proof. Using (4.165), we find that (c,,0(z), cn,1(x), cn2(x)) satisfies

P P Cn,0 —z1ho(z) + 22290(7)
(4.197) {3%18561 + 23:28—962 + diag (0, 1, 2)} en1 | = 4hy(x) 4 22991 (2)
Cn,2 dhy(z) + 27292(7)

Since a unique holomorphic solution of this system near x = 0 with ¢, (0) = 0 is represented
by the right-hand side of (4.196), we obtain the integral representation.

Furthermore, by this integral representation (4.196) and the holomorphy of gi(x), hi(z) in
D,, we also find that (c, (), cn,1(x), cn2(2)) is holomorphic in D,. O

This completes the proof of the assertion (S,). In other words, our induction on n is now

completed.

5 Estimate of the transformation

In this section we prove the estimate (4.143) of the transformation constructed in Subsection
4.3.
Before proving the estimate, we prepare the following

Lemma 5.1. Let A(x) be a 3 x 3 matriz with holomorphic entries in D,. Suppose that there
exist a positive constant C' and an integer n > 1 such that for any p/2 < o < p

(5.1) JAll,, < Cnl(p— o)

holds. Then, for any p/2 < o < p, we have

0A _
(5.2) ‘ <eCn+D)(p—0)™t (=12
ax] 0,0
Proof. Since the proof is similar for j = 1,2, we show (5.2) only for j = 1. For |z1], |z2] < o we
have
0A 1 A(t
s oA [ A,
orq 2my/—1 jt—1 =259 (t —x1)

1 2m _
__ntl / Al + P20V 4\ v Tog.
2 (p—o0) Jo n+1

Hence we get

0A +1 2
(5.4) ' 72 (2) g”/ A noss , d6
0x1 oo  2m(p—0)Jo ntl
n+1
S ”AHno‘+p no-+p
10 — g n+1l "’ n+l
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n+1
<eCn+D(p—0o) ",

< (1— ! >_nC(n+1)!(p—J)_n_1

Combining (4.142) and Lemma 5.1, we can prove

Lemma 5.2. Replacing C and « in (4.142) by new ones, we have the following estimates for
any p/2 < o < p:

3P0 8@0
5.9 P — —_— <C
( ) H 0”0,0” 8$] 0’07 ||QOHU,0'7 ‘ 8.%'] oo — )
8P1 8Q1 -1
. P I X < _
O P e ks sClp-o
aPn aQn -2 —n+1
. < n —Dl(p— > 2).
(5 7) HPTZHU,U ’ ‘ 8.73] v ’ HQn 0,0 ‘ 8.’Ej o _CO[ (n ) (p U) (TL = 2)

Proof. Since n < 2" and (p — )"~ < p"! hold for any n > 2, we have

(5.8) [ Pally, <Ca™n!
<Ca?a" Inn—-)(p—o)" " (p—0o) !
<4Ca?p (2ap)"* (n = 1) (p— o) "
Similarly, since n (n —1) < 4™ and (p — )" < p"2 hold for any n > 2, we also have
(5.9) IPull,, <Ca™l
<Ca?a™n(n—1) (n—2)! (p— 0)" % (p — 7) "2
<16Ca? (4ap)” 2 (n—2)! (p — o) " 2.

Hence, by Lemma 5.1, we obtain

Pn n— —n
(5.10) ‘ 0 < e16Ca? (4ap)" 2 (n—1)! (p— o) ",
9z ||, ,
The estimates for @, (z) and (0Q,/0z;) (z) can be obtained in a similar way. O

Furthermore, we may assume T7(x) and (071/0z;) (x) satisfy the following estimate

0Ty _
(511 Tl |52 <ct-o.
Ly 0,0
Note that, since Ty(x) = I, we also have
Ty
5.12 T = =
(5.12) Moo =3 |50

Making use of these lemmas, we prove the estimate (4.143) for {T),(z)},,5(- In what follows,
we may assume (by replacing p if necessary) 0 < p < 27/8.

Proposition 5.1. There exist some positive constants C > C and & > o such that for any

n>2andp/2<oc<p

(5.13) Tl <Canl(p—o)".

Lj 0,0
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We prove Proposition 5.1 by an induction on n. We now assume that (5.13) holds up to

n — 1, that is, for any i = 2,3,--- ,n — 1 and p/2 < 0 < p we have

OT: ~ »

(5.14) HTiHa,o’ ’(%Z < Co/ 2@!(,0—0) i
J

0,0
Under these assumptions we prove the following estimates for any p/2 < o < p

o,
0,0 al'j

(5.15) | T, <Ca" nl(p—o)™

0,0

(by choosing C and & suitably).
We first show

Lemma 5.3. For any p/2 < 0 < p, we have

(5.16) Tzl <(2+C) (6&—1 +CcCa+ %! + c) &2 (n— 1) (p— o) ",
Tn N~— N~ ~_ o~y — _
(5.17) Haa:Q <e(2+0) (Ca 'ycca?+c?a 1+C’> a Il (p—o) ",
J

0,0

Proof. First, we consider the estimate for F;, ;:

(5.18)
oT. n—2
HFnJHU,a = an L Z P,_T;
T :
1=0 0,0
oT ) n—2
|G+ TPl Il + 1Pet o Il VPl

0,0 1=2
<Ca" 3 (n—-1)(p—o) "

n—2

+> {ca 2 =i = 1) (p— o)} < {Ca i (p— o)

=2
+{ca P -2 (p— o) x {C(p—0) "} +Cam (- 1) (p— o)

n—2
<Car P (n-1Dl(p—o) " +CCa*(p—0) "> (n—i—1)il
=2

+C%a" 3= (p—o) "M a2 (n -1 (p—0o) "
< (éa—l +CoCa2+C% ! + C) &2 (n— 1) (p—o) ",

Hence we get

(519 |Tnall,, =|[AFu1 + A2FoiRo|,
<Aoo 1Fnilly g+ [1AZ[], 5 1 ally o 1Pl
<2+O)Fanl,,
<(2+0C) (éa—l +CCa %t + 0) a2 (-1 (p—0) .
The estimate (5.17) can be obtained by (5.19) and Lemma 5.1. O

Next, we consider the estimates for T}, 1(x) and (07},,1/0x;) (x). For this purpose, we first
prove
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Lemma 5.4. Let C7 be a positive constant defined by

(5.20) Cy =max{1+2C, C*}
x {(e +20p) (24 C) (éa—l +CcCa?+C% '+ C) +CoCat + 0+ Ca} .

Then we have
(5.21) 9kl o.0 s 1PEly e < Cia"2nl(p—o)™"
forany k=0,1,2 and p/2 < o < p.

Proof. We first give the estimates for F£+1,1 and Fi+1,2:

(5.22)
oT. P n—1
‘ F£+1,1‘ T 8:: = > P11
’ ! =0 0,0
oT. P n—1
<|F22] NPl Wl + 1Pl 1Tl + 1Pt
Voo 22
<e(2+C) (6&—1 +CCa 2+ % + c) &2l (p— o)™
n_2 . . o~ . .
+> {car T =)l (p - o) T x {Ca il (p - 0)
1=2
+ {Coz”_2 (n—1)!(p— g)—”“} x {0 (p— o—)—l} +Ca" Il (p— )"
<e(2+0C) (5571 +oCa?+ %t + C) 2l (p— o) "
_ n—1
+CCa"3(p—0a) "y (n—)il+C*a" 2 (n-1(p—0)"
=2
+C0a"2an! (p— o) "
< {e 2+ 0) (6&—1 +C0Ca2+C% !+ 0) +CoCat+ 0%+ Ca}
xa"2nl(p—o)".
(5.23)
oT, oR] =
T o n,2 0 el
‘ Foiio vo || D + [Tn,% (9.%'1:| - ZQan@Tz
=0 0,0
T, O,
|52+t |52
2 0,0 ’ L1 0,0
n—1
+ Z HQTL-‘rl—i o0 ’TiHU,U + HQH ‘a,o’ HT1HU,U + HQn-i‘lHa,a
1=2

<e(2+C) (éa—l +CCa 2+ % + 0) &2l (p— o)™
+20(240) (6&*1 +CcCa?+ %! + c) &2 (n— 1) (p— o)
n—2
+y {canﬂ'*l (n— i) (p— 0)_"+i} X {éai*%'! (p— a)_i}
=2

+ {Co/“2 (n—1)!(p— a)_"H} X {C’ (p— a)_l} +Ca™ Il (p—0o)"

o1



< (e +20? ; ") (24 C) (6&—1 +oCa?+ %t + 0) a2l (p—o)™

n—1
+CCa 3 (p nz (n—)li'+C%*a" 2 (n—1)(p—0)"

n

+Ca"2an! (p— o)~
<{(e+20p) 2+0C)(Ca™t +CCa2+ %"+ C) +CCa™ + 2+ Ca

xa" 2nl(p—o)".

Hence, if we define CI by
(524) Cf = {(e +20p) (24 C) (6&-1 +CcCa+ %! + C’> +CCa "+ 02 + Ca} ,
then we obtain

(5.25) ( < cla2nl(p—o)™.

0,0

T T
Fn—‘rl,l Fn+1,2’

’ ’
0,0

Using these estimates, we prove the estimates (5.21). Since the (1, 1), (1,2) and (1, 3) entries of
92(2) P§ + g1(x) Py + go(x) are go(x), g1(x), ga(x), respectively, we get

(5.26) 9kl 0 < |92P5 + g1Po + 9o, ,
<H +12+F+11P0+P0F+11’ o
<||Flz+2|Faa] 1Pl

<(1+20)Cla"nl(p—o) "
Furthermore,

(5.27) |hol

0,0 — <|tr (F:L—‘rl,l)

F£+1,1’

0,0

IA

o,0

CI&"’Z—ZTL! (IO - J)_n )

tr (Bl P

)

IN

(5.28) |h1]

IN

0,0

T 2
Fn+1 1P0H
0,0

IN

2
Floal, IRl2,
c*elar2nl (p—o)™,
tr (FrTLH,lPO) ‘
0,0

FT+1,1P0H
0,0

IN

IA

(5.29)

IN

h2ly o

IN

n

IN

Floa|, 1Pl
0,0
<cclfar2nl(p—o) ™.
Thus the estimates (5.21) immediately follow if we define C; by (5.20). O

We next consider the estimates for ¢, 1 (z) (k =0,1,2).
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Lemma 5.5. Let Cy be a positive constant defined by

(5.30)
1000 1000 6000C 6000C

Cy = max < 4, , ) +1
2 * { 27p — 8p%" 27 (p/2) — 8(p/2)? 27p — 8p> 27 (p/2) — 8 (p/2)°

Then we have

8cn,k
8.%']'

(5.31) enily

2
<3 (61l + i)
=0

0,0
for any k=0,1,2 and p/2 < o < p.

In the proof of Lemma 5.5, we need the following two sublemmas.

Sublemma 5.1. For any p/2 < o < p, cpi(x) (k= 0,1,2) satisfy the following estimates.

g
(532) ‘CTL,0|0—70— Sg |h’0|o'70' + g |gO|O',O' )
20
(5.33) lenil, o <S4Ry, + 5 191155 »
g
(5.34) [en2ly g <2h2l50 + 5 192060 -

Proof. Thanks to the integral representations (4.196) for ¢, (), we obtain the following esti-

mates for |z;| <o (j =1,2):

1 1
(5.35) len,0(z)| = ‘3 / {—xlho(xls,afgs2/3) + 2372371/390(3513,35232/3)} ds
0

1
/ {a ‘ho(xls, x282/3)‘ + 205 1/3 ‘go($18,$282/3)‘}d3
0

1
3
1 1
<5 [ {olholag + 20575 bl s
3 0 b K
g
3

1/t ‘
(5.36) len,1(z)| = ‘3/ {43_2/3h1($13, x282/3) + 2291 (218, a;232/3)} ds
0
1 1
§3/ {48_2/3 ‘h1($18,9€282/3)‘ + 20 ‘91(51318,96282/3)‘}613
0
1 1
<5 [ {157l + 20001l } s
3 O 9 b
20
:4 ’h‘1|o'7o' + ? |gl|o',o' b
1 /1
(5.37) len2(x)| = ‘3/ {48_1/3h2(l‘18, 1:232/3) + 213281/392(21318,33252/3)} ds
0
1
§3/ {45_1/3 ‘hg(xls, :1:252/3)‘ + 2053 )92($18, z252/3)‘} ds
0

1 1
Sg / {45_1/3 |h2|a,a + 205/ |92|a,0} ds
0

g
=2|hal, , + 3 19250 -

53



Sublemma 5.2. Let f(x) be a holomorphic function in D,. For any p/2 < o < p, we have

(5.38) sup |f(z)| = sup  [f(2)].

[z1],|z2|<o |21 |=|z2|=0

Sublemma 5.2 is an immediate consequence of the maximum modulus principle for holomor-
phic functions.
Using these sublemmas, we prove Lemma 5.5.

Proof of Lemma 5.5. Let R(x) be an adjugate matrix of 3z + 49 P , that is,

(5.39) R(x) =1613 (Pér)2 — 122129 PF 4 922 + 823
922 + 83  —dx1x3  32i19
=1 —12z129 933% 2m1x%
1623 —12x129 922

Then R(x) satisfies the following relation:
(5.40) R (371 + 422 P)) = (331 + 422 P) ) R = 1 (2721 + 873) .

It follows from this relation and the first equation of (4.165) that

Cn,0 Cn,0
) a )
(5.41) 1 (2723 + 823) 5y | =R (321 + 4z ) 9y | ot
Cn,2 Cn,2
—x1ho
=R —Cn,1 + 4hq
—2¢p,2 + 4ho

Furthermore, by the explicit form of R(z), we have the following estimate:
(5.42) IRy, < 6707 +170°.

Combining these properties of R(z) with Sublemmas 5.1 and 5.2, we find

0 0
(5.43) k) sup kg '
Oy o0 |xi|=|re|=0 0z
1 dc k
= su oy (2722 + 823 e
riimiealmo | 71 (2723 + 823) (T8 o0
IR, o
_27037 <| 1h0‘00+| Cn1+4h1| +|—20n72+4h2|070>
67+ 170 2%
Sm (U ’ho‘avg +8 ’hl‘a',o' +38 ‘h2’0,a' + ? ‘91‘070 +o ‘920-7(7)

2
1000
=370 - 802j£:<“h00"+|h|00)

in view of 0 < p < 27/8.
On the other hand, by the second equation of (4.165), we find

2 2
ocy,
2Pl > |52 D il
s i=0

0,0 i=0 dx1 0,0

8Cn7k
01‘2

(5.44)
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2

6000C
: (270—802 * 1) > (1 + W)

=0

Hence we obtain the estimates (5.31) for Cy defined by (5.30).

Using Lemmas 5.4 and 5.5, we can give the estimates for 75, 1 (z) and (07),,1/0x;) (x).

Lemma 5.6. For any p/2 < o < p, we have

(5.45) | T, <6 (C*+C+3)Ci1Ca" *nl(p—0)",
T, e n
(5.46) Haﬁxl 6 (3C% +2C +3) C1Ca" *nl (p— o) "
J 0,0

Proof. Using Lemmas 5.4 and 5.5, we find

(5.47) ||Tn71H0'0' < HCTL?PO +cp 1P0+CnOH
< lenalyg P2 + lentlyy I1Poll +3lenolys

2
<(@+C+3)0 Y (61l + il )

i=0
<6 (C*+C+3) C1Coa" ?nl (p—0) ™",
oT, dc dc dc 0 0
(5.48) H .l H = 2P0 T e 1
or; ||, Ox; Ox;j Ox;j Ox; oo
Oc Oc Jc
S‘am ||P0H§',a'+‘ aml ||P0”a,0+3’ 8”70
$J ag,0 xj 0,0 x] 9,0
0P, 0P,
2 -
+ |Cn,2|a7o. a.%'] oo + ’C'n,71|o',a 81'] oo

2

< (3C%+2C +3) Cs Z (\gilg,o + !hilm)
=0

<6 (3C? +2C +3) C1Ca™ ! (p— o) "

Using these lemmas, we now prove Proposition 5.1.

Proof of Proposition 5.1. By Lemmas 5.3 and 5.6, we obtain

(5.49) 1Tallo,e SN Tnplly, + 1 Th,
<Cha"~ Qn! (p—0o)™",
o7, oT,
630 o I e B
8$J 0,0 821?] 0,0 a'xj 0,0
<Cod" 2nl(p—o)™™,
where
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with some positive constants 6” (1=1,2,5 =1,2,3,4) being independent of 5’, a, o, n. Take
a constant « largely enough so that

Ciy  Cia Coy  C
(5.52) R =T L
« (0% « (0%

hold. Then there exists a positive constant C satisfying

(5.53) Cy,Cy < C.

This completes the proof of Proposition 5.1. O
Using Proposition 5.1, we can verify the estimate (4.143). In fact, taking o = (3/4)p, we

obtain from (5.13)

~n—2 P\~
(5.54) 15l sy 3721 <CE"2nt (£)

~ 4a\"
=Ca~? <poz> nl.

Hence, if we define positive constants CNZ'T, al and pf by
Ao
ot = 2@

P
the estimate (4.143) holds for C = Ct, & = af and p = pi.

(5.55) ct=ca?, C o=
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