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A PRO-/ VERSION OF THE CONGRUENCE SUBGROUP
PROBLEM FOR MAPPING CLASS GROUPS OF GENUS
ONE

YUICHIRO HOSHI AND YU IIJIMA

ABSTRACT. Let [ be a prime number. In the present paper, we discuss
a pro-l version of the congruence subgroup problem for mapping class
groups of genus one. Our main result is that the pro-2 version has
an affirmative answer, but the pro-l version for [ > 11 has a negative
answer. In order to give a negative answer to the problem in the case
where [ > 11, we also consider the issue of whether or not the image of
the natural outer action of the absolute Galois group of a certain number
field on the geometric pro-I fundamental group of a modular curve is a

pro-l group.
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INTRODUCTION

Let [ be a prime number. In the present paper, we discuss a pro-l version
of the congruence subgroup problem for mapping class groups of genus one.

Let us first recall the congruence subgroup problem for mapping class
groups as follows (cf., e.g., [3], [16]): Let (g,7) be a pair of nonnegative
integers such that 2g—2+7 > 0 and X, a topological surface of type (g,7),
i.e., a topological space obtained by removing r distinct points from a con-
nected orientable compact topological surface of genus g. Write ﬁOp(Eg,r)
for the topological fundamental group of X, , (which is well-defined up to
conjugation) and MCGg, for the (pure) mapping class group of X, i.e.,
the group of isotopy classes of orientation-preserving automorphisms of X, ;.
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that fix each removed point. Then a classical result due to Dehn and Nielsen
asserts that the natural homomorphism

p;?f: MCGy,, — Out(m” (X))
is injective. Now we shall say that a subgroup J € MCG,, of MCGy . is a
congruence subgroup if there exists a characteristic subgroup H C 7" (%, )

of m{°P(X, ) of finite index such that the inclusion

top
ker(MCGy,, "5 Out(ni(2,,)) = Out(xiP(%,,)/H)) C J

holds. Then the congruence subgroup problem for the mapping class group
of type (g,r) may be stated as follows:
(CSP)W«: Is every subgroup of MCG,, of finite index a
congruence subgroup?
If g <1, then the problem (CSP), . was answered affirmatively in [2, The-
orems 2, 3A, 5|. If ¢ = 2, then it follows immediately from [4, Theorem
3.5], together with [12, Theorem B] (cf. also Proposition 1.3 of the present
paper), that the problem (CSP) o has an affirmative answer. However, the
problem (CSP), . in the case where g > 3 remains unsolved.

Now let us observe that since (as is well-known) 71" (%, ) is finitely gen-
erated, if we write 77 (X, ;) for the profinite completion of the discrete group
%P (%), then the outer automorphism group Out(m1'(2,,)) of 7] (Zy.)
admits a natural structure of profinite group. In particular, if we write
MCG;\’T for the profinite completion of the discrete group MCGy ., then

the homomorphism pg?f induces a continuous homomorphism
,09774: MCG;\?T — Out(r(Xyr)).

Here, one verifies easily that the problem (CSP) g DAS an affirmative answer
if and only if this continuous homomorphism pg\’r is wnjective.

Next, let us consider a pro-l version of the congruence subgroup prob-
lem for mapping class groups. Let us first recall that, for a characteristic
subgroup H C m®(%,,) of m\°"(Z,,) of index a power of I, the group
Out(m;°P(%,,)/H) is not an l-group in general; on the other hand, it is
well-known that if we write Xgh" for the compactification of X, (so Xgh' is
homeomorphic to “X ¢”) and

MCGy,[l] = ker(MCG,, — Aut(Hl(Eggf,IFl))),

then the image of the composite
top
MCGy,[l] < MCGy, "5 Out(mi®(5,,)) — Out(ri(Xy,)/H)
is always an [-group. From this observation, we shall say that a subgroup
J C MCGy,[l] of MCGy,[l] is an l-congruence subgroup if there exists a
characteristic subgroup H C 7\°"(%, ) of 7}°?(%,,) of index a power of [
such that the inclusion

top
ker(MCGy,, ™ Out(ni(2,,)) — Out(ni(%Z,,)/H)) € J

holds. Then the following problem may be regarded as a pro-l version of the
congruence subgroup problem for mapping class groups:
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(CSP)S?“Z: Is every subgroup of MCGy ,[I] of index a power
of [ an [-congruence subgroup?
If g = 0, then the problem (CSP)E;?’Z was answered affirmatively in |2,
Remark following the proof of Theorem 1].
Here, let us observe that, as in the profinite case, if we write """ Z(Eg,r),
MCGgm[l](Z) for the pro-l completions of the discrete groups 71'; P(Zgr),

MCGy,,[l], respectively, then the homomorphism pfq?f induces a continuous
homomorphism

PPt MCGy, () — Out(n™ ! (Zy,)),

and, moreover, it holds that the problem (CSP)'> " has an affirmative answer

if and only if this continuous homomorphism p,’ s injective. We note that,
in |7, Theorem 1, the discussion following Theorem 1|, it was proved that if
g > 2, then the natural continuous homomorphism from the pro-I completion
of the Torelli subgroup of MCGy,, (i.e., the subgroup of MCGy,, obtained by
forming the kernel of the natural homomorphism

MCGy,r — Aut(H1 (S, 7))

to MCGy [l ]( ) is not injective. In particular, the continuous homomorphism
induced by pgF from the pro-I completion of (not MCG, ,[I] but) the Torelli

subgroup of MCGy,, to Out (7] pro-L (Xg,r)) is not injective.
In the present paper, we discuss the problem (CSP)}"” "in the case where
g =1, i.e., a pro-l version of the congruence subgroup problem for mapping

class groups of genus one. The main result of the present paper is as follows

(cf. Corollaries 2.3, 4.7):

Theorem A. Let r be a positive integer. Then the following hold.
(i) The problem (CSP)Y" 2 has an affirmative answer.
(ii) Ifl > 11, then the problem (CSP)E’?_Z has a negative answer.

Theorem A, (i), is proved by a similar argument to the argument applied
in |2, Theorem 5|, which gives rise to an affirmative answer to the problem
(CSP), . in the case where g = 1. In order to prove Theorem A, (i), we also
prove the following result concerning the images of the pro-I outer Galois
actions associated to modular curves (cf. Theorem 3.13):

Theorem B. Let Q be an algebraic closure of the field of rational numbers
Q. For a positive integer N, let (5 € Q be a primitive N-th root of unity.
Then, for a prime number 1, the following conditions are equivalent:

(Pyi<.

(Y) The pro-l outer Galois action of Gal(Q/Q((;)) associated to the
modular curve Y(I) (c¢f. “Fundamental groups” in “Notations and
Conventions”) parametrizing elliptic curves with I'(1)-structures over
Q(Q) (cf., e.g., [18]) factors through a pro-l quotient of the Galois

group Gal(Q/ Q(()).

The proof of Theorem A, (ii), in the case where r = 1 may be summarized
as follows: Let us fix a prime number [ > 11 and assume that the problem
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(CSP)pml has an affirmative answer. Then it follows from the discussion

following the statement of the problem (CSP)SE?'Z that the homomorphism

p11>r10 Lis injective. On the other hand, it follows immediately from the various

definitions involved that we have a natural isomorphism of MCG 1 [{] ) with
the geometric pro-l fundamental group of the modular curve Y{(I) of The-
orem B. Moreover, as an immediate consequence of a fact concerning the
pro-l outer Galois action associated to a tripod (i.e., projective line minus
three points) and the fact that Oda’s problem has an affirmative answer (cf.
[28, Theorem 0.5, (2)]), the injectivity of pp ! implies that the image of the
pro-l outer Galois action associated to Y{(I) factors through a pro-I quotient.
But since [ > 11, this contradicts Theorem B. This completes the outline of
the proof. Here, it is of interest to observe that:

The problem (CSP)p'> ! (as well as the problem (CSP),,) is
stated and formulated by a purely topological and combma—
torial group-theoretic setting. Nevertheless, our approach
to the problem (CSP)S;?J is based on a highly arithmetic
phenomenon concerning the outer Galois actions associated
to modular curves.

Finally, we remark that one may think of the problem (CSP)y'” L as a sort
of geometric analogue of Ihara’s problem concerning the pro-I outer Galois
action associated to a tripod (cf., e.g., [14, Lecture I, §2], [25, Introduction]).
The conjecture due to Rasmussen and Tamagawa given in |25, Conjecture 1]
was motivated by this problem of Ihara and asserts the finiteness of abelian
varieties that satisfy certain conditions, one of which is a similar condition
to the condition imposed on “Y(l)” in condition (Y) of Theorem B. On the
other hand, to the knowledge of the authors, at least at the time of writing,
it does not appear that any argument has been obtained for deriving an
answer of Thara’s problem from the conjecture of Rasmussen-Tamagawa. In
this context, it is of interest to observe that the problem (CSP)y'> ' which
may be thought of as a sort of geometric analogue of Ihara’s problem —
directly relates, as discussed in the above outline of the proof of Theorem A,
(ii), to the consideration of the issue of whether or not a modular curve
satisfies a similar condition to the condition studied in the conjecture of
Rasmussen-Tamagawa.

The present paper is organized as follows: In §1, we recall generalities on
the relative pro-l completions of mapping class groups. In §2, we consider the
pro-2 outer geometric monodromy action to prove Theorem A, (i). In §3, we
discuss the issue of whether or not the pro-l outer Galois action associated
to a modular curve factors through a pro-I quotient and, in particular, prove
Theorem B. In §4, we prove Theorem A, (ii), by means of the results obtained
in the previous sections.
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NOTATIONS AND CONVENTIONS

Numbers: The notation Z will be used to denote the ring of rational inte-
gers. The notation Q will be used to denote the field of rational numbers. If
[ is a prime number, then the notation F; will be used to denote the quotient
Z/1, and the notation Z; (respectively, ;) will be used to denote the l-adic
completion of Z (respectively, Q). If A is a ring, then the notation A* will
be used to denote the multiplicative group of A.

Profinite groups: If GG is a profinite group, and H C G is a closed subgroup
of G, then we shall write G® for the abelianization of G (i.e., the quotient
of G by the closure of the commutator subgroup of G), |G : H| for the index
of H in G, and Zg(H) for the centralizer of H in G, i.e.,

Zo(H):={g9€Glg-h-g'=hforany hec H} CG.

We shall say that a profinite group G is torsion-free if G has no nontrivial
element of finite order. We shall say that a profinite group G is center-free
if Zg(G) = {1}. We shall say that a profinite group G is slim if for every
open subgroup H C G, it holds that Zg(H) = {1}.

If G is a profinite group, then we shall denote by Aut(G) the group of (con-
tinuous) automorphisms of the topological group G, by Inn(G) the group of
inner automorphisms of G, and by Out(G) the quotient of Aut(G) with
respect to the normal subgroup Inn(G) C Aut(G). If, moreover, G is topo-
logically finitely generated, then one verifies that the topology of G admits a
basis of characteristic open subgroups, which thus induces a profinite topology
on the group Aut(G), hence also a profinite topology on the group Out(G).

Let GG be a profinite group, N C G a normal open subgroup of G, G — @)
a quotient of G, I a prime number, and N* the maximal pro-I quotient of
N. Then we shall say that @ is the maximal almost pro-l quotient of G with
respect to N if the kernel of the surjection G — @ coincides with the kernel of
N — Nl ie., Q = G/ker(N — N'). (Note that since N is normal in G, and
the kernel ker(N — N') of the natural surjection N — N' is characteristic
in N, it holds that ker(N — N') is normal in G.)

Fundamental groups: Let [ be a prime number, k a perfect field, k an
algebraic closure of k, and G}, the absolute Galois group Gal(k/k) of k. For
a scheme X which is a geometrically connected and of finite type over k,
we shall write A{X for the pro-l geometric fundamental group of X, i.e., the
maximal pro-I quotient of the algebraic fundamental group 71 (X ®y k) of
X @k, and H& for the geometrically pro-l fundamental group of X, i.e., the
quotient of the algebraic fundamental group 71 (X) of X by the kernel of the
natural surjection 71 (X ®j k) — Al,. We shall write

P G — Out(Ak)



6 YUICHIRO HOSHI AND YU IIJIMA

for the outer action determined by the natural exact sequence

Pry

1 Al i e 1.

We shall refer to plX as the pro-l outer Galois action associated to X.

Curves: Let k be a field and (g,7) a pair of nonnegative integers. Then
we shall say that a scheme X over k is a curve of type (g,r) over k if there
exist a scheme X°P' which is of dimension 1, smooth, proper, geometrically
connected over k of genus g and a closed subscheme D C X°P* which is finite
and étale over k of degree r such that X is isomorphic to the complement of
D in X°P! over k. In this case, it follows from elementary algebraic geometry
that these X°P* and D are uniquely determined by X up to unique canonical
isomorphism. We shall refer to X°P* as the smooth compactification of X
and D as the divisor at infinity of X. We shall say that a scheme X over k is
a hyperbolic curve over k if there exists a pair (g,r) of nonnegative integers
such that 29 —2+7r > 0, and, moreover, X is a curve of type (g,7) over k. As
is well-known, for a curve X of type (g, r) over an algebraically closed field
of characteristic zero, the isomorphism class of the algebraic fundamental
group 71(X) of X (respectively, the pro-I geometric fundamental group of
X) depends only on (g,7) (respectively, (g,7,1)). We shall write Ay, (re-
spectively, Algﬂ,) for the algebraic fundamental group (respectively, the pro-I
geometric fundamental group) of a curve of type (g, r) over an algebraically
closed field of characteristic zero. If (g,r) is a pair of nonnegative integers
such that 2g — 2 4+ > 0, then the notation (M, ) will be used to denote
the moduli stack of r-pointed smooth proper curves of genus g over k whose
r marked points are equipped with an ordering.

Let n be a positive integer, (g,7) a pair of nonnegative integers such that
29 —2+1r > 0, and X a curve of type (g,r) over k. Suppose that the
divisor at infinity D of X consists of r distinct k-rational points. Then
we shall refer to the scheme obtained by pulling back the (representable)
(1-)morphism (Mg ,4n)k = (My,r)r given by forgetting the last n marked
points via the classifying (1-)morphism Spec(k) — (Mg )i of the r-pointed
smooth proper curve of genus g over k obtained by equipping the r marked
points of X with an ordering as the n-th configuration space of X. Note that
one verifies immediately that the isomorphism class of this pull-back does
not depend on the choice of the ordering of the r marked points of X.

1. THE RELATIVE PRO-I COMPLETIONS OF MAPPING CLASS GROUPS

Throughout the present paper, let [ be a prime number, k a field of char-
acteristic zero, and k an algebraic closure of k. Write G := Gal(k/k). In the
present §1, we recall generalities on the relative pro-l completions of mapping
class groups. Much of the content of the present §1 is contained in [7].

Definition 1.1 (|7, §3]). Let (g,7) be a pair of nonnegative integers such
that 2g —2 4+ > 0.

(i) We shall write
g e
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for the algebraic fundamental group of (M, );. Since the isomor-
phism class of the kernel of the homomorphism 1, ), — G that
arises from the structure (1-)morphism (M, ,)r — Spec(k) does not
depend on the choice of the field & of characteristic zero, we shall
write
Iyr

for the kernel of H(Mw)k — G. Note that I}, is isomorphic to
the algebraic fundamental group of (M, ). Thus, we have natural
exact sequences of profinite groups

1 Fgﬂ" H(Mg,r)k Gk 1 ’

1 AQ»"’ H(Mg,7'+l)k H(MQ,T)k 1
(cf. [23]).

We shall write

puni-/

(P2t T pg, e —> Out(AL )

for the outer action determined by the exact sequence of the final
display of (i) and the natural surjection Ay, — Agﬂ,, where we
refer to [21, Definition 1.1 (ii)] for the definition of Out®. By re-
garding Afw as the pro-l geometric fundamental group of a curve
X of type (g,7) over k (i.e., the geometric fiber of the (1-)morphism
(Mgr+1)k — (My,)r at a k-valued geometric point of (Mg, )k)
and Aé,O as the pro-l geometric fundamental group of the smooth
compactification of X, for a positive integer n, one obtains a natural

homomorphism
Py Out?(Ag,) — Aut((450)™ @z, (Z/1")).

puni-/

Note that ¢!, (respectively, ker(ol, o (ph k) N Iy) does not
depend on the choice of X (respectively, k). Let (I,,[l])! be the
maximal pro-I quotient of I'y,[I] := ker(¢l, . o (PRS-, N Ty We
shall write
ry

for the maximal almost pro-l quotient of Iy, with respect to I, [l],
i.e., the quotient of Iy, with respect to the kernel of I,,[l] —
(Iy-[1])}, and refer to Fgrﬁ!‘l as the relative pro-l completion of the
mapping class group of type (g,r). Note that since Iy .[l] is normal
in Iz, ), and the kernel of Iy ,.[I] — (I,-[1])! is characteristic in
I,[1], it holds that ker(I,,[l] = (Iy,[l])") is normal in Hpm,,)
We shall write

-
rel-1
Livin

for the quotient of Il 4, ), With respect to the kernel of I'y,[I] —

(Ly-[1])" and

k

(P G — Oub(I35)
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for the outer Galois action determined by the exact sequence

rel-l rel-l Pry
— s w1

that arises from the exact sequence of the third display of (i).

(iii) We shall write

-1 i-1
e (= (g kL))
for the quotient of Iy, with respect to the kernel of the surjection

Lyr = (055 (Iy). Note that the kernel of Iy — (o550 (Iyr)
is normal in Il py, .y, . We shall write

geo-l
(Mg,r)k

for the quotient of II(pq, )
(P w(Ty,r) and

(P2t G — Out(TE)

, With respect to the kernel of I, —

for the outer Galois action determined by the exact sequence

geo-l
(Mg, )k

|l g

that arises from the exact sequence of the third display of (i).

Proposition 1.2 (cf. |7, Proposition 3.1, (2)]). Let n be a positive integer,
(g,7) a pair of nonnegative integers such that 2g — 2 +r > 0, X a curve
of type (g,r) over k, and X, the n-th configuration space of the curve X.
Then the (1-)morphism (Mg rin)i — (Mg )i given by forgetting the last n
point and the classifying (1-)morphism Spec(k) — (Mg, )z of X determine
the following commutative diagram

1 rel-l rel-
1 AXn H(Mg,'r+n)k: H(Mgm)k 1
! . TR T —

where the horizontal sequences are exact, the vertical arrows are injective,
and the left-hand vertical arrow is the identity morphism of Aan.
In particular, by considering the case where n =1, we conclude that the

homomorphism (pg}qlnm'l)k factors through H(rftl = We shall write
g,
jv- 1-1
(e I Owi(ay,)

for the resulting homomorphism, whose restriction to Fgrﬁ}'l C H(rfwﬂ ), we

g,7

denote by

univ-l ., jprel-l l
Pgr Ly — Out(4y ).
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Proof. Let us first observe that it follows immediately from the exact se-
quence of the final display of Definition 1.1, (ii), that, to verify Proposition
1.2, it suffices to verify the exactness of the lower sequence of the commu-
tative diagram in the statement of Proposition 1.2. Thus, we may assume
without loss of generality, by replacing k by k, that k is an algebraically
closed field. Let Y be the curve of type (g, + 1) over k obtained by remov-
ing a k-rational point from X and Y;,_; the (n — 1)-st configuration space of
Y. Then it follows from the (easily verified) right exactness of the functor
of taking maximal pro-/ quotient and |11, Lemma 15, (iv)| that we have the
following commutative diagram of profinite groups

11— AL AL Al 1
e i — L p—
Frel—l Fgr’eg—l
1 1

where the vertical and horizontal sequences are exact, the lower horizontal
arrow is the identity morphism of Fgrfﬂ‘l, and the left-hand vertical arrow is
the identity morphism of AlYn,l' Thus, to verify Proposition 1.2, by induc-
tion on n, we may assume without loss of generality that n = 1. On the
other hand, if n = 1, then the desired exactness follows from the proof of |7,

Proposition 3.1, (2)]. O

Proposition 1.3. Let (g,7) be a pair of nonnegative integers such that 2g —
241 > 0. Then the homomorphism

p;j}iv‘l: Fgrf}l‘l — Out(Algy,,)
1s injective if and only if the homomorphism
iv-l ., 1-1 l
plgl,r:"ljrl : Fgridrl — OUt(Ag,rJrl)
18 1njective.

Proof. Let us first observe that it follows immediately from the definition
of the homomorphisms under consideration that, to verify Proposition 1.3,
we may assume without loss of generality, by replacing k by k, that k is an
algebraically closed field. Let X be a curve of type (g,7) over k, X5 the 2-nd
configuration space of X, and Y the curve of type (g,r + 1) over k obtained
by removing a k-rational point from X. Then it follows from Proposition 1.2
and [11, Lemma 15, (iv)] that we have the following commutative diagram
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of profinite groups

1 1
l l
AY AY
1 Al rel-l Frel—l 1
X g,r+2 g,r
1 Al rel-l Frel—l 1
X g,r+1 qg,r
1 1

where the horizontal and vertical sequences are exact, the upper horizontal
arrow is the identity morphism of Aly, and the right-hand vertical arrow is
the identity morphism of Fgr’erl‘l. Now let us observe that one verifies easily
that the outer action I, grf;}'l — Out(AlXQ) determined by the middle horizontal
sequence of the above diagram factors through the closed subgroup

out™(Ak,) C Out(Ak,)

where we refer to [21, Definition 1.1 (ii)] for the definition of Out¥“. There-
fore, it follows from |11, Lemma 17, (ii)] and |2, Remark following the proof
of Theorem 1] that we obtain the following commutative diagram of profinite
groups

l rel-1 rel-[

1 AX Fg,r+1 Fg,r —1
l geo-| geo-1

]. AX Fg7r+1 Fg,’/’ —_— ].

where the horizontal sequences are exact, and the left-hand vertical arrow
is the identity morphism of AIX. In particular, pgf}}"'l is injective (i.e.., the
right-hand vertical arrow of this diagram is injective) if and only if p;r;}j’rll is
injective (i.e., the middle vertical arrow of this diagram is injective). This

completes the proof of Proposition 1.3. O

Remark 1.4. A similar result to Proposition 1.3 for the profinite case can be
found in [4, Lemma 3.6].

2. A PRO-2 VERSION OF THE CONGRUENCE SUBGROUP PROBLEM FOR
MAPPING CLASS GROUPS OF GENUS ONE

In the present §2, we maintain the notation of the preceding §1. In the
present §2, we consider the congruence subgroup problem for the relative
pro-2 completions of mapping class groups. In particular, we prove that the
quotient of the profinite completion of the mapping class group of genus one
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determined by the pro-2 outer geometric monodromy representation coin-
cides with the relative pro-2 completion of the mapping class group of genus

one.

Definition 2.1.

(i)

(i)

Let (Mrga)r be the affine algebraic surface over k defined by the
equation

v =z(z—1)(z -\
in Spec(k[z,y, A]), where z, y, and A are indeterminates. Then one
verifies easily that the projection

(Mrga)k = PR\ {0,1,00} ~ (Moa)k, (2,y,A) — A
gives rise to a family of curves of type (1, 1), which we shall refer to
as the Legendre family of elliptic curves. We shall write Hfgdk for

the geometrically pro-/ fundamental group of (Mrgq)s and Aigd for
the pro-l geometric fundamental group of (Mygq)s. It is well-known
that the classifying (1-)morphism (Mg4)r — (M1,1)x determined
by (Mrpgd)r — (Moa)k is a finite étale covering of (M 1). In par-
ticular, IT(zy, ), may be regarded as an open subgroup of Il vy, ,), -

Moreover, let us observe that one verifies easily that I r4, ,), is con-

tained in ker(¢f | o (plf}inia) k). Thus, it follows from [9, Proposition

1.2] that we obtain a natural exact sequence

Hre1—2 1.

2 2
1 > A171 > H (MO,4)k

Lgd,,
We shall write

rel-2
(P%gd)k: H(j\/tm)k — OUt(A%,l)

for the outer action determined by this exact sequence and

P 1-2 2
PLea : Lou - — Out(Af,)

for the restriction of (p%gd)k to nga C H%‘l)k.

We shall write
2] : (Mrga\Lgag))k — (Murga)k

for the finite étale covering over (Mop4)i given by multiplication
by 2 (i.e., relative to the operation on the family of elliptic curves
given by the canonical relative compactification of (MLgd)k over

(Moa)k), H%g d\Lgd[2], for the geometrically pro-I fundamental group
of the covering (Myga\1gd[2))k> Ang d\Led[2] for the pro-l geometric
fundamental group of the covering (Mp,gq\r,gd[2)) k> and

.72 2
m([2]): HLgd\Lgd[Q]k - HLgd,c
for the outer injection induced by the above finite étale covering

(Migd\Lgd[2)) & B (Miga)k- Thus, one verifies easily that the com-
posite (MLgd\Lgd[Q])k — (MLgd)k — (M()A)k is a family of curves
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of type (1,4), and, moreover, the exact sequence of the third display
of (i) determines a natural exact sequence

2 2 rel-2
1 ATy Higa\Lga2), g ), L.

We shall write
2 . rel-2 2
(pLgd\Lng])k' H(MOA)k — Out(A7,)
for the outer action determined by this exact sequence and

p%gd\Lgd[Q] L 3o — Out(A7 )

for the restriction of (pLgd\Lgd[z})k to Foel 2 cC H{el 2 e Note that,

as is well-known, the quotient of (Mygq\rgaf2))r by the natural ac-
tion of Aut(u, ), (Mi12)x) = {£1} is isomorphic to (Mos)x over
(Mo,a)k, and the resulting morphism q: (Mpga\rgajz))t — (Mos)k
is a finite étale covering over (Mg 4)r. We shall write

2 rel-2
m1(q): HLgd\Lgd[Q]k 7 L Mos)i

for the outer injection determined by the morphism gq.

Theorem 2.2. The homomorphism
PLgd Frel 2 — OUt(A%,l)
1S 1njective.
Proof. Let us first observe that we have the following commutative diagram
of profinite groups

11— A7 Af g I3 1
7r1([2])j 7r1([2])J
1—= A%, —— A\ Led) Iy 1
£W1(q) Jﬂl (@)
1 A2, e e 1

where the horizontal sequences are exact, the vertical arrows are injective,

and the right-hand vertical arrows are the identity morphisms of I 53‘2. By
[11, Lemma 23, (i), (iii)], ker(pigd\Lgd[Q]) is an open subgroup of ker(pigd)
and a subgroup of ker(pf’y¥?). Thus, since ker(pf’i"?) is trivial (cf. |[2,
Remark following the proof of Theorem 1]), ker(,oLg d\La dp]) is trivial. In
particular, ker(p%gd) is a finite group. On the other hand, since I rel-2 o~
A%ﬁ is torsion-free (cf., e.g., |22, Remark 1.2.2]), ker(pigd) is trivial. ThlS

completes the proof of Theorem 2.2. O

Corollary 2.3. Let r be a positive integer. Then the homomorphism
pllll;‘lV -2, Z—urel -2 SN Out(A )

18 1njective.
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In particular, the problem (CSP)pr0 2 in the Introduction has an affirma-
tive answer.

Proof. Let us first observe that it follows from Proposition 1.3 that, to verify
the first portion of Corollary 2.3, we may assume that r = 1. It is well-known
that nga — Ffil‘Q determined by the classifying (1-)morphism (Moq4)z —
(Ma1)z of the family (Mrpgq)z — (Mo,a)z of curves of type (1,1) is an open
injective, and the kernel of the homomorphism

Pl o ptV 2 Y — Aut(Af ) @z, (Z/4))
is torsion-free (cf., e.g., [17, §1.4], |22, Remark 1.2.2]). Therefore, it follows

immediately from Theorem 2.2 that ker(puri“" ) is trivial. This completes
the proof of the first portion of Corollary 2.3. Thus, the final portion of
Corollary 2.3 follows immediately from the discussion following the statement
of the problem (CSP)prO' in the Introduction. This completes the proof of

Corollary 2.3. O

Remark 2.4. The argument given in the proof of Corollary 2.3 is essentially
the same as the argument applied in [2] to prove |2, Theorem 5.

Corollary 2.5. The equality

ker((pfga)k) = ker((pp%" ™))
holds.

Proof. Let us first observe that it follows from Theorem 2.2 and [2, Remark
following the proof of Theorem 1] that, to verify Corollary 2.5, it suffices to
prove that

im(ker(pFga)i) % Gi) = im(ker (o 2)) 2% Gi).

Since (M12)r — (Mi,1)g is isomorphic to the universal curve of type (1,1)
over k, we obtain the following commutative diagram of profinite groups

2 2 rel-2

1 Al,l HLgdk - H(MOA)k —1
2 rel-2 rel-2

1 Ay Ty, — Tty — 1

where the horizontal sequences are exact, the vertical arrows are injective,
and the left-hand vertical arrow is the identity morphism of A%,r Now let
us observe that one verifies easily from the above commutative diagram that

ker((pfga)k) C ker((p{'V2)r).
Moreover, it is well-known that

n 1-2 1-2
ker(io 1 o (pPY2)0) € ITEGE ) € TR )

which thus implies that
univ- univ- rel-2
er((p}572)1) = ker(P5¥2)6) N ITES2 | = ker((of ga).
Thus, we conclude that

im(ker((pf gq)r) = Gi) = im(ker((p{2)) =¥ Gy).
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On the other hand, since Oda’s problem is answered in the affirmative (cf.
[28, Theorem 0.5|), the equalities

im (ker((p1"%)x) = G) = ker(pB1 o.1,00p) = im(ker((p5" ")) = yen
hold. Therefore, we obtain that
im(ker((p7 ga)x) = Gi) = im(ker((p§3"?)x) = Gi).
This completes the proof of Corollary 2.5. O

Definition 2.6. Let (F, O) be an elliptic curve over k (i.e., a pair of a proper
smooth curve E of genus one over k and a k-rational point O of E), E[2] the
2-torsion subgroup of E ®j, k, and k(E[2]) C k the field generated by E[2]
over k. Then, by a standard argument in algebraic geometry (cf., e.g., |8,
Chapter 1V, §4]), there exists A € k(E[2]) \ {0,1} such that, after possibly
applying a suitable automorphism of Pi( Fl2)) OVer k(E[2]), the set of branch
points of the finite morphism f: F @y k(E[2]) — PI%:(E[z]) determined by the
linear system |20| coincides with {0,1,\,00}. Moreover, one verifies easily
that the set

me = {1/ 1= A1/ (1= M), A (A= 1), (A — 1)/A} C k(E[2])

is uniquely determined by the isomorphism class of E®k(E[2]) over k(E|[2]).
We shall refer to mpg as the Legendre invariant set of E.

Remark 2.7. Let (E,O) be an elliptic curve over k. Then it follows from
the definition of mg that the isomorphism class of E @ k(E[2]) \ {O} over
k(E[2]) may be recovered from mpg by considering the scheme obtained by
pulling back the Legendre family of elliptic curves (Myga)r(g) — P,lc(E[z]) \
{0,1, 00} via the k(E[2])-rational point [A]: Spec(k(E[2])) — IP)}C(E[ZD\{O, 1,00}
determined by A € mp.

Corollary 2.8. Let (E,O) be an elliptic curve over k and A € mpg. Then it
holds that

2 2
ker(ppy  \(o.1000) = KT (P, ke (0)):

: univ-2 Lo 2
| lm((pOA )k(E[2})) : 1m(ppi<E[2])\{0717)\700})‘

= [im((pf ga)k(e2)): 0 (Phe, k(m)(0))]
In particular, the following conditions are equivalent:

(i) E\ {0} is quasi-{2}-monodromically full (cf. [10, Definition 2.2,
(iii)] ) (respectively, the equality im((p%gd)k(E[Q])> = im(p%&k(E[z])\{O})
holds);

(ii) IP’}C(ED]) \{0,1, A\, 00} is quasi-{2}-monodromically full (cf. |10, Def-
inition 2.2, (iii)]) (respectively, {2}-monodromically full (cf. |10,
Definition 2.2, (i)])).

Proof. Let us first observe that, to verify Corollary 2.8, we may assume
without loss of generality, by replacing k by k(F[2]), that every 2-torsion
point of E is k-rational. Thus, A € mpg determines a k-rational point
[A]: Spec(k) — PL\ {0,1,00}. Write m1([A]): G — H(rf\l/li D for the outer
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homomorphism determined by [A]. Now it follows from the various defini-
tions involved that the homomorphism (p§%¥2)x o m1([A]): Gx — Out(AF,)

(respectively, (p%gd)kom([)\]): G — Out(A7 ))) coincides with p]%}c\{o,l,)\,oo}

(respectively, pQE\ {O}). Therefore, it follows from Corollary 2.5 that the two
equalities in the statement of Corollary 2.8 hold. Finally, the equivalence
at the final portion of the statement of Corollary 2.8 follows immediately
from the various definitions involved. This completes the proof of Corollary

2.8. (]

Corollary 2.9. Let (E1,01) and (Ea, O3) be elliptic curves over k. Suppose
that k is a finitely generated extension of Q, that every 2-torsion point of E;

is k-rational, and that pQEi\{Oi}(Gk) = (pigd)k(ﬂzje\l/l_i@k) fori=1,2. Then

the following conditions are equivalent;
(i) E1\ {01} is isomorphic to Ey \ {O2} over k;
(ii) the kernel of p?%\{Ol} coincides with the kernel of pQEQ\{OQ}.
Proof. The implication
(i) = (i)
is immediate; thus, to verify Corollary 2.9, it suffices to show the implication
(il) = (i).
Suppose that condition (ii) is satisfied. Let mp, C k be the Legendre in-
variant set of E; and A; an element of mpg, for ¢ = 1,2. Then it follows
from Corollary 2.8 that P} \ {0,1, 1,00} and P} \ {0,1, 2,00} are {2}-
monodromically full, and
2
ker(pB, (0,1, ,001) = KeT(PB, (0,1, 0,00})-

Thus, it follows from [10, Theorem A] that Pt \ {0,1, A;, 00} is isomorphic
to P,{: \ {0,1, A2, 00} over k, which thus implies that

m E, = m Es-
Therefore, by Remark 2.7, E; \ {O;1} is isomorphic to Ey \ {O2} over k. This
completes the proof of Corollary 2.9. O

3. THE PRO-I OUTER GALOIS ACTIONS ASSOCIATED TO MODULAR
CURVES

In the present §3, we discuss the issue of whether or not the pro-l outer
Galois action associated to a modular curve (cf. “Fundamental groups” in
“Notations and Conventions”) factor through a pro-l quotient of the absolute
Galois group of a certain number field.

In the present §3, let Q be an algebraic closure of the field of rational
numbers Q. For a positive integer N, let (y € Q be a primitive N-th root
of unity. For a subfield F' of Q, write Gp := Gal(Q/F). If A is a ring, then
we shall denote by SLy(A) the special linear group of degree 2 over A.

Definition 3.1. Let N be a positive integer. Then we shall write

I[(N) = { (‘é Z) € SLy(2)

a=d=1l,c=b=0 (modN)};
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a b

NNy =3 (0 ) esta@)
b

TH(N) = { (CCL d) € SLy(7)

Definition 3.2. Let N be a positive integer.
(i) We shall write

a=d=1,¢c=0 (modN)};

c=0 (modN)}.

Yi(N), Yo(N)
for the respective modular curves parametrizing elliptic curves with
I'N(N)-, I't(N)-structures over Q (cf., e.g., [18]);

X1(N),  Xo(N)
for the respective smooth compactifications of Y1(N), Yo(N) over Q;
Ji(N), - Jo(N)

for the respective Jacobian varieties of X1(N), Xo(N).
(ii) We shall write
Y(N)
for the modular curve parametrizing elliptic curves with I'(N)-structures

over Q(Cn) (cf., e.g., [18]);
X(N)
for the smooth compactification of Y(N) over Q((n);
J(N)
for the Jacobian variety of X (N).
Lemma 3.3. Let

1 Ay 15 G 1
1 Ay 11 G 1

be a commutative diagram of profinite groups, where the horizontal sequences
are exact, and the right-hand vertical arrow is the identity morphism of G.
Write

p1: G — Out(4Qy), p2: G — Out(Ay)
for the outer actions of G on Ay, Ao determined by the upper, lower hori-
zontal sequences of the above diagram, respectively. Suppose that one of the
following conditions is satisfied:

(a) The homomorphism « is surjective.

(b) The profinite group As is slim, and the homomorphism « is open.

(¢) The profinite group A; is center-free, the homomorphism « is in-
jective, and the image of the middle vertical arrow Iy — Ils of the
above diagram is normal.

Then the following hold:

(i) It holds that ker(p1) C ker(pa).

(ii) Suppose, moreover, that Ay is pro-l, and that the homomorphism «
s an open injection. Then it holds that p1 factors through a pro-l
quotient of G if and only if pa factors through a pro-l quotient of G.
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Proof. First, we verify assertion (i). If condition (a) is satisfied, then as-
sertion (i) follows immediately from the various definitions involved. Next,
we verify assertion (i) in the case where condition (b) is satisfied. Now let
us observe that it follows immediately from assertion (i) in the case where
condition (a) is satisfied that we may assume without loss of generality —
by replacing A; by the image of a — that a is an open injection. Thus, as-
sertion (i) in the case where condition (b) is satisfied follows from a similar
argument to the argument applied in the proof of [11, Lemma 23, (iii)].

Next, we verify assertion (i) in the case where condition (c) is satisfied.
Let us observe that, to verify assertion (i) in the case where condition (c) is
satisfied, it follows immediately from the various definitions involved that it
suffices to verify the inclusion

Zm, (A1) C Zp,(Ag).

Now since Ay = II} N Ay is normal in Iy (cf. condition (c)), hence also in
Ao, and center-free, it follows immediately from a similar argument to the
argument applied in the proof of [9, Lemma 4.10] that, to verify the above
inclusion Z7, (A1) C Zp1,(A2), it suffices to verify the following assertion:

If o € Zj7, (A1), then the automorphism of Ay/A; obtained

by conjugation by a € II} C Il is the identity automor-

phism.
On the other hand, the commutative diagram of the statement of Lemma 3.3
determines an isomorphism As/A; = ITy/IT;. Thus, since a € Zp7, (A1) C
I1,, it follows that the automorphism of Ay/A; obtained by conjugation by
« is the identity automorphism. This completes the proof of assertion (i).
Assertion (ii) follows immediately from assertion (i), together with a similar
argument to the argument applied in the proof of [11, Lemma 23, (i)]. This
completes the proof of Lemma 3.3. O

Lemma 3.4. Let F be a field of characteristic zero that contains a primitive
I-th root of unity, F' an algebraic closure of F, andY a hyperbolic curve over
F. Write Gp := Gal(F/F), X for the smooth compactification of Y over F,
and J for the Jacobian variety of X. Then the following hold:

(i) It holds that

ker(ph) C ker(ply) C ker(ph).

Moreover, the quotient ker(p';)/ ker(pl) is pro-l.

(ii) Suppose, moreover, that the natural action of Gg on the set of cusps
of Y factors through a pro-l quotient of Gp. Then the quotient
Ker(ph)/ker(ply) (cf. (i)), hence also ker(sh)/ ker(dy) (cf. (i), is
pro-1.

(iii) In the situation of (ii), if, moreover, X is of genus zero, then the
outer Galois action plY of Gp on Aly factors through a pro-l quotient
Of GF

Proof. Assertion (i) follows immediately from Lemma 3.3, (i) (in the case
where condition (a) is satisfied), and |1, Corollary 7|, together with the fact
that the natural morphism X ®p F — J @r F determined by an F-rational
point of X induces an isomorphism (A% )*> 5 Al
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Next, we verify assertion (ii). First, let us observe that since the natural
action of G on the set of cusps of Y factors through a pro-I quotient of G,
we may assume without loss of generality, by replacing F' by a suitable finite
extension of F', that Y is split, i.e., every cusp of Y is defined over F'. Write
Vyx for the kernel of the natural surjection of free Z;-modules of finite rank
(AL)ab — (AL )P (cf., e.g., [22, Remark 1.2.2]). Then one verifies immedi-
ately from [1, Corollary 7] that (since the module Homg, ((A%)*", Vy/x) of
Zi-linear homomorphisms from (AL.)2b to Vyx is a pro-l group), to com-
plete the verification of assertion (ii), it suffices to verify that the natural
action of ker(pl) on Vy,x factors through a pro-l quotient of ker(ply). On
the other hand, this follows immediately from the (easily verified) fact that
Vyx is isomorphic, as a Z;-module equipped with an action of G, to the
direct sum of finitely many copies of the [-adic cyclotomic character of Gg
(cf. our assumption that Y is split). This completes the proof of assertion
(ii). Assertion (iii) follows immediately from assertion (ii), together with the
(easily verified) fact that AL, = {1} (cf. our assumption that X is of genus
zero). This completes the proof of Lemma 3.4. O

Lemma 3.5. Suppose that | ¢ {2,3,5,7,13}. Then the restriction of the
action of Gq on the l-adic Tate module Ti(Jo(l)) of Jo(l) to G,y € Go
does not factor through any pro-l quotient of Ggyc,)-

Proof. Write x: Gg — F;* for the character of Gg determined by

a(G) = 7 (for o € Gg),

End(Jy(1)) for the ring of endomorphisms of the abelian variety Jo(l), T C
End(Jo(l)) for the Hecke algebra (where we refer to [19, p.90, Definition|),
and

V.= A{IO(Z) ®Zl Fl.

Then the action of Gg on Tj(Jy(l)) (respectively, the definition of the Hecke
algebra) induces a homomorphism of groups (respectively, rings)

Gg — Auty,(V), (respectively, T — Endp,(V)).

Note that since the action of T C End(Jy(1)) on Jy(1) is defined over Spec(Q),
the action of Gg on V' commutes with the action of T on V. Write T[Gg] C
Endp, (V') for the subring of Endg,(V) generated by the images of Gg —
Autg, (V) and T — Endg, (V). Here, let us recall that since [ is not contained
in {2,3,5,7,13}, the dimension of V' over F; is > 0.

Assume that the restriction of the action of Gg on the l-adic Tate module
Ty(Jo(1)) of Jo(l) to Gg() S Gg does factor through some pro-I quotient
of Gg(¢,)- Then it follows from [25, Lemma 3| that there exists an integer i
such that

2% ::{U6V‘g.vzxi(g)~v(forallg€GQ)}QV

is a nontrivial subspace of V. Since the action of Gg on V' commutes with
the action of T on V, for any g € Gg, t € T, and v € VX' it holds that

g-(t-v)=t-(g-v)=t-(x"(9)-v) =x"(g) - (t-v).
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Thus, VX' is a T[Ggl-submodule of V. Let W be a constituent of a T-Jordan-

Holder filtration of VX'. Then it follows from the definition of VX' that the
T-module W is a T[Gg]-subquotient of VX" and, moreover, a constituent of
a T[Gg]-Jordan-Holder filtration of V', i.e., W is a constituent of V' in the
sense of [19, p.112]. Thus, the annihilator 9% in T concerning the action on
W is a maximal ideal of T, and the action of T on W induces an injection

T/9M — Endg, (W).

Since W is a simple T-module by the definition of W, the dimension of W
over T/ is equal to 1, i.e., the dimension of W is equal to 1 in the sense of
[19, p.112]. Hence, it follows from [19, Chapter II, Proposition 14.1] that 9
is an Fisenstein prime of T, where we refer to [19, p.96, Definition|. Thus,
by [19, Chapter II, Proposition 9.7|, the characteristic of the field T/ is
prime to [. On the other hand, one verifies easily that Endg, (W) is of order
a power of [. Thus, we obtain a contradiction. This completes the proof of
Lemma 3.5 O

Remark 3.6. The observation given in the proof of Lemma 3.5 was related
to the authors by Akio Tamagawa.

Lemma 3.7. Let m be a positive integer. Write J C I'(l) (respectively,
C I'()) (c¢f. Definition 3.1) for the normal subgroup obtained by forming
the intersection of all I'1(1)- (respectively, I'(l)-) conjugates of I (") C
I (1) (respectively, I'(I"™) C I'(l)). Then the index |I'1(1) : J| (respectively,
|I'(1) : J|) is a power of l. In particular, the natural finite étale covering
Yi(I™) = Yi(l) (respectively, Y(I"™) — Y(l)) induces an outer open injection
H%ﬁ(lm) — H%ﬁ(l) (respectively, H%/(lm) — H)L/(l)).

Proof. Let us first observe that, to verify Lemma 3.7, it suffices to verify that
the finite groups I1(l)/I'(I"™) and I'(l)/I'(I"™) are l-groups. On the other
hand, one verifies easily that I'(l)/I"(I"") ~ ker(SL2(Z /I"™) — SL2(7 /1)) is
an [-group. Thus, Lemma 3.7 follows from the easily verified fact that the
index [I'1(1) : I'(1)| is equal to I. This completes the proof of Lemma 3.7. O

Remark 3.8. In the notation of Lemma 3.7, let p be a prime factor of [ — 1,
p” the largest power of p that divides [ — 1, and a € (Z /I"™)* an element of
order p”. Then one verifies easily that the subgroup generated by the matrix

(g a91> € SLy(z/I™) & SLa(z)/I'(I™)

is a p-Sylow subgroup of I'y(I™)/I'(I"™) C SLy(7)/I'(I"). Thus, by consider-

ing the conjugate of the above matrix by the matrix

(i 9) € norem ¢ st@yren,

one verifies immediately that

if I > 5 and m > 2, then the assertion obtained by replacing
“I7” or “I” in Lemma 3.7 by “Iy” does not hold.

Lemma 3.9. The following hold:
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(i) The restriction of the action of Gg on the 13-adic Tate module
T13(Jo(169)) of Jo(169) to Goc,y) S Go does not factor through
any pro-13 quotient of Gg(c,,)-

(ii) The restriction of the action of Gg on the 13-adic Tate module
T13(J1(13)) of J1(13) to Gg¢,y) € Go does not factor through any
pro-13 quotient of Goc,,)-

Proof. First, we verify assertion (i). Let us observe that it follows immedi-
ately from the Eichler-Shimura relation (cf., e.g., [19, p.89]) that the trace
of the action of the arithmetic Frobenius element Frobs at 3 (respectively,
Frobgg at 29) on T13(Jo(169)) coincides with the trace of the action of the
Hecke operator Ts (respectively, Tag) (cf., e.g., [19, p.87]). Now we claim
that

the characteristic polynomial of the action of the Hecke op-
erator T3 (respectively, Tog) on T13(Jp(169)) is

(t—2)2(t3 + 2t —t —1)?

(respectively, (t — 3)(t® + t* — 44t + 83)?).

In particular, the trace of the action of Frobs (respectively,
Frobag) on T13(Jp(169)) is 0 (respectively, 4).

Indeed, the above claim follows immediately from [27, http://modular.
math.washington.edu/Tables/charpoly.html|.

On the other hand, it follows, by considering the semi-simplification of the
action of Gg on T13(Jy(169)) ®z,, Fi3, from [25, Lemma 3|, together with
Class field theory, that if the restriction of the action of Gg on T13(Jy(169)) to
Go(ci3) € G factors through a pro-13 quotient of Gg¢,,), then the traces of
the actions of Frobs, Frobag on T13(Jy(169)) ®z,, F13 coincide. Thus, since
0 # 4 (mod 13), we conclude that the restriction of the action of Gg on
T13(Jo(169)) to Ggc,5) € Gq does not factor through any pro-13 quotient
of Gg(¢,4)- This completes the proof of assertion (i).

Next, we verify assertion (ii). Now one verifies immediately from assertion
(i), Lemma 3.4, (i), and Lemma 3.3, (i) (in the case where condition (b) is
satisfied — cf., e.g., [22, Proposition 1.4]), that the restriction of the outer
action of Gg on A%/?(lGQ) to Go(ey) € G does not factor through a pro-13
quotient of Ggc,,)- Thus, it follows immediately from Lemma 3.3, (ii) (in
the case where condition (b) is satisfied — cf., e.g., |22, Proposition 1.4]),
together with Lemma 3.8, that the restriction of the outer action of Gg on
A%/?(ls) to Go(c,3) € Go does not factor through a pro-13 quotient of Gg¢,,)-
In particular, since the complement of Y7(13) in X;(13) consists of six Q-
rational points and a Q((13 + Cf?)l)—rational point (cf., e.g., the discussion
given in [20, §3|), one verifies from Lemma 3.4, (ii), that the restriction of
the action of Gg on Ti3(J1(13)) to Ggc,,) € Gq does not factor through
any pro-13 quotient of Ggc,,). This completes the proof of assertion (ii),
hence also of Lemma 3.9. O

Remark 3.10. The observation given in the proof of Lemma 3.9, (i), was
related to the authors by Akio Tamagawa. The content of Lemma 3.9, (ii),
was pointed out to the authors by Seidai Yasuda.
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Lemma 3.11. The following hold:
(i) The restriction to G,y € Gq of the action of Gg on the T-adic
Tate module T7(Jo(49)) of Jo(49) factors through a pro-7 quotient

of Ga(r)-
(ii) The action of Gg(e,y on the T-adic Tate module T7(J(7)) of J(7)

factors through a pro-T quotient of Ggc)-

Proof. Assertion (i) follows immediately from |25, Table 1], together with
the well-known fact that X((49) admits a structure of elliptic curve over Q
and is listed as “49a”. Next, we verify assertion (ii). Let us first observe that
the (easily verified) inclusion

(S (1)>1-F(7)-<(7) ?) C Ip(49)

(cf. Definition 3.1) implies the existence of a dominant morphism X(7) —
X0(49) ®g Q(¢7) over Q(¢r), hence also a surjection J(7) — Jo(49) ®@q
Q(¢r) = X0(49) ®g Q(¢7) (ct. the proof of assertion (i)) over Q(¢7). Thus, it
follows immediately from [24, Theorem 2| that we have a Ggc,)-equivariant
isomorphism

T7(J(7)) ®z, Q7 = (Tr(Jo(49))*°) @z, Q7 -
Thus, it follows immediately from assertion (i) that the restriction of the

action of Gg on T7(J(7)) to Gg(,) € Gq factors through a pro-7 quotient
of Gg(¢,)- This completes the proof of Lemma 3.11. O

Remark 3.12. The content of Lemma 3.11 was pointed out to the authors by
Seidai Yasuda.

Theorem 3.13. Let ! be a prime number. Consider the following conditions:
(P) 1 € {2,3,5,7}.
Q) 1 € {2,3,5,7,13}.
(Y1) The restriction of the outer action of Gg on Alyl(l) to G, € Go
factors through a pro-l quotient of Ggy¢,)-
(X1) The restriction of the outer action of Gg on Alxl(l) to Go(e) € Go
factors through a pro-l quotient of Ggy¢,)-
(J1) The restriction of the action of Gg on the l-adic Tate module T;(Jy(1))
of Ji(l) to Go(e,) € Gq factors through a pro-l quotient of Gig,)-
(Yo) The restriction of the outer action of Gg on AZYO(l) to Go¢,) € Go
factors through a pro-l quotient of Ggy¢,)-
(Xo) The restriction of the outer action of Gg on AlXO(l) to Go(e) € Go
factors through a pro-l quotient of Gg¢,)-
(Jo) The restriction of the action of Gg on the l-adic Tate module T;(Jo(1))
of Jo(l) to Go(e,) € Gq factors through a pro-l quotient of G-
(Y) The outer action of G, on Aly(l) factors through a pro-l quotient
of Ga(q)-
(X) The outer action of Gog) on AlX(l) factors through a pro-l quotient
of Go(¢)-
(J) The action of G,y on the l-adic Tate module Ty(J(1)) of J(I) fac-
tors through a pro-l quotient of Gg¢,)-
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Then the implications
(P) = (Y1) = (X1) = (J1) = (Y) = (X) <= (J)
= (Q) <= (Yo) <= (Xo) < (Jo)
hold.
Proof. Let us first observe that we have an immediate implication
(P) = (Q).

Next, let us observe that the implications

(Y) (X) (J)

ﬂ

(Y1) = (X4) == (1)

ﬂ

(Yo) == (Xo) == (Jo)

follow immediately from Lemma 3.3, (i)
satisfied — cf., e.g., [22, Proposition 1.4]
observe that the implications

(J1) = (Y1), (Jo) = (Yo), (J)==(Y)

follow immediately from Lemma 3.4, (ii), together with the fact that every
cusp of Y{I), hence also of Yy(l) and Yi(l), is defined over Q((;) (cf. the
discussion given in [17, §1.4]).

Next, we verify the implication

(Yo) = (Q).
Suppose that condition (Y)p) is satisfied. Then it follows from the implication
(Yo) = (Jo) already verified that condition (Jo) is satisfied. Thus, it follows
from Lemma 3.5 that condition (Q) is satisfied. This completes the proof of
the implication (Yo) = (Q).
Next, we verify the implication

(Y1) = (P).

Suppose that condition (Y1) is satisfied. Then it follows from the impli-
cations (Y1) = (Yo), (Yo) = (Q) already verified that, to complete the
verification of condition (P), it suffices to verify that [ # 13. On the other
hand, if [ = 13, then it follows immediately from Lemma 3.9, (ii) that con-
dition (J1), hence also (cf. the implication (Y;) = (J1) already verified)
condition (Y1), is not satisfied. This completes the proof of the implication
(Y1) = (P).
Next, we verify the implication
(P) = (Y).

Suppose that condition (P) is satisfied. If [ # 7, then since (as is well-known)
X (1) is of genus zero, and every cusp of Y(l) is defined over Q((;) (cf. the

discussion given in [17, §1.4]), condition (Y) follows from Lemma 3.4, (iii).
If I = 7, then it follows from Lemma 3.11, (ii), that condition (J), hence also

(in the case where condition (b) is
) and Lemma 3.4, (i). Next, let us
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(cf. the implication (J) = (Y) already verified) condition (Y), is satisfied.
This completes the proof of the implication (P) = (Y).
Next, we verify the implication

(Q) = (Yo)-

Suppose that condition (Q) is satisfied. If [ # 13 (i.e., condition (P) is
satisfied), then condition (Y() follows immediately from the implications
(P) = (Y), (Y) = (Yo) already verified. Thus, to complete the verifi-
cation of condition (Yy), we may assume without loss of generality that
[ = 13. Now let us recall that Xy(13) is of genus zero. Thus, it follows
from Lemma 3.4, (iii), that condition (Xg), hence also (cf. the implications
(Xo0) = (Jo), (Jo) = (Yo) already verified) condition (Yy), is satisfied. This
completes the proof of the implication (Q) = (Yy), hence also of Theo-
rem 3.13. (]

Corollary 3.14. Let [ be a prime number and m a positive integer. Then
the following conditions are equivalent:
(P) 1 €{2,3,5,7}.
(Y1) The restriction of the outer action of Gg on AlYl(lm) to Go(e) € Go
factors through a pro-l quotient of Ggy¢,)-
(X1) The restriction of the outer action of Gg on Ale(lm) to Gy € Go
factors through a pro-l quotient of Ggy¢,)-
(J1) The restriction of the action of Gg on the l-adic Tate module T;(J1(I'™))
of Ji(I™) to G,y € Gq factors through a pro-l quotient of G-
(Y) The outer action of Gg(¢m) On Aly(lm) factors through a pro-l quo-
tient of Go(em)-
(X) The outer action of Gg(¢m) On AlX(lm) factors through a pro-l quo-
tient of Go(¢m)-
(J) The action of Gg(¢m) on the l-adic Tate module Ty(J(I™)) of J(I™)
factors through a pro-l quotient of Go¢m)-

Proof. Let us first observe that the implications

Y) —=— X) <= (J)

ﬂ

(Y1) <= (X1) <= (1)

follow immediately from similar arguments to the arguments applied in the
first paragraph of the proof of Theorem 3.13. Thus, it follows immediately
from Theorem 3.13 that, to complete the verification of Corollary 3.14, it
suffices to verify the following assertion:

It holds that condition (Y1) (respectively, (Y)) is satisfied
if and only if condition (Y7) (respectively, (Y)) in the case
where we take “m” to be 1 is satisfied.

Now if condition (Y1) (respectively, (Y)) is satisfied, then it follows from
Lemma 3.3, (i) (in the case where condition (b) is satisfied — cf., e.g., [22,
Proposition 1.4]), that condition (Y1) (respectively, (Y)) in the case where
we take “m” to be 1 is satisfied. On the other hand, if condition (Y;)
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(respectively, (Y)) in the case where we take “m” to be 1 is satisfied, then it
follows immediately from Lemma 3.3, (ii) (in the case where condition (b)
is satisfied — cf., e.g., |22, Proposition 1.4]), together with Lemma 3.7, that
condition (Y1) (respectively, (Y)) is satisfied. This completes the proof of
Corollary 3.14. O

Corollary 3.15. Let I be a prime number and m a positive integer. Then
the following conditions are equivalent:

(Q) 1 €1{2,3,5,7,13), andm =1 if | = 13.

(Yo) The restriction of the outer action of Gg on AlYo(lm) to Go(e) € Go
factors through a pro-l quotient of Gg¢,)-

(Xo) The restriction of the outer action of Gg on Al)(o(lm) to Gy € Go
factors through a pro-l quotient of Ggy¢,)-

(Jo) The restriction of the action of Gg on the l-adic Tate module T;(Jo(I'™))
of Jo(I™) to G,y € Go factors through a pro-l quotient of G-

Proof. Let us first observe that if m = 1, then Corollary 3.15 follows from
Theorem 3.13. Thus, it suffices to verify Corollary 3.15 in the case where
m > 1. Note that the implications

(Yo) <= (Xo) <= (Jo)

follow immediately from similar arguments to the arguments applied in the
first paragraph of the proof of Theorem 3.13. If | ¢ {2,3,5,7,13} (respec-
tively, I € {2,3,5,7}; [ = 13), then it follows immediately, in light of the
equivalences in the above display, from Lemma 3.3, (i) (in the case where
condition (b) is satisfied — cf., e.g., [22, Proposition 1.4]), together with the
implication (Yo) = (Q) of Theorem 3.13 (respectively, the implication (P)
= (Y1) of Corollary 3.14; Lemma 3.9, (i)), that the three conditions (Y)),
(Xo), and (Jo) are not satisfied (respectively, are satisfied; are not satisfied).
This completes the proof of Corollary 3.15. (]

4. A PRO-I VERSION OF THE CONGRUENCE SUBGROUP PROBLEM FOR
MAPPING CLASS GROUPS OF GENUS ONE: THE GENERAL CASE

In the present §4, we maintain the notation of §1 and the preceding §3. In
the present §4, we continue our sturdy of the congruence subgroup problem
for the relative pro-I completions of mapping class groups. In particular, we
prove that, if [ £ 2,3,5,7, then the quotient of the profinite completion of
the mapping class group of genus one determined by the pro-I outer geo-
metric monodromy representation does not coincide with the relative pro-l
completion of the mapping class group of genus one.

In the present §4, by means of an injection Q < k, let us regard Q as a
subfield of k. Write Gg := Gal(Q/Q). For a subfield F of k which contains
Cl, write (Y(l))p = Y(l) ®Q(Cl) F and (X(l))p = X(l) ®Q(Cl) F. If Ais a
ring, then we shall denote by PSLy(A) the projective special linear group of
degree 2 over A.



PRO-I CONGRUENCE SUBGROUP PROBLEM OF GENUS ONE 25

Lemma 4.1. Let

1 1
i
1 A 15 G1 1
1 H2 - Hg Gl 1
Zr[2
Go Go
1 1

be a commutative diagram of profinite groups, where the horizontal and verti-
cal sequences are exact, the right-hand vertical arrow is the identity morphism
of G1, and the lower horizontal arrow is the identity morphism of Go. Write

p1: G1 — Out(Q) and py: Gy — Out(4Q)

for the outer actions associated to the top horizontal and left-hand vertical
exact sequences, respectively. Then any element of im(p2) commutes with
any element of im(p1).

Proof. One verifies easily that the left-hand upper square in the diagram in
the statement of Lemma 4.1 is cartesian, i.e., the equality i, o il1(A) =
irr, (IT1) N i, (I12) holds. Thus, it follows that the commutator subgroup
[irr, (IT1), 417, (IT2)] € II3 is contained in iz, o i/1(A). In particular, one
verifies immediately from the various definitions involved that any element
of im(p2) commutes with any element of im(p;). This completes the proof
of Lemma 4.1. (|

Proposition 4.2. Suppose that k contains (;, and that | > 2. Then the
equality

ker(ply 1y),) = ker((pi7")r)

holds.

Proof. Let us first observe that, by the various definitions involved, we have
the following commutative diagram of profinite groups
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1 1
1 —— Aly ), I ——— SLy(F) — 1
L My, — Mgy, — SLa(B) —~1
Gy =—=0Gj,
1 1

where the vertical and horizontal sequences are exact, the lower horizontal
arrow is the identity morphism of Gy, and the right-hand vertical arrow is
the identity morphism of SLq(IF;). In particular, since AéY(l))k is center-free
(cf., e.g., [17, §1.4], |22, Proposition 1.4]), it follows from Lemma 3.3, (i) (in
the case where condition (c) is satisfied), that, to verify Proposition 4.2, it
suffices to verify that

ker(py (), ) 2 ker((p1T)).

Write ¢k, : SLy(F;) — OUt(Al(Y(l))k) for the homomorphism determined by
the upper horizontal sequence of the above commutative diagram. Let o be

rel-1

an element of ker((pi’7")x). Note that, by [15, Lemma 2.2], pl(Y(l))k(J) is

contained in im(¢pk; ).
First, suppose that [ > 3. Since (one verifies easily that)

( Y ) € SLy(F)

is contained in the image of the restriction to Z pwert (ITe) C ITe of T —
1,1 ) ) )

SLy(F)), it follows immediately that the homomorphism ¢k, : SLo(F;) —
Out(Al(YU))k) factors through PSLo(IF;). Hence, it follows from the simplic-
ity of the group PSLy(F;) (cf., e.g., [5, Chapter II, §10, Exercise 14]) that
the image of ¢l is isomorphic to either {1} or PSLy(F;), which thus implies
that im(cplSL) is center-free. In particular, by Lemma 4.1, together with the
fact that pl(y(l))k(a) € im(pk;) (already verified above), we conclude that

o is contained in ker(pl(y(l))k). This completes the proof of the case where
[>3.

Next, suppose that | = 3. Let us first recall that (Y'(3))r is a curve
of type (0,4) over k, and every cusp of (Y (3)) is k-rational (cf. [17,
(AL.5.1)], [17, §1.4]). Note that %, : SLa(F3) — Out(A?Y(?)))k) factors
through the natural homomorphism Autg((Y(3))r) — Out(A:()’Y(:,))k)) by
the various definitions involved. Thus, by comparing the natural actions

of Auty((Y(3))r) € Autr((X(3))x) ~ Autg(PL) and im(p?y(g))k) on the set
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of conjugacy classes of cuspidal inertia subgroups of A?Y(?,))k (cf. the fact
that every cusp of (Y (3)) is defined over k), we conclude that o is contained
in ker(p:(”y(3))k). This completes the proof of the case where [ = 3, hence also
of Proposition 4.2. O

Theorem 4.3 (cf. [15, Corollary 3.8|). Let (g,r) be a pair of nonnegative
integers such that 3g — 3 +r > 0. Then the kernel of the homomorphism

(pz‘fi'l)k is contained in the kernel of the homomorphism

l . l

Proof. 1f either (g,r) # (1,1) or I = 2, then Theorem 4.3 follows from [15,
Corollary 3.8]. Thus, to verify Theorem 4.3, we may assume that (g,7) =
(1,1) and I > 2. Next, let us observe that one verifies immediately that, to
complete the verification of Theorem 4.3, it suffices to verify Theorem 4.3 in
the case where we take “k” to be Q. Moreover, we claim that

Theorem 4.3 in the case where we take “k” to be Q((;)
implies Theorem 4.3 (i.e., Theorem 4.3 in the case where
we take “k” to be Q).

rel-1

Indeed, suppose that ker((pi%")q(¢,)) is contained in ker(p]l1J>1

b\ 0100y Then

we have that

ker((p1T)a(q)) = ker((pT)e)NGo(q) € ker(p%%(cl)\{o,l,oo}) < ker(p%?’b\{(},l,oo})'

rel-1

In particular, the image of ker((pi°T")g) by the natural homomorphism G —

Go/ ker(pﬁpé\{o’lm}) is a finite normal subgroup of Gg/ ker(p]l%\ ). On

{0717w}
the other hand, it follows from [10, Lemma 4.3, (ii)| that Gg/ ker(pfp,l\{o L Oo})
Q 1y

is slim. Thus, the above claim follows from the well-known fact that any finite
normal closed subgroup of a slim profinite group is trivial (cf., e.g., [22, §0]).
This completes the proof of the claim. It follows from the above claim that,
to complete the verification of Theorem 4.3, we may assume without loss of
generality that & = Q((;).

Since (Y'(1))x is a hyperbolic curve over k, it follows from [12, Theorem
C] that

ker(pl(y(l))k) - ker(p%%\{(],l,oo})'

Thus, since (we have assumed that) { > 2, Theorem 4.3 follows immediately
from Proposition 4.2. This completes the proof of Theorem 4.3. U

Remark 4.4. Let (g,r) be a pair of nonnegative integers such that 3g—3+r >
0. In the summer of 2011, Makoto Matsumoto gave the second author the
following problem:

rel-1

(My,r1): Does the kernel of the homomorphism (pg’™ ) co-
incide with the kernel of the homomorphism

! ) !
PBIN{0,1,00} G — Out(AP}c\{O,LOO})?

The second author proved, in response to this problem, the following Theo-
rem (cf. [15, Theorem 3.4|):
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Suppose that either (g,r) # (1,1) orl = 2. Then the kernel
of the homomorphism (p%?f'l)k coincides with the kernel of
the homomorphism

l . l

However, (M, ,;) is answered in the negative if g = 1 and [ # 2,3,5,7 (cf.
Theorem 4.5, Remark 4.6, below).

Theorem 4.5. The equality
rel-l _ l
ker((p11")e) = ker(p%\{ojlm})
holds if and only if
1€{2,3,5,7}.
In particular, if v is a positive integer, and
1¢{2,3,5,7},
then
rel-1 l
ker((er Jo) & ker(p%\{o’lm}).

Proof. Let us first observe that, for any positive integer r, we have the fol-
lowing commutative diagram of profinite groups

1-1 rel-l

1 = Fier+1 i H(Ml,r+l)@ = GQ >~ 1
1-1 rel-l

1—— Iy I ), G 1

where the horizontal sequences are exact, the vertical arrows are surjective,
and the right-hand vertical arrow is the identity morphism of Gg. Thus, it
follows immediately from Theorem 4.3, together with Lemma 3.3, (i) (in the
case where condition (a) is satisfied), that, to verify Theorem 4.5, it suffices
to verify the first equivalence of the statement of Theorem 4.5.

First, suppose that [ = 2. Then it follows from Corollary 2.3 and [15,
Theorem 3.4] that the equalities

Ker(p1%F2)0) = ker(p57)2) = ker(p3y, 01 o))

hold. This completes the proof of the case where [ = 2.

Next, suppose that [ € {3,5,7}. Then let us recall that since [ is regular
and odd, Ihara’s problem concerning the pro-l outer Galois action associated
to a tripod (cf., e.g., [14, Lecture I, §2|, |25, Introduction|) is answered
in the affirmative (cf. the main result of [6], together with [26, Theorem
1.1]). Thus, since (pﬂ‘l)Q(GQ(Q)) is pro-l (cf. the equivalence (P) < (Y) of
Theorem 3.13, Proposition 4.2), it follows immediately from [7, Theorem 3|
that the equality

rel-1 _ l
ker((Pfl o) = ker(ﬂ%\{o,l,oo})
holds. This completes the proof of the case where [ € {3,5,7}.
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Finally, suppose that | ¢ {2,3,5,7}. Then it follows from Proposition 4.2
that, to complete the verification of the case where [ ¢ {2,3,5,7}, it suffices
to prove that

! !
ker(ﬂy(l)) # ker(p%(m\{o,mo})'
On the other hand, if

ker(py ) = kef(Pf%(m\{o,l,oo})’

then it follows from [10, Lemma 4.3, (ii)|] that the image of ply(l) is pro-l,

which contradicts the equivalence (P) < (Y) of Theorem 3.13. This com-

pletes the proof of the case where | ¢ {2,3,5,7}, hence also of Theorem
4.5. O

Remark 4.6. Let (g, r) be a pair of nonnegative integers such that 3g—3+r >
0.

(i) Let us recall that, as is well-known, there exists an isomorphism of
(Moa)g with P} \ {0,1,00} over k. Thus, it follows immediately
from Definition 1.1 that we have an equality

ker(pr}c\{o,Loo}) = ker((pfﬁ'l)k).

In particular, the problem (Mg, ;) of Remark 4.4 is equivalent to
the following problem:
Does the equality ker((pf)x) = ker((pg7")x) hold?
That is to say, roughly speaking, the problem (M,,;) of Remark
4.4 concerns the issue of whether or not the kernel ker((pzf’i‘l)k) is
independent of the pair (g,r).
(ii) We prove, in Theorem 4.5, that the problem (M, ;) of Remark 4.4
has a negative answer for some triple (g,,1).
(iii) From the point of view of the discussion of (i), one can pose the
following problem, which may be regarded as a weaker version of
the problem (M, ;) of Remark 4.4:
(M;,)r,l
coincide with the kernel of the homomorphism (pgﬂil) k!
That is to say, roughly speaking, this problem (M;”T ;) concerns the

I}

rel-1

): Does the kernel of the homomorphism (p3%™" )k

issue of whether or not the kernel ker((pg‘f}fl) k) is independent of r.

Now let us observe that we have the following commutative dia-
gram of profinite groups

1-1 rel-l

L= Torts = g ), — G — 1
1-1 rel-l

| —— I —— G —1

where the horizontal sequences are exact, the vertical arrows are sur-
jective, and the right-hand vertical arrow is the identity morphism
of Gi. In particular, it follows from Lemma 3.3, (i) (in the case
where condition (a) is satisfied), that

ker((pja)i) S ker((pfe)-
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Thus, we conclude that
the problem (M, ;) has an affirmative answer if and only
if the inclusion

ker((pyy k) C ker((ria)w)-

holds.
By [13, the Galois Kernel Theorem| or |21, Corollary 4.2, (ii)],
(Mo 1) is answered in the affirmative for any integer r > 3, which
thus implies that (Mé‘jr’l) is answered in the affirmative for any in-
teger r > 3. Also, by Corollary 2.3 and [15, Theorem 3.4|, (M1 ,,2)
is answered in the affirmative for any positive integer r, which thus
implies that (Mlﬂjm) is answered in the affirmative for any positive
integer 7.
Moreover, we can prove the following assertion:

Suppose that

3 if g=0,
r>¢1 if g=1,
0 if g>1.

Then (M,.,) is answered in the affirmative.

rel-1

Indeed, let v be an element of ker((py"")x), X a curve of type (g,7—
1) over k, X5 the 2-nd configuration space of X, and Y the curve
of type (g,r) over k obtained by removing a k-rational point from
X. Let us first observe that it follows from Proposition 1.2 that we
have the following commutative diagram of profinite groups

1 1
l l
AY AY
1-1 rel-l
1—— Fgrfr+1 E—— U(Mg,r+1)k —— G ——1
p;YTJrl
rel-l rel-l Pg,r
LI it G 1
1 1

where the vertical and horizontal sequences are exact, the top hor-
izontal arrow is the identity morphism of AL, and the right-hand
vertical arrow is the identity morphism of Gj. Since v is an el-

rel-1

ement of ker((pj7")x), there exists an element " of p;%({v}) N

ZH% o (I3, Let 4 be an element of (p, ,,1) ' ({7'}). Then
since AL, is center-free and topologically finitely generated (cf., e.g.,

[22, Remark 1.2.2], [22, Proposition 1.4]), it follows from [9, Lemma
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4.10] that, to verify the inclusion ker((pfs!);) C ker((p;eiil) ), it
suffices to prove that, after possibly multlplying 4 by a suitable

element of A}, 7 is contained in Z mEL (Ab).
g,r+1)k
Now, by Proposition 1.2 and [22, Proposition 2.2, (i)|, we have

the following commutative diagram of profinite groups

l l l
1 Al A fz A f{ 1
1 AL ey e 1

Co

l rel-l Pg,r+1 rel-l
L&y —— Iy = Himyy, — 1

where the horizontal sequences are exact, the vertical arrows are
injective, and the left-hand vertical arrows are the identity mor-

. l . . 1 . rel-1
phisms of Aj.. Thus, since the image of Al in H(Mg i L

(rf\l/[lq )k v € Z rerl (Frel'l), and A is center-
(M rk

free, it follows from [28, Theorem 0. 1] or [12, Theorem B] that,
after possibly multiplying 4 by a suitable element of Ay, 7 is con-

tained in Z el (AL). This completes the proof of the inclusion
(Mg,'r+1)k

ker((p;e}nl) ) C ker((p_f]e}nil) ), hence also (cf. the final portion of the
discussion of (iii)) of the above assertion.

normal in IT

Corollary 4.7. Let r be a positive integer. Suppose that
1 ¢{2,3,5,7}.
Then the homomorphism
puivls prell L Oug(AlL)

18 not injective.
In particular, the problem (CSP)pml in the Introduction has a negative
answer.

Proof. Let us first observe that it follows from Theorem 4.5 that
1-1 [
Ker((p1)0) & Ker(phy, 01,0

On the other hand, since Oda’s problem is answered in the affirmative (cf.
[28, Theorem 0.5, (2)]), we have that

ker(py qo.1,001) € ker(§5)o)-

univ-1

Thus, since the injectivity of pry " implies, by definition, the equality

l
ker(pi% " )g = ker(pf7 o,
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we conclude that p‘m“’l is not injective. This completes the proof of the

first portion of Corollary 4.7. Thus, the final portion of Corollary 4.7 fol-
lows immediately from the discussion following the statement of the problem
(CSP)Y " in the Introduction. This completes the proof of Corollary 4.7. [J

Lemma 4.8. Let f: G — H be a homomorphism of profinite groups. For
i = 1,2, let N; C G be a normal open subgroup of G, Nil the mazimal
pro-l quotient of N;, and GS\G the maximal almost pro-l quotient of G with
respect to N (cf. “Profinite groups” in “Notations and Conventions”). Sup-
pose that N} is torsion-free, and that f: G — H factors through Gé\]l and
Gé\,Q. Write fn,: Gl . — H for the resulting homomorphism for i = 1,2.
Suppose, moreover, that the kernel of f: G — H is contained in Ny, and
that fn,: G , — H s injective. Then fn,: GN1 — H 1is injective.

Proof. Write N3 := N1N Ny and Gl , for the maximal almost pro-I quotient of
G with respect to N3. Let us observe that since fn,: Gl — H is injective,

one verifies easily that ker(f) = ker(Ny — NJ), Wthh thus implies that
Ny /ker(f) is pro-lI. Thus, it follows that N3 is a normal open subgroup of G
which contains the kernel of f: G — H. In particular, the quotient Ny/N3,
hence also Na/ ker(N3 —» N1), is pro-I. Therefore, by considering the natural
exact sequence of profinite groups

1 ——= ker(N3 — N&) —— ker(Ny — NL) —— Na/ker(N3 — Ni) |

we conclude that ker(N3 — N) = ker(Ny — N&),i.e., f: G — H determines
an injection GZN3 — H. In particular, by replacing Ny by N3, we may
assume that No C Nj. Then since fy,: GZN2 — H factors through G! . and
Iy Gé\,z — H is injective, we have the following commutative diagram of
profinite groups

HNl

\ ilelNl
fNQ‘

Thus, since the top arrow N4 — N! is an open injection, and N} is torsion-
free, it holds that fy; | Nt hence also fn,, is injective. This completes the
proof of Lemma 4.8. U

Lemma 4.9. Let r be a positive integer. Suppose that | > 2. Then (I .[I])!
(cf. Definition 1.1, (ii)) is slim and torsion-free.

Proof. Let us first observe that it follows from Proposition 1.2 and the defi-
nition of I lreT” that we have the following exact sequence

1 AL, (M [I)! — (I, 1) —1.

Thus, since Alr is slim and torsion-free (cf., e.g., [22, Proposition 1.4],
[22, Remark 1.2.2|), it follows from induction on r that, to verify Lemma
4.9, we may assume without loss of generality that » = 1. Then it follows
from the various definitions involved that (I3 1[l])! is isomorphic to A%,(l).
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In particular, by [17, §1.4], [22, Remark 1.2.2], and [22, Proposition 1.4,
(I 1[1])! is slim and torsion-free. This completes the proof of Lemma 4.9. O

Corollary 4.10. Let r be a positive integer, N C I, a normal open sub-
group of I',, and (FLT)IN the mazimal almost pro-l quotient of I, with
respect to N (cf. “Profinite groups” in “Notations and Conventions”). Sup-
pose that

1 ¢{2,3,5,7},
and that the homomorphism (plf};m_l)k]pm factors through (I ;). Then the
resulting homomorphism

(PN (Tr)ly — Out(Af L)
18 not injective.

Proof. Corollary 4.10 follows immediately (in light of Lemma 4.9) from
Corollary 4.7, together with Lemma 4.8 in the case where we take “(G, H,
N1, N2)” in the statement of Lemma 4.8 to (17, Out(AlM), I,[, N). O
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