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ABSTRACT. After Lagrange expressed the theory of propagation of sound 1759-61 by the trigono-
metric series, Fourier 1822 proposes the analytical theory of heat, including the trigonometric
series without proving the convergence. Since then, many mathematicians, like Poisson 1823,
Cauchy 1823, et al. try the proof problem on the describability of trigonometric series until the
success by Carlson 1966 of L? and by Hunt 1968 of L?. At first, Dirichlet 1837 introduces espe-
cially Cauchy 1823 as the only challenging one, however, falls himself into a circular argument.
Liouville 1836 introduces Poisson 1823 as the first study of this sort. Kummer 1860, in the
mourning paper of Dirichlet, evaluates Dirichlet’s work 1837 on this problem. We focus on the
earlier triers, such as Lagrange, Fourier, Poisson, Cauchy, Dirichlet, Liouville, et al., of proving
trials on the describability of trigonometric series.
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1. INTRODUCTION

1234 TIn the early days before and after Fourier, many matimaticians begin to try the proof

on the describability of trigonometric series until the success by Carlson 1966 of L? and by Hunt
1968 of LP, for example, Cauchy (1789-1857) 1823 [1], Poisson (1781-1840) 1823 [35], 1835 [36],
Dirichlet (1805-59) 1837 [4], Liouville (1809-82) 1836 [14]. They discuss this problem as the
‘mathematical theory of heat’ like Fourier, to solve the heat diffusion problems, not as the pure
mathematical theory directly.

2. LACRANGE [8] : 1759, [12] : 1762

2.1. Recherches sur la Nature et la Propagation du Son by Lagrange [8], 1759.
Lagrange explains the motion of sound diffusing along with time ¢ by the trigonometric series

of the original sample which the after ages, such as Fourier, Poisson, Dirichlet, et al. refer to it.

Here, @w = .

9 23. (pp.79-81).

2 3 m—1
P,,EYlsinz—l—Ygsin—w+Y},sin—w+---—|—Ym,1sin( )@
2m 2m 2m 2m
w 2w . 3w o (m—1w
Ql,EVlsin——i—Vgsin——i—V},sm——l—---—{—Vm,lsm( )
2m 2m 2m 2m
. @ . 2w . 3w . (m—-1w
Y18l — + ygsin — + y3sim — + -+ + Y, Sln
2m 2m 2m
» <2t\/_ . Vw) . Q@ sin (Qt\/E sin Z—Z) 5
= cos esin — =
v 4m 2\/efZ v
2.1. Transfer array by Lagrange.
. w . 2w . 3w . (m-1Dw
y18in — 4+ yosin — 4+ yssin — + - - + Y1 sin ————— = 5
2m 2m 2m 2m
. 2w 4w . 6w . 2(m—1)w
y18in — + Yo sin — + yssin — + - - - + Y1 Sin ——— = S
2m 2m 2m 2m
. 3w . 6w . 9w . 3(m—1)w
Y1 8in — + Yo sin — 4 ygsin — + -+ + Y1 sSin ————— = 53
2m 2m 2m 2m
— 2(m—1 -1 —1)?
PO e P et AP it AU . it i B
2m 2m 2m 2m

1Basically, we treat the exponential / trigonometric / logarithmic / 7 / et al. / functions as the transcendental
functions.

2Translation from Latin/French/German into English mine, except for Boltzmann.

3To establish a time line of these contributor, we list for easy reference the year of their birth
and death: FEuler(1707-83), d’Alembert(1717-83), Lagrange(1736-1813), Laplace(1749-1827), Fourier(1768-
1830), Poisson(1781-1840), Cauchy(1789-1857), Dirichlet(1805-59), Riemann(1826-66), Boltzmann(1844-1906),
Schrédinger (1887-1961).

4The symbol ({}) means our remark not original, when we want to avoid the confusions between our opinion
and sic.
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Here, we can show with a today’s style of (m — 1) x (m — 1) transform matrix :°
S sin /% sin Sz sin g’z sin (m;WlL)w 1
S2 sin2Z  sin32  sin 5 sin % Y2
53 — 3w 6w 9w - 3(m—w Y3 1
. sing=  singe  singe sin == . (1)
) 2
S .o (m—1Dw . 2(m—1)w _. 3(m—-1)w iy (m—1D)?w _
| Pm—1 | | sin = sin =—— sin =—— sin ~———~— | | Ym-1 |

Lagrange continues as follows :

It must now, by the ordinary rules, substitute the values of

unknown with an equation in the other successively, to reach to one which contains no more
than only one of these variables ; however, it is clear to see if we take this manner, we will fail
in the unpractical calculus by reason of undetermined number of equation and unknowns ; it
this is one which seems to us to be the best.
We show the Lagrange’s bibliography [8] adding our comments to understand easily as possible,
with § : the article number and pages of it, in the following :

is necessary, therefore, to take another route :

9§ 24. (pp.81-82).
We assume Dy = 1.

r 2 3 -1
Y1 Dlsinﬂ—i—Dgsin—w—i—Dgsin—w—i----—i-Dm_lsm m )w}
L 2m 2m 2m 2m
r 2(m —1
4+  yo|D1sin — 4+ Do sin — + Dgsin — + + D,,_1sin m2 )w}
L m
3(m—1
4+  y3|D1sin — 4+ Do sin — + Dssin — + + D,,_1sin m2 )w}
m
_|_ ............
m—1 2(m —1 3(m—1 —1)?
+ ym_l[Dlsin( )w—l—Dgsin (m )w—l—Dgsm ( 5 )w_|_.. + D,,_1 sin QO) w]
= D151+ D9S2+ D3S3+ -+ Dy 1Sm—1
That is,
St
Sa
| Dy Dy D3+ Dy | Ss
Sm—l
Dy sin 52 Djsin g— D3 sin 52 37" D,y _1sin % Y1
Dy sin gw D5 sin 3w D3 sin 522 Gw D,,_1sin 2(7"2;11)1” Y2
= Dy sin gw Dy sin gw D3 sin 52 Qw D,,,_1sin 3(m2:n1)w Y3 (2)
Dy sin% Do sin% D sinw -++ Dy,_18in % Ym—1
In general, we may state as follows : ©
2 3w -1
yu[Dlsln'; —|—DQSII12M——|—D3 nzu——i— —|—Dm_1sin%]
= D151+ D2S2 + D3S3+ -+ + Dyy15m-1, (3)
Generally speaking,
A 2 3\ — DA
Dlsin—w —|—Dgsin—w —i—Dgsin—w + -4+ Dy—q1sin M =0,
2m 2m 2m 2m

5Lagrange didn’t use the transform-matrix symbol, but mine. cf. Poisson’s expression (32).

SDirichlet’s (74) also uses the same style of expressio

n with (3).
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where, for0 < A<m—1, A€ Z.

9 25. (p.82).

To deduce the values of the quantities D from this equation, I remark at first all sins of a
multiple angle reduces to a series of integer power and positives of cosine of simple angle, which
the largest exponential is equal to the number which I denote the multiple decreasing by 1, all
the series being still multiplied by the sin of the simple angles.

Therefore,
e if we develop from this manner, all the sins of multiple angle of ;\_Z and
e which we divide the equation with sin ;‘Z,
then we reach another equation, which will contain only the power of cos , and which will be

)\w

m — 2 in degree ; from here, it follows that by regarding cos 57 as the unknown of this equation,

these roots are
w 2w 3w (m—1)w

COS — COS — COS — cee COS
2m ) ) ) )

2m 2m 2m

except for cos 5.
As the result, all the equations are only the continue products of factors :

2 3 -1
A—COSE, A—Cos—w, A—cos—w, e A—cosM
2m 2m 2m 2m
where, A = cos é\—w and omitting the middle term : A — cos Z_Z Hence, if L is a constant, then
pX7v; 2 \w —1
81n>\—w[D1 sin — + Doy sm>\— + D3 sm& + -+ D,—1sin M]
2m 2m 2m 2m 2m
w 2w 3w (m—1)w
- Z) (- ) (1) (- 20T
co8 5 co8 5 cos 5 cos —— (4)

€ 25. (p.83.) (This step corresponds to S6 in the Table 1.)
According to the theorem, cited by R.Cotes, we consider the followings : *

(v 2to 3w
P =" = (p* %) <p2 — 2pgcos — + q2> <p2 — 2pgcos — + q2) <p2 — 2pgcos — + q2) e
2m 2m 2m

m— 1w
<p2 - 2pqcos¥ +q2) (5)
2m
Aw
PP +¢®=cosS—, 2pg=1, (6)
2m
A A A Aw
p2+2pq+q2:1—|—cos—w:20052—w, p —2pq+q —COb—w—l——QSIDQ—
2m 4m 2m 4m

p+q:i\/§(cos;\—z>, p—q:j:\/i(sin;\—Z)\/—_l

1 1 /
p:i—2<cosi—z+sin2_z\/_1>’ 7= ﬁ(cosi_z_smi—: _1>
1/ A A 2oL A
2 = §<cos—w —i—sm—w*/—l) — §<cos—w + sin —w\/—_l) (7)

(1) (1682-1716).



(7)-(8)

A
p* — ¢® =sin —w\/—l
2m

Similarly,
2
P = 27m<cos i + sinA—w\/—l) "o 27m<cos A + sin A—w\/—l) 9)
dm 4m 2 2
A A 2 A A
" = 2_m(cos 2% _sin —w\/—1> "o 2_m(cos 2% in —w\/ —1) (10)
4m 4m 2 2
(9)-(10) :
PP — M = 9l Mgy )‘77”\/—1 (11)

Using (6) and dividing (11) with (p? — ¢?) (p2 —2pq cos 5~ +q2), then we get the right hand-side
of (5) except for the first and middle pu—th factor :

sin)‘Tw
om—1 gin ;\_Z (cos Q‘—Z — cos ‘2‘—2>
Namely,
A 2 3A — 1A L sin A%
Dy sin 2= + Dy sin ——— 4 Dysin e 4. 4 Dy, _y sin - W@ _ 2
2m 2m 2m 2m om—1 (cos AT og ﬂ)
2m 2m

9 25. (pp.84-85).

e If we multiply all the equation by cos ;‘—Z —cos 5, and
e if, after having reduced the products of sins by cosines with simple sins, we make the

comparing with terms,

then we will get the values sought from undetermined quantities. To make this operation more
easily, we should begin with to multiply the sequence that forms the left hand-side of the equation
connected by 2 cos ;‘—Z; by developing any particular product, and by ordering the terms, it turns
into :

A 2\ 3\ — 1A A
Dgsin—w + (D3 —Dl)sin—w + (Dy —Dg)sin—w 4. +Dm,1sinu —|—Dm,1sin—w
2m 2m 2m m 2
Next,
e if we multiplying the same series with 2 cos S—Z and

e if we cut the last product of other

then we get :

3\
n <D4 — 2Dy cos ‘;—w n Dg) B aiad
m

A 22
(D2 — 2D, cos @) sin 2% 4 (D3 —2Dycos BZ 4 Dl) sin 2%
2 2m 2m 2m

m 2m
— DA A L A
m-Drw  p @ L @

[T .
4+ e+ ( —2D,,,_1 cos % + Dmf2) S1n om ) gm—1 T

Dy —2chos’u—w =0, Djs —2Dgcos'u—w + D1 =0, D4—2Dgcosu—w + Dy =0,
2m 2m 2m
L
2m71'

<oy =2Dp, 1 cos i +Dp2=0, Dp1=
2m

From here, we have to get the value of D.
9 25. (pp.85-86).




It is clear that the quantity D constitute a recursive progression, which begins with the bottom,
it is as follows :

Dy =0, Dp1= Dyp—2 = 2Dy, cos = Dyyy D3 = 2Dy, 9 cos = Dy,
2m 2m

om—1"
Dyyn = Ad”™ + Bb"”
where, a and b are the roots of the quadratic :
zQ—QZcosu—w—{—l:O
2m

To solve the coefficients A and B, we assume n =0, m = 1.

L
A+B=0, Aa-+Bb= =3
L L
B=—-A A=——~" __ B=—-——_"~
’ 2m=2(q —b)’ 2m=2(q — b)
L a®—-b"
Drn—n = 2m=2 g —p
o’ b = 2m_2 Dmfn = Si.n nQH—m:
a—2b L sin 5
T 25. (p.87).
From here,
Dy = L2250 2 %
sin 5

For convenience sake, we assume m — n = s, then

L _
D, = 5 Sin (m > S)’uw/sin g_w
m m

2m=
However,
sin(m — s)@ = sin <E - s,uw) = +sin s,uw, m,s, it € Z
2m 2 2m 2m
where,
+ mod (u,2) =1,
— mod (i,2) =0
Assuming L : const, then
L
Dszi( )sinsl{w/sin@
2m—2 sin m
9 26. (p.87).
v . 2uw . 3uw . (m=1)uw
Yu {Dl sin Sy + D5 sin o + D3 sin o + + D,,_1sin Gy }
_ L . pw . 2uw . 3uw . (m—=1)pw
= im[sﬁ Sln% +SQ Sin 2m +Sg Sll’l% + +S’m—1 Sin T} (12)

We put the value of the bracket in the left hand-side of (12) by Y. From the observation in
§ 25, Y turns into :

o Aw

v — L sin 537
om—1 coS Aw cos &
2m 2m
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9 26. (pp.88-89.)
Here, if we assume A = p, then

in K%
V= nf—l mim 2 Tz (13)
2 COS 5~ — COS 5~

By sin £7 = 0, Y turns into QML,I %. To seek this exact value of the last factor, we differentiate
the last factor of (13) :

i AW
S1n D)

cos A% — cos L=

2m 2m

then

m cos ATW

o Aw
Sin m

Considering p1 € Z, cos 557 = £1, where,

+ mod (u,2) =0,
— mod (p,2) =1

then

L m

2m—1 sin £2
m

Y:

Hence, (5) turns into :

Lm L . pw . 2uw . 3uw . (m—1pw
+y, om—T = :|:2m72 [Sl sin o + S5 sin o + S3sin o 4+ -4+ 5,,_1sin T]
Finally, Lagrange gets the coefficient y,, :
2 2 3 -1
= 2 [Susin £ 4 psin 2 4 g, sin 17 +...+sm,1smM] (14)
m 2m 2m 2m 2m

[8, 923-26, pp.79-89]
The above mentioned Lagrange’s long steps (425-26, pp.79-89) correspond to Poisson’s only few
steps : (33)-(34)-(35) or Dirichlet’s one.

Lagrange states the next steps of deduction of integral in the next section 2.2.

2.2. Solution de différents problemes de calcul intégral. Des vibrations d’une corde
tendue et changée d’un nombre quelconque de poids by Lagrange [12], 1762-65.

We can see Miscellanea Taurinensia, III, which Poisson [35] and Riemann [37] cite as the
alledged ’original’ trigonometric series is (17).
9 40. ( The n-body model of the sonic cord. )

Supposons présentement que le nombre n des corps soit tres grand, et que, par
conséquent, la distance a d’un corps a I'autre soit tres-petit, la longeur de toute
la corde étant égale & 1 ; il est clair que les différences A%Y, A?Y, ... deviendront
tres-petite du second ordre, du quatrieme, --- ; donc, puisque k = ”TCQ =3,
a cause de n = %, les quantités kA%Y, kEAYY, k2ASY, ... seront trés-petite du
second ordre, du quatrieme, - - - ; et par conséquent les quantités P et () pourront
étre regardées et traitées comme nulles sans erreur sensible.

Ainsi, dans cette hypothése, on aura a trés-peu pres le mouvement de la corde,

en faisant passer par les sommets des ordonnées tres-proches Y/, Y, Y, ...,

8cf. Dirichlet’s (74) and (75), which seem Dirichlet obeys and cites Lagrange’s and Poisson’s mathematical
sense. cf. § 10.
7



lesquelles représentent la figure initial du polygone vibrant, une courbe dont
I’équation sont

y = asinmz 4+ [sin 2rx + ysin 3wz + - - - + wsinnwz, (15)

et que jappellerai génératrice, et prenant ensuit pour 'ordonnée du polygone
vibrant, qui répond & une abscisse quelconque == = z, la demi-somme de deux

n+1
ordonnées de cette courbe, desquelle I'une réponde a 1’abscisse ‘::_klt =x+ct, et
I’autrer éponde a ’abscisse f;kf = x — ct ; et cette détermination sera toujours

d’autant plus exacte que le nombre n sera plus grand. Or il est évident que plus le
nombre des poids est grand, plus le polygone initial doit s’approcher de la courbe
circonscrite ; d’ou il s’ensuit qu’en supposant le nombre des poids infini, ce qui
est le cas de la corde vibrante, on pourra regarder la figure initiale méme de la
corde comme une branche de la courbe génératrice, et qu’ainsi pour avoir cette
courbe il n’y aura qu’a transporter la coubre initial alternativement au-desus et
au-dessus de I'axe a l'infini ( numéro précédent ). [12, § 40, p.551-2]

q 41. ( Deduction of trigonometric series and its coefficients. )

Pour confirmer ce que je viens de dire, je vais faire voir comment on peut
trouver une infinité de telles courbes, qui coincident avec une courbe donnée en
un nombre quelconque de poids aussi pres les uns des autres qu’on voudra. Pour
cela je prends I’équation

1. 2 . 2Ys . 2Y,, .
Y = n+1smxﬂ'—|— n+1sm2xﬂ'+ n+1sm3x7r—|—---+ n+1smnx7r
et, par ce que j’ai démontré dans le n® 39, j’aurai, lorsque x = nil? y=Y0),
Soient maintenant n + 1 = %, -5 = X, on aura

ym:/YSinmXW:(n—i—l)/YSinmXﬂ'dX, (16)
cette intégral étant prise depuis X = 0 jusqu’a X = 1 ; par conséquent

Yy = 2/YsinX7rdX sinmw—i—Q/YsinQXﬂdX sin2m7r+2/Ysin3x7rsin3x7r+---

+ 2 / Y sinnXndX sinnzw (17)

de sorte que, lorsque x = X, on aura y = Y, Y étant 'ordonné qui réspond a
I’sbscisse X.

[12, 9 41, p.553]

Lagrange’s (1), (14) and (17) corresponds with Poisson’s (32), (36) and (37), and Dirichlet’s
(73), (76) and (81)-(82)-(83) respectively. We can observe each sequential steps to deduce the
trigonometric series by the Table 1, which tells each meticulousness.

3. FOURIER [5], 1822

Chapter 3. Propagation de la chaleur dans un solide rectangulaire infini, pp.141-238.

86 Dévelopment d’une function arbitraire en séries trigonométriques
9§ 219. An arbitrary function can be developed under the following form :
a1 sinx + ag sin 2z + az sin 3z + a4 sin4x - - - (18)

Fourier states his kernel in § 219 — 235. He redescribes these articles from the corresponding of
his first version. He announces these correction in 'Discours Preliminaire’, however, the proof
8



TABLE 1. The

expressions of deductive steps into trigonometric series in our paper

no

steps

Lagrange

Fourier
manuscript

Poisson
extract

Fourier
prize paper

Fourier
2nd edition

Poisson

Dirichlet

Riemann

bibliography
year

[8]1759,
[12]1762-65

[6]1807

[24]1808

[6]1811

[2]1822

[33]1823

[4]1837

[37]1867

arbitrary function
by trigonometric
series : f(x) =

(15)

(18)

(18)

(18)

31)

(72)

transfer array

§2.1

§3

§4.1.1

§ 10

transfer
4 matrix(mine) (1)
multiply

2sin * and sum

(27) (32) |13

(33) (74)

difference of
6 term by term (34)-(35)
general coefficient
expression 1
general coefficient
expression 2
coefficient an,

bn, by integral
expression

by integral
expression

by sum

final expression
with sin

(75)

(14) (28) (36) (76)

(16) (20) (77),(81)

10 (17) (19),(23),(24)

11 (21)

12 (21) (19) (37)

combination

of sin and cos

in interval (—m, )
final expression with
both series of

sin and cos

13

14

is completely same with the expression of first version, except the different expression between

(19) and (21).

s

(D) 5

o(xr) = sinx/sin xp(z)dr 4 sin 2x / sin 2xp(x)dr + -+ +sinix / sinizp(z)dr + - - ;(19)
9§ 221. Fourier states only from the proving of orthonormal relation, so Poisson is disapointed

with the lack of vigorousness and exactitude of the very mathematical importance in the future.

Lagrange, dans les anciens Mémoires de Turin, et M. Fourier, dans ses Recherches
sur la théorie de la chaleur, avaient déja fait usage de sembles expressions ; mais il
m’a semblé qu’elles n’avaient point encore été démonstrées d’une maniere précise
et rigoureuse ; [33, €28, p.46]

The following are Fourier’s description about the proof of trigonometric series.
On peut aussi vérifier I’équation précédente (D)p (art. 219), en déterminant
immédiatement les quantités a1, as, agz, ---, aj, --- dans I’équation

o(x) = aysinx + agsin2x 4+ agsin3z + -+ - + a;sin jx - - -

pour cela on multipliera chacun des membres de derniere équation par sinizdz,
1 étant un nombre entier, et on prendra l'intégrale depuis x = 0 jusqu’a z = ,
9



on aura
/gp(m) sintxdr = a; /sinm sintzdzr + as / sin 2z sinixdx + - - - a; / sin jx sintzdr + - -

Or on peut facilement prover :

1. Que toutes les intégrales qui entrent dans le second membre ont une valeur

nulle, excepté le seul terme q; [ siniz sinizdz;

2. Que la valeur de [ sinizsinizdz est oy
Tout se réduit a4 considérer la valeur des intégrales qui entrent dans la sec-
ond membre, et & démonstrer les deux propositions précédentes. L’intégrale
2 [ sin josinizdz prise depuis z = 0 jusqu'a x = m, et dans laquelle i et j sont
des nombres entiers, est

1 1
sin(4 — j)x — ——sin(i + j)x + C
(i —J) " (i +J)

t=)
L’intégrale devant commencer lorsque x = 0, la constante C est null, et les
nombres i et j étant entiers, la valeur de l'intégrale deviendra null lorsqu’on fera
x = 7 ; il s’ensuit que chacun des termes tels que

aq / sinxsinizdx, as / sin 2z sintxdr, as / sin 3x sin ixdzx,

s’evanouit, et que cela aura lieu toutes les fois que les nombres 7 et j seron
différents. Il n’en est pas de méme lorsque les nombres ¢ et j sont égaux ; car le
terme % sin(i — j)z auquel se réduit I'intégrale devient 2, et sa valeur est . On

a, par conséquent,

2/sin ix sin ix dx = T,

on obtient ainsi, de la maniere la plus briéve, les valeurs de a1, a2, a3, ---, aj, - -
qui sont
2 i 2 . 2 . 2 o
ap == [ p(x)sinxzdr, az=— [ o(x)sin2zxdzx, az=— [ p(x)sin3zdz,---,a; == | ¢(x)sinizdz (20)
Y ™ ™ Y

En les substituant, on a (D)r (=(19)). [2, 9220-221, pp.210-212]
9Here, in the Fourier’s first version, or, the manuscript in 1807, (D)r (=(19)) corresponds with
(21)
%gpx = sinz S(pzsin.xdr) + sin 2z S(pxsin .2zdx) + - - - + siniz S(pzrsin.dzxdx)---;  (21)
where, S means a summation symbol for the trigonometric series in Fourier’s n-body-model

analysis.'®  [6, p.217]
§ 224—231. ( Trigonometric series by cosine with multiple angles. )

(m)r  @(x) = agcos 0x + ay cos x + as cos 2z + az cos 3x + - - - + a; cosix + - - - (22)

™

1 ™ ™
5/ o(x)dx + cosx/ o(x) cosz dx + cos 290/ o(x) cos 2z dx
0 0 0

V)r 590(55)
+ cos 3x/0 o(x)cos3x dr + - (23)

€ 232. ( Trigonometric series by sine with multiple angles. )
(W) r gtp(ac) = sinx/ o(x) sinz dx + sin 290/ o(x) sin 2z dx + sinSx/ p(x)sin3z de+--- (24)
0 0 0
9cf. Grattan-Guinness [6, 963, p.216-7].

10¢f, § 2.2. Grattan-Guinness discusses the n-body-model analysis in [6, pp.241-9].
10



€ 233. ( Trigonometric series in the interval (—m, 7). )
F(z) = p(x) + (), f(z)=pr) @) = F(=z), @) =ep(-r), ¢@)=—-9(-)

pla) = LD -y - FO P ) (25)

Combining (v)r and (u)r i.e. (23) and (24), we get the following last expression :

(p) wF(x) = % _ﬂ F(z) dx

+ cosz F(z)cosx dm+cos?x/ F(z)cos2x dx + - -
- -
+ sinz F(z)sinz dz + sin 2x / F(z)sin2x dx + - - - (26)

—T —T

The arts q 231 — 237 are the plus parts of edition in 1822 version by Fourier, who improves here
his theories against Lagrange and Poisson.
€ 235. ( The development of function in the trigonometric series. )

Nous aurions a ajouter plusieurs remarques concernant 1'usage et les propriété des séries
trigonométriques ; nous nous bornerons a énoncer brievement celles qui ont un rapport
plus direct avec la théorie dont nous nous occupons.

1. Les séries ordonnées selon les cosinus ou les sinus des arcs multiples sont
toujous convergentes, c’est-a-dire qu’en donnant a la variable une valeur
quelque non imaginaire, la somme des termes converge de plus en plus vers
une seul limite fixe, qui est la valeur de la fonction développée ;

2. Sil’on a 'expression de la fonction f(x) qui répond & une série donnée

a+bcosx + ccos2x + dcos3x +ecosdx + - - -
et celle d’une autre fonction ¢(x), dont le développement donné est
o+ fBcosx + ycos2x + dcos3x + ecosdx + - -
il est facile de trouver en termes réels la somme de la série composée
ac+b0+cy+dd+e+---
et, plus généralement, celle de la série
ac + bB cosx + ¢y cos 2x + db cos 3x + eccosdx + - - -

que 'on forme en comparant terme & terme les duex série données. Cette
remarque s’applique a un nombre quelconque de séries.

3. La série (p)(art.233) (26) qui donne le développment d'une fonction F(z)
en un situe de sinus et de cosinus d’arcs multiples peut étre mise sous cette
forme

1
ﬂF(%‘):i/F(a) do+ Cosx/F(a)cosa da+cos?x/F(a)cos2a doo+ - -
+ sinx/F(a)sina da+sin2x/F(a)sin2a doo+ -+

et The series are the equation replaced « in the right-hand side of (26) with z.
11



« étant une nouvelle variable qui disparait apres les intégrations. On a donc

+m 1
mF(x) :/ F(a) da<§ +cos:vcosa—|—0082xcos2oz+---—|—sinxsina+sin2xsin2a—|—---)

F(z) = l/J:rF(a) da(%—{—COS(CE—O&)—|—COSQ($—O¢)—|—Cos3(x—a)_|_...)

Donc, en désignant par

Z cos i(r — )

aura

F(x) = %/F(oz) da[%—FZCOS i(:c—oz)]

4. (citation omitted by the auther of this paper.)
2, 9 235, p.232-3]
9 267. ( The n equations : (m) with transfer matrix of (n x 2n).)

3. Transfer array by Fourier.
. 27 . 27 . 27 . 27
ap = A1sin0.0— + A5sin0.1— + A3sin0.2— +---+ A, sin0.n—
n n n n

2 2 2 2
+ Bjcos O.O—W + Bs cos 0.1—7T + B3 cos 0.2—7T + .-+ 4+ B, cos O.n—ﬂ-
n n n n

P P P P
as = A;sinl.025 4 Agsin 1125 + Agsin1.225 4. 4 A, sin1.n=2
n n n n

2 2 2 2
+ Bjcos 1.0—7T + By cos 1.1—7T + B3 cos 1.2—7T + ---+ B, cos 1.n—7T
n n n n

2 2 2
an, = Ajsin(n— 1)0—7T + Ay sin(n — 1)1—7T + Az sin(n — 1).2—7T + e
n n n
2T 2T 21
+ Bjcos(n—1)0— + Bgcos(n —1)1— + Bzcos(n — 1)2— - --
n n n
T
[ ay az as -+ Qp }
sin 0.0 sinO.l%” sin0.22Z ... sin0.n2= cos0.0%= cosO.l%’T cos0.22& ... cosO.n%’T
sin1.0<% sin 1.127” sinl1.2<% ... gsinl1l.n<E cos1l.02E cos 1.1277T cosl.2E ... cos 1.n27”
= simQ.OT’r sin2.127” sinQ.Q%r simQ.nT’r cosQ.Of cosQ.l%’T 0052.277r cosQ.n%’T
sin(n — 1)02% sin(n — 1)12% sin(n — 1)22Z ... cos(n — 1)02 cos(n — 1)12% cos(n — 1)22F ...
T
X [A1A2A3AnBlBngBn} (27)

€ 270. (Introduction of trigonometric series.)

En general, la somme de produits terms a term est égale a 0, ou %n, ou n ; au reste,

les formules connues conduiraient directment aux mémes résultats. On les presente ici
comme des conséquences évidentes des theorémes élémentaires de la Trigonométrie.

9 271. ( The coeflicients A; and B; of the equation m.)

1 . . ‘ 2r 1 = , _ 2r
§nAj: g a; sin (1—1)(]—1)?, §nBj: E a; cos (2—1)(3—1)7, j=1,---,n(28)
i=1 i=1
12



q 277. ( Changing of the communicational analysis from the disjoint masses to continuum. )

1 2 1 2T 2
olx,t) =v= /) f(z)dx + = [Sinx ; f(z)sinxdx 4 cosz ; f(z) cos xdx] e 9Tt
1 2 2 9
+ — {sin 2x f(z)sin 2zdx + cos 2z f(z)cos Qxdx} e~ 2 gmt
™ 0 0
_l’_ s,

This expression coresponds to the final formation of trigonometric series (26). Substituting g

with k,

1 2m 2m 2m
(E)p mv= 3 flx)dx + {sin x f(x)sinxdx + cos x f(x)cos xd:v} ekt
0 0 0
2m 2m 5
+ {sin 2z f(x)sin 2zxdx + cos 2z f(x)cos 2xd:c} e 2kt
0 0
T
4. POISSON

4.1. Suite du Mémoire sur les intégrales définies et sur la sommation des séries, by
Poisson [35], 1823.

Poisson has observed the problems on the definite integral during 12 years of 1811-23 in the
series : [25], [26], [28], [30], and finally, [35].

4.1.1. Expression des Fonctions par des Séries de Quantités périodiques.

958. (pp.435-8).

(b)p fx:%/llfx' dx'+%/ll [ZCOSM}]‘E’ da’

(Hp fr=- /fx dr’ + = /{Z:cos—cosn7T }f da’!

(9)p fﬂ::%/ol[Zsin#sinmm]f da’

1,1 nr(z—2a)7, ., .,
x:4—l/_lfx dx —i—2—l _Z[ZCOST]fﬁﬂ dz (29)
We divide the second term of the right-hand side of (29) into even and odd part, then
41/ fa' dx’ + {Zcos }f da’ +— {ZCOS Qn_l )}fac' dz’ (30)

Multiplying (30) with 2 and subtract with (b)p, then

962. (pp.444-9). The integral known facts reduced to Lagrange’s.
We supposen >0 € Z, f(nﬂﬂ) =Ym, m=1, 2 3, -+, n. We state n equations :

(\)p y=Yisinmx + Yysin2nwz + Yssin3nz + -+ - + Yy, sinnwx (31)
13



4.1.1. Transfer array by Poisson.

2
ylelsinnil—FYgsinn:l—i—Y},sin W1+---+Ynsinnﬂf1
.27 . 4r . bm . 2mn
y2:Y181nn+1—|—Ygsmn+1 —i—Y},smTH_l —{—---—|—Ynsmn+1
.3 . bm ) 0 . 3mn
ynglslnn+1+Y281nn+1—i—Ygsm 1+---+Ynsmn+1

™ 2mn 3mn n?
=Y sin Y5 sin Y3 sin -+ 4+ Y, sin
Yn ! n+1+ 2 n+1+ 3 n+1+ +hn n+1
Now, we can show with a today’s style of (n x n) transform matrix :?
_yl_ _sinnLH sinn2—]:1 sinf—ﬁ---sinnﬂ—ﬁ_ _Yl_
Y2 sinnz—_:f1 sinf—f_rl sin 77 - sin% Yo
Y3 = | sin f—fl sin n6—]rr1 sin n’;j:l -+ sin S’LLJ:{ Y3 (32)
| Un | _sinn”—_”f1 sin% sin%---sing—ﬁ_ | Y ]
Multiplying with 2sin J5%,  2sin i’rT"f, 2 sin :;’L’TT’T, -+, 2sin 77, then the coefficient Y/, where
m' # m, is as follows :
oomm! . m™m o 2mm! . 2mm o 3mm/ . 3mm . nmm! . nmm
2sin sin + 2sin sin + 2sin sin + .-+ 2sin sin ,(33)
n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1
This is the difference in term by term of two sums (34) and (35):
! _ 2 ! _ 3 ! _ ! _
1+ cos mm’ —m) cos m(m’ = m) + cos mm’ —m) . + cos M, (34)
n+1 n+1 n+1 n+1
!/ 2 / 3 / /!
1 teos T A™M) 2w +m) | srlmiem) i e m) (35)
+1 n+1 n+1 n+1

(34) = %[1 —cos(m’ —m)r] =1, (35)= %[1 —cos(m’+m)r] =1, m'#m, m', meZ,
(34) =n+1, (35)=31[l—cos 2mn] =0, m' =m, m', meZ

If m’ # m, the difference is zero, if m’ = m, (34) — (35) = n + 1. ' Then we must divide Y;, by
n+1:

2
Cn+1

™n n . 2mm n . 3m™m I .. nmm >
sin sin —— + - - sin
n+1 2 n+1 & n+1 Yn n+1

Here, Poisson explains the exchange the sum of Y,,, with the integral fol by a special technique

of interpolation.

(yl sin (36)

m

Les coefficiens Y7, Y3, Y3, -+, Y, étant ainsi déterminés, la formule (i)p
coincidera avec la fonction fx,
e pour toutes les valeurs de x contenues depuis z = 0 jusqu'a x = 1, et qui
sont des multiples exacts de la fraction n%rl ;
e ct pour les autres valeurs de x comprises dans le méme intervalle,

12poisson doesn’t use the transform-matrix symbol, but mine.
13p, 41 comes from 1+ n x 1 of (34).
14



on devra la regarder comme une formule d’interpolation d’une espéce particuliere,
qui pourra servir a calculer les valeurs approchées de fx, quand la forme de cette
fonction ne sera pas connus. Sil’on construit deux coubres qui aient = et y pour
coordonées, dont

e 'une ait y = fa pour équation,

e et lautre I’équation (i)p,
ces deux coubres couperont ’axe des abscisses & aux deux points correspondans
axz=0et x =1;et dans l'intervalle compris entre ces deux points, elles auront
un nombre n de points communs, dont les projections sur 'axe des x seront
équidistantes. Ce resultat subsistera, quelque grand qu’on suppose le nombres n
; a mesure que ce nombre augmentera, les points communs aux deux coubres se
rapprocheront ; et & la limite n = 0o, ces deux coubres coincideront parfaitement
dans toute la portion comprise depuis z = 0 jusqu’a = 1. Or, a cette limite, la

somme qui exprime la valeur de Y, se changera en une integrale définie ;  [35,
pp.446-7]
If we suppose ;15 = 7', %H =dz’, and v,y = f’, then ™

1
Ym:2/ sinmnz’ - f2' de’, m >0, €Z
0

We extend (i)p to the infinite and replace y with fz, then
[ 00 1
fx= Z Y., sinmrx = 2 Z (/ sinmma’ - fa! dx’) sinmmx, m>0, €Z (37)
m=1 m=1 0

This statement corresponds with (¢)p, by assuming [ = 1 and replacing the order of simbol
of sum [ and ). Therefore, this statement means the Lagrange’s statement of trigonometric
series, which we cite with the equation (17).

La méme méthod pourrait servir a démontrer directment toutes les autres
formules de la méme espece ; il y a donc deux moyans de parvenir a ces formules
; celui que j’ai employé, et qui consiste a regarder la série périodique que chacune
de ces expressions renferme, comme la limite d’une série convergente dont on
peut avoir la somme ; et celui qui je viens d’exposer, d’apres Lagrange, et dans
lequel on coinsidere chacune de ces expressions comme la limite d’une formule
d’interpolation. Les recherches de M.Fourier sur la distribution de la chaleur
dans les corps solides, et mon premier Mémoire sur le méme sujet, contiennent
différents formules de cette espece. [35, pp.447-§]

964. (pp.452-4). We assume " = a, T = da, we get

(k)p fx:%//cosa(x—x') fa' da do’ = P

o o 1 (ziz/)Q
/ cosa(r — ') da = / e "% cos a(z —2') da = —\/Ee ik

1 o0 2
P = e ke fa! da!
2\/ kﬂ' /oo f

We assume 2’ = z + z, then

o
= fo ek = P= fx

B 2Vkm B 2VEkm J -0

14fx, fz', @x, Pz, etc. mean the then usage of f(z), f(z'), p(z), ¥(x), etc.
15
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Another method :

: o 1 [ s o
/cosa(x—x')da:w = P:—/ wfx'dx'

x—a T ) o x—2a

We assume ' =z + Z, then

1 [ si 1
P:—/ S 2 f(a:—l—i) dz =400 P=-— fx/
s

T Jeoo < a —00

° sin z

dz = fx

965. (pp.454-6). We assume @z, Yz are two functions of x, such as pzr = ¢o(—x), Yz
—1)(—x), namely implicit and explicit functions.

1 1
fr= —//cosaxcosax/ fa' dx' + //—SinawSinawl fa' da'! (38)
T T

1 1
pr = — // cos ax cosaz gpx' dz', Yxr == // sinax sinax’ Y2’ da’ (39)
s s

On pourra, si 'on veut, n’étandre ’equation relatives a z’, que depuis 2/ = 0
jusqu’a 2’ = oo, et doubler le facteur % ; ces formules coincideront alors avec

celle que M.Fourier a données dans son premier Mémoire sur la chaleur. 1°

35, p.455]
The equation (k)p is reciprocally deduced from (39), by conserving 2’ = +o00, then

1 1
0= —// cosax cosax’ Yx' dr', 0= —// sinax sinax’ px’ da’ (40)
T

s

Adding (39) and (40), we get (k)p.
1
pr+vYr = — // (cos ax cos ax’ @' dx’ + sinaxsinax’ pa’ dw')
77
+ <sin axsin azx’ Yx' dz’ + cosax cos ax’ P’ dx’)

= %//((pm' +¢z’) cosa(x — ') da d2’ = fz

2 o0 o0 2 (o] o
fxr= —/ / cosar cosax fa' dx', fxr= —/ / sinazr sinax’ fz' dx’
™ Jo 0 ™ Jo 0

4.2. Poisson [33, 35|, 1823-35.

Poisson [35], [36, pp.183-232] discuss this problem, reffering to Lagrange in both papers
spanned twelve years, as the 'mathematical theory’ of heat entitling his paper like Fourier.
[35, §62, pp.444-449], [36, §101, pp.200-204]. Cauchy [1] struggles to find it reffering step by step
his results to Poisson’s.

81, E’quations differentielles du Mouvement de la Chaleur dans une Barre d’une petit épaisseur

q4.

du o d?u
— =a"— —b
Wp G =0 g~
du
L4 Pu=0, for z=I,
@r {&7 ,
ot Bu=0, for z=-I

gic. Annales de physique et de chimie, tome 111, p.361.
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82, Distribution de la Chaleur dans une Barre prismatique, d’une petite épaisseur
q11. The secondary differential equation : (1)p, which Laplace [13] proposes with the definite
integral : ¢
—bt

3)p u:% e fz42a aVt) da
q12. If we put x + 2aav/t = 2/, then
-z dz’
a="—2 = da=——, = u= eW 2') da’
2a\/t 2a\/t 2a\/_ / fe)

v 2ae\/4_a2t /f

q16.

dy
T+ 2t =y, = da:2\/f
a
e (@=u)? du © _(@=p?
= T 442t d s = _— = — 4a2 d
2t J- Fu)dy e IR
The first equation (2)p, which satisfies with x = [, becomes
g )
af(l+y af(l —y
W BFQ+y)+ <d L4 By - % =0

O u=e [ [ aosty =z sl ay)

e e}

q7. 17

/OO e ™ fy) dy = p, /_Ooehy fly) dy = q,
0 0

1. Multiplying the both hand-sides of an even function f(y) = f(—y) with e™™dy and
integrate from y = 0 to y = o0

/ T f(y) dy = / T f(—y) dy
0 0

2. Multiplying the both hand-sides of an even function :
fl+y)=—fl-y) (41)
with e "dy and integrate from y = 0 to y = co

/wehy fi+y) dyz—/ooehy (U —y) dy
0

0

16(l}) Laplace proposes
Y= %/ dz e olx+2 z V')
13, p.241].
17(y) Liouville [14, §5, §8, §10]
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/0 T f(lty) dy = [p — /O Lot f() dy} (42)

| e ra—n a == | 1) dy] (43)

From the equality in even function f(y) = f(—y), between the right hand-side of (42) and the
one of (43) are :

Mo [ s ] = o~ [ ) ]
By p=—q,

/l <6h(lfy)) _ (eh(yfl)) fy) dy=v(h), " +e M=)

0
By % and ¢', cos pl =0,

b(pv/=1) =21 Jysin p(l —y) f(y) dy.
¢’ (p/—1) = 2l/—1sin pl
By sin p(l —y) =sinpl cosp y
l
VlpV=T) =2y Tsinp [ cos py 1(y) dy
0
From here, we get () :

9 l
flz) = jzcospw/ cos py f(y) dy
0
§9. We consider the functionx in the outside of interval [I’,1], I’ = —I. We assume the next two
conditions :

fl+y)+ fl—y)=0,
f(=l+y)+ f(=l-y) =0,

where we contain implicitly the two special conditions : f(I) = 0, f(—I) = 0. Similarly, from

(42) and (43) are :

0o !
ol _ My [ o
| sasn ay=etfo= [ s ] (4)
00 l
ol _ — M, [ e
| e ra—n dy==la= [ s ] (45)
Similarly, as (41)
fl+y)=—fl—-y) (46)

1. Multiplying the both hand-sides of a function (46) with e~"dy and integrate from y = 0 to
Yy =00 :

/0 e F(l+y) dy = /0 e (1) dy
l l
eMlp —e7hlg =M /0 e fy) dy—e ™ /0 e f(y) dy

f(=l+y)=—f(-l-y) (47)

18



2. Multiplying the both hand-sides of a function (47) with e~"¥dy and integrate from y = 0 to
Y=00:

/Ooe—hy fi+y) dy:—/ooe—hy fl—y) dy
0

0

—1 [
e Mp —ellg = ehl/o e fly) dy — ehl/o e f(y) dy

@ Bf(+y)+ LD 4 gr(1—y) + LY <,
B () + TG+ 3 (1 —y) + TG0 = 0
here, we consider similarly about f(x)
%—l—ﬁf(m):O, for z=1, (48)
% +0'f(x)=0, for z=-I
18 Remenbering (44) and (45), shown by Poisson, put the equation (a)r.
e W™ f(1+y)) = e™dle M f(I - y)]

19

V(14 y) + (h+ ) / V(4 y) dy=C+ eV f(l—y) + (h—B) / eV (1 — y)dy
(h+9) [ 50+ 9) dy=h =) [ 71 yiy

[ [
(h+ B)e~p + (h — B)e Mg = (h+ f)e / e F(y)dy + (h— B)e ™ / M (y)dy

0 0
Changing 3 with —@3 and [ with —[, then

-l
(h—BYe Mp+ (h+ e Mg = (h— e / e M f(y)dy + (h+ )™ /
0 0

l
" f(y)dy

Hence, for abriviation :
(h+ B)(h + B)e 2 [T e v f(y) dy — (b — B)(h — B)e2M [ e f(y) dy
(b= B)(h+ B)| fy e fly) dy— [3 e f(y) dy] = wn),

(h+ B)(h+ B)eM = (h = B)(h — B)e 2" = ()
then we get (49). We replace in (49), h = g+ zv/—1 in the value of p, and h = g — z4/—1 in the
value of ¢, then
_plev-l+g)  _ YEvV-1-9)
= - q _ <7
p(zv—1-9)

p(zv/=1+g)
© e weyTI4g) e/ TI-g)
(©)r /_oo ‘ fw) dy=p-a= p(zvV=1+g) @(zv/-1-yg)

18(l}) This is a boundary value problem of Sturm-Liouville type.
Ysic. Journal de UEcole Polytechnique, 19° cahier, page 30. (({}) cf. Poisson [33, p.30], §2, Distribution de la
Chaleur dans une Barre prismatique, d’une petite épaisseur, §15.)
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q18. 20 We assume z = p + 2.
+oo +oo
| e ma=z [ e T g ay=2

00 1 / 1 /
/ cosz(y —x) - f(y)dy = §Ze$(ﬂ+z W-T 5Z/e—az:(erz )\/—_17

Substitute these value in (1)}, and neglect 2’ except for Z and Z’, then we get :

_ efbtz (ep:v\/_l/Zdzl + ep:v\/_l/Z/dz/> e—a2 tp27 (50)

We define d‘ilslh) = ¢'(h), z=p+ 2 and assume 2’ and ¢ are infinitesimaly small.

o(zv/=1=xg) = (ZV-1=xg) ¢(pvV-1),
Y(zv=1+g) = P(pv-1),

PevV=1+g) Pv-1-1)
e(zv/-149) @zv/-1-1)
Y(pv/—1) Y(pv/—1)

(\/_+g)<ﬂ’( \/_) (Z'V=1-g) ¢(pvV-1)

1
- \/_+9) (Z’\/—_—9)>
29 (P\/—_)
(9% +2?%) ¢ (pv/=1)

/” _ V-1

LT D

2L If p = 0, we can integrate only the interval of fo, then the value reduces into incomplete. If

g = 0 then we get :
/6 Zdy = o w(pi V—1)
0 ¢ (pv/=1)’

I 3. Wlb(—p\/—_l)
/Zdz ~ V)

arctan -

From (50), we get :

—bt eroV/ -1 Y(pv—1) +e —pov/-1 Y(=pV=1)\ _p2 2
2 Z VT )
q19.

(M)p (BB = p?)sin 2lp+ (B+ B)pcos 2lp =0

200 Liouville [14, §7.]
2L

dv ltanflz
2+z2 ¢ c

20



l

l
[(ﬁﬂ' —p*)cos 2lp— (B+ B')psin 2p— BB — 02] /_l cos py f(y) dy+ (B — ﬁ/)p/ sin py f(y) dy = P

-1
l

1
[(ﬂﬁ' —p?)cos 2lp— (B+ B )psin 2lp + BB + p2] /lsin py f(y) dy+ (8 — ﬂ’)p/ cos py f(y) dy =Q

[5 + 6+ 2088 — pQ)} cos 2lp — 24 21(B+ B)]psin 2lp =R

8)p U= eibtz <Pcosp:c—]|—%Qsin px>67a2 ¢ p?

q22.

P cos pr 4+ @Qsin px
©r J@) =3 . )
Comme 1’équation (9)p est une suite nécessaire de notre analyse, il ne peut
rester aucun doute sur son exactitude ; mais il serait difficile de ’obtenir a priori,
ou de la verifier dans toute sa généralité.  [33, p.38]

We can see the slite difference of conclusions between [35, §62, p.449] and [36, §101, p.204],
which had brought during 12 years of study after [35].

In addition, independently with the formulae which we have talked up to now,
and which include the series of ordered sequence of the sins or cosines of multi-
plied of variable, it is deduced frequently, in the problems of physic or mechanics,
into other expression of the same nature, containing the series of sins or cosines,
where, the variable angle, multiplied by the roots of one of the transcendental
equations which the form doesn’t depend on the every particular question. But,
two Memoire on the heat include many these formulae, which are given as the
results necessary for the rigorous solutions of various problems which I am occu-
pied ; however, I don’t know any method to perform directly these expressions,
to which, the method of this no. (of article) and that of no, and that of no. 57
aren’t applicable. [35, §62, p.449]

In addition, the formulae preceding and all of we have got in this chapter,
are included in the equation (22) of no. 86 ; however, this equation contains a
great number of other formulae of the same nature, which we must admit as the
certain result from the general solution of every problem, and it will desire that
it deduces to prove from a more direct method. Unfortunately, the mode of proof
by Lagrange and that of no. 93 seem not to be able to apply to that of other
formulae, in which an arbitrary function is not explained by the series of sins or
cosines of multiplied by 1, 2, 3, 4, --- , or, 1, 3, 5, 7, ---. , of the variable, as in
all the preceding formulae. [36, §101, p.204]

In the former, Poisson avoids to name Lagrange’s fault and cites implicitely it, the latter cites
explicitely Lagrange’s difficulty. In both paper or book, Poisson recognizes the defect to apply
to other formulae of his own method.

5. CAucHy [1], 1823

Cauchy says the following object of this paper in the top page :
1.
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L’objet que je me propose dans ce Mémoire est de résoudre la question suivante

Etant donnée entre la variable principale ¢ et les variables indépendentes
x, Yy, z, +--, t une équation linéaire aux différences partielles et a coefficiens
constans avec un dernier terme fonction des variables indépendentes, intégrer
cette équation de maniere que les quantités

de d*¢
O i r
se réduisent a des fonctions connues de x, y, z,---, pour t = 0. [1, p.511]
FOZOMIXOHABNE T H L ZAIFROMEERS 2L ThH D -
TEE o EMNER x, y, 2, -, t OMICEZDNTZH DR TR Thtk DHIZ
EHER T bONRBDE LT, ZOFBREKROME: o, %2 Lo . 8t =075
T, Y, 2, DOAKDBEHBIEICIRGE T 5 L O ITESE L.

This is a what-is-called initial value problem.
In the second chapter, in which Cauchy intends to solve the problem, he says my logic is
unavoidable to fall into a ’circular argument’ of (73)c = (74)c ~ (77)c = (73)c.

690t 691t egmflt
(I7)c (eg%F(eo) g ' (6,) eg;glFf(aml)>
If we suppose as follows :
(19)0 2 / / / (eI TSNV A=V e 4B dy -
T
(20)c ¢
dm 1
= dtm?/// -Q folp, v, w, - )dp dv dw-- -
dm 2 dm—l
s (W2 [ @ nt v w0 8D ([ @ v d )
+
d
+ vo// Q Frealps v Y v dez + 915 [[[Q fats v Y e
dm 1
+ V- 1dtm 1///"'Qfm—1(lh v, wv)dﬂdde)

IffQ folu, v, @, )du dv dw -
m-1g m-20 1 fff@fl(/% v, w,---)d,udydw---
= | VU Vel 4 Vot Vi | | ST Q Bl vy @ dp dv oo

I Q fm-1(p, v, w,--)dp dv dw - --

(2)c VQ=0
(e Ve=0
(22)c ¢=U+V
(23)0 VV =0

(24)c V=0
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§2.

3.
1 e@ot e@1t eem_lt
29)c R= __( - _)
(29)c m 9(2]m—1 + H%m—l + + 93n”1‘11
where, 6y, 61, --- ,0,,_1 : m roots of the equation :

(30)0 0" = AO

Replacing ¢ with 1, %‘f with ay/—1, ---, and generally

apratre g
dzxP dyq dz" ---
by (ay/—1)? (5\/ 1) (yvv/— , then we get :
(19)c 2 / / / @IV BT A==V 0 dB dy - -
s
dm IQ
Bl ¢ = 0 g T - Q folp, v, w, -+ )dp dv dw - - -
dm 2Q
+ dtm2/// QflM,V’Zﬂ )d,udydw
_|_
+ v0// -Q frm—1(p, v, w, - )dpu dv dw---

ffo fO()UJ, v, wa)d,ududw
i JIT--Q filw, v, @, )dp dv dw - -
— [VocfﬁmQ+V0dth ---+V0] fff"'sz(M, v, @, )dp dv dew - -

ffo fmfl(,ua v, w,---)d,u dv dw - -

m m m+m—1 2m—1
(32)c VondQ - V0<d Q)—d Q_dmQ

dtm’ dtm ) T ggmim—1 T gzm-1

1\n [ [oo (o0 d2m IR a(x M)\/— Bly—v)V/=T A(z—w)v/=T |
2 U gpzm—1 e - dadBdy---

n o & o 9 t Glt DR Gm,—lt
% / / / Ce e’0" 4 e + +e ea(w—ﬂ)\/—_leﬁ(y—l/)\/—_lev(z—w)\/—_l . da dﬁ d’7 o
m

efot bt .4 pOm-1t

(33)c T= —

1\n
Be P=(5) /// T VTPV T A=V g B dy -

dm— 1Q

dtm— 1
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The general value of ¢ :

(36)c ¢

///“'Pfo(m v, @, )dp dv de - -
" /dt// P fi(u, v, w, - )dp dv dw - -
/dtQ///...pr(M7 v, @, Vdp dv de---

m—1
/ dt™™ 1// P fr—1(p, v, w, -+ )dp dv dw - - -

I[P folp, v, @, )dp dv do - - -
fff“'Pfl(M, v, @, )dp dv dw - --
= [1+fdt+f2dt2+...+fm—1dtm—1] [T P falu, v, ,---)d,udydw---

[P fm-1(p, v, @, -+ )dp dv dw - - -

_l’_

_l’_

From (32)¢
d™P
37 P=
(37 VoP = —=-
§4.
5.
6.
e _ dy
e G =t
Regarding to (33)¢, (34)¢c and (36)¢, we get :
1 [~ 1
(e P=5- | o — (exp{fot} + exp{it} + -+ + exp{O1t}) expfale — p)vV=1} da

(e o= [P du+ [t [ PaG)dus -+ [ " g [ Phnca dn

m—1

where 6y, 61, 03, --- 0,1 are the roots of the equation, and [ dt™ ! means the m — 1

times integrals with respect to ¢ :

(72)c 0™ = a(a\/—_l)l

In the (69)¢, we suppose | = m =2, a = —1 then (69)¢ turns into

o d’p
< (73 — + —=0.
Be G + 3
i
1 +oo jat —at 1 +oo Jat —at
(4)c P = 2—/ %ea(x_“)*/__l do = o % cos a(x — p) do
T ) oo mJ_

1 eat _i_efat
= (Wle v = 5 [ [T s ate— ) folw) da du
1 eozt _|_e—at
+ 7 dt//fcos alx —p) fi(p) da du

= (e = [P des [d [P A =2
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2
ka” ynder

This integral of ¢ is not determined, however we can integrate ¢ when we multiply e~
1
the inner sign of integral and assume p = x + 2k2u, where k is an arbitrary, infinitesimally small

number. Cauchy explains the difficulties of this integral as follows :

La value précédente de ¢ est indéterminée. Mais I'indétermination cessera
pour 'ordinaire, si, dans chaque intégrale relative a la variable a;, on multiplie la
fonction sous le signe [ par e_kO‘Q, k désignant un nombre infiniment petit. Alors,

1
en effectuant les intégrations relatives a cette variable, et posant p = x + 2k2u,
on obtiendra la fomule

1 2 [ 2 ut 1
76 = —etk e " cos | —= x4+ 2k2u) du
(e o= =i [ (£2) 0 )

1 00 42 o0 2 ut 1
+ — e dt/ e ¥ cos|—= T+ 2k2u) du
ﬁ/o <\/E>f1( )

—00

where, k never become evapolate only due to the integral in respecting to u. We regard that

u= %, u? = (le’;)Q, dp = 2vk du. We use the formula :22

2 2

b
2.2 T-€ 4a 2,2 T - € 4a
e v Cosbxdx:\/_i = e 4T cosbxdmzx/—i
0 2 oo

a a

where x = o, b = x—pu, * = b+ pu. The first integral with respect to o, a = k%, b= —2k%u, T =
1
«, and for the second with respect to t, a = k2, b = a, = = t, namely :

—4ku?

w . a4k . _u2
/ e~k cog oz(—2k:%u) da = Ve = Ve
0

2a 2

o0 =
/ et cos t( — Qk%u) dt = M
0 20

Regarding x — p = —Qk%u, we may follow the integral of (75)¢ as follows :

[T +o0 ot —at
(75') o = \/7—/ fo(x—|-2k%u) du / ¢ ke <%> cos a(—Qk%u) do

o0 +o00 400 at —at
+ \/—E/ dt/ fl(x—l—Qk:%u) du / ¢ ko’ <$> Ccos a(—Qk%u) do
™ Jo —00

. 2
1Vk [T
- _—\/_ fo(x+2k%u) du/

2w —00 —00

1 o0 —+o00 —+o00
+ 5@/ dt/ filx + Zk%u) du / (e_ko‘2+0‘t + e_lmQ—o‘t> cos a(—Qk:%u) do
™ Jo —00

— 00

e ka?+at ka?—at !
(e* attal 4 gmhatma > cos a(—2k2u) da

_ 4ku?

2 2 +oo
= —@ei_k folx + Qk%u) du Qﬁ ¢

4k
o 2k
2Vk [ 2 /+°° \/7_16_4IZZ2

Cos a(—Qk%u)

+ -— etk dt fl(x—l—Qk:%u) du 2 Cos a(—Qk%u)

2 7 ) oo 2k

22This integral is called Laplace integral, cf. Twanami Mathematical Formulae I, [22, p.233]
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where, top value of 2 means the results of two integrals of e ! cos a(—Qk%u)t and e cos (—Qk%u)t
with respect to t.

1 2 [ t
= (16)c ¢= —_eir e~ cos (u_

T ) vk
! /Ooe% dt/ooe_uzcos(Ut)f(x—l—Qk:%u)du
—= — )1
ﬁ 0 —o00 \/E

(e =75 [fo($+t\/_)+fo(x—t\/_ /f1 (x +tV=1) + fi(z — tv/=1) dt

)fo(:v + Qk%u) du

Mais, quoique cette derniér value de ¢, substituée dans 1’équation (73)c,
paraisse la verifier dans tous les cas, néanmoins on ne saurait la considére comme
générale, tant que I'on n’aura pas donné de I'expression imaginaire f(x +ty/—1)
un definition indépendente de la forme de la fonction f(x) supposée réelle. A
la vérite, cette expression imaginaire se trouverait suffisamment définie, si I’on
convenait de représenter par la notation f(z + ty/—1) une fonction ¢ de z et de
t, qui étant continue par rapport a ces deux variables, fat propre a remplir la
double condition de se réduire a f(z) pour t = 0, et de vérifier I'équation

dy
(78)¢c E + —\/ 1=0
Mais il est facil de voir que, dans ce cas, la fonction ¢ serait celle qui vérifie

I’équation (73)0 pour tous les valeurs possibles de t, et les équations de condition
o= f(z ), 7 =0, pour la valeur particuliere ¢ = 0.

Ainsi, la recherche de la fonction f(x + ¢tv/—1) se trouverait ramenée a l'intégration de
la formule (73)¢, et 'on ne pourrait plus donner pour intégrale de cette formule ’équation
(77)c, sans tomber dans un cercle vicieux.  [1, p.568]

_om B f(a+tv/—T) Bk & 5 & ThuiE (73)#:1% DD LIRS L, COROMSD
T DI (T7) 2 525 LRV E W 3 FEBITRIEICH & & % 237200,

We assume m = 2, | = 1, a = b?, then

d*p 2 dyp
69)c = (M9)c W_b@

1 1
1 [ plav=1)2bt 4 —(av—1)2bt

Goc = Ge v= [ Phtdi+ [d [P i

Dirichlet doesn’t miss Cauchy’s description and that becoms Dirichlet’s motivation for his
following papers.

6. DIRICHLET [3], 1829

Dirichlet’s motivation in [3] to prove the unknown problem is due to Cauchy’s confession
about own defect of proving as follows :
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Mais personne, que je sache, n’en a donné jusqu’a présent une démonstration générale.
Je ne conais sur cet objet qu'un travail du a M. Cauchy et qui fait partie des Mémoires
de Académie des sciences de Paris pour 'année 1823. L’auteur de ce travail avoue lui-
méme que sa démonstration se trouve en defaut pour certaines fonctions pour lesquelles
la convergence est poutant incontestable. [3, p.119]

LvL, FAOMBIRY A4 HE T, #b —MAGEHIZEII L Ty, 2o BT
MAS (Z 1823 #1242 H L7z Cauchy [IZHLAER L LMV B 72V, ZOWMXOFEZFIIBE S, B
SORERE, B BB L COIECRIZER O RO 20 s b b P iiE T 5 LIRS L
T3,

2 ™
f(z) =arsinz + agsin2x + - - - + ayy sinma + - - -, where, ap, = —/ sin ma f(x)dz (51)
™ Jo

1 o o
f(z) = 5170 +bicosx + bacos2z + - - - + by, cosma + - -+, where, by, = —/ cos mz f(x)dr  (52)
T Jo
He binds (77) and (79), then gets the final series :

1
o(z) :§b0 + bicosx +bycos2x + -+ by cosmz + .-

+ aysinz +agsin2x + -+ aysinmz + - - - (53)
1 [" 1 /™
by, = —/ cosmzxg(z)dz, A, = —/ sinmag(x)dx
T ) x ) x

Dirichlet’s target of proving is the convergence of following summation of the first n 4+ 1 terms

of (81) :

da g(c)

: a—T
. 2s8in =5+

1 /7r sin(2n + 1)%5=%
s
7. LIOUVILLE [14], 1836

Liouville (1809-82) 1836 [14] introduces Poisson’s works of proving the trigonometric series
for an arbitrary function as follows :

In regard to the equality of the form, f(z) = > A; sin MTJC? however, serving
as the result of the partial differential equation to solve a physico-mathematics,
we have proposed to consider it by itself, abstraction made with the particular
question where it presents ; And this idea have brought up the excellent theory
of periodic series which Mr. Poisson have exposed at first in the 19th cahier of
JEP, and after it, recently, in his works on the heat theory. [14, p.16] (trans.
mine.)

§1.
f(x):Alsinﬂl—x—i—Agsin%Tx—i—---—i—Aisin?

§2.
Mais au lieu de regarder les égalités de la forme
flx) = ZAisin?
comme le résultat de la l'intégration d’une équation aux différences partielles
servant & résoudre un probléme physico-mathématique, on s’est aussi proposé
de la considérer en elle-mémes, abstraction faite des questions particulieres ou
elles se présentent et cette idée a donné naissance a la belle théorie des séries

périodiques que M.Poisson a exposée d’abord dans le 19¢ cahier du Journal de
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UEcole polytechnique,®® et qu’il a reproduite récemment dans son ouvrage sur la
chareur.

Cette théorie des séries périodiques, ainsi traitée comme un point d’analyse
pure, en devient a la fois plus élégante et plus rigoureuse ; mais telle que M.Poisson
I’ai donnée dans les mémoires cités, elle se borne aux développemens des fonctions
ou tarties de fonctions d’une variable x en séries de sinus et cosinus des multi-
ples entiers d’un arc proportionnel a x, et elle ne s’étend en aucune maniere aux
autres séries de sinus et cosinus que l'on rencontre aussi dans certains successifs
s’obtiennent en multipliant la variable x par les diverses racines d’une équation
transcendente.

Je me propose ici de faire connaitre une méthode au moyan de laquelle on
effectuera d’'une maniere directe les développemens des fonctions ou parties de
fonctions en séries de sinus et cosinus. Pour trouver cette méthode, il m’a suffi de
modifier légerement un procédé fort ingénieux dont M.Poisson a fait usage dans
ses deux premiers Mémoires sur la Théorie de la chaleur. ** La modification
dont je parle consiste surtout en ce que j’ai pris pour point de départ formule

fa) =7 [ do [ coszty—a)- s

1 oo 1 oo oo
flx) = / CoS 2T dz/ cos zy - f(y)dy + —/ sin zx dz/ sin zy - f(y)dy
0 —00 T Jo

s —00

§3.
(A flx)= Z(Acos pr + Bsin px)
fx) :/0 COS 2T Udz—i—/o sin zx Vdz
U= l/Jroocos zy f(y) dy, V= l/+Oosin zy f(y) dy
T J_so T J 0o
§4.
W s =1 [Tae [ o sty—a) sl0) dy
25
w= l/m S =) p) ay
T)w Y—2
By y=z+5,

If z = o0, then f(z + g) = f(x), moreover,

[ e

— 00

23(1}) Poisson [33).
24(1) Poisson [33] and Poisson [34]. Poisson’s another book on this theme : [36].
25(&) The expression of Poisson [33, p.29] correspoinding to (1) is as follows :

B)p u= e /000 dz(/+oo cos (y —z)z f(y) dy) etz

T —oo
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§5 26

/ e f(y) dy = p, / e f(y) dy = g,
0 0

_ v v(=h)
Py 1

6. We substitute h = g + 2v/—1 in p and h = g — z/—1 in ¢, then
I S B Co S8
p(zvV=1+g)’ p(zv/~1-1)

e fly)dy=p—q=

@), /*"" Pzv=1+g) P(zv/-1-g)
oo e(zv/=149) @zv-1-9)

This intefral mean at first (54), next, (55) with
coszy - f(y)dy, sinzy- f(y)dy, cosz(y—z)-[f(y)dy,

§7. 27 We assume z = p + 2.

+o0 “+o0o
/ e~ oYVl fly) dy= 2, / etV -1 fly)dy=2'

00 1 / 1 /
/ cos Z(y — 1‘) . f(y)dy — §Ze$(P+Z W-1 + §Z/e—ar(P+z )\/—717

Substitute these value in (1), and neglect 2z’ except for Z and Z’, then we get :

1
p:rx/ 7 pa/= /Z
f(z) = o E e / dz' +e” dz

We define dfl(hh) = ¢'(h), z=p+ 2 and assume 2’ and ¢ are infinitesimaly small.

o(zv/=1xg) = (ZV-1=xg) ¢(pvV-1),
Y(zv=1%g) = P(pv-1),

PevV=1+g) Pv-1-1)
p(zvV=1+49) @zv—1-1)
Y(pv/—1) Y(pv/—1)

(\/_+g)<ﬂ’( \/_) (Z'V=1-g) ¢(pvV-1)

1

B \/_+9) (2 ’\/—_—9)>
29 (p\/_)
(9% +2) ¢ (pv-1)

" YA w( \/_) arc ané
[, 7 =15l P oD

26() Poisson [33, 917.]
27() Poisson [33, 918.]
29



B If p = 0, we can integrate only the interval of foé, then the value reduces into incomplete. If
g = 0 then we get :

/(S Zdy = 9 ¢(p\/—_1)
0

o (pv=T1)
(4! = o PPV
/Zdz 7 ¢ (—=pv/~1)
o) = LN oy VD peymT $pVED)
05l Er e R

() f(z)= Z(A cos px + Bsin px)

§8 29
1. Multiplying the both hand-sides of an even function f(y) = f(—y) with e”"dy and integrate
fromy=0toy=o00:

[ s dy= [Tt ) dy
2. Multiplying the both hand-sides of an even function :
fl+y)=—=fl—-y) (57)

with e " dy and integrate from y = 0 to y = 00 :

/Ooe—hy fi+y) dy:—/ooe—hy fl—y) dy
0 0

| e raen a = [ e 1) dy] (58)
| et -y dy=—efa- [ 1) dy (59)

From the equality in even function f(y) = f(—y), between the right hand-side of (58) and the
one of (59) are :

Mo [ s ] =~ [ ) ]

By p = —q,

25(0)
/—d:p = ltanflz
2+z2 ¢ c

29() Poisson [33, 917.]
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By % and ¢', cos pl =0,
{wW——m =2V/~1 Jysin p(l ~y) f(y) dy.
¢'(pv/~1) = 21/~ 1sin pl
By sin p(l —y) =sinpl cosp y
P(pV—1) = 2V/~1sinp l/ol cos py f(y) dy
From here, we get () :

2 l
flz) = 72608/)96/0 cos py f(y) dy
§9. We consider the functionx in the outside of interval [I',], I’ = —I. We assume the next two

conditions :

fl+y)+ fl—y) =0,
f(=l+y)+ f(-l-y) =0,

where we contain implicitly the two special conditions : f(I) = 0, f(—I) = 0. Similarly, from
(58) and (59) are :

0o !
ol _ My [ o
| sasm ap=etfo= [ s ] (60)
(9 l
e—hy _ — _ehl _ 6hy
| s ay==efa= [ e rw) i (61)
Similarly, as (57)
fl+y)=—f(l—-y) (62)

1. Multiplying the both hand-sides of a function (62) with e~"dy and integrate from y = 0 to
Yy =00:

/Ooe—’w fi+y) dy:—/we—hy fl—y) dy
0 0

l l
Mp—e Mg = ehl/o e fly) dy — ehl/o e f(y) dy

f(=l+y)=—f(-l-vy) (63)
2. Multiplying the both hand-sides of a function (63) with e "¥dy and integrate from y = 0 to
Y=00:

/Ooe—hy I +y) dyz—/ooe—hy F(l—y) dy
0

0

—l —1
M~ Mg =M /0 e f(y) dy — e /0 " f(y) dy
§10. 30
@, B+ +LgR 4By + L =0,
(1) + TG 0 (1 =) + T = 0

3013 Poisson [33, 417.]
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here, we consider similarly about f(x)

G+ 0 @) =0, for =1, (64)
G+ 0 @) =0, for a=-I

31 Remenbering (60) and (61), shown by Poisson, put the equation (a)r. 32

e MdleM (1 +y)] = M dle” P f(1 - y)]

eI F( 4 y) + (h ) / V(I y) dy=C +e V(I —y) + (h— ) / eV F (1 — y)dy
(h+ ) / eI f (I +y) dy = (h— B) / eV (1 — y)dy

[ [
(h+ B)ep + (h — B)e g = (h+ F)e / e F(y)dy + (h— B)e ™ / e (y)dy

0 0
Changing 3 with —3 and [ with —[, then

(h—3)eMp+ (h+ B)ehlg = (h— F)e M / e f(y)dy + (h + 3)e /

0 0

1
M f(y)dy
Hence, for abriviation :

(h+B)(h+ e [ e f(y) dy — (h = B)(h = F)e M [i e v f(y) dy
(b= B)h+ )| fy () dy— [y eI (y) dy| = vih),

(h+ B)(h+ e — (h = B)(h — B)e~?" = p(h)
then we get (56). From this, the equation depending on the value of p is :

80(2'07\/\/_—?) = (BB — p?)sin 2pl + (B + ' )pcos 2pl =0

§11.

(BB — p*)sin 2pl + (B + B )pcos 2pl =0

[B+ 6 +20(B6 — p*)]cos 2pl — [2+2(B + §)]psin 2pl =0

Above two expression consist of tan 2pl then

(B8 — p2)[B+ B +20(88 — p)] + (B8 + B)[2+21(8+ 8o = 0

or,
286" = p*) +2(8 + 5')p" + (B4 8) (BB + p?) =0

812.
We see f(x) is to be developed in the series : Y (Acos px + Bsinpx) as restricted under the
condition (64). We assume v = A cos px + B sin pz, then
dv dv
—+Bv=0, for z=1, & —+pFv=0, for x=-I
dx dx
31(l}) This is a boundary value problem of Sturm-Liouville type.
32gic. Journal de UEcole Polytechnique, 19° cahier, page 30. (({}) cf. Poisson [33, p.30], §2, Distribution dela
Chaleur dans une Barre prismatique, d’une petite épaisseur, §15.)
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On the terms of the series : Acos pr + Bsin pzx, there are many other remarkable properties,

which have been known since long before. v and v’ are two terms of the serie corresponding to

two roots : p # p ; fjll v'de = 0, In fact,

d*v 9 d*v’ 9 9 9 d*v' d*v
i A A
+l dv’ d dv’ d +1

(p2 — p'2) /—l v'dr = v% — v'% = v% — v'% =0, p#p = /—l v'dr =

Thus, as Poisson shows, we get this equality : fjll vv'dr = 0.

8. LiouviLL [16], 1836
§1.

du
(DL, g% = @ — lu

where, g, k, [ : specific heat, interior conductivity and emmisive power, respectively.

g—“ —hu=0 for x =x,
(2)Lc df[x,t
T Hu=0 for z =X

where, h, H : constants 0 < h, H < oo.
3)r. u= f(x) for t=0

%—hf(m):o for =z =x,
%—FH}"(@“):O for x =X

To form the value of u which satisfies with the equation (1)r, and with the condition (2)r,
and (3)r,, we are conducted to develop the function f(z), Vz € [x, X], by the series which
the successive terms are different each other by a parameter r, and has at the same time the
property satisfied with the general differential equation :

g %),

%—hV:O for =z =x,
%+HV:0 for z =X

On peut voir, dans l'ouvrage de M.Poisson sur la chaleur, comment on est
porté, par la marche méme du calcul, a admettre la possibilité de ce dévelopment
pour une fonction quelque f(z) ; mais jusqu’a ce jouril a paru difficile d’établir
cette possibilité directement et d’'une maniere rigoureuse. Je me propose de
donner ici une méthode tres simple pour y parvenir. Je considere en elle-méme
la série par laquelle les géometres ont représenté le développement de f(z) dont
il est question : sans rien supposer a priori sur l'origine de cette série ni sur
sa nature, j’en cherche la valeur, et je trouve que cette valeur est précisément
f(x), du moins lorsque la variable x est compris entre les limites x at X.  [16,
pp.254-255.]

L(k%) —(gr=0)V =0

(AL, T
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Cﬁl—‘; —hV =0 for =z =x,
(B) < av _ _
ot HV =0 for z =X
(C)r. w(r)=0

Cela posé, notre but dans ce mémoire, est de trouver directement et par un
procédérigoureux la valeur de la série

V [XgV f(x) da
Z fXX gV?2 dx

where, the sign ) extend to all the value of r which satisfied with (C)r,. cf [38].
§5.

Problem : Find the value of series :
Vf)f( gV f(z) dx

2 [ gv? da

where, in this expression, the sign ) takes all the value of r which are roots of (C)p,
The valiable z is between x and X, and f(x) is given arbitraly in this interval.

(65)

c*

We extend the symbol : > of (65) using the limitless series and assume the right hand-side of
F.

VL f@)de VoS gVa f@) e Vi [ gV f(@) d
J2 gV da J2 Vi da J gV da

F(x) (66)

We multiply two members of (66) with g V,,(x) dz, and assume its indices m # n, m < n, then

/XX ng(m)F(m)dx:(%) /XXgV1f(x)dx+<%> /XXgVQf(x)dx_|_...

JEgV2 da /X [X ViV day (X
4o (=T gV f(z) dz + -+ | / 9Vm f(z) dx
(fj gV2 dac) x (@) <fXXngVn dm> X (=)

X
/ g Vin(z) Vi(x) de =0

From here, we get only integral term of m :

X X
/ g Vinlz) F(z) dz = / 9 Vinlz) f(z) d

X
/ g [F(x) = £(2)][Vin(x) dz =0

g >0, Viu(xz) >0 then F(z) = f(x).

La valeur cherchée de la série est donc f(z), entre ces limites de la
variable, ce qui s’accorde avec le résultat que les géometres ont obtenu par
d’autres méthodes moins directes et moins rigoureuses que la nétre. [16,
p.263]
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§6.

_ Vf);gi f(z) dx
=2 1Xgv2 da
flz)—on. Q =A1Vi(z) + AVa(z) + - - + A Vi(2).

X
/ g pn Qdx=0

Pn =

Replecing @ = oy, then

X
/ g pn op dx =0 (68)

f($):Un+pn

X X X X X
/ganf(l')de/ gan(0n+pn)dfﬂ=/ gpnffidfﬂJr/ gpnandwz/ g pn o dx

| e ——

0 from (67)

X X X X
/g(an+pn)2dx:/ g(ai+pi)dm+2/ ganpndm:/ g(ai—i—pi)dm

| ——
0 from (68)
Cette derniere formule nous prove que l'intégrale f)f( g o2dx, quelque grand
qu’on prenne 'indice n, ne peut jamais avoir une valeur numérique supérieure a
la limite f)f( g f(x)? dx avec laquelle elle coincide lorsque n = oo

/Xxg f(x)? dx

[16, p.265]
We see that lim,,_, o fXX g oidr < f)f( g f(x)? dz, namely it means as follows

X X
/ g f(z)? de = lim

—
n C)OX

X
golder = lim gpidr=0 = f(z)—0,=0
n— oo

X

9. STurM-L1OUVILL [38], 1837

(k%
(Lse 7(619?) + (gr =0V =0
and the define condition :
dVv
(2)srL, %—hV:O7 for z=x
d(kLe
(3)sL (df ) +(grn — )V, =0

(4)srL, %—Wn:o, for = =x,
(5)sL %—HVn:(), for z=X

X
6)s, F(z)=Y {Vn I}ngv;f;z) d:c}

/ngvn dr = " <VdV"—Vnﬂ>

T —1Tp dx dx
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/X w(r)
gV V, dz = —KV,(X)

T—17Tp

X
/ g V2 dy = — KV, (X))@' (1)

O)sz V= Z{m}

X X gV Vade- [FgV, flz) de
gV flzx)de = L L 70
/x (@) Z{ f;(g V2 dx } (70)
From (69),
X X X
29V Vydx- [ gV, f(x)dr
/ gVF(x)dx:Z{f e J } (71)
x [ g V2 dx
The right hand-side of (70) and of (71) are equal respectively, then
b's b's
/ gi(x)dm:/ gV F(x)de = / gV [F(z)— f(z)]dx =0, = F(z)=f(x)
10. DIRICHLET [4], 1837
q2.

us

(10) pr /2 cos 2madr =0, m € Z,m # 0.
0

Here, we remark 2m corresponds with 5. We assume 'Flaschenraum’ ( area space ) of 2m
intervals.

[O s } {71 27r] [277 377} [(Qm—l)w 2m7r]
"Aml’ Ldm” 4m]’ LAm’ 4m]) 7 dm  4m
For example,

nei- 3 [

]
m=2-[o5) [5. 3 55153

|

i

wer b A B B G R
[E’m 377] [?m 777] [777 77]

4 [0 71'] |:7T 77] [77 371'} [?m 7'('} [77 5%
= —_— _— _— _—, — _— _—
mn 16" 81'l8 16) 11672

"1617 1167817 L87 16171167 417 L4716’
2z =cosf + cos20 + - -+ cos nb
From the formula : 2 cos (3 cosy = cos(3 — ) + cos(8 + ),
2zcosf = 1+ cosf+ cos20+---+cos (n—1)0
+ cos260 4 cos36 + cos40 + - - - + cos (n+ 1)0

z+1—cos nb, z — cosf + cos(n + 1)0
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Adding both hand-sides, then we get :
2zcos =2z+1—cos 0+ cos + cos(n+ 1)§ — cos nb

1 N sin(n + 10
2 2sin %9

1 sin(n+3)0

(11)py cos@ +cos20 +---+cos nf = —= + — (72)
2 2sin 50
€ 3. (Deduction of trigonometric series. )
10. Transfer array by Dirichlet.
T T 2 . 3T ™

f(=) =aisin — + agsin — + agsin — + - - - + @, sin —
n n n n n

2T . 2w . 4r . 6w . 2™
f(—) = aisin — + agsin — + agsin — + - - - 4 @y, sin —
n n n n n

3T . 3w . 6m . 9m . 3™
f(—) = a1 sin — + agsin — + agsin — + - - - 4 @y, sin —
n n n n n

(n—1)m

n

2
f( ) = ay sin(n — 1)E + ag sin(n — 1)—7r + agsin(n — 1)H + -+ apsin(n — I)QE
n n n n

Here, these equations are shown with a today’s style of (n — 1) x (n — 1) transform matrix :33

[ f(zrz%) ] sin™  sin2™  sin <o osin (n—1)% [ ]
f(gr) sin 25 gin 47 sm& <o osin 2(n—1)% a2
F) = | sin i sin & sin <t .-+ sin 3(n—1)% as | (73)
f((";l)ﬂ) sin(n —1)Z sin(n — 1)2 sin(n —1)3F - sin (n —1)2 Z Ap1
L n J L J
Multiplying with 2sin =%,  2sin 27rm, 2sin 3’:;” -+, 2sin (n—1)%", wherem = 1, 2, 3, , n—
1,h=1,2 3, ---, n—1, then the coefficient ay, is as follows :
an [2sin M in T 4 250 27 sin 22T 4 26in S in ST 4 4 2gin(n — 1) ™ sin(n — 1)h—”} (74)
n n n n n n n n

4 If m # h, the value between the square brackets is null, we can express by the following
difference replacing the products of sin with cos, then

(12)py cos(m — h) + cos2(m — h)E -+ cos(n —1)(m — h)z
n n
- (cos(m—i—h)% + Cos?(m—kh)% -+ 4 cos(n — 1)(m+h)%) (75)
From (11)py, assuming 6 = (m — h)7 and replacing n with n — 1, and by sin(ir — ) =
Fsiny, [ €7,
T

2n

33Dirichlet didn’t use the transform-matrix symbol, but mine. cf. Lagrange’s expression (1) and Poisson’s
expression (32)

34Here, Dirichlet’s (74) comes from Lagrange’s style : (3). cf. [8, p.81]
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1 sin(n+ 1)0 1 sin(n —3)(m —h)T 1 1
—— 4 ( 12) - _—— 4 ( 2)( ﬂ)n:__:F_
2 2sin 50 2 2sin(m — h) - 22
Each of (12)py has
—1 mod (m—~h,2) =0, 0, mod (m—h,2)=1
1 mod (m+h,2)=0, 0, mod (m+h,2)=1

Here, we have the sum 2m.

na,, = 2sin %f(%) + 2sin Qmwf(%r) + -4 2sin (n —nl)mﬂ'f<(” _nl)ﬂ)
o A2 ) ) D)

o = 2 [T (BE) 1 () + S (55)1(5) + o ()1 (55) o S () (22

2 s
(13)py f(z) =arsinz+ azsin2z + - - - + ay sinma + - - -, where, a,, = —/ sin ma f(z)dx (77)
™ Jo

%5 Replacing the left hand-side of (13)py by 2sin z f(z),

2sin = f(x) =aysinz + agsin2x + -+ + aysinmx + .-+, where,
2 T ) ) ) T 9 T
= — 2sin mx (sm x f(x)) dr =— [ cos(m—1)z f(x)de — — | cos(m+1)x f(z)dx
™ Jo ™ Jo T Jo
2 ™
—/ cos hz f(x)de=by, = am=>bm-1—bp+1, m=1,2,3--,
™ Jo

= 2sin z f(x) = (bg — by1)sinx + (by — be)sin2x + (by — bs) sin 3z + - - -

2sin x f(x) = bpsin x + by sin2x + by(sin 3z — sin ) + bz(sin 4z — sin 2z) + - -
= bosin x + b1(2sin zcos x) + ba(2sin xcos 2x) + b3(2sin xcos 3x) +--- (78)
Dividing both hand-sides of (78) by 2sinz,

1 2 [T
(14)py fl(z) = §b0 + by cosx + by cos 2z + bz cos 3z + - - -, where, b, = — / cos mx f(x)dz (79)
T Jo

Making the form :3¢

olz) = p(@) + o(=x) | olz) — p(-2) (80)

2 2
we bind (13)py and (14) py,

1
(15) pr cp(x):§b0 + bicosx 4+ bycos2x + -+ + by, cosma + - - -

4+ aisinx + agsin2x + -+ + a,, Sinmx + - - - (81)
where,
1" Lo
by = =) cos mz[(p(x)) + (p(—2))] dz, am = =) sin ma[(¢(z)) — (p(—2))] do
namely,
1 /™ 1 [T 1 (7
b = — | cos mxp(x)+ — [ cos maxp(—z) de = — cos mz ¢(x) dx (82)
™ Jo T Jo T ) .

35¢f. The eqxpression (77) corresponds with Poisson’s expression (37).
36¢f. Dirichlet cites Fourier’s induction (25).
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iy = & /O " sin ma(e(@) — = /O " sin ma(p(—2)) do = - / " sin mz o(z) dr. (83)

s s T J)_n

9§ 4. ( The consideration of proof on convergence. )

Die Betrachtung, die dem Verfahren, welches uns die Reihe (13)py geliefert
hat, die gehorige Strenge geben wiirden, sind so zusammengesetzter Art, dafl
wir lieber einen andern Weg der Bewisefiihrung einschlagen. Wir werden die
Reihe (15)pr, welch die beiden andern (13)py und (14)py als besondere Félle
in sieh begreift, an und fir sich untersuchen und, ohne etwas von dem Fritheren
vorauszusetzen, direct nachweisen, dafl diese Reihe :

1
§b0 + bycosx+bycos2x + -+ by, cosmz + -

4+ aisinx 4+ agsin2x 4 --- 4+ apsinme + -, (84)

wenn man ihre Coefficienten durch die Gleichungen :

I L[
by = —/ cos mzg(zr)dr, m = —/ sinmag(x)dx

™ J_x ™ ™

bestimmt, immer convergirt und fiir alle zwischen —7 und 7 enthaltenen Werthe
von x der Function ¢(z) gleich ist. [4, § 4, p.146]

ZoELRIE, X (13)py PEHEZFEL IR LIS, TN DL S &2 522 A
N, —fICHE LI TIELESTeD T, bo O HIETIERE G XD NE1E5 9,
o a3 H (15)py XN AERBFI GG & L TRIE L2, TR EKREZF~TRZ
WL, F7o. I OM O ORHESREE 52 2 F 4TI, Z20Dh%x DX (13)py KDY
(14) py 23 Z OFFEL (84) TH by, KON, ay (28 > THREAIRET H0F, FIZIGR L, X[
(=7, m) ICBWTRETOMET, o (ZBT 2B p(z) BNELWE WD FAEEIZFERA L TR
55, 4, 94, p.146]

Dirichlet’s proving target is the following summation of the first n 4+ 1 terms of (84)

1 1 i 1 4
— dag(a) + —cosz / dacos ag(o) + -+ - + —cos nw/ dacos nag(a)
T

21 — -7 m -7

1 T 1 T
+ = sinx/ dasinag(a) + -+ 4+ —sin nx/ dasinnag(ar)

™ - ™ -7
or,
1 /" 1
— dag(«) [5 + cos(a — x) + cos2(a — x) + -+ + cos n(a— x)]
™ —T
or,
1 [7 sin(2n + 1)95%
- d 2
/ﬂ ag(0) G as
qs.

From (11)py(=(72)), we get :

2 sin(2n + 1)
/0 w4 (85)

,where, (72) is equivalent with

1+2cos28+2cosdfB+ -+ 2cos 2nfd
37

2 sin(2n +1)4 o
/0 sin 3 4f = 2

37(85) is what is called the Dirichlet kernel.
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Here, we assume k& = 2n + 1.

% sin kzﬁ
pr="F [V_km sin g ap

3 2
e Fsin kBdS = —
k
We assume A = [ sin $df3
Al A1
k sin % Pis % sin (V—kl)7r

p1 > p2 > p3 > > Pamtd

T
5 =PL=P2F p3— = pam E Pamta
(16) pis §>P1—p2+p3—"'—ﬂ2m,
9 <pPL—p2+p3—- = Pam + P2mi1
Aim : What is S 7
h -
sin k
i [ 22 g)a5 = s, (36)

n—oo Jy  sinf

where h < 3

3.

is a constant, k = 2n + 1 and f(() is a continuous function with respect to

Rrﬂﬁk S KD ¢ 3)as,

v—1) sin 8

R, =Ry —Ry+R3—-- -+ Ry

R, = / =50 K5 4 5)ap,

v=1) sin 3

(") /() =220 fm (B8,
prf(rk)<R < rf( )
S> Ry~ Ro+ Ry — - — Rop,
{S<R1—R2+R3—“‘_R2m+R2m+1
S > (o= p2)f (F) + (03 = o) () -+ (21 = pon) F (221,
S <ot () = (o2 = p0)f () + o1 = 05 () =+ = (pom = 21 (55
S>(p1—p2+p3—pa-+ pam-1 —sz)f<%>a
S<P1f<0f) —(P2—P3+P4—P5—"'—P2m—P2m71)f<2mTﬂ)
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p2+p3 = —pPam > P1— 3
pPL—p2+p3— = pPam > 5 — Paml

2 2
> 5 (Z) ~ pamin f(22),

S<Ef( 2 + pomir /2= +p1‘f(0> —f(Q’”T’T)

)

o<s <nle)-1(22)

Here, we can get easily our aim proving (86). We consider at first :

_f(2m7r) p2m+1f<2mﬂ>

)

Pam+1 locates as follows

A 1 - .4 A 1
omn < P2m+l — o
ks k m k sin (2ml-:1)7r

then we can state it as follow
A 2m7% - _ A (2m+1)%
2mm  sin 2m7 PamiL 2m+ )7 sin 2m+1)7

A 2mI

lim —— =0, lim —%—=
m—oo 2Mmm 2m % —oo SIN 2mE

And two products of the inequality (87) become zero respectively.

Finally, in (86), S is 5 f(0).

The term f(zan) in pl‘f<0> — f(zmT”) ‘ become null.

s A1 T A 1
pL<gtp pp<—— then p<o+-——,
2 k sin k sin
é.lﬂ_é.ﬁw and lim ——F :é
ksinf  msing k—oo TSN T
We get the following for 0 <h < 7, k=2n+1,
h
. smk:ﬁ T
lim [ £((8) +ddB = 2] £(0) + ],
n—oo J sin 3 2
i [~ 45— 20
n—0oo Jq sinﬁ B 2 ’
namely
sin k3 m
li df = —
dm ) f(ﬁ) sng P =310

Finally, Dirichlet deduces the result :
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) hsin(2n +1)3 o T

T}l_{go ; Wf(ﬁ)dﬂ—Ef(O), 0<h<§,
2 [hsin(2n +1

= Jm 2 [P g0 — s0), 0 << ),
hsin(2n + 1

Tim. g W]ﬂ(ﬁ)dﬁ:o, 0<g<h<g

The original by Dirichlet is explained as the following two statements (17)py and (18)py

(17)pu :
Ist f(/3) eine stetige Function von 3, die, wiahrend (3 von 0 bis h wéchst ( wo die Constante
h >0 und < § ),* nie von Abnehmen ins Zunehmen oder umgekehrt iibergeht, so wird

das Integral :

h -
sin(2n + 1)
_— d
| = ras
wenn man darin der ganzen Zahl n immer groflere positive Werthe heilegt, zu letzt im-
merfort weniger c als jede angebbare Grole von 7 f(0) verschieden sein.  [4, p.154]

us

“Riemenn(37, p.14] corrects this inequality as follows : £ > h >0

- in( h gin m
/ S (2n+1 dﬂ / sin(2n + 1 f(ﬁ)dﬁ"i‘/ Mf(ﬂ)dﬂ: 5f(0)7
0 g

© sinfg sin 3 sin 3
and
9sin(2n+1)8 .
| =S e = S r0)
then
hsin(2n + 1) B
/g Wf(ﬁ)dﬂ =0
(18)DU :

Sind g und h Constanten, welche den Bedingungen geniigen g > 0, § > h > g, und geht
die Function f(8), wenn [ von g bis h wéchst, nie vom Abnehmen ins Zunehmen oder

umgekehrt iiber, so wird das Integral :

hsin(2n + 1)3
/g Tf(ﬁ)dﬁ

fir ein unendlich grofies n der Null gleich.  [4, p.155]

%Riemenn(37, p.14] corrects this inequality as follows : £ > h > g >0

q6.



1 [ sin(2n +1)5%2 1 /” sin(2n + 1) 252
- d e e’ A R d i S API
m /_7r G e () 2sin % T Jg B o) 2sin ﬁz;x
1 /0 sin(2n + 1)8z2 1 =) sin(2n + 1)8z2
—/ dp 90(€C+ﬁ)(.—ﬁ,)332, —/ dp 90(€U+ﬁ)(.—ﬁ,)332
T ) (nta) 2sin 5+ T Jo 2sin =5~
T+x T—x
1 [2 sin(2n + 1 1 2 sin(2n + 1
9oy~ [ 7 s pte 20TV L [F gy o g g LD
T Jo sin f3 T Jo sin f3
5 sin(2n + 1
/ 48 p(x + 292220+ DI
z sin [

T+x

—/ 4B o(z + 21 — 20)

sin(2n + 1)(7 — ()
sin (7 — ()

(ME

[f; i3 gp(m+2w—26)8in(2n+1)ﬁ

3 sin

sin(2n + 1

B[ sin(2n + 1)
DI [y e a3

/0 dg o(x + 21 — 20) S 5

1
(20) pu §b0 + bicosx + by cos2x + -+ + by, cosmz + - -

4+ aisinx +aosin2x + -+ aySinme + - -

where, the coefficients are by the following expressions :

bm=a%/wcwﬂﬁﬂﬁ)ﬂi am=a%/wﬁnm@m®dﬁ

—Tr —Tr

0 T
%:%prm@www+%écmm@www

0 T
%:g/ﬂmwwnw+%éamwwnw
o(=B) = p(3), cos(—mp) = cos(mf3), sin(—mpB) = —sin(mp3)
b = 2 /ﬂ cosmfBg(B) d3, am =0

0

s

1
gp(ﬂ:):§b0—|—blcosx+bgcos2x—|—---—|—bmcosmx—|—---

We introduce the corresponding paragraphs to this proving, from the mourning paper [7, p.325]
to passing-away of Dirichlet by E.E.Kummer (1810-93) on Dirichlet’s work [4].

Die rein analytischen Arbeiten Dirichlet’s iiber unendliche Reihen und bes-
timmte Integrale und iiber die in diesen Formen erscheinenden Functionen sind
urspriinglich aus seinem Studium der mathematischen Physik, und namentlich
der Fourier’schen Warmetheorie hervor gegangen. Bei den Anwendungen dieser
allgemeinen Formen auf die physikalischen Probleme konnte er sich aber nicht
damit beruhigen, sie als fertige Hiilfsmittel zu benutzen, und da eine niihere

Pruffung ihm bald zeigte, dass sie selbst in den wichtigen Punkten noch der
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strengen wissenschaftlichen Begriindung ermangelten, so richtete er seine Ar-
beit zunéchst auf die Sicherung dieser Fundamente. Die nach Sinus und Cosi-
nus der Vierfachen eines Bogens fortschreitenden Reihen, welche von Fourier mit
dem ausgezeichnetsten Erforge zur Darstellung der in der Warmetheorie vorkom-
menden willkiirlichen Functionen angewandt worden sind, hatten bisher in allen
Fallen, wo die zu entwickelnde Function nicht unendlich wird, die ausgezeich-
nete Eigenschaft gezeigt, immer convergent zu sein, es war aber selbst Cauchy’s
Bemiihungen nicht gelungen, 3% dieses allgemein und streng zu beweisen.

Der Weg, welchen dieser, nicht minder durch die Strenge, als durch die Originalitit
seiner Methoden beriithmte Mathematiker hier eingeschlagen hatte, nur die Grossen-
verhéltnisse der einzelnen Glieder dieser Reihen zu untersuchen und darauf seine
Schliisse zu griinden, fithrte aber nicht zur wahlen Erkentniss dieser verborgenen
Eigenschaft, sondern nur ziemlich nahe bei derselben vorbei, weil die Convergenz
dieser Reihen in gewissen Fallen auch von der besonderen Art und Weise abhéngig
ist, wie die positiven und negativen Glieder derselben sich gegenseitig aufheben.
Aus diesem grunde untersuchte Dirichlet, auf den urspriinglichen Begriff der
Convergenz der unendlichen Reihen zuriickgehend, den Grenzwerth, welchen die
Summe eine Anzahl Gliede erreicht, wenn diese Anzahl ins Unendliche wachsend
angennommen wird, und diese Frage ergrandeter vollstandig mittelst der genauen
Bestimmung des Grenzwerthes eines einfachen bestimmten Integrales, welches,
wegen der vierfachen Anwendungen, die es gestattet, seitdem zu den Grundlagen
der Theorie der bestimmten Integrale gerechnet wird.  [7, p.325]

We translate thess paragraphs as follows :

The pure analytical works by Dirichlet on the infinite series and defined integral
and in this form of appearing function are properly originated from the study of
mathematical physics, namely, the Fourier’s heat theory. Because he (Dirichlet)
can’t handle the application of general form on the physical problem, he gets the
useful help, and shows him soon a precise proof, in the most important points,
for he lacks for even the exact scientific fundamentals, at first, he (Dirichlet) pays
his work on the making sure this basement.

By the progressing series by sine and cosine with multivalent of an angle, which
is due to Fourier, describing in the heat theory, using an arbitrary function, where
a expanding function will be definite, however, it had failed even for Cauchy’s
painful work, to prove generally and exactly to be always convergent.

The method, which is by no means inferior to the exactitude, as by the origi-
nality of his method of this genius mathematician ( Dirichlet ) had taken here, to
seek for the ratio of largeness of each term of this series, however, he doesn’t choose
the understanding of unseen characteristics, but approaching it very closely, while
the convergence of this series depends on even the special means and manners in
the certain cases, for the positive and negative terms cancel out reciprocally.

Dirichlet observes from this policy, the proper meaning of the convergence of
infinite series, which he reaches to the sum of a term, when this value becomes
infinitely extending, and he inquires extensively this question on the exact de-
termination of the value of term of a simple definite integral, which for various
applications, to which he dares to challenge, since the fundamental theory of the
definite integral becomes clear.  [7, p.325] (indention and underline is mine.)

38¢f. We cite Cauchy’s paper [1] in §5.
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