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Abstract

Using two concrete examples, we discuss the multisummability of WKB
solutions of singularly perturbed linear ordinary differential equations. In-
tegral representations of solutions and a criterion for the multisummability
based on the Cauchy-Heine transform play an important role in the proof.

1 Introduction

In this paper we consider a singularly perturbed linear ordinary differential equation
of the following form:

dm 1 (e _
(1.1) <n Mt T s (2 1)) P(z,n) = 0.

Here 7 is a large parameter and ¢;(z,77") (1 < j < m) is a polynomial of z and 7,
that is,

(1.2) g;(z,n7") = qjo(2) + 17 g1 (2) + n%qj2(2) + -+ (finite sum),

where ¢;,(z) (k = 0,1,---) are polynomials of z. Equation (1.1) admits a formal
solution of the form

(1.3) ¥(z,m) = exp ( / ((z dz) ZQ/J —(nt1/2)
where ((z) is a root of the characteristic equation of (1.1):

(1.4) "+ qo(2)C" T A A g(2) = 0.
*Supported in part by JSPS KAKENHI Grant No. 21340029 and No. 24340026.
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A formal solution of this form is often called a WKB solution of (1.1), The purpose
of this paper is to discuss the multisummability of a WKB solution of (1.1).

The most typical equation of the form (1.1) is the one-dimensional Schrédinger
equation

(15) (nj— - Q) vl =0

In this case a WKB solution can be expressed as

(1.6) bi(z,m) = exp (in /mdz> ilﬂi,n(@n—(“lm

and, as is well-known, a WKB solution (1.6) is divergent in almost all cases. In
the exact WKB analysis initiated by Voros ([V]) the Borel summation technique is
employed to endow WKB solutions with an analytic meaning and global behavior of
solutions of (1.5) (e.g., the monodromy group, Stokes multipliers around irregular
singular points, etc.) is successfully analyzed in an explicit manner by using Borel
resummed WKB solutions. (See, for example, [DP], [KT].) For the Borel summa-
bility of WKB solutions of (1.5) we refer the readers to [DuLS], [BoS], [KoS] and
references cited there.

However, if we deal with a more general equation of the form (1.1) (for example,
if some perturbative terms (with respect to 1) are added to the potential Q(z) in
(1.5) like Q(z,1™") = Qo(2) +n'Q1(2)+ - - ), then it becomes necessary to consider
the so-called multisummability to give an analytic meaning to WKB solutions in
general. As a matter of fact, R. Schifke ([S]) showed that the following first-order
inhomogeneous ordinary differential equation

(1.7 (= Gme) ) wieg =

with a small parameter € has a formal solution which is (3, 1)-multisummable. Fur-
thermore, inspired by this result, Suzuki considered an example of the perturbed
Schrodinger equation of the form

(1.8) (n‘gj—; — (2~ 77‘222)) U(z,m) =0

in his master thesis ([Su]) and showed that a (suitably normalized) WKB solution
of (1.8) is (4, 1)-multisummable.

In this paper, as a generalization of their results, we discuss the multisummability
of WKB solutions of a third-order homogeneous linear ordinary differential equation
of the form (1.1). To be more specific, we consider

3 2

d d d
—3 @~ —3y, -2 @~ 1y, -1 0 . _
(1.9) (77 e + (207 7)n 7 + (34227 )n e +2i(z + 1)) W(z,n) =0
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as an example and show that (suitably normalized) WKB solutions 7:5(27 n) of (1.9)
is (8,5, 1)-multisummable (with respect to 7).

In the paper, making use of an integral representation of solutions, we provide
a complete proof of the multisummability for Equation (1.9) as well as that for
Equation (1.8). The proof of the multisummability for (1.8) given below is slightly
different from that of Suzuki ([Su]). It is modified so that it becomes applicable
to more general equations such as Equation (1.9). Although we here discuss only
particular examples (1.8) and (1.9) to avoid complicated notations and to make the
discussion more concise and definite, the reasoning employed in this paper can be
easily generalized to more general equations of the form (1.1) as far as it has an
integral representation of solutions. Thus we conclude that it is necessary to intro-
duce the multisummability with several different indices to discuss the summability
of WKB solutions of a singularly perturbed linear ordinary differential equation of
the form (1.1) in general.

The paper is organized as follows: First we describe our main results in a specific
manner in Section 2. Then, before proving the main results, we briefly review the
definition of the multisummability in Section 3. Sections 4 and 5 are devoted to
the proofs of the main results. In Appendices A and B we present several figures of
steepest descent paths relevant to the proofs of the main results.

The main results of this paper were already announced in [SuT].

Acknowledgment: Professor Tatsuya Koike has greatly helped me in preparing many
figures of steepest descent paths in this paper. The author expresses his sincere
gratitude to him for his kind help and many valuable discussions with him. The
author is very grateful also to Mr. Katsuhiko Suzuki, Prof. Takahiro Kawai and Dr.
Shingo Kamimoto for stimulating discussions with them for this subject.

2 Main theorems

Let us now state our main theorems in a more specific manner.
First, let us consider the second order equation discussed by Suzuki in [Su]:

1) (55— =072 vl =0

which is a perturbation of the Airy equation. One characteristic feature of Equation
(2.1) is that by the scaling

(2.2) z=n'x
(2.1) is transformed to the Weber equation with a new large parameter ¢ = n*:

(23) (- 02— v =0
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To discuss the (multi)summability of WKB solutions of (2.1), we make full use
of the integral representation of solutions for (2.1), which can be obtained in the
following way: A change of unknown functions ¢ = exp(—iz?/2)¢ transforms (2.1)
to

(2.4) £ g *(z4n7%) 0
. — — 2iz— — (2 i =0.

dz? d: 1 7
Since Equation (2.4) is of Laplace type, its integral representation of solutions can
be easily constructed via Laplace transform, that is, letting ¢ = [ exp(—nzt)$(t)dt,
we find that ¢(t) satisfies the following differential equation of first order:

Py
(2.5) (—n+ 2z’t)d—f + (Pt +1i)p = 0.

Then, using an explicit form

t 2 -2
. u® + 1
2.6 = — 4
(2.6) ¢ = exp (n/ T 2w u)
of solutions of (2.5), we obtain an integral representation of solutions for the original
equation (2.1):

(2.7) ¥(z,m) =/exp (—=ng(t; z,n™h)) dt,
where the phase function g(¢; z,n7!) is given by
t 2 o2 ~
_ u” +1n 1 9 4
2.8 t; D=2t — —d — )

Note that, by a change of variables ¢ = in(s — 1/2), (2.8) can be written also as (a
constant multiple of)

(2.9) Y= /exp (—'g(s;z,m71)) s~ ds
where
(2.10) G(s;z,m ) = % (2s* — 4s(1 — 22) + log s + (1 — 2z)?)

with z = 7722 (cf. (2.2)). The formula (2.10) is a well-known integral representation
of solutions for the Weber equation (2.3).

Let t = t1 be a saddle point of g(t; z,n™1), that is, t = t4 is a zero of
dg 2 +in~2

P =),

2.11 9 _
(2.11) ot 1— 2itn1
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more explicitly,

(2.12) ty = —in 'z F /2 —n2(22 +9).

We also denote the top order part (with respect to n™!) of g and ¢+ by go and ¢4,
respectively. Then,

13 0
(2.13) go = go(t,z) = 2zt — 3 tyo= Tz and %(ti,m 2)=0

hold. Let 'y be a steepest descent path of R(—ng) passing through the saddle point
t+ and let 1+ (z,m) denote a solution of (2.1) defined by

(2.14) ¢ﬂ:(z’77):/r exp (—ng(t; 2,07 Y)) dt = exp (—ngo(tao, 2)) ¥ (2,7),
where

(2.15) 0 (z,m) =exp (—n(g(tes 2.07Y) — go(tp,2)))

X/r exp (—n(g(t; 2,n7") — g(ts; 2,m71)) dt.

Note that the exponential term of 14 (z,n) satisfies

d _ 990 dtio g0
(2.16) 0 (90(ts0,2)) = ot or (20:2) dz 0z

We now consider the asymptotic expansion of the integral

(trpo,2) = —teg = £z

(2.17) /F exp (=n(g(t;z,n7") — g(ts; 2,m7 1)) dt

with respect to n (for fixed z). Since the contribution to the asymptotic expansion
only comes from an arbitrarily small neighborhood of the saddle point ¢ = t, and
g(t; z,n1) is analytic (in 77!) there, it suffices to discuss the integral of the form

218) Y / exp (—n(g0(t, 2) — golte., 2))) Ax(t, 2) dt
k=0

along I'y, |t —t4| : small
where Ag(t, z) is an analytic function of (t,z). Then, by applying the saddle point
method to each coefficient of 7% of (2.18) (or, by introducing a new variable 6 =
go(t, z) — go(t+0, z) and applying Watson’s lemma (cf., e.g., [B, §2.1, Theorem 1})),

we find that wio )(z,n) has an asymptotic expansion of the following form when
1 — 00:

(2.19) VO (2, m) 2 0P (2,1 defZ@bi SR,



Furthermore, (2.19) holds in the sense of Gevrey order 1 (see in Section 3 below for
the precise meaning of Gevrey asymptotics). Hence, in view of (2.16), we have

(2.20) Ye(z,1) 2 i (z,n) € exp (in / vz dz) Z¢ ()2,

Since ¥+ (z,7) is a solution of (2.1), its asymptotic expansion ¢4 (z,7) also satisfies
(2.1) formally. Hence it coincides with a (suitably normalized) WKB solution of
(2.1).

The main result of Suzuki’s paper [Su] is concerned with this WKB solution

b (z,m).

Theorem 2.1 (Suzuki [Su]). The formal power series part ¥ (z,n) of the WKB
solution ¥+ (z,m) of (2.1) is (4, 1)-multisummable with respect to n=t. To be more

precise, for each fized z, 1}10)(2, n) is (4, 1)-multisummable with respect to n~!
for a finite number of singular directions.

except

As the second example, let us next consider the following third-order differential
equation:

d? . d? _ d , .
(2.21) <d 5+ (2n 5)77@ + (3 + 22n 1)772% +2i(z + 1)773) P(z,m) =0,
with the characteristic equation
(2.22) ¢ +3¢+2i(z+1)=0.

In parallel to the case of the first example (2.1), (2.21) admits the following two
different scalings: Firstly, by the scaling z = n®z; and ¢; = 7, (2.21) is transformed
to

3

2
223) (g3 + 06
1

_ d ) _
a2 + (3C1 2/5 + 21‘1)C12d—x1 + 22(1’1 + Cl 3/5)<i'3) 1/} =0
1

and, secondly, by the scaling z = n°z, and (; = n®, (2.21) is transformed to

3 2

(2.24) (dd Ty + (3G ><2— + 2i(aG " + 4-3/4>c§’) =0,

Similarly to (2.1), as Equation (2.21) itself is of Laplace type, (2.21) also has the
following integral representation of solutions:

(2.25) U(z,m) = /exp(—nh(t; z,n ) dt,

with

t 3 o4\,
(2.26) h(t;z,nl):zt—/ W3- u-2i4

n3u2 — 2n~lu + 20
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Note that, by a change of variables ¢ = n?s, (2.25) can be written also as

(2.27) ) = /exp (—nsﬁ(s;z,n‘l)) ds
where
s .3 4 -8 6 -8
TN v 4 (3™t = 2078 — 2in~ % + 2
(2.28) h(s;z,n™ ") = xa8 — / R P dv

with 2o = 7752,

In the case of Equation (2.21) there exist three saddle points of h(t; z,n~!), which
are denoted by t = t; (j = 1,2,3). Denoting the top order part of h and ¢; by hyg
and ¢ o, respectively, we find that
oh ' oh
8—;(25, z) = —%(—t?’ —3t+2i(2+1)) and (9_t0
hold. Let I'; (j = 1,2,3) be a steepest descent path of #(—nh) passing through the
saddle point ¢ = ¢; and let ¢;(z,n) be a solution of (2.21) defined by

(2.29) (tjo0,2)=0

(230) () = / exp (—nh(t: z.")) dt = exp (—nholtyo, 2)) 0z, m).

J

where

(2.31) (0)(2 n) =exp (—T](h(tj; zn ) — ho(t0, z)))

></F exp (—n(h(t; z,n~") = h(tj; 2,n7Y))) dt.

i
In view of (2.22) and (2.29), we can readily confirm that the derivative (with respect
to 2)

8h0 dtj@ 8h0

d
(2.32) —a(hO(tj,th)) = —E(tj,oaz)g 5, ——(te0,2) = —tjo

of the exponential term of ¢;(z,7) is a root of the characteristic equation (2.22).
Then, by the same reasoning as above for the solution 1. (z,n) of (2.1), we obtain
a WKB solution 9;(z,n) of (2.21) through the asymptotic expansion of ;(z, n):

(2.33) Yi(2.m) = U(2,n) € exp ( /CJ dz) Z%n ~(n+1/2)

where (;(z) (7 = 1,2,3) is a root of the characteristic equation (2.22). Let 1/)](0)(7:, n)

denote the formal power series part of @(z, n):

(2.34) Bilzm) = exp( / Gz dz) 50z, m).

Our second main theorem is then the following:

7



Theorem 2.2. The formal power series part @0)(2,77) (j = 1,2,3) of the WKB
solution @//J\j(z,n) of (2.21) is (8,5, 1)-multisummable with respect to .

Thus, to describe the multisummability of WKB solutions of (2.21), we need two
other different indices 8 and 5 in addition to the index 1.
In what follows we give a proof of Theorems 2.1 and 2.2.

3 Brief review of the multisummability

As a preparation for the proof of the main theorems, following [B|, we review the
definition and some fundamental properties for the multisummability in this section.
We basically employ the same notation as in [B] except that we use a large parameter
n here instead of a small parameter € = ™! as an asymptotic parameter.

First, let us recall the definition of the k-summability.

Definition 3.1 (k-summability). Let k > 0 be a positive real number and f=
>, fan~™ be a formal power series of n~!. Then f is said to be k-summable in the
direction d if and only if L¢B;.f is well-defined.

Here B\k]? denotes the formal k-Borel transform of f

n = fn
"’ (BF) -3ty
n=0
and L{g denotes the k-Laplace transform of ¢ in the direction d:

d

(3.2) (Lig) (n) = 7" /0 N exp (—(yn)*) g(y) d(y*),

where the integration from 0 to co is done along arg y = d. Note that the Borel
summability is nothing but the 1-summability under this terminology.

It is known (cf., e.g., [B, §3.1, Theorem 1]) that the k-summability of f is equiva-
lent to the existence of an analytic function f(n) whose Gevrey asymptotic expansion
of order k is given by f in a sector S = S(d,a,p) ={n € Cld— /2 < argn <
d+a/2, |n| > p~ '} with a > 7/k:

(3.3) fm) = f= ann_" asm — oo in S,
n=0
that is, for every closed subsector S; of S and every non-negative integer N
N-1
(34) N [£o) = fan | < CENT(1 + N/k)
n=0

holds in n € S; with positive constants C, K > 0 independent of N.
Next, we recall the definition of the multisummability.

8



Definition 3.2 (multisummability). Let k = (ky,--- ,k,) be a ¢-tuple of positive
real numbers {k;} (1 < j < gq) satisfying &y > ky > --- >k, >0and f=> fun™
be a formal power series of n=!. Then f is said to be k-multisummable in the

direction d if and only if the following functions {f;} (0 < j < q) are successively
well-defined:

fq = gkqf,
foer = Azq,l,kqfkq,
(3.5)
i o= Azl,sz%
fo = L’Zlfl.

Here A% L= B;, o L denotes the acceleration operator introduced by Ecalle, that is,

id

(3.6) (A,9) (m) =" /0 T G (m)") 9w (5P,

where the integration is done along arg y = d from 0 to co and the kernel function
Co(2) (o > 1) is given as follows:

(3.7) Cal(z) = L /ul/o‘_l exp (u — zu"/®) du,
v

Comi

where 7y is a path going from —oo to —¢ (6 > 0) along the negative real axis, encir-
cling the origin anti-clockwise once, and returning to —oo again along the negative
real axis. When f is k-summable, the function fj defined by (3.5) is called the k-sum

of f.

Remark 1. The multisummability is usually defined in the (admissible) multidi-
rection d = (dy,--- ,d,), that is, in the definition of f; in (3.5), we use different
directions d; as f;_1 = A%,l,kjfkj for 2 < j <gand fy = ﬁZifl‘ In this paper,
however, we only consider the multisummability in a fixed single direction d for the
sake of simplicity.

Roughly speaking, the multisummability deals with the situation where we need
to consider the k;-summability with several different indices k; simultaneously, as is
clearly shown by the following characterization of the multisummable series.

Proposition 3.3 ([B, §6.2 and §6.3]). Suppose k, > 1/2. Then a formal power
series fis (ki,--- , kg)-multisummable in the direction d if and only if f can be
decomposed into the sum of k;j-summable series f; in the direction d, that is,

q
(3.8) f= Z f; where f;: k;-summable in d.
j=1



The following criterion for the multisummability is also very useful in verifying
the multisummability of a given formal power series.

Proposition 3.4 ([B, §6.7, Proposition 3]). Let I; (1 < j < q) be closed intervals
I; = [d—7/(2k;), d+ 7/(2k;)] so thatd € I, C Iy C --- C I, holds, and assume
ky, > 1/2. Suppose that there exist € > 0, p > 0 and o with I, C [po, o + 27]
such that the following holds: For any 0 with py < 0 < o+ 271 we may find f(n;0)
satisfying

(1) f(n;0) is analytic in Sy = S(0, ¢, p),

(i1) f(n;0) is bounded as n — oo,

(iii) for every 01 and Oy with |0 — 5] < € (i.e., Sp, NSy, # D) the following holds: If
91,62 € [1, then

(3.9) f(n;01) = f(n;62).

If 01,05 € I; for some j, 2 < j <gq, then

(3.10) F300) — f(n;02) =, 0 in Sp, N S,
If either 60, or 0y is not in I, then

(3.11) J(;01) = f(n;02) =4, 0 in Sp, N S,

(iv) f(m;00) = f(ne*™; po + 2m) in S,
(v) f(n;d) =, f in Sq.

Then [ is (k1,. .., ky)-multisummable in the direction d.

Remark 2. Proposition 3.4 is proved by using the so-called Cauchy-Heine transform
and Proposition 3.3. For the Cauchy-Heine transform see [B, Chap. 4]. Note also
that Proposition 3.4 still holds if we replace the conditions (3.10) and (3.11) by

(3.10)"  f(m;601) — f(n;02) = O(exp (—c|n|kj*1)> in Sp, N Sy, for some ¢ > 0
and
(3.11)  f(n;61) — f(n;0,) = O(exp (—c|n|k‘1)> in Sg, N Sp, for some ¢ > 0,

respectively. In what follows we use Proposition 3.4 in this modified form.

4 Structure of Stokes phenomena for WKB solu-
tions of (2.1) and (2.21)

One of the key steps in the proof of the main theorems is to investigate what kinds of
Stokes phenomena occur with WKB solutions when arg 7 varies from 0 to 27 for fixed
z. In the current situation, as there exist integral representations of solutions, this
can be explicitly done by analyzing the change of the configuration of the steepest
descent paths. In this section, examining the configuration of the steepest descent
paths with the aid of a computer, we study the structure of Stokes phenomena for
WKB solutions of (2.1) and (2.21).
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4.1 Case of (2.1)

In the case of Equation (2.1) the structure of Stokes phenomena for WKB solutions
was investigated in [Su] in a detailed manner. We first review the results of [Su] in
this subsection.

For the sake of definiteness, we fix z as z = 1+ in what follows. Figure 1 shows
the configuration of the steepest descent paths I'y. passing through the saddle points
t = t. of the integral representation (2.7) near argn = 0. In Figure 1 we take || = 10
and a unique singular point ¢ = —in/2 is designated by t*™9. (In writing Figure
1, we use the integral representation (2.9) instead of (2.7) since [t*"9| becomes too
large in the original integral representation (2.7). As these two integrals are related
by a simple change of integration variable t = in(s — 1/2), i.e., by a scaling and
a translation, they are completely equivalent.) Figure 1 clearly visualizes that the

L

argn = —m /50 argn =0 argn = /50

Figure 1: Configuration of steepest descent paths of (2.9) near argn =0

configuration of the steepest descent paths ' for argn < 0 is different from that
for argn > 0. For example, I'_ for argn < 0 goes to co after emanating from ¢_
and encircling the singular point #**"9 in a clockwise manner, while I'_ for argn > 0
ends at "9, This change of the configuration of I'_ causes a Stokes phenomenon
for ¢_(z,n) (or 12(_0)(2,77)) to occur in the following way: Let T'y and T'y (resp.,
¥+ (z,n) and Ji(z, n)) denote the steepest descent paths passing through ¢4 (resp.,
the corresponding solutions of (2.1) defined by (2.14)) for argn < 0 and argn > 0,
respectively. Then it follows from Figure 1 that I'_ = I+ fT? where fT is a path
emanating from ¢ = "9 and going to oo through ¢, that is, a path homotopic to
I'y. Hence we have

(4.1)
V_(z,m) =/ exp (—ng(t; z,n")) dt:@—(%ﬂﬂ/ﬁ exp (—ng(t; z,n™")) dt.

Note that, although fT is homotopic to f+, the second term of the right-hand side
of (4.1) is not equal to ¢, (z,n) since the branch of g(t;z,7~!) on Iy differs from

11



that on f+ due to the singularity ¢ = ¢5"9. Now for the phase function g(t;z,n™!)
of (2.7) we have

Lemma 4.1.

g -1 o3 "}
4.2 Res —(¢; =-n°(1—-4 .
(4.2) Res o (tz,07) = o' (1—din™)

Hence, combining (4.1) and (4.2), we obtain

(43 Vo () = - (z,m) + exp (=G (L = in ™)) D (z.),

or equivalently,

44) 9% n) = (zn)
= exp (—%74(1 - 4i77‘4)> exp ((go(t—0, 2) — go(t4.0,2)) U (2,1)

= O(exp(—c|n[*))

with some constant ¢ > 0. Since @/J@)(z,n) and 9" )(z, n) are analytic realizations
of " )(z, n) (i.e., the asymptotic expansion of both analytic solutions are given by
s )(z,n)) when argn < 0 and argn > 0, respectively, we thus conclude that a
Stokes phenomenon of exponential order 4 occurs with 15@(2, n) near argn = 0.

Similarly, it also follows from Figure 1 that I'y = I'y + I'y holds and hence we
obtain

(45) 0 (z,m) = 00 (2,m) = exp (=" (1 = din™) ) 5 (z,m) = O (exp(—n|"))

with another constant ¢ > 0. Thus a Stokes phenomenon of exponential order 4
also occurs with 1/159)(2, n) near argn = 0.

Such Stokes phenomena of exponential order 4 occur near argn = kr/4 with
k =0,1,---,5 for J(_())(z,n) and near argn = krn/4 with k = —4,-3,--- 1 for
1253)(2, n). This can be confirmed by tracing the configuration of steepest descent
paths from argn = 0 to 27. See Appendix A, where figures of steepest descent paths
are given for several different values of argn € [0, 27).

On the other hand, a different kind of Stokes phenomenon occurs near argn =
57/8. Figure 2 shows the configuration of steepest descent paths passing through
t = ty near argn = 5w /8. Again let us denote by 'y and fi etc. the steepest
descent paths passing through ¢y for argn < 57/8 and argn > 57/8, respectively.
Then Figure 2 implies that I'_ = I+ f+ and hence we have

(4.6) Y- (z,n) = ¥_(z,n) + by (z,m).

12



tsing [ $5ing [

argn = 12m/20 argn = 137/20

Figure 2: Configuration of steepest descent paths of (2.9) near argn = 57/8

Note that there is no difference with the branch of g(t;z,177!) in this case. In
other words, the singularity ¢ = ¢* is not relevant to the Stokes phenomenon near
argn = b /8. Thus we obtain

(47) ¢—(Z’ 77) = J—(»’%ﬁ) + 77,54-(2777)’

or equivalently,
(48) W) = ()

= exp (1(go(t_0 2) — golt+.0,2)) D (2,m) = O(exp(—c’|n]))

with some constant ¢’ > 0, that is, near argn = 57/8 a Stokes phenomenon of
exponential order 1 occurs with ' (z, 7).
Summing up, we obtain

Proposition 4.2. Let z = 1+1 be fized. Then, when argn varies from 0 to 2w, the
following two types of Stokes phenomena occur with wi (z,m).

(type A)
(4.9) O (z,m) — PO (z,1) = O(exp(—c|n])),

where 1/)9)(7:,7]) and 12110)(2,7]) denote the analytic realizations of 1Z£0)(z,7]) (x = %)
in neighboring two sectors, respectively, and c is_a positive constant. This type of
Stokes phenomena occurs near argn = 5n/8 for @D(,O)(z,n), and near argn = 137 /8

for $9 (z,m).

(type B)

(4.10) VO (z,m) = 9 (2, 1) = Olexp(—cln[*)).

This type of Stokes phenomena occurs at argn = k7r/4 with k = 0,1,~~ , 5 for
o )(z n), and at argn = kr /4 with k = —4,—=3,--- ;1 (modulo 2m) for ¢+ (z n).
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Remark 3. As will become clear in the proof of Theorem 2.1 explained in Section 5.1,
(4, 1)-multisummability of WKB solutions of (2.1) follows from the occurrence of
these two types Stokes phenomena with different exponential orders. In particular,
the occurrence of Stokes phenomena of type B plays an important role and it is an
immediate consequence of the fact that the residue of g/t at t = ¢*™9 is O(n?),
i.e., of exponential order 4 with respect to 7. This is also related to the existence of
the scaling (2.2) that transforms (2.1) into (2.3).

Remark 4. A Stokes phenomenon of type B occurs when saddle points are connected
by a steepest descent path that encircles the singular point t = t®9. This is possible
only when the top order part of —2min Res (0g/0t) with respect to n (i.e., the top
order contribution to a contour integral around ¢*"*9) becomes real, that is, when
Im n* = 0. This clearly explains why Stokes phenomena of type B occur only when
argm is an integral multiple of 7/4 in Proposition 4.2.

4.2 Case of (2.21)

In parallel to the preceding subsection, we investigate the structure of Stokes phe-
nomena for WKB solutions of (2.21) by analyzing the change of the configuration
of the steepest descent paths of the integral representation (2.25) in this subsection.

The integral representation (2.25) has two singular points at zeros of n73t* —
2071t 4+ 2i = 0, that is, at t = > £ \/n* — 2in®. We will denote them by 5™ and

sing .
tl .

(4.11) to" = (1 + /1= 2in~1) = 22(1+ Oy ")),
' 1" =n*(1— /1= 2in~1) = in(1+ O(n")).
The following lemma plays a crucially important role in the discussion hereafter.

Lemma 4.3.

oh . .
(4.12) Res Stz HN=—dn"(1+0(n™)

Oh _ i .
(4.13) Res Stz N=—n'(1+0m™)

We again fix z as z = 1 + ¢ for the sake of definiteness. Figures 3 and 4 show
the configuration of the steepest descent paths I'; passing through the saddle points
t =1t; (j = 1,2,3) of the integral representation (2.25) near argn = 0. (In
Figures 3 and 4 as well as in figures in Appendix B we take || = 20. As in the
preceding subsection, instead of (2.25) we use the integral representation (2.27) since
the singular points ¢ (k = 0,1) becomes too large in (2.25). However, the use
of (2.27) makes it difficult to distinguish the saddle points t; (j = 1,2,3) and ;"¢

Therefore, in presenting the configuration of steepest descent paths of (2.27), we

14



sing
tl

to
{tj } tging {tj} \
t3

Figure 3: Figure of steepest descent paths of (2.27) at argn = —37/100 and its
magnification

sing
tO

{t;}

Figure 4: Figure of steepest descent paths of (2.27) at argn = 37/100 and its
magnification

also use two magnified figures, i.e., a magnified figure in the middle in Figures 3 and
4 so that 5" may be distinguished from t;, and a more magnified one in the right
so that t; may be distinguished each other.)

As is clearly visualized in Figures 3 and 4, a change of the configuration of I'y
occurs near argn = 0, and consequently we have a Stokes phenomenon for ¥(z,n)
(or @éo)(z,n)) as follows: Let I'; and fj (resp., ©(z,n) and {/;j(z,n)) denote the
steepest descent paths passing through ¢; (resp., the corresponding solutions of
(2.21) defined by (2.30)) for argn < 0 and argn > 0, respectively. In this case
the change of the configuration of I'y and the corresponding Stokes phenomenon
for 15(z,m) are in a sense ‘reversed’ ones of those discussed in Section 4.1. Taking
account of this character, we first observe that Ty =To+ I'y +TI'y, where I'; is a path
emanating from ¢ = ¢;"¢ and going to oo through t, (i.e., homotopic to T'y) and T
is a path homotopic to I'y. Note again that the branch of h(t;z,n™") on I'+ (resp.,
I'y) differs from that on I'y (resp., I'y) due to the singularity ¢ = ¢""?. It then follows
from Lemma 4.3 that

(4.14)  dalz.n) = ¥a(z,m) + O(exp(—en®)) a2, 1) + O (exp(—cn®) )¢ (2, 1)

15



for some constant ¢ > 0. Since there occurs no Stokes phenomenon with v (z,7)
and 13(z,7n), we finally obtain
(4.15)

O (zm) = 0 (z,m) = O(exp(—en®)), O (zm) =P (zm) =0 (j=1,3),

that is, a Stokes phenomenon of exponential order 5 occurs with @0)(2,77) near
argn = 0.

Tracing the change of the configuration of steepest descent paths of the integral
representation (2.25) from argn = 0 to 27, we thus conclude the following

Proposition 4.4. Let z = 1+ be fired. Then, when argn varies from 0 to 2, the
following three types of Stokes phenomena occur with the WKB solutions 1/)](-0)(;:,7])
(1 =1,2,3) of (2.21).

(type A)
(4.16) 0 (z,m) — 9 (2.m) = Olexp(—cn])),

where w](-o)(z,n) and JJ(»O)(Z, n) denote the analytic realizations of @0)(2,77) in neigh-
boring two sectors, respectively, and c is a positive constant. This type of Stokes
phenomena occurs near

argn = 317/100 and 1647/100  for 9 (2, n),
argn = 37r/100 and 62r/100  for 90 (z,7),
argn = 1327/100 and 1387/100  for 9 (2, n).

(type B)
(4.17) U (zom) = 657 (2,m) = Olexp(—clnl)).
This type of Stokes phenomena occurs at argn = km /5 with

k=12314 for 9 (z,m),
k—=0,3,7.89 for 0 (z,m),
k=3,4,56,78 for 0\ (z,n).

(type C)
(4.18) 0 (zm) =" (z,m) = Olexp(—cln]*)).
This type of Stokes phenomena occurs at argn = (20 + 1) /16 with

1=0,1,3,4,6,9,10,11,12,15  for \”(z,n),
1=0,1,2,3,4,7,8,9,10, 15 for &8 (z,n),
1=0,3,4,5,6,13,14,15 for 09 (z,m).
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For the change of the configuration of steepest descent paths see Appendix B,
where figures of steepest descent paths of (2.25) or, equivalently, (2.27) together
with their magnified ones are given for several different values of argn € [0, 27).
Note that Stokes phenomena of type A are the ones to which both singular points
t =13 and t = 5 are irrelevant, while Stokes phenomena of type B (resp., type

C) are the ones to which the singular point ¢ = ;" (resp., t = t5™) is relevant.

Remark 5. In view of Lemma 4.3, since a Stokes phenomenon of type B is the one
to which the singular point ¢ = ¢ is relevant, we find that it occurs only when
Im 7° = 0, that is, when the top order part (with respect to ) of 277 multiple of the
residue of 7(Oh/t) at t = 5 becomes real. This explains why Stokes phenomena
of type B occur only when argn is an integral multiple of 7/5 in Proposition 4.4.
Similarly, a Stokes phenomenon of type C occurs only when Im in® = 0, i.e., when
argn = (20 + 1) /16 for some integer [.

5 Proof of the main theorems

In the preceding section we clarified the structure of Stokes phenomena for WKB
solutions of Equations (2.1) and (2.21). Making use of this structure of Stokes
phenomena and Proposition 3.4, we prove the multisummability of WKB solutions
of (2.1) and (2.21) in this section.

5.1 Proof of Theorem 2.1

We first prove the (4, 1)-multisummability of WKB solutions of (2.1).

Let d be any direction where no Stokes phenomenon occurs with the WKB solu-
tions @f )(z, n) of Eq. (2.1). For the sake of definiteness, we here take, for example,
d = Tm/16 and prove the (4, 1)-multisummability of zZ(_O)(z, n) in the direction d.

In this case we have k1 =4, ks =1, ¢ = 2 and

1 15

(5.1) del, =] > [—1—677, Ew]

1—671',1—671'] CIQ =

We set o9 = d —m = —97/16 and put (i) all the directions where a Stokes phe-
nomenon occurs (we call such directions “singular directions” in what follows), (ii)
boundaries of I, (1 =1,2), and (iii) o, @o + 27 in the order of magnitude from ¢,
as follows:

9 1 3 1 1
$o = o = T $1 = 5™ P2 = —3™ ¢3 = vk ¢4 = —16™
1 D 1 9 5
¢5 = 07 ¢6 = Zﬂ-y ¢7 = Eﬂ-a ¢8 = 577-’ ¢9 — Eﬂ-, ¢10 = gﬂ',
3 15 5 23
P11 = ZW, P12 = 1_67T’ P13 =T, P14 = 17?7 ¢15 = po + 2T = 1—67T,
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In this notation Iy = [¢7, o] and Iy = [d4, P12]. We also express the Stokes phenom-
)

ena for {ﬁ\f at the direction ¢y in the following way:

(5.2) P =0 = 3" ok, #50)0) (x = ),
* =+
or
(5.3) VO s O 13 (x5 a)p?,
* =4

which means 1/}59) for argn < ¢y is analytically continued to the right-hand side of
(5.3) for argn > ¢. Here c(x,*’; ) is a constant (i.e., independent of z) satisfying

(5.4) ci(*, ;) = O(exp(—c[n|*)).
Note that, if Stokes phenomena in question are of type A (resp., type B), then o = 1
(resp., a = 4).

We now define f(n;0) for o9 < 0 < @o + 27. First, we define f(n;0) for 0 €
[©0, o + 27| \ { P fo<k<is

(In I;) In [, ie., in [¢7,¢o|, taking all the Stokes phenomena into account, we
define f(n;0) as follows:

w(_o)(z,n; 6) for g7 < 6 < ¢,

5.5 0) =
R { W0 (2,50) + cs(—, = )P (2,m;60) for ¢ < 6 < ¢,

where 1[)5?)(;:, n; 0) designates wf)(z, n) defined by the integral along I'y when argn =
6. Note that at argn = ¢s we have the following Stokes phenomenon of type B for

0,
(5.6) P s O (=, — 4.

(In I, \I;) On 9I; we neglect terms of order O(exp(—c|n|*)) and in I, \ I; we
take only Stokes phenomena of type A into account. To be more specific, we define

f(n;0) for 0 € [¢4, ¢7] by

(5.7) F:0) = (2,m;0)  for 4 < 0 < ¢r,
and for 0 € [¢g, P12] by
0 (2,m;0) for ¢g < 0 < 1o,

5.8 f(n;0) =
o o) { w(—o)<27773 0) + cio(—, +; 1)2&9(2,77; 0) for 19 < 0 < P12

(In [¢o, 0 + 27|\ I2) On 0l we neglect terms of order O(exp(—c|n|)) and in
[0, 0o + 27| \ I, we ignore all the Stokes phenomena, that is, we define f(n;6)
simply by

(5.9) f(n;0) = w(_o)(z,n; ) for ¢y < 0 < ¢ps and ¢ < 6 < ¢15.

18



Finally, we define f(n;0) for 8 = ¢, by the following:

f(n; ¢, +0)  when g < ¢ < d,

(5.10) F(n; dx) = { f(n; ¢ —0) when d < ¢ < g + 27,

where ¢ is a sufficiently small positive number.

Note that, as the number of singular directions is finite, by taking sufficiently
small € and p we may assume that f(n; 0) is analytic in a sector S(0, €, p). Further, we
may also assume that every S(6, ¢, p) contains at most one ¢,. Hence the conditions
(i) and (ii) in Proposition 3.4 are satisfied. By the above definition of f(n;6) the
conditions (iv) and (v) also hold. Thus it suffices to check the condition (iii).

(I) (When 64,05 € I,.) Since all the Stokes phenomena are taken into account in
I, f(n;01) = f(n;02) trivially holds.

(IT) (When 61,05 € Iy and one of 61 and 0y does not belong to I.) Discontinuity
for f(n;0) is observed only at argn = ¢s, ¢, P9 and ¢1.

First, since Stokes phenomena at argn = ¢5, ¢g are of type B, the condition
(3.10)" is satisfied near argn = ¢s, ¢.

Next, as ¢g is a boundary point of I; and no Stokes phenomenon occurs there,
at argn = ¢g9 we have

(5.11)  f(m; 09+ 0) — f(n; g — 9)
= O (2,05 00 + 8) — (0 (2,75 69 — ) + es(—, — A (2, 1; ¢g — 0))
= —es(—, = 40 (2, m; 69 — 0) = O(exp(—cln|*))

for a small positive constant 0. Note that, since the term 08#)@ ) appears in the
Stokes phenomenon at argn = ¢g, it precisely satisfies

(5.12) est? = O(exp(—c(ne™*)")).

Hence (5.11) is valid at argn = ¢g in view of |¢pg — ¢g| < /8 = 7/(2k;).
Finally, at ¢;; we have

(5.13) [ ¢11 4 0) — f(n; o1 — 6)
= (@ (2,1 611+ 6) + cro(—, +; 1)1/153)(27 ;1 +9))
— (@ (2,15 611 — 0) + cro(— + DY (2. 611 — )
=00 (2,500 = 8) = 0¥ (2,061 + 6) = Ofexp(—cln| ")),

since a Stokes phenomenon for 1/)@ at argn = ¢11 is of type B and no Stokes
phenomenon occurs with wf) there.

(III) (When 61,05 € [po, 0o + 27| and one of 61 and 05 does not belong to Is.)
Discontinuity for f(n;0) is observed only at argn = ¢12, ¢13 and ¢14.
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At ¢12, by an argument similar to the one at ¢g, we have

(5.14)
(5 912 +6) — f(1; P12 — 9)

=9 (2,7 612+ 0) = (W (2,75 612 = 8) + eno( =, 5 DY (2,75 62 — 9))
= —c1o(—,+; P (2,75 612 — 8) = O(exp(—cln])).

Note again that, since the term clowsro) appears in the Stokes phenomenon at argn =
®10, it satisfies

(5.15) et} = O(exp(—c(ne™"")))

and hence (5.14) is valid at argn = ¢12 in view of |p12 — 10| < 7/2 = 7/(2k3).
Since Stokes phenomena at argn = ¢13, ¢14 are of type B, the required condition
is satisfied also near argn = ¢13, 4.

We have thus checked all conditions in Proposition 3.4. Therefore the (4,1)-

multisummability of the WKB solution ') of Equation (2.1) is now verified thanks
to Proposition 3.4 (cf. Remark 2).

5.2 Proof of Theorem 2.2

Theorem 2.2 is proved by a similar argument as in the preceding subsection. We
explain an outline of the proof of Theorem 2.2 in this subsection.

Let d be any direction where no Stokes phenomenon occurs with the WKB
solutions @D](-O)(z,n) (j = 1,2,3) of Eq. (2.21). Here we take d = 77/32 and prove

the (8,5, 1)-multisummability of {D\go) in the direction d.
In this case we have ky = 8, ko =5, k3 =1, ¢ = 3 and
9 19 51 9 23

5
(5.16) dely=[gZm g C L=

o L= [~ 220
60" Te0™ © B = [=35m 357

We set g = d —m = —257/32 and again put all the singular directions, boundaries
of I, (n=1,2,3), vy and ¢y + 27 in the order of magnitude from ¢, so that

(5.17) ®o = w0, P19 < d < Pz, @39 = po+ 2T,
[1 = [¢177¢20]7 IQ = [¢167 ¢23]7 I3 = [¢107¢31]'

Similarly to (5.3), we express the Stokes phenomena for 12](0) (7 = 1,2,3) at the
direction ¢y, as

(5.18) P s+ N g, g e,

1<5'<3
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where ¢ (7, j'; ) is a constant satisfying

(5.19) ek (4, 35 @) = O(exp(—c|n|)).

If Stokes phenomena in question are of type A (resp., type B, type C), then a = 1
(resp., « =5, a = 8).
We then define f(n;0) for ¢y < 0 <@g+ 27 as follows:

(In I;) In I, taking all the Stokes phenomena into account, we define

(5:20)  f(m:0) = (2.0 0) + cas(1, 2 8)uL” (=, 7; )
+eo(1,1;5) (V17 (2,5 0) + cas(1,2: 8)¢” (2,75 0))
+c19(1,2:5) (1 (2,m:0) + c1s(2, 2: 8)uS” (2,m; 0))

for ¢17 < 0 < ¢ys,

(5:21)  f(n:0) = 67 (z2.m:0) + 11, 155)0 (2,1:0) + eaa(1, 23 5)98” (2,5 )

for ¢35 < 0 < 19, and

(5.22) F(n;0) = 1" (z,m;0)

for 19 < 0 < ¢op.

(In I, \ I;) On 0I; we neglect terms of order O(exp(—c|n|®)) and in I\ I, ignoring
Stokes phenomena of type C, we take account of Stokes phenomena of type A and
type B only. That is, we define f(n;8) for 0 € [¢16, P17] by

(5.23)  f(m;0) = o\ (2,m:0) + c10(1, 1;5)0 (2, 6) + ca0(1, 2:5)6” (2, 7: 6),
and for 6 € [¢20, ¢23] by

1/150)(73 n; 9) for ¢20 <f< ¢21,
O (2,1;0) + ean (1,3, D) (2,7;0) for ¢oy < 0 < o,

(In I3\ I;) On 09I, we neglect terms of order up to O(exp(—c|n|®)) and in I3\ I,
we take only Stokes phenomena of type A into account. Consequently we define

f(n;0) by

(5.24)  f(n;0) = {

1/11 (Z n;0) for ¢10 < 0 < @15,
¢1 (Z n;0) + ca1(1,3; 1)1/1§0)(2777§9) for ¢o3 < 0 < ¢3;.

(In [po, po + 27| \ I3) On 0I3 we neglect terms of order up to O(exp(—c|n|)) and
in [@o, po + 27] \ Iz we ignore all the Stokes phenomena, that is, we define f(n;0)
simply by

(5.26) F;0) =00z, ;0) for o < 0 < ¢1p and ¢31 < 0 < s,

(5.25)  f(n;0) = {
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Finally, we define f(n;0) for 8 = ¢, by the following:

(5.27)

fnior+6)  when gy < ¢ < d,

£l ) = { f(y; 0, —0)  when d < ¢p < o + 27,

Defining f(n;0) as above, we can confirm the conditions (i), (ii), (iv) and (v)
in Proposition 3.4 by taking sufficiently small € and p. Furthermore we can check
the condition (iii) also by similar arguments as in the preceding subsection. As the
arguments are completely similar, we omit them here.
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A Figures of steepest descent paths for Eq. (2.1)

In Appendix A we present figures of steepest descent paths for Eq. (2.1), that is,
those of (2.9), for several different values of argn € [0,27). (Here we take |n| = 10.)

)

.

3
/

argn = 6m/100 argn = 197/100 argn = 317/100 argn = 447 /100

,/

—

N
4
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-
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3
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%

—

N
4

argn = 156w/100  argn = 1697/100 argn = 1817/100  argn = 1947 /100

B Figures of steepest descent paths for Eq. (2.21)

In Appendix B we show figures of steepest descent paths for Eq. (2.21), that is,
those of (2.25) or equivalently (2.27), for several different values of argn € [0,27).
(Here we take |n| = 20.) To distinguish the saddle points ¢; (j = 1,2,3) and "7,
we also present magnified ones: Figures at the top are original ones of (2.27), those
in the middle are magnified ones and those at the bottom are more magnified ones.
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