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Abstract

We will look at the Catalan numbers from the Rigged Configurations point of view
originated [9] from an combinatorial analysis of the Bethe Ansatz Equations associated
with the higher spin anisotropic Heisenberg models . Our strategy is to take a com-
binatorial interpretation of the Catalan number C), as the number of standard Young
tableaux of rectangular shape (n?), or equivalently, as the Kostka number K (n2),12n; 8
the starting point of our research. We observe that the rectangular (or multidimen-
sional) Catalan numbers C(m,n), introduced and studied by P. MacMahon [21], [30],
see also [31], can be identified with the corresponding Kostka numbers K,m) jmn, and
therefore can be treated by the Rigged Configurations technique. Based on this tech-
nique we study the stretched Kostka numbers and polynomials, and give a proof of a
strong rationality of the stretched Kostka polynomials. This result implies a polynomi-
ality property of the stretched Kostka and stretched Littlewood—Richardson coefficients
7], [26], [16].

Another application of the Rigged Configuration technique presented, is a new fam-
ily of counterexamples to Okounkov’s log-concavity conjecture [25].

Finally, we apply Rigged Configurations technique to give a combinatorial proof of
the unimodality of the principal specialization of the internal product of Schur func-
tions. In fact we prove a combinatorial (fermionic) formula for generalized ¢-Gaussian
polynomials which is a far generalization of the so-called KO H-identity [24], as well as
it manifests the unimodality property of the g-Gaussian polynomials.

2000 Mathematics Subject Classifications: 05E05, 05E10, 05A19.



1 Introduction

The literature devoted to the study of Catalan ! and Narayana numbers 2 , their different
combinatorial interpretations (more than 200 in fact, [29]), numerous generalizations, appli-
cations to Combinatorics, Algebraic Geometry, Probability Theory and so on and so forth,
are enormous, see [29] and the literature quoted therein. There exists a wide variety of
different generalizations of Catalan numbers, such as the Fuss—Catalan numbers 3 and the
Schroder numbers 4 | higher genus multivariable Catalan numbers [22], higher dimensional
Catalan 5 and Narayana numbers [21], [30], and many and varied other generalizations. Each
a such generalization comes from a generalization of a certain combinatorial interpretation
of Catalan numbers, taken as a starting point for investigation. One a such interpretation of
Catalan numbers has been taken as the starting point of the present paper, is the well-known
fact that the Catalan number C), is equal to the number of standard Young tableaux of the
shape (n?).

Now let us look at the Catalan numbers from Rigged Configurations side. Since C,, =
Kn2)12n we can apply a fermionic formula for Kostka polynomials [8], and come to the
following combinatorial expressions for Catalan and Narayana numbers
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where the sum runs over all partitions v of size n, v, = k.
A g-versions of these formulas one can find, for example, in [12].
Let us illustrate our combinatorial formulas for n = 6. There are 11 partitions of size 6.
We display below the distribution of contributions to the combinatorial formulae for the
Catalan and Narayana numbers presented above, which come from partitions v of size 6 and
k=1,2,...,6.
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en.wikipedia.org/wiki/Catalan_number
en.wikipedia.org/wiki/Narayana_number
en.wikipedia.org/wiki/Fuss — Catalan_number
wolfram.com/SchréederNumber.html
®We denote the multidimensional Catalan numbers (as well as the set thereof) by C(m,n). It might be
well to point out that the set C'(m,n) is different from the set of Fuss-Catalan paths (or numbers) denoted
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commonly by C{™.



N(5,6) = (5) =15, N(6,6) = 1.

A few comments in order.

e In [10] we gave a combinatorial interpretation of the shape of first (admissible) config-
uration v corresponding to a given semistandard tableau 7" in terms of the set of secondary
descent sets associated with the Young tableau 7" in question. In the case of standard Young
tableaux of rectangular shape (n,n) there exist only one admissible configuration v, |v| = n,
and a combinatorial rule how to describe partition v stated in [10], can be restated as follows:
By the use of classical bijection between the set of standard Young tableaux of shape
(n,n) and that of rooted plane trees with n nodes. one can associate to a given tableau
T € STY ((n,n)) arooted plane tree 7 on n nodes (out of the root). The number of external
nodes of a tree T is equal to p := p(T") = #(DES(T)), where DES(T) denotes the descent
set of the tableau in question. Now for any external node b of the tree 7 mentioned, denote
by 7, a unique path in the tree 7 from the node b to the root. Let r,(7) stands for the
number of edges in the path .

Lemma 1.1 Let T € STY ((n,n) be a standard Young tableau of shape (n,n), and vt n be
a configuration corresponding to T under the Rigged Configuration bijection. Then

vy = k(T) := max(ki(T), ..., kp(T))-

Now we proceed by induction. Namely, consider the most left node b in the tree 7 such that
Ky = 1. Let T; denotes a forest of rooted trees associated with the complement 7 \ m,. Let

T = 71(1) U 71(2) U 7;(5) be the union of distinct rooted trees making up the forest 7;. Let
now b be a node which belongs, say, to a (unique) subtree 7'1(a) of the forest T, denote as
before, by W,El) and /il(f)
number of edges. Then

a unique path from the node b to the root of the tree 7;(‘1), and its

vy = kI(T) = max(/fl(f)),

where maximum is taken over the all nodes of the forest 7,. Now consider forest 75 =
T\ ﬁ,ﬁl) and repeat the above procedure. As a result we obtain a sequence of numbers
k= (kW,... k@) such that

v = k.

It is easy to see that for a given partition A F n, A = (m{*,...,m*), my > mg > ... >
my > 0, a; > 1, Vi, the rooted plane tree corresponding to the mazimal rigged configura-
tion of type A [11], looks as follows. It is a rooted plane tree T, with a unique branching
point at the root and external nodes by,..., b such that sy, (Tmaz) = -+ = kv, (Trnaa) =
M1, Kby +1(Tmaz) = == = Kby, 0, (Tmaz) = M2, and so on. The rooted plane tree correspond-
ing to the minimal rigged configuration, i.e. that with all zero riggings, corresponds to the
mirror image of the tree Tpqu.

The Rigged Configuration Bijection allows to attach a non-negative integer to each node
of the corresponding rooted plane tree, It is an interesting Problem to read off these num-
bers from the associated tree directly.



e g-versions of formulas for Catalan and Narayana numbers displayed above coincide with
the Carlitz—Riordan g-analog of Catalan numbers [28] and g-analog of Narayana numbers
correspondingly.

e It is well-known that partitions of n with respect to the dominance ordering, form
a lattice denoted by L,. One (A.K) can define an ordering ¢ on the set of admissible con-
figurations of type (A, u) as well. In the case A = (n?), pu = (1?") the poset of admissible
configurations of type (A, p1) is essentially the same as the lattice of partitions L,. Therefore,
to each vertex v of the lattice L,, one can attach the space of rigged configurations RC) ,(v)
associated with partition ». Under a certain evolution a configuration (v, J) evolves and
touches the boundary of the set RC) ,(v). When such is the case, “state” (v, J) suffers “a
phase transition” , executes the wall-crossing, and end up as a newborn state of some space
RCy (V). A precise description of this process is the essence of the Rigged Configuration
Bijection [14], [15]. It seems an interesting task to write out in full the evolution process go-
ing on in the space of triangulations of a convex (n + 2)-gon under the Rigged Configuration
Bijection (work in progress).

e It is an open Problems to count the number of admissible configurations associ-
ated with the multidimensional Catalan numbers C(m,n) for general n and m > 3, and
describe a structure of the corresponding poset on the set of admissible configurations, as
well as to trace out a dynamics of riggings in the poset associated, for example, with the set
SYT((n,n)). If m =3, the set of of admissible configurations consists of pairs of partitions
(v, @) such that v F n and v > @ v 2 7 One can check that the number of
admissible configurations of type (n3,1%") is equal to 1, 3,6,16,33,78, for n = 1,2,3,4,5, 6.

e It is well-known that the g-Narayana numbers ® obey the symmetry property, namely,
N(k,n) = N(n—k+1,n). Therefore it implies some non trivial relations among the products
of g-binomial coefficients, combinatorial proofs of whose are desirable.

e It is well-known that the Narayana number N(k,n) counts the number of Dyck
paths of the semilength n with exactly k peaks. Therefore, the set of rigged configurations
{v} which associated with the Catalan number C,, and have fixed v; = k, is in one-to-one
correspondence with the set of the semilength n Dyck paths with exactly k peaks, as well as
the number of rooted plane trees with n edges and k ends.

Thus it looks natural to find and study combinatorial properties of the number of standard

6 This ordering is inherited from an evolution of the maximal configuration A(\, i) of type (A, i), see
e.g. [11], [16], under certain transformations [11] on the set of admissible configurations C'(\, ) which are
coming from representation theory of the Lie algebra gl,,. An evolution of the mazimal rigged configuration

(AN p),J = {%(k)(A()\,u))}) induces a certain poset structure on the set of rigged configurations R) .
We expect some connections between certain poset (lattice ?) structures arising on the set of Rigged Con-
figurations of type (n2,12") coming from an analysis of the Bethe Ansatz, and the known poset and lattice
structures on a variety of sets counting by Catalan numbers, such as the sets of binary trees, rooted plane
trees, triangulations of a regular gons and so forth, see e.g. [29], [23]. It is an interesting and important
Problem to study poset structures on the set(s) counting by the multidimensional Catalan and Narayana
numbers. Details will appear elsewhere.

7 Recall that for any partitions A and g, AV u denotes partition corresponding to composition
()\1, M1, /\2,[1,2, .. )

8 Recall that the ¢- Narayana number N (k,n | ¢) = ll,;q‘i [Z]q [kil]q .



Young tableaux of an arbitrary rectangular shape (n™),that is the Kostka number K ,my jmn,
which are inherent in the classical Catalan and Narayana numbers. For example, one can
expect that a multidimensional Catalan number is the sum of multidimensional Narayana
ones (this is so !), or expect that a multidimensional Narayana polynomial is the d-vector of
a certain convex lattice polytope, see e.g. [27] for the case of classical Catalan and Narayana
numbers .

e Combinatorial analysis of the Bethe Ansatz Equations [9], gives rise to a natural inter-
pretation of the Catalan and rectangular Catalan and Narayana numbers in terms of rigged
configurations, and pose Problem to elaborate combinatorial structures induced by rigged
configurations on any chosen combinatorial interpretation of Catalan numbers. For example,
how to describe all triangulations of a convex (n + 2)-gon which are in a “natural” bijection
with the set of all rigged configurations (u,J) corresponding to a given configuration v of
type ((n?),1?") ? One can ask similar questions concerning Dyck paths and its multidimen-
sional generalizations [31], and so on.

In Section 5.1 we present an example to illustrate some basic properties of the Rigged
Configuration Bijection.
|

In the present paper we are interested in to investigate combinatorics related with the
higher dimensional Catalan numbers, had been introduced and studied in depth by P. MacMa-
hon [21]. It is highly possible that the starting point to introduce the higher dimensional
Catalan numbers in [21] was an interpretation of classical Catalan numbers as the number
of rectangular shape (n?) standard Young tableaux mentioned above.

Our main objective in the present paper is to look on the multidimensional Catalan
numbers C'(m,n) := C(m,n|l), defined as the value of the Kostka— Foulkes polynomials
Kmmy,amny)(q) at ¢ = 1, from the point of view of Rigged Configurations Theory. In other
words, we want to study the multidimensional Catalan and Narayana numbers introduced in
[21], [30], by means of a fermionic formula for parabolic Kostka polynomials due to the author,
e.g. [13], [16]. In particular, we apply the fermionic formula for parabolic Kostka polynomials
cited above, to the study a stretched (parabolic) Kostka polynomials Ky n{r}(q). At this
way we obtain the following results.

Theorem 1.2 (Polynomiality)
Let X be partition and {R} be a dominant sequence of rectangular shape partitions. Then

were a polynomial Py (q,t) is such that Py(0,0) =1;
a polynomial Qxr(q,t) = [[,c5(1—q°t) for a some set of non-negative integers S := S(\, R),
depending on data A and R.

9The multidimensional Catalan and Narayana numbers, as well as the first expectation, had been in-
troduced and proved by P.MacMahon [21]. The second expectation will be treated in the present paper,
Section 3.



Corollary 1.3 (/7], [26], [16])
Let X be partition and {R} be a dominant sequence of rectangular shape partitions. Then
o K r(N):=Knanr(1) is a polynomial of N with rational coefficients.
e (Littlewood—Richardson polynomials, [20],[26],[16])
Let X\, i and v be partitions such that |\ + |u| = |v].
The Littlewood—Richardson number c§ ,(N) := C%KVNM s a polynomial of N with rational
coefficients.

Problem 1.4 Compute '° the degree of polynomial Ky z(N).

Our next objective is to define a lattice convex polytope P(n,m) which has the d-vector
1 equals to the sequence of multidimensional Narayana numbers {N(m,n;k[1), 1 < k <
(m—1)(n—1)}.
As a preliminary step we recall the definition of a Gelfand -Tsetlin polytope.
Let A = (A1,...,\,) be partition and g = (u1,...,pH,) be composition, |A| = |pu]. The
Gelfand— Tsetlin polytope of type (A, ), denoted by GT(A, u), is the convex hull of all
n+1

points (zj)1<i<j<n € R} * 7 which satisfy the following set of inequalities and equalities

J J
Tijp1 = Tij 2 Tigr 541 =0, x;=A;, 1 <5<, Zanj = Zﬂa-
a=1 a=1

It is well-known that the number of integer points in the Gelfand—Tsetlin polytope GT'(\, u),
i.e. points (z;;) € GT'(A, p) such that z;; € Zsg, V1 < i < j < n, is equal to the Kostka
number K ,(1). Therefore the stretched Kostka number Ky n,(1) counts the number of
integer points in the polytope GT(NX, Nu) = N -GT(\, p). So As far as is we know, there is
no general criterion to decide where or not the Gelfand—Tsetlin polytope GT'(A, i) has only
integral vertices, but see [4],[7], [1] for particular cases treated.

In the present paper we are interested in the h-vectors of Gelfand-Tsetlin polytopes
GT(n,1%) and that GT((n"*, 1%d), (1*)"*4). We expect (cf [1]) that the polytope GT(n,1%) is
an integral one, but we don’t know how to describe the set of parameters (n, k, d) such that
the polytope GT'((n*, (1¥)"*4) is an integral one.

Theorem 1.5
(1) Let X=Xy g= (n,1%) and p = g := (1"*). Then

10" Tt seems that the formulas for the degree of the stretched Kostka polynomials stated in [7], [26]. [16]
are valid only for a special choice of A, u or R.
11 By definition the d-vector of an integral convex polytope P C RN of dimension d is equal to

d e
S(Py=Y_ &t/ = (1=t Y o(P,m) ™,
J=0 m=0

where ((P,m) := #(mP N Z"Y) denotes the number of integer points in the stretched polytope mP :=
{mz | z € P}, m>1, and we set +(P,0) = 1.



N Can-1(q) 1,q)
Z KN)\ N;L = (n) )
N>0 ('2) t;9))amn-1)+1

where Cym(t,q) = ,(Cdz_ll)(m_l N(d,m,k | q) t*=1 stands for a (q,t)—-analogue of the rectan-
gular (d,n)-Catalan number.

In particular, the normalized volume of the Gelfand—Tsetlin polytope GT((n,1%),1"+%) s
equal to the d—dimensional Catalan number

d—1
(n?)

Can(1,1) = (dn)! = f,

n—i—] -

.

(2) Let A\ :=MXy120=(n*1%) and p=((1,1)"*"), n > 2. Then

Py (t)
N _ 2,n
Z KN(n,n,Ll),N(Ll)”“(l) = (1 —t)4n—6’

N>0

and Py, (1) = Ch—3 Ch_a, product of two Catalan numbers.
(3)  Let A:i= Appa = (¥, 1%) and p = ((1*)"*4), d > 1. Then

Py.an(t)

K nra(1) ¢ = 2L
Z Nk 1kd) N(1ky+a(1) Qrdn(t)

N>0
Moreover, Py qn(0) =1,

Qk‘,d,n(t) _ (1 N t)k2(d(n—l)—1)+2+(k—1)5n’2 6471)’

and the polynomial Py q,,(t) is symmetric with respect to variable t;
degi(Prn(t)) = (k—1)(k(n —2) +2(d,2 — 1)).

One can see from Theorem 1.4, (1), that the degree of the stretched Kostka polynomial
Km0+ (N) := Kn(n1),n@n+1)(1) is equal to n — 1, whereas it follows from Theorem 1.4, (2)
that

degN(ICQ(n’l)g(l)n-!—l(N)) =4n—7>3 degN(IC 1), 1n+1( )), Zf N > 4.

Therefore one comes to an infinite family of counterexamples to Okounkov log- concavity
conjecture for the Littlewood—Richardson coefficients [24].

Corollary 1.6
o Letn > 3. There exists an integer No(n) such that

2
KQN(TL’I)’2N(1)TL+1(]_> > <KN(n’1)’N(1)n+1(]_>> fO?“ all NZNO(TL); (1.1)



o Letn >5 be an integer, choose €, 0 <e < Z—:‘ll. There is an integer No(n;€) such that

3+e€
KQN(n71)72N(1)n+1(1) > (KN(n,l),N(l)"+1(1)) fOT all NZNO(H, 6).

(3) Letn>1+ k]:;j. There exist an integer No(n,k,d) such that

3
KQN(nk,]_kd)gN(lk)n-&—d(l) > <KN(nk71kd)7N(1k)n+d(1)> fO’I“ all NZN()(TL,]{?,CZ).

For example,
o Koninenas(l) > (Kneanvas(l))?

if and only if N > 49916.
Let us recall the well-known fact that any parabolic Kostka number K z(1) can be realized
as the Littlewood—Richardson coefficient c’/{ u for uniquely defined partitions A and M, see
Section 3.2 for details

It should be stressed that for n = 3 the example (1.1) has been discovered in [3], and
independently by the author (unpublished notes [18]). In this case the minimal value of Ny(3)
is equal to 23; one can show (A.K.) that Ny(4) = 8.

Our next objective of the present paper is to prove the unimodality of the principal
specialization s, * sg(gq,...,q" ') of Schur functions [12],[13]. Proofs given in loc. cit. is
based on an identification of the principal specialization of internal product of Schur functions
with a certain parabolic Kostka polynomial.

Theorem 1.7 (Principal specialization of the internal product of Schur functions
and parabolic Kostka polynomials)

Let a, B be partitions such that |o| = |B], cn < r and py < k. For given integer N such
that oy + By < Nr, consider partition

A = (PN = B tN = By, 7N = By, o)
and a sequence of rectangular shape partitions

Ry = ((r"),..., (™).

Then 2

Koy rn (@) = sa % 55(q, -, ¢" 7). (1.2)

12 Hereinafter we shall use the notation A(q) = B(q) to mean that the ratio A(q)/B(q) is a certain power
of gq.




Now we state a fermionic formula for polynomials

Vajyﬁ(q) = Sq % 5p(q, . . . ,qN’l),

which is our main tool to give a combinatorial proof of the unimodality of the principal
specialization of the Schur functions, and that of the generalized ¢-Gaussian polynomials
[ﬂq associated with a partition A, as a special case.

Theorem 1.8 Let a and B be two partitions of the same size, and r := {(«) be the length of
a. Then

Sa*55(q, -, ") = ch({u}) H

{v} k,j>1

(k) ( DS 0 —
P ) Nt =)

j
(k)
POw) q
where the sum runs over the set of admissible configurations {v} of type ([a, Bln, (B1)Y).
Here for any partition X\, \; denotes its j-th component.

See Section 4, Theorem 4.2 for details concerning notation. An important property which is
specific to admissible configurations of type [a, S|y, 57), is the following relations

2e(v) + > PPW) i) + Nk = 1)8;0(0 = k)] = Nlal,

J21

which imply the unimodality of polynomials V,;(¢), and ] =V~ )(q). Let us stress that

g Vaal
the sum in the RH S(1.3) runs over the set of admissible configurations of type ([a, B]n, (B81)Y).
Remark, that the RHS(1.3) has a natural generalization to the case |o| = |f| (mod N), but

in this case a representation-theoretical meaning of the LHS(1.3) is unclear to the author.
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2 Higher dimensional Catalan and Narayana numbers,
21], [16], [30]

2.1 Rectangular Catalan and Narayana polynomials, and MacMa-
hon polytope, [16]

2.1.1 Rectangular Catalan and Narayana numbers and polynomials

Define rectangular Catalan polynomial

: d—1 1
C(n,m|q) _ m(Qv )nm = [d n]q' %, (24)
(ife-sy o
i=1 j=1
where [n], = % stands for the g-analogue of an integer n, and by definition [n],! :=
[Ti=1 [le-
Proposition 2.1
q ( ? )C(nym!CD = Kumy,(1nm)(q)- (2.5)

Thus, C(n,m|q) is a polynomial of degree nm(n — 1)(m — 1)/2 in the variable ¢ with non—-
negative integer coefficients. Moreover,

C(n,2|q) = C(2,n|q) = calq) = l-q { 2n ]

1 _ qTH-l n

coincides with ”the most obvious” g—analog of the Catalan numbers, see e.g. [5], p.255, or
(28], and [21],
[2]4 [3 n]g !
g n+1], ! n+2], "
It follows from (2.5) that the rectangular Catalan number C'(n,m|1) counts the number
of lattice words

C(n,3lq) =

W= a1ag -+ Qpm

of weight (m"), i.e. lattice words in which each i between 1 and m occurs exactly n times.
Let us recall that a word a; - - - a, in the symbols 1,...,m is said to be a lattice word, if for
1<r<pand1<j<m—1, the number of occurrences of the symbol j in a; - - - a, is not
less than the number of occurrences of 7 + 1:

#{i1 <i<r and a; =7} >#{i[l <i<r and a; =j+1}. (2.6)

For any word w = a; - - - ag, in which each a; is a positive integer, define the major index

k—1

maj(w) = ZiX(@i > ait1),

i=1

10



and the number of descents
k—1

des(w) = Zx(ai > i)

1=1

Finally, for any integer k& between 0 and (n—1)(m — 1), define rectangular ¢—Narayana
number

N(n,m;k | q) = quaﬂ(w)

where w ranges over all lattice words of weight (m”) such that des(w) = k.

Equivalently, N(n,m;k) is equal to the number of rectangular standard Young tableaux
with n rows and m columns having k descents, i.e. k occurrences of an integer j appearing
in a lower row that that 7 + 1.

Example 2.2 Take n =4, m = 3, then
6
D N4k | DtF =14 226+ 1137 4 190£° + 113¢* + 2267 + 1°,
k=0

We summarize the basic known properties of the rectangular Catalan and Narayana numbers
in Proposition 2.3 below.

Proposition 2.3 (/21], [30], [13])
( ) (Lattice words and rectangular Catalan numbers)

C(n,m|q) = quaJ . where w ranges over all lattice words of weight (m™);

(B) (Bosonic formula for multidimensional Narayana numbers)

k

—a (koo nm+1 ! m+a+b
N(n,m;k|q):;(—1)k q(2){ t } [[Om—l—b a+b}. (2.7)

(C) (Summation formula) Let r be a positive integer, then

~[nm+r—k Tl [n+r+a
Z[ r—k } (nmk’]q:Hn_'_a T+a}:
k=0 q a=0 ’
ﬁ all [m+r+ al! _ﬁ[a]! [n 4+ m + al!
i [mtall [r+a! 1t n+al [mAa]l’

(D) (Symmetry)

N(n,m;k | q) = q”m((”_l)(m_l)/2_k)N(n,m; n—1)(m—-1)—k| ¢! =N(m,n;k | q),

11



for any integer k, 0 <k <(n—1)(m—1)/2;

(E) (¢-Narayana numbers)

1 . n-
N@2,nik | q) = qk(k+1)ﬁ m { " ] = dim, VI, 0<k<n—1,
q q

where V%llg M stands for the irreducible representation of the Lie algebra gl(n — k + 1)

corresponding to the two row partition (k,k); recall that for any finite dimensional gl(N)-
module V' the symbol dim,V denotes its g-dimension, i.e. the principal specialization of the
character of the module V :

dim,V = (chV)(1,q,...,¢"");

(F) N(n,mgu):Z(?)(?):(”Zm)—nm—y

Jj>2

(G) (Fermionic formula for ¢—Narayana numbers, [16/)

n k) (k)
my o2 c(v) + m; (V )
q ( )Nnml|q Zq H { k)J) ] : (2.8)
{v} k,j>1 q
summed over all sequences of partitions {v} = {vM v® V(m_l)} such that

o VW =(m—kn, 1<k<m-—1;

o (VW) = (m—1)n—1, i.e. the length of the first column of the diagram v is equal to
m—1n—-101=0,...,(m—1)(n—1);

o PP (1) = Q;(v* V) = 2Q,;(v™) + Q;(v*+V) > 0, for all k,j > 1,
where by definition we put v = (1"™); for any diagram X the number Q;(X) = X| + --- X,
is equal to the number of cells in the first j columns of the diagram X, and m;(\) is equal to
the number of parts of X of size j;

o)=Y ( (u“‘f—l));z_ (®), )

k,j=>1

Example 2.4 Consider the case m = 3, n = 4. In this case C(3,4 | 1) = 462, and
the sequences of Narayana numbers is (1,22,113,190,113,22,1). Let us display below the
distribution of Narayana numbers which is coming from the counting the number of admissible
rigged configurations of type ((43), (1'?)) according to the number (m — 1)n — £(v™M), where
((v) denotes the length of the first configuration v :

N(3,4,0 [ 1) =1, N(3,41|1)=1+21, N(3,4;2 | 1) =15 + 35+ 63,

N(@3,4;3|1) =140+ 15+35, N(3,4;4 | 1) =21+ 28+63,

N@3,45|1)=6+16, N(3,4;6|1)=1.

Conjecture 2.5 If1 <k < (n—1)(m—1)/2, then
N(n,m;k—1]1) < N(n,m;k | 1),
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i.e. the sequence of rectangular Narayana numbers {N(n,m;k | 1) k” 01)(m_1) is symmetric

and unimodal.

For definition of unimodal polynomials/sequences see e.g. [27], where one may find a big
variety of examples of unimodal sequences which frequently appear in Algebra, Combinatorics
and Geometry.

2.1.2 Volume of the MacMahon polytope and rectangular Catalan and Narayana
numbers

Let 9M,,,, be the convex polytope in R™" of all points x = (z;;)1<i<n,1<j<m satisfying the
following conditions
0<umxy; <1, x5 2>xi 1y Ty=>Tij-1, (2.9)
for all pairs of integers (7, j) such that 1 <i <n, 1 < j < m, and where by definition we set
Tio = 0= Zoj-
We will call the polytope Mm,,,, by MacMahon polytope. The MacMahon polytope is an

m-+n

integral polytope of dimension nm with vertices which correspond to the set of

(0,1)-matrices satisfying (2.9).

If k is a positive integer, define i(9,,,; k) to be the number of points x € 9M,,, such that
kx € Z™. Thus, i(M,m; k) is equal to the number of plane partitions of rectangular shape
(n™) with all parts do not exceed k. By a theorem of MacMahon (see e.g. [19], Chapter I,

§5, Example 13)
k -1
My HH R A (2.10)
1+7—1

=1 j5=1

It follows from (2.10) that the Ehrhart polynomial £(M,,,;t) of the MacMahon polytope
M,m is completely resolved into linear factors:

Hence, the normalized volume

VOl(Myn) = () Ivol (Myun)

of the MacMahon polytope M, is equal to the rectangular Catalan number C'(n, m|1), i.e.
the number of standard Young tableaux of rectangular shape (n™). We refer the reader
to [28], Section 4.6, and [6], Chapter IX, for definition and basic properties of the Ehrhart
polynomial £(P;t) of a convex integral polytope P.

Proposition 2.6

(n—1)(m—1)

Zz’(imnm; k)" = Z N(n,m;j)2 | /(1 —z)"™+t (2.11)

k>0 j=0

13



where
N(n,m;j) == N(n,m;j[1)

denotes the rectangular Narayana number.

Thus, the sequence of Narayana numbers
(1=N(n,m;0),N(n,m;1),...,N(n,m;(n—1)(m—1))=1)

is the d-vector (see e.g. [28], p. 235) of the MacMahon polytope. In the case n = 2 (or m = 2)
all these results may be found in [28], Chapter 6, Exercise 6.31.

Question. (Higher associahedron) Does there exist an (m — 1)(n — 1)-dimensional integral
convex (simplicial?) polytope @, which has d-vector

d = (6O(Qn,m)a 61<Qn,m); ) 6(n—1)(m—1) (Qn,m))

given by the rectangular Narayana numbers N(n,m;k) :

(n—1)(m—1)

Y 6i(Qum)tt = C(n,mlt) ?

=0

We refer the reader to [6], Chapter I, §6 and Chapter III, for definitions and basic properties
of the h-vector and d-vector of a simplicial polytope; see also, R. Stanley (J. Pure and Appl.
Algebra 71 (1991), 319-331).

An answer on this question is known if either n or m is equal to 2, see e.g. R. Simion
(Adv. in Appl. Math. 18 (1997), 149-180, Example 4 (the Associahedron)).

Definition 2.7 (/21], [30]) Define rectangular Schroder polynomial
S(n,m|t) == C(n,m|1 +1),

and put
(n—1)(m—1)

S(n,mlt) = Z S(n, m||k)tr.

k>0

A combinatorial interpretations of the numbers S(n, m||k) and S(n,m|1) have been done by
R. Sulanke [30].

2.1.3 Rectangular Narayana and Catalan numbers, and d dimensional lattice
paths, [30]

Let C(d,n) denote the set of d-dimensional lattice paths using the steps

X1:(1707”'7O)7 X2:(0717“"0)7"'7Xd:(anv"'>1)>



running from (0,0,---,0) to (n,n,---,n), and lying in the region
{(z1,20, +,2q) ERLy [ 11 S 2p < -+ < )
For each path P := pips - ppa € C(d,n) define the statistics
asc(P) == #{j | pjpjr1 = X Xi, k <I}.

Definition 2.8 Then-th d-dimensional MacMahon—Narayana number of level k, M N (d,n, k)
counts the paths P € C(d,n) with asc(P) = k.

Proposition 2.9 ( Cf [30] ) For any d > 2 and for 0 <k < (d—1)(n—1),

b _fdn+1\ g al (d+n+a)
MN(dan’k):Z(_l)k J(k_j> H(d—{fa)' (TL+C)Z>'

j=0 a=0

Note that the product Hi;é % is equal to the number of plane partitions of the

rectangular shape (n?), all the parts do not exceed j.
Definition 2.10 Ford > 3 and n > 1 the n-th d-Narayana polynomial defined to be
(d—1)(n—1)
Nan(t)= > MN(d,n k) t*.
k=0
Corollary 2.11 (Recurrence relations, [30]) For any integer m > 0 one has

zm:(dn—l—m—k) MN(d,mk;):Cﬁ ol (n+m+ a)

— m—k St (n+a)l (m+a)l

Corollary 2.12 The MacMahon-Narayana number M N (d,n, k) is equal to the rectangular
Narayana number N(d,n; k).

2.1.4 Gelfand—Tsetlin polytope GT((n,1%),(1)"*?) and rectangular Narayana
numbers

Theorem 2.13  Let A\ := A\, g = (n,1%) and pp = pipq := (1""9). Then

Can(a®) ¢,
Z KN)HNM(Q) tN = (jl;) 1<q q)
N>0 (42 59))atn-1)+1

Y

where Cym(t,q) = ,(flz_ol)(m_l) N(d,m,k | q) t* stands for a (q,t)-analog of the rectangular
(d,n)-Catalan number.
In particular, the normalized volume of the Gelfand—Tsetlin polytope GT((n,1%),1"+%) s
equal to the d—dimensional Catalan number
d 5 ’ .
_ f(n ) — f(d )

Can(1,1) = (@)} [ oy = 1 =

—1
9
=0

where for any partition X, f* denotes the number of standard Young tableauz of shape \.



3 Rigged configurations, stretched Kostka numbers, log-
concavity and unimodality

3.1 Stretched Kostka numbers Ky, 1ka) y(irymta(1)
Theorem 3.1 (1)

Py, (1)
Ky n,n,1,1)),N((1,1)n+1 (1) th = RNy
szzo ( )N ((1,1)m+1) (1 — t)in—6

and Pgm(l) = Cn,;g Cnf2-
(2) Let d > 1, then
Pran(t)
Kk 1ka knta(1) Y = =22
> Kt g namyra(1) Dranll)

N>0
Moreover, Pyq,(0) =1,

Qran(t) =(1— t)kQ(d(n71)71)+2+(k—1)5n72 5a1)

Y

and the polynomial Py q,,(t) is symmetric with respect to variable t;

degi(Prpn(t)) = (K —1)(k(n —2) +2(n2 — 1)).

For example, assume that d = 1 and set Py ,,(t) := Py 1,(t). Then
P273(t) = 17 P2,4(t) = (17 O’ 1)7 P2,5<t) = (17 17 67 1a 1)a P276(t) = (17 37 217 2()’ 217 3a 1)a
Py +(t) = (1,6,56,126, 210,126, 56,6, 1),
Pys(t) = (1,10,125,500, 1310, 1652, 1310, 500, 125,10, 1), Ps4(t) = (1, —1,1),
Ps4(t) = (1,0,20, 20, 55,20,20,0,1), P;5(t) = (1,6, 141,931, 4816, 13916,
27531, 33391, 27531, 13916, 4816, 931, 141,6,1), Py13(t) = (1,—3,9,—8,9,—3,1) = Pyo(1).

It follows from the duality theorem for parabolic Kostka polynomials [16] that

KNA,Nu(l) = K(Nn,Nd)’7((N)n+d)’)<1) = K((d_’_l)N,lN(n—l))7(1N)n+d)(1),

and
K (a2 - (29t (1) = K o, w2y (v.30ym0) (1)
Now consider the case d = 1, that is A = (n,1), g = (1""!). Then

N+n-—1
n—1 '

Knanu(1) = Kvn vy, (vni1)(1) = (

The second equality follows from a more general result [12], [16],

16



Proposition 3.2 Let A\ be a partition and N be a positive integer. Consider partitions
Ay = (N A) and iy = (Y41 = (AL, ]AI]). Then
————

N+1
° N . (N
K)\N#N(q) = |:>\:| = dzmqv}?( )7

where the symbol P(q) = R(q) means that the ratio P(q)/R(q) is a power of q; the symbol

[{U stands for the generalized Gaussian coefficient corresponding to a partition X\, see [19]

for example.

3.2 Counterexamples to Okounkov’s log-concavity conjecture

On the other hand,

B, (t
Koy 2uy (1) = Knmni),nvannt1 (1) = Coef fin ((1_27)(42()

Therefore the number Ky, 24, (1) is a polynomial of the degree 4 n — 7 with respect to

parameter N. Recall that the number Ky v, (1) = (N:fl_l) is a polynomial of degree n — 1

with respect to parameter N. Therefore we come to the following infinite set of examples
which violate the log-concavity Conjecture stated by A. Okounkov [25].

Corollary 3.3 For any integer n > 4, there exists a constant No(n) such that

3
Koy 2uy (1) > (KNA,Nu(l)) :

for all N > Ny(n).
Recall that A = (n, 1), u = (1"*1).

Now take n = 3. One has [3]

N +2 N +5
Ky@ynan(l) = ( 9 >7 Kn@ainnani(l) = ( 5 )

One can check [3] that

2
KN(3,3,1,1),N(1,1)4(1) > <KN(3,1),N(13)(1)> .

if (and only if) N > 21.
Indeed,

2 N2 — 18N —43 /n+2
Kniaiina(l) — (KN(3,1),N(13)(1)) = 50 ( 5 )
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Now take n = 4. One has

N+3 N+9 N+7
Ky@anas)(l) = ( 5 )7 Kn@arnynas(l) = ( 9 ) + ( 9 >

One can check that

2
KN(4,4,1,1),N(1,1)5(1) > <KN(4,1),N(15)(1)> )

if (and only if ) N > 8,
Now take n = 5.

Proposition 3.4 Let vy := N(5,1) and ny := N(1)°. Then

® KQVN727IN(1) > (KVNWN(l))Z
if and only if N > 6,

® K2VN7277N(1) > (KVNWN(l))g
if and only if N > 49916.
Indeed,

N +4
Kyeaynas(l) = ( A )

p 1= (VY (N HI2) NI N I0) OV 49
N(,5,1,1),N1,Ds (1) = 13 13 13 13 13 )’
3
and 51891840 x Ko 55000 (1) = (Kngvan (1) | = (59

(—78631416 — 172503780 N — 174033932 N? — 101206400 N3 — 35852065 N*—
7638110 N° — 899548 N® — 44990 N7 + N®).

Note, see e.g. [19], that for any set of partitions A, u¥), ... ,11”) the parabolic Kostka

.....

A D M are such that A\ M =[], u¥ is a disjoint union of partitions u, i =1,...,p.

4 Internal product of Schur functions

The irreducible characters y* of the symmetric group S, are indexed in a natural way by
partitions A of n. If w € S,,, then define p(w) to be the partition of n whose parts are the
cycle lengths of w. For any partition A of m of length [, define the power—sum symmetric
function

Px = DPx--- P
where p,,(x) = > a}. For brevity write p,, := pyw). The Schur functions s, and power—sums
p,, are related by a famous result of Frobenius

Sy = % Z N (W)pu. (4.1)

’ ’wESn
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For a pair of partitions a and 3, |a| = || = n, let us define the internal product s, * sz of
Schur functions s, and sg:

w55 = 3 X (W (W) (42)

" weSy

It is well-known that
Sa * S(n) = Say  Sa ¥ S(1n) = So/,

where o/ denotes the conjugate partition to a.
Let a, 8,7 be partitions of a natural number n > 1, consider the following numbers

oy = - 3 X () () (w). (4.3
" wESy,

The numbers g, coincide with the structural constants for multiplication of the characters
x© of the symmetric group S:

XA =D gapy X (4.4)
g
Hence, g.3, are non-negative integers. It is clear that
Sq * Sg = Zgaﬁvsw (4.5)
2l

4.1 Internal product of Schur functions, principal specialization,
fermionic formulas and unimodality

Let N > 2, consider the principal specialization z; = ¢/, 1 <i < N —1,and z; =0, if i > N,
of the internal product of Schur functions s, and sg:

) Vot 1 qk - qu pr(w)
Sax5(¢,¢", ..., " ) = nl Z X (w)x” (w) H (ﬁ) ) (4.6)
" wESy k>1 q

where pi(w) denotes the number of the length k cycles of w.

By a result of R.-K. Brylinski [2], Corollary 5.3, the polynomials

Sa * Sﬂ(q) cee 7qN_1)

admit the following interpretation. Let P, y denote the variety of n by n complex matrices
z such that 2% = 0. Denote by
Rn,N = C[PH,N]

the coordinate ring of polynomial functions on P, y with values in the field of complex
numbers C. This is a graded ring:

R, n = @kzoRT(f])w
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where Rgf])v is a finite dimensional gl(n)-module with respect to the adjoint action. Let «
and [ be partitions of common size. Then [2]

_ k
Sa*55(q, ..., ¢" 1) = Z({/[aﬂn, Pé7]z,>qk,

k>0

as long as n > max(Nl(a), NI(B),l(a) + 1()). Here the symbol (e ,e ) denotes the scalar
product on the ring of symmetric functions such that (sy , s, ) = 0,,. In other words, if V'
and W be two GL(N)-modules, then (V, W) = dim Homgrn) (V. W).

Let us remind below one of the main result obtained in [16], namely, Theorem 6.6, which
connects the principal specialization of the internal product of Schur functions with certain
parabolic Kostka polynomials, and gives, via Corollary 6.7, [16], an effective method for com-
puting the polynomials s, * sg(q, . .., ¢ ') which, turns out to be for the first time, does not
use the character table of the symmetric group S,, n = |a.

Let o and (8 be partitions, ¢(a) =, {(8) = s and |a| = |5]. Let N be an integer such
that r + s < N. Consider partition

[OZ,B]N = (Oél+51,062+61,...,OZ7~+,81,B17...,61,51—/83,...,,81—,62].
N—r—s

Clearly, |[o, B]n| = BiN, U([a, Bly = N — 1.

Theorem 4.1 i) Let «, 8 be partitions, |a| = |5|, I(«) < r, and () +1(8) < Nr. Consider
the sequence of rectangular shape partitions

Ry =A{(51),--.,(B1)}-
N
Then
Sq * S,B(Qa s an_l) = K[a,ﬂ]Nr,RN (Q) (47)

it) (Dual form) Let o, 5 be partitions such that || = |B|, an < 1 and By < k. For given
integer N such that oy + 1 < Nr, consider partition

AN = (TN - ﬁl/wrN - 51;717 s 77aN - ﬁia O/)
and a sequence of rectangular shape partitions

Ry = ((r"),..., (™).

Then
Konrn (@) == 80 % 85(q, ..., ¢" ) (4.8)



Theorem 4.2 (Fermionic formula for the principal specialization of the internal
product of Schur functions).
Let o and (8 be two partitions of the same size, and r := {(«) be the length of a. Then

PP WY + m; (™)) + N(k — 1)8;5,0(r — k)
S ¥ Sﬁ(‘]v e 7qN_1) = Z qc({y}) H [ ’ ! P(k)(y) ’ ) (4'9)
J

{v} k,j>1 q

where the sum runs over the set of admissible configurations {v} of type ([a, Bln, (B1)Y).
Here for any partition \, \; denotes its j-th component.

Let us explain notations have used in Theorem 3.5.
e A configuration {v} of type [, 3] x consists of a collection of partitions {v"), ... vV=}

such that [ =37, <[a, ﬁ]N> ;5 by definition we set v = (8,)";
j

. Pj(k)(y) := Nmin(j, 81) 01+ Q;(v* V) —2Q;(v®) +Q; (1 +1); here for any partition
A we set Qn(A) :=3_,, min(n, Aj);

e For any partition A\, m;(A) denotes the number of parts of A are equal to j;

e A configuration {v} of type [a, 8] is called admissible configuration of type ([, B]n, (B1)Y),
it PM () >0, Vj k> 1

e Here 0, denotes Kronecker’s delta function, and we define f(z) =1, if = >0, and
O(z) =0, if x<O0;

o c({v}) =211 (’\glk 1)2_’\%]6)) denotes the charge of a configuration {v}; by definition,
(5) :==z(x—1)/2, Vz € R.

Let us draw attention to the fact that the summation in (4.9) runs over the set of all
admissible configurations of type ([a, 8]y, (81)"), other than that of type ([a, 8]+, (87)Y).

Corollary 4.3 ([12],[17])
For any partitions of the same size o and [3, the polynomial s, * s5(q, ... ,q S8 sym-
metric and unimodal. In particular, the generalized Gaussian polynomial [g]q 1S symmetric

Nfl)

and unimodal for any partition «.

Indeed, in the case 8 = (n), n := |B|, one has s, * 5(;,) = Sa.
Our proof of Corollary 3.7 is based on the following identity

2(v) + Y POW)[my () + N(k = 1)d,0(r — k)| = Nlal,

k,j>1

which can be checked directly. This identity shows that the all polynomials associated with
a given admissible configuration involved, are symmetric and have the same “symmetry
center” N|a|/2, and therefore the resulting polynomial s, * s5(q, ..., ¢~ ') is symmetric and
unimodal.
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Corollary 4.4 Let o and 8 be partitions of the same size, and Kgx(q,t) denotes the Kostka—
Macdonald polynomial associated with partitions « and 3, [19]. One has

T

" 1 P® () +m;(v®)
Kpolg,q) = Ho(@) (D¢ [[———— I] |’ o ,
{v} k=2 [mﬁ (l/(k))} ! k>1 mj(V( )> q
! q  i210#61
where the sum runs over the same set of admissible configurations as in Theorem 3.6, and
[m]y! = [[2, (1 - ¢’) stands for the q-factorial of an positive integer m, and by definition
0! = 1; Ha(q) := [T e (1 — ¢"@) denotes the hook polynomial associated with partition o,
see e.g. [19].

Indeed, one can show [13], [12] that

Kp.a(q, :
]\;E%O Sa * 5p(1,q, q27 ) qN) = % = ]\}L\H;O Kia,81n,(80)N (9)-

A fermionic formula for the principal specialization of the internal product of Schur func-
tions, and therefore that for the generalized Gaussian polynomials, is a far generalization of
the so-called KO H-identity [24] which is equivalent to the fermionic formula for the Kostka
number Ky ), x)~n+1)(1). The rigged configuration bijection gives rise to a combinatorial
proof of Theorem 3.5, and therefore to a combinatorial proof of unimodality of the general-
ized Gaussian polynomials [12], as well as to give an interpretation of the statistics introduced
in [24] in terms of rigged configurations data, see [13], Section 10.2.

Example 4.5 Let a = (4,2), p = o = (2,2,1,1). We want to compute the principal
specialization of the internal product of Schur functions s, * sg(q,...,q" 1) by means
of a fermionic formula (3.10).First of all, there are 8 admissible configurations of type
((4,2),(2,2,1,1),(6)N).In fact, it is a general fact that for given partitions X\ and p, the
number of admissible configurations of type (NA, Nu) doesn’t depend on N ,if N > Ny i a
certain number Ny := No(\, ) depending on X and p only. This fact is a direct consequence
of constraints are imposed by the set of inequalities {Pj(k)(y) >0, Vj,k>1}.

Now let us list the conjugate of the first configurations vV € {v} for all admissible configu-
rations {v} of type [(4,2),(2,2,1,1)y], together with all non-zero numbers Pj(k)(l/), g k>1.

(N-3,N-3), PV=2 PP =2 c=9

(N—2,N—4), PV=2pP? =1pP%=2 o,
(N=3,N-4,1), PPV =2P?=4pP% =2 P% =1 c=11,
(N-2,N-5,1), PP =1P" =4 P" =2 P =1 c=13,

(N-3,N-5,1,1), PY =2 PV =6 (P =0),P" =2 c=15,
(N=3,N-52), PPV =2 PV =6 P?=0),P"=2 c=17,
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(N-2,N-6,1,1), PP =1,P" =6,(PY =0),P") =2, ¢=19,
(N-2,N—-6,2), PP =1,P" =6,(PY =0),P" =2, ¢=21.

These are data related with the first configurations vV in the set of all admissible configura-
tions of type ([(42), (2211)]y, (6)Y), and the set of all nonzero numbers Pj(k)(u). All other

diagrams v® | k > 1 from the set of admissible configurations in question, are the same,
and are displayed below
v = (N =2 —k,mazx(N —4—k,0), 2<k<N -3,

so that m§2) =2, m;Q) =N —6.
Therefore,

(%) Kia),eo1 027 (@) = ¢ [N; 1} [QNQ_ 4} +q m {N; 2} FN N ﬂ+
o L e 1 O
T B

1
S12 % S = oo (81p? — 135pips + 45p1p3 — 90pips + 144p ps — 135p3 + 9Op2p4).

Here py =Y ;o @ stands for the power sum symmetric functions degree of k. One can

check that s * S9911(q, ..., ¢V 1) = RHS(&) = K{(49), (221,122 (@), as expected.
Finally one can check that limy_yoo Sao%52211(q, -, ¢V 1) = ¢°(2,1,2,2,1,1) = Koo1.42(q, q).

4.2 Polynomiality of stretched Kostka and Littlewood—Richardson
numbers

e As it was mentioned above, for a given partitions A and p (resp. A and a sequence of rect-
angular shape partitions {RR}), the number of admissible configurations of type (N, Npu)
(resp. of type (NA,{R})) doesn’t depend on N > N, where the number N, depends on A
and g (resp. A and {R}) only.

e Fach admissible configuration {v} provides a contribution of a form

ta) TT |0 20

s djr(v) .

to the parabolic Kostka polynomial Ky n{r}(¢), where a polynomial a,(q) and a finite set
of numbers {b;(v), d;x(v)};k>1 both doesn’t depend on N > N, for some Ny := No(A, {R}).

e It is clear that the sum )., (“]\2+b) tN  is a rational function of variable t. It is
well-known (and easy to prove) that the Adamar product '* of rational functions is again a

13 See e.g. wikipedia.org/wiki/Hadamard_product_(matrices) and the literature quoted therein.
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rational function. Therefore,

Corollary 4.6 ([16],[7], [26])
For any partition \ and a sequence of rectangular shape partitions {R}, the generating

function
> K1) Y
N>0

1s a rational function of variable t with a unique pole at t = 1.
More generally using a g-version of Adamar’s product Theorem, we can show

Theorem 4.7 ([16])
For any partition \ and a dominant sequence of rectangular shape partitions {R}, the
generating function of stretched parabolic Kostka polynomials

Z Ky ry(q) tV

N>0

is a rational function of variables q and t of a form Py (ry(q,t)/@xr}(q,t), where the dom-
inator Qxry(q,t) has the following form

Qxriry(q,t) = H(l —q° 1)

seS
for a certain finite set S := S(X\,{R}) depending on \ and {R}.

Clearly that Corollary 3.9 is a special case ¢ = 1 of Theorem 3.10.
e (Littlewood—Richardson polynomials) Let A be a partition and {RR} be a dominant
sequence of rectangular shape partitions. Write

Ky ry(q) = b\, R) ¢"*®) + higher degree terms.
(1) (Generalized saturation theorem [17])
a(NX\, N{R}) = N a(\,{R}).

Therefore,
v Parlg.q O 1

— Qar(g, g ARD 1) 4=0

is a rational function with a unique pole at ¢ = 1 with multiplicity equals to #|s €
S(MR) | s =a(A\R).

(2) Now let A\, u and v be partitions such that |[A| + |u| = |v|. Consider an integer
N > maz(¢(\), 1), and define partition A = A(N, A\, p) := (NV) @ A, 1) and the dominant
rearrangement of the set of rectangular shape partitions {(NV),v,..., Vo) }, denoted by

M := M(N,v).

> b(NX, N{R})

N>0
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Proposition 4.8 ([17])
One has
b(A, M) = c/”\#7

where ¢ |, denotes the Littlewood—Richardson number corresponding to partitions A, u and v,
that is , the multiplicity of Schur function s, in the product of Schur functions sy s,.

Theorem 4.9 ([17],/26])
Given three partitions A\, and v such that |\| + |u| = |v|.  The the generating function

E CN/\ Np b

N>0

1s a rational function of variable t with a unique pole at t = 1. Therefore, C%K’N# s a
polynomial in N with rational coefficients.

Example 4.10 (/13], [16]) (MacMahon polytope and multidimensional Narayana numbers
again)
Take N = (n+k,nn—1,...,2) andpu =N = (n,n,n—1,n—2,...,2,1%). One can show
[16] that if n > k > 1, then for any positive integer N
e a(N)\ Npu) = (2k — 1)N;
k—1n—k+1

o BN, Np) = dimVEND T 2 L@j ahahs iy
=1 gj=1
In other words, the number b(NX, Nu) is equal to the number of (weak) plane partitions
of rectangular shape ((n—k+1)%"1) whose parts do not exceed N. According to Ezercise 1, c,
[16], pp. 102-103, b(NX, Npu) is equal also to the number i(9My_y1 n—x41; N) of rational points
x 1n the MacMahon polytope My_1 —k+1 Such that the points Nx have integer coordinates. It
follows from (2.8) that the generating function for numbers b(n\,nu) has the following form

(k—2)(n—Fk)
STotanmtt = S Nk —Ln—k+ 1) | /(1 pEDekL
n>0 j=0

where N(k,n;j5), 0 < j < (k—1)(n — 1), denote rectangular Narayana’s numbers, see e.g.
[21], [30].

One can show (A.K.) that

o ifr=Fk— (";2) >0, then b(A\,u) =1, and

n+3

a()\,u):2< ; >+(n+1)(2r—1)+ (;)

o if1<k< (";rz), then there exists a unique p, 1 < p < n, such that

(p—1)@2n—p+4)/2<k<p2n—p+3)/2.
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In this case

a(A\p) =p2k —(p—1)n—p) + 2(5),

and one can take I'(\, i) to be equal to the MacMahon polytope M, (k) s(xy with
r(k)=k—1—(p—1)2n—p+4)/2, and s(k) :=p(2n —p+3)/2 — k.

This Ezample gives some flavor how intricate the piecewise linear function a(\, p) may
be.

Congecture 4.11 Let A and p be partitions of the same size. Then
e ([19)  alnp) =l N),
o ([13))  b(Ap) = b, N).

Definition 4.12 ([16]) Let o and 3 be partitions of the same size. Define Liskova polyno-
mials Lgﬂ(q) through the decomposition of the internal product of Schur functions in terms
of Hall-Littlewood polynomials

So * 55(X) = ZLZ,B P.(X;q).
I

Clearly, Ly, 5 € N[q], and Lo (ja|(q) = Kau(q), so that the Liskova polynomials are natural
generalization of Kostka—Foulkes polynomials.

Problem 4.13 Find for Liskova polynomials an analogue of a fermionic formula for Kostka—
Foulkes polynomials stated, for example, in [9], [13].

5 Appendix. Rigged Configurations: a brief review

Let A be a partition and R = ((u*))?_, be a sequence of rectangular shape partitions such

that
A= [Ral = ptaia-

a a

Definition 5.1
The configuration of type (A, R) is a sequence of partitions {v} = (v, v® ) such

that
¥ = Z A — Z pg max(n, — k,0) = — Z Aj+ Z oo min(k, 1,)

i>k a>1 i<k a>1

for each k > 1.

Note that if & > I(\) and k > 5, for all a, then v®) is empty.
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In the sequel we make the convention that () is the empty partition 4.
For a partition p and an integer 5 > 1 define the number

Qj(p) = py + -+ uj,

which is equal to the number of cells in the first j columns of .
The vacancy numbers Pj(k)(y) = Pj(k)(y; R) of the configuration {v} of type (A, R) are
defined by

PP = Qi) = 2Q;(0r™) + Qv * ) + 3 min(ya, )0,

a>1

for k,7 > 1, where 4, is the Kronecker delta.
Definition 5.2 The configuration {v} of type (A, R) is called admissible, if
Pj(k)(l/; R)>0 forall k,j>1.

We denote by C'(\; R) the set of all admissible configurations of type (A, R), and call the
vacancy number Pj(k)(y, R) essential, if m;(v®) > 0.
Finally, for configuration {v} of type (A, R) let us define its charge

_ ol — a3 60, — k)10 — )
o(v) = Z ( 2 N Ha =] )

Y

and cocharge

NCNG)
c(v) = Z ( J 5 J )’

k,j=1

where aﬁk) = (v™)" denotes the size of the j—th column of the k-th partition v® of the
configuration {v}; for any real number z € R we put §(z) = 1, if z > 0, and 0(x) = 0, if

x < 0.

Theorem 5.3 (Fermionic formula for parabolic Kostka polynomials [13])
Let X\ be a partition and R be a dominant sequence of rectangular shape partitions. Then

®)(,,.
Kr(q) = ch(l/) H { P (Vﬁ)("’mj(’/(k)) 7 (5.10)

| o)
k,j>1 q

summed over all admissible configurations v of type (X\; R); m;(\) denotes the number of
parts of the partition \ of size j.

4 However, in some cases it is more convenient to set v(©) = (u;,,...,u;.), where we assume that

m, =1, a=1,...,s. We will give an indication of such choice if it is necessary.
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Corollary 5.4 (Fermionic formula for Kostka—Foulkes polynomials [9])
Let X\ and p be partitions of the same size. Then

(o) Zq H[p](k)(y,u)erj(y(k)) | (5.11)

k,j>1 m; (V1) q
summed over all sequences of partitions v = {1/(1), v@ .} such that
o W= A k=12,
° P.(k)(u, p) = Qj(i/(kfl)) — 2Qj( k) 4 Q;(v k41 > 0 for all k,j > 1, where by

J
definition we put v\ =

)= 3 ( (,,(k_n);é_ (), ) | (5.1

k,j>1

It is frequently convenient to represent an admissible configuration {v} by a matrix

m(v) = (my;), mij € Z,Yi,j > 1, which must meets certain conditions. Namely, start-
ing from the collection of partitions {v} = (v, v®, ..., ..) corresponding to configuration
{v}, define matrix
m(v) = (my), my = @) it 00 —j), v =0,
a>1

where we set by definition 6(z) =1, if x € Rsg and 0(x) =0, = € Ry.
One can check that a configuration {v} of type (A, R) is admissible if and only if the matrix
m(v) meets the following conditions
(0) my; € Z,
(1) Disi mij = 2g1 Mab(pa = ),
(2) Z]>1 mij = i,
(3) D j<u(miy —mit1;) >0, for all 4,4, k

( ) Z >1 mln(na,k)éua,j Z Zigk(mi]‘ — mi,j+1), for all 'é,j, k.
One can check that if matrix (m;;) satisfies the conditions (0) — (4), then the set of
partitions {v} = (W, vg),...,...)

Zng ZmaX )Q(N/a _J)

>k

defines an admissible configuration of type (A, R = {(tq)™}).
Example 5.5 Tuke A = (44332), R = {(2%),(2%),(2%),(1),(1)}, so that
{a} =1(2,2,2,1,1) and {n.} =(3,2,2,1,1), a=1,...,5.

. Therefore [vW| =4, [v?] =6, [v®)| =5, and |[vW| = 2. It is not hard to check that there
exist 6 admissible configurations. They are:
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(1) vV =(3,1),v® = (3,3),s® = (3,2), va) = (2)},

(2) {V(l) = (37 1)7 v = (3? 2, 1)7 v = (37 2)7 v = (2>}7

(3) {vM =(2,2),v? =(2,2,2),v® = (3,2),v® = (2)},

(4) {V(l) = (4>7 v = (373)77/(3) = (3’2)’7/(4) = (2)}7

(5) {vM =(3,1),0v® =(2,2,1,1),0® = (2,2,1),v® = (2)},
(6) {vM =(3,1),v® =(2,2,1,1),0® = (3,1,1),v® = (2)},

V)
)
3
=S
e
~
9y
~
>
(9]
3
=
~
3
.
8
El
<
S~—
o
S
3
&
=
S
I~
Q.
IS
3
S
~
S
o~
>
[9v)
@)
S
=
)
S
=
&
S
3
~—~
[\
S~—
Q
9]
S
i)
<

-3 -1 0 00
0 -1 =10 0 5 30
U= o o0 1 00}, W=1[330
2 1 0 00 1 10
11 0 00
Therefore,
22 0 00
32 -100
mH{v})=1 11 1 00
21 0 00
11 0 00

One can read off directly from the matrix m;; the all additional quantities need to compute
the parabolic Kostka polynomial corresponding to A and a (dominant) sequence of rectangular
shape partitions R. Namely,

. my;
Pj(k) = Z(mki_mk+l,i)> mj(’/(k)) = me(na, k)duaJ_Z(mij_mi,j-i-l)aC(”) = Z ( 2J>'

i>5 a>1 i<k i5>1

For example, in our example, we have c¢(v) = 8, Pl(l) = 1,P2(2) = 1,P§2) = 1,P2(3) =1
are all non-zero vacancy numbers, and the contribution of the configuration in question

to the parabolic Kostka polynomial is equal to ¢® [?}4. Treating in a similar fashion other
configurations, we come to a fermionic formula

3 214 3 2113
Kaazs,{(2),22).22).00.03(0) = ¢ M +q° M +¢° M +¢" +¢° M M +q°.

|
If n, =1, Va, then Y o n.0(pa — j) = u;-, and we set (¥ = /. In this case one can
rewrite the conditions (1) — (4) as follows
(1) Zizl mi; = M;a
(2) 2j21 mij = i,
(3" > jer(Mmig —mip ;) >0, for all 4, j, k
4) >op(my —mi 1) >0, for all 4, j.k
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Let us remark that if m;; € Z>o then the matrix (m;;) defines a lattice plane partition
of shape \. For example, take A = (6,4,2,2,1,1), u = (2%) and admissible configuration
{v} ={(5,5),(4,2),(3,1),(2),(1)}. The corresponding matrix and lattice plane partition of
shape \ are

, and plane partition

= =W W

(mij) =

— = == =W
OO = = W Ww
O OO OO
O OO OO OO
O OO OO
S OO OO
e

0 00
The corresponding lattice word is 111222.1222.12.12.1.1.

In the case n, = 1, Va, there exists a unique admissible configuration of type (A, pu)
denoted by A(\, u) such that max(c((A(\ p),J))) = n(u) — n(A), where the maximum is
taken over all rigged configurations associated with configuration A(A, ). Recall that for

any partition A,
o

Jj=1

and if A > p with respect to the dominance order, then the degree of Kostka polynomial
Ky ,(q) is equal to  n(u) —n(A), see, e.g. [19], Chapter 1, for details. Namely, the
configuration A(\, p) corresponds to the following matrix:

my; = p; —max(X; —1,0),5 > 1, my =1, if (i,5) €\ i>2, my=0,if (i,5) &\

In other words, the configuration A(\, u) consists of the following partitions (A[1], A[2],...),
where Ak] = (Agy1, Akso,-..). It is not difficult to see that the contribution to the Kostka
polynomial K ,(q) coming from the maximal configuration, is equal to

Q;(p) — Qj()‘) + /\;‘ - /\;'+1
A/' . A/ 3

J Jj+1 q

A2
(A ) = @0 T] [
j=1

/ !/

where ¢(A(A, 1)) = n(A) +n(p) — 3551 #y(A; —1).  Therefore,
Fnuld) 2 Ko AO, 1) (513)

It is clearly seen that if A > p, then Q;(p) > Q;(N), V j > 1, and thus, K,—1 (AN, u)) > 1,
and the inequality (5.13) can be considered as a “quantitative” generalization of the Gale—
Ryser theorem, see, e.g. [19], Chapter I, Section 7, or [11] for details.

Now let us stress that for a fixed k, the all partitions »*) which contribute to the set of
admissible configurations of type (A, 1) have the same size equals to > i>ki1 Ay, and thus the

size of each v® doesn’t depend on . However the Rigged Configuration bijection

RCy, : STY (A, 1) — RC(A, 1)
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happens to be essentially depends on p. One can check that the map RC) , is compatible
with the familiar Bender—Knuth transformations on the set of semistandard Young tableaux
of a fixed shape.

As it was mentioned above, for a fixed k the all (admissible) configurations have the same
size. Therefore, the set of admissible configurations admits a partial ordering denoted by
“=" . Namely, if {v} and {{} are two admissible configurations of the same type (\, u), we
will write {v} = {€}, if either {v} = {¢} or there exists an integer ¢ such that v(*) = £@ if
1 <a </, and D) > D) with respect of the dominance order on the set of the same
size partitions. It seems an interesting Problem to study poset structures on the set of
admissible configurations of type (A, u), especially to investigate the posets of admissible
configurations associated with the multidimensional Catalan numbers, (work in progress).

|

Theorem 5.6 (Duality theorem for parabolic Kostka polynomials [15/)

Let X\ be partition and R = {(ul*)} be a dominant sequence of rectangular shape partitions.
Denote by X the conjugate of \, and by R a dominant rearrangement of a sequence of
rectangular shape partitions {(n**)}. Then

Kar(q) ="Ky (g,

where
n(R) = Z min(fig, () Min(nq, 7).

a<b

A technical proof is based on checking of the statement that the map

LMy, — T;’Lz‘j = —my; + 0()\] - Z) + Ze<,ua - ])0<na - Z)

a>1
establishes bijection between the sets of admissible configurations of types (A, R) and (', R),
and ¢(c(my;)) = c((m;)).

5.1 Example

Let n = 6, consider for example, a standard Young tableau

The corresponding rigged configuration (v, J) is

v=(321), J=(J3=0, J,=2,J,=6), (my)(v)= ( g _22 _11 ) , cov) =44

Recall that ¢(7T") and ¢(v) denote the charge of tableau 7" and configuration v correspondingly.
e One can see that ¢(T') = ¢(v) + J3 + Jo + Ji, as it should be in general.
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e Now, the descent set and descent number of tableau T" are Des(T') = {3,6,9}, des(T') =
3. One can see that des(T) = 3 = v}, as it should be in general '°.

e One can check that our tableau T is invariant under the action of the Schiitzenberger
involution ¢ on the set of standard Young tableaux of a shape A. It is clearly seen from
the set of riggings J 7 that the rigged configuration (v,.J) corresponding to tableau T, is
invariant under the Flip involution '® on the set of rigged configurations of type (X, 1), as
it should be in general, see [15] for a complete proof of the statement that the action of the
Schiitzenberger transformation on a Littlewood— Richardson tableau 7' € LR(A, R), under
the Rigged Configuration Bijection transforms tableau 7" to a Littlewood—-Richardson tableau
corresponding to the rigged configuration vk(J)), where (vJ) is the rigged configuration
corresponding to tableau T we are started with.
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